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ABSTRACT 

Low-frequency oscillations in the electron number density of a slightly ionized gas 
have been observed in  deuterium, neon, and helium over the frequency range from 
lo2 to 8x104 Hz. These oscillations can be identified with periodic solutions to the 
neutral- and charged-particle continuity equations. The observed functional dependence 
of the waveform and of the peak-to-peak amplitude of the oscillation a r e  qualitatively 
consistent with this mechanism. The frequency of the oscillation was independent of 
magnetic field strength and had the dependence on the product of 
electron and neutral  number density 
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EXPERIMENTAL OBSERVATION OF OSCILLATIONS DESCRIBED BY 

THE CONTINUITY EQUATIONS OF SLIGHTLY IONIZED 

DEUTERIUM, NEON, AND HELIUM GAS 

by J. Reece Roth 

Lewis Research Center  

SUMMARY 

This report  presents the first series of systematic experimental measurements 
which has been made on the oscillation mechanism described by the neutral- and 
charged-particle continuity equations. Low-frequency oscillations in the electron num­
ber density of a slightly ionized gas have been observed in deuterium, neon, and helium 
over the frequency range from 102 to 8x104 hertz.  

A brief outline is presented of the physical mechanism responsible for  this oscilla­
tion. It is demonstrated that a small-amplitude approximation can be applied to the 
equations of continuity for  neutrals and charged particles. A closed-form solution is 
obtained for  periodic oscillations of the charged-particle number density. These per i ­
odic solutions are given in te rms  of Jacobian elliptic functions and predict the functional 
dependence of the frequency, waveform, and peak-to-peak amplitude on the experimental 
variables. These predicted functional relations are used to compare the theory with 

It is characterist ic of these oscillations that the frequency,experimental observations. 
waveform, and amplitude of the oscillations in charged-particle number density are 
determined only by the initial conditions and the coefficients of the t e rms  in the con­
tinuity equations. The equations for  conservation of energy and momentum are, of 
course,  satisfied but play no direct role in  determining the waveform of ne(t). 

The observed functional dependence of the waveform and of the peak-to-peak 
amplitude on the experimental variables are qualitatively consistent with the continuity-
equation oscillation mechanism. The frequency of the oscillation was observed to be in­
dependent of magnetic field strength, as predicted, over more than a factor of 2 variation 
in the magnetic field and to have the predicted square-root dependence on the product of 
electron and neutral number density (.- d G o ) .  The existence and operation of the 
continuity-equation oscillation mechan sm has been demonstrated over more than five 
orders  of magnitude in the product Zeno. 
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INTRODUCTION 

Plasmas in  magnetic fields are subject to oscillatory phenomena of many kinds, 
which occur over a wide range of frequencies. These phenomena include both propagating 
waves and bulk oscillatory plasma instabilities. The l i terature on this subject is much 
too extensive to cite here  completely o r  in  detail. A comprehensive review has been 
given by Lehnert (ref. 1)of those plasma oscillations relevant to controlled-fusion re­
search. 

Much of the interest  in  plasma oscillations has been focused on the higher-frequency 
range which encompasses the ion and electron cyclotron frequencies or the electron o r  
ion plasma frequencies. In normal experimental situations, these frequencies range 
from 106 to more than 10l1hertz. The low-frequency range, below 106 hertz, is less  
often the subject of careful investigation. Plasma oscillations in  this range have been 
observed, but are usually ascribed to "turbulence" or bulk motion of the plasma ar is ing 
from XXB rotational instabilities. (All symbols a r e  defined in  appendix A. ) 

In November 1966, the author observed coherent oscillations in a modified Penning 
discharge (ref. 2) over the frequency range from 102 to 105 hertz.  The frequency of the 
oscillations was a function of both the electron and neutral number densities and was 
independent of the magnetic field strength over more than a factor of 2 variation in this 
quantity. The observed characterist ics ruled out known oscillatory mechanisms and led 
to the formulation of a theory of plasma oscillation based on the neutral- and charged-
particle continuity equations (ref. 3). 

A qualitatively s imilar  mechanism was suggested by H. S. Robertson (ref. 4) as a 
possible explanation of moving striations in classical  gaseous discharge tubes. He 
suggested that moving striations result f rom traveling-wave periodic solutions to the 
spatially inhomogeneous charged-particle and metastable -atom (rather than neutral 
particle) continuity equations. Because Robertson retained the spatially dependent dif­
fusion te rms  in  his continuity equations, the resulting dispersion relation was too com­
plicated to be solved for  any but highly specialized limiting cases .  Robertson's formula­
tion of the problem was retained by K. W .  Gentle (ref. 5), who obtained computer solu­
tions to the continuity equations for a particular application involving argon gas. 

The conditions of the present experiment were such that the neutral-neutral mean 
f r ee  path was much longer, and the Debye distance shorter ,  than the apparatus dimen­
sions. The oscillations of the discharge were observed with a pair of collimated photo­
multipliers which were placed at several  axial and azimuthal positions. It was found 
that the discharge was oscillating in unison, with a single phase and frequency. These 
observations indicated that diffusion processes were not too important in determining the 
dynamics of the discharge or  the characterist ics of the oscillation. The spatially 
dependent diffusion t e rms  were therefore omitted from the continuity equations. 
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The continuity equations for  the conservation of neutral and charged particles in a 
plasma constitute a coupled set of at least two first-order nonlinear differential equations. 
General, closed-form solutions to these equations are not available. Lotka (ref. 6) and 
Volterra (ref. 7) solved a simplified pair of coupled equations by using a small-
perturbation approach, in which it was assumed that the peak-to-peak amplitude of both 
variables was small  by comparison with their mean values. This approach enabled these 
authors to obtain an  expression for  the frequency as a function of the coefficients of the 
te rms  in the continuity equations. However, they were not able to obtain an expression 
for  the peak-to-peak amplitude of the oscillations as a function of these coefficients, nor 
was it possible for them to study the waveform of the oscillations in the nonlinear limit of 
large relative peak-to -peak amplitudes. 

In references 8 and 9, the author has presented a family of closed-form periodic 
solutions to a pair of generalized spatially uniform continuity equations. These solutions 
give the frequency, waveform, and peak-to-peak amplitude as functions of the coef­
ficients of the te rms  of the equations. The latter are determined by the experimental 
conditions. The general analysis contained in references 8 and 9 was specialized to 
conform to the particular situation existing in the present experiment. This specialized 
analysis is described in reference 3 .  The present study includes the experimental mea­
surement of the characterist ics of these plasma oscillations over a wide range of operat­
ing conditions with deuterium, neon, and helium gas. These experiments were intended 
to explore the range of validity of the oscillation model previously developed. 

THEORETICAL ANALYSIS 

Physical  Mechanism of Osci l lat ions 

Several entirely distinct physical models are capable of yielding a coupled pair of 
continuity equations, without diffusion te rms ,  that possess periodic solutions. A model 
that appears appropriate to the present experiment is shown schematically in figure 1. 
It is assumed that the discharge is populated by charged particles sufficiently energetic 
to  ionize the neutral gas. The neutral gas in the vacuum system can be conceptually 
divided into two categories: (1) neutral gas that circulates through the discharge without 
being ionized, shown at the top of figure 1, and (2) an average fraction CY of this re-
circulating f lux  of neutrals that interacted in the discharge volume by electron-neutral 
ionization during a previous cycle of the oscillation. The electrons and ions produced in 
the discharge volume are lost to the walls, where they recombine, 
neutrals then find their way back to the discharge. 

It is important to note that at any instant of time there is not a 

and these recombined 

detailed balance 
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Figure 1. - Schematic drawing of discharge in vacuum tank. Neutral gas c i r ­
culates th rough  discharge, and an  average fract ion a i s  ionized. 

between the oscillating f lux  of charged particles leaving the discharge and the virtually 
constant flux of recombined neutrals entering. The time delay associated with the transit  
of the particles within the discharge volume acts as an averaging mechanism that prevents 
a detailed balance, and makes possible a relaxation oscillation of the charged-particle 
number density in the discharge. In the present experiment, the magnetic field lines on 
which the charged particles are confined intersect the vacuum-tank walls about 80 centi­
meters  from the discharge. The experimental geometry depicted in figure 1 occurs 
frequently in practice, particularly in fusion-research apparatus, and it would therefore 
not be surprising to find that this type of relaxation oscillation is quite prevalent. 

An analysis of an alternative physical model f o r  this oscillation is presented in 
appendix B. This model depends on the averaging effect of time delays associated with 
neutral transport across  the discharge and yields the same pair of continuity equations 
as the model shown in figure 1. The model contained in appendix B is appropriate to 
situations, like the present experiment, in which Fick’s law is not valid. 

Equations of Continuity 

Under the present experimental conditions, the Debye distance was much smaller 
than the discharge dimensions (-“5 cm) over virtually the entire range of operation. 
This fact can be used to justify the assumption of quasi-neutrality ni M ne and makes it 
possible to eliminate one of the two charged-particle continuity equations from considera­
tion. The neutral- and charged-particle continuity equations appropriate to the situation 
depicted in figure 1are 
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A =  anv  
O 
A 

P - nne(cv)ne 
4v 

and 

neviAi 
ne - + nne(w>ne 

4v 

where the assumption of quasi-neutrality has been used to set ni = ne in equation (2). 
The symbols used are defined in appendix A. A verification of equation (1) is given in 
appendix B for  the slab geometry. 

The first term in equation (1) is the average fraction a of the total neutral f l u x  
through the discharge that interacted in the discharge volume during a previous cycle of 
the oscillation. This neutral gas is assumed to flow with a velocity vo into a discharge 
of volume V across  a plasma-vacuum boundary surface of area AP' It is shown in 
appendix B that this term can also be written as a function of the average electron 
number density in the discharge 

a v  A 
0 P = "  

4v ne(w) ne (3) 

N

where ne is the electron number density averaged over one cycle of oscillation. Equa­
tion (3) is a consequence of the average net number of neutrals ionized being equal to 
the average net number of ions produced over a cycle of oscillation. 

The second te rms  in equations (1)and (2) account for the loss of neutrals and the 
production of ions by an ionization process with the rate coefficient ( w ) ~ ~ .This rate 
coefficient may depend on the electron energy. It is assumed that the energy of the 
ionizing particles, and hence of ( o v ) ~ ~ ,does not vary over a cycle of oscillation. 

The first term in equation (2) represents the efflux of ions of velocity vi across  
the appropriate discharge boundary surface of area Ai. The latter area can be taken 
as the area normal to the magnetic field lines at the maximum magnetic field in the 
present experiment. This loss  rate is that which would result  if a Maxwellianized gas 
were confined in a box and were then permitted to  leak out a small  hole of area Ai. 
The validity of this assumption must be tested by comparing the predictions based on it 
with the experimental results;  it is an encouraging fact, however, that the charged 
particles within the discharge of the present experiment were found to be Maxwellian to 
a good approximation for  all but certain of the runs with helium gas. 

If collisions between neutral and charged particles resul t  in the loss of the charged 
particles, as by knocking them into an escape cone in velocity space, the rate coef­
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ficient in equation (2) would have to be reduced accordingly to reflect  this process. If 
collisions of two charged particles result  in one of them being knocked into an escape 
cone, a term proportional to nz should then be added to equation (2). Charge-
exchange processes may be accounted for by appropriate modification of the terms of 
equation (1). Such processes,  however, should not be important in  the present exper­
iment. 

Periodic S ma I I-Am plitude Solutions 

In reference 8 it is shown that closed-form solutions to equations (1) and (2) can be 
obtained in the small-amplitude limit 

n(t) = no + h( t )  (4) 

in which the peak-to-peak amplitude of the neutral density is much smaller than the 
average neutral density, 

h ( t )  << no (51 

Inequality (5) is satisfied in the present experiment, since the gas is only slightly 
ionized, and h ( t )  should not be significantly larger than the charged-particle density. 
The mathematical development of reference 3 is given below for  the convenience of the 
reader,  from equation (6) to equation (22). 

A closed-form expression for ne(t) can be obtained by differentiating equation (2) 
with respect to time and then removing n and ne by substituting equations (1)and (2) 
to obtain 

n e -- (n(ov>ne --v2)ne + 
anv A ( ~ v ) ~ ~

O P  ne - n(o-v)ieni
4v 

If the following initial conditions are applied 

n(0) E no 

ne (0) E n eo 

ne(0) = 0 
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with neo an  extrema1 value of ne(t), the definition of no and ne(0) implies with 
equation (2) that 

- %)= 0 
4v 

If the small-amplitude approximation n(t) = no + 6n(t) is substituted into equation (61,
2the coefficients of ne(t) and ne(t) can be separated into two groups, large constant te rms  

containing no and smaller time-dependent t e rms  containing 6n(t). Under a wide range 
of interesting experimental conditions the behavior of ne(t) will be dominated by the 
large constant te rms  in the coefficients containing no and only slightly perturbed by the 
small  time-dependent t e rms  containing 6n(t). The small- amplitude approximation 
no >> 6n(t) therefore allows the coupled equations (1) and (2) containing n(t) and ne@) 
to be approximated by an equation in a single variable, ne@). Among the te rms  omitted 
is one that is negligible only if 

(9) 

This inequality wi l l  not hold during that portion of the waveform for which he&)M 0. 
However, i t  should hold at other t imes,  since 

This order-of-magnitude equality can be expected to hold, since the ionization process 
implies a one-to-one relation between neutrals lost and electrons gained. The 
effects of neglecting this and other second-order te rms  is discussed when the small-
amplitude approximation is compared with the exact solutions to equations (1) and (2) 
which were obtained on an analog computer. With the aid of equation (8), an equation 
in the single variable ne(t) can be written. 

Equation (11) is recognizable as a nonlinear equation with closed-form solutions that 
may be expressed in te rms  of Jacobian elliptic functions (refs. 10 and 11). 

By using the methods described in reference 8, equation (11) may be solved by 
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integrating twice and using either expression 235:OO or 236:OO in reference 11. In ex­
pressing the solutions of equation ( l l ) ,  it is convenient to define the dimensionless 
variable 

N 

where the second equality follows from the discussion of appendix B. Also define 

and 
I- 1 

When the parameter q lies in  the range 2/3 i q I1, a solution to equation (11) 
may be written (ref. 8) 

e eo 1+ Z3SN2[2K(k)vt]} 

where SN is the Jacobian elliptic sine, K(k) is the complete elliptic integral of the first 
kind, neo in  this equation is the maximum electron density, and k2 is the elliptic 
modulus 

The peak-to-peak amplitude of the oscillations is equal to Z3, and the frequency is 

2iT 

where no and neo can be approximated by the time- and space-averaged number den­
sit ies,  and the parameter G(q) is given by 
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When the parameter 7 2 1, the solution to equation (11)is given by (ref. 3), 
f 7 

where neo is now the minimum value of the electron density. The elliptic modulus k2 

is given by 

2k =  z3  

z3 - z2  

The peak-to-peak amplitude is again given by Z3, and the frequency of the oscillations 
by 

2 n  

where the parameter H(7) is given by 

Character ist ics of Solutions 

The waveform of the solutions for  ne(t) over the range 1.0 5 77 5 03 is shown in fig­
ures  2(a) to (c) for three values of q .  The waveforms in figure 2 represent equation (19) 
as a function of the argument. The maximum values were normalized to 1. It is clear 
f rom figure 2 that the waveform of ne(t) is approximately sinusoidal in the vicinity of 
7 = 1.0,  but as q approaches the end of i ts  range, the waveform takes on the cuspoid 
shape characteristic of Jacobian elliptic functions, with broad, shallow minima between 
sharp,  narrow peaks. The waveforms of ne(t) are shown in appendix C over the entire 
range 2/3 5 7 I03. 
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1.0 

I L l l I I I l I 
0 2 4 6 8 10 12 14 16 18 20 

Argument of Jacobian el l ipt ic function, 9 

(a) Dimensionless parameter 7 ~ ,1.10; el l ipt ic modulus k2, 0.1117. 

1.c 

. E  

. c  

. 4  

.2  

1 1 1 1 1 1 1 1 1 
0 2.2 4.4 6.6 8.8 11.0 13.2 15.4 17.6 19.8 22.0 

Argument of Jacobian el l ipt ic function, 9 

(b) Dimensionless parameter 7,  1.60; el l ipt ic modulus k2, 0.3908. 

(c) Dimensionless parameter 7, 500; ell ipt ic modulus k2, 0.9973. 

Figure 2. - Normalized graphs of equation (19) ( 7 ~2 1.0) as funct ions of argument
9 = 2Klk)ut. (Note increase in peak-to-peak amplitude and characterist ic Jacobian 
waveform as approaches end of i t s  range. When 11 = 1.0, eqs. (1)and (2) 
represent a nonosci l lat ing steady state.) 
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An examination of equations (18) and (22) shows that when q is in  the vicinity of 1.0 ,  
H(q) M G(q) M 1.0 ,  and the frequency of oscillation is approximately given by 

This approximation is useful for  values of q near 1. Limitations of the experimental 
arrangement made it impossible to calculate G(q) and H(q). It was therefore necessary 
in reducing the experimental data to treat equation (23) as if it held exactly. 

The factors G(q) and H(q) come into play because a peak-to-peak cycle of os­
cillation of the Jacobian elliptic functions occupies 2K(k) radians. This is equal to B 

radians only in the limit k2 = 0, which occurs at r] = 1 .0 .  The behavior of G(q) and 
H(q) as functions of the parameter 77 is shown in figures 3(a) and (b), respectively. 
The frequency of the oscillations given by equations (17) and (21) is a function of their 
amplitude, as would be expected from the nonlinear nature of the original differential 
equations. 

An examination of equations (15) and (19) for ne(t) shows that the ratio of the peak-to­
peak amplitude to the maximum value ne, max is given by 

J
ne, max 

over the range 2/3 I77 5 1.0 ,  and by 

ne ,  max z 3 +  1 

for 77 2 1.0. The behavior of the peak-to-peak amplitude as a function of r] is illus­
trated in figure 3. Equation (24) is plotted in  this figure for q 2 1.0 ,  and equation (25) 
for q 2 1.0 .  A s  q is varied over its range, the peak-to-peak amplitude is equal to the 
maximum value at r] = m, decreases monotonically to 0 at q = 1.0, and then again 
becomes equal to the maximum value at r] = 2/3. 

The behavior of the elliptic modulus k2 as a function of q is also shown in fig­
ure 3. Equation (16) is plotted for the range 2/3 5 q 5 1.0, and equation (20) for  
q 2 1.0.  When k2 = 0, the Jacobian elliptic sine becomes identical to the conventional 
trigonometric sine. 

A nondimensional form of equations (1)and (2) was programmed on an analog com­

11 



F . 4 -  

10 102Dimensionless parameter, q 
~... 10" 

Dimensionless parameter, R 
(a) Parameter G(q)as given by equation (18); normalized peak-to-peak (b) Parameter H(q)as given by equation (22); normalized peak-to-peakamplitude Ane/ne, from equation (24) for 2/3 <_q<_ 1.0; elliptic amplitude Ane/ne, from equation (25) for q 2 1.0 (note that 

modulus k2 from equation (16) for 2 / 3 < ~51.0. Small-amplitude Ane/ne max = 0 for q = 1.0); elliptic modulus k2 from equation (20)and exact solutions are shown. 
for q 21.0. 

W l-1 1. 6  ­

. 2  

Figure 3. - Frequency parameters, normalized peak-to-peak amplitude, and elliptic modulus as functions of dimensionless parameter n, for exact and small-amplitude solutions. 



puter to ascertain how the exact solutions so obtained compared with equation (15), 
which is based on the small-amplitude approximation. For the specific conditions 

examined, the latter equation was a satisfactory approximation in the range 

0.80 5 q 5 1.0. The exact solutions were more oscillatory than predicted by the small- 

amplitude approximation, since oscillatory behavior was observed at values of q as 

low as 0.21, ra ther  than cutting off at q = 2/3. The waveforms of ne(t) obtained from 

the exact solution as q varied over the range 0.21 5 q 5 1.0 displayed all the quali­

tative features predicted by equation (15) as q varied over the range 2/3 Iq I1.0, 

including the sharply peaked maxima with broad, flat minima. The exact analog com­

puter solution of Ane/ne, max and G(q)for q I1.0 are shown in figure 3(a) to illus­ 

t ra te  the region of validity of the small-amplitude approximation. 


The useful range of the small-amplitude approximation can be extended below 
q = 0.80 by taking the "actual" value of q,  given by equation (12), and replacing it 
by the "small-amplitude-equivalent" value of q in equations (13) to (22). The actual 
value of q ,  qe' (which can vary over at least the range 0.21 Iqe 5 1.0) is related to 
the small-amplitude-equivalent value of q ,  qs ,  (which is restricted to the range 
2/3 5 qS 

5 1.0) by the mapping shown on figure 3(c). The equivalent value of q was 
obtained by requiring that the peak-to-peak amplitude of the exact solutions from the 
analog computer (for a given actual q )  be the same as the peak-to-peak amplitude of 
ne(t) for  t h e  small-amplitude-equivalent value of q .  The latter is plotted along the 
abscissa of figure 3(c) as (qs - 2/3), because of the compression of the small-amplitude 
solutions near the point q = 2/3. 

Predictions for Exper imenta I Check 

If the observed oscillations are to be explained by this theory, the basic require­
ments for the oscillation process and the observable features which can be compared 
with theoretical predictions must be known. In the first place, the continuity equations 
as written (eqs. (1) and (2)) must correctly represent  the processes active in the dis­
charge. The production rate of charged particles must depend only on the product of 
electron and neutral number density, and the ionization-rate coefficient must not be a 
function of time. The loss and influx rates of charged and neutral particles must also 
be correctly represented by the linear te rms  used. If these restrictions on the processes  
in  the discharge are satisfied, the oscillations should be seen to follow the relations given 
by equations (15) or  (19), within the limitations imposed by the small-amplitude approx­
imation used. 

The magnetic field strength B does not appear i n  equations (1) and (2), and it 
follows that the frequency, waveform, and other features of the oscillation should not 
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depend explicitly on the magnetic field strength. However, if there is an implicit de­
pendence of the electron number density, neutral number density, o r  of ( o v ) ~ ~on mag­
netic field, the characterist ics of these oscillations will be a function of the magnetic 
field. Oscillation frequency should be an explicit function of magnetic field only when a 
magnetic -field-dependent diffusion te rm appears in  the continuity equations, as it would 
in  discharge tubes of the kind treated by Robertson (ref. 4). The expected independence 
of frequency of magnetic field strength is in  contrast to the oscillations and fluctuations 
governed by the momentum equation, where v X B forces  usually result  in an explicit 
dependence of frequency on magnetic field strength. 

A second experimental check of the theory is the observation of a waveform of 
ne(t) which varies in a manner resembling that shown in figure 2 and appendix C. 
Particularly significant would be the observation of cusped waveforms with sharp Peaks 
and broad, flat minima. Such waveforms are characterist ic of Jacobian elliptic functions 
with values of k2 near 1. If the experimental conditions are such that k2 0, the 
waveform of ne(t) will be nearly sinusoidal and a convincing check based on the cusp-
like waveform of ne(t) will not then be possible. 

A third experimental check of the theory can be provided by varying the experi­
mental parameters over their range and observing whether the peak-to-peak amplitude 
of n,(t) varies with 7 in  the manner shown in figure 3. The peak-to-peak amplitude 
should have large values at either end of the range of 7 and should be zero for  some 
intermediate value of q. The parameter 7 ,  given by equation (12), can be written in 
t e r m s  of experimental variables by multiplying both numerator and denominator by 
no(ov) ne and then assuming that the observed frequency is given by equation (2 3) for  q 
not near the ends of its range, s o  that 

The average anode current to the discharge used in the present experimental apparatus 
is approximately given by 

since this is the average total f lux  of charged particles from the discharge. The rele­
vant mean free paths were too long for recombination to have occurred and affected 
equation (27), and it was observed that very few electrons were lost  with the ions out the 
ends of the discharge. Virtually all electrons seem to have left the discharge across  
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the anode sheath. Equation (27) can be used to write 7 in te rms  of the anode current 
1, and the observed oscillation frequency Vobs 

17" la(w)ne 

In the experimental conditions of interest  in  this paper, ( w )  ne and the plasma volume 
V will be approximately constant during a series of experimental runs. 

A fourth experimental check of the theoretical model can be provided by experi­
mentally varying the charged-particle and neutral number density and plotting the mea-

N

sured frequency as a function of the product of these two quantities, neno. If the f r e ­
quency is given by equation (23), consistent with the continuity-equation mechanism, a 
log-log plot of v as a function of Keno should reveal a square-root dependence on the 
latter quantity, a straight line of slope 1/2. If the ion o r  electron energy also changes 
while ge and/or no a r e  varied, the square-root dependence of I/ on the product 
N

nenO might be complicated by an energy dependence of the ionization-rate coefficient 
However, it is reasonable to hope that ( o v ) ~ ~( o v ) ~ ~ .  might be approximately constant 

over a wide range of ge and no, since for many gases this quantity varies by no more 
than a few tens of percent over more than an order of magnitude in electron energy. 

When the quantity ( w ) ~ ~does vary significantly during a se t  of experimental runs, 
due to a variation in the energy Vo of the particles responsible for the ionization, a 
fifth experimental check can be obtained by using the observed frequency, no, and Ke 
in equation (23) to calculate the effective ionization-rate parameter 

This quantity may then be plotted against the observed particle energy Vo to determine 
whether this curve resembles in geometrical shape those tabulated for the gas in 
question. The use of experimental data to show a variation of effective cross  section 
with particle energy implies that a suitable average can be defined for this quantity, if it 

does occur over avaries over a cycle of oscillation. If such a variation in ( o v ) ~ ~  

cycle of oscillation (as opposed to a variation of (w), for different experimental con­

ditions), the small-amplitude analysis may not yield valid predictions. 


A sixth experimental check of the theory can be obtained by looking for the effects 
of G(q) and H(q) on the relation between observed oscillation frequency and the product 
N 


"eno. Equation (28) states that the parameter q is inversely proportional to the 
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square of the observed oscillation frequency; low frequencies will be generally associ­
ated with large values of q ,  while high frequencies will be associated with low values of 
q.  	 For low frequencies, therefore, q will tend to fall in the range q 2 1.0, and equa­
tion (21) will be appropriate for the functional dependence of the frequency. An examina­
tion of equation (21) and of figure 3(b) for H(q) as a function of q suggests that if the 
oscillation frequency is sufficiently low, a log-log plot of observed frequency as a 
function of the product will fa l l  above an extension of a straight line with slope 1 / 2 ,  
appropriate to the square-root dependence alone. The expected behavior of such a data 
plot is shown schematically in figure 4. 

.A.-c Straight line of slope 112, 
3 appropriate for 1:1.0-
L
)r 

m 
._ Expected trend 

‘Expected trend c 


of data when 
m 
e 	 of data when G(71saturation

H(71 saturation occurs
occurs7 

! I 1 i l l 1  1 1 1 1 1 1 1  

1 10 100 
Log fieno, arbitrary units 

Figure 4. - Schematic log-log plot of observed frequency of oscillation 
a s  function of product of average electron and neutral number den­
sities. 

When the observed frequencies are high and q lies in  the range 2/3 5 q 5 1.0, 
equation (17) is the appropriate expression for the frequency. An examination of fig­
u r e  3(a) shows that over this range G(q)5 1.0. A log-log plot of observed frequency 
as a function of the product Zeno can therefore be expected to fall below the straight 
line of slope 1/2 at sufficiently high frequencies. This behavior is also shown sche­
matically in figure 4. 

In an experimental situation, the falloff due to the G(q) dependence must be 
distinguished from a phenomenon which may be called “transit-time saturation. ” This 
phenomenon arises from the diffusion term in the continuity equations becoming im­
portant in  the operation of the discharge and has the same qualitative effect on the data 
as the G(q) term.  Transit-time saturation and the spatially dependent diffusion term 
become important when the period of oscillation becomes comparable with the length 
of time required for  a neutral molecule of average velocity vo to t raverse  a charac­
terist ic radius of the discharge R. Therefore, transit-time saturation should occur, 
and the frequency should approach a constant value, when the discharge frequency is 

vOv -H z  
R 
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I� it is assumed that the neutral molecules have velocities appropriate to laboratory-
room temperature and that the discharge has  a characterist ic radius of 5 centimeters, 
the transit-time saturation frequency is approximately 28 kilohertz for deuterium and 
helium and 12 kilohertz fo r  neon gas in the present experimental apparatus. 

The effect of G(q) on the experimental data can be distinguished from transit-time 
saturation in two ways. First, when transit-time saturation occurs, the discharge 
should no longer be seen to oscillate in unison, with a single phase. A wave of ioniza­
tion propagating in the discharge should be observable. A saturation due to G(q) would 
not have this effect. A second method of distinguishing the two types of saturation is pos­
sible because the saturation frequency given by equation (30) is not a function of electron 
number density, while q, and hence G(q), ,does depend on f;, in the manner given by 
by equation (12). 

These six experimental checks of the theoretical model are all qualitative in nature. 
A seventh and final check can be obtained by making an absolute measurement of the 
charged-particle and neutral number density along with the charged-particle energy, 
and then substituting n",, no, and ( a ~ ) ~ ~into equation (23) for a qualitative check 
against the observed frequency of oscillation. The obtaining of a reliable quantitative 
check is made difficult by the paucity of reliable data on the ionization-rate parameter 
(m)ne, in addition to the more usual experimental difficulties. Experimental values of 
this quantity are available for electron-neutral ionization of a few gases (refs. 12 and 13). 
Most of the ionization-rate coefficients are based on empirical curve fits (refs. 12 
and 13), and are, in general, lower limits to the true value (ref. 13). Very little data 
of any kind are available on the ionization-rate coefficient for ion-neutral ionization 
processes.  

EXPERIMENTAL INVESTIGATION 

Exper i menta I A ppa rat u s 

The superconducting magnet facility used in the experimental investigation has been 
described elsewhere (ref. 14). It consists of a magnetic mir ror  configuration with a 
2.5 to 1 mir ror  ratio located in a 0. 89-meter-diameter, 1. 83-meter-long vacuum tank. 
The maximum magnetic field could be varied from 0.2 to 2.0 tesla during the course of 
the experiments. Unless noted otherwise, all data were taken at a maximum magnetic 
field of 1 .0  tesla. The two magnetic field coils had an inside diameter of 18 centimeters 
and produced an  axisymmetric magnetic field. 

The operation and characterist ics of the discharge used as the subject of the present 
investigation have been discussed in part  elsewhere (refs. 2,  15, and 16). Of relevance 
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to the present discussion is the fact that the ions leaving the discharge a r e  quite 
energetic, from 100 to 4000 electron volts per  ion, while the electrons are less energetic, 
typically about 100 electron volts. In figure 5 is shown an  isometric cutaway drawing of 
the superconducting coils with the discharge in  operation. In figure 6 is shown a scaled 
cross-sectional view of the discharge, coils, and vacuum tank, looking down from the 
top. The positions of the collimated photomultiplier and the retarding-potential electro -
static energy analyzer are shown as they were during the experimental runs. 

Figure 7 is a schematic drawing showing the diagnostic equipment used to measure 
the relevant experimental quantities. The neutral gas pressure  in the vacuum tank was 
measured with an ion gage. It was assumed that the fluctuations in light intensity from 
the discharge were synchronous with fluctuations in the electron number density. This 
synchronism was verified by observing that the frequency of the light fluctuations was 
synchronous with the fluctuations of floating potential on a Langmuir probe inserted in 
the plasma, and also with fluctuations in the current collected by the electrostatic energy 
analyzer. The fluctuations in light output from the discharge were monitored by a col­
limated type IP-28 photomultiplier. The output of this photomultiplier was fed into a 
Nelson-Ross Inc. model 001 spectrum analyzer for frequencies below 20 kilohertz and 
to a Nelson-Ross model 012 spectrum analyzer for  frequencies in the range of 20 to 

Penning anode 
r i n g  

-cm working diameter 

CD-10071-23 

Figure 5. - Isometric cutaway drawing of modified Penning discharge and magnetic field coils. 
Maximum midplane diameter of discharge, 16 centimeters. 
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nCollimated 
photomultiplier 

Figure 6. - Cutaway top view of apparatus showing placement of collimated photomultiplier, retarding-
potential energy analyzer, and anode ring. Vacuum tank i s  0.89 meter i n  diameter and 1.83 meters long. 
Dimensions are in centimeters. 

Magnet Dewars;.,, 

~-
cur ren t  power Plasma 

I ammeter -

0- to 5-kV 
direct-current 

X-Y recorder -
generator, 

Oscillo­
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Figure 7. - Schematic drawing of principal experimental equipment for electrostatic i on  energy analyzer 
and measurement of frequency of f luctuations in l ight  output. 
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100 kilohertz. The output of the spectrum analyzer used was then displayed on an 
oscilloscope. 

The retarding potential for  the electrostatic energy analyzer was provided by a 
well-filtered 5-kilovolt direct-current power supply. The collector current from the 
analyzer was fed into an electronic microvolt-ammeter. The output of this instrument 
was then used to drive the y-axis of an X-Y recorder.  The retarding potential provided 
by the 5-kilovolt power supply was monitored by a precision voltage divider and was 
used to drive the x-axis of the X-Y recorder.  

Exper imentaI Procedure 

The frequency of oscillation was measured by monitoring the light output from the 
plasma with a collimated photomultiplier and then displaying the fundamental frequency 
of the fluctuations in light output on a spectrum analyzer. Harmonics of the fundamental 
frequency were usually visible on the oscilloscope display, due to the nonsinusoidal 
nature of the waveform of ne(t). The fundamental frequency of the fluctuations in light 
output was identified by alternately displaying this frequency and the frequency of the 
output of a signal generator, as shown in figure 7. The frequency of the signal generator 
was adjusted until the two peaks were seen to coincide on the spectrum analyzer. The 
oscillation frequency was then read off the dial of the signal generator. 

The presence in the discharge plasma of oscillations, hot ions, and a magnetic field 
made it very undesirable to rely on Langmuir probes for a measurement of the electron 
number density. In addition, the plasma energy density was sufficiently high to destroy 
the probes under many conditions of operation. Relative measurements of the electron 
number density were made by noting the initial current and ion kinetic temperature 
obtained by analysis of the retarding-potential curve from an electrostatic energy 
analyzer. The characterist ics and operation of the electrostatic energy analyzer used in 
these investigations a r e  discussed in reference 16. As indicated in figure 7 ,  an 
integrated ion energy spectrum can be formed on an X-Y plotter by graphing the current 
flowing to the collector as a function of the voltage applied to the retarding grid. As 
explained in reference 16, these integrated energy spectra  can be analyzed by a computer 
program to produce (among other data) the kinetic temperature of the ions Vo, the 
initial current 11, and the half-angle in velocity space of the escape cone eo. This 
initial current is given by 

n" eviA 
I1 = e sin @,Go 

2n1/2 
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where ge is the average charged-particle density in the discharge, vi is the ion 
velocity, and A is the area of the energy analyzer aperture. The parameter Go is a 
geometry factor accounting fo r  the inhomogeneity of the discharge, the dispersal  of the 
plasma as it travels from the discharge to the energy analyzer, and the transmissivity 
of the analyzer itself. This geometry factor was constant for  all experimental runs 
and is of the order of in  the present experiment, based on a checkpoint obtained 
with Langmuir probes. 

In figure 8 is shown a typical integrated energy spectrum from the X-Y recorder.  
Also shown in this figure is the best-fitting curve as determined by the computer pro­
gram, with the best-fitting values of 11, Vo, , and "plasma potential" V1 as in­
dicated. A relative measure of the average charge density in the discharge can be ob­
tained by writing equation (31) in te rms  of the parameters 11, Bo,  and Vo 

n E Gi1 I1 
e 

v:/~ sin2 eo 

I 
0 2 4 6 / Ib 

Retarding potential, V 
!6 18 /O j 2  2Jx1021; 1; 

Figure 8. - Retarding-potential curve showing theoretical curve wi th  best-fitting i n i t i a l  cu r ren t  and 
ampere; Io = - 0 . 1 4 ~ 1 0 - ~ion kinetic temperature. In i t ia l  current ,  7 . 6 4 ~ 1 0 - ~  ampere, kinetic tem­

perature of ions, 347 electron volts; potential at which plasma i s  floating, 40 volts; half-angle in 
velocity space of escape cone, 39O; mean square error, 0 . 4  percent. 
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I where it is assumed that Go is constant for a particular gas and for a fixed geometrical 
relation between the analyzer and the discharge. 

The neutral-particle density in the vacuum tank was measured by the ion gage 
mentioned in the previous section. This measured pressure was converted to absolute 
pressure by gage factors obtained by comparing the ion-gage reading with that of an 
extremely sensitive diaphragm -type pressure meter,  whose deflections were sensed and 
amplified electronically. 

A large majority of the experimental runs were devoted to checking out the square-
root dependence of the frequency on the product Keno. For a given gas (deuterium, 
neon, and helium were used), about a dozen ser ies  of runs were taken, each series at a 
different neutral background pressure.  The runs within each series were taken at dif­
ferent anode voltages, which caused the electron density in the discharge to vary from 
one run to the next. An X-Y recording was made of the retarding-potential curve from 
the electrostatic energy analyzer during each run, and the frequency of oscillation was 
measured simultaneously by the superposition method described previously. The maxi­
mum magnetic field was held constant at 1.0 tesla during these runs. 

Several series of runs were made to measure the peak-to-peak amplitude of oscil­
lation as a function of 7 .  The magnetic field was fixed at Bmax = 1.0 tesla, and the 
oscillation frequency and the anode current were measured as the anode voltage was 
varied. The peak-to-peak amplitude was measured by recording the amplitude of the 
fundamental frequency of oscillation as displayed on the spectrum analyzer. 

Several series of runs also were made to determine whether the frequency was a 
function of the magnetic field. In this case, the anode voltage was fixed for a given 
ser ies ,  and the frequency and retarding-potential curves were measured as functions of 
the magnetic field strength. Because small  variations occurred in the neutral and 
electron number densities during a series (it took about 4 h r  to vary B over itsmax 
range 0.2 5 Bmax 5 2.0 T), the frequency coefficient 

was plotted against magnetic field. 

Range of Experimental Parameters 

The approximate range of the experimental parameters appropriate to this ex­
periment are listed in table I. The upper and lower limits quoted for the electron num­
ber  density a r e  very uncertain and may be off by a factor of 5. A s  will be shown, how­
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TABLE I. - RANGE OF EXPERIMENTAL PARAMETERS 

Characteristic Low value rypical value lizh valuc 

Background pressure,  t o r r  

Approximate electron 
density, electrons/cm 3 

Electron kinetic temperature, 
eV 

Ion kinetic temperature, eV 

Maximum magnetic field, T 

Oscillation frequency, Hz 

Debye length (100-eV 
electrons), cm 

Neutral-neutral mean free 
path collision (D2), m 

5x10- 7 

106 108 5x10’ 

10 100 400 

100 700 4000 

0 . 2  1.0 2 . 0  

100 5000 

0.10 0.75 7 .5  

1 .03  10 .3  206 

ever,  relative measurements of electron density could be made to within 25 percent. 
The upper and lower limits of the range quoted for the electron kinetic temperature may 
be incorrect by a factor of 2. The presence of the energetic ions made absolute deter­
mination of the electron density and temperature very difficult in this experiment. 

The Debye length at the extreme lower end of the density range was comparable to 
the dimensions of the discharge. However, most of the data were taken when the Debye 
distance was less than 1 centimeter. Since there was no apparent qualitative change in 
the character of the data as the Debye distance varied over its range, all data were 
treated as if the assumption of quasi-neutrality were satisfied. Of the gases studied, 
deuterium gas has the shortest  neutral-neutral mean free path. These mean free paths 
are much longer than the discharge dimensions, a significant difference from the situa­
tion existing in classical gaseous discharge tubes. 

Analysis of Experimental Er ro r  

E r r o r  bars  are not drawn on the data points displayed graphically in the following 
sections. Instead, some general remarks a r e  made regarding the limits of e r r o r  ap­
propriate to various ranges of the measured parameters.  

The oscillator used as a frequency standard during this series of experiments was 
initially checked against a 1-megahertz counter with an oven- controlled crystal  fre­
quency standard. It was found that the reading on the dial of the oscillator was within 
1 percent of the reading on the counter over the frequency range 102 to 105 hertz. The 
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principal e r r o r  in measuring the frequency was not inaccuracy of the standard used, but 
uncertainty introduced by short-term drifts  of the electronics of the spectrum analyzers 
(under high dispersion), broadness of the frequency peaks with resulting difficulty of 
defining the true maximum, poor signal-to-noise ratio, and drift of the discharge oper­
ating conditions during a run. It is estimated that the resulting total e r r o r  in frequency 
was no more than that shown in table II for the frequency ranges shown. 

TABLE II. - EXPERIMENTAL 

ERRORS OF FREQUENCY 

MEASUREMENT 
_ _  .._ -

Frequency range, Total e r r o r ,  
Hz percent 

.~~.~-..--.. -­

100 to 400 20 

400 to 1000 3 

1000 to lo4  5 

lo4 to lo5 2 
~ 

The e r r o r  in relative measurements of the neutral number density in  the vacuum 
tank was no more than 5 percent. The magnetic field was measured by a rotating-coil 
gaussmeter rated at 1 percent accuracy. 

The e r r o r s  that can arise in measuring the parameters 11, eo, and V, con­
tained in equation (32) a r e  discussed in reference 16. It was shown in this reference 
that I1 could vary by as much as 14 percent for supposedly identical runs and that Vo 
could vary by as much as 6 percent. Considering that runs were taken with a given gas 
over periods as long as three weeks, it appears reasonable to estimate an e r r o r  of 
20 percent in relative measurements of the electron number density. The total e r r o r  in  
relative measurements of the product Keno is therefore 25 percent. This is a rather 
large e r r o r ,  but an attempt was made to compensate for it in  the present experiment by 
taking a large number of data points, which thus improved the statistics, and by taking 
data over a wide range of the product Gena, which amounted to nearly 6 orders  of 
magnitude in.the present experiment. 

In presenting the experimental results,  it w a s  convenient to assume that the 
ionization-rate parameter (uv) ne was constant for every run taken with a particular 
gas and then to plot the observed frequency as a function of the product n" n . In a

e 2
significant minority of cases,  the e r r o r  limits discussed above for v and neno do not 
overlap the best-fitting line through all the data points. This failure to overlap may be 
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attributed to the variation of the electron kinetic temperature f rom run  to run, which 
then caused (w)ne to  vary significantly. 

Of the runs taken in  the laboratory, approximately 5 percent of those taken with 
deuterium and helium gas were discarded. These runs were discarded because of a bad 
f i t  of the theoretical to the actual retarding-potential curve (usually implying a very non-
Maxwellian velocity distribution), drift of tank pressure or another parameter during an 
experimental run, contamination of the gas by outgassing or leakage into the vacuum 
tank, o r  difficulty in distinguishing the oscillation peaks from noise on the spectrum 
analyzer display. An additional 15 percent of the neon data points (about 20  percent 
altogether) were discarded because they were beyond the G(q) saturation "knee. '' This 
phenomenon is described in the section EXPERIMENTAL RESULTS below. 

The parameter vo given by equation (33) has e r r o r  limits of about *15 percent, 
which follows from the 25  percent e r r o r  limits assigned to the product Gena and the 
e r r o r  limit assigned to the measured frequency in table II. The parameter vo may 
also vary if there is a significant variation in the energy of the particles responsible for 
ionizing the neutrals, and hence in (uv) . 

EXPERIMENTAL RESULTS 

Results with Deuterium Gas 

Two hundred and forty-seven experimental runs with deuterium gas were of usable 
quality. Each of these runs included an  integrated energy spectrum of the ions in the 
form of a retarding-potential curve, a measurement of the background neutral gas pres­
su re  in the vacuum tank, and a measurement of the oscillation frequency as determined 
f rom the frequency of the fluctuations in light output. 

The observed frequency is plotted as a function of the product Keno (in arbi t rary 
units) in figure 9 for the 247 data points taken with deuterium gas. If the predicted 
relation given by equation (23) holds f o r  these data, and if the ionization-rate parameter 
( w ) ~ ~is a constant, the data in the log-log plot of figure 9 should have a slope of 1/2. 
The data shown plotted i n  figure 9 were used as input to a logarithmic least-squares

' computer program that obtained a best  f i t  to a curve of the form 

A best-fitting curve was obtained in which both vo and E were left as free parameters,  
and this yielded 

(nene)0 .49134  (35)I/ = 5.4812xlO-5 ­
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Figure 9. - Log-log plot of observed frequency of oscil lation in deuterium gas as funct ion of product of 
charged-particle and neutral  number density. Best-fitt ing line, of slope 1/2(u -co),is drawn 
th rough data. 

The slope of this line is quite close to the theoretically predicted value of 1/2. When a 
best  f i t  was obtained for the slope E = 1/2, the best-fitting curve was given by 

v = 3 . 9 4 3 4 ~ 1 0 ' ~  1/2 (36) 

This best-fitting straight line of slope 1/2 has been drawn through the data presented in  
figure 9. 

An examination of the data in  figure 9 reveals no tendency of the data points to fall 
above the straight line at low frequencies, due to H(q) saturation. There is, however, 
a noticeable tendency of the data to fall below the straight line at the highest frequencies. 
The knee of this saturation was taken as Zeno = 2.  0X1O1*, and all data points above this 

N

value of nenO were accordingly excluded from the curve-fitting process that resulted in 
equations (35) and (36). The raw data for each of the several  run  ser ies  showed that the 
frequency of the knee in figure 9 was not a function of the electron number density. Two 
collimated photomultipliers were placed at different axial stations , and propagating 
waves were  observed in the axial direction. On the basis of this evidence, it is probable 
that the saturation shown in figure 9 is transit-time saturation, rather than the electron-
number -density -dependent G(q) saturation. 

Several series of runs were taken in  which the frequency was measured as a function 
of magnetic field strength. The quantity vo7 given by equation (33), is shown plotted as 
a function of magnetic field for  two ser ies  of runs in figures lO(a) and (b). After the 
changes of Ke and no during the time required to vary the magnetic field have been 
compensated f o r  by using the parameter vo7 it is evident that the frequency is independ­

26 



I I 1 1 1 
(a) Runs CK3 to CL16. 
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(b)  Runs CM7 to CN7. 

Figure 10. - Plot of frequency coefficient for deuterium gas as funct ion of maximum magnetic field. 

ent of magnetic field over more than a factor of 4 in magnetic field strength. Most of 
the variation shown in  figure 10 is within the 15 percent e r r o r  limits assigned to the 
quantity vo. 

Results with Neon Gas 

Three hundred and thirty-seven individual runs with neon as the working gas are 
plotted in figure 11. A best fit was obtained to equation (34) for  these 337 runs,  with the 
following result  

v = 3 . 0 1 4 7 ~ l O - ~ ( f ; ~ n ~ )0.50112 (37) 
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Figure 11. - Observed frequency as funct ion of product of average electron and neutral  number densities 
for neon gas. Best-fitting l ine of slope 1/2 i s  drawn through data. 

The best-fitting slope is quite close to the theoretically predicted value of 1/2. The 

best-fitting relation with slope equal to 1/2 is given by 

v = 3.1313XlO- 4 ­(neno) 1/2 (38) 

A run ser ies ,  taken at a single constant background pressure of neutral gas, is 
shown plotted in figure 12 along with the best-fitting straight line (given by eq. (38)) of 
slope 1/2 for the entire s e t  of data. These data show a saturation at high frequency. 
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Figure 12. - Runs CY 2 to CZ 25 taken with neon gas at single neutral  background pressure. Saturation 
i s  probably due to G(0)term, since frequency of knee varied with electron number density. Data ly ing 
beyond knee were not included among points plotted i n  figure 11. 

28 



Comparison with other series of runs showed that the frequency of the knee was a 
function of the electron number density. In addition, no propagating waves were observed 
in  the vicinity of these knees with a pair of collimated photomultipliers. It therefore 
appears probable that this saturation phenomenon in  neon gas is due to G(q ) saturation 
rather than transit-time saturation. Since the data beyond the knees of these neon runs 
would have seriously affected the curve fits to the data below the knees, the data above 
the knees were not included in the 337 data points which were plotted in figure 11, and 
which formed the basis for the curve fits of equations (37) and (38). 

A ser ies  of runs  was taken to measure the effect of magnetic field on the frequency 
of oscillation for neon gas. The quantity vo given by equation (33) is graphed as a 
function of magnetic field strength in figures 13(a) and (b). It was found that the quantity 

I 0 

>b (a) Runs DQ1 to DR14. 

0 I I I I I I u 
. 4  .6 .8 1.0 1.2 1.4 1.6 1.8 2.0 

Maximum magnetic field strength, BmaX, T 

(b) Runs DS2 to DT10. 

Figure 13. - Frequency coefficient for neon gas as funct ion of maximum magnetic field. 
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v is virtually independent of magnetic field over more than a factor of 3 in magnetic 
field strength. Most of the variation shown lies within the 15 percent e r r o r  limits 
assigned to the frequency coefficient vo. 

Results with Helium Gas 

In the two sets of runs with deuterium and neon gas it was assumed that the 
ionization-rate coefficient (uv) ne was constant throughout the experiment. The slopes 
of the best-fitting straight lines were sufficiently close to the theoretically predicted value 
of 1/2 that this assumption appears to be borne out, transit  time and G(q) saturation 
excepted. In the runs with helium gas, however, (w) does not appear to be constant 
during the experiment. 

Three hundred and ninety-one runs were taken with helium gas. The observed 
values of Keno and oscillation frequency are plotted in figure 14. The data are much 
more widely spread than with the other two gases and do not cluster along a straight line 
on this log-log plot. The best-fitting straight line through these data is given by 

v = 6 . 5 2 9 2 ~ 1 0 - ~ ( i ~ n ~ )  (39)0.60528 

The slope is sufficiently far from the value of 1/2 predicted theoretically that there 
is a possibility that variations in (uv) occurred during the helium runs. It was  assumed 
that the parameter vo defined by equation (33) was proportional to the ionization-rate 
coefficient for ions (m)ni since the maximum rate coefficient or  ionization by ions is 

1 
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Product of average electron and neutral number densities, :,no, arbi t rary uni ts 

Figure 14. - Observed frequency as function of &no  for hel ium gas. Best f i t t ing l ine of slope 1/2 is  
drawn through data. 
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Figure 15. -Frequency coefficient as function of ion kinetic temperature for helium. Best-fitting line, 
given by equation (40),i s  drawn th rough  data. 

greater than that for electrons in helium. A graph of v0 as a function of the ion kinetic 
temperature Vo is presented for the 391 helium runs in figure 15. These data cluster 
roughly around a straight line on this log-log plot, the best-fitting value of which has 
the form 

0.59155v
0 

= 4.6572X10- 7 Vo (40) 

This relation implies that ( w ) ~ ~is a monotonically increasing function of ion energy 
for values of Vo up to 4 kiloelectron volts per ion. This,  in turn, suggests that the 
ionization process active in helium in this discharge is ion-neutral impact ionization. 
No c ross  sections or ionization rate  coefficients appear to be available for  the process 

He+ + He - 2He' + e 

other than those cited in references 17 and 18. These suggest that the above reaction 
has  a maximum above 3.2 kiloelectron volts per ion, and is therefore consistent with 
this interpretation. 

Equation (40) was used as an empirical  relation between vo and Vo to calculate 
a reduced frequency 

1000 0.59155'r ' o b s ( 7 )  (41) 

where vobs is the observed oscillation frequency. The reduced frequency vr may be 
thought of as the frequency that would have been observed if the helium ions all had a 
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Figure 16. - Reduced frequency, given by equation (4U,for he l ium data as funct ion of product of average 
electron and neutral  number densities. Best-fitt ing l ine of slope 1/2 is  drawn through data. Reduced 
frequency is  frequency that would have been observed if ions had kinetic temperature of 1kilovolt per ion. 

kinetic temperature of 1.0 kiloelectron volt per ion. The reduced frequency vr is 
plotted as a function of the product Zeno in figure 16 along with the best-fitting line of 
slope 1/2. The points in figure 16 a r e  much more closely clustered about the line of 
slope 1/2 than are those of figure 14 about the best-fitting straight line given by equa­
tion (39). This improvement in the ordering of the data implies that the observations 
a r e  consistent with the continuity-equation oscillation mechanism after the energy 
variation of (w)ni is accounted for.  While the helium data cannot be used to demon­
strate  agreement with the predictions of the mathematical model, it has been shown 
that these data a r e  consistent with it. 

In figures 17(a) and (b) the parameter vo is plotted as a function of the magnetic 
field for  a run taken with helium gas. I t  was found that the frequency coefficient v0 is 
approximately independent of magnetic field strength over more than a factor of 2 in 

magnetic field. Much of the variation in vo shown in figure 17 falls within the 15 per­
cent e r r o r  limits assigned to vo. The residual variation of vo is greater than was 
the case with deuterium or  neon gas, and this is probably due to the variation in 
( w ) ~ ~with ion energy as the magnetic field changed. 

Before leaving the subject of helium gas, the author would like to point out a 
peculiar and unexplained relation that appeared in this gas, and in this gas only. In 
figure 18 is shown a plot of the observed frequency as a function of the charged-
particle density ge for the helium data. The data lie quite close to a pair of best­
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Figure 18. - Observed frequency for he l ium gas plotted as funct ion of mean electron number den­
sity. Best-fitt ing l ines given by equations (42) and (43) are drawn th rough these data. No 
explanation i s  known wh ich  accounts for t h i s  regular i ty in  the  data. 

fitting straight lines on this log-log plot, the upper left of which is given by 

Nvobs - 1.1317ne 0.91038 

and the lower right of which is given by 

Vobs= 0.8368 ne  0.85037 
(43) 

The fact  that the data cluster around two straight lines ra ther  than one is an  artifact of 
the curve-fitting process fo r  the retarding-potential curves from which the relative 
values of were calculated for helium gas. The upper left line given by equa­
tion (42) represents data that were definitely non-Maxwellian and whose best-fitting 
energy spectrum was appropriate to a distribution function with particles evenly spread 
between two limiting energies VI and V2 (eV/ion), and with no angular spread in 
velocity space. This non-Maxwellian velocity distribution was not present in deuterium 
or neon gas. 

The lower right curve represents data that best  f i t  a Maxwellian velocity distri­
bution, with a wide angular spread in velocity space. The retarding-potential curves 
f rom which the two classes  of data in figure 18 were taken did not differ by as much 
as the separation of the two types of data seem to suggest. In actual fact, the ion 
energy distribution for helium gas was so non-Maxwellian that relatively small  
geometrical changes in the shape of the retarding-potential curves made the difference 
between one or  the other giving the best  fi t .  
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The retarding-potential curves for helium revealed a generally much more 
non-Maxwellian velocity distribution than either deuterium or neon. Had the data fo r  
these latter two gases been plotted in the same manner as figure 18, the data for  a 
given frequency would have been spread out over about two orders  of magnitude in ze 
and would not have been clustered about a straight line. 

The author does not have an explanation for  the relation shown in figure 18, nor 
for  the fact that it appeared only in helium gas. The theory for the continuity-
equation instability does not predict a power - law dependence of oscillation frequency 

N 

on n e  with a slope of approximately 0.90, nor does the theory of any other plasma 
oscillation known to the author. It is tempting to dismiss  the correlation revealed by 
figure 18 as a mere  coincidence, a relation with no basis in physical theory. It is 
the belief of the author that a more profund understanding of the mechanisms operating 
in the discharge, including its energy balance, will reveal  that equations (42) and (43) 
result  from the dynamical characterist ics of the discharge. The existence of the 
correlation represented by equations (42) and (43) is believed to be of some interest  as 
a fact  requiring explanation by a more complete theory of the discharge than the one 
presented herein. 

Observations of Waveform and Ampl i tude 

If the continuity-equation mechanism was responsible for  the oscillations observed, 
the waveform should have the cuspoid shape illustrated by figure 2, when the average 
charged-particle density is either quite low o r  quite high and 7 is at the end of its 
range. In figures 19(a) to (d) are shown four typical waveforms of the light intensity from 
the discharge displayed on the oscilloscope as  a function of time. Deuterium gas was 
used. These waveforms are definitely not sinusoidal and resemble the Jacobian elliptic 
function in their sharp  maxima and their broad, flat minima. The waveforms do not 
resemble those of figure 2 in that their minima are offset from the zero level located 
at the bottom of the graticule. 

The waveforms obtained at large and small  values of 7 in the other gases in­
vestigated were qualitatively similar to those shown in figure 19. Figure 20 is a plot of 
light intensity and electron density as a function of time in a 2-torr closed gaseous dis­
charge tube containing neon gas, as reported by Polman, et al., (ref. 19). This low-
frequency oscillation (approx. 2 kHz) probably arises from the continuity-equation 
mechanism, and it is interesting to note the great similarity between figure 20 and the 
waveform displayed in figure 2 (c). 

The peak amplitude of the fundamental frequency of oscillation was read off the 
display of a spectrum analyzer and plotted as a function of 7 in figure 21. The param­
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(a) Anode cur ren t ,  4.0 m i l l i - (b) Anode cur ren t ,  6,O mi l l i ­
amperes; 0.1 millisecond/ amperes; 0. 1 mill isecond/ 
centimeter; 0. 2 volti inch. centimeter; 0. 2 volti inch. 

(c) Anode current,  8.0 m i l l i - (d) Anode current,  10.0 m i l l i ­
amperes; 0.5 millisecond/ amperes; 0.5 mill isecond/
centimeter; 0. 5 voltl inch. centimeter; 0. 5 volti inch. 

Figure 19. - Light output as funct ion of time. Maximum magnetic field, 
1.0 tesla; pressure, 7. 5 x W 6  tor r ;  deuterium gas. Zero at bottom of 
graticule; t ime increases from r i gh t  to left in a l l  cases. 
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Figure 20. - Observed l ight  output  and electron number density as funct ion of t ime 
in 2-torr neon discharge tube with c u r r e n t  of 1ampere. Note waveform charac­
terist ic of Jacobian el l ipt ic funct ions ( l ike fig. 2k)) .  (Reproduced from Polman, 
et al., ref. 19.) 

eter 77 was computed by using equation (28) and was then normalized to 1 for the value of 
77 for  which the amplitude of oscillation was a minimum. This procedure was necessary 
since it was not possible to make an absolute measurement of the ionization-rate param­
eter and thereby to establish directly the conditions for  which q = 1.0 .  Fig­
ure 21 refers to deuterium gas, but qualitatively s imilar  data were also taken with neon 
and helium gas. 

The behavior of the peak-to-peak amplitude of oscillation with q is qualitatively 
that predicted by equations (24) and (25). The peak-to-peak amplitude is large for 
small  q ,  decreases  to a minimum value, then increases again as q goes to infinity. 
The observed oscillations below q = 2/3 arise from failure of the small-amplitude 
approximation used in  the theoretical analysis. The oscillations at low q are con­
sistent with the oscillations observed to values as low as q = 0.21  on the analog com­
puter. The peak-to-peak amplitude usually reached a minimum in the frequency range 
of 103 to 104 hertz. At this minimum value the frequency peak on the spectrum analyzer 
was distinguished from noise only with difficulty. This is the principal reason why the 
data in this frequency range in figures 9, 11, 14, and 16 have more spread about the 
best-fitting straight line than the data at higher or  lower frequencies. 

When the fluctuations in the light output were fed into a spectrum analyzer, the 
peak representing the fundamental frequency of oscillation was quite narrow in relation 
to its height for certain conditions of operation. Cases  were observed for which the 
half-amplitude bandwidth of the oscillation peak was 5 percent o r  less of the center 
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Figure 21. - Observed behavior of peak-to-peak amplitude of neW as function of parameter proportional to 7 (given by eq. (28)). 
Deuterium gas; Ia/&s normalized to 1where peak-to-peak amplitude is minimum; r u n s  CO1 to CPll. 

frequency of oscillation. This resul t  would not be expected if the magnetic field in the 
discharge played any role in determining the frequency of oscillation, since the mag­
netic field varied over more than a factor of 2.5 in  the discharge volume. 

CONC LUS IONS 

The principal finding of this report  is that the existence of continuity-equation os­
cillations has been confirmed in a laboratory plasma. The behavior of these oscillations 
has been systematically studied over a wide range of operating conditions. The ex­
perimental evidence obtained is consistent with all the qualitative predictions of the 
continuity-equation oscillation mechanism. The data exhibit the predicted dependence 
of frequency on the square root of the product of mean electron and neutral number 
d e n s i t y d z ;  frequency was independent of magnetic field strength B over more 
than a factor of 2 in B; the waveform of light fluctuations was cuspoid, with the sharp 
maxima and broad, flat minima suggestive of a Jacobian elliptic function dependence of 
the charged-particle density on time; and the peak-to-peak amplitude of oscillation 
displayed the predicted large values at either extreme of the operating range, with a 
minimum for intermediate values of a parameter proportional to q .  

Only two significant departures from the simple theoretical model were observed. 
A s  shown in figures 10, 13, and 17, the frequency is a function of magnetic field 
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strength below about 0.5 tesla. It is the author's belief that a magnetic-field-dependent 
diffusion process may be dominant at these low magnetic fields. A second departure 
f rom the theoretical model occurs if typical values of frequency of oscillation v, 
average neutral number density no, and mean electron number density Ke from 
table I are substituted into equation (29). The effective ionization-rate parameter 
(W) ne so calculated is about one order  of magnitude higher than the electron-neutral 
ionization-rate parameters quoted in references 12 and 13, for example. The reason 
for this is not known but is consistent with many experimental studies of magneto-
hydrodynamic (MHD) generators and partly ionized plasmas in which much more ioniza­
tion is found than can be strictly accounted for  by known direct  electron-neutral ioniza­
tion processes. Other known oscillatory mechanisms can be ruled out because they do 
not have the correct functional dependence on ze, no, and magnetic field -B, and/or 
do not span the range of frequencies observed in this experiment. 

The generally good qualitative agreement of the experimental data with the simple 
physical model represented by equations (1) and (2) permits the conclusion that the 
essential behavior and characterist ics of the continuity-equation oscillation a r e  ade ­
quately described by these simplified continuity equations, at least  for  the experimental 
conditions used herein. The qualitative and quantitative (where obtainable in this 
experiment) agreement of the data with the closed-form expressions provided by the 
small-amplitude approximation has shown that the small-amplitude approximation to 
equations (1) and (2) provides a generally satisfactory theoretical approach to studying 
the characteristics and behavior of the continuity-equation oscillation. 

Lewis Research Center, 
National Aeronautics and Space Adrr inistration, 

Cleveland, Ohio, July 30, 1968, 
129-02-03-05-22. 
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APPENDIX A 


A 

Ai 

AP 
B 

E 


n 
N 

n 

ne 
N 


n e  

area of energy analyzer aperture 


surface area of plasma across  which ions are lost  


total surface area of plasma 


magnetic field strength, T 


best-fitting exponent, defined by eq. (34) 


electric field 


electronic charge, 1 . 6 X d 9  C/kg 


frequency parameter given by eq. (18) 


geometry factor 


frequency parameter given by eq. (22) 


collector current 


anode current,  given by eq. (27), A 


initial current on retarding-potential curve , A 


complete elliptic integral of first kind 


elliptic modulus 


half width of discharge 


instantaneous neutral number density 


time-averaged neutral number density 


neutral number density as function of time 


small  peak-to-peak perturbation of neutral number density 


instantaneous electron number density 


mean electron number density, averaged over a cycle of oscillation 


electron number density as function of time 


initial value of ne(t) at t = 0 


maximum value of ne(t) 


peak-to-peak amplitude of electron density fluctuation 
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vC 

ion number density 


time- and space-averaged neutral number density 


characteristic radius of discharge 


Jacobian elliptic sine 


period of oscillation 


time 


transit time defined by eq. (B8) 


transit  time defined by eq. (B9) 


total volume of discharge inside area AP 

kinetic temperature of ions, eV 


potential at which plasma is floating 


neutr a1-par ticle ve locity 


velocity field 


ion velocity 


average velocity of neutrals 


position in slab discharge 


parameter defined by eq. (13) 


parameter defined by eq. (14) 

average fraction of total neutra f lux  through discharge that interactec 
discharge volume during a previous cycle of oscillation 

attenuation coefficient defined by eq. (B7) 

averaged absorption coefficient defined by eqs. (B10) and (B11) 

permittivity of f ree  space, 8 . 8 5 4 ~ 1 0 - l ~F/m 

dimensionless parameter defined by eq. (12) 

dimensionless argument of Jacobian elliptic function 

half angle in velocity space of escape cone 

mean f ree  path 

permeability of f ree  space, 4 ~ ~ 1 0 - ~H/m 

frequency of oscillation, Hz 

collision frequency 

in 
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frequency coefficient given by eq. (33) 


observed frequency of oscillation, Hz 


reduced frequency, defined by eq. (41) 


ionization-rate coefficient of neutrals by electron. 


ionization-rate coefficient of neutrals by ions 


net particle flux 


total particle flux 


parameter defined by eqs. (�312) and (�313) 


Subscripts: 

leftward-moving 

max maximum 

r rightward-moving 
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APPENDIX B 

DER IVATlON OF NEUTRAL- PA RTlC LE CONTlNUITY EQUATION 

In this appendix, the neutral continuity equation given by equation (1) is derived for 
the slab geometry, under simplified assumptions which make clear the physical 
processes involved. Consider the one-dimensional slab discharge shown in figure 22, 
in which neutral molecules are streaming into the discharge from the right and left. 
Electrons of density ne(t) a r e  streaming along magnetic field lines normal to the plane 
of the diagram. It is assumed that the mean free path for the electron-neutral ioniza­
tion process is longer than the width 21 of the discharge, so that a diffusion approxima­
tion is not appropriate. The neutral-particle continuity equation may be written 

n = -V . qn - nne(av)ne 

where nne( w)ne represents the loss of neutrals due to ionization by the f a s t  electrons 
and the source term is the spatial gradient of the net flux at a point x in the discharge. 
The rightward-moving flux reaching the left-hand boundary is equal to 

1cp = - n v  x < - Z  
I- 2 O 

and the flux moving to the left beyond x = Z is 

1' p Z = - n v  x > Z  
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where no is the average neutral number density in  the plenum outside the discharge 
and v is the velocity of the neutral particles which is assumed to be fixed at one value 
for  the present. 

If these fluxes are attenuated exponentially within the discharge with an attenuation 
coefficient E ,  the rightward-moving flux inside the discharge may be written 

and the f lux  moving to the left is 

It is important to realize that the attenuation coefficients Fr and F2 a r e  not the 
instantaneous values existing at point x and time t. Since the neutral particles have 
moved across  the discharge, these attenuation coefficients must be averaged over the 
transit time of the particles in the discharge. The collision frequency of neutrals with 
electrons is 

vc = 

The instantaneous value of the attenuation coefficient is the inverse of the mean free path 
Xo of a neutral of velocity v, given by 

The number density ne is time dependent and must be integrated over the transit  t imes 
appropriate for rightward-moving o r  leftward-moving particles. The transit time for  
rightward-moving particles is 

and for leftward-moving particles is 
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The attenuation coefficients averaged.over the transit  time they have been in the dis­
charge are, using equations (B7) to (B9), 

I ne dt' 

and 

since ( o - v ) ~ ~and v are, by hypothesis, not functions of time. The following quanti­
ties are defined: 

and 

The total neutral flux cp,(x, t) inside the discharge may be written, using equa­
tions (B4), (B5), (B12), and (B13), as 

and the effective total density in  the discharge is 
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(a+r 

The net flux, with rightward-moving flux considered positive, is given by the difference 
of the two fluxes, o r  

' pn=qr  - 'p  

The divergence of this quantity, required in the continuity equation, is 

1-V . qn=;nov ax e -+r 	 a + ~  
ax 

When equations (B12) and (B13) a r e  used, the derivatives are 

and 

where t
0,r  

and t 
0, 

are functions of x. Equation (B17) can then be written 

To simplify the following analysis, attention is restricted to the midplane of the 
slab, where x = 0, s o  that qr = +1 -- +; to = to, I = to,r = t /v.  From equation (B15), 
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and equation (B20)becomes 

Substituting equation (B22)into equation (Bl)resul ts  in the following form of the 
continuity equation: 

The source term in this continuity equation is therefore characterist ic of the retarded 
time t - to. It is this decoupling and averaging that is responsible for the continuity-
equation relaxation oscillations. 

When the neutral molecules have a Maxwellian distribution of velocities, the 
transit  time to = Z/v will vary over a wide range 0 5 to 5 00, and the retarded value 
of the electron number density can therefore be replaced with its average value over a 
period of oscillation. There will always be some particles with nearly zero velocities 
that will be present in the discharge for a period o r  longer, so 

ne (t - t) 5 l T n e ( t t ) d t l  Nn e 

where T is the period of oscillation. Since the average neutral influx is equal to the 
average electron efflux, the coefficients of the source term in equations (B23)and (1) 
can be related to obtain 

(YAv 
-2-= ne(OV>ne
4v 

It can be shown by a similar argument that the charged-particle continuity equation 
(eq. (2)) can be written 
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where no is the time-averaged neutral number density. The first term of the right 
side of equation (B26) can be obtained from the divergence term 

with the same argument by changing variables, ne to n and n to ne, and by realiz­
ing that the exponentials in equations (B4) and (B5) are positive, since the ionization 
process leads to a n  enhancement of ge in the discharge region. 
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APPENDIX C 

WAVEFORMS CW PERIODIC SOLUTIONS 

For the benefit of those not familiar with the Jacobian elliptic functions, the wave­
forms of equations (15) and (19) have been calculated as a function of 7,and selected 
examples are illustrated in  figure 23. Illustrated are normalized graphs of equation (15) 
(2/3 5 r] 5 1.0) and of equation (19) (r]  2 1.0) as functions of the argument 8 = 2K(k)vt 
for the following values of r ] :  0.6667, 0.667, 0.670, 0.75, 0.95, 1.10, 1.60, 50.0, 
and 500.0. Note the increase in peak-to-peak amplitude and characteristic Jacobian 
waveform as r] approaches the ends of its range. When r] = 1.0, the equations (1) 
and (2) represent a nonoscillating steady state. 
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( c )  Dimensionless parameter 71, 0.670. 


Figure 23. -Waveforms of periodic solutions. 
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Figure 23. -Concluded. 
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