General Disclaimer

One or more of the Following Statements may affect this Document

e This document has been reproduced from the best copy furnished by the
organizational source. It is being released in the interest of making available as
much information as possible.

e This document may contain data, which exceeds the sheet parameters. It was
furnished in this condition by the organizational source and is the best copy
available.

e This document may contain tone-on-tone or color graphs, charts and/or pictures,
which have been reproduced in black and white.

e This document is paginated as submitted by the original source.

e Portions of this document are not fully legible due to the historical nature of some
of the material. However, it is the best reproduction available from the original
submission.

Produced by the NASA Center for Aerospace Information (CASI)



X-615-68-459

NASA Tl k= 63 YYY
RADIATION FIELDS OF ENERGETIC
ELECTRONS IN HELICAL ORBITS
WITHIN A MAGNETOACTIVE PLASMA

K. SAKURAI
T. OGAWA

NOVEMBER 1968

—— GODDARD SPACE FLIGHT CENTER
GREENBELT, MARYLAND

N69-18010
(ACCESSIOI:)?JMBER) (THRU)

/

(PAGES) (CODE)

WASH. Ty ¢ 3454 S

(NASA CR OR TMX OR AD NUMBER) (CATEGORY)

FACILITY FORM 602




RADIATION FIELDS OF ENERGETIC ELECTRONS IN HELICAL ORBITS
WITHIN A MAGNETOACTIVE PLASMA

K. Sakurai** and T. Ogawa** '

*NASA, Goddard Space Flight Center, Greenbelt, Md. 20771
** Ionosphere Research Laboratory, Kyoto University, Kyoto

* NAS-NRC Ascociate with NASA

August 1968




ABSTRACT

The radiation fields produced by an energetic electron which

is moving in helical orbit in the magnetoactive plasma are derived

by solving the Maxwell's equations exactly. Those fields consist

of three components which are characterized by different wave fre-
quencies related to the anisotropic nature of the medium.

The result, obtained in this paper, seems to be useful in in-
vestigating the suppression of the low frequencies of solar radio
type IV bursts and galactic radio gmission, and suggetits that the
explanation for the influence of ambient plasmas on the gyro-syn-

chrotron radiation from energetic electrons must be modified.

1. INTRODUCT ION
The influence of the ambient plasmas on the electromagnetic

radiation from electromnis of arbitrary energy which are helically
spiraling in the external magnetic fields have recently been dealt
with by many authors (Eidman, 1958; Ginzburg and Syrovatskii, 1964,
1965; McKenzie, 1964; Liemohn, 1965; Ramaty and Lingenfelter, 1967;
Mansfield, 1967; Ramaty, 1968; Sakurai and Ogawa, 1968). Since it
is, however, very difficulf to obtain directly the solution for the
electromagnetic fields radiated from an electron moving in the aniso-
tropic medium, various kinds of the devices to solve the Maxwell's
equations have been developed.

The suppression of the low frequencies'of solar radio type IV

bursts suggests that the influence of the ambient solar plasma on
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the emission characteristics of the bursts must be important as

has already been discussed by Ramaty and Lingenfelter (1967, 1968)
and Ramaty (1968). However, their treatment has been limited to
such frequency ranges as f > fp >> fy, where f, fp and fH are the
frequencieé of emitted radio wave, the plasma and the electron cy-
clotron, respectively. In this case, the ambient plasma is, there-
fore, assumed to be isotropic and the following refractive index, M

applies:

b= (1- fpz/fz)% (1)

The conditions which are actually encountered near the sunspot
groups, however, are quite different from this simple case (1). In
fact, the type IV radio bursts are usually emitted from energetic
electrons which are moving within a medium where the strength of
magnetic field is very high, say 1000 gauss (for example, Ellison,
1963). The effect of magnetic field, therefore, cannot be neglected
in dealing with the emission characteristics of type IV radio bursts
(Sakurai, 1964, 1965).

In this paper, we will solve exactly Maxwell's equations ap-
plied to an anisotropic medium, and then discuss briefly the prop-
erties of the solutions. The calculated emission power flux for
some restricted cases is presented iﬁ the Appendikx.

2. FUNDAMENTAL EQUATIONS AND THE METHOD OF SOLUTION

Maxwell's electromagnetic equations in a magnetoactive plasma
are given, by using the anisotropic dielectric tensor k] (Stix,

1962), as follows:




curl B = - 4 WH (2)

G

- - 4m "'f'
curl H =1%[k]E+-6— , } (3)

-d L

where E , H and 1;' are the electric and magnetic fields which are
assumed to change with exp (iwt), where w is the angular frequency,
and the electric current due to the electrons moving helically in
the medium which are responsible for the emission of electromag-
netic waves, and ¢ is the speed of light.

By the use of the vector and scalar potentials X and @, the

Y

electromagnetic fields, E and H are usually expressed as

-l

-
E=-i X A -grad g (4)

ole

Y

H = curl A (5)
If we here adopt the following subsidiary condition that satisfies

tl.n transverse gauge:

o ,
div A =0, (6)
the equation for the vector and scalar potential A and )
v2 = - I' 7
A +S§.2[k]A — I (7)
2 4
v E o —— O
g c
where e' is electric charge of the moving electron (e' = - e).

In this gauge, it is not necessary to take the scalar potential @
into consideration. Really, in dealing with the electromagnetic

emission from an electron, it is sufficient to take into .iccount




-
only the vector potential A in the wave fields. Accordingly, the

electromagnetic fields in the wave fields are expressed by b

. . g
E=-1iWaA4 (4)°

C «
o " o
H = curl A, (5)° “

in place of equations (4) and (5).
L T
If we make use of such a Green tensor G ( r, r') that satisfies
the equation,

(2 _ w2 khle (75§07 =6 G-r"), (8)
&)

Y

the vector potential A (r , t) formally solved is mathematically

expressed as follows:

- ) 4

PR o-T e en il (P e e, (9
where; and ;' are the position vectors from the null point of the
coordinate to the point of observation and to the location of the
moving charges, respectively. t and t' are, farther, the times with
respect to the point of observation and the location of the charges,
respectively.

-

In order to solve equation (8), the Green temnsor G( r, r') and

the 0-function are Fourier-transformed as follows:

la( r, ;')J=-—13—f[5( E,uyyet B (F-7) gp (10)
(4m)
-h - ’ i: ,_.""-...' -
6(r-‘r')=—-—1———-»ei' =) & (11)
(am)®

where kK and W are the vector wave number and angular frequency,

respectively.




Using the result just obtained, the formal solution of
equation (8), LG ( k, w)], is given by %

e (k, o)) = [x171 | (12)
where ) h i
(%] 41{2 -s¥%  ip W 0 (13) |
c2 c |
2 2 2
- iD W_ . k“- 8 @2 o
& 2
2 _ w2
0 0 k p.zg_
N A

The quantities as S , P and D which appeared in the above equation

are expressed as follows, by using the notations defined by Stix

(1962):
S =1 (R+L p = -1 (R-L)
2 (R+L) 2
P w
and =] = _E_, ;
W
where . 9 ) Yy 2 .
= - p = - —————————
R=1 2 U -y’ L=l __Eﬁ"'w + Wy
" W
(w= 2T, Wy = 2Mf, andwy = 2rfy) .

Equation (12) is rewritten in “he following form:




K2 5 o2 D&; ]
~ - c‘-‘ )
(GC K, w)] —f— -1 "'"i?ﬁ“""‘ 0
p w2 k2 - g4
i (32 Qz 0
IEC) ko
0 0 L (2’
\ kP iy
C i
/
where
| 2 4 2
kO = (k2 - S W ) — w, - D
C:E 04

When the above solution [G ( ﬁ,w)] is substituted into
equation (10) and integrated with respect to |k| =k, the following

equation is obtained:

lGCFF0] = Ly b [ayyle WD g, (19)
where R' = L; - r'| and
) . W R
W - a '
2 2
R O e :
- ~(e -e ) =(e + e )
2 2
JWR"/P
$ 0 0 elER , (15)

L d -t
By substituting (14) into equation (9), the solution A ( r,t)

is derived formally as follows:




R el

-4 (t-t"')

A (F,t) = é.g..; J‘[G( i‘,:i")]?(:i’*,t“)e dredt*aw (16)

-
This result s used to calculate the radiation fields, E and il
which are given by equations (4)' and (5)°'.
3. RADIATION FIELDS BY ELECTRONS IN HELJCAL ORBITS

The Cartesian coordinate system as shown in Fig. 1, is used
-
here, where the external magnetic fielq'ﬂo is along the Z-axis,

In equation (16), the electric current I' is expressed as
->

I'=e ¥ ()6 ( F'-Fe (1), (17)
since the radiating electron produces an electric current, where e,
V and Te are the electronic charge, the velocity and the position
vector of the electron,

As is evident from the figure, R' =% - #' and |§'|~R'-1; - ;!l.
Because of |®'| <<[|. 2|, the following approximation is possible:

~

- -,
R' = r - n..r',
where i = R'/R.
Thus equation (16) can be integrated with respect to 3', by

using the above approximation, as follows:

-iw(t-t')

B.GF,0)= 52 ; (Gy4] V(t")e dt'dw, (18)
t',w

-, !
where R' in [Gij] is expressed as r - f..Tg' (£)! Here 7, '(t') is
the position vector of a radiating electron, and clearly lﬁé|<<,r,
- = - -
and approximately n = R'/R' ~ v/|7I.

In the following calculation, the vector T 1is taken within the

(y-z) plane, so N is expressed as




i - 3'31n 8 + K cos 8,
by using the definition given in Fig. 2, where 5:, Fand K are the
unit vectors as for the x-, y- and z~-axis, respectively, and ¢ is
the angle between the vector T and z-axis.
The position vector ¥,'(t') and the velocity V' (') (=dx, ' /dt")

of the radiating electron are respectively given by

P ') = 3 oL ocos Wit' 47 teinw't! + R v, t (19)
e wr H wT I
H H
wnd AN -;-1’( ) T Wre g T4 .
VI(t') = 'ﬁ) sin wnx + J vy cos Ypt' + K Vi (20)
where
wH'mefJ&—Bz, Wy = eHo/moc and B = v/c.

In the above two equations, v| and v ; are the components of the
electron velocity perpendicular and parallel to the external mag-

netic field., m. is the rest mass of an electron.

<

By taking equation (19) into consideration, R' is expressed as
follows:

v
R' = r-ﬁ.?e'(t') =P - :+$ sin 6 sinw't' + vy cos 8.t")

(
UJH H
Equation (18) can be easily integrated with respect to time t',

using both the above approximation and several mathematical equali-

ties such as e~1 x sin ¥ _ g_ Js (¥ e'isw, Thus the result is
-]
o - -

A (r,t) =z ..gj' o~ dut ‘AxmW aw, (21)
Ayy
A
|z

where




: v
Ay = - 3 = Loy xp) - ;1. Is(x)1 a 6 (@)

+ [Jé(xz) + .}_{.Z__ Jg(Xz)1 b 6 CPYN

Ayy = - ok 5 5. (X7 @)
yo © 72 T (Logaxy) - o Te ] 1

1

S
- L1(xy) + X;Jscxz)l b o Gy)
\4
Azy = - I (x3) ¢ 6 (U3)

and
v
X; = -2 VL _Lsine
Wwe
H
v
w L
X, = ¢ VR —~ sin §
H
w V.L
Xg = ¢~ NP — sin 6
Yy
W W
i VLr i % JR r 1%.JPr.
a = e b ==¢e and ¢ = e

The variables of the three S-functions are respectively

Wy =W - s - wﬁl'vf'cos 6
Vo =uw - sw' - w8, VR cos ©
Ws = w - sw' - wBy VP cos 8,
where B = V|| ./c.
The wave frequency w in equation(21)is defined by the 6-
function such as &8 (¥;), & (W,) and 6 (w3). Accordingly, the

equation (21) is easily integrated with respect to the wave fre-

quency and deduced as follows:




A (F,t) =2 2. : 22
A (r,t) S™=e I Asx Et{, j’; —l:] (22)
Asyt
| Az i
\ [
where 4

‘Y . W
oy, = I (R -Ig (%) i(g J/Ir - wt)
Asx = 3 4 L5 —=— © s (1)
1-8) cos 8 %éﬂi&l

- 9%y + 35Ky iGg VR )

2 ¢ y) (23a)
: , e 2 } a
1-B) cos © _g_____suw\/j_)

W
o g TV iz VIx-Ut)
Asy = -]..'. L { e 6('w1)
f 2 ° 1-8y cos d(w/L)
? 3w
’f 2= Is%o) + 35 (Xp) 1 (5 JRr-Yt)

+22 o 5 (Wy) 1 (23b)
w/R
i(EfPr ~wty
C
¢ 3 /p)

l-B“cos e 3w
By substituting the results (22) and (23) into equations (4)'
and (5)', the electromagnetic radiation fields produced by an

electron in helical orbit can be calculated as follows:

The electric field:

-10-
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5 Js(xp)-ay(xy) 16 fre)

1 V.© e { 1 wdW,)
E B2 e e — € 1
¥ 2 7 T 15, cost 2MVL)
3w
s 1(3 /Rr-wt
x; Js (%) 473 ¢ JRr-vt)
- e W5G”2)}
1-6“ cosf d(W.R)
1E fLr-wt)
= Js (KD -Ig (K-35 (X))  ©
B, =2lle( * e w6 (Wy)
Y 22T 1-By cos 8 o (w,/L)
T —
s , W
X, Js (o) 495 {Xp) 1 (gv/Rr-wt)
+ e w6 (wo) )
1-8) cos § 3 (w/R)
W
; J i€ Pr-yt)
B, - - 1 i e s (X9) o C we (W)
2 r 1-8. cos 6 2(w./p)
The magnetic field:
B, Jg(Xg) 1(Z VBr-Ut)
Hox = 1 = WY /5 sin © "_"s 3 2 © §(Ya)
x = 1S 2
S r ¢ l—BHCOSe %é&lil 3

8 Jo(X)-aL(xy)  i(gVIr-¥t)

-1 V1 JL cos 6 X1 . e wWe(¥.)
2 22 1-8" cos® ELEZEL 1
aw
S T (X)+IL(Ky) 1o w)

1 vl-JR' 5 ﬁ;Js 2/ +dg(4iy & Rr- ; }
-2 = cos _ e ws (W,)
2 2 1-6"0059 !z Jﬁj 2

aUJ
5 5 (X)) -1 (Xy) 1 JEr-Yt)
Hsy = - E {1 ZLCOS e[JE.X1 ° ! ° ! e ° wé(wl)
TRl 1-8 coss 2(VL)
aw
-]l

(24a)

(24b)

(24c)

(25a)




%Js(xz)wg(:cz) 1(5 VRr-wt)

- JR wd (¥,)J] (25b)
/Rl-B” cos® S (W/R) 2
dw
; w
f | $-J5(X1)-IL(X1) iz Jir-wt)
’ e {1V _. 1
Hy, .?.if.zﬁ sin 6 [ VL " B(WJi)e wd (wy)
W
S )]
i._Js(xz)-;~Jé(x) i(g J/Rr-Yt)
- VR 22 e g (We) 1] (25¢)
1-Bcos € : (LU\/R)
w

Although the above solutions are quite complicated, the Poynting

vector can be calculated by making use of the above electric and mag-

netic fields. In anisotropic plasmas, it is necessary to calculate

i both the electric and magnetic fields for the Poynting vector to be

§ derived, because the direction of this vector does not, in general,

5 correspond to that of the wave normal vector n (for example, Bekefi,
1966) . Thus, the Poynting vector for the S-th harmonic fé is given

by using equation (24) and (25) as follows:

.d _ - — jont,

I, = gﬁ(ﬁg x H + Eg x Hg), (26)
where By = (Egx, Esy, Egp) and ﬁs = (Hgx, Hgy, Hgz). The asterisk
denotes the complex conjugate component. In this expression, the

three Doppler-shifted emission frequencies are involved in the Poyn-

ting flux such as
’ t ]
S¥y ! Sug

W= == and
1-8 1 ,\/L cos 6 y 1-8 I «/R cos © 1-8 Y @ cos 6, (27)

These are obtained from the &-functions such as §5(%;), §(Y3) and

) (w3) .
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The frequencies given by equations (27) are identical only
when the orbital motion of an emitting electron is circular, i.e.,

Bj = 0. In this case, all these frequencies are, reduced to S

(=g Jl-Bz), which is the well-known gyro-frequency of relativistic
electrons,

When the approximation ¥ > ¥, ., Wy is satisfied as has been
considered by Ramaty (1968), the medium necessarily becomes isotro-
pic and consequently it follows that JR = VL = /1-¥.2/u?. It is,
therefore, quite easy to calculate the Poynting vector in this case
and one can easily obtain the same result as shown by Ramaty (1968)

(See Appendix 1).

If one assumes that wpzsz << 1 or that the medium is vacuunm,

et

the well-known formulae for the Poynting flux vector is obtained by
using equations (24) and (25)( See Appendix 1), which has already

been obtained by Schott (1912), Schwinger (1949) and Landau and
Lifschitz (1961).

4. CONCLUDING REMARKS

The exact solutions for the radiation fields produced by an
electron of arbitrary energy in a magnetoactive plasma have been ob-
tained in this paper. Since the medium is anisotropic, the solutions
are very complicated in form as is seen from equations (24) and (25).
However, these results make it possible to examine the influence of
magnetoactive plasmas on the electromagnetic emission from electrons
in helical orbits.

As will be shown in Appendix 1, the solutions obtained here
give the same result as that by Ramaty (1968) when both the ap-
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proximation f > fy >> fH and B“ = 0 are adopted.
In applying these to several problems on solar and galactic
radio emissions, the power flux will have to be calculated. These

calculations are now under way.
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Appendix 1

When W>wp >> Yy, it follows that VR =~ J/L = vp = i\/l"wpz/wz,
being equal to the isotropic refractive index (1). Since the medium
in this case is isotropic, the poynting vector is given as follows:

- (] -

Py = ——-lﬁzi n

S 417 s

¢ {|Bgx|? +|E

‘] Z P fand
% cos? 6 + ‘Esz' sin 2 0} n

= 7m sy
o 2 2 2
By =55 & @ 1 { [g, J1(0)]
| r © aepy 2 F
; 1-B, cosb® =1 =7
| I dw
i

s n2 . 2
+18) cosb g () 17+ g sin8Ig ()] J8 (w-swp-wB Hcosd) (A~-1)
s .
where X = ﬂﬁl M sin 6 (A-2)
1~B” M cos ©

When the orbit of electron motion is circular, the above

equation (A-1) is reduced to (/

C w2 2 . cos O L0y 12
20 {l831(sBrsin®) 14 [rggyms Js(soHsind) 1%

Ps = 1 W sin
X 6 (W-suwy), (A-3)

S X NI L e s s S

since 8 = 0, This result is equivalent to that of Ramaty (1968).

In the vacuum, 4 = 1, The above equation is further reduced to

W
; B, = 0 —= (S ! )2 (1-82) 1 (8! (sBsind) 12
; 8 42 C ' 8

g +leotes (sBsing)1?}  (a-0)

which is the well-known formula (for example, Schott, 1912; Landau
and Lifshitz, 1961).
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CAPTION OF FIGURES

Fig. 1 The coordinate system and the relation among the
position vectors.

Fig. 2 The relation between the point of observation and

the electron motion,

=l =




Figure 1
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