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IXTRODUCTION

The preseant investigation was csarried out to determine the efficieacy
and accurscy of a acmsnt method as applied to the calculation of incompres-
sible turbulcst boundary layers. This aethod, at least conceptually, proxises
to be mors accurate tian the classicel voa Karza: integral methods while
requiring less computing tize than previously employed finite differenze
nathods.

The mosent zethod empioyed in the prese:st study is popularly known
ss the "method of {ntegral relations", follciricg Dorodnitsy= (1960). It
is one of a family of methods that are kncua in the mathexzatics literature
as Perrov's generalization of the Galer.im r ethod (Mikhlin and S=moiitskiy
(1967)). Briefly, the mathematical prscedii'a employed is to approxizate
the actual solution to a differential aquation, where the sciutiocn is givan
by aa infinite serias (nence, the solu:iioa i gaid to lie 4n az fafinite
dimensional vector space). The approximatica is taken in the forz of a
partial sum of the infinite series, thus plazcing the approximate solution
i> a finite dimensionsal vector spacs. ilis ‘inite dimensional space is

completely described by a system of coordinate vectors (norzally referreé
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to in moment methods as "weightlag funccinne™) in that any elecent (e.g.

the assuaed solution) may be exjyressed ss a linear combination of the coordi-
nate vectors. The dimension of the subspace chosea to represers the solu-
tion {s sometimes known as the "order of approriration"”, aad is equal to the
auwmber of parameters vhich may be detera’ned from use of the moment method.

The various moaent methods used for solving the boundary layer equatioczs
basically differ only in the che¢ice of these cecordinate vectors and the
fora assumed for the approx‘sate solucfon. The success of any moment methad,
then, depends on how well chese choices can represent the actual solutioan.
Several constructive theorezs desonstrating exactaess andé convergence of
general wmoment methods applied to non-linear equations have been given by
Fetryshyn (1967)..

Xozent methods similar to that eaployed herain have been e=ployed in
the calculation of incompressible laminar doundary layers by Dorodaitsya
(1560) aand Bethel and Abbott (1966) and to compressible laminar boundary
layers by Pallone (1961), Pavlovskii (1$f2), Nielsen et al {1965), and
Holt (1966). The adequacy of wmozent methods as applied to laminar flows
has been demonstrated by these studies.

Deiwert and Abbott (1967) used a momen: method with a three parameter
velocity gradient profile together with empirical shear integrals, represeanting
the turbulent transport wechanism, to solve the incompressible turbulent
boundary layer equations. Through tne use of empirical shear integrals
determined from selected sets of data, they were able to predict the flow
quantities for those particular sets of data, thus demonstrating the adeguacy

of the moment method applied in turbuleat boundary layer flows.



In the present ianvestigatiou, the rosults obtained usang two, three,
and four parameter velocity proiiles were compared witn flat plate data.
It was found that the accuracy improved with increcsing order of approxima-
tion. Based on these flat plate studies, it was felt that a four parameter
velocity profile provided suificient accuracy, and that higher parazeter
profiles would require excessive computing time. All of the results obtained
in this study employed the four parameter profile. In order tc -rovide a
general procadure for predicting the behavior of the turbulent boundary
layer with arbitrary free stream velocity variatiom, an eddy viscosity
model was eaployed for the numerical evaluation of the shear integrals. &
computing program was generated in this investigation and has been writtea
so that any model of the turbulent transport mechanisz may be easily iacorpcr-
ated. The regults of this program are compared with the experizental data

of sixteen turbulent flows. These flows are listed in table 1.



WCAENCLATURES

Cj(s) coefficients in approximate velocity gradient profile

representation

fi(ﬁ),gi(ﬁ) weighting functions employed in equations (5) ani (6)

INTi dissipation integrals defined in equation (10)

P,Q,R exponents defined ia equatzon (8)

8 transformed streamwise coordinate

a u/u,

a exponent defined in equatioa (10)

A eigenvalue of lincarized version of equation (10)

9y» 9, error magnitudes defined in ejuations (3a) and (4a)

¢ reciprocal normalized velocity gradiemt, oy/3&
Superscripté

~ denotes approximate functional representation
vascv:p+'

o denctes quantities at initial station

*The uniform symbols suggested by Kline et al have been employed wherever
possible. This table defines only those symbols which are not provided

for in the uniform symbol tabulat{ion.



ANALYSIS
The analysis given below d!:tfers in concept and procedure from those
previously published. It is the authors' belief that the preseat znalysis,
whilec more complex mathematically, provides a clearer undecstanding of
the operations emplcyed, than do previous derivaticens.

The boundary layer eauations for two-dimensional incompressible turbulent

flow are written in Boussinesq form as:

_UdU  vou _ Uév‘,-a € au ﬂ,
S * 5 o [(l+ )z) =0

* ;-\7 ’ @)
where €= -(?€:;31/225f
oY
The terms é&ﬁf‘ ané QA have been considered negligible in comparison
or o

with ouw .
Y
Employing a change of variable: & = /T,

the Crocco transformation x-—-—s(x), y— d(x,y),

1/ 3u

and setting ¢ = 3y"

we obtain from (1) and (2):
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As this point we have two partial differentiul equations in the two unxnowns
V and @. These equations differ from (1) and (2) ian that now cne of the

independent variables, (i.e. @) assumes valucs in the finite intervel G,1

We now employ Kantorovich's techrique to reduce the pavrtial diffcrenties

)-4

equations to ordinary differential equations by approximating the 3 dependenc:
of the unknowns V and #. This approximation is accomplish2d by the generaliced
Galerkin procedure (see Kantorovich and RKrylov (1964) and Mikhlia and

Smolitskiy (1967))._ In this procedure, it is assumed that the runctional

-

dependence on G of the unknowns V and @ can be represented by partial sums

cf the form: n .
VERY, =.£ o (A ¢z8 g Cdsdu e
Lx, . L2

respectively.
The significance of the transforms employed to obtain ecuaticns (3)
and (4) now becomes evideat. TFrom the Weierstrass approximation theoren,
it is clear that thke chosen form of v and % can be made to respectively
represent V and § as accurately as one desires on the closgd interval 0,1 .
a,

N
If we now substitute tne approximate values of @ and V, i.e., ¢ and V,

into equations (3) and (4) we obtain:
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where 9 and g, differ from zer. by virtus of the fact that approximate
- reprasentations of @ and V huve been introduced. We .ow require the ercors
9 and g, to be orthogonal to two linearly independent sets of coordinate

vectors denoted by "fi" and "gi", respectively. The form of fi and

gy are given vy:
whe

—~ — -
SLLGB = .% &"-‘ -; a;.(GB D a"-\

)

where B and D arez arbitrary linear operators (c.f. Mikhlin and Smolitskiy
(1967)). 1Invoking the infinite dimensional form of the inner product to

impose the orthogonality conditiun over the domain 0 < & < 1, we obtuin:
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The inner product employed is a bi-linear operator so that (5) and (6)

may be added and, upoa carrying out the indicated operétions and requiring

that g = ,a_é';' and f-i(l) = 0, written as;
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where primes denote differentiarion with respect to¢ Q.
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The choice of a(ﬁ) is not arbitrary, but, rather, is restricted to
functions sacisfying the boundary conditions @ 4 = 0 and G = 1. One such B is

>
that which has been employed in laminar boundary layer studies:
A

;ﬁ =>_____. ﬁi (3 (2ﬂ>\1} '

t-u 3 (€)

The form of the assumed veloecity gradient profile,na, employed in the present

study is:

R
5.1 [aw.e O Qs‘-ﬁaQ* Q~L‘3t‘ 1 (82)
2 = 1=-Q ' h ?

where P,Q, and R are exponents assumed to be arbitrary for the moment.

- The fi(ﬁ)rchosen in the present study are:
£00) = (107 1=1,2,3,4 (9

Substituction of (8a) and (9) into equation (7) and integration of the &
dependence yields a system of & ordinary non—-linear differential equations

in the four uaknowns Cj(s). These equations may be writtem in matrix form as:
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The "dot" denotes dirferen!lation with respect to "s". It should

a3
be noted that INT, = 0 and it cun be sbown that INTZ~- 322/2?11.,

1
where it} is the dissipation integral. The ihtegrals INT3 and IN'I4 are f
moments of the integrand of the dissipation integral.

These are the equations programmed and solved in the present study.
" Ounce these equations are solved for the C,, all of the boundary layer |
parameters of interest can be obtained by algebraic relations or simple

~uadratures.

DISCUSION OF METHOD

Goneral

Two general conclusions can be deduced from equarion (7). First, in

application to the present formulation, it is clear that ar arbitraty-

nunber of computing equations can be generafed’ﬁy ;hoosing a suffir 1t ﬁnmber
of linearly independent weighting functioas. Therefore, solutions «r an
arbitrary number of coefficie.ts in equation (8) mz- be obrained. Secon., and
more generally, it can be seen thaf a whole family of computational methods

are embodied in equation (7). “f for example, a large nurber of square
wave weighting functions were empioyed, and some variation Jf @ witl y were -
assumed over each incremenl, 2 finite diffevence formulation could be obtained;
This currespondence between the generalized moment methods and finiﬁe difference
. meihods was recognized by Dorodnitsyu (1960) and also pointed out by Kerndall
and Bartlett (1967). Similarly ¢f a combined law of the wall and law of the
. wake were assumed for the velocity profile and £1(ﬁ) =1, for 0 <84 <1, and

fz(ﬁ) =1 for 0 <4 <1/2, a computing scheme similar to that employed by



¥oses (1964) would be cbtained.

In the present method the coordinate vectors are chosen to be continwous
over the entire region 0 < & + 1 vhick eliminates the need of establishing
“faternal™ boundary couditions..

The vesulting system of non-linesr ordinsry differeatial equations may
- be integrated in the stresmwise direction coce the initial values of the Cj.
_are chosea. Thiis cholce of the fnirial cjﬁuspm to be a particularly
difficult problem. To determine the cj;s representing experimental velocity
profile at the fnitial station, t#o procedures were congideved. The first
; M-plnydm to zatch :hemtalvaluu Cf.rﬁ*. 3, and kinetic
euergy thickcess, §.. Itmfmgthataall?etm:lnthem“s
" of utegral thickness parsmeters produced large excursions in the values of
| :hghj. qumu;wmmm&_c was watched aaé
mmcmmmga&uummmmmm;;msmm
) satisfactory results for the integral parameters and wvas eaplayed in the
present study. Since mo clear rules for choosing the three velocity profile
points htn been established a trial snd error procedure tust be employed.

To obtain initial cc-ditions, it was found however that, independent of thc -
cholce of pofats to be matched, any set of C,% yieliing a good £it to the
initial profile ccaverged rapidly to a solution yielding the same physical
parsmeters. -

Chotce of ¥ aad £,

The forms chosen for the weighting functions and the velocity gradient

profile (b are s*ven in the :ceding section. Both of these choices weras



made ou the basis of tke succes:. obtained using similar functions im
lsminar flow analysis. The sucress of the method depends on how well the
approximate solution assumed repceseants the actual solution sought (i.e., Low
rapidly the infinite series represeatiang the zctual solution couverges) and
in additic> on how well the assuaed soluticn can be resolved in the subspace
- defined by the weighting functzons. This latter point kas not previously
been clearly emmciated by icwvestigators applying the method to boundary
layer flows. In fact vher thefmcdnnchosnforimnmmofﬁmz
contained in the set of weighting functions, as in the preseat study and in
m and Abbott (1967), an additional approximation is iatroduced. ﬁt is,
the sssumed solutioc does mot lie wholiy within the subspace defined by the
weighting functions. Since the solution to the ordinary differential equations
is, in ‘fact.robtunell in this subspace, oanly thet portiotn of the initial
profile which lies in the subspace may be resolved in subsequent computations.
When the ~epresentatica for“is so chosen, it is no longer possible to -
WJy demcnstrate exactness and convergence of the general acaent a2thod.
in the present study the weighting functious contain terss up to 63.
It vas found, however, that to represent the spectrum of profiles required in
the preseat study, see figure 1, sequentially complete polynonials of order
three weve inadequacte. In particular, it was found that in order to generate
the sharply inflected velocity profiles characteristic of favorable and zerc
pressure gradient flows large expouents must be chosen for the § representation
(P=2,Q=4, R=6). This choice of épomtmuadefor;llﬂm
represented in table 1 with the exception of the Tillmamn flow ID 150€,
ndthelmﬂow.mm. For the Tillmann flow, in order to obtain
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correct inicial ~caditions, ;he exponents h. . to be chosen as P = 1, Q = 2,

R = 3. In order to determinec the effects of the choice of exponeats in the

3 representation a parametric study wvas carried out using the Xewman fliow

as reference. Figure 2a shows aﬁooaparison of the results obtained for the
exponents, 2 =1, Q =5, R = 9 anc the exponetts P = 1, Q = 2, R = 3 with

. the data of Nesman (id 3500). Five additional computer runs were made
covering the intervening ravge of exponents and it was found that, as- che
"highest exponent decreased, at the last station, the skiu friction coefficient
‘decrease)) monotonically, and the valve of H increased mnotonica.lly-. The
uomentum thickness, ca the other hand, was essentially invariant wich
exponeat chcic.'andm nmmleM:nm the data for all seven
sets of computations. - It should be noted that the inicial values (xo =2.759
feet) of the integral parameters and skin frictiou were well represented by
all the sets of exponeants coansidered. 7t is clear from eonsidération of figure
2b that for the experimental velocity profile cbtained by Nesmau at statioa
"G®, low order exponents must be employed. It is equally clear that mone of
the exponents cousidered yield profiles vhich adequately describe the expe.:-
mental Wu. 'Further discussion of this point is deferrrd to the section

eatitled Discussion of Results.
Choice of Eddy Viscosity Model

The eddy viscosity model employed in this study is that of van Driest
(1956) for the wall region and that of Clauser (1956) for the wake region.
Thesa two models are simpiy patched together at equal values of ¢« A
slight variation from the van Jriest model employed by Smith et al. (1965),



15 used here in that the assumpiion of t - T, in th¢ sublayer has not been

made in this stidy. This model may be written ss:

-«

T ™ K i3 M
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The Clauser Law (s simply-
!-~§ T LG % 0.0\L8 Wi g

This _aoice of 2ddy viscosity model was made simply to permit & iagirizacte
eapariscn of the results of the preseat methold witl. the exact solutions of
Smith et al. {139%5).  Such & comparison is shown iv figure 3 for the flow
of Schubauer and Klebanoff (ID 2100). It can b: seen that both calculatfoa
procedures y:leld essentially the samze results.

The basic moment method imposes no\res:r-ictu:' ans on the choice of cdd‘y
viscosity nor~ does it rbquire the eiplicit formulation ¢.>f an eddy viscos:’,tﬁ}

model. This latter point is discussed in the following sectioa.

Numerical Sclutioas

In an effort to maxe the preseant nethodr mpé-rgble ia :nachine; time gi:k
the simpler integral methods an attenpt was naﬁe to reduce the computaticn
time “avolved in the stresmwise integration.: This can be accomplished by
- either reducing the number of integration sters required to traverse some fired
disfance or by rec.lucing the tize required to take éach step. Two methods of
integration for the numerical solution of equation (10) were investigated and
the time counsumed by evaliacion 3f the dissipation integrals was exaained.

The first integration procedurc -mployed vas— fourth order variable

step size Adams-Moulton rredictor-corrector integration routine. Secondly,



a modified-Euler implicit method employing local lincarization of the
derivatives was used. Lomax (1967) shows that the stability requirement
frplicit in fourth order Adams-Moulton integration is [Ab] < 0.7, where h
is the integration stepsize and A the largest eigenvalue of the locally
1in§atized system. In order to avoid a swmall integration stepsize when

. T4v32 parasitic eigenvalues are preseat (c.f. Lomax and Baily (1967)), the
iwmplicit Euler integration routine was employed. This latter integration
scheme is stable for all |Ah} but requires local linearization of the
differential equations. The accuracy of the method is of O(h)3 and cthe
error in the linearization is of course O(hz) sc that some limitation of
stepsize is required to retain sufficient accuracy. In order to comtrol
the error, the simple expedient of permitting a maximum 1Z variation in the
aost rapidly varying cj was employed. It was found -that a factor of.two
reduction iﬁ machine time could easily be obtained using the implicit
integration. Table 1 compares IBM 7094 computation time for several sets
of data for the two integration schemes.

The second item considered was the reduction of time required for each
step. It was found that roughly 70 perceat of the time required for each
step was associated with the evaluatioa of the dissipation integral and Iits
moments, (i.e., the INTi). Deiwert and A~bott (1967) employed correlafions
of these integrals deduced from selected experimental data; Trucken§rodt
(1955), Goldberg (1966), Rotta (1967), and Kast and Spalding (given by Rotta)
have each proposed "universal" correlations for the fira£ of these integrals.
However, it is to be noted that these correlations differ substantially in

both value and choice of correlation parameters. To employ this procedure



in the present four parameter funuulation requires cortelat:lons. of tke
dissipation integral and its firet and sccond moments. Since correlaiions
of the first and second moments are not available in the literature, an
effort vas nade to determine app.oximate correlaticas of these quantities,
the values of the three integrals wevre cosputed from the ‘eddy viscosity model
_for all flow conditicus. PFigure 4 shows the correlation of these results
together with the correlation equations for the first integral given by
Truckenbrodt (1955) and by Escudier acd Spalding (1965) for the flat plate
data of Wieghardt and Tillmemn (ID 1400).

‘ Substitution of these correlation equations into the computer program
in phce ¢f the numerical evaluation of the integrals indicated that the
speed pf computation 7eon1d be increased by a factor of three but that the
solutions appeared to be extremely sensitive to small errors i.n. the
correlations.

4s a result of the above studies iz is concluded that if adequate
correlations of the dissipation integrals were available aud the implicit
infegtatidn scheme were e —~loyed a teduction- of computer time of approxinate;.y
| an order cof magnitude below those presented In table 1 for explicit integra-
tion could be obtained with the presam; method.

DISCUSSION OF RESULTS

General

The primary results preseated in this paper are comparisons of pradicted
and experimental values of skin friction coefficient, and irtegral thickmess

parameters for sixteen different turbuleat boundary layer flows. The



experimental flows considered ar. listed in table 1 by ideatificatiou numter
and the name(s) of the inves:cigator(s). NMore detailed results for represenra-
tive flow conditions together with an assessment of the adequacy of the

present method are considered below.
Experimental Data

An examination of the data studied herein suggescs a division into two
distinct categories. This division is based on satisfaction of the streacwise

iategrated, two—dimensional womentum integral equation which may be writtea as:

* * xc '
o0 ac (e gaseds- { G |
2 Xq Yo (11)
X

'Values of © and H (determined by integrating the experinental velocity profiles)
and (:'f (determ.ned by matching experimental ielocity profiles‘ and law 'of the
wall profiles) obtained at successive survey stations may be introduced

into (11), along with the experimental vali ; of U; and ¢U_/dx, and integrated
froa x, to @y downstream station x. Just such an analysis was carried out
by Kline et al (1968) for all of the sets of data studied herein. It was
found that:for some flovs,'the left and right hand sides of equation (ll)A
diverged at some stresmwise statioﬁ. Based on the above discussion, the data
were divided into the two categories presented in table 2. The first category
contains all of those flows, or portions of fl&s, which reasonably satisfy
equation (11) and the second category contains those flows, or i:ortions of
flows, vhich do not sat:b.t‘fy equaf:lon (11). A detafled discussicn of flows imn
the second category will not be given since any flows satisfying equations (1)

and (2) must necessarily satisfy (ll). However, comparisons of those data with



the present method will be pres.cited for completeness.
Comparison of Predicted and Experimental Resulcs

The compacisons of predicted and experimental vi.lues of E, Cf and

Reo are given in the figures showing the collected comparisons. For those

flows satisiying the momentuz integral balance, the predictions of H, Cf, and
Reo are in good agreement with the data except for the flows with a large
wake comporent.

Figure 5 shows a comparison of experimental and predicted veliocity pioiiles
at four sta-ions of the Schubauer and Klebanoff flow (ID 2100). &As can b2
seen, good agreement betwzen experimeat and predictioa is obtaix_:ed ever rvhere
except at the 22 foot station where the boundéry layer has been subjectec to
an adverse pressure gradient over the preceding five feet.

Simiiar agreement at the initial statioms and subsequeat degradation
of accuracy is shown in figures 6, 7, and 8 for the flows of Ludwieg and
Tillmann (ID 1100), Clauser (ID 2200), and Ciauser (ID 2300), 1:=pect1ye1y.
This lack of agreement gave rise to an investigation into the character of tre
velocity profiles which could be described by the currently employed veloci:y
gradieat profile, 3.

In an effort to determine the flexibility of the presencly employed
p~ofile, a fiow representative of tlk se having large wake co—poneants, i.e.,
Clauser (ID 2300) -’qas examined. The velocity profile at the imitial station
was replottad en law of the wall coordinates in figure 9. It was found that
the representation of the iritizl profile could be forced to agree with the

data in the wake region, figure 9a, or in the wall region figure 9b, but not
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in both regions. Therefore, it Is concluded that the,polynomial
representation of the velocity profile is inadequate to represent velocity
profiles with large wake components.

In contrast to the above, flows with moderate wake components, e.g. Clauser
(ID 2200), can be described reasonably well with the present formulation.
. This conclusion is substantiated by the results preseanted in figure 10.

For those flows where the momentum integ.al balance is not satisfied,
large wake componeats are usually present. This clouds the comparisons of

predictions with data, since at the outset, equations (1) and (2) are inmvalid.
COXCLUSIONS

The inteqt of the present study was to determine the efficiency and
accuracy of a generalized moment method in the solution of the incompressible
turbulent boundary layer equations. Relatively large computing tizes were
required to obtain.solutions for the flows considered. This was the result of
the time consuming numerical evaluation of the dissipation integral and its
two additional moments. By using an accurate correlation of these integrals
the quoted run times can be reduced by approximately 70XZ. The accuracy of
the pre.eat formulation of the generalized moment method is acceptable for
flows Hithout large wake components. For flows with large wake comporeats,
the accuracy may be improved by employing more physically realistic velocity
gradient profiles. .

It is believed that despite certain shortcomings of the present formula-
tion, the moment method provides a powerful tool in the solution of partial
differential equations. In addition, with a modification of the velocity

profile to account for the presence of large wakes and the reduction in



computing time which has been uhown to be possible, tne method should r~rove
useful both in turbulent boundary layer research and as a design tool.
Extension of moment methods, in particular, and any c@mputing scheme, in
general, to separating flows will require a substantially better understauding

of the physical processe. involved.
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