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ABSTRACT

Fortran JI subprograms have been developed for evaluating the compleie

elliptic integrals of the first and second kinds on the RCA 601 computer.
e -8

These subprograms exhibit an crror no greater than 2 (10) over the

entire range of definition.






DEFINITIONS

The complete elliptic integral of the first kind is defined as

j: (-]

K(m) =
(1)
/2
2 \-1/2
= J~ 1 - msin 6) de,
"o
and the complete elliptic integral of the second kind is defined as
! ,\1/2 o\L/2
E(m) = br (1 -t ) (l - mt ) dt
o
, (2)
2
= r (1 - m sin 9) de.
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In the above expressions m is the paramecter of the integrals. This quan-
tity is related to the modulus k and the modular angle & by the relations

2 2
nm=k = sin «. ) (3)

One may also define the complementary parameter my and complementary

modulus k' through the relations
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The user is cautioned that many texts define c¢lliptic integrals in terms

of the modulus k.

PROGRAMMING METHOD

The complete elliptic integrals are evaluated using the polynomial approx-

imations given by Lquations 17.3.34 and 17.3.36 of the Handbook of Mathe-
(D

matical Functions:

17.3.34

7 [. 4} [} ll

K(m) = ao+alml+...+a4ml + [hbymt..

+b,m 4:‘ gn (1/m)) -+ e(m)
41 1
e(m)I < 2 x 107%

a = 1.38629 436112 bo = .5

a; = .09666 344259 b1 = .12498 593597

a, = .03590 092383 b2 = ,06880 248570

ag = .03742 563713 b3 = ,03328 355346

a, = .01451 196212 b[‘ = ,00441 787012
17.3.36

4
E(m) = []_-lﬂlml-l—. . .-!—al*ml ] + [b]_mlfl-' ..

+b,m 4] in (1/ml) -+ €(m)

41
€(m)l <2x10°8
ap = 44325 141463 by = .24998 363310
a, = .06260 601220 b, = .09200 180037
a, = .04757 383546 by = .04069 697526
a, = .01736 506451 b, = .00526 449639



Listings of the subprograms are given in Figures 1 and 2. 1In these sub-
programs the Fortran floating point variable B plays the role of the com-

plementary parameter m.. The natural logarithm subroutine LOG(B) in the

1
RCA 601 Fortran II package normally causes a loss of significant figure
1-B

arithm will maintain sufficient accuracy when used in an expression of

accuracy halt if

< 10-2. In the present case, however, the log-

the form
i - i
? a; m° - in (ml) % bi m,
i i
with
i i
z ai @1 DN bi my

so that the result will be accurate to full significance. Thus the loss
- of accuracy halt was inhibited in these subprograms by using the special

call BYPASS(LOG,B).

CALLING PROCEDURE

The complete elliptic integrals of the first and sccond kind are evaluated
by placing the terms ELK(B) and ELE(B), respectively, in any floating-
point Fortran arithmetic expression., Note that the calls are in terms of

the complementary parameter B = m This was done, on the suggestion of

1.
R. W. Klopfenstein, to avoid the loss of accuracy in the machine computa-

tion of
B=1-(lL-B) | (5)
when B is known to full accuracy. (Note in Figures 1 and 2 that the in-
téérals are evaluated in terms of B.)
EXAMPILE: To cvaluate the expression
C=KR(n=A)+E (m =5)+2K (@=1°) (62)

1
with A, B, and D known, one could write the Fortran statement



C = ELK (1.0 - A) + ELE (B) + 2.0 * ELK (COS DF (1) "+ 2) (6b)

ERROR STOPS AND SPECIAL CORDITION

B must satisfy 0 < B< 1 for ELK (B) and 0 < B < 1 for ELE (B). For B
outside these limits an error message is printed giving the value of B.

The job is then terminated with a dump.

For B = 0 in ELE (B) the polynomial approximation is bypasséd, ELE is set

equal to 1.0, and control is returncd to the calling program.

ACCURACY

Provided B is given to full (i.e., 9 significant figures) accuracy, ELE
and ELXK will exhibit an error of no more than 2 (10)—8, that is, 2 units

in the ninth significant figure.

In testing the ELK program, two situations were encountered where poorer
accuracy was obtained. First, as would be expected, calls of the form
EFLK (1.0 - (1.0 - B» for small B yielded results which were accurate to
the same number of significant figures as (1.0 - (1.0 - B» . Thus, the
ébove form of the call should be avoided when the complementary paramcter
B is available. Second, calls of the form ELR (COS DF (D) ** 2) lost
several significant figures of accuracy when D was very close to 90° .
This is due to a loss of significance in COS DF at these values, as is

illustrated below.

ELE is not subject to the same loss of significance since in this program

there is no constant term in polynomial which multiplies the logarithm.

[See 17.3.36 of Reference (1).}-



TESTINC
Both ELK and ELE were evaluated for the following values of m and o

m= 107", 10’4, 10'3,_ 19’2, 0.1(0.05)0.9(0.01)0.99, 0.999, 0.9999, 0.99999

o =0 (10) 80 (1) 89 (0.1) 89.9 degrees

The results are shown in Figures 3 through 8.

The computed values were compared with values taken {rom Tables 17.1 and
17.2 of Refercnce (1) or values computed by a special double precision
program described below. . The A& columns following the computed values of

ELK = FIRST and ELE = SECOND in Figures 3 through 8 give

8
b= (Ecomp. ) Eexact) (10) &

wvhere E is the value of the elliptic integral.

It can be seen that both subprograms maintain the specified accuracy over
the entire range of m. Howcver, the elliptic integral of the first kind
looses some significance for o close to 90°., That this is due to a loss
of significance in the cosine evaluation can be scen in Figures 6 through
8 where the column headed Ac gives the error in the ninth significant
figure of the computed value of the cosine. Note in particular the loss

of significant figures in Figure 8.

Figure 9 shows the results of the evaluation of ELE (o = 90°) and also

shows the error message printed out when ELK (90°) was called.

SPECTAL TEST PROGRAM

In order to obtain accurate values of the elliptic integrals outside the

range covered in the tables, a special test program was written in double
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precision for the 70/45 Phasc 1 Basic Time Sharing System, This program

is shown as Figurc 10.

This program uses Equation (8) to obtain threc stages of reduction of the

parameter m:

1
where
mo = m . 9
and
.mi +1 5™ a0

Next, K(m3) and E(mB) are evaluated using the series cxpansions 773.2 and
774.2 of Dwight.(z) (The reduction on m assurcs that thesc expansicns
are rapidly convergent, even for m very close to 1.) Finally, Fquations
17.3.29 and 17.3.30 of Reference (1) are applicd threc times to obtain

K{(m) and E(m), respectively.

 Figure 11 shows the results obtained from this program for selected val-
uves of m. Comparison with tabulated values show the results are accurate

to 13 significant figures.
To obtain Figure 12, the statement
35 £ = SIN(1.5707963267948906%11/90)%*
was inscrted between statements 30 and 40 in the test prograw. Thus, in

this table M represents the modular angle (in degrees). Better than 9

significant figure accuracy was obtained over the entire range.



The coding procedure used in the test program was not used in the subpro-

grams since it requires more code and takes longer to execute.
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s0MPILE

C COMPLETE ELLIPTIC INTEGRAL OF FIR3T Kinp
C
C
c FRRIR L=SS THAN 0.00000002
o
600001 FUNCTION ELXK(3)
oooeo2  F L6 -
050003 IF(3) 180,130,100
620004 100 Ir(1.0-8 ) 130,119,112
070092 140 EoK=((({0.,0145129621.3%03.0374256371)48B+0,0359009238)+«8
1 0, 0966634426)eB+14¢386294363(0((0.00442787012=8
2 +0.0382835555)283¢0:0608024858)23+(,524985930)a8+0.9)
3 B YPASS(LLDG,B)
0G000% Re TURN
0053607 130 PRINT 908,R
0506004 90D FURMAT(27HOCOMPLEAENTARY PARAMETER 3=,
X E18,9,38H 15 JUT OF Rahgp IN ELK=J0B TERMNg
1T=D X .
00000V CALL PMDUNMP :
0233019 EiND ;

Figure 1.



¢ 20MPLE

c COMPLETE ELLIPTIC IWTEGRAL OF SECONY KIND
C
c
c ERRUR LESS THAN 0.00000600¢
c
009001 FUNCTION ELE(3)
poo002 F LUG o
000N03 Ir (%) 159,140,130
050004 100 1r€z.0-8 ) 130,110,119
0000905 110 FLE=((((0,02736506454140.,04757%88355)2p3+0.,0626060122)+«R
1 *0.445251415)eRB+1,0)=((((0,00525449639x3¢0,04006969758) =8
2 +0.0920013024)3+3,249933683)+8Y=BYPASS{LOG,RB)
0N0Q06 RETURN o
009007 130 PRINT 900,H8
0L000 900 FURIAT(Z2/740CTHPLEMENTARY PARAMETER dz4
X : E18.9,38H IS JUT OF RANGE [N ELK=JOB TERM]NZ
1leh
000009 Lall PMDUNP
000010 140 Y_E®1,0
03001 =TuURY
000012 FwD)

Figure 2.



p.0000C

0.00001

0-000140

0.00100

0.01000

0.10000

FIRST

1,57079633

1.57060026

1.57033569

1.571189260

1.57474557

1.61244130

Figure 3,

SECOND

1.57079633

1.570792490
157075706
1.57Q4U355
1.56686195

1.5307576¢



0.15000

0.20000
0.25000
0.30000
0.35000
0.40000
0.45000
0.50000
0.55000
0.60000
0.65000
0.70000
0.75000
0.60000
0.85000

0.90000

FIRST
1.68525072
1,.659062353
;.66575035
1.7134894Y
1.74435969
1,77751939
1.813388359%
1.85407469
1.69892493

1.94956773

2.00759833

2.07566314
2.15651565
2.25720534
2.38931650

2.,57699210

Figure 4.

+1

+1

SECUND

1.51012162

1,48903504

146746220

1144556306

142259145

1.39939215

11385064389

532502450

 4.,29842802

1.27070746

1.241567057
1.21105603
1.17845994
1.1433958¢

1,10477472



M 
0.94000
0.52000
0.9300¢
0.94000
0.950068
0.96G0°0
0.9700¢C
0.9800¢C
0.990060
0.9990¢0
0.99990

0.99999

FIRST

2.62777331
2,68%55139
2.74707299
.B2075248
2.90633724
3,01611249
3.15%87496
3.,85432446

2,6

D

563736

4,84113254

5.99158933

7.14277247

Figure 5.

A

SECAND

1.0964775%

$.08783749
$:07912139
106998612
.06047372
1.05050223
1.£3994687
1.0é859453
101599355

1.00237077

1.00027¢58.

1.00003321



ANGLE

10.0

20.0

$0.0

40+0

50.¢

60,0

70.0

‘B0 0

FIRST
1.57079633
1,58284282
1462202590
1.68575034
1.785769¢5
1.93558109
2.15651566
2.50455006

$.15338525

A

SEC2IND
1.570379633%
1.55498721
1.52379929
146746220
139314027
1.3095239p8
1.21105603
1111837774

04011441

Figure 6.

A

+1

cos
1.90000000000
0.96460775400
0.93969262200
0.86602540500
0.7660444420¢
0.642787603900
0,49999999900
0.34202054600

0.17364817900

+1

+1



ANGLE
81.0

2.0

84.0

85.0

88.0

69,0

FIRST

3.2553029%

$,36966804

3.5004225¢

3.85174199
4.05275017
4,33665401
4,74271717

5.43490%974

A

+3

SECIND
1.03378946
$£.02784304
1.02231260
£.0172369%
1.01266851
1.00864795
1.00525657
1.60258407

100075156

Figure 7.

A

+2

“+2

QOS
0.15643446500
0.§3917310000
0-12i86934100
0.1045208465¢00
0006715974354
0.009750647314
0.0%52335%424
0.03489949954

0+01745240764

~20

+28

';’14 ‘



ANGLE

89.1

89.72

89 .3

89.4

89.5

89.6

89.7

89.8

b9,

G

FIRST
5454020302
5,6579%4%7
5.79140015
5.94550061
6.1277787%
6.35088547
6.63853776
7.04397387

7.78711124

+21

-20

+10

0

.‘{*2

~-81

-81

SECINU

1-00062176

1.00050275

1.00039489

1:00029657

1.00021429

1.00034257

1.00008414

1.006003987

1.0000110¢2

‘Figure 8.

A

-2

-1

-1

COsS

0¢015707817%4

0.013962479p4

0,012216v9604

0:01047178624

000672658620

0.0006981259¢60

0.00523596176

0.0036%065%421

0.00174532976

=70

-209

-279

-+139



ANGLE FIRST SECIND cosS

9G. 0 S beBEbEEET 1.0000000C
90.0Q
COMPLEMENTARY PARAMETER b= 0.00C000000C 00 iS -0JT OF KRANGE [N ELK-JUB TERMINATE

Figure 9.
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16 D.P, M E ¥
20 1 YOTEA(( 9ﬂ G)
306 2 " READ 1,1
4 CALL ELLP I, ¥ ) o
5¢ 3 FORMAT (3} V' ¥9W ,9H Ex F26,.6)
(5] PRIDT 3K E
6 GO TO0 ¢
4l D
128 SUBROUTINE ELY (F,¥)
1606 DPe ¥ 1R C.DF A
tic FeSORT (] otiel])
120 Rzt .0
134 F= ((l OelF)/CLo el Y)Y
140 K=1,
150 A:F*F
160 | O BN
179 | Co(R/(B41) )2
1220 D zCxDsf
196 ¥eWaD
200 BeBa-2 0
210 I¥(b, Gr,!L 20y 20 70 1
2216 Ketts] 05 fﬁ7ﬁf32 GT94PGEEx= (] O
230 PFIURZ
240 ERND
250 SURRGUTIRE ELE (17 %)
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290 Fe(Cl 0<F)/(1 00F))
360 AsFxF
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350 | C=(R/(R:35.0) )52
340 D =C DA
350 K =VaD
360 B=B+2 .0
370 IV GT NE-26) 60 TO
3806 Ke¥ol STHRTORI2ETOAGOEG/ (1 647
3906 RETUR{
400 ERD
410 SUBROUTINE FLLP U JOLED
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450} Rz
440 DO 1 Y=1,3
451 A=SERT (I -R)
460 F(ry=1+4A
479 H{idY=2/701+0)
437 G(T)=H(Y)=A
496 1 Rz((1«AY/(14A) YD
560 CALL FLK(R,¥)
516 CALL ELE(DR,E)
520 h-r(l) }(?) FCAYHE(F OISR 2G4 F 1Y wG(2) H( D) AG Y (2
P () Y
530 K H(l) AC2) =R ) R
540 RETURD
550 KD :

Figure 10.
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