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MINIMUM THRUST FOR CORRECTING KEPLERIAN ORBITS WITH 

APPLICATION TO INTERPLANETARY GUIDANCE 

By Frederick W.  Boltz 

Ames Research  Center 

SUMMARY 

An ana ly t i ca l   i nves t iga t ion   has   been   conduc ted   t o   de t e rmine  minimum 
th rus t   r equ i r emen t s   fo r   e f f ec t ing  small changes in   s eve ra l   pa rame te r s   o f  
Kep le r i an   o rb i t s .   Impu l s ive   t h rus t  and the  approximations  of   l inear   per turba-  
t ion  theory  have  been  assumed. The r e s u l t s   a r e   g e n e r a l l y   a p p l i c a b l e   t o   e s s e n -  
t i a l l y  two-body planar   motion  where  the  natural   deviat ions  of   the  vehicle  
f l i g h t   p a t h  from a c o n i c   s e c t i o n  are s u f f i c i e n t l y  small. 

The f i r s t - o r d e r   t h r u s t   r e q u i r e m e n t s   o b t a i n e d   i n   t h e   a n a l y s i s  are pre-  
s e n t e d   i n  terms of   the  optimum t h r u s t   a n g l e  and t h e  minimum de r iva t ive   o f  
t h rus t -p roduced   ve loc i ty   impu l se   w i th   r e spec t   t o   t he   pa r t i cu la r   o rb i t a l  param- 
e te r  t o   b e   c o r r e c t e d .  Minimum thrus t   requi rements   a re   found  for   cor rec t ion  a t  
a g iven   po in t   a long   an   o rb i t   o f   the   semimajor   ax is ,   the   eccent r ic i ty ,   and   the  
t r u e  anomaly o r   o r i e n t a t i o n   o f   t h e   l i n e  of apsides   (argument   of   per icenter)  
w i t h i n   t h e   o r b i t a l   p l a n e .  Minimum th rus t   r equ i r emen t s   a r e   a l so  found f o r   c o r -  
r e c t i n g   t h e   o r b i t a l   r a d i u s  a t  a n   a r b i t r a r y   p o i n t  and the   e l apsed   f l i gh t   t ime  
t o   a r r i v e  a t  t ha t   po in t .   I n   add i t ion ,   t h rus t   r equ i r emen t s   a r e   ob ta ined   fo r  
c o r r e c t i o n  a t  a g iven   po in t   a long   an   o rb i t   o f   the   e lapsed   f l igh t   t ime  to  a 
second  a rb i t ra ry   po in t   having  a f i x e d   v a l u e   o f   o r b i t a l   r a d i u s .  

A genera l   formula t ion   of   the   th rus t   requi rements   for   s imul taneous   cor rec-  
t i on   o f  any pa i r   o f   t he   o rb i t a l   pa rame te r s   t ha t   de f ine   t he   i n -p l ane   mo t ion  i s  
presented   in   t e rms  of  t h e  minimum thrus t   requi rements  f o r  correct ion  of   each 
of   the   parameters   separa te ly .   Appl ica t ion   of   th i s   resu l t   to   the   p roblem  of  
implici t   in-plane  guidance  during  the  midcourse and  approach  phases  of  inter-  
p l a n e t a r y   f l i g h t  i s  i n d i c a t e d .   I n   p a r t i c u l a r ,  it i s  shown how t h e  minimum- 
t h r u s t   r e s u l t s   o b t a i n e d   i n   t h e   p r e s e n t   a n a l y s i s  may b e   a p p l i e d   t o   b o t h   f i x e d  
and va r i ab le   t ime   o f   a r r iva l  as wel l  as f ixed   r ad ius   o f   pe r i cen te r   t ypes   o f  
guidance  which make use   o f   f l i gh t -pa th   dev ia t ions  from a r e f e r e n c e   t r a j e c t o r y .  

INTRODUCTION 

The problem  of   spacecraf t   guidance  has   been  the  subject   of   considerable  
r e sea rch   i n   r ecen t   yea r s .   Th i s   r e sea rch   has   p roduced  a number of  methods f o r  
s implifying  the  onboard  computat ion  of   the  vehicle   veloci ty   correct ion.   These 
methods may b e   g e n e r a l l y   c l a s s i f i e d  as e i t h e r   i m p l i c i t   o r   e x p l i c i t   g u i d a n c e ,  
depending on whether   or   not  a r e f e r e n c e   t r a j e c t o r y  i s  used.   Expl ic i t   guidance 
requi res   numer ica l   in tegra t ion   of   the   equat ions   o f   mot ion   bu t   has   the   advantage  
o f   g r e a t e r   f l e x i b i l i t y   i n   r e g a r d   t o   o f f - d e s i g n   c o n d i t i o n s .   I n   i m p l i c i t  



guidance ,   numer ica l   in tegra t ion  is avo ided   by   u t i l i z ing  a r e fe rence  trajec- 
t o r y .  I t  i s  t h i s   t y p e  of guidance  which is o f   p r i m a r y   i n t e r e s t   i n   t h e   p r e s e n t  
a n a l y s i s .   C o r r e c t i o n s   t o   t h e   s p a c e c r a f t   v e l o c i t y  are ca l cu la t ed   u s ing   pe r tu r -  
ba t ion   expres s ions   eva lua ted  on t h e   r e f e r e n c e   o r b i t   i n   c o n j u n c t i o n   w i t h   p r o -  
j e c t e d   f l i g h t - p a t h   d e v i a t i o n s  from t h e   r e f e r e n c e   o r b i t  a t  the   t e rmina l   po in t .  
The method i s  based on the   a s sumpt ions   t ha t   t he   ve loc i ty   co r rec t ions  are 
impuls ive   and   tha t   the   var ian t   mot ion   about   the   re fe rence   t ra jec tory  i s  ade- 
qua te ly   descr ibed   by   l inear ized   equat ions   o f   mot ion .  If two-body  dynamics  can 
be   assumed,   the   requi red   cor rec t ive   ve loc i ty   impulse   can   be   ob ta ined   ana ly t -  
i c a l l y  from pa rame te r   pe r tu rba t ion   expres s ions   o f   t he   t ype   found   i n  refer-  
ences 1 through 5 .  When only a s i n g l e   o r b i t a l   p a r a m e t e r  i s  t o   b e   c o r r e c t e d ,  
t h e   t h r u s t   a n g l e   c a n   b e   s e l e c t e d   t o   m i n i m i z e   t h e   v e l o c i t y   i m p u l s e .  The o p t i -  
mum use   o f   impu l s ive   t h rus t   t o   co r rec t   t he   pe r i cen te r   r ad ius   du r ing   approach  
t o  a p l ane t   has   been   cons ide red   i n   r e f e rences  6 and 7.  In   genera l ,  it i s  pos- 
s i b l e   t o   c o r r e c t   t h r e e   i n d e p e n d e n t   o r b i t a l   p a r a m e t e r s   o r   t h r e e  components  of 
f l i g h t - p a t h   d e v i a t i o n  from a t a r g e t   p o i n t   w i t h  a s i n g l e   a p p l i c a t i o n   o f   t h r u s t .  
The p r o b l e m   o f   f i n d i n g   t h e   r e q u i r e d   t h r u s t   i m p u l s e   f o r   t h i s   t y p e   o f   c o r r e c t i o n  
has   been   ex tens ive ly   t rea ted  i n  r e fe rences  8 through  14. 

The p r e s e n t   i n v e s t i g a t i o n  i s  concerned   wi th   the   der iva t ion  of minimum 
thrus t   requi rements   for   s ing le-parameter   cor rec t ions   and   wi th   the   appl ica t ion  
o f   t hese   r e su l t s   t o   s eve ra l   t ypes   o f   spacec ra f t   gu idance .  A general   formula- 
t i o n   o f  minimum th rus t   r equ i r emen t s   fo r   co r rec t ing  any o rb i t a l   pa rame te r   has  
been   ob ta ined   a long   wi th   spec i f ic   formulas   for  a number of   parameters   o f   in te r -  
e s t .  These r e s u l t s  were   ob ta ined   by   apply ing   the   condi t ion   for  minima given 
in   t he   e l emen ta ry   ca l cu lus   t o   gene ra l   exp res s ions   fo r   pa rame te r   pe r tu rba t ions  
due to   impu l s ive   ve loc i ty   changes .   Th i s  method i s  t h e  same as t h a t   u s e d   i n  
r e fe rence  7 f o r   c o r r e c t i n g   p e r i c e n t e r   r a d i u s   a n d   p r o v i d e s   o n l y   f i r s t - o r d e r  
s o l u t i o n s .  While the  minimum-thrust   requirements   for   correct ing some param- 
eters (such as p e r i o d   o f   o r b i t  and p e r i c e n t e r   r a d i u s )  are we l l  known, t h i s  i s  
n o t   t h e  case fo r   o the r   pa rame te r s   cons ide red   i n   t he   ana lys i s   ( such  as o r b i t a l  
r ad ius  and f l i g h t  time t o  a n   a r b i t r a r y   p o i n t  on t h e   o r b i t ) .  

With the  admission  of   l inear ized two-body  dynamics the  general   guidance 
co r rec t ion   can   be   s epa ra t ed   i n to  a cor rec t ion   of   the   p lane   o f   mot ion  and  an 
independent   correct ion  of   motion  within  the  orbi ta l   p lane.  The in-p lane   cor -  
r ec t ion   can   be   gene ra l ly   t r ea t ed  as the   co r rec t ion   o f  two independent   o rb i ta l  
p a r a m e t e r s .   I t  i s  shown i n   t h e   p r e s e n t   a n a l y s i s  how the   i n -p l ane   co r rec t ive  
ve loc i ty   vec to r   can   be   ca l cu la t ed  from minimum thrus t   requi rements  f o r  the  
var ious  independent   parameters .   Several   d i f ferent   types  of   midcourse and 
approach   gu idance   for   use   dur ing   in te rp lane tary   f l igh ts   cons idered   inc lude  
both   f ixed   and   var iab le  time of a r r iva l  and f ixed   r ad ius   o f   pe r i cen te r   ( c f .  
r e f s .  11- 14) . 

Along with  the  assumptions  of   impulsive  thrust  and  two-body  dynamics, i t  
i s  assumed i n   t h e   a n a l y s i s   t h a t   t h e   d e s i r e d   c h a n g e s   i n   t h e   p a r a m e t e r s   t o   b e  
c o n t r o l l e d   a r e   s u f f i c i e n t l y  small t o   j u s t i f y   t h e   u s e   o f   l i n e a r   p e r t u r b a t i o n  
theory.   In most ins tances   these   assumpt ions   p rovide   suf f ic ien t   accuracy  i n  
the   computa t ion   of   requi red   ve loc i ty   cor rec t ions   and  are almost a necess i ty  
when a n a l y t i c   s o l u t i o n s  are des i r ed .  
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NOTAT ION 

a  semimajor  axis of orbit,  positive f o r  elliptic  orbits,  negative  for 
hyperbolic  orbits 

b  semiminor  axis of orbit,  positive  for  elliptic  orbits,  imaginary f o r  
hyperbolic  orbits 

e  eccentricity of orbit 

E eccentric  anomaly,  positive f o r  ascent (0 LE LT),  negative  for 

H hyperbolic  anomaly,  positive f o r  ascent,  negative  for  descent 

descent (-T 2 E 2 0) 

P semilatus  rectum  of  conic  section 

P general  symbol  for  any  orbital  parameter  of  interest 

r  radial  distance  from  central  body 

t time 

T period  of  orbit 

U horizontal  component  of  velocity 

uC circular  orbital  velocity 

V vertical  component  of  velocity 

V resultant  velocity  relative  to  inertial  coordinates 

v T  

Y flight-path  angle  relative  to  local  horizontal,  positive  for  ascent, 

thrust-produced  velocity  impulse 

negative  for  descent 

6 (  ) operator  signifying  small  deviation 

A (  ) operator  signifying  increment  or  difference 

0 true  anomaly,  positive  for  ascent (0 2 0  F I T ) ,  negative  for  descent 
(-IT < e < 0) 
" 

lJ product  of  universal  constant  of  gravitation  and  mass  of  celestial 
body 

T thrust  angle  relative  to  local  horizontal,  positive  for  thrust  vector 
increasing  vertical  component of velocity,  negative f o r  thrust 
vector  decreasing  vertical  component  of  velocity 

3 
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T I  t 

t h r u s t   a n g l e   t o  maximize  change i n  semimajo r   ax i s   o r   pe r iod   o f   o rb i t  

t h r u s t   a n g l e   t o  minimize  change i n  semimajor   ax is   o r   per iod  of o r b i t  

t h r u s t   a n g l e   t o  maximize  change i n   e c c e n t r i c i t y  

th rus t   ang le   t o   min imize  change i n   e c c e n t r i c i t y  

t h r u s t   a n g l e   t o  maximize  change i n   t r u e  anomaly 

th rus t   ang le   t o   min imize  change i n   t r u e  anomaly 

t h r u s t   a n g l e   t o  maximize  change i n   o r b i t a l   r a d i u s  a t  f ixed   cen t r a l  
angle   f rom  thrus t ing   po in t  

t h r u s t   a n g l e   t o   m i n i m i z e   c h a n g e   i n   o r b i t a l   r a d i u s  a t  f i x e d   c e n t r a l  
a n g l e   f r o m   t h r u s t i n g   p o i n t ;   a l s o ,   t h r u s t   a n g l e   t o   c o r r e c t   f l i g h t  
t i m e   t o   f i x e d   p o i n t  on o r b i t  

t h r u s t   a n g l e   t o  maximize  change i n   o r b i t a l   r a d i u s   h a v i n g   f i x e d   v a l u e  
o f   t r u e  anomaly 

t h r u s t   a n g l e   t o  maximize  change i n   f l i g h t  time t o   t r a v e r s e   f i x e d  
cen t r a l   ang le  

t h r u s t   a n g l e   t o   m i n i m i z e   c h a n g e   i n   f l i g h t  time t o   t r a v e r s e   f i x e d  
c e n t r a l   a n g l e  

t h r u s t   a n g l e   t o  maximize  change i n   e l a p s e d   f l i g h t   t i m e   t o   a r r i v e  a t  
f ixed   va lue   o f   t rue  anomaly 

angle   f rom  per icenter   to  any p o i n t  on o r b i t  measured a t  cen te r  of 
o r b i t  

q u a n t i t y   n o r m a l i z e d   w i t h   l o c a l   c i r c u l a r   o r b i t a l   v e l o c i t y ,  i p / r  

Subsc r ip t s  

va lue  a t  apocenter  

va lue  a t  p e r i c e n t e r  

va lue  a t  o r b i t a l   p o s i t i o n  where thrus t   impulse  i s  t o   b e   a p p l i e d  

va lue  a t  o r b i t a l   p o s i t i o n  where  primary  change i n   o r b i t  i s  t o   b e  
e f f e c t e d  

4 



ANALYSIS 

Assumptions  and R e s t r i c t i o n s  

I t  is assumed i n   t h e   a n a l y s i s   t h a t   v e h i c l e   t h r u s t   p r o d u c e s  an  impulsive 
veloci ty   increment  AV, which i s  added v e c t o r i a l l y   t o   t h e   v e l o c i t y   v e c t o r   o f  
t he   veh ic l e .  I t  i s  a l s o  assumed t h a t  small p e r t u r b a t i o n s   i n   t h e   v e h i c l e  
motion  due t o   i m p u l s i v e   t h r u s t  may be   ca lcu la ted   wi th   suf f ic ien t   accuracy  by 
means o f   l i n e a r i z e d  two-body,  point-mass  equations  of  motion. The r e s t r i c -  
t i o n s  on o r b i t a l   c o n d i t i o n s   i n   t h e   c a s e   o f  a n o n c e n t r a l   f o r c e   f i e l d   r e q u i r e  
s i m p l y   t h a t   t h e   p e h u r b a t i o n s   o f   t h e   v e h i c l e   f l i g h t   p a t h  from a con ic   s ec t ion  
b e   r e l a t i v e l y  small. W i t h i n   t h e   l i m i t a t i o n   o f   t h e s e   r e s t r i c t i o n s ,   t h e   l i n e a r -  
i zed  two-body o r b i t a l   r e l a t i o n s  may a l so   be   used  as a bas i s   fo r   de t e rmin ing  
minimum t h r u s t   r e q u i r e m e n t s   f o r   e f f e c t i n g  small changes i n   c e r t a i n   o r b i t a l  
e l e m e n t s   o r   t r a j e c t o r y   v a r i a b l e s .  

One effect  o f   t h e   r e s t r i c t i o n   i n   s i z e   o f   i m p u l s i v e   t h r u s t  i s  t h a t   p e r t u r -  
ba t ions   o f   the   vehic le   mot ion   wi th in  and  normal t o   t h e   o r b i t a l   p l a n e   a r e   i n d e -  
penden t .   S ince   t h rus t   d i r ec t ed  normal t o   t h e   o r b i t a l   p l a n e  does   no t   a f fec t  
motion  within  the  plane  of   orbi t   ( to  f i r s t  o r d e r ) ,   t h e   p r e s e n t   a n a l y s i s  i s  
r e s t r i c t e d   t o   i n - p l a n e   t h r u s t i n g   o n l y  and t h e   r e s u l t i n g   e f f e c t s  on the   in -p lane  
motion. 

The convent ion   of   no ta t ion   used   in   the   p resent   ana lys i s  i s  i l l u s t r a t e d  i n  
f i g u r e  1, which ind ica t e s   t he   geomet r i c   pa rame te r s   o f   e l l i p t i c  and  hyperbolic 
o r b i t s   p e r t i n e n t   t o   t h e   a n a l y s i s .   P a r a b o l i c   o r b i t s  may be  considered a spe-  
c i a l   c a s e   o f   e l l i p t i c   o r b i t s   i n  which the  semimajor  axis,  a ,  i s  i n f i n i t e l y  
l a rge .  For   hyperbol ic   o rb i t s  a i s  negat ive   bu t   has  a pos i t i ve   coun te rpa r t  
i n   t h e   s e m i t r a n s v e r s e   a x i s ,  -a. 

In   t he   de r iva t ion   o f   ana ly t i ca l   exp res s ions   t ha t   fo l lows ,   i n t e rmed ia t e  
s t eps   a r e   o f t en   omi t t ed   o r   i nd ica t ed   on ly   b r i e f ly .   S ince   i n  many ins t ances  
t h e   a u x i l i a r y   r e l a t i o n s   u s e d   i n   t h e   d e r i v a t i o n   a r e   n o t   g i v e n ,  a s h o r t  summary 
of   two-body  point-mass  re la t ions  per t inent   to   the  present   analysis  i s  presented  
in   appendix A .  (A more d e t a i l e d  summary is  t o   b e  found i n   r e f .  2 . )  

General  Formulas f o r  Optimum Correct ion  of   Orbi ta l   Parameters  

Impu l s ive   t h rus t   app l i ed   t o  an o rb i t i ng   veh ic l e   p roduces  an  instantaneous 
change i n   t h e   l o c a l   v e l o c i t y   v e c t o r  and r e l a t ed   changes   i n  a l l  o r b i t  param- 
e t e r s .  If  P i s  any   parameter   o f   in te res t ,  i t  can  be  expressed as a func t ion  
o f   t h e   l o c a l   v e l o c i t y   v e c t o r  and t h e   o r b i t a l   r a d i u s  a t  t h e   p o i n t  of t h r u s t  
appl ica t ion .   Thus ,   wi th   the   ve loc i ty   vec tor   descr ibed  by i t s  magnitude  and 
d i r ec t ion   (VI ,  yl) o r  by i t s  hor i zon ta l   and   ve r t i ca l  components ( u l ,   V I ) ,  
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The pe r tu rba t ion  of P due t o  a small change i n   t h e   l o c a l   v e l o c i t y   v e c t o r  is 
given  by 

s i n c e   t h e   o r b i t a l   r a d i u s  a t  t h e   t h r u s t i n g   p o i n t  i s  cons idered   f ixed .  

The changes i n   v e h i c l e   v e l o c i t y  
due t o   t h e   a p p l i c a t i o n  of impulsive 
t h r u s t   a r e   i l l u s t r a t e d   i n   s k e t c h   ( a ) .  
The ve loc i ty   increment   assoc ia ted   wi th  
the   t h rus t   impu l se  i s  descr ibed  by i t s  
magnitude, A V T ,  and d i r e c t i o n ,  T, 
r e f e r r e d   t o   t h e   l o c a l   h o r i z o n t a l .  I t  
i s  r e a d i l y   s e e n   t h a t ,   i n   t h e  limit as 

components of t h e   v e l o c i t y   v e c t o r  are 

"I 

- horizontal - AV, goes t o  0 ,  changes i n   t h e   v a r i o u s  

Sketch  (a)  given  by 

dVT 
dYl = q" s in(T - y1)  

dul = dV, COS T 

dvl = dV, s i n  T 

(3)  

where T - y 1  i s  t h e   t h r u s t   a n g l e   r e l a t i v e   t o   t h e   f l i g h t   p a t h   o r   v e l o c i t y  
v e c t o r .  When t h e s e   d i f f e r e n t i a l   e x p r e s s i o n s   a r e   s u b s t i t u t e d   i n t o   e q u a t i o n  ( 2 ) ,  
it i s  found  tha t  

dP = [% COS(T - y l )  + - - a f  s i n ( ,  - y l )  
v1 a Y 1  

o r  

dP = [:El - COS T + - ag s i n  r]dY 
av 1 T 

These   equa t ions   p rov ide   a l t e rna te   exp res s ions   fo r   t he   de r iva t ive  dV,/dP i n  
t e r m s   o f   t h r u s t   a n g l e   r e l a t i v e   t o   t h e   f l i g h t   p a t h   o r   r e l a t i v e   t o   t h e   h o r i z o n t a l .  
Th i s   de r iva t ive  may be  used t o   o b t a i n  a f i r s t - o r d e r   e s t i m a t e  of  t h e   t h r u s t  mag- 
n i t u d e ,  AV,, required  to   change  the  parameter  P an amount AP acco rd ing   t o  
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AV, = (r) dvT AP 

The thrust   magni tude will be a minimum  when t h e   t h r u s t   a n g l e ,  T, i s  s e l e c t e d  
s o  as t o  minimize  the  der ivat ive.   This  optimum t h r u s t   a n g l e  is found  by set-  
t i ng   t he   de r iva t ive   o f   equa t ion   (4a )  o r  (4b)   wi th   respec t   to  T e q u a l   t o  0 
and s o l v i n g   f o r  T .  If T* r ep resen t s   t he  optimum t h r u s t   a n g l e ,  it i s  found 
t h a t  

o r  

from  which  two values   of  T*  - y1 and  of T* ( d i f f e r i n g  by  180") are obta ined .  

The corresponding minimum value  of  dV, /dP i s  obtained by s u b s t i t u t i n g  * 
T* f o r  T i n   e q u a t i o n   ( 4 a )   o r  (4b )   w i th   t he   r e su l t   t ha t  

o r  

where the   p lus  and  minus s i g n s   c o r r e s p o n d   t o   t h r u s t i n g   i n   o p p o s i t e   d i r e c t i o n s .  

The t h r u s t   a n g l e   f o r  which t h e  
se t t ing   equat ion   (4a)  o r  (4b)  equal 
r e p r e s e n t s   t h i s   t h r u s t   a n g l e ,  i t  i s  

t a n  T* = - 
0 

parameter P i s  i n v a r i a n t  i s  found  by 
t o  0 and s o l v i n g   f o r  T .  If T*  

found  tha t  
0 

s o  t h a t ,   t o  f irst  o r d e r ,   t h e   t h r u s t   a n g l e   f o r  no  change i n  a given  parameter 
i s  d i f f e r e n t  by 90" from t h a t   f o r  maximum change. I t  should   be   no ted   tha t  
f o r   t h r u s t  a t  t h i s   a n g l e   t h e   p a r a m e t e r   d o e s   i n   f a c t   c h a n g e ,   b u t   b y  an  amount 
propor t iona l   to   second-  o r  h ighe r -o rde r   de r iva t ives .  

I t  fo l lows   f rom  the   above   resu l t s   tha t   the   genera l   l inear ized   express ion  
fo r   t he   pa rame te r   pe r tu rba t ion   ( eq .   (4 ) )   can   a l so   be   g iven ,   i n   t e rms  of t h e  
optimum th rus t   ang le   and   t he  maximum de r iva t ive   o f   t he   pa rame te r   w i th   r e spec t  
to   the   th rus t -produced   ve loc i ty   impulse ,   by  
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dP dP = - 
dVT* 

dV, COS(, - T * )  

s i n c e ,   t o  f irst  o rde r ,   on ly   t he  component o f   t h rus t   i n   t he   op t imum- th rus t  
d i r e c t i o n   c o n t r i b u t e s   t o   t h e   p e r t u r b a t i o n .  

The first pa r t   o f   t he   fo l lowing   ana lys i s  i s  concerned  with  developing 
l i n e a r   p e r t u r b a t i o n   e x p r e s s i o n s   f o r   v a r i o u s   p a r a m e t e r s   o f   i n t e r e s t .   I n   t h e  
second  par t  minimum thrus t   requi rements  are de te rmined   fo r   t he   con t ro l   o f  
these   parameters .  

Pe r tu rba t ion  Formulas for   Var ious   Orbi ta l   Parameters  

The p e r t u r b a t i v e  effects of   impuls ive   th rus t  on var ious  e lements   or  
parameters o f  an o r b i t  are obta ined   f rom  the   genera l   l inear ized   per turba t ion  
expressions  of   the   previous  sect ion  and  the  appropriate  two-body r e l a t i o n s   f o r  
these   parameters .  The o rb i t   e l emen t s   cons ide red   i n   t he   p re sen t   ana lys i s  are  
the  semimajor axis ( o r   p e r i o d   o f   o r b i t ) ,   t h e   e c c e n t r i c i t y ,  and t h e   t r u e  anom- 
a l y  a t  t h e   p o i n t   o f   t h r u s t   a p p l i c a t i o n .   P e r t u r b a t i o n s   o f   t h e   o r b i t a l   r a d i u s  
a t  any  other   point  on t h e   o r b i t  and  of t h e   e l a p s e d   f l i g h t   t i m e   t o  any o the r  
po in t  are also  considered.   Per turbat ions  of   the   semimajor   axis   and  the  eccen-  
t r i c i t y   r e f l e c t  changes i n   t h e   o r b i t   s i z e  and  shape. The p e r t u r b a t i o n   o f   t r u e  
anomaly a t  a given  point  i s  e q u a l   t o   t h e   r o t a t i o n  of t h e   l i n e  of  apsides   of  
t h e   o r b i t   w i t h i n   t h e   o r b i t a l   p l a n e .  

In   t he   fo l lowing   p re sen ta t ion   o f   pe r tu rba t ion   expres s ions ,   a l t e rna te  
forms   of   the   resu l t s   a re   g iven   in   the   case   o f   semimajor   ax is   (or   per iod   of  
o r b i t ) ,   e c c e n t r i c i t y ,  and t r u e  anomaly.  These  forms d i f f e r   i n   t h e   s p e c i f i c a -  
t i o n   o f   t h r u s t   a n g l e   ( e i t h e r   m e a s u r e d   w i t h   r e s p e c t   t o   t h e   f l i g h t   p a t h   o r   t h e  
h o r i z o n t a l )  and i n   t h e   p a r t i c u l a r  component o f   ve loc i ty   w i th  which t h e   t h r u s t -  
p roduced   ve loc i ty   d i f f e ren t i a l  is  normal ized .   For   per turba t ions   o f   o rb i ta l  
r ad ius  and e l apsed   f l i gh t   t ime ,   on ly  one form i s  p r e s e n t e d   h e r e ;   t h e   o t h e r   i n  
each  case i s  given  in   appendixes  B and C ,  r e s p e c t i v e l y .  

Per turba t ion   of   semimajor   ax is   o r   per iod   of   o rb i t . -  The p e r t u r b a t i v e  
e f f ec t s   o f   impu l s ive   t h rus t  a t  o r b i t a l   p o s i t i o n  (rl,  01) on the  semimajor   axis ,  
a ,  o r   t h e   p e r i o d   o f   o r b i t ,  T ,  are   obtained  by  applying  equat ion (4)  t o   t h e  
two-body r e l a t ions   fo r   t hese   e l emen t s   g iven   i n   append ix  A.  I t  i s  found t h a t  

o r  

The value  of  a i s  p o s i t i v e   f o r   e l l i p t i c   o r b i t s  and   nega t ive   for   hyperbol ic  
o r b i t s .  Both a and  da are u n d e f i n e d   f o r   p a r a b o l i c   o r b i t s .  
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Per tu rba t ion  of e c c e n t r i c i t y . -  The p e r t u r b a t i v e  effect  of  impulsive 
t h r u s t  a t  o r b i t a l   p o s i t i o n   ( r l ,  e l )  on t h e   e c c e n t r i c i t y   o f   o r b i t ,  e ,  i s  
obtained  by  applying  equat ion (4) t o   t h e  two-body r e l a t i o n s   f o r   t h i s   e l e m e n t  
g iven   in   appendix  A. I t  i s  found t h a t  

o r  

dVT de = {[ (2  + e cos   e l ) cos  e l  + e lcos  T + (1 + e c o s   e l ) s i n  e l  s i n  T }  - 
U l  

I n   t h e   c a s e   o f   n e a r l y   c i r c u l a r   o r b i t s   ( e  -+ 0)  equations  ( loa)  and  ( lob) 
r e d u c e   t o  

de = ( 2  cos  cos T + s i n  81 s i n  T)dV 
T (10c) 

Th i s   exp res s ion   canno t   be   u sed   d i r ec t ly   fo r   pe r f ec t ly   c i r cu la r   o rb i t s ,   s ince  
t h e   t r u e  anomaly i s  undefined. However, s ince  the  change of e c c e n t r i c i t y  i s  
the   va lue   o f   eccen t r i c i ty  a f t e r  t h r u s t i n g ,  i t  i s  given by 

de = 41 - (2 - p)s 

Here V and are the   normal ized   va lues   o f   ve loc i ty   and   hor izonta l  component 
o f   ve loc i ty   a f t e r   t h rus t ing   wh ich ,   w i th  V 1  = u1 = 1 and y1 = 0 (see 
ske tch   ( a ) )  , a re   g iven  by 

- 
- - 

- 
V = 41 + (dvT)2 + 2dVT cos T 

- 
u = 1 + dvT  cos T 

Thus, f o r  a c i r c u l a r   o r b i t  it i s  found t h a t ,   t o  f i r s t  o rde r ,  

I t  i s  i n t e r e s t i n g   t o   n o t e   t h a t   t h i s   r e s u l t   c a n   a l s o   b e   o b t a i n e d  from 
e q u a t i o n   ( ~ O C ) ,  i f  t h e   v a l u e   o f   t r u e  anomaly a t t a i n e d  a t  t h e   t h r u s t i n g   p o i n t  
a f te r  t h e   a p p l i c a t i o n   o f   t h r u s t  i s  s u b s t i t u t e d   f o r  81. With v and as 
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given  above,   this  value o f   t r u e  anomaly i s  r ead i ly   ob ta ined  from t h e  two-body 
r e l a t i o n  

cos e = 3 - 1 

h - (2 - 'iT2)3 

I t  is f o u n d   t h a t ,   t o  f irst  o rde r ,  

COS e = 2 cos T 

41 + 3 cos2 T 

with  dependence  only on t h r u s t   a n g l e .  

P e r t u r b a t i o n   o f   t r u e  anomaly.- The p e r t u r b a t i v e  effect  of  impulsive 
t h r u s t  a t  o r b i t a l   p o s i t i o n   ( r l ,  0 1 )  on t h e   t r u e  anomaly, 81,  i s  obtained by 
applying  equat ion (4) t o   t h e  two-body r e l a t i o n s   f o r   t h i s   p a r a m e t e r   g i v e n   i n  
appendix A.  I t  i s  found  tha t  

Ze + (1 + e21 cos e l  
de l  = - 1 [ 2  s i n  el COS(T - y l )  - e 1 + e cos 8 1  sin(-r  - yl)] 2 

o r  

1 dvT de l  = - - [(2 + e c o s   8 l ) s i n  e l  cos T - (1 + e cos e l ) c o s  el s i n  T ]  - e U 1  

This  change  of  true anomaly a t  t h e   t h r u s t i n g   p o i n t  i s  e q u a l   t o   t h e  change  of 
t r u e  anomaly a t  any   o ther   po in t ,   s ince  it i s  due t o  a s l i g h t   r o t a t i o n   o f  t h e  
l i n e   o f   a p s i d e s   o f   t h e   o r b i t   w i t h i n   t h e   o r b i t a l   p l a n e .  

P e r t u r b a t i o n   o f   o r b i t a l   r a d i u s . -  The pe r tu rba t ive   e f f ec t   o f   impu l s ive  
t h r u s t  a t  o r b i t a l   p o s i t i o n   ( r l ,  81)  on t h e   o r b i t a l   r a d i u s  a t  p o s i t i o n  
( r2 ,  €12) i s  obtained  f rom  the  conic   re la t ion 

1 + e cos e l  
r 2  = rl 

The loga r i thmic   de r iva t ive   o f   t h i s   exp res s ion ,   w i th  r l  cons t an t ,   g ives  

dr2 COS e l  COS e, e s i n  de, e s i n  O 2  de2 
r 2  1 + e cos 81 1 + e cos e 2  
- =  ( ) d e  - + 

1 + e cos 8 1  1 + e cos e 2  
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For rl f i x e d ,   t h e   d i f f e r e n t i a l s   d e   a n d   d e l  are given  by  equations  (10) and 
( l l ) ,   r e s p e c t i v e l y ,   i n  terms of e,  0 1 ,  T, and dV,/VI. The d i f f e r e n t i a l   d e 2  
can  be set  e q u a l   t o   d e l   o r  0 depending on t h e  p a r t i c u l a r  problem  under  con- 
s i d e r a t i o n .  If t h e   c e n t r a l   a n g l e  e 2  - 01  i s  cons idered   f ixed ,   then   de2  
i s  e q u a l   t o   d e l  as given  by  equat ion  (11) .   In   this  case equation  (12)  gives 
t h e   p e r t u r b a t i o n   o f   t h e   o r b i t a l   r a d i u s  1-2 a l o n g   a n   i n e r t i a l l y   f i x e d   r a d i a l  
l i n e   i n   t h e   o r b i t a l   p l a n e .  If  the   va lue   o f  82  is  cons idered   f ixed ,   then  
de2 i s  e q u a l   t o  0,  and   equa t ion   (12 )   g ives   t he   pe r tu rba t ion   o f   t he   o rb i t a l  
r ad ius  r2 along a l i n e  which, i n   gene ra l ,   unde rgoes   ro t a t ion   w i th   t h rus t  s o  
as t o   m a i n t a i n  a f ixed   va lue  of t r u e  anomaly, 0 2 .  S i n c e   t h e   c o e f f i c i e n t   o f  
de, i n   equa t ion   (12 )   van i shes   fo r  02 equa l   t o   180°   o r  0 ,  per turba t ions   o f  
apocen te r   and   pe r i cen te r   r ad i i   c an   be   de t e rmined   w i thou t   spec i f i ca t ion   o f   d02 .  

Fo r   f i xed   cen t r a l   ang le ,  0 2  - 0 1 ,  equation  (12)  can  be  expressed as 

e s i n  A0 s i n   0 1 l c o s  T 

dVT 
+ (1 + e cos   0 l ) s in  A0 s i n  T }  - 

U 1  

a n d ,   f o r   f i x e d   t r u e  anomaly, 0 2 ,  as 

Al te rna te   forms   of   these   per turba t ion   express ions   in   t e rms   of   th rus t   angle  
r e l a t i v e   t o   t h e   f l i g h t   p a t h ,  T - y l ,  a re   g iven   in   appendix  B.  

Pe r tu rba t ion   o f   e l apsed   f l i gh t  time.- The per turba t ive   e f fec t   o f   impul -  
s i v e   t h r u s t  a t n  on the   e l apsed  time o f   f l i g h t   t o  
p o s i t i o n   ( r 2 ,  02) i s  obtained  from  Kepler 's   equation  expressed as - 

t 2  - t l  =E [E2 - E 1  - e ( s i n  E2 - s i n   E l ) ]  

d(t2 - t l )  3 da 6 
t 2  - t l  2 a t 2  - t l  

- "-"+ [ (1 - e cos E2)dE2 

- (1 - e cos E1)dEl - ( s i n  E2 - s in   E l )de]   (14)  
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The d i f f e r e n t i a l s   d a  and  de are g i v e n ,   f o r  rl f ixed ,   by   equat ions  (9) and 
( l o ) ,  r e s p e c t i v e l y ,   i n  terms of  e, e l ,  T ,  and dVT/V,. The remaining  differen-  

' t i a l s ,  dE2 and  dE,, are obtained  f rom  formulas   given  in   appendix A as 
I 

where  de  and  del are g iven   by   equat ions   (10)   and   ( l l ) ,   respec t ive ly .  The 
s i n g l e   u n s p e c i f i e d   d i f f e r e n t i a l ,   d e 2 ,   c a n   b e  set  e q u a l   t o   d e 1   o r   t o  0 
depending on whether 82  - 8 1  o r  8 ,  i s  considered  f ixed.   In   the  former  case 
t h e   t e r m i n a l   p o i n t   r e m a i n s   i n e r t i a l l y   f i x e d ,  and i n   t h e  l a t t e r  case it does 
not .  Both c o n s t r a i n t s  are useful   in   guidance  computat ions as i s  subsequently 
shown. 

For   f i xed   cen t r a l   ang le ,  O 2  - e l ,  equation  (14)  can  be  expressed as 

d ( t 2  - t l )  6 1 + e cos e l  
t 2  - t l  t 2  - t l  e 

- - cos T + X 2  s i n  (15) 

where 

A - B(2 + e cos   e1)s in  e l  
1 + e cos 8 1  

x1 = + K(l + e cos e l )  

X 2  = B cos 8 1  + Ke s i n  8 1  

with 

' I - ~~ 

(1 + e cos e 2 j 2  (1 + e cos e l l 2  

For f i x e d   t r u e  anomaly, 0 2 ,  B i s  rep laced   in   the   above   express ions  by 

These r e s u l t s   a r e   v a l i d   f o r   b o t h   e l l i p t i c  and h y p e r b o l i c   o r b i t s ,   s i n c e  
Kepler ' s   equat ion is  a p p l i c a b l e   t o  any t y p e   o f   o r b i t .  I t  i s  only   the  form o f  
this   equat ion  that   need  be  changed f o r  u s e   i n   t h e   d i f f e r e n t   c a s e s .   T h i s  i s  
simply done  by u s i n g   t h e   i d e n t i t y  E = - i H  o r  H = i E  (cf .   appendix A ) .  
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However, t h e  above r e s u l t s ,  which  do  not  contain  any  imaginary terms f o r  cer- 
t a i n   v a l u e s   o f   e c c e n t r i c i t y ,  are independent   o f   the   usua l   res t r ic t ion  on type  
o f   o r b i t   s p e c i f i e d .  

In   t he   ca se   o f   pa rabo l i c   o rb i t s ,   t he   f ac to r  K i n   e q u a t i o n  (15) i s  
indeterminate ,   and a l imi t ing   va lue  must be  obtained.  If  t h i s   l i m i t i n g   v a l u e  
i s  represent.ed by L, i t  is  found  tha t  

l (  2 
02 L = l i m K = - -  

2 - t a n  - - - tan5 - - t an5  2 5  e+ 1 

In   t he   ca se   o f   c i r cu la r   o rb i t s ,   equa t ion  (15)  reduces t o   t h e   l i m i t i n g  
va lue  

Al t e rna te  forms   of   these   per turba t ion   express ions   in   t e rms   of   th rus t  
a n g l e   r e l a t i v e   t o   t h e   f l i g h t   p a t h ,  T - y1, are   g iven   in   appendix  C .  

Minimum Thrust  Requirements  for  Correction of Various 
Orbi ta l   Parameters  

The minimum thrus t   requi rement  as u s e d   t h r o u g h o u t   t h i s   r e p o r t   r e f e r s   t o  
t h e  optimum t h r u s t   a n g l e   f o r   c o r r e c t i n g  a p a r t i c u l a r   o r b i t a l   p a r a m e t e r  and t h e  
minimum der iva t ive   o f   th rus t -produced   ve loc i ty   impulse   wi th   respec t   to   tha t  
parameter.  Such minimum thrus t   requi rements  f o r  cor rec t ing   var ious   parameters  
of   an   o rb i t   a re   ob ta ined  by applying  equat ions (5) and (6) t o  t he   appropr i a t e  
two-body r e l a t i o n s  f o r  these   parameters .  The p a r t i a l   d e r i v a t i v e s   a p p e a r i n g   i n  
equations  (5)  and (6) may be  obtained from a comparison  of  equation (4)  with 
the   per turba t ion   express ions  f o r  the   var ious   parameters   g iven   in   the   p rev ious  
s e c t i o n .  

In   genera l ,   there  i s  a p a r t i c u l a r   p o i n t   a l o n g  an o r b i t  where t h e  minimum 
d e r i v a t i v e ,  dV, /dP, a t t a i n s  an absolu te  minimum value .   This  optimum o r b i t a l  

l oca t ion   fo r   pa rame te r   co r rec t ion  i s  found  by s e t t i n g   t h e   d e r i v a t i v e   o f  
dV, /dP w i t h   r e s p e c t   t o  e l  e q u a l   t o  0 and s o l v i n g   f o r  01. Such optimum 

values   o f  are a l s o   p r e s e n t e d   f o r   s e v e r a l   o f   t h e   o r b i t a l   p a r a m e t e r s  
cons ide red   i n   t he   ana lys i s .  

* 

* 

A s  i n   t h e   p r e v i o u s   s e c t i o n ,   a l t e r n a t e  forms of t h e   r e s u l t s   a r e   g i v e n   i n  
the  case  of  semimajor  axis (or  p e r i o d   o f   o r b i t ) ,   e c c e n t r i c i t y ,  and t r u e  anom- 
a l y .   I n   t h e   c a s e   o f   o r b i t a l   r a d i u s  and e l apsed   f l i gh t   t ime ,   on ly  one  form i s  
p resen ted   he re ;   t he   o the r   i n   each  case is given  in   appendixes  B and C ,  
r e s p e c t i v e l y .  

Correct ion i _ ~  "" of  semimajor ~ -~ a x i s  o r  pe r iod   o f   o rb i t . -  If t h e   t h r u s t   a n g l e   f o r  
maximum change in   t he   s emimajo r   ax i s  (or p e r i o d   o f   o r b i t ) ,   f o r  a given small 
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amount o f   t h r u s t ,  is represented  by it i s  found  from  equation (5) t h a t  

o r  
e s i n  81 

1 + e cos e l  t a n  = t a n  y1  = 

I t  i s  r e a d i l y   s e e n   t h a t   t h i s  optimum t h r u s t   d i r e c t i o n  is  v a l i d   r e g a r d l e s s  of 
t h e  amount o f   t h r u s t   a p p l i e d ,   s i n c e   i n  a l l  cases a maximum change i n  V1 i s  
d e s i r e d   f o r  a given  value of dV,. No change i n  semimajor   axis   or   per iod 
occurs  i f  the   speed ,  V I ,  i s  unchanged  by t h r u s t i n g ;   t h i s   r e q u i r e s   t h r u s t  
normal t o   t h e   f l i g h t   p a t h   o r   v e l o c i t y   v e c t o r   f o r  small amounts  of t h r u s t .  

The minimum dimens ionless1   der iva t ive   o f   th rus t -produced   ve loc i ty   impulse  
wi th   respec t   to   semimajor   ax is  o r  p e r i o d   o f   o r b i t  i s  found  by   subs t i tu t ing  
T f o r  T i n   e q u a t i o n  (9) t o   o b t a i n  a 

1 - e2  

2 (1  + 2e  cos e l  + e2) 

o r  

a dV,a - 3 T dVTa 1 - e  
Vp da 2 Vp dT - ?  

2 h  + 2e cos e l  + e2 

From equation  (17b) i t  is found t h a t   t h e   a . b s o l u t e  minimum values   of  
dV, /da  and dV, /dT occur  a t  a va lue  of 8 1  e q u a l   t o  0 .  

a a 
C o r r e c t i o n   o f   e c c e n t r i c i t y . -  If t h e   t h r u s t   a n g l e   f o r  maximum change i n  

t h e   e c c e n t r i c i t y  of o r b i t ,   f o r  a given small amount o f   t h r u s t ,  i s  represented  
by i t  is found  from  equation (5) t h a t  

o r  

(1 + e c o s   8 l ) s i n  6 1  

(2 + e cos  B1)cos €11 + e t a n  -re = 

'The d i f f e r e n t i a l  dV, can  be  normalized  with  any  convenient  speed  param- 
e te r .  In   t h i . s   r epor t  a var ie ty   o f   such   parameters  are u s e d   f o r   t h i s   p u r p o s e  
inc luding  V I ,  V 2 ,  u l ,  

vcP9 etc- 
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The t h r u s t   a n g l e   f o r  which t h e   e c c e n t r i c i t y  i s  i n v a r i a n t ,   t o  first o rde r ,  i s  
d i f f e r e n t  from T, by  90". 

The minimum dimens ionless   der iva t ive   o f   th rus t -produced   ve loc i ty   impulse  
w i t h   r e s p e c t   t o   e c c e n t r i c i t y  i s  found  by s u b s t i t u t i n g  -re f o r  T i n  equa- 
t i o n  (10) t o   o b t a i n  

or 

For c i r c u l a r   o r b i t s ,  i t  can  be shown from equa t ion   ( l oe )   t ha t  -re i s  
e q u a l   t o  0 o r  i80"; consequently,  

- 
-e=- 1 dV, dVTe 
V1 de  de = kO.5 

From equation  (19b) it i s  found t h a t   t h e   a b s o l u t e  minimum value  o f  
dV, /de  occurs a t  0 1  e q u a l   t o  0 o r  180' wi th   the   absolu te  maximum value  

occurr ing a t  a value  of  0 1  given by 
e 

The  one r e a l   r o o t  of  t h i s   c u b i c   e q u a t i o n   f o r   p o s i t i v e   v a l u e s  of  e c c e n t r i c i t y  
i s  

Correction  of  true  anomaly.-  If t h e   t h r u s t   a n g l e   f o r  maximum change i n  
t h e   t r u e  anomaly ( i . e . ,  maximum r o t a t i o n   o f   t h e   l i n e  of aps ides   wi th in   the  
o r b i t a l   p l a n e ) ,   f o r  a given small amount of t h r u s t ,  i s  represented  by T it 
i s  found  from  equation (5) t h a t  0 '  

2e + (1 + e2)cos  e l  
2(1 + e c o s , 8 l ) s i n  0 

tan(-rO - y l )  = - 

o r  
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(1 + e cos   @, )cos  e l  

The t h r u s t   a n g l e   f o r  which t h e   t r u e  anomaly i s  i n v a r i a n t ,   t o  f irst  o rde r ,  i s  
d i f f e r e n t  from T by 90”.  e 

The minimum dimens ionless   der iva t ive   o f   th rus t -produced   ve loc i ty   impulse  
w i t h   r e s p e c t   t o   t r u e  anomaly i s  found  by   subs t i tu t ing  T f o r  T i n  
equat ion   (11)   to   ob ta in  e 

o r  

From equation  (21b) it i s  found   t ha t   t he   abso lu t e  minimum value  of  
dVTe/dO1 occurs  a t  a value  of  81 given by 

The one r e a l   r o o t   o f   t h i s   c u b i c   e q u a t i o n   f o r   p o s i t i v e   v a l u e s   o f   e c c e n t r i c i t y  
i s  

C o r r e c t i o n   o f   o r b i t a l   r a d i u s . -  The t h r u s t   a n g l e s   r e s u l t i n g   i n  minimum 
r e q u i r e d   t h r u s t   f o r  making a co r rec t ion  a t  a g i v e n   p o i n t   ( r l ,  el) along  an 
o rb , i t   o f   t he   o rb i t a l   r ad ius  a t  a second  po in t   ( r2 ,  e,) are denoted  by -rcT and 
-rr , depending on whether 82  - e l  o r  O 2  i s  cons idered   f ixed .   These   op t i -  
mum t h r u s t   a n g l e s  and  corresponding minimum d imens ion le s s   de r iva t ives   o f   t h rus t -  
p roduced   ve loc i ty   impu l se   w i th   r e spec t   t o   o rb i t a l   r ad ius  are obtained from 
equat ions (5) and  (6)   with  reference  to   equat ions (4)  and  (13).  For  fixed 
cen t r a l   ang le ,  e2 - el, it i s  found  tha t  

(1 + e cos  €I1)sin A0 
t a n  - - - 2(1 - cos A @ )  - e s i n  A0 s i n  81 (22) 

and 
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1"2 dVTr  1 + e  cos O 2  "- - +  - 

u1 dr2 
. -  ." . .~ -~ .-  - 
~ ~ - .  . . .  ~ ~. ." 

A211 - cos At3).  - e sin At3 sin e l ]  + (1 + e cos  sin2 At3 2 

or 

In  the  case  of  fixed  true  anomaly, e2 ,  it  is  found  that 

(1 + e cos B1)sin e l  cos e 2  
tan T~ = - 

2(1 - cos e l  cos e,) + e sin2 e l  cos e 2  

and 

or 

Alternate  formulations  of  these  minimum  thrust  requirements  for  orbital 
radius  correction  are  given  in  appendix B. Formulas for the  special  cases  of 
apocenter-radius  and  pericenter-radius  correction  are  listed  in  appendix D. 
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Cor rec t ion   o f   e l apsed   f l i gh t   t ime . -  The t h r u s t   a n g l e s   r e s u l t i n g   i n   m i n i -  
mum r e q u i r e d   t h r u s t   f o r  making a cocryc t ion  a t  a g i v e n   p o i n t   ( r l ,  0 , )  along 
an o r b i t   o f   t h e   e l a p s e d   f l i g h t  time t o  a second  point  (r2, e 2 )  are denoted by 
T t  and - r t f y  depending on whether 0 2  - o r  e2 i s  considered  f ixed.   These 
optimum t h r u s t   a n g l e s  and  corresponding minimum dimens ionless   der iva t ives   o f  
t h rus t -p roduced   ve loc i ty   impu l se   w i th   r e spec t   t o   e l apsed   f l i gh t   t ime  are 
obtained  from  equations (5) and ( 6 )  wi th   r e fe rence   t o   equa t ions  (4) and  (15). 
For f i x e d   c e n t r a l   a n g l e ,  0 2  - 81,  it  is found  tha t  

and 

x2 B cos O 1  + Ke s i n  
t a n  T t  = - - - X1 A - B(2 + e c o s   8 l ) s i n  0 1  ( 2 6 )  

1 + e cos 0 1  + K(l + e cos 0 , )  

t 2  - t l  dVT+ t 2  - t l  e / ( l  + e cos e l )  

where X I ,  X 2 ,  A ,  B y  and K are func t ions   o f  e ,  e l ,  and 02 prev ious ly  
defined  with  equation  (15).   In  the  case  of  f ixed  true  anomaly, 0 2 ,  t h e   o p t i -  
mum thrus t   requi rements   a re   the  same as those  above  except   that  B i s  
rep laced  by B ’ .  F o r   p a r a b o l i c   o r b i t s  K i s  indeterminate  and i s  rep laced  
by i t s  l imi t ing   va lue ,  L ,  g iven   wi th   equat ion   (15) .   For   c i rcu lar   o rb i t s  
equat ions ( 2 6 )  and (27)  i n   t h e   c a s e   o f   f i x e d   c e n t r a l   a n g l e   r e d u c e   t o   t h e  
l imit ing  forms 

t an  T = 2 (1 - COS A0) 
t 3 A0 - 4 s i n  A8 

and 

with  dependence  only on t h e   c e n t r a l   a n g l e ,  A0. The th rus t   r equ i r emen t s   fo r  
c o r r e c t i o n   o f   e l a p s e d   f l i g h t  time w i t h   f i x e d   t r u e  anomaly a t  t he   t e rmina l  
p o i n t   a r e  ambiguous f o r   e x a c t l y   c i r c u l a r   o r b i t s ,   s i n c e   t h e   t r u e  anomaly i s  
undefined . 

In   gene ra l ,   co r rec t ion  of   e lapsed  f l ight   t ime  with  the  above min’mum 
t h r u s t   s p e c i f i c a t i o n s  will r e s u l t   i n  a change i n   t h e   o r b i t a l   r a d i u s  a t  t h e  
t e rmina l   po in t .  However, t h e r e  i s  one d i r e c t i o n   i n  which t h r u s t  will not  
change t h e   t e r m i n a l   r a d i u s   ( t o   f i r s t   o r d e r ) .   T h i s   t h r u s t   d i r e c t i o n  i s  normal 
t o   t h a t   r e q u i r e d   f o r  maximizing t h e  change i n   o r b i t a l   r a d i u s .  Thus,   the 
t h r u s t   a n g l e   f o r   c o r r e c t i o n  of e l apsed   f l i gh t   t ime   w i th   i nva r i an t   t e rmina l  
r ad ius  i s  e i t h e r  T o r  T r d ,  depending on whether 0 2  - 01 o r  02  i s  
cons idered   f ixed .  s e s e   t h r u s t   a n g l e s   c a n   b e   e x p r e s s e d  as 
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tan T = -cot T~ r0 

tan T I = -cot -rr 
r O  

where T~ and T~ 1 are  given  by  equations  (22)  and  (24) , respectively. 

equation  (15) , it  is  found tha2 for  fixed  central  angle, e 2  - e l ,  
When  the  thrust  angles T and T?; are  substituted  for T in 

~1 d ( t z  - t l )  4p3/p A s i n  A B  + 2B(cos 82 - cos 81) + K[Ze(sin 8 2  - s i n  8,) + (1 + e2)sin A B ]  

(29a) 
and,  for  fixed  true  anomaly, e2 ,  

t2 - tl dVT rO At3kin2 At3 + 4(1 - cos At3)2 
= &  

v1 d(t2 - tll 3 A0 sin At3 - S(1 - Cos A B )  

with  dependence  only  on  the  central  angle, A B .  The  derivative  expressed  by 
equation  (29b)  is 0 for  perfectly  circular  orbits  but  is  meaningless  in  this 
case  due  to  the  ambiguity  of  the  true  anomaly. 

Alternate  formulations  of  these  thrust  requirements  for  correction  of 
elapsed  flight time are  given  in  appendix  C.  Formulas  for  the  special  cases 
of  correction of flight time to  apocenter and pericenter  are  listed  in 
appendix E. 

Thrust  Requirements  for  Simultaneous  Correction  of 
Two  Orbital  Parameters 

In  general,  it  is  possible  to  correct  two  independent  orbital  elements 
or  parameters  with  a  single  application  of  impulsive  thrust,  since  two  inde- 
pendent  scalar  quantities  are  required  to  define  the  corrective  thrust  vector 
in  the  orbital  plane.  The  specification of the  corrective  thrust  vector  in 
terms of the  thrust  angle, T ,  and  the  thrust  magnitude, AVTy is  obtained  from 
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t he   s imu l t aneous   so lu t ion   o f   t he   pe r tu rba t ion   expres s ions   fo r   t he  two  param- 
e ters .  Two d i f f e r e n t   f o r m u l a t i o n s   f o r  T and AV, based on the   u se   o f  
equat ions (4) and (8) are developed  below. 

Genera l   formula t ion   of   th rus t   requi rements . -   Cons ider  two independent 
o rb i t a l   pa rame te r s ,  P1 and P,, r e q u i r i n g   c o r r e c t i o n s  6P1 and 6P2. From 
equat ion (4b) it f o l l o w s   t h a t  

6P1 6P2 
AV, = - - 

(agl /aus)cos T + (ag l /avs)s in  T (ag2/aus)cos T + (ag2/avs)s in  T 

where us and  vs are the   ho r i zon ta l  and v e r t i c a l   ( r a d i a l )  components o f   t he  
v e h i c l e   v e l o c i t y  a t  t he   t ime   o f   t h rus t ing .  When t h e s e  two equat ions are 
s o l v e d   f o r  T and AV,, it i s  found  tha t  

and r- 

AV, = 

I t  i s  t o   b e   n o t e d   t h a t  two v a l u e s   o f   t h r u s t   a n g l e   d i f f e r i n g  by  180" a r e  
obtained  from  equation  (30).  The value  of T cor responding   to  a p o s i t i v e  
value  of  AVT i s  t h a t   f o r  which the   s ign   o f  (ag./aus)cos T + (ag j /avs)s in  T 
i s  e q u a l   t o   t h e   s i g n  of 6 P . .  The c o n d i t i o n   f o r  {he  two o rb i t a l   pa rame te r s  
being  independent i s  t h a t   t i e   d e n o m i n a t o r   i n   e q u a t i o n  (31) is  not 0 .  In  gen- 
e r a l ,  two parameters  which are usual ly   independent   can become dependent a t  one 
o r  more p o i n t s  on an   o rb i t .   These   po in t s   a r e   spec i f i ed  by the   cond i t ions  
under  which  the  denominator  of  equation  (31) i s  0 .  

An al ternate   formulat ion  of   the  thrust   requirement   for   s imultaneous 
cor rec t ion   of  two independent   orbi ta l   parameters  may be   ob ta ined   in   t e rms   of  
optimum t h r u s t   a n g l e s  and minimum der iva t ives   o f   th rus t -produced   ve loc i ty  
impulse  with  respect   to   each  of   the  parameters .  From equat ion (8) it fol lows 
t h a t  
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where T* and T* are  the  optimum  thrust  angles  and  dVT*,  /dP1  and 
1 2 

dV, /dP2  are  the  minimum  derivatives.  When  these  two  equations  are  solved 

for T and  AVT,  it  is  found  that 
*2 

AVT*, COS T* - AVT*,  cos T* 
2 1 

and 

where 

A tan T = L 

AVT  sin T, - AVT  sin T* 
*2 1 "1 2 

This  thrust  requirement  can  be  expressed  more  concisely  as 

AvT - AvT COS(T - T ) 
* 2  * "2 1 

"1 

tan(T - T * ~ )  = 

AvT* sin(T* - T ) 
2 * 1  

(34) 

and 

AvT 
AVT = "1 

(35) 
COS(T - T ) 

*1 

As before,  two  values  of T differing  by  180"  are  obtained  from  either  equa- 
tion (32) or equation ( 3 4 ) .  The  value  of T corresponding  to  a  positive 
value of AVT is  that  for  which I T  - T* I or I T  - T* I is  less  than 90". 
The  condition  for  the  two  orbital  parameters  being  independent  is  that  the 
optimum  thrust  directions  for  correction  of  the  two  parameters  separately  do 
not  coincide. It is  also  to  be  noted  that  when  the  required  correction  in  one 
of  the  parameters  is 0, the  thrust  specification  is  in  the  direction  which,  to 
first  order,  does  not  change  this  parameter. Thus, the  thrust  requirement  in 
this  case  is  different  from  the  minimum  thrust  requirement  for  correction  of 
the  other  parameter  singly. 

1 2 
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Geometric  interpretation of results.-  A  geometric  interpretation of the 
results  obtained  above  for  computing  the  single  velocity  impulse  required  to 
correct  two  different  orbital  parameters  using  their  minimum  thrust.require- 

Sketch (b) 

velocity  vector  for  simultaneous  correction 
defined . 

ments  is  obtained  from  cons-idera- 
tion of the  vector  diagram 
presented  in  sketch (b) . As  is 
indicated  in  this  sketch,  the 
required  velocity  impulse  may  be 
resolved  into  either  of  two  par- 
ticular  pairs of orthogonal  com- 
ponents.  One of the  two  components 
in  each  pair  is  in  the  thrust 
direction  required  for  maximum 
change of one  of  the  two  param- 
eters  being  corrected.  The  other 
component  in  each  pair,  being 
orthogonal  to  the  first,  has no 
effect,  to  first  order, on the 
pertinent  parameter.  Thus,  it  is 
clear  that,  when  the  two  thrust 
directions for maximum  thrust 
effectiveness  in  the  case of the 
two  parameters  are  specified 
along  with  the  velocity  impulses 

AvT*l and AvT* 
required  in  these 

2 
respective  directions  to  correct 
each  parameter  separately,  the 
of  the  two  parameters  is  uniquely 

From  sketch (b)  it  is  apparent  that  the  thrust  vector  for  simultaneous 
correction of two  parameters  can  be  easily  obtained  graphically  from  the  mini- 
mum  thrust  vectors  for  correction of the  two  parameters  separately.  All  that 
is  required  is  the  erection of perpendiculars  to  the  ends of these  minimum 
thrust  vectors.  The  intersection of these  perpendiculars  is  the  terminus of 
the  desired  single  thrust  vector  correcting  both  parameters  simultaneously. 

Also  indicated i n  the  vector  diagram of sketch (b) is  the  geometric 
basis f o r  the  relations  expressed  in  equations (34) and ( 3 5 ) .  It  can  easily 
be  shown  that,  as  is  indicated,  the  angle T - T* between  the  vectors of 
magnitude AV, and AV, is  the  same  as  the  angle  between  the  line  joining 

the  ends of the  vectors  of  magnitude 
to  the  vector of magnitude AVT . With this  correspondence  in  angles  the 
relation  given  by  equation (34) 1s readily  obtained. 

1 

*1 

AvT* 1 and 
and  the  perpendicular 

" 2  

*? 

22  



RESULTS  AND  DISCUSSION 

Graphical  Presentation  of  Results 

Minimum  thrust  requirements  for  correcting  various  orbital  parameters 
are  presented  in  figures  2  through 8 .  These  results  are  given  in  dimension- 
less  form  and  can  be  used  for  analyzing  thrust-perturbed  orbital  motion 
around  any  celestial  body.  The  formulas  comprising  the  minimum  thrust  require- 
ments  (optimum  thrust  angle  and  minimum  derivative of  thrust-produced  velocity 
impulse  with  respect  to  the  parameter  of  interest)  are  listed  in  table  I  for 
convenience.  These  thrust  specifications  are  generally  expressed  as'  functions 
of  the  eccentricity of orbit  and  the  true  anomaly  at  the  thrusting  point. 
Values  of  eccentricity  from 0 to m have  been  considered  as  well  as  the full 
range  of  positive  values  of  true  anomaly. 

Optimum  correction  of  semimajor  axis  or  period.-  The  minimum  thrust 
requirements  for  correcting  the  semimajor  axis  of  various  orbits  are  presented 
in  figure  2.  They  are  proportional  to  those  for  correcting  the  period  of 
orbit.  The  optimum  thrust  angle  for  increasing  both  the  semimajor  axis  and 
the  period  is  equal  to  the  flight-path  angle.  Thrust  in  the  opposite  direc- 
tion  maximizes  the  reduction  of  these  parameters.  The  variation  of  the  flight- 
path  angle  with  true  anomaly  is  presented  in  figure 2(a) for  various  values 
of  eccentricity.  The  extreme  values  of  flight-path  angle  for  elliptic  orbits 
occur  at  the  two  midpoints of  orbit  (where  the  orbital  radius  is  equal  to  the 
semimajor  axis  and  the  local  velocity  is  equal  to  the  local  circular  speed). 
The  variation  with  true  anomaly  of  the  minimum  dimensionless  derivative2  of 
thrust-produced  velocity  impulse  with  respect  to  the  semimajor  axis  is  pre- 
sented  in  figure 2(b). The  corresponding  minimum  derivative  with  respect  to 
the  period  of  orbit  is  obtained  by  applying  the  factor  2/3  to  the  derivatives 
indicated  in  this  figure. It is  seen  that  the  minimum  local  values  of  these 
derivatives  occur  at  pericenter  and  the  maximum  at  the  point  of  greatest 
orbital  radius. For elliptic  orbits  the  values  of  either  derivative  at 
apocenter  and  pericenter  differ  by  the  factor (1 + e)/(l - e). 

Optimum  correction  of  eccentricity.-  The  minimum  thrust  requirements  for 
correcting  the  eccentricity  of  various  orbits  are  presented  in  figure  3.  From 

2 T h e s i o n l e s s  derivative  shown  in  figure 2(b) has  been  normalized 
with  the  circular  orbital  speed  at  pericenter, Vc . This  dimensionless  form 
is  obtained  by  multiplying  equation  (17a)  by  the  factor 

. . . . . .. - . ~ . ~ / .  - 

P 

Vl /i + 2e  cos e l  + e2 

v , =  J l + e  
P 

Since vcP 
is  constant  for  a  given  orbit  and  is  the  same  for  all  orbits 

having  the  same  value  of  pericenter  radius,  the  orbital  position  of  absolute 
minimum  thrust  for  correction  of  semimajor  axis  is  obtained  from  figure 2(b) 
along  with  a  comparison  of  minimum  thrust  requirements  for  various  orbits 
having  a  common  pericenter. 
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f igu re   3 (a )  it is  s e e n   t h a t   f o r   e l l i p t i c   o r b i t s   t h e  optimum t h r u s t   a n g l e   f o r  
i n c r e a s i n g   e c c e n t r i c i t y   v a r i e s  from 0 a t  p e r i c e n t e r   t o  180" a t  apocenter .  I t  
i s  n o t e d   t h a t   t h e   v a r i a t i o n   o f  T with 01 shown f o r  e + 0 is n o t   v a l i d  
f o r   e x a c t l y   c i r c u l a r   o r b i t s   f o r   w h c h  -ce i s  0 o r  180" a t  a l l  p o i n t s  on t h e  
o r b i t .  The optimum t h r u s t   d i r e c t i o n   f o r   p a r a b o l i c   o r b i t s  i s  a l o n g   t h e   f l i g h t  
path;  f o r  h y p e r b o l i c   o r b i t s  it v a r i e s  from a l o n g   t h e   f l i g h t   p a t h  a t  p e r i c e n t e r  
t o  normal t o   t h e   f l i g h t   p a t h  at i n f i n i t e   r a d i a l   d i s t a n c e .  

The v a r i a t i o n   w i t h   t r u e  anomaly o f   t he  minimum d imens ion le s s   de r iva t ive  
o f   t h rus t -p roduced   ve loc i ty   impu l se   w i th   r e spec t   t o   t he   eccen t r i c i ty  is pre-  
s e n t e d   i n   f i g u r e   3 ( b ) .  I t  i s  s e e n   t h a t   t h e  minimum l o c a l   v a l u e   o f   t h i s   d e r i v -  
a t i v e   f o r   e l l i p t i c  and p a r a b o l i c   o r b i t s   o c c u r s  a t  p e r i c e n t e r   w i t h   t h e  maximum 
loca l   va lue   occu r r ing  a t  o r  near   the   midpoin ts   o f   the   o rb i t .   For   hyperbol ic  
o rb i t s   t he   de r iva t ive   t ends   t oward  0 as the   o rb i ta l   rad ius   t ends   toward   in f in-  
i t y .   I n   t h e  case o f   n e a r l y   c i r c u l a r   o r b i t s   t h e   a b s o l u t e   v a l u e   o f  
( 1 / V  )(dV  /de)  varies  from  about 0 .5  a t  apocenter   and   per icenter   to   about  

1 .0  a t  t h e   m i d p o i n t s   o f   o r b i t .   T h i s   d e r i v a t i v e   h a s  a cons tan t   va lue   o f  0.5 
a t  a l l  p o i n t s   f o r   e x a c t l y   c i r c u l a r   o r b i t s .  

Cp T e  

Optimum correct ion  of   t rue  anomaly.-  The minimum th rus t   r equ i r emen t s   fo r  
c o r r e c t i n g   t h e   t r u e  anomaly ( i . e . ,   f o r   s l i g h t   r o t a t i o n   o f   t h e   l i n e   o f   a p s i d e s  
w i t h i n   t h e   o r b i t a l   p l a n e )  are p r e s e n t e d   i n   f i g u r e   4 .  From f i g u r e   4 ( a )  it i s  
s e e n   t h a t   t h e  optimum t h r u s t   a n g l e   f o r   i n c r e a s e   o f   t r u e  anomaly v a r i e s  from 
-90" a t  p e r i c e n t e r   t o  0 a t  the   l a tus   rec tum  and  i s  r a t h e r   i n s e n s i t i v e   t o   v a r i a -  
t i o n s   i n   e c c e n t r i c i t y   i n   t h i s   r e g i o n .   I n   t h e   t r u e  anomaly range beyond 90" 
t h e  optimum t h r u s t   a n g l e   i n c r e a s e s   t o  90" a t  a p o c e n t e r   f o r   e l l i p t i c   o r b i t s  
and r e t u r n s   t o  0 as t h e   r a d i a l   d i s t a n c e  becomes i n f i n i t e l y   l a r g e   f o r  
h y p e r b o l i c   o r b i t s .  

The v a r i a t i o n   w i t h   t r u e  anomaly of t h e  minimum d imens ion le s s   de r iva t ive  
of   th rus t -produced   ve loc i ty   impulse   wi th   respec t   to   t rue  anomaly i s  presented  
i n   f i g u r e   4 ( b ) .  For e l l i p t i c   o r b i t s   t h e  minimu;m v a l u e   o f   t h i s   d e r i v a t i v e  
occurs  a t  o r  nea r   t he   midpo in t   o f   t he   o rb i t   w i th  a l o c a l  maximum occurr ing  a t  
bo th   apocenter   and   per icenter .   For   parabol ic   and   hyperbol ic   o rb i t s   the  
abso lu te   va lue   o f   t h i s   de r iva t ive   dec reases   mono ton ica l ly   w i th   i nc reas ing  
a b s o l u t e   v a l u e   o f   t r u e  anomaly a t  t h e   t h r u s t i n g   p o i n t .  

Optimum c o r r e c t i o n   o f   o r b i t a l   r a d i u s . -  The minimum thrus t   requi rements  
fo r   co r rec t ing   apocen te r  o r  p e r i c e n t e r   r a d i u s  are p r e s e n t e d   i n   f i g u r e  5 .  The 
optimum t h r u s t   d i r e c t i o n   f o r   c o r r e c t i n g   e i t h e r   o f   t h e s e   r a d i i   ( f i g .   5 ( a ) )  
v a r i e s  from t h e   h o r i z o n t a l   t o   t h e   v e r t i c a l  as t h e   p o i n t   o f   t h r u s t   a p p l i c a t i o n  
moves toward   t he   po in t   o f   o rb i t a l   r ad ius   co r rec t ion  from the   oppos i t e   po in t  on 
t h e   o r b i t .  Good approximations  of  the optimum t h r u s t   d i r e c t i o n s   i n   t h e  two 
cases   a r e   ava i l ab le   a long   ce r t a in   po r t ions   o f   t he   o rb i t .  When r l / r  << 1 
t h e  optimum t h r u s t   d i r e c t i o n   f o r   c o r r e c t i n g   a p o c e n t e r   r a d i u s  i s  nearfy  a long 
t h e   f l i g h t   p a t h ,  and when rl/rp >> 1 t h e  optimum t h r u s t   d i r e c t i o n  f o r  c o r r e c t -  
i ng   pe r i cen te r   r ad ius  is  nea r ly   ho r i zon ta l   ( c f .   append ix  D ,  eqs .  (D5) and 
(D6) 1 

The v a r i a t i o n   w i t h   t h r u s t i n g - p o i n t   t r u e  anomaly, 81, of t h e  minimum 
dimens ionless   der iva t ive   o f   th rus t -produced   ve loc i ty   impulse   wi th   respec t   to  
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apocenter o r  pericenter  radius  is  presented  in  figure 5(b). In  both  cases 
this  derivative  decreases  monotonically  with  increasing  angular  separation 
between  the  thrusting  and  correcting  points  and  attains  an  absolute  minimum 
at  the  opposite  point  on  the  orbit. 

The  minimum  thrust  requirements  for  correcting  orbital  radii  at  the  apses 
are  special  cases  of  the  minimum  thrust  specifications  for  correcting  any 
orbital  radius, ' 2 .  These  general  results  for  correcting  orbital  radius  are 
given  by  equations (22) and (23) for  fixed  central  angle, 02  - 0 1 ,  between 
the  thrusting  and  correction  points,  and  by  equations (24) and (25) for  fixed 
true  anomaly, 0 2 ,  at  the  correction  point.  The  thrust  requirements  obtained 
from  these  expressions  are  the  same  when  the  orbital  radius  to  be  corrected  is 
at  one  of  the  apses. 

It can be shown  from  equation (22) that  the  optimum  thrust  direction  for 
correcting  orbital  radius  at  fixed  central  angle  from  the  thrusting  point 
varies  from  the  horizontal  to  a  direction  normal  to  the  flight  path  as  the 
central  angle  is  reduced  from  its  maximum  value  to 0. The  thrust  point  loca- 
tion  on  the  orbit  for  the  absolute  minimum  thrust  requirement,  however,  does 
not  generally  occur  at  maximum  angular  separation  from  the  orbital  radius  to 
be  corrected,  as  is  the  case  for  correcting  the  apses.  This  optimum  thrust 
point  location,  in  terms  of  the  optimum  central  angle, 0 2  - 0 1 * ,  is  presented 
in  figure 6 as a  function  of  the  true  anomaly of the  orbital  radius  to  be 
corrected, e 2 .  In  general,  the  point  of  minimum  required  thrust  along  the 
orbit  is  disposed  toward  apocenter  from  the  nadir  of  the  correction  point 
(i.e.,  point  of  maximum  angular  separation  where e 2  - 8 1  = 180").  In  the 
case  of  parabolic  and  hyperbolic  orbits  the  optimum  thrust  point  is  located  at 
infinite  radial  distance. 

The  abrupt  change  in  location  of  the  minimum  thrust  point  indicated  in 
figure 6 at the  higher  values  of  eccentricity  can  be  explained  in  terms  of  the 
locations of the  thrusting  and  corre-tion  points  relative  to  the  midpoints  of 
orbit. It is  found  in  all  cases  that  the  minimum  thrust  point  moves  toward 
pericenter  as  the  point of orbital  radius  correction  approaches  apocenter.  At 
some  value of e 2  the  absolute  values  of 01*  and e 2  are  equal  as  indicated 
in  figure 6. When  this  equality  occurs  in  the  inner  part  of  the  orbit  as 
delineated  by  the  minor  axis  (i.e.,  with rl = r2 < a), there  is  a  smooth 
progression  of  the  minimum  thrust  point  toward  pericenter  as  the  absolute 
value  of e2 increases.  When  this  equality  occurs  in  the  outer  part  of  the 
orbit  (i.e.,  with r1 = r2 > a), the  minimum  thrust  point  suddenly  shifts 
toward  pericenter  as  the  absolute  value  of 8 2  increases.  This  effect  is 
shown  in  the  curves  for  the  higher  values  of  eccentricity  in  figure 6. It is 
indicated  that  simultaneous  midpoint  locations  of  the  minimum  thrust  and COT- 
rection  points  occur  for  an  orbit  of  eccentricity  about  0.7. 

The  absolute  minimum  thrust  specifications  for  correction  of  orbital 
radius  presented  in  figure 7 were  obtained  from  equations (22) and (23) using 
the  optimum  values of 8 1  indicated  in  figure 6 .  In  figure 7(a) the  optimum 
thrust  angle  results  reflect  the  discontinuous  changes  in  optimum  thrust  point 
location  shown  in  figure 6. The  effects  of  these  changes  in  the  location  of 
the  optimum  thrust  point  are  less  apparent  in  the  minimum  velocity  impulse 
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d e r i v a t i v e   r e s u l t s  shown i n   f i g u r e   7 ( b ) .  The primary effect is t h a t   t h e  
cu rves   l eve l   o f f   r a the r   ab rup t ly  a t  t h e   h i g h e r   v a l u e s   o f   e c c e n t r i c i t y .  

For c o r r e c t i o n  of o r b i t a l   r a d i u s  a t  f i x e d   t r u e  anomaly, t h e  optimum 
th rus t   ang le  is 0 when t h e   l o c a t i o n   o f   t h e   t h r u s t   p o i n t  is a t  e i t h e r   a p s i s .  
From equat ion (25) it i s  found  tha t   the   absolu te  minimum thrus t   requi rement  
occurs  a t  m e  o r  the   o the r   aps i s ,   depend ing  on   whether   the   po in t   o f   o rb i ta l  
r ad ius   co r rec t ion  i s  on t h e   i n n e r  o r  t h e   o u t e r   h a l f   o f   t h e   : ' o r b i t .  For c o r r e c t -  
i n g   o r b i t a l   r a d i i  on t h e   i n n e r   h a l f  (r2 < a ) ,   t h e  optimum t h r u s t   l o c a t i o n  i s  
a t  a p o c e n t e r ,   a n d   f o r   c o r r e c t i n g   o r b i t a l   r a d i i  on t h e   o u t e r   h a l f  ( r 2  > a) t h e  
optimum t h r u s t   l o c a t i o n  i s  a t  per icenter .   Absolu te  minimum va lues   o f   t he   ve l -  
oc i ty   impulse   der iva t ive   g iven   by   equat ion  (25) and  based on apocenter  o r  p e r i -  
c e n t e r   l o c a t i o n   o f   t h e   t h r u s t   p o i n t  are i n d i c a t e d  by the   dashed   curves   in  
f i g u r e   7 ( b ) .  I t  is n o t e d   t h a t   t h e   v a l u e s   o f   t h i s  minimum d e r i v a t i v e   f o r   c o r -  
r ec t ion   o f   apocen te r  o r  p e r i c e n t e r   r a d i u s  are t h e  same as those   p re sen ted   fo r  
t h e  case o f   f i xed   cen t r a l   ang le .  

C o r r e c t i o n   o f   e l a p s e d   f l i g h t  time.- Thrus t   requi rements   for   cor rec t ing  
t h e   e l a p s e d   f l i g h t  time t o   p e r i c e n t e r  are p r e s e n t e d   i n   f i g u r e s  8 and 9 .  The 
r e s u l t s   p r e s e n t e d   i n   f i g u r e  8 are minimum t h r u s t   r e q u i r e m e n t s   f o r   c o r r e c t i n g  
f l i g h t   t i m e   w i t h   n o   c o n s t r a i n t  on p e r i c e n t e r   r a d i u s ,  and t h o s e   i n   f i g u r e  9 
are t h r u s t   r e q u i r e m e n t s   f o r   c o r r e c t i n g   f l i g h t   t i m e   w i t h   f i x e d   o r b i t a l   r a d i u s  
a t  t he   t e rmina l   po in t .   I n   bo th   ca ses  two d i f f e r e n t   t h r u s t   s p e c i f i c a t i o n s  are 
shown f o r   t h e   c o n s t r a i n t s   o f   f i x e d   c e n t r a l   a n g l e ,  82 - 8 1 ,  and f i x e d   t r u e  
anomaly, 82, a t  the   t e rmina l   po in t .  

I n   f i g u r e  8 are shown t h e   v a r i a t i o n   w i t h   t h r u s t i n g   p o i n t   t r u e  anomaly, 
81, of   bo th   the  optimum t h r u s t   a n g l e s ,  T t  and T t l ,  and the  corresponding min- 
imum dimens ionless   der iva t ives   o f   th rus t -produced   ve loc i ty   impulse   wi th  res- 
p e c t  t_o e l a p s e d   f l i g h t   t i m e   t o   p e r i c e n t e r .  I t  i s  clear from f i g u r e   8 ( a )   t h a t  
t h e  optimum t h r u s t   d i r e c t i o n s   i n   t h e  two cases tend  toward  and  normal t o   t h e  
f l i gh t -pa th   d i r ec t ion   i ndependen t   o f   eccen t r i c i ty  as t h e   t h r u s t i n g   p o i n t  
approaches  per icenter .   There i s  s e e n   t o   b e  less v a r i a t i o n   o f   t h e   t h r u s t   a n g l e  
T wi th   eccen t r i c i ty   t han   o f   t he   t h rus t   ang le  T t ' .  I t  i s  shown t h a t   t h e  two 
thrust   angles   tend  toward  the same v a l u e s   f o r   t h e   h i g h e r   v a l u e s   o f   e c c e n t r i c i t y  
as the   angu la r   s epa ra t ion   and ,   t he re fo re ,   t he   r ad ia l   d i s t ance  from p e r i c e n t e r  
i nc rease .  From f igu re   8 (b )  it i s  s e e n   t h a t   t h e  minimum dimensionless   der iva-  
t ives   tend  toward  uni ty   and 0 f o r   t h r u s t  a t  angles  -rt and T t l ,  r e s p e c t i v e l y ,  
as p e r i c e n t e r  i s  approached. A s  f o r   t h e  optimum t h r u s t   a n g l e ,   t h e r e  i s  l e s s  
v a r i a t i o n   o f   t h e  minimum d e r i v a t i v e   w i t h   e c c e n t r i c i t y  f o r  t h r u s t  a t  angle  T t  

t h a n   f o r   t h r u s t  a t  angle  T t l .  I t  i s  appa ren t   t ha t   t he  two de r iva t ives   t end  
toward  the same v a l u e s   f o r   t h e   h i g h e r   v a l u e s   o f   e c c e n t r i c i t y  as t h e   d i s t a n c e  
from p e r i c e n t e r   i n c r e a s e s .  

t 

Somewhat similar e f f e c t s   a r e   t o   b e   s e e n   i n   t h e   r e s u l t s   p r e s e n t e d   i n  
f i g u r e  9 f o r   c o r r e c t i o n   o f   t h e   e l a p s e d   f l i g h t  time t o   p e r i c e n t e r   u n d e r   t h e  
c o n s t r a i n t   o f   f i x e d   p e r i c e n t e r   r a d i u s .   I n   t h i s   c a s e   t h e   t h r u s t   a n g l e s  T 

and T are equal  and b o t h   d i f f e r  by 90" from the   va lues  of T~ g iven   i n  
f igure   5 (a) .   Al though  the   d imens ionless   der iva t ives   a l so   t end  &ward u n i t y  
as p e r i c e n t e r  i s  approached   under   the   cons t ra in t   o f   f ixed   een t ra l   angle ,   they  
t end   t oward   f i n i t e   va lues   o the r   t han  0 unde r   t he   cons t r a in t  of f i x e d   t r u e  

rO 

rO 
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I I 

anomaly a t  the   t e rmina l   po in t .  However, as i n   t h e   r e s u l t s   o f   f i g u r e  8 t h e  
d imens ion le s s   de r iva t ives   fo r   t he  two d i f f e r e n t   t e r m i n a l   c o n s t r a i n t s   t e n d  
toward  the same values  as the   angu la r   s epa ra t ion  from p e r i c e n t e r  increases. 

Applicat ion  of  Minimum-Thrust R e s u l t s   t o   I n t e r p l a n e t a r y  Guidance 

The guidance  problems  considered  here   occur   during  interplanetary 
missions when t h e   s p a c e c r a f t   h a s   n o t  been p r e c i s e l y   i n j e c t e d   i n t o   t h e   p l a n n e d  
t r a n s f e r   o r b i t ,  and   subsequent   f l igh t -pa th   cor rec t ions  are needed. I t  i s  con- 
ven ien t   t o   s epa ra t e   gu idance   fo r   such   mi s s ions   i n to  a midcourse  phase  and  an 
approach  phase  depending  on  whether  the  vehicle is o u t s i d e   o r   i n s i d e   t h e  
s p h e r e   o f   i n f l u e n c e   o f   t h e   t a r g e t   p l a n e t .  When the  guidance i s  based on t h e  
use  of a r e f e r e n c e   t r a j e c t o r y ,  it i s  termed  implici t   guidance i n  c o n t r a s t   t o  
exp l i c i t   gu idance   fo r  which  no reference t r a j e c t o r y  i s  r equ i r ed .  

During the   midcour se   phase   f l i gh t -pa th   co r rec t ions  are made t o   e n s u r e  
t h a t   t h e   s p a c e c r a f t  is on a c o l l i s i o n   c o u r s e   w i t h   t h e   t a r g e t   p l a n e t   o r  a po in t  
s l i g h t l y  removed  from t h e   p l a n e t .  Both f ixed  and v a r i a b l e  time of a r r i v a l  
gu idance   have   been   cons idered   for   th i s   purpose   (e .g . ,  see refs. 8-14) .   In   the 
case   o f   impl ic i t   gu idance   there  i s  l i t t l e   d i f f e r e n c e   i n   t h e   g u i d a n c e  computa- 
t ions   whether   the  time o f   p l ane t   i n t e rcep t  i s  cons ide red   f i xed   o r   va r i ab le .  
I n   e i t h e r   c a s e  it is  n e c e s s a r y   t o  know the   f l i gh t -pa th   dev ia t ions  from t h e  
r e f e r e n c e   t r a j e c t o r y  a t  o r   nea r   t he   t e rmina l   po in t .  

Dur ing   the   approach   phase   f ina l   cor rec t ions   o f   the   vehic le   f l igh t   pa th  
a r e  made p r i o r   t o   a c t u a l   i n t e r c e p t i o n   o f   t h e   t a r g e t   p l a n e t .  Along with  cor-  
r e c t i o n   o f   t h e   o r b i t a l   p l a n e ,   c o n t r o l   o f   t h e  time and /o r   l oca t ion   o f   pe r i -  
c e n t e r   i n  a p l a n e t o c e n t r i c  frame of   re fe rence  will usual ly   be  required.   For  
th i s   pu rpose  a form  of   f ixed   rad ius   o f   per icenter   gu idance ,   based  on t h e   i n -  
p l ane   pe r i cen te r   dev ia t ions  from a r e f e r e n c e   t r a j e c t o r y ,  may be  used. As i s  
the  case  whenever   impulsive  thrust   correct ions  are   appl ied,   three  e lements   or  
parameters   o f   the   o rb i t   can   be   cor rec ted   wi th   each   appl ica t ion   of   th rus t .  

The manner i n  which t h e  minimum t h r u s t   r e s u l t s   o f   t h e   p r e s e n t   a n a l y s i s  
apply   to   severa l   spec i f ic   types   o f   impl ic i t   gu idance   dur ing   the   midcourse  and 
approach   phases   o f   in te rp lane tary   f l igh t  i s  next   descr ibed .   In   bo th   phases  
only   the   in -p lane   components   o f   the   to ta l   requi red   th rus t   cor rec t ion  are con- 
s idered ,   s ince   the   ou t -of -p lane   cor rec t ions   cont ro l l ing   the   p lane   o f   o rb i t   a re  
generally  independent o f  t he   i n -p l ane   co r rec t ions  and  can  be  treated  sepa- 
r a t e l y .  I t  is  assumed tha t   nav iga t ion   i n fo rma t ion  i s  a v a i l a b l e  as t o   t h e   i n -  
p l ane   f l i gh t -pa th   dev ia t ions   o f   t he   uncor rec t ed   spacec ra f t   o rb i t  from t h e  
r e f e r e n c e   t r a j e c t o r y  a t  the   t e rmina l   po in t .  A summary of   the  guidance 
computa t ions   ou t l i ned   i n   t h i s   s ec t ion  i s  p r e s e n t e d   i n   t a b l e  11. 

Midcourse  guidance.-   During  the  midcourse  phase  of   interplanetary  f l ight  
t h e  spacecraft i s  between the   spheres   o f   in f luence   o f   the   l aunch  and t a r g e t  
p l ane t s .   Fo r   t h i s   phase  of f l i g h t   t h e   s p a c e c r a f t  motion r e l a t i v e   t o   t h e  Sun 
i s  e s s e n t i a l l y  two-body planar   motion so t h a t   t h e   f i r s t - o r d e r  minimum t h r u s t  
r e l a t i o n s h i p s   o f   t h e   p r e s e n t   a n a l y s i s  are s u i t a b l e   i n   c o n n e c t i o n   w i t h   l i n e a r  
guidance  about a r e fe rence   t r a j ec to ry .   Th i s   gu idance  may be such as t o   r e s u l t  
i n   i n t e r c e p t i o n   o f   t h e   t a r g e t   p l a n e t  a t  t h e   r e f e r e n c e   i n t e r c e p t  time ( f ixed  
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time o f   a r r i v a l )  or at  some time be fo re  o r  a f t e r  t h e   r e f e r e n c e   i n t e r c e p t  time 
(va r i ab le  time o f   a r r iva l )   depend ing  on t h e   p a r t i c u l a r   c o n s t r a i n t s   t o   b e  
s a t i s f i e d .  Both cases are  considered  below. 

The gene ra l   s i t ua t ion   p r io r   t o   midcour se   gu idance   ac t ion  i s  i l l u s t r a t e d  
i n   f i g u r e  10  which  shows t h e   o r b i t s   o f   t h e   s p a c e c r a f t  and t h e   p l a n e t  i n  t h e  
v i c i n i t y  of t he   p l anned   i n t e rcep t   po in t .   I n t e rcep t ion   o f   t he   t a rge t   p l ane t  
i s  des igned   to   occur  a t  time t 2  w i th   t he   p l ane t  a t  p o s i t i o n  P,. The uncor- 
r e c t e d   f l i g h t   p a t h   o f   t h e   s p a c e c r a f t  i s  r a d i a l l y   d i s p l a c e d  a d i s t a n c e  6 r 2  
from the   des ign   i n t e rcep t   po in t  and c r o s s e s   t h e   r a d i a l   l i n e   t h r o u g h   t h i s   p o i n t  
a t  a time d i f f e r e n t  by 6 t 2  from the   des ign   va lue .   In   f ixed  time of arrival 
gu idance   t he   i n -p l ane   f l i gh t   pa th   co r rec t ions   r equ i r ed   a r e   p rec i se ly   t hese  
dev ia t ions  from t h e   r e f e r e n c e   t r a j e c t o r y  a t  t h e   t e r m i n a l   p o i n t .  The d i r e c t i o n  
and   magn i tude   o f   t he   i n -p l ane   ve loc i ty   impu l se   r equ i r ed   t o   co r rec t   t he   f l i gh t  
p a t h ,   i n  terms of   the   end-poin t   devia t ions ,  are obtained  from  equations (34)  
and  (35)  expressed as 

The optimum t h r u s t   a n g l e s  T? and T t  a r e   g iven   i n   t he   t ex t  by equat ions (22 )  
and (26)  and t h e  minimum d e r l v a t i v e s  dVT /d r2  and dV / d t 2  by equat ions (23) 

and  (27). The d e r i v a t i v e  dV, /dt ,  is  given by equat ion  (29a)   with  the 

th rus t   ang le  T d i f f e r e n t  from T~ by 90".  I n  a l l   c a s e s   t h e   t h r u s t   a n g l e s  
and d e r i v a t i v e s  are eva lua ted  on t h e   r e f e r e n c e   t r a j e c t o r y .  

r T t  

rO 

r0 

In   var iab le   t ime  of   a r r iva l   gu idance   about  a r e f e r e n c e   o r b i t ,   i n t e r c e p -  
t i on   o f   t he   t a rge t   p l ane t   can   occu r  a t  any point   a long i t s  o r b i t   i n   t h e   v i c i n -  
i t y   o f   t h e  nominal   intercept   point .  Such a po in t  is r ep resen ted   i n   f i gu re  10 
by P,' s epa ra t ed  from the   nominal   in te rcept   po in t ,  P 2 ,  by t h e   c e n t r a l   a n g l e  
68,. The in-p lane  components  of o r b i t   d e v i a t i o n  from p l a n e t   i n t e r c e p t i o n   a t  
po in t  P 2 I  can  be  expressed  in  terms of  t h e  components of dev ia t ion  from 
i n t e r c e p t i o n  a t  po in t  P2 approximately as 

6 t 2 I  = 6 t 2  - - r2 (1 - z) & e 2  
ub 
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where  ys, us and Yb, Ub  are  nominal  values  of  flight-path  angle  and  hori- 
zontal  component  of  velocity  for  the  spacecraft  and  planet,  respectively,  at 
the  nominal  intercept  time,  t2.  With  substitution  of  these  adjusted  values  of 
6r2 and 6t2  in  the  thrust  vector  computation  above,  the  required  in-plane 
corrective  velocity  impulse is obtained  for  interception  of  the  target  planet 
at  point P 2 ' .  It  is  assumed  in  this  procedure  that  the  optimum  thrust  angles 
and  minimum  derivatives  in  the  computation  are  invariant,  to  first  order,  for 
small  values of 6 e 2 .  The  computation  reduces  to  the  fixed-time-of-arrival 
result  when 6 e 2  is 0. 

For given  values  of  the  components  of  deviation, 6r2 and 6t2, from  planet 
interception  at  the  nominal or design  intercept  point, P2, there  is  a  partic- 
ular  value  of 6 0 2  at  each  point  along  the  uncorrected  vehicle  flight  path 
for  which  the  magnitude  of  the  in-plane  corrective  velocity  impulse  for  planet 
interception  is  a  minimum.  This  value  of 6 0 2  is  obtained,  after  introduc- 
tion  of  equation (38) into  equation (37) ,  by  setting  the  derivative  of AV, 
with  respect  to  682  equal  to 0 and  solving  for & e 2 .  It  is  found  that 

dVT r dVT [Dr - Dt COS(T~ - ~ t > l  6r2 + [Dt - Dr COS (Tr - ~t)] dt; 6t2 
60, = "" . . .  """" . . 

Dr2 + Dt2 - 2D D COS (Tr - Tt) r t  

( 3 9 )  

where 

The  in-plane  thrust  requirements  (magnitude  and  direction of  velocity  impulse) 
for  the  minimum-thrust  maneuver  are  obtained  by  simply  inserting  this  value 
of 602 into  the  expressions  for 6r2' and  6t2'  and  substituting  these 
adjusted  terminal  point  deviations  for 61-2 and  6t2  in  equations ( 3 6 )  and 
(37)  - 

Approach  guidance.-  During  the  approach  phase  of  interplanetary  flight 
the  spacecraft  is  within  the  sphere  of  influence  of  the  target  planet.  Here 
the  vehicle  motion  relative  to  the  planet  is  adequately  defined  by  the  two- 
body  equations  of  motion,  and  minimum  thrust  relationships  derived  from  these 
two-body  equations  can  be  used  in  connection  with  linear  guidance  about  a 
reference  trajectory.  The  type  of  implicit  guidance  obtained  is  essentially 
the  same  as  that  given  for  the  midcourse  phase  except  that  additional 
simplification  is  possible. 

Various  forms  of  implicit  guidance  have  been  considered  in  the  literature 
for  the  approach  phase.  These  include  fixed  time  of  arrival  guidance  wherein 
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t h e   s p a c e c r a f t  is cons t r a ined   t o   pas s   t h rough   t he   r e f e rence   t e rmina l   po in t  
( u s u a l l y   p e r i c e n t e r   o f   t h e   r e f e r e n c e   t r a j e c t o r y )  a t  t h e   d e s i g n   a r r i v a l  time. 
I n   t h i s  case co r rec t ive   t h rus t   computa t ions  are i d e n t i c a l   t o   t h o s e   a l r e a d y  
descr ibed   for   th i s   form  of   gu idance   in   the   midcourse   phase .   Al though  the  
p e r i c e n t e r   r a d i u s  is n o t   e x p l i c i t l y   c o n t r o l l e d   w i t h   t h i s   t y p e   o f   g u i d a n c e ,   t h e  
d e v i a t i o n   o f   p e r i c e n t e r   r a d i u s  from i ts  reference va lue  w i l l  u s u a l l y   b e  small, 
and t h e  time of pe r i cen te r   pas sage  will n o t   d i f f e r   g r e a t l y  from t h e   r e f e r e n c e  
a r r i v a l  time. 

When e x p l i c i t   c o n t r o l  of t h e   p e r i c e n t e r   r a d i u s  i s  d e s i r e d ,  some form  of 
f i x e d   r a d i u s  of  per icenter   gu idance  is used.   Along  with  the  constraint  on 
p e r i c e n t e r   r a d i u s  a second  cons t ra in t  must be  imposed t o   u n i q u e l y   d e f i n e   t h e  
in-p lane   cor rec t ive   th rus t   vec tor .   Three   such   secondary   cons t ra in ts  which 
merit cons ide ra t ion  are: (1) minimum c o r r e c t i v e   t h r u s t ,   ( 2 )   f i x e d  time of  
per icenter   passage,   and (3) f i x e d   l o c a t i o n  of p e r i c e n t e r .  The computation of 
in-p lane   cor rec t ive   ve loc i ty   impulse   vec tors   for   approach   gu idance   wi th   these  
c o n s t r a i n t s  is  indicated  below.  

The gene ra l   s i t ua t ion   p r io r   t o   app roach   gu idance   ac t ion  is i l l u s t r a t e d   i n  
f i g u r e  11 which  shows t h e   i n - p l a n e   d e v i a t i o n   o f   t h e   u n c o r r e c t e d   f l i g h t , p a t h   o f  
t h e   s p a c e c r a f t  from the   r e fe rence   t r a j ec to ry .   Pe r i cen te r   o f   t he   uncorkec ted  
o r b i t   h a s  components  of  deviation 6r and 68 from t h e   r e f e r e n c e   l o h a t i o n  
along  with  an  error ,  6 t  , i n   t h e  time o f   pe r igen te r   pas sage .  From equat ion (8) P 
c o r r e c t i o n s   t o   t h e s e   p e k c e n t e r   p a r a m e t e r s   d u e   t o  a ve loc i ty   impulse  a t  
angle  -c of  magnitude AV, can  be  expressed as 

where t h e  optimum t h r u s t   a n g l e s ,  -rrt, - c t t ,  and -r are   given  by  equat ions (D6), 
( E 3 ) ,  and  (20) ,   respect ively,  and tge  minimum d e r i v a t i v e s  dV, t / d r  

dV, /d tp ,  and dV, /del  by equat ions (D10) , (E5)  , and  (21) . I n   t h e   a l t e r n a t e  

expres s ion   fo r  6 t  t h e   t h r u s t   a n g l e  T i s  d i f f e r e n t  from T by go" ,  

and t h e   d e r i v a t i v e  dV, t / d t p  i s  obtained from equat ion ( E 8 ) .  

P 0 '  

rp P' 

tP 
0 

P rO rP 

r0 

I t  i s  p o s s i b l e   t o   c o r r e c t  any p a i r   o f   t h e   t h r e e   p e r i c e n t e r   p a r a m e t e r s  
expressed   in   equa t ion  (40) with a s ing le   app l i ca t ion   o f   impu l s ive   t h rus t .  The 
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th rus t   requi rements   for   such  a co r rec t ion  are obtained  by  solving  s imultan-  
e o u s l y   t h e   p e r t i n e n t   p a i r   o f   e q u a t i o n s   f o r  T and AVT w i th   t he   r e su l t   g iven  
i n   t h e  form o f  equat ions (34) and  (35) .   In   the  fol lowing  three cases of 
approach  guidance  considered,  one  of  the two parameters   be ing   cor rec ted   in  
each case i s  t h e   p e r i c e n t e r   r a d i u s .  The o ther   parameter   be ing   cor rec ted   o r  
the   secondary   cons t ra in t  imposed i n  each  instance is  one   o f   t he   t h ree   l i s t ed  
above . 

For  approach  guidance  which  corrects   the  per icenter   radius   deviat ion  with 
minimum t h r u s t ,   t h e   d i r e c t i o n  and  magni tude  of   the  in-plane  correct ive  veloc-  
i t y  impulse are given  by 

T = T r f  
P 

dVTr 1 

A V ~  = A V ~ ~  I = 9 6 r  
P P 

P 

In   t h i s   ca se   t he   t ime   o f   pe r i cen te r   pas sage  and the   angu la r   pos i t i on   o f   pe r i -  
c e n t e r   a f t e r   t h r u s t i n g  w i l l  g e n e r a l l y   d i f f e r  from the   re fe rence   va lues .   These  
d i f f e r e n c e s   a r e   r e a d i l y  computed  by introducing  the  above  values  of T and 
AV, i n to   equa t ions  (40)  and  adding  the  resul t ing  changes  in  t and ep t o  
t h e   i n i t i a l   e r r o r s .  P 

For   approach  guidance  which  corrects   the  deviat ions  in   per icenter   radius  
and t ime  of   per icenter   passage ,   the   d i rec t ion  and  magnitude  of  the  in-plane 
co r rec t ive   ve loc i ty   impu l se   a r e   g iven  by 

AVTt I - AVTr 1 cos (.rt - T 1 )  dVTrl d r  6 t  
P P P r  P 0 P P  

t a n ( r  - T ~ I )  = 
P AVTr 1 s i n ( r t  1 - -rr 1 )  

- "" 
d t p  dVTrI 6 r p  P 

-COt(Tt' - Tri) 
P P P P 

In  t h i s   c a s e   t h e   a n g u l a r   p o s i t i o n   o f   p e r i c e n t e r   a f t e r   t h r u s t i n g  w i l l  gene ra l ly  
d i f f e r  from the   r e fe rence   va lue .   Th i s   d i f f e rence  i s  r e a d i l y  computed us ing  
equat ions (40) and t h e   i n i t i a l   e r r o r   i n   o r b i t   o r i e n t a t i o n .  

For   approach  guidance  which  corrects   the  locat ion  of   per icenter   in   the 
p l a n e   o f   o r b i t ,   t h e   d i r e c t i o n  and  magni tude  of   the  in-plane  correct ive 
ve loc i ty   impulse  are given  by 
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'P 

I dVTr 
P P - P 

T COS (T - ~ ~ 1 )  dr cos ( T  - T~ 1 )  

6r 
AV = " 

P P P 

In  this  case  the  time of pericenter  passage  will  generally  differ  from  the 
reference  value.  This  difference  is  readily  computed  using  equations (40) and 
the  initial  error  in t P' 

SUMMARY OF RESULTS 

From  a  first-order  analysis of the  Keplerian-Newtonian  equations  of 
motion,  expressions  have  been  developed  that  give  the  minimum  thrust  require- 
ments  for  effecting  small  changes  in  certain  elements or parameters of two- 
body  orbits. The thrust  requirements  are  presented  in  terms of the  optimum 
thrust  angle  and  the  derivative of the  thrust-produced  velocity  impulse  with 
respect  to  the  orbital  parameter  to  be  corrected. A summary of such  thrust 
specifications  for  single  parameter  correction  is  presented  in  table I. 

The optimum  thrust  angles  for  correction of various  orbital  parameters 
are  invariant,  to  first  order,  with  the  amount of thrust  applied.  For  correct- 
ing  either  the  semimajor  axis  or  the  period of  orbit,  the  optimum  thrust  direc- 
tion  is  along the flight  path  at  all  points  along  the  orbit  for  all  values of 
eccentricity.  For  correcting  the  eccentricity of elliptic  orbits,  the  optimum 
thrust  direction  is  along  the  flight  path  at  apocenter  and  pericenter. At 
other  points  along  elliptic  orbits  optimum-angle  thrust  for  correction  of 
eccentricity  tends  toward  the  flight-path  direction  as  the  value  of  eccentric- 
ity  increases  to 1 (parabolic  orbit). A minimum  amount of optimum-angle 
thrust  is  required  at  pericenter  for  correcting  either  the  eccentricity o r  the 
orbital  period.  In  the  case  of  correcting  true  anomaly  or  rotating  the  line 
of apsides  of  an  orbit,  the  absolute  value of the  optimum  thrust  angle  varies 
from 90" at  apocenter  and  pericenter  to 0 on  the  semilatus  rectum.  For  small 
amounts of  rotation,  a  minimum  amount  of  optimum-angle  thrust  is  required  near 
the  midpoints of  the  orbit. To first  order,  the  optimum  thrust  angle  for  mini- 
mizing  the  change  in  any  parameter is different  by 90" from  the  optimum  thrust 
angle  for  maximizing  the  change  in  that  parameter. 

The  optimum  thrust  direction for maximum  change  in  the  orbital  radius  at 
a  given  point  along  an  orbit  varies  from  the  horizontal  at  the  nadir  point  on 
the  orbit  to  a  direction  normal  to  the  flight  path  at  the  given  point.  The 
amount of optimum-angle  thrust  required  in  correcting  the  orbital  radius  at  a 
given  point  along  the  orbit  increases  from a  minimum  at  some  point on the 
opposite  side  of  the  orbit  (which  is  generally  disposed  toward  apocenter  from 
the  nadir  point)  to  a  maximum  (infinite  value)  at  the  point  of  desired  radius 
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change.  The  thrust  direction  required  in  correcting  the  elapsed  flight  time 
to a  given  point  along  an  orbit  is  normal  to  the  thrust  direction  required  in 
maximizing  the  orbital  radius  change  at  this  point.  The  thrust  magnitude 
required  in  correcting  the  elapsed  flight  time  to  a  given  point  (as  a  percent 
of  the  value  of  orbital  velocity  at  the  given  point)  tends  toward  the 
percentage  change  in  elapsed  flight  time  as  the  given  point  is  approached. 

In  general,  it  is  possible  to  correct  two  independent  parameters of  a 
given  orbit  with  a  single  application  of  impulsive  thrust.  The  thrust 
requirements  for  such  a  correction  can  be  formulated  in  terms  of  the  minimum 
thrust  requirements  for  correcting  each  parameter  separately.  These  results 
are  found  to  have  application  to  the  problem  of  spacecraft  guidance  during 
interplanetary  flight.  The  application  has  specific  relevance  to  implicit 
guidance  within  the  plane  of  orbit  and  is  essentially  the  same  whether  the 
spacecraft  is  in  the  intermediate  stage  of  its  flight  or  is  in  the  final  stage 
within  the  sphere  of  influence  of  the  target  planet.  In  either  case  naviga- 
tion  information  is  required  of  the  in-plane  deviations  of  the  projected 
vehicle  flight  path  from  a  design  or  reference  trajectory  at  the  terminal 
point. For midcourse  guidance  these  terminal-point  deviations  consist  of  the 
differences  in  orbital  radius  and  elapsed  flight time from  reference  values 
at  the  desired  point  of  planet  interception.  This  desired  point  of  intercep- 
tion  can  be  any  point  along  the  orbit  of  the  planet  in  the  vicinity  of  the 
nominal o r  design  intercept  point. For approach  guidance,  after  penetration 
of  the  sphere  of  influence  of  the  target  planet,  the  terminal-point  deviations 
consist  of  the  differences  from  reference  values  in  pericenter  location  or  in 
pericenter  radius  and  time  of  pericenter  passage. A summary  of  in-plane 
guidance  computations  based  on  use  of  the  minimum-thrust  results  of  the 
present  analysis  is  given  in  table 11.  

Ames  Research  Center 
National  Aeronautics  and  Space  Administration 

Moffett  Field,  Calif.,  94035,  Aug.  21,  1968 
125-17-05-14-00-21 
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P APPENDIX A 

SUMMARY OF  USEFUL  KEPLERIAN-NEWTONIAN RELATIONS FOR TWO-BODY MOTION 

r =  a ( 1  - e2) 
1 + e cos e =A= 

r , ( l  - e)  

l + e c o s e   l + e c o s e  

= (-a)  (e  cosh H - 1) 

r (1 + e)  

1 + e cos e 
- P  - 

+ $9 = 1 1  - (b/aI2 
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!J 
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l e  cosh H - 1 
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APPENDIX B 

ALTERNATE FORMULAS FOR CORRECTING ORBITAL RADIUS 

The fo l lowing   expres s ions   a r e   a l t e rna te s   t o   equa t ions   (13 )  and  (22) 
t h rough   (25 )   fo r   t h rus t   r equ i r emen t s   fo r   co r rec t ing   o rb i t a l   r ad ius  r2.  These 
r e s u l t s  are obta ined   us ing  V1 and y1 as dependent   var iab les   def in ing   the  
spacec ra f t   ve loc i ty   vec to r  a t  t h e   t h r u s t i n g   p o i n t   w i t h   t h e   t h r u s t   a n g l e ,  
T - yl, s p e c i f i e d   r e l a t i v e   t o   t h e   f l i g h t   p a t h .  The r e s u l t s   c o n s i s t   o f   t h r u s t  
s p e c i f i c a t i o n s   f o r   b o t h   a r b i t r a r y  and optimum ang les   o f   t h rus t .  The genera l  
expres s ion   o f   t hese   r e su l t s  is  given by equations  (4a),   (Sa),   and  (6a) when 
the   t e rmina l   po in t   cons t r a in t  on 02  is  spec i f i ed   ( e i the r   de2  = de, o r  
de, = 0 ) .  

For c o r r e c t i n g   o r b i t a l   r a d i u s  a t  a f i x e d   c e n t r a l   a n g l e ,  e ,  - el, 

v1 dr2 2(1  - cos Ae) 
r2 dV, 1 + e cos O 2  
-" - cos(,  - Y , )  

+ (1 + e 2 ) s i n  A0 + 2e( s in  e 2  - s i n  e , )  
(1 + e cos   e , ) ( l  + e COS e , )  s i n ( ,  - y l )  (B1) 

(1 + e2) s in  A B  + 2 e ( s i n  e 2  - s i n  e , )  
2(1 - cos  AO)(l + e cos e , )  t a n  ( T ~  - yl) = (B2) 

For c o r r e c t i n g   o r b i t a l   r a d i u s  a t  f i x e d  t r u e  anomaly, 8 2 ,  

V ,  d r 2  2 ( 1  - cos 8 ,  cos e , )  
-" 
1'2 dVT, 

- 
1 + e cos e 2  COS(T' - y1) 
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[ (1 + e21cos e2 +  els sin e l  

2(1 - cos e l  cos e2) (1 + e COS e l )  
tan(-rr, - yl) = - 
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APPENDIX C 

ALTERNATE FORMULAS FOR CORRECTING ELAPSED FLIGHT TIME 

The fo l lowing   expres s ions   a r e   a l t e rna te s  t o  equations  (15)  and  (26) 
through (29) f o r   c o r r e c t i n g   e l a p s e d   f l i g h t  time t 2  - t l .  A s  i n  appendix B 
t h e   r e s u l t s  are obtained  using V 1  and y1  as dependent   var iab les   def in ing   the  
spacec ra f t   ve loc i ty   vec to r  a t  t h e   t h r u s t i n g   p o i n t   w i t h   t h e   t h r u s t   a n g l e ,  
T - y1 ,  s p e c i f i e d   r e l a t i v e   t o   t h e   f l i g h t   p a t h .  Again t h e   r e s u l t s   c o n s i s t   o f  
t h r u s t   s p e c i f i c a t i o n s   f o r   b o t h   a r b i t r a r y  and optimum ang les   o f   t h rus t  as given 
i n   g e n e r a l  form  by  equations  (4a),  (Sa),  and  (6a) when the   t e rmina l   po in t  
c o n s t r a i n t  on e2 i s  s p e c i f i e d   ( e i t h e r  de2 = d e l   o r  de2 = 0 ) .  

where 

Y ,  = c 

3(1 + 2e cos e l  + e2)  t 2  - t l  2A(e + cos 01) 
J =  

1 - e2 6% 1 - e2 

where L i s  g i v e n   i n   t h e   t e x t   w i t h   e q u a t i o n   ( 1 5 ) .  
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The minimum t h r u s t   r e q u i r e m e n t s   f o r   c o r r e c t i n g   e l a p s e d   f l i g h t  time t o  
traverse a f ixed   cen t r a l   ang le   w i th  optimum-angle t h r u s t  are given by 

Y 2  Ae s i n  81 - B[2e + (1 + e2)cos  811 

Y 1  (2B s i n  81 - Je)(1 + e cos  81) tan(Tt - y l )  = - = 

For c o r r e c t i n g   e l a p s e d   f l i g h t   t i m e   t o   a r r i v e  a t  a f i x e d  t rue  anomaly, 
8 2 ,  B i s  r e p l a c e d   i n   t h e  above  expressions  by B 1  where 

B' = - ( 1  + e cos 

As is i n d i c a t e d   i n   t h e   t e x t ,   t h r u s t  a t  angle  T o r  T ' will co r rec t  
rO r0 

t h e   e l a p s e d   f l i g h t  time t o  a g iven   te rmina l   po in t  on the   o rb i t   w i thou t  chang- 
i n g   t h e   o r b i t a l   r a d i u s  a t  t h e   t e r m i n a l   p o i n t   t o  f irst  o rde r .   In   t he  one case 
(T ) t he   t e rmina l   po in t  i s  a t  a f i x e d   c e n t r a l   a n g l e ,  8 2  - 81, w h i l e   i n   t h e  

o t h e r  case ( T  1 )  t he   t e rmina l   po in t  i s  a t  a f i x e d   t r u e  anomaly, 8 2 .  When 

t h e s e   t h r u s t   a n g l e s  are i n s e r t e d   i n   e q u a t i o n  ( C l ) ,  i t  is found  tha t  

rO 

rO 

tz-tl 
/4(1-cos  A8)2(1+e cos 81)2+[l+e2)sin A8+2e(sin 82-sin 81) 

= ?  6% 
2A(l-cos A8)sin e l +  e (1+2e cos 01+e2) (cos e2-cos e1)+J[(l+e2)sin A8+2e(sin 82-sin €Il)] 2B 

t2-t1 
/4(1-cos e l  cos e2)*(1+e cos el)2+[(l+e2)cos 82+2e]*  sin2 e l  

= f  rn 
ZA(1-cos 81 cos 82)sin 81+ - [(l+e2)cos 82-(1+2e cos  81+e2)cos 81]-J[(l+e2)cos 82+2e]sin 81 2B' 

where A, B, B', and J are defined  above. 
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APPENDIX D 

FORMULAS  FOR  CORRECTING  APOCENTER  OR  PERICENTER  RADIUS 

The fol lowing  expressions are spec ia l   ca ses  (82 = IT, 0) of t h e   g e n e r a l  
t h r u s t   r e q u i r e m e n t s   f o r   o r b i t a l   r a d i u s   c o r r e c t i o n   p r e s e n t e d   i n   t h e  t e x t  and i n  
appendix B.  These t h r u s t   s p e c i f i c a t i o n s   f o r   c o r r e c t i o n  of apocenter  and p e r i -  
c e n t e r   r a d i i  are independent   o f   the   t e rmina l   po in t   cons t ra in t  on e 2  due t o  
t h e   i n s e n s i t i v i t y   o f   o r b i t a l   r a d i u s  a t  02 = IT o r  0 t o  small changes i n  0 2 .  

For t h r u s t  a t  a rb i t r a ry   ang le   t he re   a r e   ob ta ined  from equation  (13) 

Va d ra   2 (1  + cos 01)  - e s i n 2  81 

ra dV, 
"= 

1 + e cos 0 1  cos T + s i n  01  s i n  T ( D l  1 

V drp 2 (1  - cos el) + e s i n 2  e ,  
r dV, 1 + e cos 0 1  
P 

P 
"=" cos T - s i n  e l  s i n  T (D.2 1 

and  from equat ion ( B l )  

V 1  d r a  2 ( 1  + cos 01) (1 - e ) s i n  81 

1 - e  1 + e cos 81 r a  dV, 
"= COS(T - y1) + sin(-r  - y , )  (D3) 

V 1  d rp   2 (1  - COS e , )  (1 + e ) s i n  el 
1 + e cos 81  

-" - 
l + e  COS(T - y l j  - sin(-r  - y , )  (D4 1 

rp dVT 

Optimum th rus t   ang le s   fo r   co r rec t ing   apocen te r  o r  p e r i c e n t e r   r a d i u s   a r e  
obtained from equat ion (24)  as 

(1 + e cos   8 l ) s in  0 1  t a n  Y ,  
t a n  T 1 = - - (D5 1 

ra 2(1  + cos el) -~ e s in2  e, 1 - ( r1 / ra )2  

(1 + e cos e l ) s i n  e, t a n  Y ,  
t a n  T = - 

r 
- - (D6 1 

P 2(1  - cos e l )  + e s i n 2  e l  1 - (rl/rp12 
and  from  equation ( B 5 )  as 

(1  - e l 2  s i n  01  t a n  Y, 
t a n ( ~ r '  - ~ 1 )  = 2(1  + cos e l >  (1 + e cos e l )  (ra/rl)2sec2yl - a 

- - (D7)  

(1  + e l 2  s i n  e ,  t a n  Y 1  
tan(T ' - y , )  = - 

rP 2(1  - c o s   e l ) ( l  + e cos e l )  (r / r1 )2sec2y l  - 1 
- - (PSI 

P 
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Minimum dimens ionless   der iva t ives   o f   th rus t -produced   ve loc i ty   impulse  
w i t h   r e s p e c t   t o   a p o c e n t e r   a n d   p e r i c e n t e r   r a d i i   a r e   o b t a i n e d  from equation  (25b) 
as 

(DlO) 

and  from equat ion (B6) as 
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APPENDIX E 

FORMULAS  FOR  CORRECTING  FLIGHT TIME TO  APOCENTER  OR  PERICENTER 

The fo l lowing   express ions  are s p e c i a l   c a s e s  (02  = TT, 0)  of t he   gene ra l  
t h r u s t   r e q u i r e m e n t s   f o r   e l a p s e d   f l i g h t  time c o r r e c t i o n   p r e s e n t e d   i n   t h e   t e x t  
and in   appendix C .  In   ob ta in ing   these   express ions   the   cons t ra in t   o f   f ixed  
t r u e  anomaly a t  the   t e rmina l   po in t ,  0 2 ,  has  been  imposed. For t h e  sake of 
b rev i ty ,   i n   each   i n s t ance  a s ingle   formula i s  p r e s e n t e d   t h a t  is  v a l i d   f o r   b o t h  
cases  o f  t e rmina l   po in t   l oca t ion .  It i s  unde r s tood   t ha t   t he   subsc r ip t  2 i s  
t o   b e   r e p l a c e d   b y   t h e   s u b s c r i p t  a when t h e   t e r m i n a l   p o i n t  i s  apocenter  and 
by t h e   s u b s c r i p t  p when the   t e rmina l   po in t  is  p e r i c e n t e r .  

For t h r u s t  a t  a r b i t r a r y   a n g l e   t h e r e  i s  obtained  from  equation  (15) 

+ 3(1 + e cos 0 1 )  cos T I '  
e ( 1  + s i n 2  01) - cos 81 4-G 

e ( l  + e cos 0 1 )  t 2  - t l  
+ 3e s i n  0 1  s i n  T 1 

cos 8 1  
+ s i n ( r  - V I )  

(E21 

Optimum t h r u s t   a n g l e s  for c o r r e c t i n g   e l a p s e d   f l i g h t  time t o   a p o c e n t e r  or 
p e r i c e n t e r  are obtained  from  equations ( 2 6 )  and (C2) as 
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e ( 1  + s i n 2  8 , )  - cos 81 + 3e2(1 + e cos 8 l ) s i n   O l ( t 2  - tl)/Jp3/11 
t a n  T 1 = 

t 2  ( 2  + e cos B1)sin 8 1  + 3 e ( l  + e cos 81)’(t2 - t 1 ) / &  

(1 - e2)cos  e l  
tan(Tt; - y,) = - 

2 ( 1  + e cos 81 + e 2 ) s i n  + 3 e ( l  + 2 e  cos 8 1  + e 2 )  (1 + e cos B l ) ( t g  - t l ) / f i  

(E4 1 
Minimum  dimensionless  derivatives of thrust-produced  velocity  impulse 

with  respect  to  elapsed  flight  time  to  apocenter or pericenter are  obtained 
from equations (27) and (C3) as 

(E61 
The  corresponding  dimensionless  derivatives for thrust in the  direction 

that, to  first  order,  does  not  change  the  orbital  radius at the  terminal  point 
(T = T ’ )  are  obtained from equation (29b) as 

I‘O 
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and from equation (C5) as 
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TABLE I.- THRUST SPECIFICATIONS FOR CORRECTION OF ORBITAL 
PARAMETERS  SINGLY 

I T h r u s t   a n g l e  Minimum t h r u s t  
p o i n t  on o r b i t  

V e l o c i t y   i m p u l s e   d e r i v a t i v e  
C o n s t r a i n t  Pa rame te r  

Func t ion  

"" 
, dVTa T dVTa 
'l d a  ' V I  dT P e r i c e n t e r  Minimum 

t h r u s t  
Semimajo r   ax i s ,   a ,  

o r  
p e r i o d   o f   o r b i t ,  T 

. d V T ~  T T a  
dV 

'p da ' Vp dT 

Minimum 
t h r u s t  ( f o r  e c 1)  

P e r i c e n t e r  

( f o r  e 5 1) 
I n f i n i t y  I E c c e n t r i c i t y ,  e 

Near   midpoin t  
( f o r  e 1) 

Minimum 
t h r u s t  

( f o r  e 5 1) 
I n f i n i t y  

LBO' > e l  > e 2  + 180' 
( f o r  e 2  2 0) 

- 1 8 0 ~  c e l  < e2 - 180'  
( f o r  e 2  L 0) 

Minimum 
t h r u s t ,  

e 2  - e l  = c o n s t  

Minimum 
t h r u s t ,  

e 2  = c o n s t  
( f o r  rp 5 a )  

Apocenter  

( f o r  r p  5 a )  
P e r i c e n t e r  

Minimum 
t h r u s t ,  

e 2  - e l  = c o n s t .  

Minimum 
t h r u s t ,  

e 2  = c o n s t  

e 2  - e1 = c o n s t .  
r 2  = c o n s t . ,  

r 2  = c o n s t . ,  
8 2  = c o n s t .  
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TABLE 11.- APPLICATION OF MINIMUM  THRUST  RESULTS  TO  IN-PLANE INTERPLANETARY GUIDANCE 

Source  of  quantities  used i n  guidance 
computations 

object ives  
Guidance 

t r a j ec to ry  
constraints  

o r  
Type 

of 
guidance 

Direction and magnitude 
of 

corrective  velocity  impulse 

Minimum 

produced 
th rus t  

veloci ty  

ler ivat ive 
impulse 

e from 
dVT 

eq. (23) 

- ::'t from 

eq. (27) 

Same 
as 

above 

corrections  required 
Orbital  parameter 

minimum veloci ty  impulse for  
Optimum th rus t  angle and 

single  parameter correction 

time of 
Fixed 

a r r iva l  
intercept ion 

Planet 

a t  time t? 

AVTr = - d"Tr 
dr2 6r2 

Terminal  point 
deviat ions,  6 r 2  

and 6 t 2  

AVTt = -& 6 t 2  
dV 

Variable 
time o f  
a r r iva l  

Same 
as 

above 
intercept ion 

Planet 

near t 2  
a t  time 

Planet 

with minimum 
intercept ion 

th rus t  

- p (1 - $) 6 8 2  

6 8 2  from eq. (39) 
Same as above, Same 

as 
above 

Same 
as 

above 

Same 
as 

above 

Same 
as 

above 

dV I 2 from 

eq. (D10) 
or eq. (Dl2 

P 

dvTri 
-from 

eq. (D10) 
or  eq.  (Dl2 

9 from 
dVr 1 

drP 

eq. (E51 
P 

or   eq.  (E6) 

Pericenter  radius 
deviat ion,  6r 

T =  T ' 
'P 

AV = AV 
T T r l  

P 

r r '  from 

?q. (D6) 
P radius 

Fixed 

of 
per icenter  

Per icenter  
radius 

control  with 
minimum 

th rus t  

of  pericente 
Fixed values 

radius and 

per icenter  
time  of 

passage 

Fixed 

per icenter  
location  of 

Per icenter  
deviat ions,  
6 r  and 6 t  P P - COt(Tt' - T i  1 

P P  

AVT = COS(T - Tr') 
P 

7 Pericenter  
deviat ions,  
6 r  and 68 

P 

A V T  = COS(T - TI,) 
P 



Auxiliary 
c i rc le  

(a) Parameters of elliptic  orbits. 

Figure 1.- Convention of notation  used  in  analysis. 
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(b) Parameters of hyperbolic  orbits. 

Figure 1.- Concluded. 
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(a) Optimum thrust  angle, T ~ .  

Figure 2.- Minimum  thrust requirements for correction of semimajor axis  or period of orbit. 
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(b) Minimum  derivative of thrust-produced  velocity  impulse  with  respect to semimajor  axis, 

Figure 2.- Concluded. 
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(a) Optimum  thrust angle, re. 

Figure 3.- Minimum  thrust  requirements f o r  correction of eccentricity. 
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(b) Minimum  derivative of thrust-produced  velocity  impulse  with  respect to eccentricity. 

Figure 3.- Concluded. 
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(a) Optimum thrust  angle, T ~ .  

Figure 4.- Minimum thrust requirements for correction of true anomaly. 
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(b) Minimum  derivative of thrust-produced  velocity  impulse  with  respect to  true anomaly. 

Figure 4.- Concluded. 
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Figure 5.- Minimum  thrust requirements f o r  correction of apocenter and pericenter  radii. 
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Figure 5.-  Concluded. 
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Figure 6.- Optimum  location  in  orbit  for  correction  of  orbital  radius  under 
constraint of fixed  central  angle, e 2  - e l .  

59 



(a) Optimum  thrust  angle, Tr2 - 
Figure 7.- Absolute  minimum  thrust  requirements for correction of orbital  radius at any point  along 

orbit . 
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(b) Absolute minimum derivative of thrust-produced velocity impulse  with respect to orbital  radius at 
any  point  along  orbit. 

Figure 7.- Concluded. 
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(a) Optimum  thrust  angles, T and T ~ I .  

Figure 8.- Minimum  thrust  requirements  for  correction of  elapsed  flight  time 
to pericenter. 
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(b) Minimum derivative of thrust-produced velocity impulse with  respect to elapsed  flight time  to 
pericenter. 

Figure 8.- Concluded. 
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Figure 9.- Dimensionless  derivative of thrust-produced  velocity  impulse  with  respect to elapsed flight 
time to pericenter  under  constraint of fixed  value of  pericenter  radius. 
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Un correct 

Figure 11.- General  situation  prior  to  approach  guidance  action  showing 
in-plane  deviation  of  uncorrected  spacecraft  flight  path  from  reference 
traj  ectory . 
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