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ON THE FIGURE OF THE PLANET MERCURY
Han-Shou Liu
NASA, Goddard Space Flight Center
Greenbelt, Maryland

Abstract: The figure of Mercury is estimated in texrms of an isostatic
form of equilibrium which tends to be controlled by the situation near
perihelion passage at the 3:2 resonance spin rate. The ratios of the
principal moments of inertia for Mercury are: (1) (C-A)/C 2 7 X 10 3;
(2) (C-B)/C 25 x 10°° and (3) (B-A)/C = 2 x 10°°, ‘The thermal effect
on Mercury's figure during solidification forces Mercury's rotation to
be trapped in tlke 3:2 resonance lock as its spin rate is being slowed
by tidal effects., It is shown that the process of trapping of Mercury
has been naturally affected by the instantaneous solidification of

Mercury into a shape with two thermal bulges, and that the two permanent

thermal bulges stabilize the planet's rotation.

Introduction:

In a recent report, Liu (1968) has shown that the axis of the two
permanent thermal bulges on Mercury's surface approzimately points to
the Sun for about 60 earth days in each Mercurian day (176 earth days).
Under this condition, the gravity gradient force due to the Sun can
- produce elongation along Mercury's perihelion axis, Therefore, it is
possible'that the shape of Mercury tends to be contirolled by the situu-
tion near perihelion at the 3:2 resonance spin rate. The purpose of
the present paper ié to estimate the figure of Mercury under such cir-
cumstances of solidification. The effect of the thermal contraction or
expansion of Mercury's figure on the planet's rotation is also investi-

gated.




Hydrostatic Theory

We consider a hydrostatic equilibrium shape of Mercury heking
place near perihelion passage when Mercury's spin rate approaches 3:2
of its orbital mean motion, We take the axes wt the center of Mercury,
€ being measured away from the Sun at perihelion. Since rpg is the mean
distance between the center of mass of Mercury and the Sun when the

true anomaly |f| s 45°,

_ a(l-eg) (l)

where a and e are semimajor axis and orbital eccentricity respec-
tively. The gravitational potential at internal points (§,(,T) of
Mercury due to the Sun is (Jeans, 1928)
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where G is the gravitational constant and MS is the mass of the Sua.

Because Mercury's perihelion axis vibrates about the solar direc-
tion with an amplitude of the order of only 0.57 degrees in a period of
. about 30 earth days, the mean motion of each part of Mercury near peri-
helion passage is one of revolution with angular velocity Jng/rgss
about an axis perpendicular to, the plane of the orbit and through the
center of mass of Mercury and the Sun together, i.e., during this period
Mercury very nearly keepﬁ the samé face toward the Sun.

The effect of this mean angular motion on the acceleration relative

to Mercury is equivalent to that of a potential
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Hence, the total disturbing potential due to the Sw: and the orbital
motion is
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This disturbihg potential will affect the shape of Mercury. If Mercury
could adjust its shape to form an equipotential surface (Jeffreys, 1959),

the equation of Mercury's surface near perihelion passage would be
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where Mm is the mass of Mercury and Rgo is the spherical .radius of
Mercury.

The semi-axes X, Y and Z of the Mercurian Globe are:
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These formulae give increments of +5.6m, - 1.6m, and -4.0m respectively.
If Mercury were completely adjusted to all disturbing potentials

acting, the three axes would differ from the mean by those amounts.




Thus the ratios of the principal moments of inertia for Mercury are

approximately,
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Origin of Thermwal Bulges

The liquid Mercurian Globe is assumed to be solidified in cooling
at the 3:2 resonance spin rate, Since the heat loss by the liquid
globe in solidifying must supply the actual heat loss by radiation

from the surface, we obtain

(8)

where L 1is the latent heat of fusion, m 1is the mass that has
solidified, ¢ 1s the Stefan-Bolzmann constant and T is the average
surface temperatare, By integrating equation (8), the time required

for solidification of Mercury is
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in which p is the mean density and Ro- Ry is the depth of the solidi-

fying shell.




For I = 100 Cal. g. %, p=5g. Cm 2, T = 1000 deg., ¢ = 5.7 erg.
Cm. 2 Sec. * deg. * and Ro = 2420 Km,, complete solidification of a
shell with Rgp- Ri = 300 Km, would not take more than 1000 years on the
assumption that there was free access of heat to the surface by
convection., If any part of the crust became so stiff as to stop con-
vection, the supply of heat to the surface thereafter would be conduc-
tion and the surface would be cooled rapidly to the temperature main-
tained by solar heating (Liu, 1958). Solidification of the crust to a
depth of 40 Km. would teke less than 20 years. It seems reasonable to
suppose that the material of the solldifying crust is sufficiently
plastic to keep approximately the hydrostatic ellipticity. Therefore
the time of formation of a crust, once it had started, would be
exceedingly shor'. and the hypothesis for instantaneous deformation of
Mercury into a shape with two permanent thermal bulges is here
Justified.

Lover temperature at any part of the crust is accompanied by an
increase of its radial thickness, Solidification at the poles and along
the aphelion axis extends deeper than along the perihelion axis,
Because of the unequal radial thickness of the shell and its unequal
thermal expansion at different latitudes and longitudes Mercury should
acquire the form corresponding to the isostatic equilibrium, i.e., the
weight of the material in a column from the center to the surface must
be the same in any direction. It has been found that such isostatic

adjustment of the shell as a whole modifies the figure of Mercury

from hydrostatic form (o,B,,N,) to




Based upon the last result, Liu and O'Keefe have developed the theory
of rotation for Mercury (Liu and O'Keefe, 1965). Since the hydro-
static and thermoelastic nature oﬁ these bulges can be theoretically
determined, it is suggested that the figure of Mercury may be now in
isostatic equilibrium although it was in hydrostatic equilibrium before

solidification.

Trapping

If the solidification of Mercury is connected with the transfer of
radioactive elements towsrd the outside by repeated crystallization,
the time needed for solidification of the whole of the shell in cooling
would certainly be much longer.than that just derived, For this reason,
it has been investigated that the interval from the formation of a
crust to the general solidification of the shell would have been
millions of years. During this epoch of solidification in cooling,
Mercury would rotate about its center of gravity with a time-dependent
inertial tensor. It is necessary to consider at this critical time in
what way the thermal expansion or coatraction of Mercury's figure and
the tidal actioun of the Sun would affect the planet's rotation.

The rotation of Mercury is governed by (Liu and O'Keefe, 1965)
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in which f is ‘the true anomaly, ¢ is the angular displacement of the
principal axis of A(t) from position vector of », q is the couple due

to solar tides and A(t)’ B(t) and C(t) are principal moments of inertia
which are functions of the time. During ‘the earlier stage of this
critical epoch, Mercury was subjeét to the conventional tidal action ¢
of the Sun, which, accoxrding to the fundamental theory of Darwin, should
tend to retard Mercury's rotation. The retardational influence of the

solar tides on Mercury's rotation is (Jeffreys, 1959)
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where 2¢ is the lag of the conventional equilibrium tides, Egquation
(11) shows that the tidal effect is a very slow process for Mercury
because its body is small. It has been estimated that the rotational
beriod of Mercury would have increased by less than 0.3 days in an
interval of the order of 107 years. When Mercury solidified in ccoling,
the planet was also subject to contraction from loss of heat. The
thermal contraction effect should tend to accelerate Mercury's rotation
because it would produce a secular decrease of the value of C(t)' A
quantitative analysis of the amount of mechanical adjustment -shows that
the mean radius of Mercufy would reduce about 7 Km. for an average

cooling of order 300°C through depth down to about 300 Km. Under this

g it g -



condition, the rotetional period of Mercury after solidification of
‘the whole shell would have decreased by ahout 0.3 dey from that before
solidification on the assumption that the Lapiacian law of density was
maintained., Thus the inltiation of the tidal evolubion 1ls seen to bve
completely tied up with the influence of the thermal contraction during
the epoch of solidification in rcooling.

After solidification, Mercury's contraction from loss of heat
must be exceedingly small, Also, the actual bodily tides must be much
less than the conventional equilibrium tides because there can have been
no shallow. seas upon it. There is no positive ground for supposing
any appreciable amount of bodily tidel friction in the Earth, and
accordingly there is no strong reason to assume it ir ‘Jercury. Further,
when Mercury's rotation approximately approached the 3:2 resoﬁance con-
dition the lag of the bodily t’'de in Mercury near every perihelion pas-
sage would be greatly decreased, For these reasons, Jeffreys (Jeffreys,
1959) has shown that the time required for an increase of 0.3 day in the
present rotational period of Mercury would be one of the order of the
5 x 10° years estimated age of the solar system, The important question
is, then, what would be happening if Mercury rotates completely free
from tidal torque. Liu (Liu, 1966) has shown that the apparent circula~
tional motion of Mercury at successive perihelia can be converted to a
librational motion when Mercury rotates with any period within the range
between 58.65 * 0.39 days for (B-A)/C = 5 x 10”5, The application of
the results obtained by Jeffreys and by Liu serves to predict that the

axis of the two thermal bulges will continue to librate about the solar
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direction at perihelion even deep into tr2 future by cosmogonical stane
dards,

It has been supposed wntil now thet frictional dicsipation by the
bodily tide resultc in o retardation of Mercury's roation after solidifi-
cation., This process is in the sense demanded by a loss of mechanical
energy. However, the process of the thermal expanéion of the two thermal
bulges at perihelion passage is in the sense which increases the mechanical
energy in the system, and this energy is extracted from the solar heat
falling on the surface of the two thermal bulges by a thermal engine effect.
The variation with time of the value B(t) - A(t) due to solar heating
will produce a thermodynamic tilde on Mercury's thermal bulges, As une
deviation of the axis of ‘the two thermal bulges from the line of centers
at perihelion increased due to the retardation effect by the bodily tide,
it will cause the couple on Mercury's thermal bulges by the solar gravi-
tation to be on an average positive, It is +this couple that ‘tends to
increase the planet's rabte of rotation while the bodily tidal couple
tends to retard it. It has been found that the rate of supply of energy
rrom solar heating and the dissipation of energy by the tidal friction
are in an equilibrium condition with the periods of revolution and rota-

tion locked in the 3:2 state, Therefore, the 5:2 sjireement of periods

Ml o

o

thatl leads to the growth and oscillation of the thermodynamic tide on
Mercury's thermal bulges is not fortuitous, but represents a final stable
state because Mercury's rotation adjusts itself so as to maintain this

state after solidification.




Hence, to explain the trapping of Mercury's rotational period into
3:2 resonance lock with its orbital period, we have shown that the
balance of the influence of the tidal friction and themmal contraction
provided the condition for Mercury to deform its shape with (B-A)/C
= 2 X 10 ° during solidification, and that the initiation of the yevolu-
tion of the bodily tide has been ard will be completely tied up by the

thermal engine effect,

Conclusion

It has been shown that the whole mass of the liquid Mercury must
have had the hydrostatic form to a considerable degree of accuracy at
every perihelion passage when Mercury's spin rate approached 3:2 of its
.orbital mean motion., Instantaneous sclidification distorted this form
into a shape with two permanent theymal bulges which stabilized the

planet's rotation.
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