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ABSTRACT

A solution of the Vinti dynamical problem is derived in a
form that is a clear generalization of the standard form of solu-
tion of the Kepler problem. Some geometrical results on the
orbits are given together with a physical model for the potential.
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THE VINTI DYNAMICAL PROBLEM AND THE GEOPOTENTIAL

By Diarmuid O'Mathuna
Electronics Research Center

SUMMARY

A new form of the solution of the Vinti dynamical problem
is derived wherein all three coordinates are expressed in terms
of one independent variable corresponding to the true anomaly of
the Kepler problem.

The relation of the Vinti potential to the geopotential is
discussed together with the implied inference on the density
distribution in the geoid.

INTRODUCTION

In this report we are primarily concerned with the solution
of the Vinti dynamical problem, namely, the motion of a particle
in the field of the Vinti potential. A second concern is the
implication for geodesy of the close relationship between the
latter potential and the geopotential. The relevance of the
dynamical problem to the prediction of orbits of artifical satel-~
lites, first pointed out by Vinti, is now well recognized. It is
also of interest that the potential itself suggests a geodetic
inference on the density distribution in the geoid.

If the constant c in the Vinti problem is set to zero, it
reduces to the Kepler problem. Accordingly, motion in the Vinti
field must be expressible in a form which is a generalization of
the corresponding form for the Kepler problem. This will be a
feature of the representation we obtain for the solution, and the
motivation serves as a guide to our method of obtaining it.

In the case of the Kepler problem the motion is given in
terms of the true anomaly (f) by the three formulas for the three
spherical coordinates, as follows:*

% =u = %(1 + e cos f) (a)
cos 6 = sin i*sin (f + w) (B)
tan(¢ - Q) = cos i-tan (f + w) (C)

*An index of symbols appears on pages 82 and 83.



in which e denotes the eccentricity, i the angle of inclination,
and p the semilatus rectum. The angles w and @ represent the

argument of perigee and the angle of the ascending node, respec-
tively. The above system is completed by inclusion of the time-
angle relationship between time (t) and true anomaly (f), namely:

M =n(t - to)

Vi - e2 sin £| _ e V1 - e2 sin £

e + cos f 1 + e cos £

(D)

arctan

In formula (D), t, denotes the time of perigee passage and n,
the mean motion, is related to the semi-major axis a by the
relation

where p is the normalized gravitational constant. The quantities
p, a, and e are related by the formula

p=all-e?).

Our aim here is the derivation of appropriate generalizations of
the above formulas for the Vinti problem.

Solutions of the Vinti dynamical problem have already been
proposed by Vinti and Izsak (refs. 1-6) in which are derived the
appropriate generalizations of formulas (A) and (B). A related
analysis by Aksenov, Gribenikov and Demin has appeared in the
Russian literature (ref. 7). In our derivation of the analogues
of formulas (A) and (B), we follow a procedure which is substan-
tially equivalent to that of Izsak; however, the preliminary
algebraic manipulation is made explicit here and we feel that the
algebraic relations between the various constants are exhibited
more clearly. Anticipating the approximation procedure intro-
duced at a later stage, we note here that from these algebraic
formulas it is a straightforward matter to make systematic approx-
imations.

Corresponding to formula (C), the third coordinate gives
rise to an elliptic integral of the third kind and here we have



recourse to an approximation procedure in order to get the de-
sired representation of the solution. We note that the Vvinti
potential approximates the geopotential only to second order in
the small parameter; therefore, from the viewpoint of using the
Vinti model as a basis for Earth-satellite orbit prediction,
there is nothing lost in making a second-order approximation in
the solution of the dynamical problem. In deriving the formula
for the third coordinate such an approximation scheme is adopted
to give the analog of formula (C). The same procedure is
appropriate in deriving the time-angle relationship corresponding
to formula (D). It is therefore also permissible to make second-
order approximations from the algebraic formulas mentioned above
since doing so is consistent with the overall method.

It is in dealing with the latter features of the problem-~-
namely, in deriving approximate formulas for the third coordinate
and for the time-angle relationship--that the present treatment
differs substantially from that of Izsak. In the latter treat-
ment, besides defining the independent variable f corresponding
to true anomaly, Iszak further introduces three new auxiliary
"independent" variables which we here call ¥, Y2, and I'. The
last variable corresponds to eccentric anomaly and the first pair
are the am-functions associated with the Jacobian elliptic func-
tions which appear in the representations of the first two
coordinates in terms of f£. The third coordinate is then expressed
in terms of Yj and Y2, involving both secular and trigonometric
terms, and the time-angle relationship is a generalization of
Kepler's equation which now involves both Y] and Y2 as well as T.
Both secular and periodic terms appear. The system must then be
supplemented by an equation giving the relation between yj and

Y.

In the present treatment we do not introduce any auxiliary
variables. We derive the formula relating ¢ to £ in a form that
is a clear generalization of formula (C). To complete the
solution we need the relation between f and t; this is derived
by similar techniques and appears as a generalization of the
time-angle relation (D). Both relations are approximate, valid
to second order.

The above considerations occupy the first six sections of
this report. In Section 1 the problem is formulated. The first
integrals are derived in Section 2. In Sections 3 and 4 we go
through the algebraic manipulation leading to the analogue of
relations (A) and (B) for the first two coordinates. In Section
5 we derive the formula for the third coordinate corresponding
to relation (C). The time-angle relationship corresponding to
relation (D) is derived in Section 6.

All the relations involve the Jacobian elliptic functions--
a fact which helps us write the relations in relatively compact



form. However, it is both consistent with the approximations
already made and expedient as a preparation for numerical cal-
culations to replace these elliptic functions by their second-
order approximate truncated trigonometric series representations;
this is done in Section 7. In Section 8 we include a geometrical
result which gives some qualitative insight on the orbits.

As far as we know there has not been proposed a real physi-
cal situation giving rise to the Vinti potential field. However,
if we consider how closely the Vinti field can be matched to the
geopotential, we are led to the construction of a hypothetical
geoid which would give rise to an external potential field of the
Vinti type. In Section 9 we take up this question and derive the
density distribution inside a sphere, which induces an external
Vinti potential field. More generally, we derive the density
distribution consistent with an arbitrary rotationally symmetric
geopotential, the coefficients of which are empirically deter-
mined. This suggests an acceptable "first-order" hypothesis for
the density distribution within the Earth. Such an inference on
the mass distribution suggests a starting point from which further
refinement may be possible.

1. FORMULATION OF THE PROBLEM

We define spheroidal coordinates R, o, and ¢ by the rela-
tions:

1/2
X = (RZ + CZ) / sin ¢ cos ¢ (1.1a)
1/2
y = (Rz + cz) / sin o sin ¢ (1.1b)
z = R cos o (1.1c)

from which we note the relations with the spherical coordinates
r, 6, and ¢, namely:

r“ =R + ¢ sin” o© (1.2a)

r cos 6§ = R cos ¢ = z (1.2b)

The metric coefficients gij’ for the coordinate system (1.1),



are given by

g - R2 + c cos O
11 R2 + c2
_ 52 2 2
9oo = R™ + ¢” cos™ o (1.3)
2 2 .
933 = (R + c ) sin® ¢
with
gij = 0 for i # j.

In this coordinate system the Vinti potential has the
form (ref. 1):

(R— ClC coSs O')

V., = -u (1.4)

(R2 + c2 cos2 0)

in which y is the gravitational constant, c¢ is the constant of
the spheroidal system, and cy1 is arbitrary. Note that when c = 0
the coordinate system becomes spherical and the potential becomes
the Kepler potential. When the potential [Eg. (1.4)] is expressed
in terms of spherical harmonics, the constants c and c¢j can be so
chosen that it matches the geopotential up to the second zonal
harmonic; in fact, by a further modification (ref. 4) cj can be
adjusted so that Eg. (1.4) matches the geopotential up to the
third zonal harmonic. The deviation of Eg. (l1.4) from the geo-
potential is then in the higher harmonics and of higher order in
the small (oblateness) parameter.

We shall confine our attention to the dominant perturbation

due to the even zonal harmonics. Since we can then set ¢ = 0,
the computations are reduced considerably; however, this is not
necessary for our procedure. Accordingly, we have

V= - HR . (1.5)




The kinetic energy T is given by

2 2 2

(R + ¢ cos? 0)&

N b=

T = 1 R2 + g? gps?_g> é2 +
2 2 2

+ 5(&% + ?)(sin® 0)4° (1.6)

so that the Lagrangian L = T - V! is given by

2 2 2
L = ] B _*+c cos' o R2 + l(R2 + c2 cos2 0)52
2 2 2 2
R + ¢
1/.2 2 .2 2 UR
+ 7(R + c )(51n o)¢ + = 5 —5 . (1.7)

When ¢ in Eg. (1.5) is chosen to fit the second-zonal
harmonic in the geopotential, then the coefficient of the fourth
zonal harmonic in roughly two-thirds of the corresponding co-
efficient of the geopotential, and all other harmonics have
coefficients of smaller order than the corresponding coefficients
in the geopotential. In fact, the coefficient of P,, is of order
c2n, whereas none of the known coefficients of the zonal harmonics
in the geopotential are of smaller order than c4. We shall return

to this question in Section 9.

2. SEPARATION: THE FIRST INTEGRALS

Since ¢ does not appear explicitly in the Lagrangian, we
first utilize the fact that it is an ignorable coordinate. The

third Lagrangian equation reads:

é%1}R2 + cz)(sin2 o)é] = 0 (2.1)

which immediately yields the integral:

(r? + cz)(sin2 )b = Ay , (2.2)




where A3 is a constant representing the polar component of angu-
lar momentum.

We now follow the standard procedure for ignorable coordi-
nates (ref. 8), that is, we form a new Lagrangian by setting

k
L=L"E¢tlafl'
o
r=1 9y
where the q, (r = 1,...,k) are the ignorable coordinates. We
£ind that:
2 2 2 1.
I = 1IR™ + ¢ cos” o R2 + l(R2 + c2 COS2 0)02
2 2 2 2
R™ + ¢
2
A
UR 3 1
+ - = ’ (2.3)
R2 + c2 cos2 o] 2 (Rz + c2) sin2 o

that is, we have a modified Lagrangian with two degrees of free-
dom. The modified kinetic and potential energies are

2 2 2
r = L|B_* c cos” gip2 l(R2 + ¢? cos? 0)62 (2.4a)
2 2 2 2
R™ + ¢
vV = - HR +§- 1 (2.4b)
R2 + c2 cos2 o] 2 (R2 + c2) sin2 o
and

To achieve separability, we first write the Lagrangian in
the form:



2
L = (R2 + 02 cos 0)[l R + léz]
2 2 2 2
R™ + cC
2
A 2
t BR "31( tailte o 2) (2.6)
R + ¢” cos™ o sin® ¢ R + c
which, if we set
R = ¢ sinh £ (2.7)
takes the form:
2.2 2 1:2 1.2
L =c (51nh £ + cos 0)[55 + 50 ]
1
+ o
_c2 sinh2 £ + cos2 0]
| Ag 1 Ag 1
* |[{uc sinh & + — —) - = (2.8)
A 2 cosh® & 2 gin“ o
This is now in standard Liouville form. For convenience, in
subsequent manipulations, we set:
2 ...2 2
Q, () = c” sinh (. Q,(0) = c¢” cos™ o (2.9a)
. SO S
v, () = —luc sinh £ + — ———|, V,(0) = == 5 (2.9b)
cosh”™ & 2 cos‘ o
Q(g,0) = Q(8) + Qy(0) (2.9c)
so that
_ 1:2 1-2 _ 1
T=0(3¢% + 3%, v=g5(v v,) (2.10)



and

L = Q(%é-’— + %&2) - v (2.11a)
- Q(%éz + %-02) - é(vl + v2) ) (2.11b)

A -2 A -2

Before integrating these equations, we first derive the
energy integral. Multiply Eqg. (2.12a) by £ and Eg. (2.12b) by &
and add to get

(R o () =g (2.13)

which, after rearrangement, gives:

af; + L] _ ; 8L , - 3L , y 3L , - 3L _ dL
a-—['é—g O"é—g]—g-a—g'i‘o' + & &/ + 0O = JT

which integrates to give

éié.;.&a_l‘__l,

& 20

E (constant) . (2.14)

This is the energy integral. However, when the Lagrangian has
the form (2.11), we have:



and the energy integral takes the form

T +V

We now introduce the form (2.11la)

(20)

t

If we multiply Edg.

0t =(of)

which integrates to

2.

E2

1
§Q E

where X3 is a const
by Qo and proceed i

10

E

(2.15)

into Egs. (2.12) and get:

%g%(%éz + 56%) - %% (2.16a)
(2.16a) by Qf, we find

= o(38% + %62)%é%é - 0 3

= Er i;% -0 %%]é

dGRE ALY

- [ - )

_ 'E&_i"_l]g=EiQ_1_i‘i

e de 3t at

give:
Q -V, + Ny (2.17)
ant of integration. If we multiply Eq. (2.16b)

n a similar manner, we obtain:



2:2

1l.2°2 _ _
EQ o = EQ2 V2 + Xz (2.18)

where A2 is a second constant of integration. Adding Egs. (2.17)
and (2.18), we have:

QT = Q(E - V) + Al + A (2.19)

2 14
which, in view of the energy integral of Eg. (2.15), implies that

Ay + A, =0 . (2.20)

We shall be primarily concerned with cases with negative energy,
that is:

E=-a" , (2.21)

and as a consequence Ay must be positive. This fact will be
evident from Eq. (2.25b) below. Accordingly, we set

2

A= =2 = (2.22)
2

22
1 2 -5

and now writing Egs. (2.17) and (2.18) in terms of az and Xz, we

have:

2
1 22 _ A___ _ 2
5Q £- = 5 Vl o Ql (2.23a)

2
1.2.2 _ A _ 2
-2-Q (o) = 7- V2 ol Q2 (2.23b)

If Egs. (2.23) are added, we obtain

T+ V= -a" , (2.24)

11



so that the energy relation is implied by Egs. (2.23) and so can
henceforth be ignored.

We now use relations (2.9) to write Egs. (2.23) explicitly
and reintroduce the variable R from (2.7) to get

2
2 2 2 2 2 A 2
%-(R R <3 o)® j2 o A0, LR + — s - 0°R? (2.25a)
R + cC 2 2 R® + ¢
1/.2 2 2 y2 -2 A2 Ag 1 2 2 2
-(R + ¢ cos 0) 07 =4~ = — ——— = o' ¢c” cos” o (2.25b)
2 2 2 sin2 o

The pair of Egs. (2.25), together with Eqg. (2.,2), constitutes
the set of equations, the solution of which is the complete solu-
tion of the dynamical problem. They are the first integrals --
or action integrals -- with constants az, A3, and A. The first
two represent the energy and polar component of angular momentum,
respectively. The constant A, which also has the dimension of
angular momentum, does not have an obvious physical interpretation,
except when ¢ = 0, in which case it is the magnitude of the angu-
lar momentum vector.

We next introduce a true anomaly f defined by

(2.26)

where A is a constant, having the dimension of angular momentum,
which will be defined later; in the Kepler case (c = 0), the
angle f has a simple geometrical interpretation. If we let '
denote differentiation with respect to £, then Egs. (2.25) take
the form

$2r? = - (% 4 cz)[x2 - 2uR + 2a2R2] + 252 (2.27a)

2
2,12 2 3 2 2 2 (2.27b)

12



and Eq. (2.2) becomes:

o' = 13 R + ¢ cos2 o
A (R2 + c ) sin®™ o
or
A 2
¢t = 2 —a— - S 2] : (2.28)
Alsin® o R™ + ¢
We now proceed to a consideration of the above equations
individually.

3. ADJUSTMENT OF EQUATIONS (2.27)

In this section, we go through a lengthy procedure of
algebraic manipulations in order to write Egs. (2.27) in a form
which immediately yields the solution we seek.

The constants appearing in Eqg. (2.27) arose naturally in
the mathematical separation, and are determined readily from
initial conditions. The constants that will appear in the final
form are more "natural" in the physical-geometrical sense. To
determine them in terms of initial conditions, it is necessary
to determine them in terms of the constants appearing in
Eg. (2.27). This is the aim of this section.

The Equation for R

We first write Eg. (2.27a) in the form:

2
2 2,2 A
r%R12 = —20c2{(R2 + c2) [RZ - LR + L] S NER S
Q.

We now associate with the energy and angular momentum constants
two length scales ag and pg (corresponding to the semi-major axis
and semi-latus rectum, respectively) by setting

AZ
a = —— P = — (3.2)
2 ! o u

13

jreer



and Eg. (3.1) then reads:
A 2 2 2 2 2 2
— R'C = —[(R + C )(R - 2aoR + aopo) - Vv aopo] (3.3)

where the dimensionless parameter v is defined by

A
v = -3 . (3.4)
A

We shall find it convenient for the subsequent analysis to
have Eq. (3.3) written in dimensionless form. To do so we intro-
duce dimensionless parameters 20 and n by the relations

’ n = (3.5)

<
Po

and define the dimensionless independent variable y by the rela-
tion

R = aoy .
Then, in these terms, Eg. (3.3) reads:
A2 2 (5 + 2202) (42 - 24 + 22) - 2v226]
o2 Y = Y o! Y y o n o

4 3, .2 2,2y 2
_L, - 257 + 22(14n%22 )y

- znzlgy + nzzg(l—vz)] (3.6)

Note that in the Kepler case the parameters v and %5 have a
geometric interpretation. The ratio of polar angular momentum
to "total" angular momentum is measured by v which corresponds,
therefore, to cos i where i is the inclination in the Kepler case.
The parameter %, measures the ratio of "latus rectum" to "major

14



S I

axis" and so corresponds to (l—eﬁ) where ey is the Kepler
eccentricity. The small parameter mn measures the "oblateness"
(or, alternatively, the inhomogeneity, c.f. Section 9) against

the characteristic dimension of the orbit. We shall ultimately
approximate the solution in terms of this small parameter. We
first aim at a form of the solution suitable for making systematic
approximations.

Once the initial conditions have been specified, the
quantities A3, A and 02 are known from Egs. (2.2) and (2.5) and
so the length scales a, and py are immediately determined. We
therefore refer to a, and p, as the fundamental length scales.
Similarly, we shall refer to v, 2o, and n as the fundamental
parameters. Most of the subsequent algebraic manipulation is aimed
at expressing the constants which shall appear in the representa-
tion of the solution in terms of these fundamental gquantities.

We start by decomposing the quartic on the right side of
Eg. (3.6) into two quadratic factors such that each factor is a

"perturbation" of the corresponding factor in the Kepler case:
we set

4 3 2 2,2\ 2 2,4 2.6 2
y* - 24> + 20(1 + n%22)y® - 0%y + n zo(l - v?)
222 |s_ - h (1 - n?e2n )2]
_ 2 2,2 2 o o )
=|y® - 2n“2h y + _
oo So 1 - nzﬁzh
O 0
2
1y? - 2(1 - n%22n_)y + 2°(1 - n2e2n ) (3.7)
Y N *ote/Y Eg N *6% : *

With this choice the identity requirements on the first, second,
and fourth coefficients are automatically satisfied. The identi-
fication of the third and fifth coefficients gives the pair of
equations for the determination of hO and Sqr namely:

2,2, \2 2,2 [ 2,2 2]
(l -0 zoho) + LN . Soﬁi ho(l ntohy |
So so 1 - nzzi

hO

2 2,2

+ 4n2ho(l - n ziho) =1+ %2 (3.8a)

15



and

- =1-wv (3.8Db)

which after some rearrangement may be written:

(1 - nzkgho)z[(l - nzzgho)z - s (1 + ”222{]
+ nzso[4ho(l - nzlgho)z + 221 - vz)so] =0 (3.9a)

h (1 - nzziho)3 =s_(1 - nzziho) - sg(l - v (3.9b)

This pair of algebraic equations can be uncoupled if we associate

with So the related quantity d4 defined by

B 2.2, \2
s, = (1 -n%2n,)" q - (3.10)

Inserting Egq. (3.10) into Egq. (3.9b) and rearranging, we get hg
in terms of g, in the form

q [1 - q (1 - vz)]

h = (3.11a)
2 2
© [l -n2 (l - vz)qg]
and hence
) 2 1 - nzzzq
1 -n 20 o = T 55 v 57 (3.11b)
[l - n 2 (l -V )qo]

16



Substituting sy and hy from Egs. (3.10) and (3.11) into
Eg. (3.9a), we get the equation for g,, namely:

[1 + %22 (1 - vz)qg][l - n%e2(1 - v2)q§]2
+ 4n2q§(1 - nzlgqo)[l - qo(l - vz)]

= q (1 + nzlg)[l - %22 (1 - vz)qi]z : (3.12)

This sixth-order equation cannot be solved algebraically. How-
ever, if we note that the root we seek is that which tends to 1
as n tends to zero so that

_ 2
g, =1+ o0(n?) ., (3.13)
then we see that the determination of the root as a power series
in n? is a straightforward matter. 1In fact, if we anticipate the
later approximations when effects of order n~° are neglected, it
would be consistent to replace Egq. (3.12) by the cubic equation:

[1 - nhel(1 - vz)z][l - g (n - Vz)qg]
+ an?(1 - nz’@i)qg[l - a5 (1 - \)2>]

= q (1 + nzzg)[l +nted(n - V) - 2n®ed(a - vz)qg]

(3.12%)

which can be solved algebraically. However, it is probably more
economical to determine the root as a power series in n<.

With g, determined from Egq. (3.12), hy and s, follow
immediately from Egs. (3.1la) and (3.10), respectively, and so
the coefficients in the quadratic on the right of Eg. (3.7) are
all determined. From now on we shall consider Sor dor and hg
known in terms of the fundamental parameters. We add the remark
that taking Egs. (3.13) with (3.10) and (3.11) shows that

17



g =1+ O(nz) ’ h = vz[l + O(nz)]. (3.14)

We now combine Egs. (3.6) and (3.7) and factor out the con-
stant term in the second factor. If we note from Eg. (3.10) that

S

1 - n"2"h

o 2,2
05— =q (1 -n%ln ) = Ao, (3.15)
O O

and substitute for a2 from Eq. (3.2), we get:

2
ra_»% s g a
2 ,2 oo lo)gle) o 2
ATy'" = - ——a——l} - 2———5——y + 5 Y
o 2 2
o o)
g. - h
|v® - 2n22§hoy + nzflé Li————g—)- (3.16)

VdsSo

where we have interchanged the order of the factors. Written in
terms of the original variable R and again noting Egs. (3.2) and
(3.5), Eg. (3.16) becomes

2 \# g q
APr1? = - A2 OOR+aOR2:|
90 o oPo
g. — h
. R2 - 2n2hopoR + n2 g—g————gl p2 (3.17)

At this point, still following the procedure for the Kepler
problem, we introduce a new independent variable u, defined by

c
1l
= b=

1
so that u' = - 55 (3.18)
R

18



and Eg. (3.17) takes the form:

2 s g q
A2u'2 = - A u2 - 22X 09C 4, 4 o
9 Ps a5Po
- h
. 2 2 (qo o) 2.2
1l - 2n hopou + n = pou
quso

o

o

s ) (%]

This suggests defining the guantity e, (corresponding to the

eccentricity) by the relation

and Eq. (3.19) then reads:

2
2
12002 A2 5 V950
u = —lgs — - {u - —
a,|©° ©° p2 P,
o}
- h
. 2 2 (qo o) 2.2
1 - 27 hopou + n P U

The next step is to set

q._s
= ———f?iz(l + eow)

(3.19)

(3.20)

(3.21)

(3.22)

19



which, when introduced into Eg. (3.21), gives as the equation
for w:

APt ? = %(1 - wz)[l - 2n? a5, ho (1 + egw)
+ nz quO (qO - hO)(l e W) ]
= &i(l - wz) [l - n? S (Bh - ]
- dq [ n 9o o qo)

Sy - 2n” quso(?bo - qo)fﬁ o w
RERTENC IR

2
N quso(qo " ho) ) ZWZ] (3.23)

e

+

To facilitate subsequent manipulation, we set:

h. = quso(Zho - qo) )
1 7 nz\/qoso(3ho - qo)
r (3.24)

quSO (qO B hO)
-/

2
91

20



so that the above equation for w reads:

w

2
1 -n gs (3h - g ]
22012 = 2 [ ' Ho Q( o 0),[1 _ WZ]
95

~[l - 2n2hle0w + nzgieng] . (3.25)

To set this equation up for a straightforward solution, we
make a final adjustment to the guadratics on the right of
Egq. (3.25). We write:

1 - w2 = Jz[(l - Gw)2 - (w - 6)2]
=322 - %) (1 - w?) , (3.26)
so that
32(1 - 8%) =1 . (3.27)

Seeking a similar decomposition for the second quadratic, we
write:

1 - 2n2hle0w + nzgieng = JZ[A(l - 6w)2 + B(w - 6)2] (3.28)
which yields the following relations
3%(a + Bs?) = 1
32(s + as%) = nPely? (3.29)
JZG(A + B) = n2e h

01

from which, together, with Eq. (3.27), we derive the following:
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A-B=1- nzeggi (3.30a)

(1 + §2) _ 2 2 2

o e?) (A + B) = 1 + ney9] (3.30b)
s 2

I—:—gf(A + B) =7 eOhl (3.30c)

Combining Egs. (3.30a) and (3.30b), we have the equation for
§, namely:

”zeohl
(3.31)

2 222 !
1+ 8 1+ 097

so that § = O(nz). We set

h
’ (3.32)

1
§ = n"ed , h = 5

2 2
1+ n eogl

and then Eq. (3.31) is equivalent to the quadratic equation for
dg:

n%e?ha® - d +h =0 (3.33)
O (@] O

with solution

h? + O(n4eg)2] : (3.34)

'S
o N
N

h[l + n'e
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B

If we substitute for § from Eg. (3.32) and use Eg. (3.31) in
Egq. (3.30b), we obtain:

_ 222 .42
A+ B =1+ n eogl 2n eohd0 (3.35)

. 2 2/ 2 2.2

x 1 + n eo(gl - 2n“h ) . (3.35%)

If we now combine Eg. (3.30a) with Eq. (3.35), we obtain for A
and B:

4 222 2
A=1-n_hd, B=n eo(gl n hdo) (3.36)

Returning to Eg. (3.25) and using Egs. (3.26) and (3.28), we

have:
[1 - n? 3h_ -
2 .,2 _ .2 N qoso( o) qo)
Aw = A=
9
J4[(1 - &w)l - (w - 5)2]
2 2
‘EA(l - Sw)” + B(w - §) ] ' (3.37)
or dividing across by J4(l - 6w)4, we have
2 E.— 2‘/ s (3h_ - ]
A2 - ow! _ A27 nw ?o o( o qo)
J2(1 - 8w) 95
1 - (X =8 ?
1 - &w
[ 2
w - 6
23



We therefore write:

w- 8 v+ 6

V=’——1_6w or W=1

so that, again using Eqg. (3.27), we have:

w'
721 - sw)?

v' =

and Eq. (3.38) takes the form:

(3.39a)

(3.39b)

W22 o xz[l - n” Va5, (3h - qo)][l _ vz][A N sz]

9o

21 - o VagEs (r - 9)]

- ‘(a + B)

.[1—v2:|[ et —-vz)] ;

introducing (A + B) and B from Egs. (3.25) and (3.36),

tively, into Eg. (3.40) gives:

2

202 _ AT11 - 42 -
A%v'® = qo[i n qoso<3ho qo)]

<1 + nzeg<gi - 2n2hd0i][l - Vz]

e

p—

- l - _

24

e (s? - 2n?nag) 1 -
2

P.+ nzeg(gi - 2n hdo)

(3.40)

respec-

(3.41)



where, by Egs. (3.24), (3.32), and (3.34), the constants Jqr h,
and d, are determined in terms of the initial parameters.

Next we do a corresponding analysis on the equation for o.

The Equation for o

Rewriting Eg. (2.27b), we have

- 2
A 2 2
A20'2 = S S sin2 o - 3 22 S sin‘ o cos2 o]
. 2 2 2
sin” oL A A
A 2 2 . ]
= sin- ¢ = Vv - lon sin® o cos” ©
sin® oL
= ——AE——-kl—v2>— ZL+22 2)c0520-+ %2 2 cos40 (3.42)
-, 2 ( o o *
sin® o|
where we have substituted from Egs. (3.2), (3.4), and (3.5).

We now define a parameter mgy in terms of the fundamental

parameters 20, v, and n by the relation:

22 - ]
2mO =1+ 11 - 4(l " 22n2)2
()

so that

— 2
mo =1 + 0(n*%)

If we consider the quantity on the right side of Eq.

(3.43)

(3.43%)

(3.42) as a

quadratic in cos? o, its roots are neatly expressed in terms of
mo. In fact, it can be readily checked that we can write

Egq. (3.42) in the form:
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sin
. 1- v3~* - 0052 o]
2 2
(l + zon )mo
A2 (1 + nzzg)mo nzzg X
= 5 1 - ) cos” ¢
sin” o© (l + n zo)mo
2
. 1 A4 - 0032 ol . (3.44)

(l + linz)m

We now make the substitution:

1 - v2
cos o0 = 55 C (3.45)
@ + N2 )m
o/ o

so that

1 - v2
-sin o-.0' = 55 z' (3.46)
(l + n" 2 )m
o/ o

and Eq. (3.44) takes the form:

2,20, _ 2
Mgr? = (1 o+ nzlg)mo[l - cz] 1 - 2 O(nzzz;zizz;z
(0] O

(3.47)

1+

where we have reversed the order of the factors. Equation (3.47)
is what suggests our choice for A.
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Definition of A
The only requirement on the gquantity A is that it have the

dimension of angular momentum. As suggested by Eg. (3.47), we
define A by making the identification:

2 .2 2 2
A = 2 (1 +n zo)mo (3.48)

and the pair of eguations for v and ¢ [(3.41) and (3.47)] take
the form:

2 [1 - n2‘quso(3h0 - qoi][l ”zeg(gi - 2n2hdo)]
~ 7 VFoTc .

V' = —— — 2
qomo(l +on 2o

~——| +

- 22/ 2 .2
-[1 -1 | eo(o1 - 2n7rdy) )(1 - v?) (3.49)

2 27 2 _ .2
J 1+ n eo(gl 2n“hd,,

i 2,2(1 _ 2
S O e fizﬁ)zm?z < 250
o]

L O

The next step is to obtain explicit representations for the
solutions of the above equations.
4, EXPLICIT SOLUTION FOR R AND o

Considering Egs. (3.49) and (3.50), we set

2 [1_‘_ﬁ?‘quso(3ho fgo)][l + neg(af - Z”Zhddﬂ

i1 = v ’Aq;ﬁ;(l " nzzi) (4.1)

2 ”Zeg(gi - 2”zhdo) 2 ”22§(1 - Vz) .
Ky = L 1 2.2( 2 - o2 roky = PAVIN: (4.2a,b)
n“eg(g] - 2n"hdy) (1 + n%2f)mg
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and the pair of equations takes the form:

v 2 ji[l - vz][l - k%1 - vz)] (4.3a)

gr? [1 - cz][l - k%cz] (4.3b)

I

with solutions:

cn[jl(f + wl),kl] (4.4a)

sn[f + w2,k2] (4.4b)

<
}

™
I

respectively, where w, and w, are arbitrary constants introduced
by the integration.

If we define "perigee" as the points at which v' = 0 and

v" > 0, and if we make the "angle" f have origin at perigee, then
it follows immediately from Egs. (4.3a) and (4.4a) that

wy = 0o . (4.5)

If we define the "angle of perigee" w as minus the value of f at

the first equatorial crossing (¢ = 0), then from Eq. (4.4b) we
have

Wa = W 4 (4.6)

and the solution [Eg. (4.4)] is now

v = cn[}lf,kl] ’ z = sn[f + w,k2] . (4.7a)

It remains to express R and o in terms of f.

For the R expression we first take Eg. (4.7a) and insert it
into Eq. (3.3%9a). Then the resulting expression for w is sub-
stituted into Eq. (3.22) to give:
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a5, cn£jl£,kl] + 68

L= u = 1+ e
R Py ° 1+ 68 cen[i;£.%]
e, + & .
Ve o(l + ve.) 1A+ <_l—_4+_6e >cn[31f,kl] -
Po 1+ 6 cn[jlf kl] ]

In a similar manner, if we insert Eqg. (4.7b) into Eqg. (3.45), we
have

T 2
cos g = J( 1 _2\)2) sn[f + w,kz]. (4.9)
)

1+ n 20 m

We now see how to define the final constants of the problem,
namely those appearing in the solutions [Egs. (4.8) and (4.9)].
We shall refer to these constants as the semilatus rectum p, the
eccentricity e, and the inclination parameter N, defined by

P P
p = } o (4.10a)

‘ﬁqosg(l + aeo) a, 0(1 + n2e d )

e + ¢ e (l + n d )
o o
e =145 - 5 (4.10b)
o (l + n e o)
2
1-n°= L2V (4.10c)
(1 +n zo)mo
The solutions [Egs. (4.8) and (4.9)] in terms of these read:
1+ ecn|j f,k
% S (315 :%,] (4.11a)

Pl1 + ¢ enf3,£/%, ]
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cos 0 = Vl - N2 sn[f + w,kz] (4.11Db)

We shall find useful the following alternative expressions

for k k and §, namely:

17 %2r
2_ 2 \2 5.2
k2 = n2e? (1+n eodoz. g12 22_ hfoﬂz_" _ 120242 (1.122)
(l+n2do) 1+n eo(gl— 2n hdo)
2 2 2 23 2 2\ 2
ks =n°(1 - N )(1 - nzzz)m = n?(1 - n%) (4.12b)
0/™o0
2 2
§ = n2e°d (l T eoE9)= n2e-d (4.12c)

o 2
1 + n do

where the quantities g, %, and d are defined by the above rela-
tions.

Note the phenomenon of perigee precession is here indicated
by the fact that the right-hand side of Egq. (4.11b) has period
4K2 # 2m where

2K k
2 6
2 -1+ Fr 2 ro(x)) . (4.13)

The deviation of the right-hand side from unity measures the
perigee precession rate.

5. THE INTEGRATION OF THE ¢ EQUATION

Turning to Eg. (2.28), we substitute for A from Eq. (3.48)
and noting Eqg. (3.4), we obtain (setting R = 1/u):
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v v 1 _ 02u2 (5.1)
of = 12|52 22| - :
[(l N n22‘2)m sin® o 1+ c“u
o/"o

Using relations (3.5) and (4.10), we rewrite the above equation
in the form:

o' = - v
- o 1/2
2 2.2
[v + (1 + n%02)m, 1]
n2q S (1 + n2e2d )z(pu)2
N o o [o}Ke)
. - N- — —_——— = (5.2)
sin’ o 1+ n’q s (l + n’ela ) (PU)Z
o~ o o o
It is now convenient to introduce the symbols:
1/2
[vz + (1 + n%e2)m, - 1] (?)
q, = —— — =1+ 0f{n (5.3a)
1 v
= a5 (1 + n’ela )2 =1+ o(n? (5.3b)
°1 T 9% N 5% n :
so that Eq. (5.2) reads:
2 2
N n"s, (pu)
ql¢' = 5 - N-— 5 5 (5.4)
sin® o 1 + n"s; (pu)

or, anticipating the approximation procedure, we write

N
2

: - Nsl[nZ(pu)2 - n4(pu)4] + O(n6) . (5.5)
sin (o)

q;¢' =
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In the subsequent computation, the evaluation of each term must
be done separately. We therefore introduce the auxiliary

quantities ¢l’ ¢2, and ¢3 as follows:

] N N

¢, = = (5.6a)
1 sin2 o 1 - cos2 g

6y = Gw? , oy = (puw)? (5.6b,c)

so that Eg. (5.5) reads:
a;0' = o) - Ns;(n, - n%1) + o(n%) (5.7)
which integrates as
ay (¢ - 9%) = o3 = Nsyn? (s, - n%e3) + 0(n°) (5.7%)

where Q; is the constant introduced by the integration.

We now consider Egs. (5.6) individually. Starting with

Eg. (5.6a), we introduce cos ¢ from Eg. (4.1l1lb). If we write:

F2 = f + w , (5.8)
we have

a9 _ N

aF, 1 - (1 - erjisinz(Fz,kz)

N ncz(Fz,kz)

2

= (5.9)
1+ N scz(Fz,kz)
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and so

d¢l ~
dF, ~

2

where we have

Eqg.

(5.9).

N ncz(Fz,kz)dn(F k2)

+

N

+

N

2’
1 + N2 scz(Fz,kz)
N"ECZ(F%,kZ)[} - dn(Fz,k2)]

2 2
1l + N sc F2,k2

ncz(Fz,kz)dn(Fz,kz)

1+ N2 scz(Fz,kz)

2 N Scz(Fz'kz)

2[1 + NZ scz(lekz)][l +rdn<F2,k2)]

k

nc?(Fz'kz)dn(Fz'kz)

1 + N2 scz(Fz,k2)

ng ] _¥rnc2(F2,k2) il 1
1 - 8% |1+ n? scz(Fz,kz) 1+ dn(F ,kz)

.
2
N nc2(F2,k2)dn(F2,k2>
1 + N2 sc2(F2,k2)
2,291 ] 7 1
+ n“e [sz Nf — () (5.10)

substituted from relation (4.12b) and utilized
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For the integration of Eg. (5.10), we first make some
observations. In connection with the second term on the right,

we note that

-
1 _ 1, t- dn(FZKEZ) (5.11a)
1 + dn(F,,k,) 2 |1+ an(F.,,k,)
i 2
= 3|1+ 2 - (Fz'kz)—~2 (5.11b)
| [1 + an(F,.5,)]
while for the first term on the right we note that
- N ncz(F 'k )dn(F 'k )
o eeandl] - S oo
so that Eq. (5.10) may be written in the form:
a%[d)l -tan"t [N sc (Fz,k2):]
= D—Zz"i (?i - N> r1 + K2 Gl PP (5.13)
2 ?[1+an(F,,x,)]°

Again, with a view to integrating the right-hand side, we note:

2
do¢ N sc (F 'k )
2 2
_ N . ncz(FZ;kz) -1 = n222<§§i - N> (5.14)
1 - N°|1 + N° sc (Fz,k2) 2
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where we have again used Eg. (5.9) and the trick used in arriving
at Eq. (5.10). Inserting Egq. (5.14) into Eg. (5.13), we obtain:

2,2 2,2
%—2—[¢1<1 - x ) - tan™1 [N sc(Fz,kz)]]+ LIS
4,4 o
-nt . [1 - dn](-Fz,kz)]z[dFi - N - N(l—Nz)snz(Fz,kz)] . (5.15)

The procedure separates out the dominant contribution and it
appears that it can be continued indefinitely. However, in our
agproximation, we do not seek accuracy beyond the second power of
n agd so we terminate the manipulation at this point. We note
that

an(F,,k,) = 1 + o(n?) (5.16a)
sn(Fz,kz) = sin G, + o(nz) (5.16D)
where
2 4
G, = op— F, = le:l - 2?- - 56]{—42 + O(kg)] (5.16¢)
2

If we now carry the approximation to the second power in n2, it
is consistent to replace Eq. (5.15) by

a—g—z-[(bl(l— n2§'2 - T1485L4> - tan“1 [N sc (Fz,kz)]]

+ n2§2N<l+n2422> = - n48£4N(l—N2)sin2 éz
44 2
= - ﬂig—N(l—-N )(1-cos 2G2) (5.17)

*Approximations such as these used in sections 5 and 6 are derived
in section 7.
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or, on rearrangement:

%l}bl(l - n22£2 - n4824) - tan—l[N SC(FZ’kZ):I]

2,2 2,2 4 4
n-2 n 2 AN N I _ a2
+ 5 N[L+ (3 N )] = ———N(l N )cos 2G2 ’ (5.18)

8 16

which integrates to give:

2,2 4,4
n"4~ n'% _ -1
¢1<l - 0 - ) = tan [N sc(Fz,kz)]
2 2,2
n’g n’e 2
- NP+ : @—N)]%
4,4

(5.19)

In Eg. (5.19) we have not included the arbitrary additive constant
since we can consider it already absorbed in the constant Q;

appearing in Eqg. (3.7%).

We next consider Eqg. (5.6b). If we introduce u from
Eq. (4.1la) and set

Fl = Jlf ’ (5.20)
we have:
2
 d¢, 1+ e cn(Fl,kl) ,
N T s (e, )| -2
17%1

Since in Eq. (5.7%*) the factor ¢, is multiplied by n2, it is
sufficient for our approximation to compute ¢, up to the first
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power in n2. Accordingly, using relation (4.12c), we note that

1+ e cn(Fl,kl)

1+ e(l - nzd)cn(Fl,kl)
- nzde2 cnz(Fl,kl) + O(n4)

and so, inserting in Eq. (5.21), we have:

31 g;% = 1+2e(1-n%d) en(Fy k) + ez(l"4”2d)cn2(F1'k1)
- 2n2de3 CnB(Fl'kl) + O(n4)
= 1 + 2e(l - nzd) cn(Fl,kl)dn(Fl,kl)
_ ki n2(Fl,kl)cn(Fl,kl) . e2(1 _ 4n2d)
1+ an(Fy,k,)
n(2Fy,ky ) + dn(2F;,k,) 202863 cn?(r |, k,) (5.22)
1 + dn(2F,k,) 1
where we have now omitted terms of order n4. The first bracket

in Eq. (5.22) was obtained by a manipulation similar to that done
below Eg. (5.9), while the second bracket was obtained by

expressing cn® in terms of the elliptic functions of the double
argunment.
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In the first bracket in Eg. (5.22) we set

N T o(n2) , (5.23a)

1+ dn (Fl,kl)

and in the second bracket we set:

2
1+dn (iFl,kl) - %[dn (27 3p) + ‘_4i sn? (25, X, ) + 0(n4)] (5.23b)

and we can replace Eg. (5.22) by

3y g% =1+ 2e(1 - nzd) [cn(Fl,kl)dn(Fl,kl)
K2 2

3% snz(Fl,kl)cn(Fl,kl)] + e(l “24n d)

~[1 + cn(ZFl,kl)dn(ZFl,kl)— ki sn2(2Fl,kl)

[ - #en(ars i) + enfeey )]

3

- 2n2de cn3<Fl,kl) (5.24a)

d

=1 %(1 - 4n2d) + aFl-[ze(l - nzd) sn(Fl,kl)

4

(- 4n2d)sn (2Fl,kl)] - kie

1l - nzd)snz(Fl,k )

1
1

+

FNT)

l’kl

cn( )
. l)[l - 2 (en (27, %)

+ dn(ZFl,kl)>]] - 2n%de cn3(Fl,kl) (5.24b)

F

.
Pl

+ (l - 4n2d)sn2(2F

N =
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In the latter terms of the above expansion (namely, the terms
with k% as a factor) we now take:

an(Fy k) = dn(2r; k) = 1+ o(n2) (5.25a)

sn(F,,k;) = sin G + o(n?) ,

1’ 1
sn(2F,,k;) = sin 26, + o(n?) (5.25b)
en(F,,k;) = cos G, + o(n?) ,
cn(2F k) = cos 26, + O(nz) (5.25¢)
where
Gy = 221 P, o= Fl[l - ]i; - ?GE; + O(k:GL)] (5.254)

and also, noting relations (4.12), it is consistent with the
approximation to replace Eg. (5.24) by

iy g;% =1+ (1 - an%a) + agzl}e(l - nzd)sn(Fl,kl)
+ %(l - 4n2d)sn(2Fl,kl)] - n2e3

27...2 3 .. 2
gg [51n Gl cos Gl - g sin 2Gl cos 2Gl

1 d
+ Ig(l - cos 4Gl)] - 7[3 cos Gl + cos 3Gl]$
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and

d¢ 2 2
. 40 e .2 (. g%\, a _ 2
i aF = [1+ > - 2n e<d =5 >] * 3 [2e<l n®a)sn(F,,k,)

+ %(l - 4n2d) sn (ZFl'kl)] -~ n2e3

.3 .. 3 .
a 2<51n Gl _ sin 2Gl _ sin 4Gl>
3 16

aF, 64

d
2

sin 3Gl
<—-3—— + 3sin Gl> (5.26)

We next note from Egs. (4.12), (3.34), (3.32) and (3.24) that

a=2n%-1+00?), g>=1-8"+0(") , (5.27)

so that integrating Eq. (5.26) and rearranging, we get:

e 2 e2 2 e2
cb2=l+§+2ne|:l+§§—2N<l+€4—>]F2

+ 2e [l + n2§i ~ 2N2j sn(Fl,kl)

[1 + 402G - 2n9)]

+ e 5
J1

sn(ZFl,kl)

2 2
2 3{7 - 138° _. _3(1 - N9 _.
- nNn e [———Z—-—'—— sSiln Gl —'——4———*——' sin 2Gl

2 2 2
1 - 3N . 1 - N . 1 - N .
+ 7 sin 3Gl - i sin 4Gl + €7 sin 6G£]

(5.28)
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QPSS -

where we have used the additive constant to replace f by F3 in
the secular term. The reason for doing this will appear later.

It remains to calculate ¢3. If we substitute for u from
Eq. (4.11a) into Eg. (5.6c) we have:

1+ e cn(jlf,kl) 4

1+ 8 cn(jlf,kl)

¢3 = . (5.29)

We note that in Eg. (5.7*) ¢3 has a factor n4. Accordingly, in

the calculation of ¢3, we may neglect terms of order n4. For our
approximation, therefore, it is consistent to replace Eg. (5.29)
by
d¢
3 _ 4
aﬁz = (l + e cos Gl) . (5.30)

If we multiply out the right-hand side of the above equation and
then express the powers of the cosine in terms of cosines of the
multiple angles, and neglect term of order n2, we have:

dé 2
3 2,34 2 2 e
aﬁ; = (l+ 3e™ + 8e ) + e(4+-3e ) cos Gl+-e (3+-§—) cos 2Gl
3 e4
+ e~ cos 3Gl + 5~ cos 4Gl (5.31)
which, on integrating, gives:
2 3 4 2 e? 2
<b3 = (l+3e +—8-e )F2+e(4+3e ) sin G1+ T(6+e ) sin 2Gl
e3 e4
+ = sin 3Gl + 35 Sin 4Gl (5.32)

where, as in Eq. (5.28), we have used the additive constant to
replace f by F, in the secular term.
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Again noting Eg. (5.7*%), we next evaluate the combination
(¢ - n2¢3). Combining Egs. (5.28) and (5.32) in this manner
we have:

3 4 2
2 _ e _ 2 _ 2_e” |, 3e 2 e
¢)2 - N ¢3 = [l+ 5 n [(l 2e + 3e 32+—8 >+ 4N e<l+m>]]F2

2 2
+ e[[l'+n §i-2N~ﬂ Sn(Fl’kl)

+ [l + 4n2§i — 2N2)] sn (2Fl’kl)]

2
2 2, e 2 .
-1 e[[4 + 3e +—4—(7 - 13N )]51n Gl

2 2
e 2 _ 3e 2 . e 1l -3N
+ 71-[6 +e ———(l N )] sin 2Gl+_3 <1+——4 >

16
+ sin 3Gl4-%;(e-+N2 —l)sin 4Gl4-léjﬁi sin 6Gl]
(5.33)
which, using an obvious notation, we may write as
2 6
¢2 —n2¢3 = boF2-+e[2;abnsn(nFl,kl)-n2 £§;Bn sin nGl]. (5.34)

We now multiply Eq. (5.7%) by the factor

and then substitute from Egs. (5.19) and (5.34). After combining
the secular terms we have:

42



<L - nifz - ni§4>ql(¢ - QO) = tan_l[N sc(Fz,kz)]

1242
1()@" ‘77"> Fa

|
3
N
2
=
SR
=
+
3
N
o
3]
—~
w
1
2
N
N——"
+
(0]
o

(1 - ¥2) sin 26, (5.35)

where we have replaced Q; by Q5 — an adjustment to compensate for
the constant terms introduced on the right. The angle Q5 can now
be interpreted as the angle of the "first" nodal crossing, that
is, when f = -w, we have ¢ = QO.

We now introduce the final notation for the expression of the
formula for ¢. We set*

1222 %t

:]3 = - P - ) >ql (5.36a)
2 2,2 2,2

. _ 2 n“e 2 _n“2

jymg = 5 Q_+ € DJ)>+ slb0< 5 > (5.36b)

1252

am,y = (1 - 15 )sl (5.36¢)
4

I3Mp2 T 37 (5.364)

so that Eq. (5.35) may be rewritten:

*Tn fact, by making the necessary series expansions we find
at least to second order that j; = 1.
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j3(¢-90) = tan—l[N sc(Fz,kz)]— n2Nj3

sqm F, + mple Z bn(sn(nFl, l) - sn (njlw,kl)>]

1

+ n4Nj3 mple 26n<sin nG; - sin 71}(1 jlw)]

+ mpz(l - N2) sin 2G (5.37)

2 .

If we define the angle Q by the relation

n=1 1
+mo(1 - N°)sin 26,0 , (5.38)
then the relation [Eg. (5.37)] takes the compact form:
tan [j3(q> - Q)] = N sc(F,.,k,) (5.39)

which is a clear generalization of the corresponding relation in
the Kepler problem.

Note from Eg. (4.11b) that the crossing of the equatorial
plane (cos o = 0) corresponds to the vanishing of sn(Fjy,k2) and
so, from Eg. (5.39), to the vanishing of tan [i3(¢ - )], so
that Q represents the angle of the ascending node and the secular
and periodic variations of @ can be read off directly from

Eq. (5.38).
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6. THE TIME-ANGLE RELATIONSHIP

To integrate relation (2.26), we first write it in the
form:

at 1 2 2
Aﬁ—?-i- C CcOos (o) (6.1)

where we have replaced R by 1/u in accordance with Eg. (3.18).
We now introduce u and cos ¢ from Eqg. (4.11) and, noting the
relations (4.10a) and (3.5), we get:

2
Aae_ |L*S cen(Fy k)
p2 d 1+ e cn(Fl,kl>
2 2 2. )2 2\ .2
+ 1 qoso<l + N eodo (1 - N )sn (F2’k2)' (6.2)
If we integrate Eg. (6.2) we have:
. A 2 2 2.2, 2
31 —5(t-t0) = H;+n7g.sg 1+n eodo jl(l-'N )H2 (6.3)
p

where j; is given by relation (4.1) and tg is the constant intro-

duced by the integration. Hl and H2 are given by

2
H. = v E.¢n<Fl'kl) ar (6.4a)
1+ e cn(Fl,kl) 1

H, = .[snz(Fz,kz) dr, (6.4Db)

we must evaluate Hl and H2 individually.
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In considering Hj; we first note from straightforward decom-

position that

2 2
1+ 6 cp(gl,kl) _ (1-x2)?
1+ e cn(Fl,kl> [1 + e cn(Fl,kl)
2 2
. 2n’al1 - n%a) 442
1+ e cn(Fl,kl>
where we use relation (4.12a) for §. Also it can be readily
checked that
1 < 1 5 1 _ 1

ﬁ + e cn(Fl,kl)]2 1 - eZZl + e cn(Fl,kl) dn(Fl,kl)

a e Sn(Fl’kl)

d

so that, combining relations (6.5) and (6.6), we have

1+ 6 en(F, k) |? 1= 2n%ae? - nta%(1 - 2¢?)
1+ e Cn(Fl’kl) 1 - e2
1 (1 - n%a)° 1
1+ e cn(Fl,kl) 1 - e? dn(Fl,kl)
a e sn(Fl,kl) .\ n4d2 .

dFl 1+ e cn(Fl,kl)

Accordingly we set:
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L[ en(e i) e

(6.7)



- P

dFl
Ll = — (6.8a)
1+ e cn(F kl)

L, = .f 1 a | = Sn(Fl'kl> aF (6.8b)
dn(

Fl,kl)dFl 1+ e cn(Fy k) 1

and, therefore, from relations (6.4a), (6.7), and (6.8) we have:

_ 1 2.2 4.2 _ 2
Hl = 1-e23[l— 2n~de n-d (l 2e X]Ll

2
- (1 - n%a) .l + n%a%r, , (6.9)
2 1

so that the determination of Hy is reduced to the evaluation of
L; and L.

To proceed with the calculation we first observe that if
we set:

1 1 - e2 Sn(Fl’kl)
I, = DV e arctan ~ ’ (6.10)
1 -e e + cn(Fl,kl)
it can be immediately verified that
dI dn(F, ,k
1 1 _ ( 1 ) . (6.11)
F

1 1+ e Cn(Fl’kl)

If we also introduce the notation

2
L - N (Fl’kl) dFy (6.12)

[1 + e cn(Fl,k )][1 + dn(Fl,le] '
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then, from relation (6.8a), it follows that

1
(

[(an(F, X%, ) dF; . [1 - dn(Fl,kl)?dFl
iy s

1l + e cn(Fl,kl)

_ 2
= I, + kiI;, . (6.13)
Also we set:
_ 1 e sn(Fy.k)
5 = . — (6.14a)
dn(Fl,kl) l + e cn(Fl,kl)
and
2
~ e sn (Fl,kl)cn(Fl,kl)dFl
I = 5 (6.14b)
[1 + e cn(Fl,le]dn (Fyrkq)
Then an integration by parts on relation (6.8b) gives:
L, =1I, - kZI (6.15)
2 7 T2 1721 ° :

If we introduce relations (6.13) and (6.15) into relation (6.9)
and neglect terms of order né, we have:

H, = 1-—12 zp.—ande2-n4d2(l-2e2>]Il-(l— n2d>2I2

+ ki[(l-2n2de2)112+-<l— 2n2d)121]§ + n4d2Fl
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and so

H, = l_le2§[}-2n2de2— nta?(1-2e2)]1, - (2- nzd)zlz
+ n%g2e? (1~ 2n%a) (1, + 1,) + 2n®d (1- ez)Ilz]%
+ n*a’r, (6.16)

For consistency, we need to calculate (Ijp + I2j) up to first
order in n?, but it will suffice to calculate I,, to zero-th
order in nZ<.

From relations (6.12) and (6.14b), we have

Snz(Fl’kl) 1 e cn(F k)

1+e cn(Fl,kl) 1+ dn(Fl,kl) dnz(Fl’kl) '

127421 T

snz(Fl,kl)dFl snz(Fl,kl)
- an(Fl,kl) ) i;-e cn(Fl,kl)
. 1 _ 1 aF

dﬁz(Fl,kl) 1+an(F, k) 1

an(F k )dF
dn2z;l%kl)l - j? 1 - e cn(Fl,kl)
o 1- e2 1 1

1+ e en(F k) dnz(Fl,klj-la-dn(Fl,kl) a1

(6.17)
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Next

and,

From

and,

50

we note that
TP RY gt ) ML)
dn (Fl,kl) dn (Fl,kl) l+dn(Fl,kl
2
3k
= dn(Fl,kl) + —ji snz(Fl,kl) + O(n4) (6.18a)
alternatively,
Ly e )
dnz(Fl,ki) 1 dnz(Fl,kl)
=1+ k% sn® (Fy0%;) + o(n®) (6.18b)

a similar calculation we note that
1 = l---dn(F k )+-k2 snz(F k )-[2+-dn(Fl’klﬂ
1+an(F,k;) ZL 1771 77 1’1 [l+dn(Fl,kl)]2
_ 2
= %—[in(Fl,kl) + —3—]} sn (Fl,kl) + o(n4)] (6.19a)

-
N =
=

[ snz(Fl’kl) }

2
1+ an(Fq,k,) I 1 [1 + dn(Fl,kl):lz

|

N =
=
+
|

2
41 snz(Fl,kl) + o(n4)] X (6.19b)



By combining relation (6.18a) with relation (6.19a) and relation
(6.18b) with relation (6.19b) and omitting terms of order n=, we

get, respectively:

i ok >
an(;llkl)' l'+di(Fl,kl)= % dn(Fl,kl)-*-—zl snz(Fl,kli](s.zoa)
T k2
- %‘ 1+ Tl sn’ (Flrkl)] . (6.20Db)

In the second integral in relation (6.17), we now use relation
(6.20). With the first term in the first bracket we use rela-
tion (6.20b), and with the second and third terms we use rela-
tion (6.20a). If we also use relation (6.18b) in the first
integral and neglect terms of order n=, we get:

I, +I,, =fsn2(Fl,kl>dFl + ki fsn4(Fl,kl>dFl
2

f 1+ 71:1 sn? (Fl,kl)]dFl

L

_ 1
2e2
1

f _1- e2
* 2e2.f{}-+e cn(Fl,kl)+ © Cn(Fl’kiﬂ

9x2
'[dn(Fl'kl) + “71'1' snz(Fl’kl)]dFl

_ 7 2 2 2
= (l -gng )fsn (Fl,kl)dFl

F sn(F k )
+ k‘llfsnLl(Fl,kl)dFl - 2:2 + 22, 1

1-e? on?g? [(1— ez)f Snz(fl'kl) dFy

1 8 1+e on(F k)

+ efsnz(Fl,kl)cn(Fl,kl)dFl] (6.21)
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If we observe from relation (6.12) that, except for terms of
order n2, we may write:

o l.f snz(Fl,kl)qFl

12~ 2 1+ e cn(F;,kl) (6.22)

then it follows that

(1-2n2a)(x,+1,,) + 2n%a(1-e?)1y, = [1- n2<2d+-%g2)]

'.fsn2<Fl’kl>dFl+ (l— 2n2d) l;;eZI - 2: +-Sn(Zi,kl)

snz(p k )dF
+ fsn4(F1'k1)dF1+ n* (- e2)<d+ %g2>fl + el;nl(FlriD

2 2
In“g 2
+ ——?r—%ifsn (Fy .k )en(Fy k) ar, (6.23)
We next note that except for terms of order n2 we may write

cos 2G cos 4G
4 . 4 _ 3 _ 1 1
j;n (Fl’kl)dFl —./;1n Gl dFl —.[[g 5 + 5 ]dFl

sin 2G sin 4G
_ 3 _ 1 1
= 'g- Fl 2 + 35 (6.24a)

sn® (F /&, )ary 1 1 - e?
.[l + e cn(Fl,kl)= ;EJ. Lo cn(Fl’kl) ) 1+ e cn(Fl,kl)dFl
- E% - Sn(Fé'kl)— L ‘2e2 I, (6.24D)
e e
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J;nz(Fl’kl)cn(Fl’kl)dFl =fsin2 Gl cos Gl dGl

~ sin Gl _ sin Gl sin 3Gl

where G; above is that given by relation (5.25d). If we substi-
tute relations (6.24) into relation (6.23) and rearrange, we see
that

(1-2n%a)(z,,+1,,) + 2n%a(1-e%)1,, = [1— n2(2d+%g2)]

.J;nz(Fl,kl)dFl—-fsigl-n2[2d(2— e2) + %gZ(l— e24-%e4ﬂ$
+ {1- n2[2d(2 - e2) + %gz(l ~ ez)]s[-lz'egz I, + —————SH(Fé’kl)]

+ nzgze[g%sin Gl— %sin 2Gl— é%sin 3Gl+ g%sin 4Gl] (6.25)

Finally we evaluate the first integral on the right of relation
(6.25). Noting that

sn2(Fl’kl) = {_:x:iiiiiﬂig , (6.26)

we have

5 [ ey i cn‘(ZFl,kl)dFl
fsn (F1)ar,y —,[1 + dn(2F %) fl +an(2F k) 0-27

Using formulas corresponding to relation (6.19b) in the first in-
tegral and the analog of relation (6.1%9a) in the second integral,
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we see, after neglecting terms of order n4, that

fsnz(Fl,kl)dFl = %del - %—fcn(Fl,k]_)dn(Fl,kl)dFl

. 2
- 3.fé1n 2Gl cos 2G1 dGl]

(1 , ki)f} ) sn (2F, k)

8 2
ki sin 4Gl
- 33 [BSln Gl - sin 3Gl + — (6.28)

If we substitute from relation (6.28) into relation (6.25), we
get:

(1 - 2n%a) (1, + 1,;) + 2n 2a(1 - )1y,
=[l—n2[2d(2-e2) + 39°(1-e ]]-1‘2211 + f_@é'ﬁ)]
_ l_ez[l-ﬂ2[4d .\ 9—7e gz]TFl
- [1 <2d + gg2>:|sn(2Fl,kl)

+ ﬂ—9:53[3(3- e)sin Gy - 8e sin 2G1

- (3-e)sin 3Gl + % sin 4Gl] ’ (6.29)
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W=

which we now insert into relation (6.16). To make the resulting
formula more compact we set:

D = [de2 - 94—2(l—e2):]+ %?l[dz(l— 2¢2) + g%(1- &%)

'[d(Z-—ez) + 2196—2(1—e2)]] . (6.30)

and insertion of relation (6.29) into relation (6.16) yields:

_ 1 2 2.\2
Hy = 2[(1‘2” D)Il— (1'”‘3) Iz]
2 2
o2 |g® _ _2f.2 2 9 - 7e 4]
n Fl[—- n [d + 2g-d + g — 9 ]

+ 3242_33{[1 - n2[2d(2 - %) 4 %gz(l - ez)]] sn(F,.k;)

l1-e
_ e[l - n2<2d + %—g2>] sn<2Fl,kl)}
n4g4e3
+ ~———f——7z[3(3-e) sin Gl - 8e sin 2Gl
32(1- &%)
. e .
- (3-e) sin 3Gl + 3 Sin 4Gl] . (6.31)

Before we evaluate H; we first note that in Eg. (6.3) we
wish to interpret t, as the time of first perigee passage. With
this in mind we have kept Hj free of any constant term, that is,
Hy satisfies the condition:

£f=0 = H, =0 . (6.32)
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We shall therefore also require that
f=0 = H, =0 (6.33a)
or in terms of F2, this means

F. o= w = H. =0 (6.33b)

In the evaluation of Hjp, we proceed as we did in going from
relation (6.27) to relation (6.28) and introduce constant terms

to satisfy relation (6.33). On neglecting terms of order n4, we
get:

_ 2

H2 = .fsn (F2'k2) dF2
k2
_ 2V f 1 _
= <l + -§-> 5 7[sn(2F2,k2) sn(2w,k2):|
K
- 35 %3[51n G2 - sin Yz] - [51n 3G2 - sin 3Y2]

N .
+ 5[51n 4G2 - sin 4y2]£. (6.34)

where G2 is as given by relation (5.1l6c) and Yo is as given by
k2 5k
Y, = 1- 4 - i) w - (6.35)

If we now divide Eq. (6.3) by j; and introduce Hj and Hjp
from relations (6.31) and (6.34), respectively, we get, after
combining the secular terms:
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e
=
1
®
—
o
-

3
[\S]
h

2F k)

2[ g2e? l'”2(2d + g9 )sn( Ly

1-e? 3

- %fo(l + znzeido)(l-Nz)[sn(ZFz,kz)— sn(2w,k2Xﬂ

4 4 3
+ D_ S g e 3(3-e)sin G, - 8e sin 2G
32 11 e2 1 1

(3 —e)sin 3Gl +

% sin 4G1]— 22(1 - N2)

-[3(sin G, - sin Y2) - (sin 3G, - sin 3Y2)

1 . .
+ 5(51n 4G2 - sin 4Y2)]} (6.36)

where we have substituted for ks from relation (4.12). Before
attempting to simplify the above, we first consider the multi-
plying factor on the left.

We observe that

A
s =
p

|*c
N0 N
> =

A
= - (6.37)

e)
g
o]
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We use relation (4.1l0a) to substitute for the first factor on the
right and relations (3.48) and (3.2) to substitute for the second

and third factors, respectively, to get

A 2 2. \2 2,2 I
L - qoso(l + eodo) Vh'+ n“e m_ of %5 (6.38)
p Pg

which, if we substitute for Pq from relation (3.5), reads:

‘/l+n2,
‘/ (6.39)

—2 = qoso\/—(l + n2e d,

P

We note from relation (4.10b) that

1 + n2d
e = e —as 5 — (6.40)
© l-+n2e2d
and so, after some manipulation,
2
, (1= D) - ntedad)
l_e= 22 2 Y 2 (6-41)
(l + n eodo)
and hence
2 2 2
1 + n"e’d )
2 _ ( (s )Ne] 2
1 - el = 221 - &%) (6.42)
1 - n'e’d
o o
and so, from relation (4.20), we have:
2 2. \2
s (1+n“e’d )
2 _ 2\ _ o( o o _ 2
22 = s (1 - el) = —— (1 - &%), (6.43)
1 -n eodo

58



e

which, with relation (6.39), gives:
2 g m_ U

A o o 2 2 4 2.2 1 H

- = 55 —1+n"2 (l—n e d ) ——F a4

p? 14+n%e?a Jso( o) o%) (1—e2)3/2\/;g

If we write:

q m )
T

and define a "mean motion" n by setting

u
-
a

o

then Eg. (6.44) reads:

A o
— n .

p2 (1 - o2)372

If we further define a mean anomaly M by the relation:
M=n(t—to)l

then, by multiplying Eg. (6.36) by the factor

(1- 3%

I

(6.44)

(6.45)

(6.46)

(6.47)

(6.48)

we obtain the following relation between the two anomalies M and

f, namely:
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1/2

_n2) Ll 2
+ 1‘2-2-(1- e2)3/2 qoso(lj n°) 9, an[d2+ (292 + e2)a
T

- nzggzez(l-ez) ]le 8 sn(ZFl,kl)
2 2
o) o) el et

-[3(3-—e)sin G, - 8e sin 2Gl— (3— e)sin 3G, + £ sin 4Gl]

1 1 2

3/2

(-

22(1— NZ)[3<sin G2 - sin Y2)
_(sin 3Gy - sin 3Yl>+ %(sin 4G, - sin 4Y2)]} . (6.48%)

This formula can be made a little simpler by using the algebraic
formulas for the constants as developed in sections 3 and 4 and
by exploiting the fact that we neglect terms of order n. we
also set:

60



BT

2 24)2
_1-2n"D 5. = ﬁl - N d) (6.49)
313 ’ > I3

Jg

and write I] and Iy explicitly. After some manipulation with the
above coefficients, we finally obtain:

1- gi sn(jlf,kl) 1 _e s?iilf,kl)

M= 13, arCtanl:;ikcn(jlf,kl) ]"35 a;zgzgtiz) l1+e CAZSIETEI)

+ %;(l—-e2)3/2[2— gan’ + 1308% + (1- ez)N2(2l-37N2)]f
+ nze(l-ez)l/z[(l-Nz) - %;[41— 9382 + 69n?

- e®(1 + 58n2 —75N4)]]sn(jlf,kl) + nz(l-eZ)l/z

. {ez[(l-Nz) - %3[39- 1228% + 99n* + 2 (5 - 7682 + 68N4XH

- sn(23,£,k;) - (l-'ezg(l-N2>[i+-n2[5N2-+3e2(3N2— 1[”

. I:sn[Z (f+w)k2] - Sn(2w,k2)]}+ %(l_Nz)(l_ez)l/z

. %1-—N2)e3[3(3—-e) sin Gl— 8e sin 2Gl— (3- e) sin 3Gl

+ S sin 4Gl] - (1-—e2)2[3(sin G, - sin v,)
- (sin 3G, - sin 3y2) + % (sin 4G, - sin 4y2)]} . (6.50)

When n = 0, only the first two terms survive in which case the
above relation reduces to the well known time-angle relation of
the Kepler problem.
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7. APPROXIMATE FORMULAS

Equations (4.11) and (5.39), with @ given by Eq. (5.38),
give the formulas for the three coordinates in terms of f£. These
are complemented by the time-angle relationship (6.50).

In arriving at relations (5.38), (5.39) and (6.50), we have
made second-order approximations. It is therefore consistent to
introduce such approximations into all the relations. Though this
means that the formulas will, to a certain extent, lose their
compact form, they will become simpler in that they will no
longer involve elliptic functions. The latter will be replaced
by their second-order approximations in terms of truncated
trigonometric series. For clarification we list the sequence
of steps leading to these approximate formulas; the analysis and
derivation are available in the standard treatises, e.g., Whit-
taker and Watson (ref. 9) or Davis (ref. 10).

For the modulus k of the elliptic functions appearing in
either Egs. (4.1la) or (4.11b), we note that
2
k% = o(n?) . (7.1)
and, if we define the complementary modulus k' by

k' = (1 - k2)1/2 , (7.2)

then we have that

1/4 2
viT = (1-%%)" = 1-5 -2k 4 o(n®)
1 - VKT = -]‘71-2-[1 + 3%+ LTty o(n5)] (7.3)
1 +Vk' = 2[1 -}—{{;— 6—3[1-k4+ o(ns)]
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Defining € by the relation:

e =_§_l'___ vk' (7.4)

1 + Vk! ’

then, after expanding, we find that

2 2

g = ];—6[1 + 52— + %—i—k‘l + o(ns)] = O(nz) . (7.5)

When the modulus g of the associated Theta functions is written
in terms of &, we have

Q
1
m
—
[
+
o
—
4]
o
—_

2 2
k k 21.4 6
= ——[l + —2—+ E“l-k + O(T] )] ’ (7.6)

and so we have:

B 2 N
1/2 _ k 17 . 4 6
q Y e S v L o(n®)
(7.7)
1/2 B 2 1
a’  _ 1 ko, 17 .4 6
T 4Ll+4+128k+0(”)
The period 4K is related to 21 as follows:
1/2
2K _ 6
(T) =1 + 2q + O(T] )
2 4
_ k k 6
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and so we have:

2 4
2K _ k 9k 6
T=1++5r+0o(n)
5 . (7.9)
T _k” _ 5k 6
w=1-%-Fr+o(°)
If the angle G is then defined in terms of F by the relation
2 4
| _ k= _ 5k
G = 'Q—KF—- (l ) -6—4—-4' ...)F ’ (7.10)
then the trigonometric series representations of the Jacobian
elliptic functions take the form:
n+l/2
_ 2w .
sn(F,k) = Rx . soFT Sin (2n + 1)G
n=0 d
1/2 . > n
= * e— i
43~E~ K E Eftg—iﬁiT sin (2n + 1)G
n=0 d
k4 =z qn
= (l - T~2—§ + ...) E I—:-—““iﬁ—_':'i" sin (2n+ 1)G (7.118.)
n=0 q
k4 z qn
Cl’l(F,k) = (l -~ 138 + ...> —l--——‘m cos (2n+ 1)G (7.11b)
— - d
n=0
2 4 > n
_ _ kT _5k g
dn(F,k) = (l 5 '€2_+"’>[l+ 4 55T COS 2nG] (7.11c)
=0 1+qg
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N

= n
am(F,k) =G + E 29 cos 2nG . (7.114)

n=1 n(l + an)

We also include the trigonometric series representation of
sc(F,k), namely:

e 64
i (_)n 2n
ltan G + 4 ____QEH sin 2nG| . (7.11e)
n=ll+q

In a second-order approximation the above series can be

truncated. The approximate forms we shall use are:
2 4
_ k 7k ,
Sn(F,k) = (l + Ig + m) sin G
2 2 4
k k . k .
+ T@(i TT) sin 3G + >5¢ Sin 5G (7.12a)
2 4
= -k 2k
en(F,k) = <l 1€ 256) cos G
2 2 4
k k k
+ —g<l + TT) cos 3G + >5¢ COS 5G (7.12b)

2 4 2 2
dn(F,k) = [l - E'4- - EGkT] + ]—Z—(l + ]i4—->COS 2G
k4
+ €7 cos 4G (7.12c)
2 4 4
sc(F,k) = (1 T > tan G - £ sin 2G (7.124d)
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with

4
o _ _ _ 5k
G = ~2—KF = (l T i )F . (7.12e)

We shall now introduce these approximations into the formulas for
the three coordinates.

We first note that, in accordance with relation (7.12e), we

have:
k2 sk} k2 sk}
S T S 70 L T i S 7. AR (7.13a)
k2 5k k2 5k
G =\l-7T e ff2=\1-7 g )(f+w)  (7.130)
These relations have already been anticipated in sections 5 and 6.
We next introduce the above approximations into Eg. (4.11). If in

Eq. (4.l1lla) we also substitute for § from relation (4.12c), we
obtain

_ ki 9k§ ki ki
-R-=§l+e 1‘-—6-5‘% cos G1+El+—2— cOSs 3Gl

ki 2 ki ki
+ SEE cos SGl l+n"deljll- Te cos Gl+ 1€ cos 3Gl
(7.14a)
and
5 k2 7K
cCOos O = l-N 1+ 16 + 55¢ | Sin G2
k(K5 k)
+ 16 1 —- | sin 3G2 +2—% sin 5G2 . (7.14b)
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i If we also introduce the approximation into Eq. (5.38) for 2, we

f have:
;
2
Q=0 - n’m N(f+w) - 21+}fim N
o) n Mg n 16/ Pl €
. . Igm . . 3T
b1 sin Gl - sin jfzw + b2 sin 2G2 - 51n-?sz
6 \
4 Z . UM |
+ NN mple Bn sin nGl - S1n 71§Tw
n=1
2 .
+ mp2(1 - N) sin 26, (7.15)
in which the coefficients Bn are given by
ez(l - Nz)b ez(l - Nz)b
B, = B. - 1 B =g, - 2
3 3 16 76 6 16
. (7.16)
Bn = Bn for n=1, 2, 4, 5

The approximate formula for the third coordinate is obtained by
introducing relation (7.12d) into Eg. (5.39). We get:

N

kg llkg k
tan[j3(q>—§2)]=N 1+T+-6—4 tan G, -

2 6

With Q as given by Eq. (7.15) and relations (7.16), then
relations (7.14) and (7.17) are the second-order approximate
formulae for the three coordinates in terms of the "true anomaly"
f. We can get a corresponding form for the time-angle relation-
ship by introducing the approximate forms into Eg. (6.50). Be-
cause of the unwieldy length of the resulting formula, we do not
exhibit it at this time.

|

sin ZGQ]. (7.17)
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8. A GEOMETRICAL RESULT

In the case of the Kepler problem, the conservation of
angular momentum implies that the motion of the particle is
planar, and it can be immediately shown that for negative energy
the particle moves between two concentric circles in the plane
of motion. In this section, we seek the analog for the Vinti
problem of the above geometrical result.

Here the motion is no longer planar and, in general, is
quite complex. However, if we assume that the exact formulas
(4.11) and the approximate formulas (5.38) and (5.39) for the
three coordinates indeed give an exact discription of the motion,
we can get some geometrical insight.

To describe this, it is again useful to think of the Vinti
problem as a perturbation of the Kepler problem. If we give the
plane of the corresponding Kepler problem an appropriate deforma-
tion and then allow this surface to rotate with the angular
velocity of the instantaneous nodal line (Q') derived from Eg.
(5.38), we can show that the particle remains on this surface.

More precisely, we shall show that the motion takes place
in a torsidal region defined by two ellipsoids of revolution and
a hyperboloid of revolution. In this region the particle remains
on a surface S rotating with the angular velocity of the instan-
taneous node, the surface S being a "small" deformation of a
plane. The remainder of this section is devoted mainly to the
explicit derivation of this result.

We first derive a relation between ¢ and ¢. If we set:
Vo= 3500 - 2), (8.1)
then Eqg. (5.39) takes the form:
tan ¢ = N sc<F2,k2> . (8.2)
It follows that

tan2 Y = N2 sc2<F2,k2) , (8.3)
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e

and so

<
I
-
+
2
N
0
Q
N
TN
&}
A
N
N—

secC

= —L- 2 . (8.4)

Also, from Eg. (4.11b), it follows that

. 2 2 2
sin® o© 1 - <l-—N ) sn (Fz,kz)

2 2 2
= en <F2,k2> + N% sn <F2,k2> . (8.5)

Combining Egs. (8.4) and (8.5), we see that

. 2
Sec2 v o= gln o ’ (8.6)
cn <F2,k2>
and hence
cn(Fz,k2>
cos j3(¢-Q) = cos Y = ——=—"L (8.7)
sin o

We introduce a system of rotating Cartesian axes by the
relations:

1/2 N
X = (RZ + c2> sin o cos (¢~ Q)
1/2
Y = (Rz + c2> sin o sin (¢ - Q) > (8.8)
Z = R cos O
J
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where we note that X = 0 corresponds to ¢ = . In relation to
the fixed x-y-z system of Eg. (1.1), the Z-axis of Eqg. (8.8)
coincides with the z-axis of Eg. (1.l1), while the X-Y system
rotates at the angular velocity Q' [obtainable from Eqg. (5.38)1]
relative to the x-y system. Thus the X-axis always coincides
with the instantaneous nodal line.

We further introduce an auxiliary system of variables (&7,
€5, £3) defined by

El = R sin 0 cos j3(¢-Q) = R sin o cos
£2 = R sin o sin j3(¢ -Q) = R sin ¢ sin Y (8.9)
53 = R Ccos ©

and it immediately follows that
P
2 = tan y = N sc(F & ) (8.10)
&1 2772

where we have used Eg. (8.2). From Eg. (8.10), we have

E;_z _ N . Vi - w2 sn<F2_,k2>
81 V1 - w2 cn<F2,k2>

which, if we use Eq. (4.11b) in the numerator and Eg. (8.7) in
the denominator, gives:

Eg - N . cos O
&1 \/l Y sin o cos VY
£
- N .23 LR (8.11)
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the latter following directly from Eg. (8.9). If we define an
"asymptotic" angle of inclination I by the relation

cos I =N, (8.12)

then Eq. (8.

11) takes the form:

€3 = gz-tan I. (8.13)

Using the above with Egs. (8.8) and (8.9), we have that

If we set
formula for

Z

= £3 = £2~tan I

= Resin o-sin j3(¢ -Q)-tan I

1/2
< 5 = 2)1/2 .(Rz + 02)

R™ + ¢

+sin o.sin (¢ - Q)

sin j,(¢- Q)
. - tan I
sin (¢ - Q)

R sin j3(¢—9)
= 173 ‘Y — .tan I . (8.14)
<R2 N cz) sin (¢~ Q)

jﬁ =1+ e, so that € = 0(n?)" and use the addition
the sine term in the numerator of Eg. (8.14), we get:

R
2 2)1/2

= Y-tan I-
R + ¢

*fcos E(¢-0) + cot (¢-9) sin e(d- )] . (8.15)

*As remarked in the footnote on page 43, we have, to second

order, jz3 =1, i.e., T = O(n6).

\

\
B
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Again using Eg. (8.8) to substitute for cot (¢ - Q), we have:

Z = tan I- R 73 Y cos e(0~9) + X sin e(¢-Q) . (8.16)
(R2+-c2)
When n = 0, we also have Q' = 0 [see Eg. (5.38)] and the

above equation takes the form

Z = Y.tan I , (8.16%)

which is the equation of the plane of the Kepler motion. For

n # 0, Eq. (8.16) represents a surface, clearly a deformed plane,
moving with angular velocity ' relative to fixed x-y-z axes.

We let S denote this surface.

As a description of S, Eg. (8.16) is incomplete since we

have not expressed the quantities R and (¢ - Q) in terms of X, Y
and Z. This involves the solution of the following set of trans-
cendental equations, obtained directly from Eg. (8.8), namely:

R2 + c2 sin2 o = X2 + Y2 + 22 (8.17a)

R cos 0 = % (8.17b)
and

tan (¢ -Q) = ¥/X . (8.18)

An adequate approximate solution of the pair of Egs. (8.17)
can be obtained by expanding in powers of (c/R)2 to second order.
However, since there is little to be gained, we do not include
this calculation here. We only note that Egs. (8.17) and (8.18)
together complement Eq. (8.16) to give a complete description of
the surface S.

It is clear from relation (3.17) of section 3 that the motion
takes place between the two cenfocal ellipsoids of revolution
defined by R = Ry and R = Ry where R} and Rp are the roots of the
first quadratic on the right of Eg. (3.17). We note furthur from
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Eg. (4.11b) -- and using Eg. (8.12) -- that
lcos o] ¢ V1 - 8% = sin I (8.19)

so that the trajectory is bounded by the hyperboloid of revolu-
tion:

|cos 0| = sin I . (8.20)

Hence the motion takes place in a toroidal region consisting of
that portion of the "exterior" of the hyperboloid [Eg. (8.20)]
lying between the ellipsoids of revolution defined by R = Rj and
R =R

2.

We can now give a geometrical interpretation to what we
termed the asymptotic angle of inclination I. The bounding
hyperboloid [Eq. (8.20)] has an asymptotic cone: the angle I is
the angle of inclination of the tangent plane to this asymptotic
cone.

9. THE POTENTIAL

By an elegant device involving the introduction of complex
variables and the use of the generating function for Legendre
polynomials, Vinti (ref. 1) has shown that when the potential
[Egq. (1.5)] is expressed in terms of spherical coordinates r, 6,
and ¢, we get:

LR . i n/e 2n
V= - 5— >— = ¢ E (=) (?) P, (cos 8) (9.1)
R +c coOs o n=0

where the Py, term denotes the Legendre polynomials of even order.
If ro denotes a length scale, which we shall later identify with

the radius of the Earth, we can write Eq. (9.1) as
" > n/ c 2n r, 2n
vV = —E- E (") (E—o-> <—r—> Pzn(COS e) . (9.2)
n=0
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If we now make the identification

J, = (;‘3—> , (9.3)

then Eq. (9.3) becomes:

o0}

2
v=-k Z(—J n(irq) ann(cos 0) (9.4a)

n=0

o r 2n
_K _ _yn+l n(_g)
= 1 E (=) J2 - Pzn(cos 8) . (9.4b)
n=1

The standard representation of the geopotential in spherical
coordinates~-referred to an origin at the center of mass--is

VG = _% 1- zf:Jn<;g)nPn(cos ©)
n=2
i iJnm<—> P (cos 0) cos (¢ - apy) (9.5)
n=2 m=1

In Eq. (9.5) r, denotes the mean Earth radius and the J 's are
called the geopotential coefficients.

Apart from the Kepler term the dominant term in the repre-
sentation [Eg. (9.5)] is that with coefficient Jy, which exceeds
by an order of magnitude the effect of any other term. If, for
purposes of comparison, we restrict our attention to that part of
the geopotential which is both rotationally symmetric and sym-
metric about the equatorial plane, then we include this dominant
term. We denote this part of the geopotential by Vgg and the
residual (Vg - Vgg) can be considered a perturbation which must
be taken into account later. Then:
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2n
r

= K - Z : o
VGS = - 1 J2n<:r> P2n(cos 8) . (9.6)
m=1

We now see that when c is chosen in accordance with the identi=-
fication [Eg. (9.3)], then the Vinti potential [Eg. (9.4)] agrees
with the symmetric geopotential [Eg. (9.6)] up to the second
(zonal) harmonic. Further identification would require that

_ ¢(_yhtl._n
J2n = (=) J2 for n 2 2.

This is not true for any n > 1 and is not even true in an order
of magnitude sense for any n > 2. In fact:

L 3 .2
Iy = -5 395, |J

2n| > ]J2|n for n » 3, (9.7)

so that if the Vinti problem is taken as the base solution, we
must add as a perturbation the residual (Vgg - V) which starts
with a term in the fourth harmonic with coefficient of order Js5.

As far as we know, there has not been proposed a real physi-
cal situation giving rise to the Vinti potential field. Although
this question has no relevance for the dynamical problem and its
relation to satellite orbit prediction, nevertheless it is of
interest when we consider how closely the Vinti potential approxi-
mates the geopotential. The latter feature suggests that there
is a hypothetical geoid whose potential matches the geopotential
exactly. This is indeed the case. We shall show that a solid
sphere with an appropriate interior mass distribution induces an
external potential of the Vinti type.

We could start by posing the larger question, namely, what
mass distribution in the geoid gives rise to the geopotential Vg?
Although the restriction is not necessary, we shall here restrict
our consideration of this question to the simpler case of the
symmetric geopotential Vgg. Our problem then is to determine the
mass distribution inside a sphere consistent with an arbitrary
external field of the form VUgg.

Referred to a spherical coordinate system we let P(r,0,9)
represent an arbitrary exterior point and Q(r',6',¢') an arbitrary
interior point at which is situated the mass element dm. We
denote the position vector of P and Q by x and r', respectively,
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and let x denote the angle between r and r'. If we let (r',0"',
¢') denote the mass density at any interior point, we see that

dm = t-r'2 sin 6' dr'-de'-d¢' . (9.7%)

If we let y denote the gravitational constant, then the
potential at P due to the mass element dm at Q is given by

au, = -y —————— (9.8a)
. £ -z
R 1 _
=Y T N2 N 172 (9.8b)
[l + <'r—> - 2<?—>COS X]
where, in deriving Egqg. (9.8b), we have used the cosine law.

Noting that on the right of Eq. (9.8b) we have the generating
function for Legendre polynomials, it follows that

8

. r'nPn(cos x) dm . (9.9)

We now use the addition theorem for Legendre functions (ref. 9),
namely, when

cos X = cos O cos 6' + sin 6 sin 6' cos (o0 =9¢") (9.10)

(as is the case here), we have the following relation for the
Legendre polynomials:
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Pn(cos X) = Pn(cos 0) Pn(cos 8')

n

AR oM L B (cos 8)PT (cos 6')cos m(4 - o).

m=1

+ 2

(9.11)

Introducing Eg. (9.11) into Eg. (9.9) and substituting for dm
from Eq. (9.7), we get:

dUQ = -y Z n]_‘*_l[r‘nPn(cos B)Pn(cos e')]

2 . § : 1
. ' ' ' ' v e
TY sin 68' dr' d4de' d¢' + 2 )

n=1
n
-[r'n 2{: %%i&%%?-Pi(cos B)Pg(cos 8'Ycos m(¢p - ¢'J
m=1
ctr'? sin 8' dr' de’ d¢'z . (9.12)

To determine the potential at P due to the sphere we must
perform the integration

U =j'dUQ

when the integration is taken over the sphere, namely, r' ranges
from 0 to ry, 6' from 0 to 7w, and ¢' from 0 to 2m. If we take Tt
to be rotationally symmetric, i.e., independent of ¢', then the
¢'-integration in the first summation integrates to 2w, while the
¢'-dependence in the second summation integrates to zero. After
performing the ¢-integration, we therefore have:
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3 r T
P (cos 8) 0
— n |n+2 1 3 1 ' '
U = =27y 5T r Pn(cos ') sin 6'.7t-dr' deo'.
r
n=0 0 0

(9.13)

In all the above manipulations we have interchanged the integra-
tion and summation operations.

If we further assume that T is not dependent on r', then the

r'-integration in Eg. (9.13) is immediate and we get
5 2 r, n+l Pn(cos 9) m
= - - L . v : [ ]
U = 2ﬂyr0 E (]:) m *3) T Pn(cos 8') sin 6' do'.
n=0 0

(9.14)

If we now represent the dependence of T on 6' in the form:

[e]

_— ]
T =T 1+ E TQPR(COS 8') R (9.15)
2=0

so that T, denotes the (constant) mean density and the Tg's
(2 > 1) are the dimensionless coefficients for the higher moments,
then using the orthogonality of the Legendre polynomials we have:

Il

T T
' d VT ' v
/ Pn(cos 8')sin 6'.1-d0 To f Pn(cos o)
0 0
. L 2 ] ]
[l + TQPQ(COS §] )]51n p' d4de

=1

(9.16)
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and substituting Eq. (9.16) into Eq. (9.14), we get:

r o n+1l
U = -47 r2T o1 + E ( ) P_{(cos 98)
Y10y T 3 (n+3)(2n+l) n
n=1
Y 4wrg >
= L= 14 1+ E (n-+3)(2n+ IT( ) P (cos 8)> . (9.17)
n=1

If we now call the sphere with constant density to the mean
sphere and denote its mass by Ugr then clearly

4nrg
Mg = 3 To * (9.18)
and setting u = yug(the normalized gravitational constant), we

see that Eg. (9.17) may be written:

- K E: 0)
U - (n-+3)(2n-+l) P (cos 0), . (9.19)
It is clear from Egq. (9.19) that the T, can now be chosen to fit
an arbitrary axisymmetric potential. We can make U symmetric

about the equatorial plane by requiring all odd coefficients to
vanish, that is, by setting:

Tokt] = 0 for all k. (9.20)

We then get the symmetric part of U which we call Ug in the form:

2n

r
- M °
U, = -2 <1+ Z(2n+3) AT > P, (cos 8)y . (9.21)
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Then, comparing Eg. (9.6) with Eg. (9.21), we see that Ug be-
comes identical with Vgg if we take:

(2n + 3) (4n + 1)

Ton © 3 J

2n (9.22)

and all odd coefficients zero. 1In particular, we can identify

Ug with the Vinti potential V given by Eq. (9.4b) if again we
have the odd coefficients in the density distribution identically
zero and the even ones as given by

(2n + 3) (4n + 1)

T = yB
2n 3

. (9.23)

_J2

We have thus produced a physical realization of the Vinti poten-
tial field.

We have also produced a density distribution whose potential
can be matched to the symmetric part of the geopotential. This
suggests a procedure which, by successive refinement, may lead to
an approximation for the density distribution of the Earth, which,
except for layers of sharp discontinuity, should give some in-
sight into the actual distribution. The above analysis assumes
continuity--and, in fact, analyticity--in the variables for the
density distribution.

10. CONCLUSION

We have derived a solution of the Vinti dynamical problem in
the relatively compact form given by relations (4.11), (5.38),
and (5.39). These relations are clear generalizations of the
solution of the Kepler problem in terms of true anomaly. As an
alternative we have the more elementary expanded form in relations
(7.14) to (7.17). Each form is complemented by the time-angle
relationship (6.50).

We have also derived some qualitative results on the motion
(section 8) and a physical interpretation of the Vinti potential
in terms of mass distribution (section 9).

Electronics Research Center
National Aeronautics and Space Administration
Cambridge, Massachusetts, October 1968
129-04-04-08
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