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SECOND-ORDER ERRORS IN LINEARIZED VELOCITY CORRECTIONS 

AND THEIR EFFECTS ON THE RATE OF CONVERGENCE OF 

ITERATIVE SOLUTIONS 

By John D .  McLean 

Ames Research Center 

SUMMARY 

The use  of  a fast i n t e g r a t i o n  scheme, such as Danby's method, allows a 
choice of methods f o r  t h e  on-board computation of  l i n e a r i z e d  v e l o c i t y  cor rec­
t i o n s  t h a t  i s  imprac t i ca l  with slower i n t e g r a t i o n  methods. This  r e p o r t  dea l s  
with t h e  problem of  e r r o r s ,  caused by n o n l i n e a r i t y ,  i n  t h e s e  v e l o c i t y  cor rec­
t i o n s  and t h e  e f f e c t  of t hose  e r r o r s  on t h e  choice o f  t h e  computation method. 

Two methods of  computing l i n e a r i z e d  co r rec t ions  a r e  considered.  The 
f i r s t ,  r e f e r r e d  t o  as t h e  " l inea r "  method, computes t h e  v e l o c i t y  co r rec t ion  
as a l i n e a r  func t ion  of  p o s i t i o n  and v e l o c i t y  dev ia t ions  a t  t h e  time of t h e  
co r rec t ion .  The second method, r e f e r r e d  t o  as  t h e  "ha l f - l i nea r "  method, com­
putes  t h e  t r a j e c t o r y  ahead t o  t h e  te rmina l  time and then  determines v e l o c i t y  
co r rec t ion  as a l i n e a r  func t ion  of t h e  a c t u a l  te rmina l  e r r o r .  

This  r epor t  has  fou r  p a r t s :  (1) The l i n e a r  and h a l f - l i n e a r  guidance laws 
a r e  presented  toge the r  with formulas f o r  p r e d i c t i n g  t h e  e r r o r s  i n  them caused 
by n o n l i n e a r i t y .  These formulas a r e  based on t h e  assumption t h a t  t h e  e r r o r s  
a r e  adequately represented  by second-order terms.  ( 2 )  Second-order e r r o r s  
a r e  presented  f o r  both guidance methods on conic  t r a j e c t o r i e s  with eccen t r i c ­
i t i e s  of 0 . 2 ,  0 . 9 8 ,  and 2 . 0 ,  and t h e  e r r o r s  f o r  t h e  two guidance methods a r e  
compared. ( 3 )  A s imulated luna r  mission i s  used as an example t o  show how 
t h e  d a t a  from t h e  conic  t r a j e c t o r i e s  can be used t o  g ive  a q u a l i t a t i v e  idea  
of t h e  r e l a t i v e  performance of t h e  l i n e a r  and h a l f - l i n e a r  methods on an 
n-body t r a j e c t o r y .  ( 4 )  The r e l a t i v e  advantage of us ing  t h e  l i n e a r  o r  h a l f -
l i n e a r  method t o  compute t h e  f i r s t  v e l o c i t y  c o r r e c t i o n  when i t e r a t i o n  i s  used 
t o  reduce t h e  r e s i d u a l  e r r o r  i s  i n v e s t i g a t e d .  Also, t h e  e f f e c t  of neg lec t ing  
pe r tu rb ing  fo rces  i n  c a l c u l a t i n g  t h e  s t a t e  t r a n s i t i o n  mat r ix  i s  considered.  

r The two-body d a t a  show t h a t  t h e  l i n e a r  method of v e l o c i t y  c o r r e c t i o n  i s  
usua l ly  supe r io r ,  t h e  second-order e r r o r s  o f t e n  being seve ra l  o rders  of magni­
tude l e s s  than  those  f o r  t h e  h a l f - l i n e a r  method. I f  a s i n g l e  conic  i s  no t  
s u f f i c i e n t  t o  approximate t h e  a c t u a l  t r a j e c t o r y ,  t h e  e r r o r s  s t i l l  follow t h e  
same t r ends  as t h e  two-body d a t a  and t h e  l i n e a r  method i s  u s u a l l y  s u p e r i o r .  
The use  of t h e  l i n e a r  method t o  s tar t  an i t e r a t i o n  method usua l ly  r e s u l t s  i n  
more r a p i d  convergence than  when t h e  h a l f - l i n e a r  method i s  used. 



INTRODUCTION 

This  s tudy  i s  p a r t  o f  an e f f o r t  a t  A m e s  Research Center  t o  s impl i fy  t h e  
computations r equ i r ed  f o r  midcourse guidance and naviga t ion  by on-board sys­
tems. The purpose of  such s i m p l i f i c a t i o n  i s  t o  allow reduct ion  of t h e  s i z e  
and power requirements o f  t h e  on-board computer with a consequent i n c r e a s e  i n  
i t s  r e l i a b i l i t y .  A reduct ion  i n  t h e  computation t i m e  i s  a l s o  d e s i r a b l e  
because t h e  time saved can o f t e n  be t r aded  f o r  computer s to rage ,  hence, s i ze .  

In  re ference  1 it i s  shown t h a t  Danby's method of  i n t e g r a t i n g  t h e  o r b i t a l  
equat ions of  motion i s  p a r t i c u l a r l y  s u i t e d  f o r  u s e  i n  on-board naviga t ion  sys­
tems. For a given accuracy, t h i s  i n t e g r a t i o n  method r equ i r e s  much less t ime 
and s to rage  than  Cowell 's  method and is probably s u p e r i o r  t o  Encke's method. 
The s u p e r i o r i t y  o f  Danby's method r e s u l t s ,  i n  p a r t ,  from t h e  f a c t  t h a t  t h e  
t r a n s i t i o n  mat r ices  used i n  t r a j e c t o r y  e s t ima t ion  and l i n e a r i z e d  guidance are .  
a by-product of  t h e  i n t e g r a t i o n  process .  The t r a j e c t o r y  i s  approximated over 
small-time i n t e r v a l s  by conics ,  and t h e  two-body t r a n s i t i o n  mat r ix  over  each 
approximating conic  i s  used i n  i n t e g r a t i n g  t h e  a c c e l e r a t i o n s  t h a t  pe r tu rb  t h e  
spacec ra f t  from i t .  For guidance purposes ,  t h e  r e s u l t i n g  sequence of  matrices 
may be mul t ip l i ed  t o g e t h e r  t o  give a good approximation t o  t h e  mat r ix  t h a t  
would be obtained by i n t e g r a t i n g  t h e  two-body v a r i a t i o n a l  equat ions along t h e  
n-body t r a j e c t o r y .  

I f  t h e  i n t e g r a t i o n  method i s  f a s t ,  then  e i t h e r  i m p l i c i t  o r  e x p l i c i t  
guidance may be  used. (See r e fe rence  2 f o r  a d e t a i l e d  d iscuss ion  of i m p l i c i t  
and e x p l i c i t  guidance.)  If  t h e  i n t e g r a t i o n  i s  slow, e x p l i c i t  guidance i s  
imprac t i ca l ,  bu t  i m p l i c i t  guidance may be used as i n  re ference  3 .  

This s tudy i s  r e s t r i c t e d  t o  l i n e a r i z e d  guidance, and we w i l l  r e f e r  t o  
l i n e a r i z e d  e x p l i c i t  guidance as t h e  " h a l f - l i n e a r "  method and l i n e a r i z e d  
i m p l i c i t  guidance as t h e  " l i n e a r f '  method. With t h e  h a l f - l i n e a r  method, t h e  
b e s t  es t imate  of t h e  a c t u a l  t r a j e c t o r y  i s  i n t e g r a t e d  ahead t o  t h e  f i n a l  t ime,  
and t h e  v e l o c i t y  c o r r e c t i o n  i s  computed as a l i n e a r  func t ion  of t h e  te rmina l  
e r r o r .  In t h e  l i n e a r  method, t h e  v e l o c i t y  c o r r e c t i o n  i s  computed as a l i n e a r  
func t ion  of t h e  p o s i t i o n  and v e l o c i t y  dev ia t ions  from a re ference  t r a j e c t o r y  
a t  t h e  time of  t h e  c o r r e c t i o n .  

The main purpose of  t h i s  r e p o r t  i s  t o  compare t h e  e r r o r s  t h a t  a r i s e  when 
these  two d i f f e r e n t  methods a r e  used f o r  computing l i n e a r i z e d  v e l o c i t y  cor rec­
t i o n s .  Danby's i n t e g r a t i o n  method was used i n  t h i s  s tudy ,  bu t  t h e  r e s u l t s  a r e  
app l i cab le  when o t h e r  i n t e g r a t i o n  schemes a r e  used. Two p o t e n t i a l  e r r o r  
sources  are considered: t h e  f i rs t ,  with which most of  t h e  r epor t  i s  concerned, 
i s  n o n l i n e a r i t y ,  and it i s  p resen t  i n  any l i n e a r i z e d  guidance scheme. The 
second i s  t h e  inaccuracy t h a t  arises from neg lec t ing  t h e  pe r tu rb ing  fo rces  i n  
t h e  computation of  t h e  t r a n s i t i o n  ma t r i ces .  

The f irst  po r t ion  of t h i s  r e p o r t  p re sen t s  t h e  l i n e a r  and h a l f - l i n e a r  
guidance laws and equat ions f o r  p r e d i c t i n g  t h e  e r r o r s  due t o  t h e  n o n l i n e a r i t y  
under t h e  assumption t h a t  t h e  second-order terms a r e  a reasonable  measure of 
those  e r r o r s .  Then, p red ic t ed  second-order e r r o r s  are presented  f o r  t h r e e  
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I conics  with e c c e n t r i c i t i e s  r e p r e s e n t a t i v e  of  t r a j e c t o r i e s  l i k e l y  t o  be encoun­
t e r e d  i n  space missions.  These d a t a  show t h e  e f f e c t s  of  t h e  magnitude of  
i n i t i a l  condi t ion  e r r o r s ,  t r u e  anomaly a t  t h e  time of  t h e  co r rec t ion ,  and t h e  
arc length  between t h e  c o r r e c t i o n  and te rmina l  p o i n t s .  

Next t h e  r e s u l t s  f o r  some guidance problems s imulated us ing  a t r a n s l u n a r  
and a t r a n s e a r t h  t r a j e c t o r y  a r e  compared with t h e  two-body r e s u l t s .  Addi­
t i o n a l  d a t a  from t h e s e  guidance problems show how t h e  choice of  t h e  l i n e a r  o r  
h a l f - l i n e a r  method f o r  t h e  f irst  v e l o c i t y  c o r r e c t i o n  affects t h e  ra te  of 
convergence when t h e  r e s i d u a l  e r r o r s  are reduced by i t e r a t i o n .  The e r r o r s  
due t o  neglec t ing  t h e  pe r tu rb ing  fo rces  i n  c a l c u l a t i n g  t h e  t r a n s i t i o n  mat r ices  
a r e  a l s o  considered.  

A l l  t h e  d a t a  presented  were obtained us ing  f ixed - t ime-o f -a r r iva l  
guidance and i n i t i a l  condi t ion  e r r o r s  having Gaussian d i s t r i b u t i o n  and zero 
mean. 

NOTATION 

-
A matr ix  of f irst  p a r t i a l  d e r i v a t i v e s  of P with r e spec t  t o  i n i t i a l  

pos ition 
-

B matr ix  of  f i r s t  p a r t i a l  d e r i v a t i v e s  o f  P with r e spec t  t o  i n i t i a l  
v e l o c i t y  

B+ pseudoinverse of B 

G mat r ix  of second p a r t i a l  d e r i v a t i v e s  of  p o s i t i o n  and v e l o c i t y  with 
r e spec t  t o  t h e i r  i n i t i a l  values  

H matr ix  used i n  c a l c u l a t i n g  s t a t i s t i c a l  information 

submatrices of H 
H 3  , H 4  

I i d e n t i f y  matr ix  
-
P vec to r  of parameters t o  be  c o n t r o l l e d  

--P vec to r  o f  f i r s t - o r d e r  dev ia t ions  i n  P 

-r p o s i t i o n  dev ia t ion  vec to r  

r magnitude of  5= 

I-IIlS roo t  mean square 

T r  trace of a mat r ix  

3 



-
V 

II - IIE 


v e l o c i t y  dev ia t ion  vec to r  

-
magnitude o f  v 

Car t e s i an  components of  p o s i t i o n  v e c t o r  

a r b i t r a r y  component of  lp 

second-order dev ia t ion  

t r u e  anomaly 

change i n  t r u e  anomaly from c o r r e c t i o n  t o  te rmina l  po in t  

s t a t e  t r a n s i t i o n  mat r ix  f o r  l i n e a r i z a t i o n  around a c t u a l  t r a j e c t o r y  

s ta te  t r a n s i t i o n  mat r ix  f o r  l i n e a r i z a t i o n  around re ference  
t r a j e c t o r y  

submatr ices  o f  cf, and +, r e s p e c t i v e l y  

Subsc r ip t s  

d e s i r e d  

f i n a l  

h a l f - l i n e a r  

1i n e a r  

i n i t i a l  

Euclidean norm of  a mat r ix  ( roo t  sum square of  a l l  i t s  elements) 

SECOND-ORDER ERRORS FOR L I N E A R I Z E D  GUIDANCE 

This s e c t i o n  o f  t h e  r e p o r t  p re sen t s  t h e  l i n e a r  and h a l f - l i n e a r  guidance 
laws, t h e  equat ions used f o r  p r e d i c t i n g  t h e  second-order e r r o r s  i n  t h e s e  
guidance methods, and t h e  assumptions made i n  d e r i v i n g  t h e  equat ions .  The 
de r iva t ions  of  t h e  equat ions f o r  t h e  second-order e r r o r s  a r e  given i n  
appendix A. 

Linear guidance depends on express ing  one t r a j e c t o r y  i n  terms of  a Taylor  
s e r i e s  expansion about another  and neg lec t ing  a l l  b u t  t h e  f i r s t - o r d e r  terms. 
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I t  i s  assumed i n  t h i s  a n a l y s i s  t h a t :  

1. The second-order terms g ive  a good measure of  t h e  t o t a l  
r e s i d u a l  e r r o r  due t o  n o n l i n e a r i t y .  

2 .  The s t a t e  of  t h e  spacec ra f t  (pos i t i on  and v e l o c i t y  vec tors )  a t  
t h e  t i m e  o f  t h e  c o r r e c t i o n  is  known exac t ly .  

3. The components of  t h e  p o s i t i o n  and v e l o c i t y  dev ia t ions  from a 
precomputed re ference  t r a j e c t o r y  a t  t h e  t i m e  o f  t h e  c o r r e c t i o n  are indepen­
dent  and Gaussian with zero mean. Also, t h e  s tandard  dev ia t ion  i n  each compo­
nent  of p o s i t i o n  and v e l o c i t y ,  r e spec t ive ly ,  i s  t h e  same. 

4 .  Only f ixed- t ime-of -ar r iva l  guidance w i l l  be  used. 

Two d i f f e r e n t  methods o f  computing t h e  l i n e a r  c o r r e c t i o n s  are considered.  
The first method uses  t h e  d e f i n i t i o n  of  l i n e a r  impulsive guidance given i n  
re ference  4; t h a t  i s ,  t h e  v e l o c i t y  co r rec t ion  i s  computed as a l i n e a r  func­
t i o n  of t h e  dev ia t ions  of t h e  p re sen t  s t a t e  ( a t  t h e  t i m e  o f  t h e  v e l o c i t y  
co r rec t ion )  from a given r e fe rence  s t a t e .  This method of  computation w i l l  b e  
r e f e r r e d  t o  as t h e  " l inear"  method. The second method o f  Computation c o n s i s t s  
i n  de f in ing  t h e  v e l o c i t y  c o r r e c t i o n  as a l i n e a r  func t ion  of t h e  dev ia t ions  of  
t h e  parameters t o  be c o n t r o l l e d  from t h e i r  des i r ed  va lues  a t  t h e  terminal  
t ime. Since t h e  complete non l inea r  r e l a t i o n s h i p  between t h e  i n i t i a l  s t a t e  
dev ia t ions  and t h e  con t ro l l ed  parameters are used t o  determine t h e  l a t t e r ,  
t h i s  method w i l l  be  r e f e r r e d  t o  as t h e  "ha l f - l i nea r "  method. 

The d i f f e r e n c e  between t h e  two methods of guidance i s  i l l u s t r a t e d  i n  
-f i g u r e  1. A t  t h e  t i m e  o f  t h e  v e l o c i t y  co r rec t ion ,  t h e  spacec ra f t  p o s i t i o n  

and v e l o c i t y  vec to r s  d i f f e r  from t h e  re ference  va lues  by ro and To, 
r e s p e c t i v e l y ,  and i f  no c o r r e c t i o n  i s  made, t h e  s p a c e c r a f t  w i l l  m i s s  t h e  
d e s i r e d  te rmina l  po in t  by t h e  e r r o r  vec to r  Tf. Therefore ,  we wish t o  compute 
a change i n  v e l o c i t y  such t h a t  t h e  cor rec ted  t r a j e c t o r y ,  i nd ica t ed  by t h e  
dashed l i n e ,  w i l l  t e rmina te  a t  t h e  des i r ed  po in t .  

Reference 

Actual trajectory 
(uncorrected) 

Figure 1.- Fixed-t ime-of-arr ival  guidance methods. 
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- _The l i n e a r  method of computation r equ i r e s  a knowledge o f  ro, vo, and t h e-
t r a n s i t i o n  matrix, $, which gives  rf as a l i n e a r  func t ion  of  t hose  two quan­
t i t i e s .  (See appendix B.)  The te rmina l  e r r o r  v e c t o r  can then  be  w r i t t e n  as 

-rf = @lF0 $2T0+ 6Ff (1)+ 

where $1 and 42 are submatr ices  o f  4 ,  and 6Yf r e p r e s e n t s  t h e  non l inea r  
terms i n  t h e  Taylor  s e r i e s  expansion of  t h e  a c t u a l  t r a j e c t o r y  about t h e  
re ference  t r a j e c t o r y  . 

To compute t h e  v e l o c i t y  c o r r e c t i o n  f o r  t h e  l i n e a r  method, w e  -assume t h a t-
6 r f  is zero,  and so lve  equat ion (1) f o r  t h e  v e l o c i t y  c o r r e c t i o n  vL,  which,

-
when added t o  To, w i l l  cause rf t o  be zero.  The r e s u l t  i s  

If t h i s  co r rec t ion  i s  added t o  t h e  a c t u a l  v e l o c i t y  and t h e  co r rec t ed  t r a j e c ­
t o r y  i s  expanded i n  a Taylor  s e r i e s  about t h e  r e fe rence ,  t h e  f i r s t - o r d e r  
e r r o r  i s  zero and t h e  r e s i d u a l  e r r o r  w i l l  b e  denoted by EL. 

For t h e  h a l f - l i n e a r  method, t h e  a c t u a l  t r a j e c t o r y  i s  i n t e g r a t e d  ahead t o  
t h e  f i n a l  t ime, and t h e  a c t u a l  te rmina l  p o s i t i o n  vec to r  i s  sub t r ac t ed  from-
t h e  des i r ed  one t o  give -rf. This dev ia t ion  can be expanded i n  a Taylor  
s e r i e s  about t h e  a c t u a l  t r a j e c t o r y  t o  g ive  

Here QP2 i s  a submatrix of  t h e  t r a n s i t i o n  mat r ix  0 obtained by l i n e a r i z i n g  
about t h e  a c t u a l  t r a j e c t o r y ,  Tn i s  t h e  exact  v e l o c i t y  c o r r e c t i o n  r equ i r ed ,  
and STD r ep resen t s  t h e  nonl iEear  p a r t  of t h e  expansion. If ~ F Dis  
assumed t o  be zero,  t h a t  i s ,  a l l  o f  -Ff i s  produced by t h e  l i n e a r  term 
alone,  then  t h e  v e l o c i t y  co r rec t ion  f o r  t h e  h a l f - l i n e a r  method i s  

If t h i s  co r rec t ion  is  added t o  t h e  a c t u a l  v e l o c i t y  and t h e  co r rec t ed  t r a j e c ­
t o r y  i s  expanded about t h e  a c t u a l  t r a j e c t o r y ,  t h e  te rmina l  dev ia t ion  i s  

-

'H = -Ff + 6FH (5) 


where byH i s  t h e  r e s i d u a l  e r r o r  i n  t h e  expansion of  t h e  co r rec t ed  
t r a j e c t o r y  about t h e  a c t u a l .  

If  it is  assumed t h a t  terms of h igher  than second o rde r  may be neglec ted ,-
then each component of  EL is  given by a quadra t i c  form i n  ro and each 
component of ~ T Hby a quadra t i c  form i n  VH. The mean square e r r o r  
(der ived i n  appendix A) i n  t h e  X component of t h e  second-order e r r o r  is  
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where I I H l l  denotes  t h e  Eucl id ian  norm of  t h e  matr ix  H .  The parameters 
or and uv Eare t h e  s tandard  dev ia t ions  i n  t h e  components o f  F and To, 
r e spec t ive ly ,  and t h e  matrices HL, H I ,  H 2 ,  and H4 are de f ine8  i n  appendix A .  

The r m s  magnitude ( 6 r L  o r  6rH) of t h e  second-order e r r o r  v e c t o r  i s  
given by 

TWO-BODY RESULTS 

The rms second-order e r r o r s  were computed (see appendix B) f o r  t h r e e  
d i f f e r e n t  conic  t r a j e c t o r i e s  with e c c e n t r i c i t i e s  of  0 . 2 ,  0.98, and 2 . 0 .  The 
i n i t i a l  condi t ions  f o r  t h e  high e c c e n t r i c i t y  e l l i p s e  a r e  those  f o r  a circum­
lunar  t r a j e c t o r y ,  while  t h e  hyperbola uses  t h e  same i n i t i a l  condi t ions  except  
t h a t  t h e  magnitude of t h e  v e l o c i t y  has been increased  t o  give t h e  d e s i r e d  
e c c e n t r i c i t y .  F o r  t h e  low e c c e n t r i c i t y  e l l i p s e ,  t h e  semimajor a x i s ,  and 
hence t h e  per iod ,  i s  kept  t h e  same as t h a t  of  t h e  high e c c e n t r i c i t y  e l l i p s e .  

The e c c e n t r i c i t i e s  of  0 .98 and 2 . 0  are t y p i c a l  of t h e  geocent r ic  and 
se l enocen t r i c  po r t ions  of  l una r  t r a j e c t o r i e s  such as those  used f o r  t h e  
sample guidance problems i n  t h e  next  s e c t i o n .  The low (0 .2 )  e c c e n t r i c i t y  
e l l i p s e  i s  included t o  show how t h e  r e s u l t s  vary wi th  e c c e n t r i c i t y ,  and i s  
roughly comparable t o  t h e  h e l i o c e n t r i c  p o r t i o n  of a Mars o r  Venus t r a j e c t o r y .  

Discussion of  Data 

I t  can be seen from equat ions ( 6 )  and (7)  t h a t  t h e  r m s  second-order 
e r r o r  f o r  t h e  l i n e a r  method i s  a func t ion  only of t h e  i n i t i a l  dev ia t ion  and 
increases l i n e a r l y  wi th  0;. Therefore ,  t h e  e r r o r s  are given only f o r  
or = 1 km, and those  f o r  o t h e r  va lues  o f  can be obta ined  by mul t ip ly ing  
t h e  e r r o r s  f o r  o r  = 1 km by t h e  square o f  t h e  new va lue  of y r .  The ha1f -
l inear  error i s  a func t ion  o f  both 0: and u$, and d a t a  f o r  t h i s  method were 
obtained by us ing  cry = 1 km with uv = 0 ,  0 .1 ,  and 1 .0  m/sec. These d a t a  
can be  sca l ed  i n  t h e  same way f o r  o t h e r  va lues  o f  or and uv provided 
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Ov/or remains cons t an t .  For example, i f  t h e  r m s  e r r o r s  f o r  5r = 1 km 
with crV = 0,  0 .1 ,  and 1 .0  m/sec are mul t ip l i ed  by 100, t h e  r e s u l t s  a r e  
t h e  e r r o r s  f o r  O r  = 10 km with va lues  o f  oV of  0, 1, and 10 m/sec, 
r e s p e c t i v e l y .  

For t h e  h igh  (0.98) e c c e n t r i c i t y  e l l i p s e ,  s i x  va lues  of i n i t i a l  t r u e  
anomaly, e o ,  were used (0",  104", 158", 180", 203", and 256") and they are 
ind ica t ed  on t h e  scale drawing o f  t h e  e l l i p s e  i n  f i g u r e  2 .  A t r a n s l u n a r  o r  
t r a n s e a r t h  t r a j e c t o r y  can be approximated f a i r l y  w e l l  ou t s ide  t h e  sphere of  
in f luence  of t h e  Moon by such an e l l i p s e ,  and t h e  approximate t r u e  anomalies 
of  en t rance  i n t o  o r  e x i t  from t h e  sphere of  i n f luence  a r e  ind ica t ed .  These 
t r u e  anomalies have no p a r t i c u l a r  s i g n i f i c a n c e  i n  t h i s  s e c t i o n  of t h e  r e p o r t  
and are included only t o  he lp  r e l a t e  t h e  two-body r e s u l t s  t o  t h e  s imulated 
luna r  mission considered la te r .  

I 

IO " 4  Earth I 3180" 

\ 

Moon's sphere 
of influence 

Figure 2 . - True anomalies of  co r rec t ion  p o i n t s  and spheres  of  in f luence  
on high e c c e n t r i c i t y  e l l i p s e .  

The r m s  second-order e r r o r  f o r  t h e  high (0.98) e c c e n t r i c i t y  e l l i p s e  
i s  p l o t t e d  as a func t ion  o f  t h e  t r u e  anomaly, 6 5 ,  a t  t h e  terminal  time i n  f i g ­
u r e s  3(a)  through 3 ( f ) .  The d a t a  f o r  t h e  c o r r e c t i o n  p o i n t  a t  per igee  a r e  
presented  i n  f i g u r e  3 ( a ) .  I n i t i a l  v e l o c i t y  e r r o r s  f o r  t h i s  case  have l i t t l e  
i n f luence ,  and t h e  curves f o r  crV # 0 are omit ted.  The rms second-order 
e r r o r  does not  exceed 1 km u n t i l  t h e  t r u e  anomaly reaches 165", and a t  170' 
(approximately t h e  Moon's sphere of  in f luence  on t h e  corresponding t r a n s l u n a r  
t r a j e c t o r y )  it is  about 10 km. 

For t h e  incremental  t r u e  anomaly, A f 3 ,  l e s s  than  180", t h e  e r r o r  i n  t h e  
h a l f - l i n e a r  method is  s l i g h t l y  less than  f o r  t h e  l i n e a r  method. (For 5, = 1, 
t h e  two a r e  almost eqpa l . )  Since $ 2  i s  s i n g u l a r  a t  A6 = 180°, t h e  v e l o c i t y  
co r rec t ion  and second-order e r r o r  become i n f i n i t e .  A s  A0 increases  beyond 
180", t h e  h a l f - l i n e a r  e r r o r  r a p i d l y  becomes s e v e r a l  o rde r s  of  magnitude 
l a r g e r  than t h a t  f o r  t h e  l i n e a r  method. 
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Figure 3 . - R m s  second-order e r r o r s  f o r  high e c c e n t r i c i t y  e l l i p s e  with 
ur  = 1 km. 
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Figure 3(b)  shows t h e  d a t a  f o r  a v e l o c i t y  c o r r e c t i o n  made a t  a t r u e  
anomaly o f  104". This  p o i n t  occurs about 0.6 hour a f t e r  pe r igee ,  about t h e  
ear l ies t  l i k e l y  po in t  f o r  t h e  first midcourse v e l o c i t y  c o r r e c t i o n  on a t r a n s -
lunar  t r a j e c t o r y .  I n i t i a l  v e l o c i t y  e r r o r s  are q u i t e  important i n  t h e  h a l f -
l i n e a r  method f o r  t h i s  va lue  of  eo ,  although t h e  curve f o r  ov = 0 . 1  m/sec 
i s  almost t h e  same as f o r  ov = 0 and has  been omit ted.  The h a l f - l i n e a r  
e r r o r s  a t  t h e  Moon's sphere o f  in f luence  are 0.06 km f o r  ov = 0 and 1 .5  km 
f o r  ov = 1.0  m/sec, and they  exceed t h e  e r r o r  f o r  t h e  l i n e a r  method by fac­
t o r s  of  3 and 75, r e s p e c t i v e l y .  For l a r g e r  va lues  of  Of t he se  f a c t o r s  
reach seve ra l  o rde r s  o f  magnitude. For  small va lues  o f  A8,  t h e  e r r o r  f o r  
t he  l i n e a r  method exceeds t h e  h a l f - l i n e a r  e r r o r  f o r  ov = 0 ,  and even tua l ly  
exceeds t h a t  f o r  ov = 1.0 m/sec when t h e  e r r o r s  f o r  both methods are below 
t h e  s c a l e  of t h e  graph. However, t h e  e r r o r s  are very small i n  t h i s  reg ion  and 
t h e  e r r o r  f o r  t h e  l i n e a r  method i s  never  g r e a t e r  than  t h r e e  t imes t h e  h a l f -
l i n e a r  e r r o r ,  In  t h i s  f i g u r e ,  t h e  e r r o r s  f o r  a given va lue  of  O f  are much 
less than i n  f i g u r e  3(a)  where t h e  c o r r e c t i o n  i s  made a t  pe r igee .  Note, how­
ever ,  t h a t  t h e  same values  of or and ov were used i n  computing t h e s e  curves 
as f o r  those  i n  f i g u r e  3 ( a ) .  Actual ly ,  t h e  magnitudes of  t h e  dev ia t ions  from 
t h e  re ference  t r a j e c t o r y  w i l l  i nc rease  i f  t h e  c o r r e c t i o n  i s  delayed u n t i l  
Bo = 104", and t h e  r e s u l t i n g  second-order e r r o r s  w i l l  a l s o  be l a r g e r .  

Figure 3(c)  p re sen t s  t h e  d a t a  f o r  8 ,  = 158". This  t r u e  anomaly occurs  
about 13 hours a f t e r  pe r igee  and r ep resen t s  t h e  l a tes t  t i m e  l i k e l y  f o r  t h e  
first midcourse co r rec t ion .  A t  t h e  Moon's sphere o f  in f luence ,  only t h e  h a l f -
l i n e a r  e r r o r  f o r  ov = 1 . 0  m/sec i s  above t h e  s c a l e  of  t h e  graph, bu t  d a t a  f o r  
t he  o the r  cases  were obtained.  The h a l f - l i n e a r  e r r o r  a t  t h i s  value of  8f 
exceeds t h a t  f o r  t h e  l i n e a r  method by an o rde r  o f  magnitude f o r  ov = 0 
by t h r e e  and f i v e  o rde r s  of  magnitude, r e spec t ive ly ,  f o r  uv = 0 . 1  and 
1 .0  m/sec. The t rend  a t  low va lues  of  A B  f o r  t h e  h a l f - l i n e a r  e r r o r s  t o  be 
smal le r  than t h e  l i n e a r  e r r o r s  was a l s o  noted,  bu t  only where t h e  e r r o r s  f o r  
both methods are extremely small. 

Note t h a t  t h e  i n i t i a l  v e l o c i t y  e r r o r s  now have a very l a r g e  e f f e c t  on 
the  h a l f - l i n e a r  e r r o r s  and a r e  t h e  dominant source of  e r r o r  even f o r  
ov = 0 .1  m/sec. Also, as B o  i nc reases ,  t h e  peak i n  t h e  curves nea r  
A8 = 180" becomes very narrow. 

Figures 3(d) through 3 ( f )  show s imilar  d a t a  f o r  t h e  r e t u r n  po r t ion  of  
t h e  high (0.98) e c c e n t r i c i t y  e l l i p s e .  The Moon's sphere of  i n f luence  on a 
r e t u r n  t r a j e c t o r y  from t h e  Moon corresponds t o  a t r u e  anomaly of  about 190". 
For t h i s  po r t ion  of  t h e  e l l i p s e ,  t h e  e r r o r  f o r  t h e  h a l f - l i n e a r  method i s  
again l a r g e r  except  f o r  very small values  of  A 8  and nea r  t h e  s i n g u l a r  p o i n t s .  
When t h e  co r rec t ion  is  made a t  l a rge  d i s t ances  from pe r igee ,  t h e  h a l f - l i n e a r  
e r r o r  exceeds t h a t  f o r  t h e  l i n e a r  method by s e v e r a l  o rders  of magnitude, bu t  
t h i s  f a c t o r  decreases  as t h e  co r rec t ion  po in t  approaches pe r igee .  Also, a s  
t h e  co r rec t ion  po in t  approaches per igee  t h e  i n i t i a l  v e l o c i t y  dev ia t ions  
become r e l a t i v e l y  less important .  In  f i g u r e  3 ( f )  t h e  curve f o r  
ov = 0 . 1  m/sec i s  so  c l o s e  t o  t h a t  f o r  o~ = 0 t h a t  i t  has been omit ted.  
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Figure 4 . - R m s  second-order e r r o r s  f o r  low e c c e n t r i c i t y  e l l i p s e  with 
o r  = 1 km. 

Figures  4(a)  and 4(b) show t h e  d a t a  f o r  t h e  low (0 .2 )  e c c e n t r i c i t y  
e l l i p s e .  Since t h i s  o r b i t  i s  s o  nea r ly  c i r c u l a r ,  t h e  t r a n s i t i o n  mat r ices ,  
second p a r t i a l  d e r i v a t i v e s ,  and t h e  r e s u l t i n g  second-order e r r o r s  f o r  a given 
change i n  t r u e  anomaly a r e  nea r ly  independent of 8,. Therefore ,  only t h e  
curves f o r  B o  = 0" and 180" a r e  presented ;  t h e  d a t a  f o r  o t h e r  va lues  of B o  
are between them. These curves have t h e  same general  c h a r a c t e r i s t i c s  as those  
f o r  t h e  high (0.98) e c c e n t r i c i t y  e l l i p s e ;  t h a t  i s ,  t h e  l i n e a r  method i s  t h e  
supe r io r  one over t h e  g r e a t e r  p a r t  o f  t h e  t r a j e c t o r y ;  except ions occur nea r  
t h e  s i n g u l a r  p o i n t s  and f o r  very small values  of A O .  The h a l f - l i n e a r  e r r o r s  
may exceed those  f o r  t h e  l i n e a r  method by a f a c t o r  of s eve ra l  o rders  of  magni­
tude ,  but  t h i s  f a c t o r  does not  reach t h e  extreme va lues  encountered i n  t h e  
high (0.98) e c c e n t r i c i t y  case .  

We can conclude from t h e  d a t a  f o r  t h e  two e l l i p s e s  t h a t  t h e  l i n e a r  method 
w i l l  u sua l ly  be supe r io r  f o r  e l l i p t i c  t r a j e c t o r i e s ,  t h e  e r r o r s  being seve ra l  
o rders  of  magnitude sma l l e r  than  f o r  t h e  h a l f - l i n e a r  method. Exceptions occur 
near  t h e  s i n g u l a r  p o i n t s ,  where co r rec t ions  a r e  un l ike ly ,  and f o r  t h e  lower 
va lues  of Ae where t h e  e r r o r s  a r e  so  small as t o  be  i n s i g n i f i c a n t .  This  
range of A0 i s  usua l ly  very small ,  bu t  i t  inc reases  as B o  approaches p e r i ­
gee o r  as e c c e n t r i c i t y  inc reases  and reaches 180° f o r  t h e  high (0.98) eccen­
t r i c i t y  e l l i p s e  with 8 ,  = 0 .  However, t h e  e r r o r s  f o r  t h e  l i n e a r  method never  
exceed those  f o r  t h e  h a l f - l i n e a r  method by l a r g e  amounts, and it seems 
reasonable  t o  use t h e  l i n e a r  method as t h e  s o l e  method of  co r rec t ion .  
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The hyperbola  i s  drawn t o  s c a l e  i n  f i g u r e  5 ,  and t h e  t r u e  anomalies of 
t h e  co r rec t ion  p o i n t s  are ind ica t ed .  The r a d i a l  d i s t a n c e  from t h e  Earth a t  
-115O i s  1 . 2 ~ 1 0 ~  6km, a t  -119.8O t h e  d i s t ance  i s  2 . 6 ~ 1 0  km, which could not  
be shown i n  the  figure. The Ea r th ' s  sphere  of  i n f luence  r e l a t i v e  t o  t h e  Sun 
i s  a t  about +11S0. If the  Moon were t h e  c e n t r a l  body, t h e  t r u e  anomaly of  i t s  
sphere of in f luence  r e l a t i v e  t o  t h e  Earth would b e  a t  about 111" f o r  t h e  same 
semimajor ax is .  

-1 19.8" .~ ­

7 

-115' -106" 

Figure 5 . - True anomalies of c o r r e c t i o n  p o i n t s  on hyperbola.  

Figures 6 ( a ) ,  6 ( b ) ,  and 6 (c )  p re sen t  t h e  r m s  e r r o r s  r e s u l t i n g  from 
v e l o c i t y  co r rec t ions  made while  t h e  spacec ra f t  i s  approaching per igee  on t h e  
hyperbola.  The r e s u l t s ,  which a r e  q u i t e  s imilar  t o  those  f o r  t h e  r e t u r n  por­
t i o n  of t he  high (0.98) e c c e n t r i c i t y  e l l i p s e ,  i n d i c a t e  t h a t  t h e  l i n e a r  method 
i s  s u p e r i o r  over most of t he  t r a j e c t o r y .  

In  f i g u r e  6 ( a ) ,  t h e  e r r o r  f o r  t h e  l i n e a r  method i s  below t h e  s c a l e  of t h e  
graph, b u t  as the  c o r r e c t i o n  po in t  moves n e a r e r  t o  pe r igee  ( f i g s .  6(b) and 
6 ( c ) ) ,  t h i s  e r r o r  becomes progress ive ly  l a r g e r .  On t h e  o t h e r  hand, t he  e r r o r  
f o r  t he  h a l f - l i n e a r  method decreases  f o r  co r rec t ions  near  pe r igee .  Also, as 
the  co r rec t ion  p o i n t  moves nea re r  pe r igee ,  t h e  curves f o r  t h e  d i f f e r e n t  values  
of ov become c l o s e r  t oge the r ,  and i n  f i g u r e  6 (c )  t h e  curve f o r  
ov = 0 . 1  m/sec i s  s o  c lose  t o  t h a t  f o r  uv = 0 t h a t  it has been omit ted.  

A s  i n  t h e  case of t h e  e l l i p s e s ,  t he  e r r o r  f o r  t h e  l i n e a r  method becomes 
l a r g e r  compared t o  those  f o r  t h e  h a l f - l i n e a r  method as A 0  decreases .  This 
t r end  can be seen c l e a r l y  i n  f i g u r e  6 (c )  and was a l s o  noted i n  da t a  (not shown) 
f o r  t he  o the r  two cases .  

Figures 6(d)  and 6 (e )  i l l u s t r a t e  t h e  d a t a  f o r  t h e  outbound por t ion  of t h e  
hyperbola.  In  both f i g u r e s ,  t h e  curve of  h a l f - l i n e a r  e r r o r  f o r  
ov = 0 . 1  m/sec has been omit ted because it i s  s o  c lose  t o  t h a t  f o r  ov = 0. 

Figure 6(d)  shows t h e  d a t a  f o r  8 ,  = 0 .  I n  t h i s  case ,  the  h a l f - l i n e a r  
method is  s u p e r i o r  f o r  a l l  values  of e f ,  al though t h e  r a t i o  of l i nea r - to -ha l f ­
l i n e a r  e r r o r s  decreases  f o r  l a r g e r  values  of Ae. However, t he  e r r o r s  i n  t h i s  
case w i l l  b e  r e l a t i v e l y  small f o r  i n i t i a l  dev ia t ions  l i k e l y  t o  be  encountered. 
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Figure 6 (e )  shows t h e  r e s u l t  o f  i nc reas ing  8, t o  77', corresponding t o  
a r a d i a l  d i s t a n c e  from t h e  Earth of about twice t h e  pe r igee  r a d i u s .  For 
uv = 0 t h e  h a l f - l i n e a r  method i s  s u p e r i o r  f o r  a l l  �If, b u t  f o r  u,, = 1.0  m/sec 
t h e  h a l f - l i n e a r  e r r o r  exceeds t h a t  f o r  t h e  l i n e a r  method when ef > 111". 
Note t h a t  t h e  second-order e r r o r s  are smaller than  i n  figure 6(d)  s i n c e  t h e  
po r t ion  of t h e  t r a j e c t o r y  between 8, and O f  i s  more n e a r l y  a s t r a i g h t  l i n e .  

The d a t a  f o r  t h e  hyperbola show t h e  l i n e a r  method t o  be  g r e a t l y  s u p e r i o r  
on t h e  inbound p o r t i o n  o f  t h e  hyperbola,  while  t h e  h a l f - l i n e a r  method i s  
b e t t e r ,  i n  most cases, on t h e  outbound l eg .  However, t h e  second-order e r r o r s  
on t h e  outbound l e g  are comparatively small �or t h e  i n i t i a l  e r r o r s  l i k e l y  t o  
be  encountered, and t h e  l i n e a r  method i s  s u f f i c i e n t l y  accu ra t e .  Therefore ,  
it seems reasonable  t o  use  t h e  l i n e a r  method f o r  both p a r t s  of  t h e  hyperbola.  

The rms e r r o r s  f o r  t h e  conics  j u s t  p resented  show t h a t :  

1. The l i n e a r  method is  u s u a l l y  t h e  s u p e r i o r  one, and t h e  h a l f -
l i n e a r  e r r o r  i s  o f t e n  seve ra l  o rders  of  magnitude g r e a t e r  than  t h a t  f o r  t h e  
l i n e a r  method. 

2 .  When t h e  e r r o r s  f o r  t h e  l i n e a r  method are t h e  l a r g e r ,  they  never  
exceed t h e  h a l f - l i n e a r  e r r o r s  by more than  a f a c t o r  of  5.  This  s i t u a t i o n  
occurs only where t h e  second-order e r r o r s  are small o r  n e a r  t h e  s i n g u l a r  
p o i n t s ,  where a v e l o c i t y  co r rec t ion  i s  u n l i k e l y .  

3 .  The h a l f - l i n e a r  method becomes poorer  compared t o  t h e  l i n e a r  
method as A6 and ov are increased  and as t h e  c o r r e c t i o n  p o i n t  moves away 
from pe r igee .  

4. The por t ion  o f  t h e  h a l f - l i n e a r  e r r o r  due t o  i n i t i a l  v e l o c i t y  
dev ia t ions  ranges from a small f r a c t i o n  o f  t h a t  due t o  p o s i t i o n  dev ia t ions  
alone t o  seve ra l  o rders  of  magnitude g r e a t e r .  However, i n  p r a c t i c a l  cases t h e  
con t r ibu t ion  of t h e  i n i t i a l  v e l o c i t y  dev ia t ion  w i l l  u sua l ly  be dominant. 

Accuracy o f  Equations f o r  rms Second-Order Er ro r s  

The accuracy of  equat ions ( 6 )  used i n  p r e d i c t i n g  t h e  rms second-order 
e r r o r s  f o r  t h e  l i n e a r  and h a l f - l i n e a r  methods was checked a t  s e v e r a l  p o i n t s  on 
t h e  conic  t r a j e c t o r y  us ing  a Monte Carlo method. The i n i t i a l  dev ia t ions  f o r  
each Monte Carlo sample were obtained by mul t ip ly ing  random numbers from a 
Gaussian d i s t r i b u t i o n  with zero mean and u n i t  s tandard  dev ia t ion  by o r  ov, 
whichever was appropr i a t e .  The v e l o c i t y  c o r r e c t i o n  appropr i a t e  f o r  t h e  r e s u l t ­
ing  s e t  o f  i n i t i a l  dev ia t ions  was computed by both t h e  l i n e a r  and h a l f - l i n e a r  
methods. Then each of  t h e  cor rec ted  t r a j e c t o r i e s  was p ro jec t ed  (using non­
l i n e a r  equat ions)  t o  t h e  te rmina l  po in t  and t h e  te rmina l  e r r o r  was found. 

Since equat ions ( 6 )  a r e  v a l i d  only f o r  second-order e r r o r s ,  it was 
necessary t o  in su re  t h a t  t h e  Monte Carlo d a t a  would no t  conta in  s i g n i f i c a n t  
e r r o r s  of  h igher  order .  This  was done as fo l lows:  For each p a i r  of co r rec t ion  
co r rec t ion  and te rmina l  p o i n t s ,  t h e  va lues  of and uv were ad jus t ed  by 
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t r i a l  and e r r o r  t o  ob ta in  va lues  f o r  which e r r o r s  of  h ighe r  than  second o rde r  
could be neglec ted .  The rms e r r o r  f o r  a small number of  samples was com­
puted seve ra l  t imes us ing  t h e  same random numbers with d i f f e r e n t  va lues  of 
or and uv. With t h e  r e s u l t i n g  d a t a ,  it was poss ib l e  t o  select  va lues  of  
o r  and uv wi th in  a range of  va lues  where t h e  rms second-order e r r o r s  
increased  l i n e a r l y  wi th  o2 and o2 and where t h e r e  was no s e r i o u s  l o s s  i n  
s ign  if icant  f i g u r e s  . r V ,  

Once good va lues  were e s t a b l i s h e d  f o r  o r  and ov, t h e  mean-square and 
rms second-order e r r o r s  were computed f o r  100 Monte Carlo samples.  The 
l a r g e s t  d i f f e r e n c e  between t h e  r m s  e r r o r  p red ic t ed  us ing  equat ions (6) and 
(7) and t h a t  ob ta ined  by t h e  Monte Carlo method was about 16 percent  of  t h e  
p red ic t ed  va lue .  The mean-square e r r o r  f o r  t h e  Monte Carlo method d i f f e r e d  
from t h e  p red ic t ed  va lue  (eqs.  (6 ) )  by no more than  33 percent  of  t h e  pre­
d i c t e d  va lue .  This  appears t o  be a reasonable  agreement f o r  t h e  number of  
samples used i f  w e  cons ider  t h e  degenerate  case  i n  which two of t h e  components 
of both To and Vo a r e  zero .  In  t h i s  case ,  6 r L  and 6 r H  a r e  members of t h e  
chi-squared d i s t r i b u t i o n  o f  random v a r i a b l e s ,  and t h e  s tandard  dev ia t ion  of  
t h e  sample mean-square value f o r  100 samples i s  32.7 percent  of t h e  populat ion 
mean-square va lue .  However, even e r r o r s  of  16 percent  i n  p r e d i c t i n g  t h e  r m s  
second-order e r r o r s  a r e  no t  p a r t i c u l a r l y  s i g n i f i c a n t  i n  comparing t h e  l i n e a r  
and h a l f - l i n e a r  methods s i n c e  d i f f e rences  of  s eve ra l  o rde r s  of  magnitude may 
e x i s t .  

COMPARISON OF TWO-BODY AND FOUR-BODY RESULTS 

Since a c t u a l  space t r a j e c t o r i e s  a r e  never  t r u l y  conics  we would l i k e  t o  
consider  t h e  problem of  p r e d i c t i n g  t h e  e f f e c t s  of  second-order e r r o r s  f o r  
n-body t r a j e c t o r i e s  involving g r a v i t a t i o n a l  anomalies such as ob la t eness .  
Equations (6) and (7) could be solved t o  provide t h i s  information,  bu t  much 
more computer time would be requi red  than i n  t h e  two-body case .  Since only 
q u a l i t a t i v e  information i s  needed t o  determine whether t h e  l i n e a r  o r  h a l f -
l i n e a r  method i s  b e t t e r ,  w e  a s k  whether t h e  two-body d a t a  presented  i n  t h e  
previous s e c t i o n  can be used f o r  t h i s  purpose.  

The patched conic  approach, which i s  o f t e n  used t o  o b t a i n  q u a l i t a t i v e  
information about n-body t r a j e c t o r i e s ,  was t r i e d  f o r  t h e  q u a l i t a t i v e  evalua­
t i o n  of  second-order e r r o r s .  A four-body s imulated luna r  mission w a s  used as 
a t e s t  problem s i n c e  t r a n s l u n a r  and t r a n s e a r t h  t r a j e c t o r i e s  are gene ra l ly  
recognized as s t r i n g e n t  t e s t s  o f  two-body approximations.  

When t h e  luna r  t r a j e c t o r y  l i e s  e n t i r e l y  i n s i d e  o r  ou t s ide  t h e  Moon's 
sphere of  in f luence ,  it can be approximated f a i r l y  accu ra t e ly  by a conic .  In  
t h i s  case ,  a d i r e c t  numerical  comparison was made between t h e  Monte Carlo r m s  
e r r o r s  from t h e  four-body t r a j e c t o r y  and t h e  second-order e r r o r s  from t h e  two-
body s tudy .  Two conics  a r e  r equ i r ed  t o  approximate t r a j e c t o r i e s  c ross ing  t h e  
Moon's sphere of  i n f luence ,  and it i s  not  apparent how t h e  second-order e r r o r s  
f o r  t h e  two conics  can be combined t o  give meaningful numerical answers. How­
ever ,  d a t a  w i l l  be presented  under "Discussion of Data" which show t h a t  t h e  
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t r ends  i n  t h e  four-body e r r o r s  a r e  what would be expected from cons ider ing  
d a t a  f o r  t h e  two-body cases  and support  t h e  u s e  of  two-body d a t a  as presented  
i n  t h e  previous s e c t i o n .  

The t h r e e  conics  presented  i n  t h e  two-body s e c t i o n  a r e  r e p r e s e n t a t i v e  of  
t r a j e c t o r i e s  encountered i n  a l a r g e  number of  space missions.  Therefore ,  two-
body d a t a  can be used t o  i n d i c a t e  whether t h e  l i n e a r  o r  h a l f - l i n e a r  method i s  
b e t t e r  on most missions.  

Descr ip t ion  o f  Simulated Lunar Mission 

One t r a n s l u n a r  and one t r a n s e a r t h  t r a j e c t o r y  t h a t  inc lude  g r a v i t a t i o n a l  
fo rces  of  t h e  Earth through t h e  second harmonic term, t h e  Moon, and t h e  Sun 
were considered ( f i g .  7 ) .  Translunar  i n j e c t i o n  occurs  a t  a t r u e  anomaly of  

Moon a t  time of 
pericynthion 

(a) Trans luna r .  

Moon a t  time of60.0 hr iniection 

influence\ Perigee 
(b) Transear th .  

Figure 7 . - Lunar t r a j e c t o r i e s  i n  i n e r t i a l  coord ina tes  (not t o  s c a l e ) .  
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about 13’ and f l i g h t  t i m e  t o  per icynth ion  i s  61.2 hours .  The Moon’s sphere 
of  in f luence  is  en tered  a t  47 hours and a t r u e  anomaly of  about 168’. Trans-
e a r t h  i n j e c t i o n  i s  a t  a t r u e  anomaly of about 11’ and t h e  f l i g h t  t i m e  t o  
r e t u r n  pe r igee  is  69.7 hours with e x i t  from t h e  Moon’s sphere o f  in f luence  a t  
12.8 hours a f t e r  i n j e c t i o n .  These t imes along with o t h e r  t imes used f o r  veloc­
i t y  co r rec t ions  a r e  ind ica t ed  i n  t h e  f i g u r e .  The heavy b lack  l i n e s  i n d i c a t e  
t h e  po r t ions  of t h e  t r a j e c t o r y  over  which d i r e c t  numerical  comparison of  
two-body and four-body r e s u l t s  i s  made. 

Three v e l o c i t y  c o r r e c t i o n  times were used f o r  t h e  t r a n s l u n a r  t r a j e c t o r y :  
i n j e c t i o n  t ime, and 0 . 8  and 11.4 hours a f t e r  i n j e c t i o n .  The l a t t e r  two times 

\ were chosen t o  r ep resen t  t h e  e a r l i e s t  and l a t e s t  t imes l i k e l y  f o r  t h e  f i rs t  
midcourse v e l o c i t y  c o r r e c t i o n .  The c o r r e c t i o n  times used f o r  t h e  t r a n s e a r t h  
case  were i n j e c t i o n ,  12.8 hours a f t e r  i n j e c t i o n  and, t o  r ep resen t  t h e  f i rs t  
midcourse v e l o c i t y  co r rec t ion ,  4 .2  hours a f t e r  i n j e c t i o n .  Terminal p o i n t s  a t  
0.8 and 2 . 5  hours on t h e  t r a n s l u n a r  t r a j e c t o r y  and 60 hours on t h e  t r a n s e a r t h  
t r a j e c t o r y  were included t o  show t h e  e f f e c t  o f  i nc reas ing  A 6 .  

Computation of  Data 

Four-body d a t a . - The t r a n s i t i o n  mat r ices  from Danby’s method were 
cor rec ted  f o r  pe r tu rb ing  fo rces  by t h e  method of re ference  5 ,  and t h e  r m s  
second-order e r r o r s  f o r  t h e  four-body t r a j e c t o r i e s  were computed by t h e  Monte 
Carlo method descr ibed  i n  t h e  s e c t i o n  on two-body r e s u l t s .  The Monte Carlo 
procedure ad jus ted  t h e  magnitudes of ur  and ov so  t h a t  e r r o r s  of h igher  than  
second order  and those  due t o  t h e  l o s s  of  s i g n i f i c a n t  f i g u r e s  were n e g l i g i b l e .  
The r e s u l t i n g  d a t a  were normalized t o  values  corresponding t o  or = 1 km and 
uv = 0 o r  uv = 1 m/sec and t abu la t ed  i n  t a b l e s  I and 11. 

Two-body d a t a . - In  t h e  cases  where t h e  po r t ion  of t h e  n-body t r a j e c t o r y  
between t h e  v e l o c i t y  c o r r e c t i o n  and te rmina l  p o i n t s  l i e s  e n t i r e l y  i n s i d e  o r  
ou t s ide  t h e  Moon’s sphere of i n f luence ,  t h e  e r r o r s  computed f o r  t h e  two-body 
case were t abu la t ed  f o r  comparison. These d a t a  were obtained from those pre­
sented  i n  t h e  s e c t i o n  on two-body r e s u l t s  by i n t e r p o l a t i o n .  The e r r o r s  f o r  a 
given value of e f  were read from t h e  curves ( f i g s .  3 and 6) and p l o t t e d  as a 
func t ion  of 8,. The e r r o r  d a t a  presented  i n  t h i s  s e c t i o n  were taken from t h e  
r e s u l t i n g  p l o t .  

Since t h e  mass of  t h e  Earth was used i n  t h e  two-body s tudy ,  t h e  hyperbola 
does not  r ep resen t  a Moon-centered t r a j e c t o r y .  The d a t a  were sca l ed  t o  f i t  
t h e  oscu la t ing  hyperbola a t  t r a n s e a r t h  i n j e c t i o n  by changing t h e  u n i t s  of  
length  from 1 t o  0 . 3  km and t h e  u n i t s  of time from 1 . 0  t o  1 .5  second. A crude 
co r rec t ion  was a l s o  made t o  account f o r  t h e  fact  t h a t  t h e  e c c e n t r i c i t y  of t h e  
oscu la t ing  hyperbola a t  t r a n s e a r t h  i n j e c t i o n  was about 1 . 6  i n s t e a d  of  2.0 as 
i n  t h e  two-body s tudy .  To accomplish t h i s ,  each t r u e  anomaly from t h e  oscu la t ­
ing  hyperbola was m u l t i p l i e d  by t h e  r a t i o  of  t h e  maximum t r u e  anomaly f o r  an 
e c c e n t r i c i t y  of 2.0 t o  t h a t  f o r  an e c c e n t r i c i t y  of 1 . 6 .  The same i n t e r ­
po la t ion  procedure used f o r  t h e  two-body d a t a  from t h e  e l l i p s e  was appl ied  t o  
t h a t  from t h e  hyperbola.  
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Discussion o f  Data 

Table I compares t h e  te rmina l  e r r o r s  f o r  t h e  four-body t r a n s l u n a r  
t r a j e c t o r y  with those  p red ic t ed  from t h e  two-body d a t a .  The two-body and 
four-body e r r o r s  d i f f e r  a t  most by a f a c t o r  of  5 ,  and, s i n c e  only s i x  Monte 
Carlo samples were obtained,  t h i s  i s  reasonably good agreement. 

The l i n e a r  method i s  s u p e r i o r  f o r  t h e  v e l o c i t y  co r rec t ions  made a t  p o i n t s  
l i k e l y  f o r  t h e  f irst  midcourse c o r r e c t i o n  wi th  t h e  te rmina l  p o i n t  a t  t h e  
Moon's sphere of  i n f luence .  These a r e  t h e  same r e s u l t s  as obta ined  i n  t h e  

itwo-body s tudy i n  which t h e  l i n e a r  method was s u p e r i o r  f o r  t h e  inbound l e g  of  

t h e  hyperbola.  Therefore ,  we would expect  t h e  l i n e a r  method t o  be supe r io r  I 

when t h e  e l l i p s e  and hyperbola a r e  combined t o  r ep resen t  t h e  t r a n s l u n a r  

t r a j e c t o r y ;  t h i s  reasoning i s  v e r i f i e d  by t h e  four-body d a t a .  


We noted i n  examining t h e  two-body d a t a  t h a t  as A 8  i nc reases  t h e  h a l f -
l i n e a r  e r r o r s  become l a r g e r  compared t o  those  f o r  t h e  l i n e a r  method, and t h e  
e r r o r s  f o r  both methods inc rease  i n  magnitude. The four-body d a t a  show t h a t  
both of  t h e s e  t r ends  cont inue when t h e  t r a n s l u n a r  t r a j e c t o r y  c ros ses  t h e  
Moon 's sphere of in f luence  . 

Table I1 p resen t s  a similar s e t  of d a t a  f o r  t h e  t r a n s e a r t h  t r a j e c t o r y  
using t h e  same sets of  i n i t i a l  dev ia t ions  as were used t o  ob ta in  t h e  d a t a  i n  
t a b l e  I .  Again, where d i r e c t  comparison i s  poss ib l e ,  t h e r e  i s  reasonably good 
agreement between t h e  two-body and four-body d a t a .  On t h e  hyperbol ic  (within 
t h e  Moon's sphere of  in f luence)  po r t ion  of  t h e  t r a j e c t o r y ,  t h e  l i n e a r  method 
i s  s u p e r i o r  f o r  uv = 1, but  f o r  uv = 0 t h e  h a l f - l i n e a r  method i s  b e s t .  

The same cont inua t ion  of  t r ends  ac ross  t h e  boundary of  t h e  Moon's sphere 
of  in f luence  as i n  t h e  t r a n s l u n a r  case  i s  seen h e r e .  That i s ,  as A 8  
i nc reases ,  t h e  r a t i o  o f  h a l f - l i n e a r - t o - l i n e a r  e r r o r s  i nc reases ,  and t h e  magni­
tudes of  t h e  second-order e r r o r s  i nc rease  f o r  both methods. On t h e  hyperbol ic  
p a r t  of t h e  t r a j e c t o r y ,  t h e  l i n e a r  method i s  much poorer  compared t o  t h e  h a l f -
l i n e a r  than i n  t h e  t r a n s l u n a r  case .  However, t h e  e l l i p t i c  p o r t i o n  c o n s t i t u t e s  
most of t h e  t r a j e c t o r y  s o  t h a t  t h e  l i n e a r  method i s  s t i l l  far supe r io r  f o r  t h e  
complete t r a n s e a r t h  t r a j e c t o r y .  

ITERATION CONVERGENCE RATES 

I f ,  a f t e r  t h e  v e l o c i t y  co r rec t ion  i s  appl ied ,  t h e  r e s i d u a l  e r r o r  
(brL o r  6rH) i s  unacceptable ,  we may wish t o  reduce i t  by i t e r a t i o n .  Since 
t h e  v e l o c i t y  co r rec t ion  i n  t h e  l i n e a r  method depends only on + and To, which 
a r e  unchanged a f t e r  t h e  f i r s t  co r rec t ion ,  t h i s  method cannot be used i t e r a ­
t i v e l y .  Fur ther ,  co r rec t ions  must be computed us ing  t h e  h a l f - l i n e a r  method, 
but t h e  e f f i c i e n c y  of t h e  f irst  co r rec t ion  g r e a t l y  inf luences  t h e  r a t e  with 
which t h e  subsequent i t e r a t i o n s  converge. 
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The next  d a t a  t o  be presented  show how t h e  r a t e s  of convergence of 
i t e r a t i o n s  a r e  a f f e c t e d  by:  (a)  t h e  method ( l i n e a r  o r  h a l f - l i n e a r )  of comput­
i n g  t h e  f irst  t r i a l  v e l o c i t y  co r rec t ion ,  (b) t he  magnitude of t he  i n i t i a l  
e r r o r s ,  and (c) t h e  e f f e c t s  of pe r tu rb ing  f o r c e s .  These d a t a  were obtained 
us ing  two sets of i n i t i a l  dev ia t ions  s e l e c t e d  from t h e  s i x  sets  used f o r  t h e  
Monte Carlo d a t a  i n  t h e  previous s e c t i o n .  Case A y ie lded  t h e  maximum termina l  
e r r o r  and case B ,  t h e  minimum value ,  when t h e  Monte Carlo t r a j e c t o r i e s  were 
i n t e g r a t e d  from i n j e c t i o n  t o  per icynth ion  without  a v e l o c i t y  co r rec t ion .  The 
same s e t s  of i n i t i a l  e r r o r s  a l s o  gave maximum and minimum termina l  e r r o r s  f o r  
t he  t r a n s e a r t h  t r a j e c t o r y  . 

The t r a j e c t o r i e s  were s t a r t e d  a t  t r a n s e a r t h  o r  t r a n s l u n a r  i n j e c t i o n  wi th  
these  (case A o r  B)  i n i t i a l  e r r o r s  and i n t e g r a t e d  ahead t o  t h e  appropr ia te  
v e l o c i t y  co r rec t ion  t i m e .  I t e r a t i v e  v e l o c i t y  co r rec t ions  were continued 
u n t i l  the  te rmina l  e r r o r  a t  pe r igee  o r  per icynth ion  w a s  reduced below 1 km. 
Data were obta ined  i n  each case us ing  t h e  t r a n s i t i o n  mat r ices  t h a t  had been 
cor rec ted  f o r  pe r tu rb ing  fo rces  and a l s o  us ing  t h e  uncorrec ted  mat r ices .  The 
r e s i d u a l  e r r o r s  a f t e r  each i t e r a t i o n  a r e  p l o t t e d  i n  f i g u r e s  8 through 11 and 
the  r e s i d u a l  e r r o r  corresponding t o  an absc i s sa  of zero i s  t h e  te rmina l  e r r o r  
t h a t  r e s u l t s  i f  no v e l o c i t y  co r rec t ion  i s  made. 

Figure 8 shows the  r e s i d u a l  e r r o r s  i n  t h e  i t e r a t i o n  process  f o r  
O r  = 1 km, oV = 1 m/sec, and a co r rec t ion  t ime of 0 . 8  hour  a f t e r  t r a n s l u n a r  
i n j e c t i o n .  I n  both cases ,  t h e  d i f f e rences  between t h e  r e s i d u a l  e r r o r s  when 
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Figure 8.  E r ro r s  i n  i t e r a t i o n  f o r  co r rec t ion  0 . 8  hours a f t e r  t r a n s l u n a r  
i n j e c t i o n ;  or  = 1 km and crv = 1 m/sec. 
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a, 

t h e  co r rec t ed  t r a n s i t i o n  matrices were used and those  f o r  t h e  uncorrected 
matrices are r e l a t i v e l y  small except a f t e r  t h e  las t  i t e r a t i o n .  For both sets 
of  i n i t i a l  e r r o r s ,  t h e  c o r r e c t i o n  computed by t h e  l i n e a r  method reduces t h e  
te rmina l  e r r o r  below 1 km and no f u r t h e r  i t e r a t i o n  i s  necessary .  With t h e  
f irst  co r rec t ion  by t h e  h a l f - l i n e a r  method, however, two i t e r a t i o n s  are 
requi red  f o r  case B and f i v e  i t e r a t i o n s  f o r  case  A .  

Figure 9 p re sen t s  t h e  r e s u l t s  f o r  t h e  same i n i t i a l  e r r o r s  when t h e  
v e l o c i t y  c o r r e c t i o n  i s  made 11.4 hours a f t e r  i n j e c t i o n .  The curves i n  f i g ­
u r e  9 are nea r ly  i d e n t i c a l  t o  those  i n  figure 8 except  f o r  case A with t h e  
l i n e a r  method and uncorrected t r a n s i t i o n  matrices used f o r  t h e  f irst  
co r rec t ion .  In  t h i s  case, one a d d i t i o n a l  i t e r a t i o n  was requ i r ed  because of 
t h e  e r r o r  due t o  pe r tu rb ing  f o r c e s .  

, 
Corrected matrices 
Uncorrected matrices 

103 

E 
Y 
;lo2 
2 
L 


-
m 


.-2 10 
v) 
a,
cc 


1 

, iterat ion 
I \ -\. linear 

I I I I \ I 

0 1 2 3 4 5 0 1 2 3 
Number of i terat ions 

(a) Case A .  (b) Case B .  

Figure 9 . - Er rors  i n  i t e r a t i o n  f o r  co r rec t ion  1 1 . 4  hours a f t e r  t r a n s l u n a r  
i n j e c t i o n ;  or = 1 km and ov = 1 m/sec. 

Figure 10 shows t h e  same d a t a  f o r  t h e  same condi t ions  as f i g u r e  9 except 
t h a t  or and ov have been increased  by an o rde r  of  magnitude. For case A ,  
us ing  t h e  cor rec ted  t r a n s i t i o n  mat r ices ,  t h e  t o t a l  number of  i t e r a t i o n s  
increased  from one t o  two when t h e  f i r s t  c o r r e c t i o n  was l i n e a r  and from f i v e  
t o  n ine  f o r  a h a l f - l i n e a r  f irst  c o r r e c t i o n .  For case  B ,  t h e  l i n e a r  co r rec t ion  
s t i l l  reduced t h e  r e s i d u a l  below 1 km, bu t  when t h e  f irst  co r rec t ion  was h a l f -
l i n e a r  t h e  number of i t e r a t i o n s  rose  from two t o  t h r e e .  In f i g u r e  10, t h e  
e f f e c t s  of t h e  pe r tu rb ing  forces  a r e  s imilar  t o  those  i n  f i g u r e  9 ,  though 
somewhat l a r g e r ,  and t h e s e  e r r o r s  r e q u i r e  an a d d i t i o n a l  i t e r a t i o n  i n  two o f  
t h e  four  cases  shown. Note t h a t  a f t e r  t h e  f irst  i t e r a t i o n  f o r  case  A t h e  
r e s i d u a l  e r r o r  f o r  t h e  l i n e a r  method i s  about 100 t imes t h e  equiva len t  e r r o r  
i n  f i g u r e  9 ,  while t h a t  f o r  t h e  h a l f - l i n e a r  method has increased  by only a 
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Figure 10.- Errors  i n  i t e r a t i o n  f o r  co r rec t ion  1 1 . 4  hours a f t e r  t r a n s l u n a r  
i n j e c t i o n ;  or = 10 km and ov = 10 m/sec. 

f a c t o r  of 4 .  Thus, t h e  assumption t h a t  t h e  e r r o r  due t o  n o n l i n e a r i t y  can be  
approximated by t h e  second-order term i s  not  v a l i d  f o r  t h e  h a l f - l i n e a r  method 
and t h e  la rge  case A i n i t i a l  dev ia t ions .  However, t h e  h a l f - l i n e a r  e r r o r  
s t i l l  exceeds t h e  l i n e a r  e r r o r  by more than  two o rde r s  of  magnitude, and 
s t i l l  i l l u s t r a t e s  t h e  s u p e r i o r i t y  of  t h e  l i n e a r  method. 

Figure 11 p resen t s  s imilar  d a t a  f o r  t h e  t r a n s e a r t h  t r a j e c t o r y  with 
O r  = 1 km, ov 2 1 m/sec, and t h e  v e l o c i t y  co r rec t ion  4 . 2  hours a f t e r  i n j e c t i o n .  
In  t h i s  i n s t ance ,  t h e  pe r tu rb ing  fo rces  a r e  somewhat more s i g n i f i c a n t  than  i n  
t h e  t r a n s l u n a r  case ,  bu t  they become dominant only a f t e r  t h e  te rmina l  e r r o r  
has been reduced t o  about 10 km. When o r  and ov were increased  by an o rde r  
of magnitude i n  case A,  one a d d i t i o n a l  i t e r a t i o n  was requi red  a f t e r  an i n i t i a l  
l i n e a r  co r rec t ion ;  b u t  when t h e  f irst  co r rec t ion  was h a l f - l i n e a r ,  t h e  
i t e r a t i o n  f a i l e d .  

The d a t a  presented  i n  t h i s  s e c t i o n  show t h a t  i t e r a t i o n  i s  much l e s s  
l i k e l y  t o  be needed if t h e  f irst  v e l o c i t y  c o r r e c t i o n  i s  made by t h e  l i n e a r  
method. Also, i f  i t e r a t i o n  i s  necessary,  convergence w i l l  be  fas ter  than when 
t h e  f i r s t  c o r r e c t i o n  i s  made by t h e  h a l f - l i n e a r  method. A s  t h e  magnitudes of 

- - - _ _  _ _  

I I f  t h e  i t e r a t i o n  f a i l e d  f o r  both methods of  making t h e  i n i t i a l  cor rec­
t i o n ,  it would be necessary t o  use  nonl inear  methods such as those  descr ibed  
i n  r e fe rences  2 and 6 .  
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t h e  i n i t i a l  dev ia t ions  inc rease ,  t h e  number of  i t e r a t i o n s  r equ i r ed  inc reases  
f o r  both methods, bu t  t h e  inc rease  i s  g r e a t e r  when t h e  f irst  c o r r e c t i o n  i s  
h a l f - l i n e a r .  The e r r o r s  due t o  neg lec t ing  pe r tu rb ing  f o r c e s  i n  computing t h e  
t r a n s i t i o n  matrices become important only when t h e  r e s i d u a l  e r r o r s  are small, 
and they  u s u a l l y  cause no more than one a d d i t i o n a l  i t e r a t i o n .  
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Figure 11.- Errors  	i n  i t e r a t i o n  f o r  c o r r e c t i o n  4 . 2  hours a f t e r  t r a n s e a r t h  

i nj e c t  ion ; 'r = 1 km and crv = 1 m/sec. 

CONCLUDING REMARKS 

The two-body d a t a  show t h a t  t h e  l i n e a r  method of  v e l o c i t y  co r rec t ion  i s  
usua l ly  supe r io r ,  t h e  second-order e r r o r s  o f t e n  being s e v e r a l  o rders  of  
magnitude l e s s  than those  f o r  t h e  h a l f - l i n e a r  method. When t h e  e r r o r  f o r  t h e  
l i n e a r  method is  t h e  l a r g e r ,  i t  never  exceeds t h e  h a l f - l i n e a r  e r r o r  by more 
than  a f a c t o r  of 5 .  This  s i t u a t i o n  occurs  nea r  t h e  s i n g u l a r  p o i n t s ,  where a 
co r rec t ion  i s  un l ike ly ,  and f o r  small values  of  A 0  o r  on t h e  outbound l e g  of 
a hyperbola,  where t h e  second-order e r r o r s  f o r  both methods are small. 

The l i n e a r  method i s  s u p e r i o r  even when t h e r e  a r e  no i n i t i a l  v e l o c i t y  
dev ia t ions ;  but  i f  i n i t i a l  v e l o c i t y  dev ia t ions  a r e  p re sen t  t h e  h a l f - l i n e a r  
e r r o r  i s  much l a r g e r .  In  f a c t ,  t h e  p a r t  o f  t h e  h a l f - l i n e a r  e r r o r  caused by 
i n i t i a l  v e l o c i t y  dev ia t ions  i s  usua l ly  much l a r g e r  than  t h a t  due t o  i n i t i a l  
p o s i t i o n  dev ia t ions .  

The comparison of  two-body and four-body d a t a  showed t h a t ,  when t h e  
po r t ion  of t h e  t r a j e c t o r y  under cons idera t ion  can be approximated by a conic ,  
t h e  two-body e r r o r  a n a l y s i s  i s  f a i r l y  accu ra t e .  If a s i n g l e  conic  is not  
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s u f f i c i e n t  t o  approximate t h e  t r a j e c t o r y ,  t h e  four-body d a t a  s t i l l  follow t h e  
same t rends  as t h e  two-body d a t a ,  and t h e  l i n e a r  method is  usua l ly  s u p e r i o r .  

When t h e  l i n e a r  method i s  used t o  compute t h e  f i rs t  v e l o c i t y  co r rec t ion ,  
it i s  much l e s s  l i k e l y  t h a t  subsequent i t e r a t i o n s  w i l l  be  needed than  when t h e  
f i rs t  co r rec t ion  i s  h a l f  l i n e a r .  If f u r t h e r  i t e r a t i o n  i s  necessary,  conver­
gence i s  f a s t e r  when t h e  f i rs t  co r rec t ion  i s  l i n e a r .  Also, t h e  number of 
i t e r a t i o n s  does not  i nc rease  as r ap id ly  wi th  t h e  magnitude of t h e  i n i t i a l  
dev ia t ions  as wi th  a h a l f - l i n e a r  co r rec t ion .  

The e r r o r s  caused by neg lec t ing  t h e  pe r tu rb ing  fo rces  i n  t h e  computation 
of  t he  t r a n s i t i o n  matrices can be  important enough t o  r e q u i r e  an add i t iona l  
i t e r a t i o n  o r  two. However, t h e s e  e r r o r s  are much l e s s  troublesome than  t h e  
second-order e r r o r s .  

We have not  a r r i v e d  a t  a s a t i s f a c t o r y  phys ica l  o r  mathematical explana­
t i o n  f o r  t he  genera l  s u p e r i o r i t y  of t h e  l i n e a r  method. However, numerical 
d a t a  have been presented  f o r  conics  r e p r e s e n t a t i v e  of those  found i n  most 
space missions as we l l  as d a t a  which show t h a t  conics  can be  used t o  i n d i c a t e  
t rends  f o r  n-body t r a j e c t o r i e s .  These d a t a  are s u f f i c i e n t  t o  show t h a t  f o r  
most p r a c t i c a l  app l i ca t ions  t h e  l i n e a r  method should be  used. 

Ames Research Center 
Nat ional  Aeronautics and Space Adminis t ra t ion 

Moffett  F i e l d ,  C a l i f . ,  94035, Nov. 6 ,  1968 
125-17-04-01-00-21 

23 


1 



APPENDIX A 

DERIVATION OF EXPRESSIONS FOR SECOND-ORDER ERRORS 

Expressions f o r  t h e  mean-square second-order e r r o r s  w i l l  be  der ived  
without  t h e  r e s t r i c t i o n s  on t h e  guidance l a w  and s t a t i s t i c a l  d i s t r i b u t i o n  of  
t he  i n i t i a l  e r r o r s .  Then, r e s t r i c t i o n s  w i l l  b e  app l i ed  t o  ob ta in  t h e  
expressions i n  t h e  t e x t .  

L e t  be  a vec to r  of parameters which a r e  t o  be  cons t ra ined  t o  prede­
termined ( re ference)  values  by t h e  guidance system. If i s  expanded i n  a 
Taylor ' s  series about t he  re ference  va lue ,  then  i t s  dev ia t ion ,  p, from t h e  
re ference  value i s  

jT = ATo + BVo + 6p (All 
-

where A and B a r e  matr ices  of t h e  f i r s t  p a r t i a l  d e r i v a t i v e s  of P with 
r e spec t  t o  t h e  Car tes ian  components of i n i t i a l  p o s i t i o n  and v e l o c i t y ,  and 6p
i s  the  summation of t he  h ighe r  o rde r  terms i n  the  expansion. 

We wish t o  make a v e l o c i t y  co r rec t ion ,  o r ,  i n  o t h e r  words, t o  r ep lace- - ­
vo with a cor rec ted  v e l o c i t y  dev ia t ion ,  v l ,  which w i l l  make p zero.  I n  
computing t h e  v e l o c i t y  co r rec t ion  by t h e  l i n e a r  method, we assume 6 5  t o  be  
zero.  I t  i s  shown i n  re ference  4 t h a t  a s o l u t i o n  f o r  t he  -l i n e a r  p a r t  of 
equat ion (Al) i s  p o s s i b l e  i f  t h e  number of components of  P does no t  exceed-
the  number of components i n  vo. Then, wi th  t h e  minimum v e l o c i t y  co r rec t ion ,  

where B+ i s  t h e  pseudoinverse of  B .  
--

When To i s  replaced by v l ,  we f i n d  t h a t  t h e  e r r o r  i n  P a f t e r  -a 
co r rec t ion  by t h e  l i n e a r  method i s  6FL, r e s i d u a l  of  t h e  expansion of  P f o r  
t h e  cor rec ted  t r a j e c t o r y  about t h e  r e fe rence  va lue .  Note t h a t  Vo i s  
rep laced  with VI so  t h a t  6-PL i s  not  t h e  same as 6-P i n  equat ion (Al) .  

If we l i n e a r i z e  around t h e  a c t u a l  t r a j e c t o r y  i n s t e a d  of t h e  r e fe rence ,-
we use  t h e  nonl inear  equat ions r e l a t i n g  P t o  t h e  i n i t i a l  s t a t e  and d e t e r ---mine p by d i f f e r e n c i n g  the  ac tua l  and r e fe rence  va lues  of P .  Since we can 
only change t h e  i n i t i a l  v e l o c i t y  (not t h e  p o s i t i o n ) ,  we- wish t o  compute a-
change, vD '  i n  t h e  i n i t i a l  v e l o c i t y  t h a t  w i l l  reduce p t o  zero.  If VD 
were known, we could write 
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where 6pD-represents  t h e  nonl inear  terms i n  t h e  expansion o f  t h e  d e s i r e d  
value of  P about i ts  a c t u a l  (uncorrected)  va lue .  The t e r m  AB i s  added 
t o  B t o  emphasize t h e  fact  t h a t  t h e  Taylor ’s  series expansion is  about t h e  
a c t u a l  t r a j e c t o r y  i n s t e a d  of  t h e  r e fe rence .  In  computing t h e  v e l o c i t y  cor rec­
t i o n ,  we aga in  assume t h a t  j7 i s  due e n t i r e l y  t o  t h e  f i r s t - o r d e r  term. The 
same d e r i v a t i o n  as given f o r  t h e  l i n e a r  method i n  re ference  4 gives  t h e  
co r rec t ion  t h a t  w i l l  reduce t h e  l i n e a r  po r t ion  of  t o  zero as 

where 

! c = (B+AB)+- B+ (A51 

Expansion of  t h e  t r a j e c t o r y  co r rec t ed-by t h e  h a l f - l i n e a r  method about t h e  
a c t u a l  t r a j e c t o r y  gives  t h e  dev ia t ion  of  P from i t s  uncorrected va lue  as 

where 6pH represen t s  t h e  non l inea r  terms i n  the  expansion of  t h e  co r rec t ed  
- -
P about t he  a c t u a l  one. Since we wish t h i s  dev ia t ion  t o  be exac t ly  -p,  t h e  
r e s i d u a l  e r r o r  a f t e r  t he  h a l f - l i n e a r  co r rec t ion  i s  6TH. 

We w i l l  assume t h a t  6jTL and 6jTH can be approximated accu ra t e ly  by t h e  
second-order terms i n  t h e  appropr i a t e  Taylor ’s  s e r i e s ,  and i n  t h e  remainder 
of  t h e  de r iva t ion  they w i l l  be  used t o  denote only t h e  second-order terms.-
The second-order term i n  t h e  expansion of  t h e  i t h  component, a ,  of P about 
i t s  re ference  value i s  given by 

where G i s  t h e  6 by 6 mat r ix  of t h e  second p a r t i a l  d e r i v a t i v e s  of a with 
r e spec t  t o  t h e  components of  t h e  i n i t i a l  p o s i t i o n  and v e l o c i t y .  

I f  we wish t o  compute t h e  second-order e r r o r  a f t e r  a l i n e a r  co r rec t ion ,-
we s u b s t i t u t e  VI f o r  To i n  equat ion (A7). Since we can w r i t e  v1 as a 
l i n e a r  func t ion  o f  To and To, w e  ob ta in  

I 0 

( I -B+B)  (-B+A) ( I -B+B)o “““I 
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For t h e  h a l f - l i n e a r  system, w e  can write 

where t h e  term AG emphasizes t h e  f a c t  t h a t  w e  are expanding about t h e  a c t u a l  
t r a j e c t o r y  i n s t e a d  of t h e  r e fe rence .  Since THTAGGH i s  of  t h i r d  order ,  it 
w i l l  be  neglec ted  i n  t h e  computation of t h e  second-order e r r o r .  S u b s t i t u t i n g  
f o r  jT i n  equat ion (A4) from (Al) g ives  

- + 

vH = - ( B  + C) (ATo + BVo + 6 9  (A101 


Since Cp and B
+

6p a r e  themselves of second order  they  w i l l  b e  neglec ted  i n  
t h e  computation of  6aH s o  t h a t  

These s i m p l i f i c a t i o n s  give t h e  h a l f - l i n e a r  e r r o r  as a func t ion  o f  Fo and To 
as fol lows 

Note t h a t  equat ions (A8) and (A12) a r e  both of t h e  form 

where 

x = 13) 
lVO 

Therefore ,  

6 6  
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I 


s o  t h a t  

E ( 6 a 2 )  = -1 E
4 

where E i n d i c a t e s  t h e  expected va lue .  Equation (A14) can usua l ly  be s impl i ­
f i e d  when t h e  s ta t i s t ica l  d i s t r i b u t i o n s  of t h e  components of  x are known. 

A t  t h i s  po in t  w e  w i l l  assume t h a t  t h e  components o f  x a r e  independent 
and Gaussian with zero mean and s tandard  dev ia t ion  o i .  For  t h i s  d i s t r i b u t i o n ,  

n m  mEx-x = (Exf) (Exj)
1 j  

and, i f  n i s  odd, 

Therefore ,  w e  need cons ider  only those  terms i n  equat ion (A14) t h a t  conta in  
only even powers of  t h e  components of x .  In  t h i s  case ,  

(note  t h a t  H i s  symmetric). Since 

2 2  2 2
E x . x .  = 0 . 0 .

1 7  1 J  

and 

Ex! = 30.4 
1 1 
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.... . . .-

o r  

6 6 6 6 

This equat ion can be reduced t o  

1 1 2
E ( 6 a 2 )  = - Tr(HDHD) + - (TrHD)

2 4 

where D i s  t h e  diagonal  mat r ix  whose diagonal  terms are a:. If w e  make t h e  
f u r t h e r  s i m p l i f i c a t i o n  t h a t  t h e  s tandard  dev ia t ions  f o r  t h e  components of  
p o s i t i o n  and v e l o c i t y ,  r e s p e c t i v e l y ,  are equal ,  then 

r 1 

The expanded form of  t h e  H i  from equat ions  (A4) and (A12) i s  summarized i n  
t a b u l a r  form 

G = @  $) 
Submatrix Linear Ha l f - l i nea r  

H 1  G 1  - 2G2B+A + (B+A)TG4B+A (B+A)I ' G ~B+A 

H2  = H 3T 
Gz(I-B+B) - (B+A)TG, (I-B+) ( B + A ) ~ G $ B + B  

below where 

H4 (I-B+B)G2 (I- B'B) B+BG4 B+B 
-

If we expand equat ion (A9) we f i n d  t h a t  wherever vo occurs  i n  t h e  
expression f o r  6 a ~it i s  a lways 'mul t ip l i ed  by (I-B'B). On t h e  o t h e r  hand, 
i n  t h e  expression f o r  &aH given by expanding equat ion (A12), To i s  always

+ + - -mul t ip l i ed  by -B B. Note t h a t  B Bvo r ep resen t s  t h e  components of  vo 
(see re f .  4) t h a t  a f f e c t  F, while (I-B+B)Yo i s  orthogonal t o  t h e  f irst  s e t  -
and does not  a f f e c t  P .  

Now cons ider  t h e  t h r e e  poss ib l e  types of v e l o c i t y  c o r r e c t i o n  d iscussed  
i n  re ference  4 .  
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+
(1) The rank of B is 3 .  In  t h i s  case, B B = I s o  t h a t  f o r  t h e  

l i n e a r  method H2 = H g  = H4 = 0 and cxL i s  no t  a func t ion  of  yo, while  f o r  
t h e  h a l f - l i n e a r  method a l l  t h e  terms i n  equat ion (A16) are p resen t .  

(2) The rank o f  B i s  2 .  In t h i s  case, H,, H3 ,  and H4 are of 
rank 1 f o r  t h e  l i n e a r  method, while  f o r  t h e  h a l f - l i n e a r  method they  are of 
rank 2 .  This  means t h a t  f o r  t h e  l i n e a r  method t h e  second-order e r r o r s  a r e ' a  
func t ion  of t h e  one component of  To t h a t  does not  affect  t h e  parameters w e  
wish t o  c o n t r o l .  On t h e  o t h e r  hand, f o r  t h e  h a l f - l i n e a r  method, t h e  second--
order  e r r o r s  are a func t ion  o f  t h e  two components of  v0 t h a t  do a f f e c t  t h e  
parameters.  

( 3 )  The rank of  B i s  1. In t h i s  case, two components of To 
con t r ibu te  t o  t h e  e r r o r  i n  t h e  l i n e a r  method, while  only one con t r ibu te s  t o  
t h e  e r r o r s  i n  t h e  h a l f - l i n e a r  method. 

The above shows t h a t  t h e  inf luence  of t h e  i n i t i a l  v e l o c t i y  dev ia t ion  on 
t h e  h a l f - l i n e a r  method decreases  with t h e  rank of B ,  whi le  t h e  r eve r se  i s  
t r u e  f o r  t h e  l i n e a r  method. Thus, we would expect t h e  r e l a t i v e  advantage of 
t h e  l i n e a r  method t o  decrease  with t h e  number of  parameters con t ro l l ed .  

F ina l ly ,  w e  wish t o  r e s t r i c t  t h e  problem t o  f ixed- t ime-of -ar r iva l  
guidance. In  t h i s  case ,  it i s  shown i n  re ference  4 t h a t  

B = $  2 

where 

-
i s  t h e  s t a t e  t r a n s i t i o n  mat r ix  r e l a t i n g  t h e  te rmina l  e r r o r s  t o  ro and To. 

For  f i x e d  t ime of a r r i v a l  us ing  t h e  l i n e a r  method 
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I n  t h e  t e x t  H1 f o r  t h e  l i n e a r  method is  denoted as H L .  

For t h e  h a l f - l i n e a r  method, 

'I'
H2 = H, = $ i l $ l G b  

H4 = G4 

S u b s t i t u t i n g  these  mat r ices  i n  equat ion (A16) gives  

and 

Note t h a t  6 a  has been rep laced  by 6X s i n c e  f ixed - t ime-o f -a r r iva l  con t ro l s  
t h e  Car tes ian  components of t h e  te rmina l  p o s i t i o n  vec to r s .  The equat ions f o r  
t h e  Y and Z components a r e  t h e  same as equat ions (A17) and (A18) except t h a t  
d i f f e r e n t  matr ices  Gi of  second p a r t i a l  d e r i v a t i v e s  are used i n  de f in ing  
t h e  Hi .  
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APPENDIX B 


COMPUTATION TECHNIQUES 


This appendix descr ibes  some of t h e  computation techniques used i n  
obta in ing  t h e  numerical r e s u l t s  presented  i n  t h e  r e p o r t .  The d iscuss ion  i s  
d iv ided  i n t o  two s e c t i o n s ,  t h e  f irst  of which dea l s  wi th  t h e  four-body compu­
t a t i o n s  used i n  t h e  comparison of two-body and four-body r e s u l t s  and f o r  t h e  
s tudy  of i t e r a t i o n  convergence ra tes .  The second s e c t i o n  d iscusses  t h e  
computations used i n  ob ta in ing  t h e  two-body r e s u l t s .  

Four- Body Computations 

The four-body t r a j e c t o r i e s  were i n t e g r a t e d  us ing  Danby's method and t h e  
d i g i t a l  computer program descr ibed  i n  re ference  1. The ve r s ion  of t h i s  pro­
gram used computes t h e  oscu la t ing  conic  covering each i n t e g r a t i o n  s t e p  i n  
double p rec i s ion .  The two-body t r a n s i t i o n  mat r ix  over  each i n t e g r a t i o n  s t e p  
and t h e  pe r tu rba t ion  from t h e  oscu la t ing  conic  are computed i n  s i n g l e  p r e c i ­
s i o n ,  and r e c t i f i c a t i o n  occurs a f t e r  each i n t e g r a t i o n  s t ep . .  The t r a n s i t i o n  
mat r ix  over  longer  t i m e  arcs i s  obtained by mul t ip ly ing  toge the r  t r a n s i t i o n  
matrices across  t h e  ind iv idua l  i n t e g r a t i o n  s t e p s .  The mat r ix  m u l t i p l i c a t i o n  
subrout ine  used f o r  t h i s  m u l t i p l i c a t i o n  accumulates each ind iv idua l  element of 
t he  product mat r ix  i n  double p r e c i s i o n  and then  s t o r e s  it as a s i n g l e  
p r e c i s i o n  number. 

The accuracy of t h e  r e s u l t i n g  mat r ix  was checked f o r  s eve ra l  example 
cases, inc luding  t r a n s l u n a r  i n j e c t i o n  t o  per icynth ion  and t r a n s e a r t h  i n j e c t i o n  
t o  r e t u r n  pe r igee ,  by mul t ip ly ing  t h e  ma t r ix  by i t s  own i n v e r s e . l  The 
r e s u l t i n g  product i n  each case was a u n i t  mat r ix  t o  wi th in  e i g h t  s i g n i f i c a n t  
f i g u r e s .  That i s ,  i f  w e  l e t  

then 
6 

_ __ _ _  -_ -- __ - - - --_ ~ 

'There i s  no l o s s  of  numerical accuracy i n  computing 0 - l  s i n c e  
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and 

cij = 1 f E i j ,  

c i j  -- * E i j ,  

where is  less than  10- 8  times t h e  l a r g e s t  product  i n  t h e  summation i n  

equat ion (Bl) .  This  i s  t h e  same accuracy obta ined  by i n t e g r a t i n g  t h e  v a r i a ­
t i o n a l  equat ions o f  motion us ing  Cowell 's  method as descr ibed  i n  r e fe rence  3 .  
Using a mat r ix  m u l t i p l i c a t i o n  r o u t i n e  without  t h e  double p r e c i s i o n  
accumulation f e a t u r e  r e s u l t s  i n  t h e  l o s s  of  roughly one s i g n i f i c a n t  f i g u r e .  

For most of  t h e  four-body da ta ,  t h e  t r a n s i t i o n  ma t r ix  over each 
i n t e g r a t i o n  s t e p  was co r rec t ed  t o  account f o r  t h e  pe r tu rb ing  fo rces  by t h e  
method descr ibed  i n  re ference  6 .  The time requ i r ed  f o r  t h i s  c o r r e c t i o n  was 
not  determined, bu t  1300 a d d i t i o n a l  words o f  computer s to rage  were needed. 
Since t h i s  is nea r ly  h a l f  t h e  s to rage  r equ i r ed  f o r  t h e  e n t i r e  t r a j e c t o r y  
i n t e g r a t i o n  program without t h e  mat r ix  c o r r e c t i o n ,  t h e  co r rec t ion  procedure 
would probably not  be  used i n  p r a c t i c a l  a p p l i c a t i o n s .  

When v e l o c i t y  co r rec t ions  were made by t h e  l i n e a r  method, t h e  va lues  of  _ _ 
ro, vo, and I$ were obtained by i n t e g r a t i n g  t h e  r e fe rence  t r a j e c t o r y  backward 
from t h e  te rmina l  time t o  t h e  co r rec t ion  t i m e .  This  approach r equ i r e s  l e s s  
s to rage  than t h e  method used i n  r e fe rence  3 .  There, t h e  t r a n s i t i o n  mat r ix  
from i n j e c t i o n  t o  t h e  te rmina l  t i m e  i s  precomputed, s t o r e d ,  and then  updated 
by post-mult iplying by t h e  inve r se  of  t h e  t r a n s i t i o n  mat r ix  from i n j e c t i o n  t o  
t h e  co r rec t ion  t ime. 

Two-Body Computations 

The two-body computations were c a r r i e d  out  u s ing  t h e  appropr i a t e  
subrout ines  from t h e  Danby i n t e g r a t i o n  program t h a t  have been modified s o  t h a t  
a l l  opera t ions  inc luding  computation of  t h e  t r a n s i t i o n  matrices a r e  i n  double 
p rec i s ion .  The t r a n s i t i o n  mat r ices  were computed along t h e  r e fe rence  conic  
and along a s e t  of conics  with i n i t i a l  p o s i t i o n  and v e l o c i t y  per turbed  from 
t h e  re ference .  The elements of t h e  t r a n s i t i o n  matrices were d i f f e renced  t o  
ob ta in  t h e  second p a r t i a l  d e r i v a t i v e s .  The d e s i r e d  accuracy was achieved by 
jud ic ious  choice of t h e  i n i t i a l  dev ia t ions .  This  method was used f o r  s implic­
i t y  i n  programming ( t h e  necessary subrout ines  were a l r eady  a v a i l a b l e ) ,  and it 
i s  not  p a r t i c u l a r l y  recommended. 

An a l t e r n a t e  approach t h a t  would y i e l d  a more e f f i c i e n t  program would be 
t o  use t h e  closed-form equat ions f o r  t h e  second p a r t i a l  d e r i v a t i v e s  given i n  
re ference  7 o r  8.  
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P 

Time from Second-order errors 
i n j e c t i o n ,  h r  Type of Linear Hal f - l inear ,  ov = 0 Half-l inear,  rsv = 1 

I 

Correct ion Terminal 
data rms value,  

km 
rms value,  Rat io  t o  rms value,  Ratio t o  

km 1i n e a r  km 1inear 

Two-b Ody 1 . 5 ~ 1 0 - ~  9 . 5 ~ 1 0 ~ ~6 . 3 ~ 1 0 - 1  9.3x10+ 6 .2~10-1  
0.0  0 . 8  Four -body 1 . 1 ~ 1 0 - 3  6 , 5 ~ 1 0 - ~  5 . 9 ~ 1 0 - 1  1 . 1 ~ 1 0 - 3  1 . 0  

Two-body 1 .4  2.4 1 .7  3.5 2.5 
. o  47.0 Four-body 6 . 4 ~ 1 0 - 1  2 .3  3.6 4.6 7.2 

. o  61.2 Four- body 1 .5  3.1x102 2.1x102 1 . 2 ~ 1 0 3  8 .0x102 

TW0-b ody 8. O X ~ O - ~  1 . 3 ~ 1 0 - ~  3 . 7 ~ 1 0 - ~  4.6 
. 8  2.5 Four-body 5. Ox 10- 2 . 7 ~ 1 0 - ~  2.9x10+ 5.8 

Two-body 7 . 8 ~ 1 0 - ~  1.2x10-2 1 . 5  4.  2x10-1 5 . 4 ~ 1 0 ~  
. 8  47.0 Four-body 7 . 1 ~ 1 0 - ~  2 . 4 ~ 1 0 - ~  3 . 4 ~ 1 0 - 1  7. 0x10-1 9.9x101 

. 8  61.2 Four- body 1.ox10-2 6 . 2 ~ 1 0 - 1  6 . 2 ~ 1 0 ~  1 . 6 ~ 1 0 ~  1 . 6 ~ 1 0 ~  

TWO-body 1 . 2 ~ 1 0 - 5  2 . 7 ~ 1 0 - ~  2 . 3 ~ 1 0 - 1  1 . 6 ~ 1 0 - ~  1 . 3 ~ 1 0 ~' 
11.4 47.0 Four -b ody 1 . 3 ~ 1 0 - ~  4 . 1 ~ 1 0 - ~  3 . 2 ~ 1 0 - 1  2.1x10-2 1 . 6 ~ 1 0 ~  

11.4 61.2 Four-body 2 . 2 ~ 1 0 - 2 . 1 ~ 1 0 - 3  9 . 5 ~ 1 0 ~  3. 6x101 1 . 6 ~ 1 0 ~  

-r 



Time from Second-order e r ro r s  
i n j ec t ion ,  h r  Type of Linear Ha l f - l i ne i r ,  [ 

Correction Terminal 
data  rms value, h,"rms value,  Ratio t orms value,  Ratio t o  

km l i nea r  

Two-body 3 . 7 ~ 1 0 - ~  1 . 3 ~ 1 0 - ~  3 . 5 ~ 1 0 - 1  4 . 2 ~ 1 0 - ~  1.11 0.0 12.8 Four -body 4 . 6 ~  3 . 2 ~ 1 0 - ~  7 .0~10-1  9 . 6 ~ 1 0 - ~  2 . 1  

I . O  I 69.7 I Four-body I 1 .7  I 1 . 5 ~ 1 0 ~  1 8.8  I 1 . 3 ~ 1 0 ~  I 7 . 6 ~ 1 0 ~11 4 . 2  
1 12.8 1 	 TWO-body 1 2 . 3 ~ 1 0 - ~  7 . 7 ~ 1 0 - ~~ 3 . 4 ~ 1 0 - ~  l.2X10-3 1 5 . 2 ~ 1 0 '  

Four-body 7.4x10+ 4 . 1 ~ 1 0 - 7  5 . 5 ~ 1 0 - ~  4. O X ~ O - ~  5 . 4 ~ 1 0 ~  

4.2 

4.2 

12.8 

60.0 Four -body 1 . 2 ~ 1 0 - 4  1.O X  10-5 8 . 3 ~ 1 0 - ~  1 . 8 ~ 1 0 - 1  1.5x103 

69.7 Four -body 4.5x10+ 6 . 1 ~ 1 0 - ~  1.4x101 3 . 2 ~ 1 0 ~  7 . 1 ~ 1 0 ~  

Two-body 1 . 1 ~ 1 0 - 4  5 . 1 ~ 1 0 - ~  4 . 6 ~ 1 0 ~  1.6x102 1 . 4 ~ 1 0 ~  
69.7 Four -b ody 2 . 9 ~ 1 0 - ~  8 . 1 ~ 1 0 - ~  2 .  8x102 6 . 8 ~ 1 0 '  2 .  3x106 
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