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A PROGRAMMED MATHEMATICAL MODEL
TO SIMULATE THE BENDING OF RADIO
WAVES IN ATMOSPHERIC PROPAGATION

B. Rosenbaum
N. Snow

ABSTRACT

The ray path of an RF signal undergoes bending in the interval of atmos-
pheric propagation between a satellite and an earth-based fracking station.
Resultant refraction is a perturbation on observed elevation angles and Doppler
shifted signals. As a practical tool for the computation of corrections a mathe~
matical model simulating the fracing of the refracted ray path has been pro-
grammed for use by the Goddard Space Flight Center computer facilities.
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A PROGRAMMED MATHEMATICAL MODEL
TO SIMULATE THE BENDING OF RADIO

WAVES IN ATMOSPHERIC PROPAGATION

I. INTRODUCTION

The ray path of an RF signal undergoes bending in the interval of atmos-
pheric propagation from a satellite to an earth-based tracking station. The
refraction introduces a perturbation on tracking measurement of elevation angle
and measurement of Doppler shift and its conversion to range rate. Correction
of the effect can be performed through a calculation of the finite refraction
angles between the line-of-sight and the ray path at both the emitier and receiver.

This document presents the mathematical model and its associated computer
program to simulate the ray tracing of a signal path in a spherically stratified
atmosphere. While many such routines performing similar traces exist (Refer-
ence 1), they are not adapted to the newly installed IBM 360 computers at Goddard
Space Flight Center (GSFC). This program has been checked out and run at GSFC
on computer models IBM 360/91 and IBM 360/95. An exponential model is used
for the tropospheric refractivity profile and the Chapman function is used for the
ionospheric profile. The refraction effect on elevation angle attributable to the
troposphere and ionosphere can thus be calculated from a single routine. The
computation procedure is essentially that of the National Bureau of Standards
tropospheric ray tracing program (Reference 2). A sample calculation is in-
cluded in Chapter IV, Users Guide.

II. REFRACTIVITY MODEL

The following equations were used in the construction of the refractivity
model.

1. Relation of Refractivity to the Index of Refraction

The relationship of refractivity, N, to the index of refraction, n, is expressed
by the equation:

N = (n-1)x 10°



2. Tropospheric Refractivity Profile

The exponential tropospheric refractivity protile is expressed as:
N(r) = N{r,+h) = Nje °h
where

0 <h < 50 km

3. Ionospheric Refractivity Profile — Chapman Model

The refractivity in the ionosphere is a function of free electron density, N_,
and signal frequency, f, as expressed in the following equation:

~40.38 x 10° N_(r, + h)
f2

N(r) =

where

h > 50 km
The altitude profile for electron density is given by the Chapman function:

N, = N exp 1/2(1 -z - &77)

e
where

(h -h)
H

Z

IIT. METHOD OF COMPUTATION
The ray tracing procedure divides the atmosphere into a series of thin
laminations (Figure 1). The refraction between consecutive layers is then fol-

lowed. Snell's law, which for a spherically stratified medium is given by:

n; r, cos 9jL = ngr, cos 30,



] | LINE-OF-SIGHT “h

r=ro+h

Figure 1. The Geometry of.the Ray-Tracing



is the basis for the calculation. This is rewritien for computation purpose
as: )

_ Ty r. —ry Ny - N
sin? (8,/2) = 5T {2 sin? (8,/2) + T - - 22 % 107 cos 90}

1 i

The incremental bending angle, AT, is determined by the ceneral formula:

An
Ar = —=— cos 8
- n

. Between the it? and (i + 1) lamination the bending, A7, is calculated by
the expression: .

B (Ni - Ni+1)
Ar = (m cot ((Gi + 6’i+1)/2)

The total bending is given by:

i
T, E A'rJ
=1

The error in the computation of 7; is made small by making the Taminations
sufficiently thin.

The refraction angle is calculated from the formula:

cos 7, — sin 7; tan o, - ni/n0

tan €, -
i (n;/n,) tan 6, - sin 7; ~ cos 7; tan &,

and the refraction angle §; can be calculated by the formula:



no/ni = cos 7, — sin T, tan &,
tan 5, = sinT, —cos 7, tan &, + (n,/n.) tan &
i 1 0 0/ 1

The relation, 7, = ¢, + 3., can be used as a check on the computation.

IV. USERS GUIDE
1. Introduction

This program computes the bending angle of radio waves in atmospheric
propagation.

2. Programming System

The program is written in double precision, FORTRAN IV compiler language.
It is operational on the IBM 360/Model 91 and Model 95 computers.

3. Required Input/Output Units

No special equipment configurations are required. Imput is a source card
deck and dafa cards. Output is a standard printout.

4. Restrictions

There are no restrictions on this program.

5. Input

The followiilg values are read into the computer in a D10.2 format.
(1} The reciprocal scale height of the troposphere (c),

(2) The maximum electron density (N),

(3) The initial value of the refractivity Ny),

(4) The signal frgquency in megahertz (f),

(5) The scale height of the ionosphere in kilometers (2H),

(6) The height of N , (h_), and



(7) The initial value of the angle between the ray path and the-radius vector,
in radians (6,).

A sample input data card is shown below.

15.68T-62] £006 24.,450+61] 1 3ETH0E] TEL1IH0GE00.730+00] L 40DHET

£V (2) (3) 4) (5) (&) (7)
00000000 O . D[II}.UBJGIJU[]UUB{I pjooocogna@ ﬂiBﬂﬂUﬂﬁﬂUljﬂl!ﬂﬂﬂﬂﬂ poo0o0o0 00 pocooocoe
12345678 sw]nznu BT 192021222324 2526 27 282930313233 34 I536 37 383940 41 42 4344 4546 47 £ 4950 51 5253 54 5556 ST 58 59 60|61 62 GAG4 65 667 SR G IOl R T3 T4 1516 77 1879 80
[H1111111111111111111111111 11 1itt1i1181 11 111ttt titiei11i111i111

The following Job Control Language cards are required to successfully
execute the program.

C.C.*

1
//DSNAS033bJOBb(G7001H1310,T,DA0023,001005), 608, MSGLEVEL=1
//bEXECHFORTRAN

//SOURCE.SYSINbDDb*

SOURCE LANGUAGE PROGRAM

C.C.*

1

/*
//BEXEChLINKGO
//GO.DATAS5bDDb*

DATA CARDS

C.C.*

¥ C.C. = Card Column
' = blank column

[=n
[



6. Output

The values of the foliowing parameters are printed as the input value of H
is incremented by the program to its predetermined maximum (3000 km). For-
mat is indicated following the parameter.

H (altitude in kilometers) FT7.1
N {refraciivity) E15.5
N, - N;,, (difference between successive values of N) E15.5
7 (angle beiween ray path and radius vector, in

milliradians) E15.5
AT (discrete portion of the bending angle, in milliradians) E15.5
T (bending angle, in milliradians) E15.5
€ " (refraction angle at the earth surface, in milliradians) E15.5
8 {(refraction angile at the satellite, in milliradians) E15.5
e+ § (the sum of epsilon and delta, in milliradians) E15.5

In addition, initial values and constants used in the equations are printed. A
sample output follows. .



N
0+34450F
0e.23G914F
0. 32867E
G.31852E
0430869E
0+ 29450E
0«28541€
0.27660€
0. 26806E
0.25978E
0.35176E
0.2439%E
Q0«2 464HE
Q.22%15F
0«22208E
G.21523F
0.20858E
0.20214E
0.19590C%
04189A5E
0.18399E
0.17Q12E
0+15729¢€
0+14543E
0.13446E
0.12432E
Ge11493F
0.10628F
0.98268F
0.90ASBE
0.84006E
0.77672E
CeTIRLIGE
CaH1393E
Q.52483F
0.44867E
0.38355F
0.327869E
0+14971E
0.31208C
Qe 5057F
D.13562E

-0.13176E

AENDING DF RADIO WAVFS

NM = 0.428A5D 12 HM

INITIAL THETA = 400.90 c
NIUTY = N{I#1)
0.83856F CO1 ¢.aGC00F 03
0.10470E 07 0.400.2C 03
0.10147F 02 Cea0007E 03
Cu.SE3R9F 0L 2.40C12F 0%
Cel81R4% QP Cu4CCLBE 0%
0.30923F &1 C.40025F 073
0.8R11AF D1 2.40C317 0%
0.A5396% 01 C.400356E 23
0.82759F 01 0. 40041F 3
R B02CaF 01 C.a0C47F 53
0.7T72RF 01 0.40052E 03
D.75728E Ot 0.400%8F 0%
0. 730C3E Ot 0.40063° 03
©.70T49F OF £ 4D0ROE ©3
0.685658 01 C.4007%E 03
0.66448E O} C.4CORIE 0%
84643568 01 C.40086€ 0273
0.624G9F 01 G.400092F 01
D.AO4B2E 01 D 4B0GHE 03
5.58614F 01 0.40104F 03
£.,13874C 0? C.40110F 0%
0.1282RF 02 0.40125F 0%
0. 11861E 02 0.40141F 03
N.10056E 02 fL40157F 03
0.1013%F 02 C.40172F 03
3.93747€ Ot o.a0189% 01
0.86078E 01 L 4020SF 971
0.R01482F 01 0.40221C 43
0.,74056F 01 0.,40233F 01
0.68512F 01 n.4an0P%4F 03
0.63345F 01 0.40271E 03
0«SASEQC 01 0.4028RF 03
D.104226 02 0.40305F 03
0.8%9660 Ot N.40339E 0%
Q.7E1FBE O G.40374aF D3
0.65113€ 01 0.4C409F 03
¢.55663¢ 01 0.40488F 373
Cs17RIARFE 92 N.4047TQF 03
¢.11R50¢ 02 0.40R%7F 03
0.PaTCRF 01 C.410160 03
0.51495C 00 c.413720C 03
7.26738F 00 P.at725E N
©,32622E 00 U.42075F 013

20,72 H

G+1564 F

DELTA TAU
el
D+126728-01
D.26753F~01
J.23996F-01
Ja2324PE-0
G.1I51G8-01
D21482F-01
Q.23R15E-01
F.20171E-01
0419545F=01
N.1R339F=-01
J418352F-01
D.17793E-01
D17231°-01
A 1 BETHF-01
J.16178F=C1
215ATTF=D1
T+18190F-C1
F16TIQF-C1
J.14242€-01
2.138200-n1
).32T7QPF-01t
2.30223F-01
0.27°33C~31
D+25R15F-01
Y.233585-C1
V.220%CF-01
2+2037RF-Ct
N.18R330=-01
T+17435F=01
0.16085F-C1
2+18B65F=01
0.13738F~01
Q.2443298-01
Qe20RALF-0]
7417B19E-01
0.15219F-01
CJ1299RF-01L
TVs41885F-01
De273I8AF-D]
2.56535F-02
J.116TPF=02
OGO IBE-—NY

0.

78411 ND

135000 09

TAU

5.0

0.17572F-01
G.37a256-01
C.61411E-01
C.R8653IF=01
#.118176 o0
2.139/6E 00
D.1ERATE 50
D.1RMA4E DC
C.PC0109F 08
0.P1913F 00
" La?3TASF QOO0
2.28526F 9¢C
ALITREGE 0T
N.PPT1AF QO
£+INSTTC 0
0.P104F ©0
2,73623€ 00
n.3509%¢ 00
0.76521E 00
9.37007F 00
2.61176F 30
9.44195F 70
f.aE988F 00
NV AOSTIF 00
r.81987¢ 20
5.56162F 09
0.%6199C 10
0.58037F 00
£.59823E ©9
f.A1432F 0O
C.57918F 00
D.AG7O2F 00
0.66715E 00
0.68371F 00
0.77603F 00
0.771256
7.73425F
1.TTSTIE 00
0.B0312F €0
0.30877E 00
Q+R0994F 0QQ
B.A1054F 09

IN ATMOSPHFRIC PROMAGATINN

RO

ALL ANGULAR MFASURFMFNTS ARF IN MTLLTRADIANS

244.50
= &172,0t5

FRSILON
Te0
J463IIECR=02
C.18R811F~01
CII0ETIRE=0)
0.43045E=-01
D.60552E-01
Qa¥1942FE=01
0.P30980~01

C.a02AE-91"

G.10473F N0
n.11527¢ 10
0.12540F 20
C.135568E 00
falagapeE 90
Ne1550%% 0OC
N+ 1RAGAF D0
N.173R4F 00O
C.1R28%% 0O
Cs191AKE NN
D.?200G9F 20
209155 N0
M. 2279RPFK 20
t.P4946F 00
T W2/A22EC
CePRADTE
M. 303NRE 0N
fL3L92NE 09
Nn,33478C N5
7.349%0 00
0.3A358F 00
€.37702EF 0N
L APYARRF OO0
V+40217PF
L+a42504F 00
Ca84601F D3
D.a65248 90
0 2492R839E 00
DF449913E 00
D.56271€ 09
B.63TGTH S0
NaTI23E DD
0. TR4RTIE 90
D.TP2Y5F

DELTA
0.
7. 6RIBGE-0D

J+18K14F=-0L |

0,0 ASRF-]
N.e1/HCAC-01]
e ST6217 =01
NETTLIE=]
LTTRITAC="
DWREELITF -0
N.O%457F-01
G.10321F (0
M,111Q96% 0y
N 11G7TRF Q0
ALY2TOTE o
T«1341GF CF
Qe.1a0BIF OO
Qala?21® ¢
0.1533nF "
J.15%a10c &0
0.16467F 05
2.15QRRF /N
Na1ALBPE Ne
Ca10247F 07
NLPNIATE OO
Q.20Q64F N)
0.21645%F 0NN
0L.22237F NO
0.22724E 00
N.P3132F 00
N.23468F AD
D« PIT20F OO
n.P30T2E A0
0. 2408%F 02
NePa231F 09
0+26220F 07
D+24NTSE 00
0.230834F 00
1.23512F 07
Te21%02F On
N+ 165458 01
C.12955F O
TeINS11IF 0
D PREQGE=DL

FPSTLON+DFLTA
ol
N 1PRTPF-GT
2.37428E-01
ALE1811F=01
nLALREZF=0]
f.t18178
ALT306AF OO0
CalRNATE 0O
ALIRARAF OO
ne,2¢010F ne
2.2101%F 00
~,?3748F {0
ALPS526F 00
ALPTPABE 00
n.2RQ19F 09
0LINBIPF MO
ALIZI0AF 0O
AL3TABIF 0D
n,ZRNESE G0
0.96%21E 00
ﬁ."?’!c’ﬂ o0
n.a1174% 0O
TLAs810DAE 00
1.460RQF OC
NLARRTIF 0N
N.51087F 00
A.8a1APF OO
).Ra[oc: fdH
QLRAZATF 00
0.';0“215 nn
1.51472F 0O
ALE201RF 00
JeCa292F O
ALHBRTISFE OO0
0.68R21F 00
0. TOSNIE NC
n.7212% no
D.73I&25F 00
F.TTETIC OO0
0.AOI12F ON
NLACATIFE 0O
3 .80904F 00
D.B108AF 00



7040

B3040

90.0
1000
11040
1200
130.0
140.0
150.0
16040
17040
180.0
190.0
200.0
210.0
220.0
230.0
24040
250.0
260.0
270.0
28040
29040
300.0
310.0
32040
330.0
340.0
350.0
36040
37040
320.0
390.0
4000
410.0
420.0
430.0
44040
48049
460.0
47040
480,00
490.0
500.0
51040
52040
530.0
540.C
S50.0
560.0
570.0
5H0.0
590440

N

-0.,457948E
-0,1360CE
=0+35166E
~0.80094E
=0416557E
-0.,30972F
=0¢53340E
—0+85394F
-0,12820E
—D+18190E
-0.26556F
-0,31730€
-0+ 39453E
~0.+47422E
~0.55327E
~D.562B7SE
~0.69832E
-0.75956F
~0.81241E
0+ 8549 3E
“(.BAY3IE
~-0.90983E
-0%92298E
-0.92751E
~0e92440E
~0+91460F
«0+89713E
=0.R7BIHE
~0+B5496€
-0.82800€
~0.79882E
-0.T76A06E
-0.73630E
~-0.70401E
Z0.67LSAE
~0.639358€
~0.60759€
~0:5764GE
=0+54624E
—0.51694E
-0.48869E
-0.461568E
=0+ 43557E
—0.41074E
=-0.33T0RF
-0.36458E
-0.36322F
-0+32296E
=0+30372E
—0.2R566E
~0.26853E
~0.25236E
—0.237118

NETY — NOT#1)

0.Q902C7F
0.+21505F
Ce45I2RE
0.858026E€
M 14420F
Q+.22368C
0.32254¢
C.42309€E
Ce53693F
0. 635600
Q+71748F
CceTH22R0
0« 7968AE
G+ 7904AF
Ca75521E
G« B59533F
Ce61540F
CeS2844E
0.42525E
0.324001
D4 2R4IHT
0.13135F
C+45216E
~-0.31149F
—=0.97344F
=G, B475E
-0+ 2C1R5F
=0.23987%
=04+ 26356F
=0.291R1F
~0+ 30754F
=0 J1767F
-0432295E
=04+ 32326E
—0+32229E
=C.317E6F
-C.+71093E
-0« 30256F
—0+2G206F
-0.28247E
~0sRTI3TF
-0.25991C
~0.24824AE
-0+ 235%84F
—-0.22501€
(. 21364F
=0+ ?0252F
=0+ 191 7aFf
=0.18172E
—~0+1717CF
=".161€6RE
=0+ 1524GF
-0.147173E

09
o1
ot
01
P34
o2
Q2
nz
a2
07
oz
c2
o2
a2
o?
oz

THFTA

0.4282)F
0s427R2€
54430008
0.43433€
0.43763F
Ne3400%F
n.aascaE
0.4472°F
0.45012F
0.45737=
0, 45637
QL a5G3PF
0.46224F
Qs 4ESIPF
0.45704F
2.,47083€
£ ATTAGF
C.4T648E
0.a7930F
0.48P11E
DeARAQLIE
3.43772E
NL4B051E
0.49339F
0.40600F
C+4QPRGE
0.801A2E
D.50436F
C.50710F
3.5CaR1F
0.51281%
0.51519F
f.51785F
Ce52C47E
e.57311F
9.52572F
0.52839€
0.53CR6E
£,533400
0.53503F
9.53843F
0.54C91F
ETAELT
CeS545R20
ne5aR2SE
0550866
2.85205E
0.55542F
NLS57TTF
Ce560117
0eSHn2&3F
C.56ATAF
0.5AT02F

NDELTA TAY

D+ TPSEAC=-N3
D, 19984F~02
LL,ATINRF=-C2
TeAR1AGE=-02
Y+ 1A2G51F~01
J.30691E=01
J+47211F=01
THBTINAF =01
AL ABINGF =51
N.11CK/5E ¢C
0.13C19F 00
J.14SK4F 09
9+185A3EF 00
N+15%43F 00C
72418704F 00O
J.14RFARF QO
0.1362PF 02
D.11993F 00
T.101 385 00
J.R1IAILF=51
Ne/175RBE-N1
N .42589F-01
D.28752F=01
J.85021F-02
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—D.3RT21F=01
-1+42393€=-01
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=3.52070F~C1
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—-N.559A8F-01
=N+ 5A553F=C1
—-0.5/43RF=01
—-0.55754F=01
—D.%8624F=-01
~3.53149F-01
-NneH1416E-01
-0 +454096F~01
—04+47450F~01
~0.+457P7TE-01
~04431A8F~01
=0.21205§~C1
~0.38R6PF=01
=D 3ATHAOE=01
—0e3471-01
=0.32732F-01
=0.30825F=71
=0+ 2399RE-0G1
=0.2725F=01
-0.29592F=01
~0.24014F=01

TAU
Ye31127E
781 I2AF
O«BITATE
"N LRAPTTRD
L+ 30603F
C W RTATPF
T.922393F
N a9 04F
N 10790F
Cot19067T
J4132080F
N, 146664F
162210
NI TALSF
0193457
N4 2O0RT SR
D e?2237F
0.23436F
“.284590F
N, 25265F
0+ 25A84F
N 26300E
1.260556F
C.2€¢641F
C«265R4F
0 .2R4CTIF
7?61 2CE
0. PRTS3E
Q+29317F
N.P4373GF
N, 28 3)14F
Ne?ATEGR
Q423209
0.22644F
022079E
0.7152°C
D+2COTEF
M.20464F
[ 1997338
N.194750
J3+18951F
0.,18507E
0. 1BO7AE
Ta176AAF
Ne17277F
NL1AF0AT
0. 1FS62E
N tRPIGF
0L IS927E
"L 1896837F
D.15364F
C.tS1CAF
D.14A8653F

EPSTLAON

N.T34447
0e743970F
NeTSLA2ZF
D 75ASO0
Q. 756534%
T« 77304F
2. THRADF
Ne7G433F
N.ROARES
G +.B2890F
LFLLY-LS L
5.A9800RF
0.913787
MOS0 TIR
D.993123F
Qe«1C34AF
J.1079aF
N+112A5F
Sel1F5F
Cs122C1F
G e12R90F
CelICIIT
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£ .13920F
Tel420a8
~L14AL2F
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D.152R%F
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£415875KE
CelA1ART
0.1A345F
N.164RPF
G154 10
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0.16R91F
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D.17118<
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7.

Program Listing

A complete listing of the program follows:

G LEVEL

100
40
42

43

445

45

1+ MOD 1 MAIN DATEF = /#8128 19/59/32

DOUBLE PRECISION THETA(125) 4DELTAU(123)+,FPS{125)+SN(125},AN(1275),
1HAUX(6) +TAU(L125) s GAMMA({125),H(125)

DOUBLE PRECISION DARSINIDEXPsDSARTyDATANLDTAN,DCAS, THETAN
DOUBLE PRECISICON COTHELTATHE

DOUBLE PRECISION DiE+SUMICyGAML JEPA, A,B,DENLDEN2,DFEN3, ANUMT,
TANUM2 , ANUM3 , SNO

DOUBULE PRECISION ANMosHM s HHs ANO s F s RO+ ANFE 3 Z+EX 1 4 EX2, ARG, DIFF
EQUIVALENCE (HAUX(1).H(1))

DATA HAUX/04D0+ 1004 e300++50C+47N0,1.000/

FORMAT (8D10,.,2)

DO 40 I=7,21

H{I)=H{I-1)}+.2D0

00 42 1=22,33

HITI)=H(I-1)+.500

DO 43 I=34,38

H{T)=H(I-1) + 1.0

H{33}=20.0D0

DO 44 1I=40,108

HII)=H{I~1)+10,0D0

DD 4% I=109,122

HCTI)=H({I-1)+20.0D0

H(1233=1000.000

H{124)=2000.0D0

H(12£)=3000.0D0

!

C PROGRAM STOPS WHEN THFRE ARE NOD MORE DATA CARDS TO BE RFAD IN

200

58

60

62

READ(Ss100+END=122) CoANM,ANO,FsHH, MM, THETAO
ANM=4,24B550+11

TATHE=DTAN{ THETAQ)
COTHE=DCOS(THETAD)

TO=THETAO*1 ,0+3

RO=6373.015D0

SNO=1.,DO0+ANC¥1 ,D—8
EXI=2,D0%{DSIN(THETAO/Z.00)}%%2

DO 62 I=1,125

AH=H{I)

IF{AR.GT 50.0) GO TO 58

AN{I }=ANO*DEXP{~C*H{1))
SN{I)=1.CO0+AN(TI)}*],.,D-6&

GO TO 60

Z=(H{I)~HM} /HH
ANE=ANM*¥DEXP({!.D0-2~DEXP{=2))/2.09)
ANCI)I=(—40.38D0%ANEX] «D+6 ) /FE%x%k2
SN(II=1.DO0 + AN(I)*1.D-5

CONT INUE

EX2=({ANO=-AN(T)) /SN({T) *1.D-6%COTHE
ARG=DSORTIRO/{(2. ¥ {RO+H(TI))) x (EX1 +H(I1)/RO —-EX2))
THETA(I)=2.D0*DARSIN{ARG)

CONT INUE

WRITE(GE+105) ANMyHMHHANO,TOLCoF.RD
WRITE{&,108)

WRITE(6,110)

ILCNT=14

THETAL(1 }=THETAQ

EPS(1)=0.000

GAMKA{1}=0.0D0

TAUC1)=0.0D0

11


http:SN(I)=I.DO
http:ANE=ANM*DEXP((1.DO-Z-DEXP(-Z))/2.00
http:HAUX/O.DO..I00..300..sC
http:ANM.HM.HH.ANO.F.Ro
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