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ON A GENERALIZATION OF THE ELIMINATION OF THE
SHORT PERIOD TERMS OF A FIRST ORDER GENERAL PLANETARY THEORY
" THROUGH VON ZEIPEL'S METHOD AND HORI CANONICAL VARIABLES

ABSTRACT

We previously eliminated, through Von Zeipel's method, the short period terms
of a first order general planetary theory in which we neglect the powers of eccen-
tricities and mutual inclination higher than the third. We enlarge our results by
considering n planets instead of two, that is to say n - 1 disturbing planets instead
of one (n > 2), by referring the inclinations to a common fixed plane, the longitudes
to a common origin and by introducing the Hori canonical variables instead of the
Delaunay canonical variables. We thus eliminate the small divisors which appeared
with the Delaunay variables in the partial derivatives of the determining function
with respect to the linear variables. On the other hand, the arguments of the sines
and cosines of the truncated Fourier series of the disturbing function, of the deter-
mining function and of the derivatives of the determining function with respect to the
Hori variables are of the formq i, - qA , q being a relative integer, which was not
the case with the Poincare variables,




ON A GENERALIZATION OF THE ELIMINATION OF THE
SHORT PERIOD TERMS OF A FIRST ORDER GENERAL PLANETARY THEORY
THROUGH VON ZEIPEL'S METHOD AND HORI CANONICAL VARIABLES

1. INTRODUCTION

The purpose of this paper is to enlarge the results of two previous papers dealing
with the elimination, through Von Zeipel's method, of the short period terms of a first
order general planetary theory in which we neglect the powers of eccentricities and
mutual inclination higher than the third"’, We consider n planets instead of two that is
to say n - 1 disturbing planets instead of one (n > 2); we refer the disturbed planet P, to
the Sun S, the disturbing planet P, (i =2,3,...,n) to the center of mass of S and P, ,
P,,..., P, ; we refer the inclinations to a common fixed plane, the longitudes to a com-
mon origin and we reduce the Fourier series of the principal part F,, of the disturbing
function, that of the determining function S which corresponds to F, _ and that of the
partial derivatives of S, with respect to the canonical variables to the sum of their p+1
first terms, the integer p being unspecified. Moreover, instead of using, as we did in our
two previous papers, the Delaunay variables, we use the Hori variables which are defined
by the equalites:

Hu = Lu L Mu + Nu ! /\’\1’
X, = Vi 2M, cos (A, —Zﬁ"), Y, -v-2M sin (A, —TU), (u=1,2 --+,n) (1)
Pu =v-2N, cos (A -1, LSV -2N sin (A -Qu)

with M = G, -L, , N =H, -G, » =41 +¢ + h,L,G,,H, being the linear Delaunay
variables, 1., ¢,, h, the angular Delaunay variables and = , () being respectively the

longitude of the perihelia and the longitude of the node.

We start from the generalized development of the principal part F, of the disturbing
function that we performed in a recent paper up to the terms of order four with respect to
the eccentricities and the sines of inclinations and that we reduce to its terms of order

0,1,2,3°. The Newcomb operators D, , defined in our paper!’ and which operate on
functions of the ratios «, , of the semi major axis (u,v =1, 2,...,n) are then replaced
by the operators H, (3/9H,) (Ww=1,2, ..., n)and the truncated Fourier series of F,_ ,

S,, and the partial derivatives of 8, with respect to the canonical variables are performed
according to the sines and cosines of the multiples of the pair of angular variables » ,

A, . As in the case of the Poincaré variables, the partial derivatives of S, with respect

to the linear variables do not introduce small divisors as they do in the case of the De-
launay variables. On the other hand, the sum of the multiples of the A, and », in the ar-
guments of the sines and cosines of the truncated Fourier series of F;, , S, and the partial
derivatives of S, with respect to the Hori canonical variables is equal to zero, that is to
say that each argument has the form g, - a2, , which is not the case if we deal with the

Poincaré variables.
2, CANONICITY OF THE HORI VARIABLES

We start from the canonical system of Poincaré variables to which we apply the con-
dition P of Poincaré. In order to shorten the calculation, we consider only one set of Poin-
caré variables and the corresponding set of the Hori variables. The extension of the proof
in the case of several sets of such variables is obvious.




The Poincaré variables are L, x, p, A, y, q With

x = vV=2M cos o, =~ V-2M sin o,
p= vV=2Ncos({, qo-v-2Nsin{ (2).

The Hori variables are H, X, P, A, Y, Q obtained from the equality (1) in which we
express the index u.

According to the condition P of Poincaré, we have to show that the expression
AdL + ydx +qdp ~AdH - YdX - QdP
is an exact differential, that is to say, since §y = L+ M +N, that
ydx + qdp - A(dM 4 dN) - YdX - QdP (3)
is an exact differential, (3) may be written
(ydx = AdM - YdX) + (qdp -~ AdN - QdP).
We have, according to (1) in which we suppress the index u and according to (2)
ydx - AdM -YdX = (-2M sin?2 &+ 2M sin? (A - @)) dw
+(sind cos b =X +sin (A -@) cos (A =w)) dM
~-2Msin? (A = @) dA (4)

(4) will be an exact differential if and only if:

p 3 A — , - 3 -
3%[' (~2M sin? %+ 2M sin? (A ~w)) :..(.: (sinwcos @=~Asin (A ~w)cos (A =w)),

[e1e8)

J

—(=2Msin? Uy M sin? O -~ &) = ~)—_- (- 2M sin? (A =),
‘)>\ Gw

Bl - — — . —
Yy (sinwcosw=A 4+ sin (A =w) cos (A =w)) = —*—:W (=2M sin? (A - @)). (5)

A very brief calculation shows that those three conditions (5) are effectively satisfied.
(4) is therefore an exact differential,

A similar calculation would show that qdp - » dN - Q4P is also an exact differential.
(3) is therefore an exact differential and the Hori variables are canonical.

3. PRELIMINARY CALCULATIONS

Let us consider again the Hori variables defined by the equality (1). From (1) we
obtain:
X2+ Y24 P2y Q2

u

L =H + . (6)




Since we restrict ourselves to a first order theory, we have, according to the nota-
tions of our previous paper above mentioned:

L, ~kB, vVmja , L,~k@B, Vm,a, (7
where
a, A1
au.v D e T e —
~ AL

that is to say, according to (6):

2
B O[2H + XY P Q@ (8)
o3 pgr i

Y g2 2HV+X3+Y3+P3+03
whence:
aau.v - 4 a (9).
BH u, v
¥ 2Hu+X§+Y§+P§+Q§
The Newcomb operator D, = (d/da, ) acting on functions of o, =~ and Laplace

coefficients which are themselvés functlons of a ,» We have the equality bétween operators:

%%y d % 1, d _ 2y 1
S OH, da_. oH, a,_ ™V da SH_ o U

u,v u,v u u,v

that is to say, according to (9):

Y (10)
u,v r)Hu
with
A QH + XL Y2 P2 Qd) (11)
whence:
22
oA 1 A, (12).
Hu 2 BH2 :
From (10) and (12) we obtain:
3?2 A O
2 S A2 13
Du v BHi + 2 aHu ( )3
3 2 2
p? - a3 (3AT A O (14).
Y.y (3H3 2 SH2 4 :3Hu

Moreover, from the second equality (7) and from the equality

2. y2 . p2 ., Q2
X3+ Y, +PL+ Q)
v v 2




we obtain:
4k2 m,
L "o /s (15).

ay (2, + X2 + Y2 + P2 4 Q2)?

e, and vy, being respectively the eccentricity and the sine of the inclination of the planet

P , we have:
MV:GV—LV_LV(‘/I_Os—l)’ HV:GVV _’yv:Lv/l_ev‘/l-y%
whence:
H (V/1-¢e2-1)
M - v v
V1~ evi V1 -

that is to say, if we neglect the powers of eccentricities and the sines of inclinations higher

than the third:
1 2 .”)<_l@.“>m:lue2
2 v \'2

1
M, - H (1 i——2-e3 +-7)’V1

whence:

Therefore:
(16).

We should see, likewise, that

-1
N ~Z_H 2
\' 2 v )/V
whence
-2N ~ H 2.
v v v
Therefore:
(17).

P,~ v, t'l—{: cos (A -1i1)

Similarly:
Y oo H sin (G, -ay), Qe VH, sin (A, - \0) (18).

From (16), (17), (18) and the corresponding equalities in the index u, we deduce

easily the values of the expressions
o? sin (2h, - 27),

sin - sin
e > =w), Yy (. =),
1 CcOSsS u 1l u CcCOS u u ¥} CcOS u
. sin . sin - L2 sin oy 20
€u €y cos ()\u ! )\v - T ”)v)' R cos ('>\u - Av - u}v)‘ o u Ccos (2 "u = u)'

sin 3 Sin sin -

’ -A = Q 5 - 3 2 - ) = 2W ),

Y ¥y cos Pa=A = Ul LU0 BA = 3w, e el (o« A H 2N b, =20, .

) sin - . . sin -
)/u 7v u cos (>\Il - + ’\\l - S)ll - I\V t “v)' >u yv vV COS ()\v - ”)v * >\u - &2\1 - >\V 1 &)v)’ o




On the other hand, (16), (17), (18) and the corresponding equalities in the index u
show that X /vH and Y //H, have the same order of magnitude as e, X //H, and
Y, //" the same order of magmtude as e, /\/— and Q, /\/H the same order of magni-
tude as y,, P,/ and Q, /VH, the same order of magnitude as y,. Neglecting the pow-
ersof e, 7,, e, 7 and consequently thoseof X , Y ,P ,Q, ,X , Y » P, Q, higher than

uy?

the thlrd we have therefore according to (8) and (lg

v

B H? H
- auv,\/_i _—_.(X2+Y2+P2+Q2) +—(x2+Y2+P2+Q2)) (19),
oA\ H H?
. 1 2. [ 1 1 g2 2 . p2,02
S km B[ - (X2 4 Y2 P2 4 QYY) (20)
av 07y H2 H3 v v v v
and, according to (11):
(H?, +H (X2 Y2 P2 Q%)) (1),
AS = (2Hﬁ + 312 (X2 + Y2 4 P2 1 QD) (22).

4. EXPRESSION OF THE PRINCIPAL PART Fio
OF THE DISTURBING FUNCTION

It is obtained from the expression of F, calculated in our previous paper (pages 4
to 29)¢ ) truncated to its terms of order 0, 1, 2, 3ine_ , e , v,7, in which

sin — sin — _sin _sin
€ coS (xu - wu)’ v COSs (>\v _wv)’ "u cos O\u - Qu)' Yy cos O\v -Qv)’ Tt
,yu“/ € Sln('\ _av-fxu-ﬂu—)\v*’Qv)"'

v vV COS v

are replaced by their values obtained from (16), (17), (18) and in which D, D2 3

A, A%, A3, a__,1/a are replaced by their values (10), (13), (14), (11), (21), "(22), (19)." (20).

We have
- 11
Foooking ) A3 ) (7——30(3 +Y3+P3+Q%>> b1
ufv j=0 Hv Hv
15u<vsn
2 2 2 2
+<Xu+Yu+xv+Yv> <—j2+—3—H _B_+LH2B_2 bgj/zuv)
2 3 16 “oH 16 Y 2
e HLIHV Hv u aHu
“P2-02 -p? -2\ R ' . .
: s w2



+

1 c_d x2 y2
_— -2 P2 QD)
/}KH?, < Hv v v v
-1 (2H x2 Y2 P2 Q2 Hu x'_) Y2 P2 Q2 9 b(i.u.v)
+ —g' PRV u)+m(v+ vt E v) §H— 1/2
v u

2 2
(AN (1 55 L (13,35 L)y o
s w8 T8 T 128 16’ '8 ey
u u v
-1 1 . 3? 1 »* .
_— —— B2 S —H3 — | bl
* <128+32 ’) < 128 au3> 172
X2 4 Y? _ 1 3 _ 32
e -33+(—3+-§—j+—i2> H, +<—£+—1-i>“a—
u u v

2 2
Nz 9§ K:Q A (__1_j 1y 2 > 2 (b1 + )
A E SV R V28 oH, ) "

x (X, cos (A, = iA,) - ¥, sin A, - »)

Ll ! <_j R R AL

VH_ H? v
u v
Sl X YR Q) s k22 P2QD)) - b
+_8—( u+u+n+u+u)+m‘(v+v+v+v gﬁ— 1/2
v u
X2 4 Y2 _1_j__5_2+_1_3+<13__3_ +_1_’2>H__a_
o \8) 78 T2 T \1z8 6'"8 ey
u u v
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128 ~ 32 “onr 128 ¢
2 2
ERAC S D P WA WP EY i S
H VH H? 6 16 4 “3Hu 6 16 Y M2
u u u
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P2 +Q2 P2 +Q2 ,B2
+ — Z Y l_j Ly o H2 (b{iz1ru.v) | plitl,u,v)
MHED AV ) N2 8ol ) e e
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3 —— e A 2 v2 2 2

v
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v aH
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H VA H2 (2’ P\t 7 s ) B —
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1. . 9 3. 1. 9 7 1 . 92
y—a v f_ 1.2 .3 2 .2 _1 . 9 S 2 2
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Brlr 1. 1, 3\

LAY ISR SN | (i~1,u,v)

32 (8 4 Y 16 i, 3Hu> H, b33

x (X, P, P, +Q,Q)+Y (P,Q -QP))cos ((-DA, ~(-1A)

- X, QP -P Q) +Y (P P, +0Q,0)) sin ((J-DA, -G -DAY)

u v

Bif1 1. 1, 2 .

Bl Tt _— 2 1. (i4l,u,v)

8+4"*l H, BH“ Hub:w2
x (X, (P, P, +Q, Q) +Y, (P,Q ~Q,P))cos ((G+)A, - (G+DA)
+ (X, QP, -P,Q) +Y, (PP +0,Q))sin (G+D)A, ~(+1)A))
B (1 1 1 3 -
—_——— 4 = — )} H2 plisl.u.v)
8 4 I+ 16 Hu BHU u 3/2

x (X, PP +Q,Q)-Y, (PQ,-QP))cos ((j+A, - +1HA)

- (X, (P,Q -Q,P) +Y (PP, +Q,Q)) sin ((G+ DA, - (G +1)A))

Be (1 1 1., 3 .
P —H — H2 b(_]—l,u,v)
[32 8 1 4 I+ 16 ¢ aHu u 372

x ((X, (PP, +Q,Q,)-Y, (P,Q -Q,P))cos ((j-1)A, - G-DA)

t (xv (PuQv - Qupv) +Yv (Pqu + QuQv)) sin ((J —1))\‘1 - (J _I)AV))
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2
11585 ,. . .
"8 R BT (@ - QD cos (DA - G DAY
v u
- 2Pva sin ((J +1))\u - (] + 1))\‘,))
118,
Vo2 jau, . .
+E§.ﬁ—2- H; b_(;,jfz v) ((P?, - Q3) cos ((i-DA, - (G-1A)
v u

+2P Q, sin ((G-1DA, - (G-DA))

2
1 B/ o1, 3 .
+ — ) - _ 2 (i u,v)
T 82 (8*8’ 32 o 3y, ) M belat
[V} v u u
x ((X, (P2 - Q?) - 2Y, P Q) cos ((G +1)A, = (j +1IA)
~ 2X,PQ, + Y, (P2 - Q%)) sin ((j + DA, = (j +1)A,))
2
1 Ao (a1, O\ wa s
A S (i,u,v)
TE a2 (8 8’ 32HuaH>Hu b3l
u v u u

x (X, (P2 -Q%) - 2Y,P,Q) cos ((j-1A, - (j -DA)

u v

+(2X, P Q, + Y, (P2 - Q})) sin ((J =)A= (5 -1

2
1 A /1 1 1 3 .
4 — =t == H —— | H2 BCi,u,v)
T p2 \8 8’3 "Bﬂu> o Park

x (X, (P2 -Q2) +2Y,P Q) cos ((j-DA, - (5 -1)A,)

u v

+ (2X,P,Q, - Y, (P2 - Q1)) sin ((i -D)A, - (j-DA))
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4

2
1 i (-1 1. 1 e
I V’Tl: Hs ,85

—— e} - . o 2 (i, u.v)
g "8’ 32Huauu) H byl

~ (X, (P2 -Q2) +2Y P, Q) cos ((j+1) A, -(j +1DA)

F(=2X P Q, 4+ Y (P2 -Q})) sin ((j+ 1A, - (j+1A))

2
1 ﬁv<31.1 3

e —— H — 2 (j,u,v)
s VH 52 \16 g ) Y

N L
NEFRRETTY 2

< ((X, (P2 Q%) - 2Y_ P, Q) cos ((j +1)A, - (5 +1)A)

- (2X, P Q, + Y, (P2 -Q2)) sin ((J + DA, = (J 1 1)A))

1 #3 ‘_1.‘.1 +iH 0 H2 bii,u.v)
B g2 \16 '8 32 wEE ) e
v v u u

+

(X, (P2 - Q%) - 2Y,P,Q,) cos (G- DA, - (j-1)A)

+(2X,P,Q, + Y, (P2 -Q2)) sin ((G-DA, -~ (-1

22
1 Py /3 1. 1 F) 2 i
———— — —— (ju,v)
YW g <16 8 "33 Huauﬂ) Mo b3v

x (X, (P2 -Q%) + 2Y,P Q) cos ((j~A, - (j-1)X\)

£ 2X,P,Q, ~ Y, (P2 - Q2)) sin ((j-1)X, - (j-1) 7))

12
1 by /a1 1. 1 3 ‘
- H H2b(1,u,v)
YU 52 <16*8J 132 “BH“> w3

< (X, (P2 = Q%) + 2Y,P Q,) cos ((j + DA, - (j +1)A)

+(=2X,P,Q, + Y, (P2 Q) sin ((G+ DA, - (j +1DA))
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1 1P

Y H? pli,u.v) 2 _ 2 . il
+H 8z 372 ((®, -Q cos (G-DA, -G -1DA)
=2P,Q, sin (G-DA, - (G-DA))
2
1 15 - _ .
i gﬁ—;ﬂz by ) (P2 = @) cos ((j + 1A, - (G +DA)
U v u

+2P Q, sin (G+DA, - (G +DA))

1 ﬁ l 1. 1 H _a 2 v (i.u.v)
" Vi A2 8 '8 " 32 Y 3H_ B, bsis

x (X, (P2 - Q%) - 2Y, P Q) cos ((j-DA, - (G=-1)A)

- (2X,P,Q, +Y, (P -Q)sin ((G-DA, =~ (-1

32
1 Py [-1 1, 1 d :
+ — [ -5 - H, = | B2 by

H“ Vﬁ: /53 < 8 8 32 ¢ BHU> 372
< (X, (P2 = Q%) - 2Y, P Q) cos ((j + DA, = (G + DA

+ (X, P Q, + Y, (P2 - Q) sin (G+1)A, - (G+DA)

22
1 By (3 1. 1 3
l4‘“ v HV '/;3‘

— = o —H —- H2 (j/.u,v)
! 16 8" t 32 v aH“> ub3/2
x (X, (P2 Q1) -2Y P Q)cos ((J-DA, - =-DA)

- (2X,P,Q, + Y, (P2 - Q))) sin ((j ~ DA, = G=DA,)
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+

+

+

1

)
H\J /HV 'Ijll

1

1

——
H\X v HV /Zj u

B /1 1 1 3
ot 9 2 K(i,u.v)
<16 R T BHU> Habsv

x (X, (P2 Q%) -2Y P Q) cos ((j+DA, ~(+DA)

+ (2X, P Q, + Y, (P2 - Q¥) sin (G + DA, =~ G +DA))

32

e 3 1, 1 3 ;

—_ = =-= ~H ) Hbliuwv)
Hfﬂ—ﬁz<16 8J+32”6Hu> v s
u v u

x (X, (P2 -Q2) +2Y P,Q)cos ((G+DA, - (G+DA)

+ (2X,PLQ, - Y, (P - Q2)) sin (G4 D)A, = (5 + DA

S 1 d :
v = H 23 (j.u,v
(1—6' +"8"J + EEH“ —5—H-> Hu 1)3‘,2 !

< (X, (P2 - QR) +2Y,P,Q) cos ((F-1)A, = (i ~DAY)

- (2%, P Q, - Y, (P - %)) sin (G -1)x, = (G =1A))

= — Hi bl(i,j'/éu’v) ((Pu Pv - Qu Qv) cos (J }\u - >\V)

vH vH_H 4 52

- (P, Q, +Q, P)sin (A, -~ A,

17



+

1 Byl 1. 1. %
T 5 ('T"T" *iﬂﬁ) L
Hu /HVH: ﬁu u

x (X, B, P, -Q,Q)-Y, (P, Q +Q,P))cos (j A, =N
-X, ®,Q, +Q,P)+Y (PP -Q Q))sin(jA, -j AN
2
1 Befr 1. 1 3\ w2
——r. e | e —— —— (j.u,v)
x ((xu (Pu Pv - Qu Qv) - Yu (Pu Qv + Qu Pv)) cos (.’ }\u - J >\,,)

(X, B, Q, +Q,P)+Y, (PP, -0Q Q))sin (jA, - jA,))

2
1 A, <-1 1. 1. 3 > .
p——me — [ s = H —— | H2 BliueV)
4 4 16 Y 3 u "3/2
, /R, !} 5 E,

x (X, B, P, -Q,0Q) +Y, (P,Q, +Q,P))cos (A, =jA)

t (xu (Pu Qv + Qu Pv) - Yu (Pu PV - Qu QV)) sin (J >\u - .| )\v))

2
1 A, (1 1. 1, 3 ) _—
f —— —t =] + —=H —~ 1\ H b(lvUvV)
T 2 \4 47 P16 vTH ) Tu i
Hul/HvHv 'Bu u

» (X, P P, -Q,Q0)+Y, (P, Q, +Q P))cos (A, ~jA,)

- X, P, Q +Q,P)-Y (P P -Q Q) sin(GA, -jA))

+

2
1 A <_3 1. 1
v B B2

9 24 (;
= j -—H —— | H bl )
8 '8" 16 ”3H> u 2372

u

> ((xv (Pu Pv - Qu Qv) - Y\' (Pu Qv t Q., Pv)) cos (J Au - .’ >\v)

- (xv (Pu Qv *Qu Pv) t Yv (Pn Pv - Qu Qv)) sin (J )\u - " Av))
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1 Bl 1, s
M — =] =——H — 2b(j,'"‘v)
T <8 ERNC ”“L) R

u v " u

x ((XV <Pu PV - Qu Qv) - Yv (Pu Qv + Qu Pv)) cos (-’ }\u - J }\v)

F X RLQ QP Y (BUP -Q 00 sin (G A, - 5A)

R T WS W 1 AP OUPI
: REI o,
i g2\ 8 8 716 wTH ) v

x (X, (P, P, ~Q, Q) +Y, (PO, +Q, P)) cos (A, - jA,)

+ (X, P Q, +Q,P)~Y (P P -0Q Q))sin (GA, -~ jA)

[TEAY

Y
1 S/t 11 9 3 i wen
—_— e — - -—H H 1\),,«,\;
w2 <8 3) "T6 aH“> w232

[¥] v u

< (X, (P, P, -Q, Q) +Y, (P,Q, +Q,P))cos (A, -jA)
- X, P, Q 1Q,P)-Y (B, P, ~0Q,Q))sin A, -jA)) (23).

5. LINEAR FIRST ORDER PARTIAL DIFFERENTIAL EQUATION
OF THE DETERMINING FUNCTION S,, WHICH ELIMINATES
THE SHORT PERIOD TERMS
Its expression obtained through the classical way of Von Zeipel's method is:
i PO VO O P s P e
ol oM sHD oA, ax! VY, 9X0 9Y, gpr 9Q,  opr 9Q,

()FO BSlp GFO GSIP I9F, dSlp JoF, 39S

0 1p *
BT T @4
with
k* m? = /ji
For—5 : o (25)

and F; = set of the short period terms of F, obtained from (23),H,, H, , X, , X, , B/ , P, being
the new Hori variables which correspond to the old ones H , H , X , X, P, P_in the canon-
ical change of variables defined by the equality

u ? u
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FH,, H, X, X,, P, P, A, A, Y,Y,Q,Q)=F®,H, X, X, P, P, Y, Y, Q, Q)

F' being the new hamiltonian which no more depends upon the A»'s. From (25) we obtain:

oF, -k‘mﬁﬁﬂ

BL' T
u

L'3
From (25) and from the equality (6) written with the new variables L', H,X, P,Y, Q
we obtain:
oF, OF, OF, 9F,  OF, OF OF, 3F, 3F, ¢
AL 3K, oL v WP, oLl v 5Y. \3V Ey
u u u u u u Uytzy u
u u

(3 B

and the similar equalities in the index ». (24) may therefore be written:

“kd m2 3 - -
k* mf £ Sip X 98, . p 38, y BSlp_ 0 38,
L‘:S a}\u u 3y u

3 aQu u ax\: u BP‘:
142 ; : 3 : .
k mO /03, ’s]p xl dslp + Pl dSlP ~Y dslp - Q aslP) = - F; (26)'
BXTTA - [
g ok, v AY, TvRQ, C voXT v oP, ’

F pbemg a sum of expressions of the form Acos(qx -qr,)+ Bsin(q\, - q),) withaq 7 0

and A, B independent of A and »_, we are led, accordmg to (26), to solve the linear first
order partial differential equation

4 .2 23 p
~k* m? 33 <as X Sy o S %Sy, - aslp>

L3 N Ay, T w QT v X T TP
-k* m2 3 as S 3S
v lp ) 1p ) ip ip ip
- + X = + P -Y - _] = -
L,3 S\ t vy t v OQ v ax: Qv aP' A cos (un q>\v)
v v v v v

+Bsin (qh, - 4Q\) (27)

A and B being functions of X', X!, Y , Y , P, P, Q, Q, H

6. THE INTEGRALS OF THE SYSTEM OF CHARACTERISTICS

OF THE LINEAR FIRST ORDER PARTIAL DIFFERENTIAL
EQUATION OF s _

The coefficients of the linear first order partial differential equation (27) are nomore
constants as in the case of the Delaunay variables; they are functions of the Hori variables

themselves but this situation may be easily overcome. The system of equations of the
characteristics of (27) is:

20




— — u _ Al
v 42 . 4 ;
- k* mg /%’u - k% mg /ii T K¢ mg ﬁj P k mg /Jﬁ k* m(2) ’83
L:3 LI3 " L3 u L'3 u L,3 Qu
u u u u u
. A dy, dQ, dX! dpP;
. 42 3 4 2 L ; 4 4 2
- k¥ mg AV k4 mg (3 , - k* mg /*fz b k m(z) [5'3 v k™ mg st o
. L'3 L'3 M L’3 v L‘3 v L'3 v
\4 v v v v
¢
~ dSlp (28).
A cos (g7, - ar,) +Bsin (ga, - gr)
We obtain at once, from (28), the four integrals:
Y2 X2k, QuP2-k, Y .X2:-h, Q4P2-h (29)

k,, k

L 20 hpy hy being arbitrary constants,

On the other hand, from (6) written with the new Hori variables L', H,X ,P and
the old ones Y , Q we obtain:

L7~ W - H 07V R Q) T O v R e (30)

and the similar equality with the index v instead of u.

We have therefore, with respect to (27) in which L/, L!, H/, H! are considered as
constants and according to (29), the two supplementary integrals:

L.IJ-B ~ H;_S __:23“‘,1—4 (ky + k) *%HL’.—5 (ey kz)2 teee=M (31),
- - - 3 L
LI~ H 3 -%HV * ok, + k) 5 H Sk, k)P oor =N (32)
M, N being arbitrary constants.
From (28), (31), (32) we obtain a third supplementary integral:
° ’),\33 L'_3

Ay = ——— A, =0, (33)
S Pt R

i, being an arbitrary constant.
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Moreover, from (28) and (29) we obtain the four other supplementary integrals:

Y\J QU
arc sitl___-)\utKl, arc sin.____-xu:KT
TR? TF
. Y Q
arcsin_—__ Y -\, =H, arc sin___i__..}\v:H2 (34)
VY2 X2 /oI + P2

K,, K,, H, , H, being arbitrary constants. (28) admits therefore the four integrals (29), the
two 1ntegrals (31) and (32), the integral (33) and the four integrals (34) that is to say eleven
integrals.
From (29) and (33) we obtain:
= »/E cos (A, +K), P - /l;cos A\, +K), Y, B= /k—l-sin , +KD) Q= /ﬁsin A, + K

X, =vh cos (\, +H), P/ =vh cos (A +Hy), Y, =vh sin (A, +H), Q =vh;sin(A, +H)). (35)

7. DETERMINATION OF §,

Each equation (27) is characterized by the pair of coefficients A, B. There are 65
such pairs, that is to say 65 equations (27). We solve each of those 65 equations. s is
the sum of the 65 solutions we thus obtain,

1. We shall develop in a detailed manner the calculation for the pair of coefficients

A=A, X!, B=1tA Y, A being a function of H/, H!, X'? + Y2, X% + YI, P2 . Q? P2 + Q2
We have, according to (23) (31), (32), (33):

dSlp 1 [33N ,BeN )

= A X' cos [q 1 -—w A, - 4j +A Y sin{q {le——]|X =gqgj

d}\ 0 “u 1 0 “u u 1
v o-kimd B BM AM

that is to say, in virtue of the first and third equalities (35):

ds A vk, BN .
1 _ 0 ! _cos|({1Tq [1-2_ )N +K taj,
d)\u -k‘ mg M ,BeM

%

whence:

1 (36)

Z, being an arbitrary constant.
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We have, according to (33):

/BN :
I:q I-L_ )\u+k1tle:;q/\uiq>\v*>\u+Kl
BM

whence, according to the first and third equalities (35):

X' Y
sin(Fah, tar +A, +K)=—=sin(FgX, Ta\) + — cos (FgX, 1 qr) (37).

The general solution s, is therefore in this case, according to (29), (31), (32), (33), (34):

A, X' sin (T qr, +qr) + Y, cos (Fagr, tq*)

-kt md A3qBL 3+ qRBL™?

1p

oyt 2 2 2 2 12 2 '2 2 -3 =3
v E XU t Yu’ xv ’ Yv’ P *Qu’ I)v +Qv’ Lu ! Lv ’

u

530 T Y Y
v v . t1 . . v
- A, arc s$in —m———~ A, arc $iN — ——— ~ A,
v 33 L'-S u ——— u v
u My vX'2 , y? /x’§ + Y2
j¢3 u v v
P H u A L . QV A
Ar¢ SIN—— —— = A, ArC $in e = A (38)
P2 L 02 /pt2 2
! Pu i Qu v PV + Qv

F being an arbitrary function of its arguments, We shall assume F = 0 and we shall con-
sider separately the two cases A= A X', B= A Y and A=A X, B=-AY. According
to (30) and the similar equality with the index v instead of u, S _ is, in the case 1, the

index g being replaced by the index j: e

q - AO Y\] cos (j;\l] - j)\‘\«') - xlll Sir' (j)\ll - "}\‘V)
‘IP . - . -
- k% m? Q- BH3 B3

v

. - ) ] 3 - ’ [
%(1 -5 S HTY X ¥ P2 QD w3 A HT (XGPS YD P24 QD)

X 1
-y BHD 8 H

and, in the case 2:
A Y, cos (j)\u—j)\v)+x\'lsin GA, ~3M)

Sc . Q
- k*m? A+ B3B8 H3

1 v

SAH AT XL P —%i BHTTXE Y PO

X 1.
(e D AR -5 5H
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A, being a function of , H, X!* + Y2, X2+ Y2, P/2+Q2, P'2 + Q? in the part
Ay Y, cos (A, = iA) TX sin (jA, - jA)

K ATHRET AR

of S, and a function of H!, H  in the part

A, Y cos (GA, = i2) TX sin GA, = ir)

- k* m? (AT ) AH3 1)L H ™)

3 . - ' 3. - '
(Farprm otz -2 grt ot v e a) ofs,,

2. A similar procedure is applied for each of the other 64 pairs of coefficients A, B,
Summing up the 65 S,, thus obtained, we have finally:

P
-0 1 1 , .
w2 5[l do oo ) e

2 '3
ugv ji=0 H:' Hv
1Su<vsn
X2,y x?,y? 3 3
u u v v ) r 1 2 32 )
+ + =itr=H . +=H ) pusv)
< H.,. H‘I’2 H:S < 16 v aHu 16 ¢ dH"|2> 1/2

-Pp'2.02 _p'2_02 2
P" Q” P" Q" /j" 12 (j=t,u,v) (itl,u,v)
+ + —H.* (by), + b3,
8H' H'* 8 H'S R ‘
u v v u

S IARTRR YR Q) 2 AT TR Q) (
+ b
2 (- B RS ) A H™)

sin (jA, = §A)
SETRRNY TR

; L (- d v e, Q)

»'ﬁrH;z H

-1(2H' X'2,Y2,P'2,Q) H, (X'2 4 Y2 41 P'2 4 Q?) O | plisuw
+ -—8— u+u+u+u-0-u+Iﬁi V+V+V v aH:l 172




-5 1 . s 02 1 33 )
f —_—— H’ - — Y (1.u,v)
" (64 16 l) H g2 64 H“ - bl"z

P'2.Q*  P2,Q2\ @ 3§
4 u _u b — v L .—_lj eiH' ;3 H'?2 (b(jl"l.u.v) +b(j’+l,u'v))
4w VRS aHSED) @\ 20 8 w3 A
u [T} v v v u u

A —L <J °—1HL'1 —i-> béjju‘ﬂ
TR U ! K
VH! H!? 4 Yo

3 PN - B , 3. . - , ,
5 =) AHTT XY P4 QY) s AR X YD P QD

(1-§) AR BH

3

-
v

y Y, cos (A, - jA) =X sin (jA, - jA)

(A=) BH™S B

HTH?

v

1 S e ,
1= <—1+% (X224 ¥Y2 P24 Q)

!

v u

‘1 ' 1 i HKIJ 1] ! j
* (? B XN T Qg YR Q3>> ™ > b2y

t2 2
R }_-_E-z,,,l~3+<13__3._-,_1_'2 .
o (8078 1) 128 {6’ '8! Mg

-5 1 . 92 1 3 .
—_—— H?2 —/—~ -~ H'3 bl a.v)
+ (64 16 J> u 8}{'2 64 U ?7H13> 1/2

u

2 2 '2 2 2
Pu * Qu Pv + Qv 'B" __1__ _I_H' d H'? l(j‘l.u.v) b(]+1 u,v)
* — * = \21 T Ty u (by)y + D372 )
an VHTHY A VED ) B\ S oH,
u u v v v u
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s O

1 .1 i
4 — - _—H — b<-|'u'v)
’_H' :,2 ( 4 v BHL> 3/2

u

3 . - ' = !
3+ AR X2 +Y§+P;2+Q§)_%j BEHTY (X2 + Y2+ P2 1 QY)

X

A+ j)BH - £H3

. Y, cos (jA, = A + X sin (jA, - jA)
A+ HBH - B3

1 1 .
R - <5-,_l<l,_j> X2+ Y2 1 P2,QY

v

1 ‘ , H , 3 :
+ <§ (2H, + X;z + Yz + Pu2 + QS) - Zﬁl—' (x,,2 + Ys + Pv2 t+ Qs)> "—> bgf,';‘"')

2 2
BRI Y ij_zjz,l-:u(i_l'z H —
e \16'Te’ 8! '3 A

19 2 12 2 2
P ¢+ Q2 P +Q oy 1 1. -l-H' 2 12 (p(iThu,v) | plislu,v)
+ + - + ) = ) —. Hu ( 3/2 * 372
4“; ‘/H:’ H‘,,4 4H‘,,5 /Hn 3\21 4 2 8 BH

v

1 1 1 2
' '—-j +_Hl 2 b().u,v)
VAT H'? <2 4 3“:;> s

v v

J. ~4 oy12 2 2 3 i "~ !
-51/?3“’. (xu +Yu+Pu +Q§)+5(1+])1)3Hv4(x",2+Y3+Pv2+Q‘2’)

x

I RNT A A

5 Y, cos (jA, - jA) =X, sin (GA, - jA)
L RN CRE PO W
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1
+ — (l+i—‘l— <l+j X2, 72 ,.p2, 2
R R\ 2 H! \2 v RS Q)

[

1 , s , H
+ (g (QHU +X”2 +Y§ +P“2 +Q3)— u (X'2+Y2 + P2 +Q"’) _3 b(iu.v)
4H v v v v OH' 1/2

‘

t

x1112+Y2 1
,-u __j2_j3 _9_+_3. 1.2 R )
H Vw2 \ 2 ! Tt ) Mg

X'2 y2
+ <i_ij_112_lj3* f17 1 2) g 2
AR A R

111 2 ) 3
1 —_— i — 12 '3 5} (iou.v
(128 32 ’) B — v W '—‘> byl

P’2 r 2 12 2 2
+ u }Qu +Pv +Q‘, ﬂ _l—lj—lH' 9 H'2 (i=1,u,v) (el
sV S s ) m \ T2 TR g ) B G e byt

u

1 ) | 9
to—— —+ ] —_H (jou,v)
T H'? <2 T3 3H'> b1/2

v v

3. 3B e Y 1] 3
51 A H, (X2 4+y2 P2, Q%) + 5(1 D BHT X2 4¥2 P2, Q2)
v v v v

i3 =3 : ‘. 1=~
Sy H:. (1= 3) ;:3 H! 3

s Y, cos GA, =i+ X sin (A, =ir)

PAHT ) gu

3]

1 5. 1 -5 1 3 1 2

+ R I (— —‘) R T I i u,v
H H? <8 2 32770 Nmptm i bi}5* )
. 2X, Y, cos (A, = i) - (X'2 -Y2) sin (jA, - jA)

Q-HEHT B3

1

27



1 5. 1 ., _51.) ) R G
b (25,1 =5 _1 2 2 _2 b{isusv
W (8”2’ * (32 3l N 32 3H'2> 172
u v u N
o KLY, cos (A, = 3A) + (X2 - YD) sin (A, - jA)
@+ DEWT - FHT

w

1 1. ., -
te———— (-7 =% |5
R W2

(=)

1 3 1 »? .
-=] H —— - — H'? —— bli,u,v)
3 J) u aH:‘ 16 U aH;2> 1/2

XY, Y, X)) cos (A, - §A) - (X[ X, =¥ X)) sin G, = ir)
X

A-PHART A BR

o«lw
wl—-

el AR C EE D BT i B
/A VA H2 oH, 16 ;

oH! 2

LY, + Y Xy cos (GA, - iA) + (XX =Y, V) sin (GA, = 5A)

A+ HARTI - LH3

1. . , 9 )2 ,
+.___.i___. ‘_J'J2‘—3—Hu—-—;——l-H2 b;’/'gu'V)
VH' 02 2 16 ()Hu 16 ‘)H:Jz

—(XI’I v *Yux",)COS (Jl\u - ]}‘ )"‘ (xl X' + Y Y ) sin (j)\" - j)\v)

A=A A=) au

A » .
’—,—__—-l———-— ; il 136 H — - 11— H? — bgf,i“'v)
R B0 om

x (- x\'x Yv +Yu x\'/) cos (j}\u = j)\v) * (x\'x x:' t Yu Yv) sin (JAU - J)\v)
: 3 yyr-3 : o3 1yt—3
Ay ) BTHT -+ §) M H)

N

1 (1 9. 1, (1 1 ) 31, R (i
—— -} e—a . — — ' — ‘' r—— b )'u“-V)
+ mr (2 R t7) H ar b33 H' oy 3

§ 2K, Y, cos (A, = jN) = (X,2 = Y¥) sin (jA, - jA)
SIAET @ DA

28




4

1 1 9. 1. ¢ ‘
1\_321,. <1_1__l]) H‘:._(). +LH'2._?_._ b(ll/au-v)
4 ()H:l 32 ¢ 3H'2 :

C2X0 Y, cos (GA, - A 4 X2 -¥Y sin (5N, - A)

. o33 iy 33
jOAVHTT (2 5) 5 H

—1__ -1—3—j'§£j2-'1—j3'(—-—ll+—5—-.—£.2) ] o)
Ry 23 '8 6 "\128'16’ "8 “

5 1 . o2 1 3 :
L H'2 - {'3 . (j u,v)
< 128~ 32 ’) P T Rl R

Y, (3X!2 - ¥?) cos (jA, ~ ir) - X (XI? - 3¥2) sin (A - iA)
X 1 u 1 u \%

(3-3) BH 4 j 2

o 13, 55,1 ,
W R 24" '8 6 128 16 "o
5 1 ) . 2 1 .3 O 4
[ — 4+ — H2 — - — '3 ——\ bli,wv)
(128 Y327) v 2 T 38a v JH.;‘) L2
u u

Y, BX2-YH) cos (jA, - A + X (X'2 - 3Y2) sin (jA, - §N)

(B4 i) BH - AN

1 5. 3 1 -15 1 3. ;9
e <”EJ'§’2‘5’3 (-5 50%) mar
H' VH H.? “H
2 -3 .
<;1—+ij) H"lz 0 ! ..L_Hl"i*_f__. b;’/é”'v)
128 32 '(‘)Hl"2 128 ()H:IS !
QXY XD+ (X2 - Y)Y )) cos (jA, - ih,) - (X2 -¥Y2) X! - 2X YY) sin (Gh, - X))
n
Q-PDARZ LA BRT

29



2
, (i-i-) w2 2L ga BN e
BH"" 128 v BH’3 1/2
u u
§ (2X) Y, X, ¢ (X2 -Y2)Y)) cos (JA, - §A,) + (X2 -Y2) X -2X' Y Y)sin (A, - iA)
QyPABHEZ - AN

v

1 <5. 7., 1., <_1s 3. 12> , ?

L pumnm—— E S Y P Cr e B | H

e 16’ '8 2 128 '16' °8 " SH
2

H\l‘/HVHV H

11\ o R 1 Ly B\
= —i] H w3 S\ B
‘ <128 32 ’) oz 128 ) R

X, Y, X, - (X2 =Y Y) cos (A, - ir) - (X2 =¥ X 4+ 2K Y Y)sin(GA, - j\)
X u u u \4 u \4

Q-pAH3-A-))PH3

+_1__ij+1j2*1'3, - i
woom e’ 8! 2! 128 16
v v

11 21 5 .
—_— - H?2 — ¢ —— H3 2} plizuwvd

<128 32 ’> B TRREC A 3"(.3> 172
C@XY X - (X2 - YD) Y, cos A, - A ¢ (2 =YD X, ¢ 2K, Y, Y, sin GA, - A

QP -1 +j)BHT

v v

1 1. 9., 1 4 -27 11, 3 ., ;9
‘.————_ —— - —— —— — s — - — ———
VT < 20787 2 0\t Te ! Te) Mgy

u v u

-13 3 . 3?2 1 3 .
—_— . H\l,\z - HIJ b(,,u.v)
(1 28 32 ) '()H:l2 128 v aHl:3> 172

LOX XY 4 Y, (X2 -Y2) cos (JA, - jA) - (X, (X2 -¥H) -2y X' Y) sin(GX, = i})

A=) pIH v (2+§) B3 H3

30




1 1. 9., 1, (=27 11. 3\ ., 3
+ SZj-252, L = a2y oy 2
VL <2’ gl tab <128*16’ gl) T

~-13 3 3?2 1 > ]
L2 H’2____H'3__ (j,u,v)
<128 ! 32 J) u H'2 128 ¢ o' 3> bl’/z

L XUXUY, Y (X2 - ¥2)) cos Ghy =00+ (X X2 - Y2) - 2Y X! Y ) sin GA, =32

AT AES@2-j) #H3

1 <1 9., 1., <_27 1 .2> . D
e 51+ i v [ 1= H —
VAT 3 2° '8 2 128 ' 8 o

-13 1 o2 1 B
P HIZ_———HIS—— l(),u,v)
<l28 32 ’) v Spz 128 v ,,H.a> 2172

(X, X, Y, =Y, (X2 - ¥2)) cos (jA, - IN) = (X (X2 =¥ 4+ 2Y, X! Y)) sin (A, - iA)
X
C1-DAHT v @4 j) BH

v v

1 1.9, 1.5 [-27 1.\ ., 3
b (-2 2521 =7, 25 w2
VT <2’+8’ 207 <128*8J “ow

32 33 .
+ .—_E._‘,LJ H'2L __1__ H'3L bij}.u.v)
128 32 Y SH'2 128 ¢ aH'3 /2

(XX Y, =¥, (K2 = YD) cos (G, = 30D + () (X2 = ¥3) + 2, X! Y,) sin (A, - jr)
X
(-1+j5) 8 H3 1 @-j)BH"3

L1 2765, 7.5 1, 59 1N 42
wear \#87agl Tyl Ty 128 72 " oH

9 1 92 1 ; 38 . ;
4= . le H'J b(],u,v)
<128 32 ’> " om'2 "384 v 3“(.3> 12

Y, (3X!? - Y?) cos GA =32 = X, (X2 - 3Y2) sin (ja, - in)
X
-iBHT @ AR

31




~1_<£§, 1
) 48 48’ '8
H3 VH]

9 1, 2 1 38 .
-7 H'? —. . — H'3 blisu.v)
(128 32 J) Y dH'2 * 384 ¢ aHl3> 1/2

Y, (3)(",2 - Ye) cos (A, = jA) + x:, (X"/z - 3Y3) sin (A, - jA,)
x

PiBHTL 3-8

u

32
1 1/ VHI2 1)(j/;1""v)

+ a4 o, u 3/

VA, /HT H 4 4 3

u

QP -P Q)cos ((j+HA -G +DHA)=(PIP +QQ)sin((j+ DA, =G +1A)

;B3 . -3
- AHT ) BH

/32

—l__ _]L 2 b(j"l.u,v)
A At A

* u 3/2

Q,P,-P'Q)cos((j~1)A, = (G=-DA) + (PP, +Q Q) sin(G-DA,-(G-DAr)

P - BT

u

2
5 <-_1..j Sl 2N w2 plirten
1 ’/_7 4 /32 4 16 u ‘~'Hl u 3.2
H VH HY /Y N

u

(X' (Q P ~P Q)Y (PP 1QQNcos((G+A -G +1DA)

X (PP QO+ Y (PLQ -Q P sin ((G+ DA -G+ 1A

A=) BH 3

1 A 3 .
. l] -_IH' —_— ) H'2p{TuY)
H H Hl4 2 4 16 ¢ DH' u 3.2

u

(X, QP =P Q)Y (PP, +QQ)) cos ((j-DA =(~1)Ar)

4 (X:, (P:. P Q,0) Y, (P Q, - Q, P",)) sin (G -DA, -G =-1DA)

v

RN YT RN

32




2
+—-——-1— ﬂ (_:_] -LH' i) H’2 b:(’};'l.U.v')
' ’oqpe 2 u
Hu /lZHv“ 'BU

X, QP -P.Q)-Y (PP, 1Q Q) cos ((j+1A -G +1)r)

- (X, (PLP, +Q,Q) - Y, (P Q, -Q Py sin (GG + 1A, -G +1)A)

(-1-FAH™3+j BH™?

Iy
+__1___ - -_l_j _l \'1_3_ H!? bg};l»u-ﬂ
WA 2\ 4T 167 on

(X, QP -PQ)-Y (P.P +Q Q) cos((j-HA -G =-1DA)
+ (X, ®PL+QQ)-Y, (PLQ -Q P))sin((j-A, -G -DA)

=1+ BH3 - BH3

2
1A /1 1. 1 0N\ g citia
+ <—8~+ Z] + 1_6 H“ -},—HT> Hu hg}z WU, V)

v HS 5D

t

(X, QP -P Q)+ Y, (PP ,Q,0Q)) cos ((G + DA, -+ 1))

-X (P'P Q. Q)+ Y (PPQ -Q P sin((G+ DA -G +1A)

X

TR (L) BH
B 5 ._
+_1_—._v <l—%] +1lHLI|__O—,> H:‘2 bgflzl.u,v)
A HS B 3 6 " oH

(X (Q P - P Q) +Y, (P, P +Q Q) cos ((G- DA, -(-1Ar)

PP 1 Q,Q) + Y, (PO -Q, P sin (G - 1A, - (G- 1A

JAHT -5 B K

33




+___1__B_3 .1_+.1.j+LH'_i H'2 p{izl.u.v)

\/H—'H'5,52 8 4 16 "BH"J u V372
(X, (P Q, -Q, P)) +Y, (PLP, +QQ))cos ((j - A, = (j ~DA)
- (X (PP +QQ) =Y, (PLQ, -Q ) sin ((G - DA, = ~1A)

SRR R S DWEE ik

v v

oy ; A
s (5 ) e
H H'S 5 ‘
u v u

(X, (PLQ, -Q P +Y, (PLP, 1QQ))cos ((j +1)A, -G +1)A)

P (X, (PP, +Q Q) =Y (PLQ -Q P sin ((G+ 1A, -+ 1A
GE WR ¢ U DELE e

1 1 8 : 2P, Q cos ((G-DA, -G -DA)-F2-)sin((G=-D A, -(G-DA)
+______VH'2 b‘(il/é“,V) vV u v v v u

LA (=) FH () B
LA G ZRQ oS (G DA -GDA) (@ -Q) sin (GADA -G+ DAY
_1—- QR "L 3/2 - - - .

H® 8 2 A+ HAHD (A=) FH

L T A5 U0 SO U 1 NP
/}?—H'S F g 8 3 32 u _aFT u 372

u

QX PQ +Y (P2-Q))cos ((j ~DHA, - =-1A)

~ (XD PP -QY) -2y P Q) sin((G-1A -G -DA)
Q2-HAH 4y SH3

2
1 I . 1 ., 9 .
4 v l + l] - Hu — HIZ b:(‘!;’éu'V)
‘/F ws A2 8 8 32 "“.'. u

(X P, Q + Y (P2-Q)) cos ((G+ DA, -G+ DA)

(X (PI2.Q%) - 2Y P Q) sin ((j + 1) A, -G+ DAY
@+ DAL A=) BH

34




1 IEy <1+13 . a> 2 B aun)
~ . 2 |8 8 T 32 w3 u Y372
/}ZHVS ﬁu aHu

(2X, P, Q, - ¥, (P2 -Q0)) cos ((j - DA, =~ (G - 1A

- (X, (P2 -Q2) +2Y, P Q) sin ((G - 1A, = (- 1)A)

-iBHT () BHT?

u u v

~ ﬁ2 '
| e a (EEimiag) W
DT 1] ' /
s A T

QX' P Q -Y, (P2-0Q))cos (G + DA, - +1A)

FX (P2 -0 4 2Y, PP Q) sin ((G+ DA, - (G + DAY

PIBHTZ LA

+

S R 0 S S
16

&} 2 .03
f——— —t = H' > H'2 pli.u.v)
T qes 52 8 u 7872
\/Hv HVs Bu

+'3—2 a oy

(X! P, Q +Y, (B2 -@)) cos ((j - DA, - (G -1DA)

- X, (P2 -QH)-2Y PLQ)sin (G- A, - -DA)

A-DAH+ @+ BHT

Iy ‘
+ ! 'Lz ({% —%—j +§1-2-H; 38—'> H'? b{i,wv)

RS B H,
X' PLQ, +Y, (P2 -QH))cos ((J + DA, - (G + 1A

v

FOXD (P2 -Q2) -2, PLQ) sin (G + DA = (G + 1A

(1 4§) BH 4 (2-§) @ HS

1 A

A T O L N
+ ML (A - __> H'2 b{isuv

@X, P, Q, -Y, (P2 -@) cos (G- DA, - (G -DAY

- (X (B2 - Q%) +2Y, P Q) sin (G - DA, = (G - DA

-0 B+ BHS

35




2 ;
1 v (-1 1. 1 ) ~
— e —— —_— = 4 — H" — 12 1 (j,u,v)
+ = <16+8" " 35 u3H'> H.® byl

(2X; P Q, -Y, (P2 -QD)) cos ((j + DA, = ( +1)A)

£ X (P2 =0+ 2Y, PL Q) sin ((G + DA, = (j + 1) A)
() AR B

1 1 7 N 2P, Q cos (((+ DA, =(G+DA)=(P'2-Q%) sin ((G+1) A - +1)A)
b—— 3, "3/2 - -
HH* S A-DARZL A4 BH
L1 QoS (G- DA -G =D A P2-0D) sin (=1 A~ (
4 —— v Uy
' ' 3/ . - -
H, H* 842 LD AR (=) B

* |
| 1 v -l_lj -L H' _._d H'? b{isuav)
H L/,ﬁ,- [))2 8 8 32 v SH u 3.2

(2X P, Q, + Y, (P2 = Q1) cos (GG + DA, = (j + DA

- (X (P2 Q) ~2Y, P Q) sin ((j + 1) Ay - GorDyA)

@D MET (-1 ) gine

+

— R
H VH' [#
u 13

u

2
ST S U U G 2 Gy
<§+ g" - 3_2 Hu :E;) Hu b3;é )

QX PLQ 1Y, (P2 -QD) cos ((-D)A - (G -1)A)

PP -QN) - 2Y PLQ) sin (G- DA, - (j - DAY

(A-D AR (1) SR

1 5% /11 1 o 4
— —_ =) - — H - 12 pliasu,v)
"W 2 <8 '8 T3m wgy) b

A

QX P Q =Y (P2-Q))cos ((j+ DA, =@+ 1A

- (X! (p"lz - Qg) +2Y P’ Q)Y sin ((j + 1) o= G v DAY

Q@+ PRI (-1 B3

36




5

By
+ ! - _.l..-l] ___I.H’ _8_ H'2 pli,usv)
H' H ﬁ2 8 32 u BH‘, u 3/2

(2X, PLQ - Y, (P12-Q})) cos (G- A, -(j-1)r)

PGP Q) +2Y, P Q) sin (G- DA, - (G -DA)

Q-DEH (-1 BHS

1§
1 Py -1 1. 1 9 ;
+ —_— —_ = il ¢ . '2 fy(j,u,v)
H' V/Hl l[ﬁ2 <16 1 8 yr 32 u \)HI> Hu 3/2

u

c

(X, PLQ, +Y, (PL2-0Q)) cos (G + DA, =G +1)A)

X, P2-Q) -2Y PLQ)sin ((+ DA, - (5 + 1A

A=A v @) AR

T
3 -
B3R

3 1. 1 o :
—-=j+—=H — H'? b<’,’“'v)
m <16 8 32 v aH‘,‘> u 3/2

QX PLQ +Y, (B2-Q)) cos ((j-DA, ~G-1DA)

PXP2-Q2)-2Y, PP Q) sin ((j-D A, - (G -1)A)

u

A+ DA -j)82H

2 -
BRI T U GV ) WP TINS
H VH 82 16 8 32 Y3y u 372

v

+

(2X", PPQ, -Y, (P2 cos (G + DA -G +1A)

- (X2 -Q) 1 2Y, PPQ) sin ((J+ DA, =@+ 1)A)

A-NARTZ a3

2 .
1 A [ 1. 3 ,
_— —f — H —— H'2 pliu.v)
+ H, VHI /82 <16 + 8 ]+ 32 aH,) u )3/2
u v O

@X P Q -Y, (P2 -Q@) cos ((G-1* = G-1)A)

P2 Q) 4+ 2Y, PLQ) sin (G- DA, - (- DAY
A+ HBHI - B

37



2 ¢ 1] . . 1 . . .
e _TIEV- 2 g0 Fa QO D €08 GA =30 - BUF, -0,0) sin (G, - iA)
u
H VR B A A-DARH? 14 BRS
2 ! f] . . 1 . . .
+__1___ :li H'2 bg}éu,v) (Pu QV*Qu Pv) cos (]}\u-J>\v)+(PuPV—QuQV)an())\u-J)\V)
At it ' 4 u . - . -
Hu HVHV4 ﬂz (1+.')163Hu3+(1-.‘),83H"’3
2
1 B : , .
b Y l+lj+_l_Hui H'zbgl/é”-")
H /H: H'4 53 4 4 16 ()H\’, u

(X, (P Q, +Q P+ Y, (P\P -QQ)) cos (jA, - jr)

- X (PP -Q Q) -Y, (P Q +Q P))sin(j\, ~jA)
Q-HAR A+ ) BH3

‘ 1 2 L S T NPT
H' N/H_IH“‘/;? 4 ZJ ! 1.6 “—(;H—; u 3/2

X, (P.Q, +Q P +Y (PP -QQ)) cos (JA, - j\)

+ (x:n (P\'n P\'I - QuQv) - Yu (P:l Qv t Qu P\'/)) Sin (j>\'u - JAv)
CRI DY AR C I Do

32 )
|—1___.._/_v ;l.—l_j } .l. H' 3 H'?2 b(i/-ll.V)
WoAT e 2 \4 4T 16 g ) e R

v v u 8]

X, (PLQ, QP -Y (P P, -Q Q) cos (JA, - jA)

- (X, (PLP,~QQ))+Y (PLQ +Q PH)sin(jr -ijr)
B AN C IR DI | M

LS U S RN 12 e
4 ————e —} — —_— UL v
Ht \"(H' Ht4 /’gl 4 4 b 16 v ()H' Y )3"2

X! (PP Q, +Q P -Y, (P, P, -Q Q))cos (jr, - jA)

+ (X (PUPL-QQ) + Y, (PLQ 1+ Q P))) sin (jA, - jA)
jASHT - B2uTe

38

I



Al
+ 1 _1._1_j___1 H' 9 H"’bHUV)
M ws p2 \B 47 160 gy

A\ XC@®IPL-Q,0) - Y, (PO, 1 Q,P)) sin (JA, - jA)

H P33 -3 : 3 g -3
(T-§) B H 77 4 (24§) 8, H)

< X, PLQ, +Q, P +Y, (PL P, -Q,Q)) cos (jA, ~jA) >

32
oy R , .
+_:l____. _g_+_1_1__1_H ) sz(’ u,v)
VEHS g2 \ 887 16 e J
(X (PLQ, +Q, P« ¥, (P, P, -Q,Q)) cos (in, - jr,)
v X, (LR -Q,Q) =Y, (BLQ, + QP sin (A, - X))
(L+jy p2H 72 5 (2-§) 2 H -3

>

r52
it =31y Ty 2 Vg
VETHS g2\ 8 87 16

< X, (PLQ, +Q,PY-Y_ (P P, -Q,Q,)) cos (jr jm)

(X! (P!P -Q,Q)+Y, (PLQ +Q,P))sin (A, - JA)

u v
x

(L-§) U3+ 5p3 )3

32 -
e 1 ’gv <—1___1_ —{-H' o )Hl2b§]éu,v)
:5 52 \8 % 16 ¢ Y !
vH' B2 oH

<<Mﬂm+%w—nﬁm-qumoxwaw

PXD (PP ~Q, Q) + Y, (PLQ, + QP sin (GA, - A

u v
x

(39).
(L) s3H3 - jpin?

8. FIRST ORDER PARTIAL DERIVATIVES OF s, WITH RESPECT

TO THE HORI VARIABLES AND ELIMINATION OF THE FIRST
SHORT PERIOD TERMS

The first order partial derivatives of s, with respecttox' ,Y ,F’,Q,, X, Y P Q
are obtained at once from (39) and we shall not write them. We shall no more write the
first order partial derivatives of S, with respect to A, and A, which are also obtained

at once from (39). All we have to do is to calculate the first order partial derivatives of
S, with respect to H, and H;. Since terms of S

of order four inX, Y ,P', Q, X!, Y
| 28 Q become terms of order three in the first or

u u? “u v?

dér partial derivatives of S, with respect
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tox,, Y,, B ,Q,,X,Y, P, Q, , we shall truncate the first order partial derivatives of Sip
with respect to H, and H; to the sum of their terms of order 0, 1, 2 inX', Y, P', Q,, X!,
Y ,P ,Q,. The first order partial derivatives of S, with respectto X!,y ,P/,Q,, X!,
Y, ,P ,Q, andits first order partial derivatives with respect to A, A will therefore be
also truncated to the sum of their terms of order 0, 1,2 inx', Y ,P.,Q,, X, Y ,P ,Q,.

A glimpse at (39) shows us that the first order partial derivatives of S,, with re-
spect to H, andH, and of order 0, 1,2 inX/, Y ,P' ,Q ,X/, Y , P’ Q may be reduced to
the calculation of the first order partial derivatives with respect to H, and H, of the three
quantities:
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(a, "% +q, H;73)?

with s =0, 1, the a's, b's, c's being independent of H! and H, the o's, 3's positive or neg-
ative rational integers and q,, q, relative integers.

From (40), (41), (42) we obtain, after a short calculation:

au H'e-1 y'p 3 42 3
1. ! Y ac + (a + (1 +a) b) H"l _(.j__+ b+ 2+a)c) H:.2 .._3 +C H;a °
oH! q, H'"? 1+ q, H 3 oH! oH!? 3H!3
3q - 2 )
+ ’ aH 3 +bH:I“2—a reH P\ | byisey) (43),
ql HIIJ‘3 t q2 H\,/‘3 dHl’l aHL’12
U A 3q ,
2. ! ! aa +a H.Il —i- + ' a H:.-a H:;z b§3«f'“'” (44)’
dHl’l 9 H::-S 4, }{;'3 dH:: q Hll;s t 4, H\'/-3
v, H!O -8 HA- 3
- . a(u-4)H* +ba H* + (aH! H* + bH )
M. (ay B, ra, ) oH,
6q1 Hv4 + -3 bH' b(j.u,v)
+ ) -3 -3 (a v Hu t u) 1/2 (45),
ql Hu t A Hv

40




and:

b1 4| H:n 15-1 2 2
1 ¢
—_— afi + aH ——+bA H' 2 i b H HL————% + ¢S H? i
HLq Hu~3 ¢ q, H -3 aH! OH! oH! SH 3H!?
3
tcHZH 0
dH'2 OH'

[ aH\'/’ l{le 3H'.i PCH'43H12 3 b:‘ UV)(46)
q, H "% 1 q, H,73 OH! 5H’2 ’

U H:a HIB 1 - 3q )
_2 = v a3 +a H' —a- + 2 H\'fs Hlllz bgj/zs'u'V) (47):
oH, q, H\:}-s H; -3 oH, aq) HI A qp H” ’
oU H/ "4 H!A-S
3. “ afH® v b (B-4) H'Y (a H’5+bH"’H>——
1’H‘: (q‘ H‘:l- 4 qz 1-3)2 ()HI
) 6q2 ' 14 gyt -3 {(j.,u,v)
; (aH) +bH*H!"3) | bii, (48).
9 Hlll-s td H\',_3

We shall develop in a detailed manner the calculation of

oy, ou. ou

_ —, —_—

oH’ oH! oH'
u u u

for the u,, U,, U, which appear in the coefficient of the term in sin(j A, = iA,), the calcu-
lation of ¢y, /aH for the U, which appear in the coefficient of the term in 2x Y,

cos(jr, ~j \ ) - (X2 - YD) sm(J A, = iA,) and the calculation of U, /oH! for the U which
appear in the coefficient of the term in (Q Bl =P Q)eos(j + 1yn, ~ (G + DA ~ (P P' +Q, Q)
sin((j + DA, - (§ + 1)A ,) .the first of these three terms correSpondmg to the pa1r of coeffi-
cients A, 0 the second one corresponding to the pair of coefficients A, (X!2 Y%, - A, 2X! Y,
and the thlrd one corresponding to the pair of coefficients A (P! P! 1 Q, Q ), ~A,Q, P, - P"J Qv).

The term in A, 0 contains four U,, two U, and one U,. The term 1n A, (X{2 - Yz) -A2X'Y,
contains one U,, no U, andU,. The term in A (P“ P, +Q,Q), -A,(Q,P, -P' Q) contams one
U,, no U, and y,.

One of the four U, of the term in A ,0 is:

H "1 H-? 3 3 32 ~
U = “ 2 ¥d) (257 gl S o D) bl (49).
-iB3 W -3 a3 H -3 oH! oH!?
One of its two U, is:
H -1 H -4 B8t 4 A
U, = . (P2 - Q) — SHZ bzt (50).
BT RS
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Its U, is:
'

H' -2
U, = v <_§_ B3 (X'2 4+ Y2, P'? L Q) H' -4
R : PB3 (X2 4¥2 P2 L QY H
(-iB3H"3 ¢ B3 H 32 \ 2 Lo ’
3 s [ [ f - 1
+_2_J,63 X2 +Y2 P2 L QHH 4> b{i,v) (51).

(49), (50), (51) show that q,= - j 33, q, = j53. In (49) we have: a=-1, 8 =-2, a=-(X'2+Y3)j?
b= X2 +Y) 3/16, c= (X? + ¥) 1/16. In (50) we have: a =-1, 8= -4, s = -1,

a=- P2+ Q)  1/8 82/B2. In (51) we have: a =0, 8=-2, a=-3/2 j83 (X2 +Y2 +P'? + Q2),
b=3/2 jB3 (X!2+Y2 P24 QD).

Whence, according to (43), (44), (45):

o, 2,2

2 3
1 &2y 2o g2 Lye O 1ys O
OH, ~jplH!"3 4+ ipiH,3 oH! 4 " omz 16°% gyrs

-3 4} 32
¥ 3 3 - 3 3 <-j2 H‘:_3+%H:"_2—a_ +%Hl_l—i—> bgj/éu'V)
_.[ P R 1 - - ' u 2 '
IBGHT + B H oH oH' |

¥

U H -2H -4 B2 -3j33
B . @i tow 2, s Ly
EL VS TEM RS M Al S T A T A

2 1, (i-1,u,v)
x H 2 by); ,

U, H -5 H-¢

ML (-3ATH T B0 BT

[Gjﬁi (X;2 in + P"Jz + Qﬁ) H\,,4

-3 . 2 [ ’ ’ ‘ I [ ‘ ’ c
! (T “[)i (x\12 t Yl21 t Pu2 t lel) Hu Hv4 +£ J/ji (Xv2 t Yz u Pv2 * Q\zi) H\ls) a
2 '
-6} 3
e (P v R e W
—Jﬁu Hu— +'lpv Hv—

3 e ! [ t 1 v
+7w3 X2+ Y2 P2y Q) uuﬂ biiuev) .
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The v~ of the term in A, (X!? - Y2), A, 2X{ Y, is:

H -1H -2 - 2
U . Ll (:5+lj> w2 L2 N poe
- p3u-d i \ 80 2 32 4 SH 327 opr
with
3 g i 5. 1. 5 1, 1
q, - (2-j) 50 ay =18, uw- -1, ,/2,,_2,3;_§,+512, b'§5+zl, ¢35

Whence, according to (43):

au H' -2 H -2 2
1 u v . . . . ¢ 9 - 1. 19 el
—_— _§.J _.1.]2+ (__5__, 1L_l..J2> Hu_.+<__l_1___]> Huz
SH, (2-3)B83H 73 4 a3 2 [ 8

3
A
+3
oH;

w

| ]

3(2-§)8?
\ ( ")ﬁu ((——S—J +lj2> H"}-—3 + (:—*lj> H:]-Q a
(2-9) BEH2 4 jpIH 8 2 4 oM

1 L32
+ —H' "1 b{lwv).
32 Y g2

The U, of the term in A (P! P! +Q Q), - A, Q, B ~P Q) is:

t-172 ypt =32 32
U2 ~ Hu Hv lf_\l- le bg‘i/zl'u'v)
PR, . P - P u
S,
with
y2
. . 1 .. 9 By
/53 - 3 . - - -
q, - ‘J/~<uv q, - lﬁvv wo= '5: /5~>“'2—~ s =1, aHZF-
“u
whence:
1372 gt -9/2 32 . 133
aU2 B Hu Hv ’ 175 1 iy 3 . _31/{‘1 H -3 | H'2 plisl.uv)
’ e Iy u : S - . ~ u u 372 :
RIS VRS RS N A N AR 1

We should calculate in a similar manner the three others U, and the other U, of the
term in A, 0 and the 9V, /3H!, oU, /o0, oU,/H| of the other terms of S,, which are of
order 0, 1, 2inX',Y ,P. ,Q,,X,,Y ,P,, Q. Multiplying each of these partial derivatives

by its corresponding factor in A cos (qA, - a2, )+ Bsin (@A, ~qX,) and summing up all the
terms we thus obtain, we have finally:

- P
dSlp - . 3 1

’ - m /ﬁu ﬂv - 23 1-3 « 23 1 -3
SH 4] : _J‘Hu Hu + Jpv Hv

u uzv j=0
l_<.u<v..<.n
-3 -3
. , B -3iB8; H, _
s QQHCVHSZCHCVHTS (X Y2 P QD) <H(__T — ’_3“ — b{i, ")
6Hu —JﬂuHu +-]/“'jv Hv
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2 3
L2 ayhmreo? (2o 2 Ly O 1gs O
w4 " emz 16 Y o3

i 3 0 1 32 :
t— 3 g -3 : 03 157-3 -j? H"“3+I€H“—2_+T€H;—l_ bﬁj/éu'v)
_]/Bu Hu- + J/Bv Hv‘ BH; aH‘:2 )

32 3

+ (x;2 +Y3)H;—_l H‘II_3 (—j2 +2-> H' -—()—-+_S-H'2L +.1_H’3 9
oH' 16 ¢ aHIZ 16 ¢ ‘aHIS

u

u

B -P2 -2 : ~3jB3H 3
$om e S H!TTH!Y (-1 4+ H) ° 4 o Hy

-3;R3 32
\ .l[u __j2 H“,‘a + —3—H.I,_2'—B-— +_1_H;—l_a__ b§j/'2"'v)
"jﬁi H'|_3 4 J/ie H\'{—S 16 aH‘: 16 aHl'l2

R M, -3iAYHI 4 314K,
x H;2 (b.(;j/gl.u.v) +b§j/;l u v))
/32 —P\llz _Q‘2, _3j’8l31 H:J-S
Gy Ty T hgeiges [y 2,
gz 8 W' -3jB3H,7Y 4 383 H,

% H‘l‘2 (bgiz—l,u,v) *b:(sj/;l,u,v))

H' -SH -6
u v

(~iBIH,3 + §ATH, )2

']

6i83 (X'2 4+ Y2+ P24 Q)HM
* ('%”3.3. X2+ Y2+ P2 QY HH?

S8 Y2 P2 Q) H’S) 2
+ 2 v v v v v u aH'

93255 (X2 Y2 4 L2 4 Q) K,

SO K ¥R QD] A
SRR

A

< sin (JA, -1 A)
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H'—3/2 Hl—2 -~ 2
u 1. _ (o) 1 2 8
v M ~=j 4 (——1 + j) H' ~ 4B

- T TR 5 v 4 Y ST
(1-—])/8(31 H! 3, 1’73 H! 3 2 8 SH| oH/
3(1-j)p3
+ . jHl’l-s _-I_Hl’x-2 2 bgj/éu"’)
) (1-j)s3H -3 jadu -3 4 oM’ '
|

x (Y, cos (jA, = jr) =X, sin (jA, - jA,))

}{'—3'/2 H'—2 2
1 — 3v i—j+(i—j> Hl'._a_—lHl’l2 0
(i) B3HS - A3 a3 \ 2 8 oH, Y omz

3(1+j) 53 F
\ ( 1) u —jH"3-——1~H'—2i b{j/éu,v)
Wy -gedas \ 0 4 )

x (Y, cos (JA, - jr)+ X! sin (j Ay =i A

3 22

1 -1 $-5.2
| Hu Hv _3__ ] ] + lHl2
—iB3HY 1y B33\ Yot 4 Y op2
u u \'4 v u u

3.3 .
+, o (2-5) woe v Taee =) it
SiBHLT L (L) A3 \V2 o4 oW

« (Y, cos (JA, = JA) =X, sin (jA, - jA,))

r-1 yy1-5/2
O (20) w2 g 7
IPHT e ey s E \VE om0 w2

. 3 -
. 35, <l+ j> wos Ly O
pA3H3 =gy 3s \\2 oA o

~ (Y, cos(A, - Ay« XDsin (A, - §A,))
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H-2H' -2

w By 5. 1., <-5. 1.2) , 9
* =i -=it+ )+ i) H —
(2-3) BIH + B3 H3 <8 2 8" 2 S

- 2 3
() e
8 4 u BH'2 32 ¢

3H'3
3(2-3 3
. 2-j) 8} (ﬁ“ljz) y -3
2-j)B3H "3 4+ ;B3N -3 8 2 u

1 -1 32 ) :
+ -——H pliuv)
32 ¢ '9 172
BHU

x (2X0 Y, cos (A, - jA) - (X2 -Y)sin GA, - iA))

‘- -2
, H -2 H ij_lj2*<_5_j+1j2)ﬂ.8
(2+3) ALH2 - J57H 8" 2

~2 3

+ (-_]'__ll> HI2 a + 1 H,3 B
8 4 u aH'2 32 ¢ aHis

u u

3(2+5)8
+ <§j+lj2) H' -3
Q+j)ypIH-3 - jp3u -3 2

x (2X' Y, cos (A, - JA) + (X2 = Y3 sin (G A, - i A
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1-3/2 gt -5/2

. H,7"“ H 1,00 (3.3, )\ .

— — gl a5 T
(A=) BIH > + (1 +j) B2 H,

. 3(1-j) 38 ((-lj_,-z) -3
A-DBIH -+ (i) AN AN 2 ’

$-3/2 gt -5/2
Hu Hv

1. 1., -3 3. L\ .. 09
' Iyl gy o) N
A+ B3H"3 4 (1-j) p3H -3 W'

-9 1) 2 1,5 23
-z .2 H'2 _____H'S____
*(3 *2’)

2 u aHllj2 16 ¢ BH;3
3(1 -y R3
; LD A <(ij -5t
i) BIHT + (1-3) A28 \\2

1 92 ;
___.H"-l bl(;.u.v)
16 BH:‘2>> /2

x (XY, + Y, X)) cos (JA, - §A) + (X, X, =Y, Y, )sin (jA, - jA,))
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H' -3/2 ' -5/2
u v

. <1j_1jz+(:3-1,.”2) w2
A-HB3H 2 -a-j)piu-3 \& 2 3222 "

u

9 H'? 32 1

- ______H'3

aJ

32 ¢ aHl’,2 16 ¢ aHl::’

3(1-j) A3 )
+ ("—J +j2) H;'S
(A=) B3H3 —(1-j) B3 H! -3 2

1138 (iyu.v)
16 Hu BH'Z )) b1/2

x ((=X[Y, +Y,X!)cos (A, - jA,) = (X' X! +Y, Y, ) sin GG A, - jA,))

1-3/2 -5/2
N H\l HV’I —ll_lj2+ _3+
QA+)B3H-3_1+j)83NK -3 32
+J) By H, (1+j) BIH!

_9__.H12 32 LH,s 33

—32 u aHIQ 16 ¢ BH/:;
u u

3(1+j) 53
+ (lj + ,'2) H\'._a
A+ BEH -4y B H-Y \\2

1.,y & >> .
- =—H — i, u.v)
16 ¢ ‘2 172
al.{ll

x ((-X:le +YuX:’)COS (j/\u—j)\v) + (X' X! +Y,Y ) sin (j)\u—-j)\v))

u v
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u

[ | -2
‘ o & <—2l¢ n.1 j’) b 2
_”33 -3 4 (24) /33 H! -3 32 8 2 v

.33
~-3i5;

1 3? ;
—H -1 _ bli.uv)
+ 32 u aH:‘2>) 172

x (2X[Y cos (JA, -jA) - (X2 ~Y?)sin (j A=A

1 -1 -2
H™" H 27 1. 1.\ 4 3
! 35 "5 lt3517) H—
iAW 2y 3 -y \\32 B 2 oM,
13 1. 12 2 1 ., &
2oyl 1y
+(32 4’) u 37T

JH'?
u

HoX ]

335, 1 9. 1.,\ ., .,
+ 57 gty Hu
PSS @- s Hmt N2 8T 2

u

1 -1 & j.u
TR OH'2 by

< (2X[Y, cos (A, = jA) + (X2 =YD sin (JA_ - jA,))
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t-3/2 gt -9/2 .
H 732 By =¥ B2 <-1 1., 3 -3i8} 1

—_— _+__Hl"__+ —H'-3 H'2 b(j,'*l'u'v)
SBIHT s 2 \B A Mo jpiw-d i > i

u

< ((QP, -P Q)cos ((j+ DA, -G +DA) - (PIP, +Q,Q)sin (G + DA, -(j +1IA))

(-3/2 yt-3/2 2 .
+ H, 1, &. __1.+lH‘_a. 3”33 IH'-a H'2 p{i-1.u,v)
313 naap-3 n2 \B 4wt Y - T 3.3 4 u W byl
RV Vo e oW, §BYMT - jplE f

x ((Q, P! ~P' Q) cos ((j =DA, - (G =1A,) + (BYP, 1 Q,Q)sin((j-1)IA, - =1)2,))

+

H, " H By (1 o 3(1-§) B} 1
[, ——
8 U oM, (1-)BIHP (1) BIH

— [=H —H;'ﬁ ll:‘2 l)éf/é"'v)
(-5 63H 3, (1)) B2 H 3 2 |

< (2P,Q, cos ((j - DA, = (G =DA) = (B2 = QD) sin (j - A, = ( ~1)A,))

.\ IV P B2 <1 . s 3(1+j) A3 .

— _Hl__ 4 _H'—3 Hl2 b:(‘j/,é"'v)
A+ DB a-pnpdr3 2 \8 Ten Ly siHt e a-ypiu -8

x (2P0, cos ((+ DA, = (i +1)A) + (B2 =@ sin (( 1 DA, = (5 + DA

f H“'-I H:’J —-/33 -1 1H' - 3(1-—j)/‘53 1 H -3\ H'2 pli.uv)
. \ ' . ; ' " % ta + Q] u u )l‘l,/él '
A=Wy e 52 \8 8 Mo - s asppiegt 8

C(@PLQ cos (GG DA~ (G + DAY= (P2-Q¥)sin (GG + DA, - (j +1A))

+

8

H,~2 H - Bl 1, o 3(1+j) 43 1
-f"8"Hu———

ZH -3\ H'2 pliuv)
(1 i) 43 H"'3 1-3; 23 Hl-3 2 ' * . 3 3503 B 3gr-3 8 U Y 3/2
ty) o, ny + J)bv Y /5“ ()Hu (1+})ﬁuﬂu +(1_J)/’~)v Hv

x (2P, Q, cos (G ~DA, = (i =DA) + (PL2-QD)sin ((j - DA, = (G ~1)A,))
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+

0 -3/2 ypr 5.2 2 -
H, ™7 H Ay <1 Ly 0

- AIH v ey B3H72 52 \B 4 Pom

3(1-3) 433
X ( J)/‘u IH: 3 H'2 bs(jzyuy\’)
(1-§) B3HS 4 (L4 i) 3 H8 4 |

< ((PLQ, +Q,P))cos (JA - jA,)~(P P, -0Q,Q,)sin (JA, - jA,))

H'-3 ZH'—Q/2 ‘32
v

i v !

L Ly 9
A B ap s R 52 \8 4 oy

+

u

3(1+j) 3 1

T

1—3 12 u,v)
' H'2 bily
N I E ) t

S (BLQ, +Q,P)cos (N, = §A,) ¢ (BLP) =0, Q) sin (i, =i %,))

In order not to lengthen inordinately this paper, we shall not write the expression of
the partial derivative of S, with respect to H , letting the reader to obtain it from the
equalities (46), (47), (48) apphed to the coeff101ent of each term A cos (g), ~qA,) +Bsin (qr,~-qAr,)
of S, ~which is of order 0, 1, 2 with respect to X', Y ,P/,Q, ,X; , Y, , P, Qv.

u?

According to Von Zeipel's method, the old Hori canonical variables Hl H , xu, X,, P,

PyAr,sA, ,Y,,Y ,0Q ,Q arethen connected to the new ones H' ,H' ,X' , X' ,P' , P! Y' Y |

Q! ,0Q! ehmlnatlng the short period terms which arise from the pr1nc1pa1 part Flp of the
disturbing function through the (n-1)n/2 sets of twelve equalities

S1p . B
Hu - HL’I TS ’ /\'u - )\u - ’
an ()H:l
a8 R
' 1p : 1p
X , Y =Y - ——
u Xu * 'dY“ u u \)Xl,]
"Slp )Slp
P =P 2 Q -Q - ;
u u ()Qu u SP'
38 38,
Hy =H o= A N - =
oy GH!
;S aS
xv x: + 2 ' Yv - Y\I/ - P ?
Y, OX!
IS SSI
P,=P,+—2,  Q =0Q)-—2L
Q, oP!

with1 Su<v <n.



For each couple u, v of values of u and v, we have to solve, by the method of the
"retour des suites" of Lagrange applied to functions of several variables, the above equa-
tions in A and A, and to bring the values of A, and A we thus obtain in the equations
inH,,X ,P,, Y, Q andin the equationsinH ,X ,P ,Y ,Q .

u? v? *y

9. CONCLUSION

1. This study of the elimination of the short period terms of a first order general
planetary theory through Von Zeipel's method and the Hori canonical variables lead us, for
the calculation of the determining function S, ; to a linear first order partial d1fferent1a1
equation which has no more constant coefficients as it occurred with the Delaunay variables.
The obtention of eleven integrals of its system of characteristics allowed us, as we showed,
to overcome this difficulty., On the other hand, the introduction of the Hori canonical vari-
ables lead us, in a very natural way, to replace the classical Newcomb operator D, , =, , d'da |
by the operator Hw (3/6Hw) (w=1,2, ... ,n). The application of this new operator to par- '
ticular cases of a first order general planetary theory requires a tabulation of the Laplace
coefficients as functions of H; andH, instead of « 6 ,. Such a tabulation could easily be
carried out through the equalities (8 ) and (9).

2. The Hori canonical variables X, , Y,, X, , Y, which are of the order of magnitude of
the eccentricities according to the equalities (16) and the Hori canonical variables P, , Q,,
P!, Q, which are of the order of magnitude of the sines of inclinations according to the
equalities (17) appear in S \p» according to (39), in the form of algebraic mononomials and
polynomials. The partial derivatives of s, with respectto X' ,Y, ,P ,Q,,X , Y ,P ,Q,

do not contain therefore divisors in those varlables and the comphcatmn due to the presence
of small divisors in the partial derivatives of S,, With respect to the linear variables when
we use Delaunay variables is thus avoided.

3. (39) shows alsothat each argument of the sines and cosines of the truncated Fourier series
of the disturbing function F, , of Sip and of the partial derivatives of s, with respect to
Hori variables is of the form qr - q x, which did not occur with the Pomcare variables.
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