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ABSTRACT

An error analysis of resonant orbits has indicated that attempts
to recover high order resonant geopotential coefficients willbe seri~-
ously hampered by errors in the non-resonant geopotential terms.
This effect, plus the very high correlations (up to .999) of the reso-
nant coefficients with each other and the orbital period in single
satellite resonant solutions, makes individual resonant orbits nearly
valuless for geodesy. Multiple-satellite, single-plane solutions are
only a slight improvement over the single satellite case. Independent
determinations of resonant terms from low altitude satellites require
multiple orbitalplanes and small beat-periods to reduce correlations
and effects of errors of non-resonant geopotential terms. Also,these
unmodeled parameter effects onlow-altitude resonant satellites make
the use of tracking arcs exceeding two to three weeks of doubtful
validity. Because high-altitude resonant orbits are less affected by
non-resonant terms in the geopotential, longer tracking arcs can be
used for them.
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ERROR ANALYSES OF RESONANT
ORBITS FOR GEODESY

1. INTRODUCTION

This study concerns determining the realistic accuracy to which certain
geopotential cocfficients can be recovered by observing satellites on resonant
orhits, The results will be useful to investigators contemplating either resonant
satellite geodetic migsions or analysis of existing resonant satellite orbits.

Reference 1 presented a "noise only'' error analysis of resonant orbits.
Designred to yield only relative information, that study did not produce absolute
predictions of the quality of determinations of gravity coefficients from resonant
orkits. Error analyses are almost always very optimistic unless we include the
effects of errors in the unmodeled or unadjusted parameters of the problem.
The resonant satellite geodesy problem is an extreme example of this phenome-
non because the "noise only' standard deviations are as much as five orders of
magnitude optimistic in some cases.

This study includes effects of errors in the following parameters:

e non-recsonant geopotential coefficients;

e station location;

e unadjusted resonant geopotential coefficients; and

e GM, the product of the Earth's mass and the gravitaticnal constant.
Errors in all of these quantities have large effects on the solution. Indeed, for
low altitude (or high order) resonant satellites in a single plane, errors in the
non-resonant geopotential coefficients entirely dominate the solution.

Finally, the causes of the large effects of the errors in the unadjusted

parameters have been sought in terms of the physical characteristics of resonant
orbits.

2. SHALLOW RESONANCE

For several reasons this study is confined to orbits in ''shallow' resonance —
approximate rather than exact or "deep'' resonant orbits. ¥irst, very deep



resonance is not required to achieve large perturhations such as several kilom-
cters along track; sccond, deeply resonant orbits are achievable only after several
orbit correections, From a mission standpoint, such a requircement means greatly
increased spacecraft complexity. Finally, this study has shown that for low and
medium altitude satellites deeply resonant orbits are less desirvable for satel-

lite geodesy than orbits in shallow resonance hecause they are affected mare by
unmodeled parameters.

The terms ''shallow' and "deep' resonance can be given a reasonably pre-
cise meaning in terms of satellite heat period, The condition for an exactly
repeating ground track on the average, or deep resonance, is

»

B i My b s ) 0,

where the subscript ¢ denotes sccular rate, and s is the integer number of
revs/day made by the satellite. (D is the drift rate of the orbit, =, vi and < are
the rates of rotation of perigee, the node and the carth. N is the mean motion
of the satellite.) (Sce Reference 1.) For shallow resonance, D is not zero hut is
small compared to the satellite mean motion. For example, the GEOS-II satel-
lite orhiting the Earth approximately thirtcen times per day has

D= - 57.2° day,

compared with

*

M, - 4619°, day.

The beat period, 360°/D, is a measure of the time for the ground track to re-
peat. For GEOS-II this is 63.

The most important parameters to consider when seclecting orbits for reso-
nant satellite geodesy are beat period, inclination, and eccentricity. The in-
fluence of these parameters will be demonstrated.

The solutions for perturbations of orbital elenients for deeply resonant
orbits are different from those for non-resonant orbits. The non-resonant
solutions assume small perturbations, and we can treat them as linear forced
oscillations about an intermediary, or refercnce, trajectory. Of course, deep
resonance violates this condition because the satellite may be perturbed up to
90° along track, not a small change. However, Palmiter and Gedeon in Reference
2 have shown that the non-resonant perturbation solutions are quite accurate for



small beat periods and are in ervor only a lew pereent for heat periods near
100 days. Thus, we define shallow regonance as corresponding to repeating
ground track heat periods of about 100 days or lesr and reserve the term deep
resonance lor longer heat periods. However, using non-resonant formulas on
orhits with beat periods near 100 days requires considerable eaution beeause
the observable resonant perturbations on an orbit may vary in magnitude by a
factor of 100 or more. Ohviously, even o one pereent error in caleulating the
larger effeets may gsoriously degrade the quality of determining the sources
of the smaller effeets. Numerical integration is probably the only reasonable
procedure for beat periods greater than approximately fifty days,

The graphs in Reterence 1 show how the aceeleration of mean anomaly
caused by dominant resonant geopotential cocefficients varies with inclination,
These graphs indicate that high inclinations, i1 . 407, are required to achiceve
large perturbations for medium and low altitude resonant orbits, s> 8 revs/day.
Our present report exhibits similar information for several geleeted repregsenta~-
tive cases, yet shows variation with cccentricity and beat period as well, To
accomplish this, we lumped the along-irack effects of many or all of the resonant
cocfficients into a Root-Sum=of=Squares (RSS)., The along-track effect was
estimated [rom

“falong-track)y  alfe + M Alicos i)

where “ o, M, and S appear in Reference 3 as
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with
(" =m) even

S, J. (R 2Py (P =2p M e )
(' «m) odd
or

(" - m) even

COs (Y w2p) 5 (- 2Pk M i m(t i)

(' -m) odd

(* =m) even
+ sin ‘(¥ w2p)e s (Y= 2p s DM m(ti e o) b

ml(f em) odd

The quantity &, ooy 18 the integral of s, with respect to its argument. The

p,q indices identify particular harmonié tomponents of a spherical harmonic

(*,m). The functions Fy mp (i)and G¢ _(c) are defined in Reference 3. G;i__(¢)
Ve P4 Lpiy

is O(elal) for low and moderate ¢ .

In Reference 1 and elsewhere, the resonant harmonic components (4, m,p,
¢ ) are given by the condition that

4 =2p 1 q 12-

For example, the resonant (£, m, p,q) sets for a satellite with mean motion at
or near fifteen teims per day are
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In the present work, all resonant (£, m, p,q) sets to (£, m) = (30, 30) were
compufed and included in the perturbation calveuations,

As a consequence of the treatnient of tesseral harmonic perturbations as
linear forced nscillations we also speak of a beat period for each resonant (<,
m,p, q) component caleulated from BGOO/D?M . where

(- 2p) @

¢

D‘!mpq it (‘{: - 29 4 Q)M¢ ¥ m(S.Z’c - fy})-

For a circular orbit, or one at the critical inclination, all resonant terms have
the same beat period, the repeating groundtrack value, This does not apply to
eccentric orbits at arbitrary inclination barrage of the secular advance of
perigee caused by J,. The resonant (fym 2 Pay) Bets for the example above
would yield the corresponding drift rates D} o ¢

DIS,IS,B'._2 = 35:;2 o+ MC‘ + 15(Qc - f?)’
DIS. 15,7,0 © i M. + 15(5‘2c - 0,

D16.15.7.-‘1 = 2w, + M, ¢ 15(f), - &), etc,
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Only in the q - 0 circular casc is the beat period of a resonant (¥, m, p,q) har~
monic component the same as the repeating groundtrack beat period. The drift
rates and the resulting beat periods for the various components vary according
to the contribution of ({ - 2p ). Of course, the larger the heat period, the
greater the effect ot any particular (%, m, p,q) component. For a beat period

> 5 days the term with the quadratic divisor in “My ~~ will dominate; thus, the
effect will increase quadratically with beat period as r‘1cmp; as Equations 2-1 are
valid,

@, is always small compared to Mc or / } thus, whether (£ - 2p) is 0, 2, or
3 does not have much effect for very shallow resonance (£ 10 days). Howevar,
for somewhat deeper resonance, especially for beat periods > 30 days, 4 is
comparable to (£~ 2p + q)M . tm(iy, -, The presence or absence of w may
drastically alter the beat period of a particular (£, m, p,q) component compared
to the repeating groundtrack beat period. Figure 2-1 show how the RMS of the
beat periods of the resonant terms varies with repeating ground track heat
period, and inclination for an o7bit resonant with 10th order of geopotential terms,
The identifying numbers on each curve indicate the repeating groundtrack heat
period for the case.

120
$=10 REVS'DAY
@ ]

g
S 100{—
;
o
a
E 80—
-
A
<
&
% 60L'
(-4
o
T
&
(V99
Qo ..
o 40
&
(>N
o
2
‘é’l 20}
o * REPEATING GROUNMND TRACK ~10¥

PERIOD (DAYS) -

+10%*
. 1 I | | 1 1 1 |
10 20 30 40 50 40 70 80 920 100

INCLINATION: (DEGKEES)

Figure 2-1-Effect of Inclination on RMS Beat Period of Resonant (£, m, p, q) Components
for S = REVS/DAY




In Figure 2~1, first note that the ten day repeating groundtrack heat period
case shows almost no variation ol resonant beat periods with inelination. Longer
repeating groundtrack beat periods show the RMS heat period varying consider-
ably hoth wit  nclination and beat period except at i = 63%45, the critical in-
clination. At i -: 63745, <. - 0, and all beat periods are the same, Of course,
all resonant terms beating with the same frequency is not conducive to separat-
ing the terms from one another., Yor high altitude satellites, this situation is ag-
gravated at all inclinations because -?;, declines rapidly with an increasing semi-
major axis.

Finally, an orbit with a large negative beat period is close in semi-major
axis to an orbit with a large positive beat period, Thus, the values of perturba-
tions vary irregularly at long heat periods hecause a small change in repeating
groundtrack beat period may cause a large number of resonant (¥, m,p,q)
components to radically alter their beat period, even changing sign. Secveral fol-
lowing graphs will depict this irregularity.

The effcct of eccentricity on the resonance phenomenon is considerable.
Reference 1 conveys that maximizing eccentricity maximizes resonant perturba-
tions; however, an excessive eccentricity might be poor because too many terms
might have perceptible effects, Table 2-1 from Reference 4 shows an extreme
example of this phenomenon. This is an analysis of some of the resonant per-
turbations on 1966 92a, a Russian twelve-hour communication satellite. Second
order terms from (2,2) to (19,2) produce effects in the trangverse (along-track)
direction larger than 10 km!

Figure 2-2 shows how the RSS of the dominant resonant perturbations along-
track vary as a function of heat period for several eccentricities and inclinations
for an orbit resonant with 10th order terms. The y axis shows the Root-Sum-~
of-Squares of the along-track perturbations of (10,10) through (15,10).

A 10th order resonance was the basis of Figure 2-2; however, the along-
track displacements are typical of orbits in shallow resonance. For high inclina-
tion orbhits of moderate to high eccentricity, a beat period of twenty days
virtually guarantees effects of several km along-track. The effects for negative
beat periods — mean motion less than an integer times the rotation rate of the
Earth — are comparable. Thus, deep resonance is not required to produce easily
observable effects and is even detrimental to determining geopotential coeffi-
cients, as will be seen later. Figures 2-3, 2-4 and 2-5 show similar information
for satellites resonant with fourth order terms. Note the very large effects for
e = .5b.



Table 2-1

SATELLITE 66 92A
S x 2 REV./DAY PERIGEE HEIGHT = 269, KM,
A= 4,1605 EJR E = Qe7465 I = 64490 DEGs
Le M¢ Ps O | BEAT PERIOD | CENTRAL ANGLE ALONG-TRAGCK DELTA A
{DAYS) ) (DEGREEY) (ﬁﬁYERS’ (METERS)
2y 29y Oy ~1 450-.8 94120 00 4,230 06 2.860D 03
2¢ 24 1 1 468,2 54920 01} 2.TAD 07 195D 04
29 29 29 3 447,6 S5.100~02 26360 04 1760 01
s 29 09 =2 503.0 2300~01 1.070 0% T7.060 0%
3¢ 24 1o 0 47943 Je41D 00 1580 06 1.10D 03
Iy 20 2 2 AS5T .7 T720 00 3.58D0 06 260D 03
4y 29 1y =} 490.8 1700 00 T.880 05 5350 02
44 24 20 1 A68.2 1310 €O 6,050 05 4.300 02
4 24 3, 3 447,6 1.31D 00 64070 05 4.510 02
Se 24 1y =2 503 .0 S¢J3BD~04 2.480 08 1640 02
Se 29 2o 0 47902 3.450 00 1.600 06 1,310 03
Se 24 I 2 aS5Te7 T e 34D-01 3.400 05 2.470 02
Gy 20 4 L) 438,0 3.20D0~-01 1.48D0 08 1.13D0 02
6o 29 1y -3 515.7 6.140~02 Z¢840 064 1 .BAD 0}
Eo 29 249 =1} 490.8 B8e790-01 4.070 0S 2770 02
69 29 30 1 AGR .2 1.58D0 00 T+32D 0% S.210 02
€y 20 85 3 AAT .6 1 +84D-01 Be 530 06 6 e¢360 01}
Ge 29 5B, 5 428.7 3.590~02 1660 06 1.290 01
Ty 29 24 =2 503.0 3.,740~01 1,730 05 1.150 02
Te 2¢ 3y 0 479.3 1.54D 00 T7T.58D0 08 o 5,280 02
Te 2o 4, 2 457, F 139D 00 6.46D 05 471D 02
Te 29 S 4 43840 1.120~01 54200 06 3.970 01
By 29 3y -1 490.8 1.030-01 4. T50 04 3,240 01}
By 29 44 1 4682 24310~01 1. 070 05 T.640 01}
By 2¢ S 3 447.6 1.210-01 5530 04 4,170 Ot
Qe 29 4, 0 4793 Be 7T0D-02 4,030 0o 2:810 01
Qe 24 S 2 AST .7 1+40D~C1t E.49D 04 A, 740D 01
Toe 26 &y 4 4.3 e 5¢21M=02 24410 04 1.84D 01
(04 24 4y -1 4908 3.02D0~-02 1,400 04 9.520 00
10y 24 5o 1 46R,2 6.+08D~02 24 820 00 2.010 01
10¢ 20 65 3 44T« 6 1. 080~01 54010 CA 3.740 0O}
10¢ 29 7 ) 4287 3.180~02 1.470 Ob 1,150 01
11 2, 4, =2 503 40 5.02D0-02 24320 04 1.55D0 0}
11e 2y So o] AT79 .3 T+360~-02 3.41D 04 2.280 01
11e 29 7o 4 433,90 2s700=-02 1.280 04 9.580 00
12¢ 2¢ &y -3 5157 2970402 1.370 04 Be920 00
12¢ 29 5S¢ ~1 490.8 8.580-02 3,970 06 2.71D0 01
129 2¢ 6 1 46R 2 8.68D=02 4,020 04 2.880 01
13y 20 5¢ =2 503.0 2.91D-02 1.350 04 8.99D 00
13s 24 6o 0 47943 S5448D=02 254D 0a 1.780 01
120 29 7 2 4577 3.880~02 1.800 04 1320 01
149y 24+ 64 -1 490.8 4.,980~02 24310 04 1.580 01
14y 2¢ To i 468.2 6.370-02 2950 04 24120 0%
14, 2+ 8¢ 3 447 .6 3,35D0-02 1550 04 1160 01}
15¢ 24 7o 4] 47943 4.520-02 24100 04 1470 01}
15¢ 24+ 8, 2 as7.7 4,07D-02 189D 04 1.38D 01
16¢ 29 Te ~1 A90.8 2.78D-02 1.290 0a B+80D 00
16¢ 24 8, b 468.2 4 .61D=02 2140 04 1530 01
16e¢ 29 9 3 4476 3e39D=02 1.570 04 1.18D 01
19¢ 2¢ 9 o] 4733 2053D-02 1170 O B8.240 00
49 Qs 1, 0 23946 Tekd4D-01 34.45D 05 4,790 02
Gy 44 24 2 244} 13560 00 64280 05 8.930 02
by Gy 3, 3 22448 Ge I2N=~02 2.930 04 4.26D 01




RSS ALONG TRACK, (METERS)

108

105

104

103

5 = 10 REVS/DAY
=15

A

10 20 30 40 50 60 70 80 90
REPEATING GROUND TRACK BEAT PERIOD, (DAYS)

Figure 2-2-RSS Along- Track Perturbations for
Resonant Terms with S = 10 REVS/DAY

9

100



gt et

RSS AMPLITUDE {METERS)

104

105+—

3
! N
|

]OGL——

| = 90° ~

= 70°-
|:5o°\

| = 40°
|'—‘-‘30° >

]

4 REVS/DAY
.55
15

-— O W
AU

I N N I S N N

102

10 20 30 40 50 60 70 80
BEAT PERIOD (DAYS)

Figure 2-3—Effect of Inclination on Along-Track
RSS Perturbations for $ =4 REVS/DAY, e =,55

10

90

100




RSS AMPLITUDE (METERS)

103

104

103

102

10

| = 90°
| =70°
|%500 /
[ = 40°
- S = 4 REVS/DAY
e = 25
[ <15
| l l l l I I l l
0 10 20 30 40 50 60 70 80 90

BEAT PERIOD (DAYS)

Figure 2-4~Effect of Inclination on Along-Track
RSS Perturbations for S =4 REVS/DAY, e = .25

11

100



i .

R PR

RSS AMPLITUDE (METERS)

109

104

103

102

10

| §QOm——
| = 50° -\

| = 40°—
| - 20°
S
oL
/
S = 4 REVS/DAY
e = .l
{215

ISR [ N U N N

o

10 20 30 40 5 60 70 8
BEAT PERIOD (DAYS)

Figure 2-5—Effect of Inclination on Along-Track
RSS Perturbations for S =4 REVS/DAY, e = .1

12




AL e .
FRLIRT e

'3

BEY, ST URE CRCRNES I AN
K5 % 307 e, i -y

b SEEARNTNEER " SN

R . -

Choosing orbital eccentricity therefore involves two important factors.
First, the cecentricity must be large enough so that the eccentrie resonant terms,
£ even for s odd and vice versa, have observable effects. However, if cccen-
tricity is too large. a solution for any subset of the resulting numerous resonant
terms will be corrupted by the unmodeled ones. Figures 2-6 and 2-7 show the
ratios of the RSS along~track cffects due to eircular and eccentric resonant
termsg for the tenth order resonant terms with £ = 15 for e = .05 and ,1. Note
that for e = .1, the circular and cccentric resonant terms are comparable in
importance, Iarge cccentricity is not required to make the eccentric resonant
terms visible. Figurc 2-8 for the fourth order resonance shows a similar re-
sult. Note in Figure 2-8 the lack of irregularity in the curves. For a satellite
resonant with fourth order terms, 4, is very small and has little effect on heat
periods,

Figures 2~9 and 2-10 show how cceentricity affects the number of resonant
terms that have large effects. These figures are plots of the ratio of the RSS of
the resonant terms with # ~m = 5 to resonant terms with 5 <€ - m £ 20 for an
orbit resonant with tenth order terms. Note that for e = ,2 and medium inclina~-
tion, 12 40°, this ratio is about 1:1. This is a poor situation. The high degree
terms would certainly corrupt the determination of the terms with + = 5. How-
ever, at high inclinations, the terms with small (£ -m) dominate, and the ratio
increases to about ten for e = .2 and 20-30 for e = .1, Thus, an eccentricity of
about .1 appears to be a good choice for low altitude resonant orbits. It is high

$ =10 REVS/DAY RSS (q ,;.0)
e = .05 7+ WSS (q 70)
[£15) a7

6.«\-

5t

4

3t

Dt

0 10 20 30 40 50 60 70
BEAT PERIOD, (DAYS)

Figure 2-6—Effect of Inclination on the Relative Strength of Eccentric Resonant Terms;
S = 10 REVS/DAY, e = .05
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Figure 2-8—Effect of Eccentricity and Inclination on the Relative Strength of Eccentric

enough so that eccentric orbit resonant terms have effects as large as the
circular orbit resonant terms, yet not so large that an unmanageable number of
terms exist. A similar situation also generally applies to all other eccentric
resonant orbits. ~
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We are not yet tempted to draw conclusions about the ideai orbit elements
for resonant satellite geodesy, The conclusions would in many cases be quite
creoneous. We can only draw conclusions about the "best' orbits after consider~
ing the effeet of the other important factor in the problem, namely the incvitable
errors in the parameters not part of the solution veetor,

3. ERROR ANALYSIS OF RESONANT ORBITS

Resonant orbits are extremely attractive for geodesy, Resonance enhances
perturbations caused hy tesseral harmonies and is especially important for high
order terms. In the non-resonant case, terms beyond the eighth order may have
an cffect on an orbit of only a few meters, Furthermore, it is very difficult at
present to extract spherical harmonie coclficients of this order from gravimetry.
Thus. accurate cocfficients ‘rom resonant orkits will provide important standards
for evaluution of gravimetric results in addition to improving our capability to
determanine orbits,

We have attempted to discover the degree of accuracy that we may deter-
mine geopotential cocfficients by using high quality obscrvations of satellites in
resonant orbits. As in many other "real world" analyses, the data quality is
not the limiting factor; the errors in the unmodeled (unadjusted) parameters
gause severe degradation of the solution over the '"noise only' situation. A de-
tailed deseription of how the cffects of errors in unmodeled parameters are
propagated into the estimates of the variances of the adjusted parameters appears
in the Appendix,

In this study, the adjusted parameters were generally a subset of the infinite
number of resonant geopotential cocfficients for the orbit in question, and the
elements of the orhit or orbits used in the solution, The unmodeled parameters
were

e unadjusted resonant terms,

e unadjusted non-resonant terms,

o stalion location errors, and

e uncertainty in GM.,

Table 3-1 lists the a priori uncertainties in these quantitics and the tracking
station complemoent and schedule.

A priori estimates of the errors of the unmodeled parameters are somewhat
controversial because we tend to question the raw variances that may result from
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Unadjusted Parameters

Table 3~1

searevefany | s cavoiny [ s cose
Parameter | A Priorl | Parameter|A Priori | Parameter A Priori -

Clypn  |2410%° Cou |+ %10 MHA(GM) 10 °

Sy |2210°M 83,4 2.2%10 YACOM *X | -20m

Cinao  |8x107Y Coq |4 x10°MACOM Y ~20m

Si5.0 |8x107Y So.4 1,610~V ACOM Z -20m

Cypqy 18x10°7 Co,, |2 x10"'Ageopotential|.25 (APL-SAO)

. .19 e 1| (o=

Si6,50 [6%10 S04 |0:5710° M isonant)

Tracking Stations Latitude | Longitude {(E.) | Height above Spheroid (m)
Wallops Station 377859 284,490 - 36.40
Winkfield (UK) 51.445 359.302 76.00
Hawaii 21,5621 202,003 368.31
Tananerive ~19.009 47,300 1355.87
Western Test Range 37.500 237.502 195.03
Carnarvon ~24.903 113,716

10,54

Data quality; o range == 1.4m, cangles = 20" @ 1 obs/sec.

Tracking Schedule**

Start Stop
o“m“ 4
6 95
124 164
184 22¢
244 28¢
304

*Center of Mass ‘
*x2 week cases cut off af 1490
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a least squares fit. Our a priori estimates of uncertainty represent what we
believe is reasonable or will be attained in the near future.

The a priori values of the unadjusted tenth order resonant terms have bheen
taken as the expected order of magnitude of these terms. The earth's gravity
coefficients generally follow the rule

=y 10-—53
C{,ﬁm»s,«ﬁm 7 0 ( 3 ; 1

where the overbars indicate normalized coefficients. Ior the unadjusted fourth
order terms, essentially the same rule was used. This may be pessimistic be-
cause there are published values of many fourth order coefficients. In both
cases the list of unadjusted resonant terms was truncated at a degree for which
4 -m > 7. For low and moderate eccentricities, terms for which £ ~m > 7 have
enormously reduced effects compared to terms for which £ =m or £ =m + 1,

Determining the error in the non-resonant geopotential terms is difficult.
"Ve chos” to assume that the term by term differences between gravity models
are some measure of their uncertainty., We have used ¢ (APL 3.5 ~ SAO M1),
where ¢ is a scale factor. Because the SAO M1 model is more recent and yields
better results for orbit determination than the APL 3.5, ¢ was taken as .25. The
uncertainty in GM was taken as 1:106,

We chose six tracking stations having good distribution in longitude and highly
accurate tracking equipment, We ha.ve assumed tha. GSFC Laser or FPQ-6 radar
quality ranges were taken with o 1.4m at a data rate of 1 obs/sec. The
angular data were assumed good to 20” however, in the two to four week arcs
considered, angular data of this quality have an entirely negligible effcct on the
solution. The a priori estimates of uncertainty of the station positions were
taken as -20m in each center-of-mass coordinate. Biases in the range data were
not considered because biases for these instruments are known to be much
smaller than the station location error figure of -20 n.

A few simulations of the recovery of resonant geopotential coeificients
showed that data quality is not a limiting factor for resonant satellite reodery,
at l;ast within reasonable limits. The contribution of the pure noise to the
estimates after two weeks of t.oacking is always two to three orders of magnitude
less than the order of magnitude of the coefficients themselves. Thus we did not
evaluate factors such as the effect of adding more trackiug stations and different
data types. Resonance effects are so large that with modern tracking systems,
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the random noise does not significantly affect the estimates of the coeffici@nts
compared to the effeets of the unmodeled parameters.

Determining geopotential coefficients is plagued by the problem of separa~
bility. The principal non-resonant offs ot of a geopotential term of order v~ is
an m times daily oscillation. Thus, we require many different orbital pieves to
provide the information for separating the cffects of the various terms of a given
order.

A similar situation exists for circular resonant orbits or for resonant orbits
at the critical inelination, wherein all resonant terms produce perturbations of
the same frequency. Using one of these orbits, we cannot determine more than
a single "lumped" coefficient, Contrarily, the [requency content of an eccentric
resonant orbit, not at i - i, with a beat period greater than ten to fifteen days,
is considerable. The present authors and others have suggested the possibility
of recovering a large number ol geopotential coefficients from a single eccentric
resonant orbit. towever, simulated satellite tracking on a .1 eccentricity orbit
having a ~30 day beat period resonant with tenth order terms for four weeks has
vielded very poor results due to errvors in the unmodeled parameters, especially
errors in the non-resonant geopotential coelfficients. No significant information
concerning individual resonant terms was obtainable from single resonant orbits.

I"ailurc to obtain useful information from a single eccentric resonant orbit
led to attempted multiple-satellite solutions, TFigure 8-1 compares the single-
satellite solution with a three-satellite solution. The solution vector contains
the orbital elements and the resonant terms from (10, 10) - (13, 10). The solu-
tions shown for (10, 10) and (13, 10) are typical. The contribution to the solution
uncertainty of the noise is off the hottom of the scale.

The units on the y~axis of Figure 3-1 and of subsequent similar figures are
those of standard deviations (~). On the left of each b%- indicated by arrows are
the a priori ~, and the o of the solution including the effects of the unmodeled pa-
rameters. On the right side of the bars are contribution levels of the various un-
modeled parameters. The total effect of all of these is their Root-Sum-~of-Squares.
Rather than give the effect of the error of cach center-of-mass (COM) component,
the contributions in each direction are comhbhined as COM X, COM Y, COM Z.

In Figure 8-1 we sce the startling result that the o’s of the fits are in some
cases larger than the a priori values. But the o’s shown include the effects of the
unadjusted parameters. The noige-only o’s are always two to three orders of
magnitude smaller than the a priori information. The appearance of o's that
include unadjusted parameter effects larger than the a priori values imypiies
that the corrections from an attempted {it would be so bad that one weizs have
been better off not making the fit. For an example, if one knew a station position

19



CONTRIBUTION OF UNMODELED PARAMETERS TO TYPICAL GRAVITY COEFFICIENT STANDARD DEVIATIONS
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Figure 3-1~Single and Multiple Satellite Solutions for 10'h Order Terms
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within 20 meters and tried to improve the location by using near-Karth satellite
data yet ignoring the effect of J, , he would obviously degrade his knowledge with
such a fit.,

Figure 3~1 shows that although the noisc-only solutions may be a great
improvement over the a priori variances of the constants, including the effects of
unadjusted parameters would not permit much more than order-of-magnitude in~
formation for more than a few cocfficients even with three satellites. Further-
more, the corrclations of the constants with each other and/or the orbital semi-
major axes are in many cases .95 or higher,

The unmodeled parameters causing the largest degradation of the solution
arc the unadjusted non-resonant terms. Their contribution to the total is de-
noted "APL-SAO gravity."

The degree of the effect of errors in the non-resonant terms was unexpected;
however, further investigations revealed the reason for this large effect.

We know that errors in the gravity field prevent accurately determining
orhital encrgy, thus along-track position. The resonance effect manifests itself
almost entirely along-track and is extraordinarily sensitive to semi~-major axis
for heat periods 210-15 days {as discussed in Section 2). This fact is also re-
vealed by very high correlations ».9 between many of the . »sonant constants and
semi-major axes. Thus, we expect the errors of the non-resonant geopotential
terms to have a large and increasing effect with increasing beat period. Figure
3-2 illustrates this. Here we are comparing identical two-satellite solutions for
tenth order resonant terms. In both cases, orbital eccentricities were 1/10,
and inclinations were 90° during four weeks of simulated tracking. The long beat
period multiple satellite solution with one beat period >100 days has superior
noisc-only results to the short beat period case of £10 days. However, the ef-
fect of the unadjusted non-resonant gravity terms is vastly decreased in the
dominant (10, 10) resonant term for the short beat period, seen by comparing
the values denoted by "APL-SAO gravity." Furthermore, as expected, the
correlation coefficients for the resonant constants and the semi-major axes of
the orbits iv reduced for the small periods, some of them approaching .9 for
the +10 day beat period in contrast to about .97 for the long beat period case.

Figures 3-1 and 3-2 show the real problem confronting the resonant satel-
lite geodicist is finding orbital situations for combined solutions that minimize
the effect of the unmodeled parameters. Figures 3-3, 3-4, and 3-5 show the
results of attempts at reduction of unmodeled parameter effects by variation of
various orbit and other parameters.
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Figure 3-2—Effect of Beat Period on the Solution for soth Order Terms
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Figure 3-3 compares the results of two, two-satellite solutions, Eccentric-
ities for case 1 were the same at ,15 and for casc 2 were set at .1 and .15, Two
weeks of tracking were assumed for these polar orbits. A combined solution
with different eccentricities sometimes produces improved results although
there is no meaningful information with this change for terms with (£ -m) » 1,

Another attempt with varied orbital geometry used identical ccceentricity of
.15 and ineclination of 90°; however, arguments of perigee and node were 90° and
135° apart, respectively. Again, varying the orbital elements produced a slight
improvement only for small (£ -m),

Figure 3-4 shows the results of observing multiple satellites in the same
plane for two and four week periods. Note that the value of » (C,, ,,) is worse
for the longer arc, This phenomenon is often observed in orbit determination
problems. Two iong a tracking arc may degrade a solution because of the effects
of the unmodecled parameters.

Inclination significantly affcets the resonance phenomenon, Figure 3-5
shows the results of two-satellite solutions at 45° and 85°., The solution at the
high inclination is superior for the dominant C,, ,, term, as would be expected.
At the lower inclination, the effects of the various resonant terms are more
nearly equal in magnitude than at the high inclination where terms with (4 ~m)
equal to 0 or 1 dominate, At the low inclination the effects of the unmodeled
resonant terms are very large for this reason.

The single plane cases in Figures 3-1 through 3-56 have a very common
factor: The errors in the non-resonant gravity fterms dominate the estimates.
We can control the effect of the unmodeled resonant terms by selecting eccen-
tricity. Station location errors and GM error are scldom serious, The large
effect of the unmodeled non-resonant terms is caused by the sensitivity of the
resonance phenomenon to the orbital energy or period.

Having failed to achieve meaningful results with a single plane, multiple
gatellite solution, we next attempted multiple orbital planes. Figure 3-6 com~-
pares the previous three~-satellite, single-plane solution with a two~satellite,
two-plane solution. The effects of the unadjusted non-resonant gravity terms
have decreased greatly over the single plane solution, particularly for large
(£ -m ). This multiple plane solution has been the first to yield substantial in-
formation about a number of resonant coefficients. Even more important, the
correlations of the geopotential coefficients with the orbital semi-major axes
were reduced to .8 at the mocst.

In the multiple plane solution we did not expect but did obtain an increased
effect of the unadjusted resonant terms. However, one of the planes was inclinded
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45°, Reeall that low and middle inelinations are less favorable in this respect
because the resonant perturbations in these orbits are more nearly equal for
both small and large values of (¥ = m).

The problem of correlations apnears to be worse for high altitude orbits.
A correlation coefficient of .999 was observed between €, . and C, , for case
one of Figure 3-7. Furthermore, the correlation Loefficients with tlm semi-
major axis, were .9 in some casges, in spite of the multiple orbit planes, There~
fore, constants determined from this situation would have no meaningful appli-
cability other than to these orbits, Many orbit planes are necessary for high
altitude resonant orbits to yicld independent estimates of the gravity field.

. CONCILUSIONS

We have ascertained that the random noise level required for resonant
gatellite geodesy i not stringent; moreover, resonant satellite geodesy does
not require continuous tracking by numerous stations. However, data biases,
like station locations may he important if excessive, IFurther, tracking arcs
longer than a few wecks for low altitude resonant orbits are undesirable be~
cause of the effects of crrors in the non~resonant geopotential coefficients.

We have also demonstrated that single, cccentric resonant orbits alone are
not valuable to geodesy if more than order-of-magnitude estimates of geopoten~
tial coefficients are required. The cstimates of the errors of the geopotential
coefficients obtained from a single resonant satellite are almost perfectly cor-
rclated with each other as well as with the estimates of the error of the semi-
major axis. Thus, the coefficients from a single satellite will be applicable only
to the orbit from which they were obtained., This fact, while unfortunate for
geodesy, suggests that for operational purposcs, when resonances exist, we can
obtain good results for prediction purposes by solving for one or two "lumped"
resonant coefficients. We have in addition shown that the single plane multiple
satellite solutions are only a slight improvement over single satellite solutions,
As in the single satellite case, the controlling factors are the errors in the un~
modeled non~resonant terms and the very high correlations of the coefficients
with each other and with orbital semi-major axes.

Finally, small (210 day) beat periods are desirable to uncouple the geopo-
tential coctficients from the orbi‘al semi-major axes. The low beat periods
also mean that period errors of at least several minutes can be tolerated in a
resonant. satellite geodesy mission.
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Thus, resonant satellites in a single plane must be used in a combined
solution with non-resonant satellites or gravimetry or both to make a meaning-
ful contribution to geodesy Satellites of low to moderate eccentricity in several
orbital planes (with some of high inclination), all resonant with terms of the
same order, can produce good independent estimates of geopntential
coefficients,
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APPENDIX

ERROR ANALYSIS

The ORAN (Orbital Analysis) computer program used for this study was
designed for computing the effects of random and systematic errors on minimum
variance orbit determinations. Systematic errors can be in the form of either
adjusted or vnadjusted parameters, with the effects of the latter broken down into
effects of the individual error sources. The program computes the effects of the
unadjusted parameters on both the recovered parameters and the orbit, with the
orbital effects propagated from epoch to any desired prediction time.

The programis configured for multiple arcs, with some error model param-
eters such as station positions constrained to be common to all arcs, and other
parameters, such as measuremesnt biases, which difrer from arc to arc.

Force model errors can arise from uncertainties in geopotential coefficients
through degree and order 20. Uncertainties in up to 44 individual coefficients
can be carried, and any of these may be either adjusted or their unadjusted effects
propagated. Alternately, or in addition, the force model error can be carried as
the differences between complete gravity models in which case the restriction to
44 parameters does not apply. The SAO, APL, and NWL models are built into the
program and the differences between any two of these three, or any complete
model supplied as input, are available as force model errors. Note that the
gravity model difference is treated as a single parameter, and 43 geopotential
parameters may also be considered as adjustable. Of course, adjusting a geo-
potential coefficient removes it from the model difference set.

Mathematically, the unmodeled error propagation is based on the following
observations. The minimum variance orbit determination uses the basic equation

50 = Ada + e (1)

to relate discrepancies (50 ) between measured and calculated observations to
discrepancies ( §a) between true and a priori estimates of the set of parameters
to be recovered. The set §a includes the six orbital elements but may also
include other parameters. The matrix A is the set of partial derivatives of the
measurements with respect to the adjustable parameters, and e is a vector of
measurement ''noise."" When the least squares criterion is used to solve (1) for
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the best estimate of a, the result is
o= (ATWA) ~1ATWL0, (2)

wherc W is the matrix of measurement weights. For the solution to be minimum
variance, the weight matrix must be chosen such that

W=l = E(eet). (3)

That is, W must be the inverse of the variance covaraince matrix of measure~
ment noise. In the normal data reduction programs, W is generally so chosen
hecause it actually is measurement random error, in which case W is rather
accurately expressed as a diagonal matrix.

For various reasons, the set of parameters adjusted in data reduction pro-
grams is cnly a subset of those parameters having some error. For example,
our knowledge of geopotential coefficients is by no means complete., Yet a
truncated model is always (of necessity) used, and the error in all coefficients
used is ignored in all variance computations. Because the net effect is that e is
not rand~: - yet contains definite systematic components, we can obtain a more
accurate v« vesentation of the measurement discrepancy vector by expressing
c as

e =Ky + ¢ (4)

where v is a set of errors in parameters previously ignored, K is the matrix of
partial derivatives of the measurements with respect to these parameters, and
¢ is the vector of measurement random noise upon which W is still based. Sub-
stitution of (4) into (1) gives

60 = ASa +Kv + €. (5)

If the weight matrix for the measurements is based on ¢ and is the same as that
used in the data reduction program, it follows that the solution for $a actually
being obtained is not that given by (2), but actually is a "biased" solution given by
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5a = (ATWA) =1 ATW($0 - K7y). (6)

From this relation, we may obtain by differentiation the effects of "unit' values
of the set of v parameters,

—— = - (ATWA)~! ATWK. (7)

It follows that if the matrixK can be obtained, the effects of unit values of the
parameters are obtained by substituting K for the 80 vector used in the data
reduction program. A priori estimates of errors in the v parameters lead to an
estimate of the magnitudes of the effects on recovered parameters, and the
trajectory, of each v parameter.

Uncertainties in the 's are generally uncorrelated. If their correlations
are known or can otherwisc be accounted for, an estimate of the total or overali
accuracy of the orbital solution is readily obtainable. For this study, errors in
station locations,GM , and the geopotential were considered. (See Table 3-1.)
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