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ABSTRACT

Numerical integration plays an important role in satellite orbit
determination. This paper presents the general philosophy of numeri-
cal integration, a description of the often used multistep numerical
integration algorithms pertinent to orbit determination, and the deri-
vation of the formulas and their various forms used in these multistep
algorithms. The coefficients for different forms of these formulas are
presented in rational form up to order fifteen in the appendix,
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COWELL TYPE NUMERICAL INTEGRATION

AS APPLIED TO SATELLITE ORBIT COMPUTATION

by
Jesse L. Maury, Jr., and Gail P. Segal
Goddard Space Flight Center

INTRODUCTION: GENERAL PHILOSOPHY

Many problems involving ordinary differential equations cannot be solved explicitly or
analytically. It is for this reason that numerical techniques for approximating solutions of such
equations were developed. The advent of high speed computers which can handle the tedious
arithmetic involved has made these techniques even more attractive and useful. Using a compu-
ter, it is possible to extend these numerical techniques to a degree of precision far higher than
any hand calculation could ever achieve.

Of particular interest are the discrete variable methods which yield approximate solutions of
the problem y' = f(x, y) at a set of discrete points x, x + h, x + 2h, ... where h is the step size.
In general, the discrete variable methods applied to initial value problems can be classified as
either one-step methods or multistep methods. The one-step methods require knowledge of the
value of the function at only the previous point while the multistep methods require this knowledge
at a certain number of preceding values. That is, to approximate the value of the function at x + h,
a one-step method would need only knowledge of the value of the function at x while a multistep
method would require this knowledge at the points x, x - h, x = 2h, x = 3hy ..., x - nh.

At first, one might think that the one-step methods would be more advantageous in obtaining
the approximations since they require only one previous value, one backpoint. However, the error
committed in using the formulas of any one-step process over a given interval is generally larger
than the error incurred in a multistep method, Also, to go one step forward with a one-step
method requires more evaluations of the function, and, in the multistep method, increasing the
order (the number of backpoints used) does not necessarily require a concomitant increase in
evaluations. Furthermore, since large orders of a multistep method are easily attained, multistep
methods are highly accurate with relatively large increments of the independent variable.

In the realm of orbital dynamics, the use of numerical techniques is virtually dictated. It is
almost impossible to solve analytically (i.e., explicitly) those equations which represent the mo-
tion of a satellite. Analytical solutions such as Brouwer or Two Body Motion are sometimes



employed, but at best they use only limited approximations of the real forces which affect a
satellite's motion. With the numerical approach, the expressions of these forces do not have to be
truncated after the first few terms: they can be expressed in their entirety.

Some of the computer programs which use numerical methods to compute the motion of
artificial satellites are:

D.0.D.S. - Definitive Orbit Determination System
May 15, 1968
Space Systems Analysis and Computer Programming Services
Contract NAS 5-10022
Prepared by
Scientific Satellite Systems Department
Federal Systems Division
International Business Machines Corporation
Gaithersburg, Maryland

Noname — An Orbit and Geodetic Parameter Estimation System
Aug. 1968
Contract Number NAS-5-9756-71D
Prepared by

Wolf Research & Development Corporation
Applied Sciences Department
College Park, Maryland
Prepared for .
Mission and Trajectory Analysis Division
National Aeronautics and Space Administration
G.S.F.C., Greenbelt, Maryland

Lungfish — Lunar Gravitational Field in Spherical Harmonics
Feb. 1966
Contract No. NAS1-4998
Prepared for the Space Mechanics Division of the Langley Research Center
Prepared by Computer Usage Company, Inc.

Trace — Trace-C Powered Flight Trajectory Determination Program
May 1965
Report No. TOR-469(5352)-1
Prepared by Aerospace Corp. —
C. S. Christensen, A. R. Jacobsen and R. J. Mercer

This paper describes how multistep numerical integration is started with a one-step process,
exemplified by the Runge-Kutta method; how the multistep process is used in orbit determination,
exemplified by Cowell type formulas; and derivation of predictor and corrector formulas for



equations of the first and second orders. Also included, in the appendix, are the coefficients for
the multistep methods discussed in the text.

In the discussion, y and f are 3-space vectors. The independent variable is x, while

_ ¥
byl = (v2+y2-yDH".

DESCRIPTION OF INTEGRATION METHOD

1 Starting the Multistep

. 1
The multistep numerical integration method of solving differential equations requires a
knowledge of preceding values (backpoints). Consider the initial value problem

yF f(x y ()

y(xg) T vyg-

We need to know the values y (X))~ y,y (X3) T ¥ ooy ¥y (Xp-y) = Yo-p ¥V (%) T vy where x, = x*h,
Xy T x+2h, ..., x | T xt (m-1)h, x = x+rh, hbeing the step size. These val>s are needed

to determine from evaluation of y' = f (x, y(x)} — more simply written f(x.y) — the backpoints y_,
Yo _1s - ++s Yas ¥y, ¥, required by the multistep algorithms. (In physical terms, this may be con- -

sidered as having for each x, a position y, and a velocity y/.)

To produée the initial backpoints used to start the multistep process, a one-step numerical
integration method such as Euler's method, Taylor's expansion, Runge-Kutta, etc., is used. Each of
these methods requires a knowledge of only one preceding value of y(x). Thus the initial value
y(x,) = y, is sufficient to initiate the one-step "starter"” for a multistep process.

A commonly used one-step method is the Runge-Kutta which computes Yy> ¥ps - - as follows:
Given the initial value problem '

yo = f(xy)

Y(xo) = YQ *
The formula used is
_ 1
Yory = Y, **‘6‘(k1 + 2k2 + 3k3 + 4k4)
n = 0,12 ...

where

k, = hi(x,y)
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k, = hf(x *h.y *k

Ascan be seen from the above equations, a fourth order Runge-Kutta process requires four
evaluations of the derivative v' =-f(x.y) for each step forward.

By way of remark, the following should be considered. Applying this Runge-Kutta process to
each of the three (usually complex) equations of motion of a satellite to produce position and
velocity coordinates is inefficient. Furthermore, to achieve the required accuracy necessary in
orbit determination analysis, the step size h must be very small. The error incurred by this
fourth order Runge-Kutta is of the order h® while the corresponding local error for a multistep
process is of the order hP"! whereP is the order of the multistep method which is usually higher
than 4. Thus, the step size of the Runge-Kutta startersnus!/ be a fraction of the step size of the
multistep process. This is an important consideration in programnﬁng the multistep algorithms.

There do exist multistep methods used as starters. These methods employ a time-consuming,
iterative procedure to produce each backpoint and it is questionable whether they are more effi-
cient than the one-step methods. In any event, the time required to set up the starting table of
initial backpoints for the multistep process is usually a fraction of the total computation time,

Any gains in efficiency accrued by these iterative schemes are, at most, marginal while the sim-
plicity of the one-step methods make them desirable. ’

[I. The Multistep Algorithm

Assuming now that for the initial value problem

y = f(x.y)

y(%,) 7 ¥y
we have generated the backpoints v, v, ., «.. ¥y, y;, ¥y by some single step process. (We may
write y, = fy, yi ¥ f, ..., v, = f tomeany{ = f(x, * ih.y(x, * ih)).) With this set of back-
points, vy, ¥,, ¥4 -+ Y,_;» Y., the multistep process can be started. These values are used in

an extrapolator or predictor to compute y_.,. The predictor considered here is the Adams-
Bashforth (Henrici) which has the form

Yoe1 T Yo © h{“ovoynl. ta iy +a, Wiy 0t T.7"y'}



where V! représents a difference operator (dis-
cussed later) operating ony’ and employing the

backpoints y', vy, _ 15 .-e Vo 4ss Voont1®

The predicted value of y_,, is used with
X to evaluate

m+]

y = fxy)

for y..,. This value of y.., is then employed
in a corrvecfor formula which yields a new
value for y_,,. The corrector discussed here
is the Adams-Moulton (Henrici) which has the
form

= AR ALY
yrr*l ym = h {CLO ‘ )m*l M (le &m*’l

ey

L L}
J o VP
2 -vm‘l T r.v‘vvym'l}

We now have two values for ¥oepo 2
and a corrected

These two values are com-

predicted value, say °»y .,
value, say ‘y_,, .
pared. If the absolute value of their difference,
“Yo+y = Py..,|, 1S not less than a given toler-
ance, the®y . is used (i.e., substituted for
Py .,) with x . to again evaluate f(x.y) for a

new value of v..,- The corrector is then used

again with this new value of y!, to calculate a
new y_ . . This iteration process on the cor-
rector is repeated until [© 7y [ - Sty |,

where ‘1 meets the tolerance. A

- P
m*1 Yme1?

USE PREDICTOR TO

CALCULATE "ymH = C|Ymﬂ

USE “v_., AND x_,,
TO EVALUATE f{x,y)
FOR y!

m+l
USE y'

L. IN THE
CORRECTOR TO
CALCULATE “i'ly

m+l

|

REPLACE “y_.,
WITH 7y

1S

© 4 1]
Yen+1 Y+l

< TOLERANCE

m=+]

STORE FINAL
VALUE OF y. ,IN
BACKPOINT TABLE

Figure 1—Predictor-corrector algorithm applied to the
initiol value problem y' = f(x,y), y (x,) = y,.

simple flow chart may describe this more clearly. See Figure 1.

When the iteration process has converged (i.e., the criterion on |

-“'y_., i has been

| €ty
ym*l

satisfied), the final computed value for v.+; 18 entered in the backpoint table. Then, where the

points Yas Yyis »-

used to determine y'.,. Etc.

Note that in the Adams-Bashforth predictor, no knowledge of the value v

<y Yo.y» ¥, Were used to determine vy the points y,, v,,

-+ ¥Y.5 ¥Y.., 4T€ NOW

m+1?

being derived is

mt1

needed while such knowledge (namely a value for v_.,) is needed in the Adams-Moulton corrector.



Equations like Adams-Moulton corrector (closed form equations) have smaller truncation errors
as well as desirable stabilizing characteristics. The predictor is used to obtain an estimated
value for y,_,, good enough to keep the number of corrector iterations low. This predictor -
corrector algorithm is well known and it has been shown by various authors that for a sufficiently
small step size, h, the successive corrected values obtained converge to the unique solution of the
closed form equation provided the function being numerically integrated is sufficiently smooth.

The above discussion considered numerical calculations for deriving values of y (and con-
comitantly y') at discrete points from the initial value problem

y = f{x.¥)
Y(xg) MY
The same technique could be used on any initial value problem of the form

{n) = (n'l))

y f(x ¥

y(n—l)(xo) = yo(n—l)

to solve for y(*-!(x,). In particular, we are interested in calculating y’,, from the backpoints
y)', ¥!',, ... since, in general, satellite orbit determination involves the initial value problem

y'oE f(uyy)
vy (%) = ¥
Y(Xy) T ¥y

This could be approached by generating an initial set of backpoints for y'' and y'; then using
vy vay» «-. tocalculate y ., andusing y,, y,_,, ... tO calculate y_,, employing the same tech-
nique described above in both steps. However, certain advantages accrue if we use a mathemati-
cally equivalent technique which derives y_,, directly from the backpoinfs Yo'y Yalgr e For
one, it is necessary to keep only one set of backpoints — the retentionof y', y'_,, ... is obvi-

ated. Secondly, we often must work with the problem
y'oE By

f’(xo) = ¥o



when only conservative forces are involved (i.e., no drag or other energy dissipating forces). In
this situation, when y ', has been satisfactorially determined, y

m#+1

can be calculated by evalu-

)
mt1

ating the corrector
1 - 1 . 0 - it - - - Al
Yo+1 = Yo +h{a0?)'r;‘:l+alVIym*l anvn’mﬂ}

only once.

Consider now, working with the initial value problem

y o5 f(xy)
¥ (Xg) T ¥,
Y(xo) s Yoo

Here, the predictor-corrector approach is the same. The difference exists in the polynomials: in
particular, the coefficients are different. The formulas considered here are generally referred
to as Cowell type formulas. They are:

Stormer Predictor

Varr 5 2yn =y P RE{B Wy s g Vgl v 5 Ry 6 g Ty

m

Cowell Corrector

Vaer T 2, Ty P RI{BITOYN BTy e VR e BT

mt1 o+l

In the most general form of the initial value problem
yoo= t(xy.y)
v(x) =y,

y(xy) = ¥,

v.+; is derived from the backpoints y'‘, y'' , ... using the Adams formulas while y is

mt



obtained from the same backpoint set using

the: Cowell formulas. In testing for con-

vergence of the corrector formulas, the sum

[€i*1 0 - St ;
! ym+2 yrﬂ*l‘

pared to the tolerance.

fCi+r

Ypey = Yp., LS coOm-
A flow chart of the
process is given in Figure 2,

1. Derivation of Multistep Formulas

These foregoing techniques are referred
to as numerical integration. This appellation
originates from the derivation of the methods.
Consider again

FOxy)
Y(xg) T ¥y

Integrating both sides between x_ and x ,,, we
have

or

- ‘m+l \ kY
Ymey = Ve ! f(s)cs
x

m

where f(s) denotes f (s, y(s)).

By replacing f(s) by a Newtonian type interpo-
lating polynomial and integrating, it is possible

PREDCT "y .y~ "'yL., JSING
ADAMS.BASHFORD PRES'CTOR.
PREDICT %y, Ty, . USING

STGRMER PREDICTOR

e

¥
USE Syl .y “yp.y AND

x TO EVALUATE

Yoy Fixyey

CALCULATE © "%y . USING
ADAMS.MOULTON CORRECTOR.

CALTULATE © "'y .. USING

CCWELL CORRECTOR.

3

REPLACE “y_ .,
wiTH

O
st e o e e Yooy
Yen=1 LS | I T P Yn-d "

< TOLERANCE?

REFLACE “y .,

€, +)

WiTH y

el

STORE FINaL valUE OF
N BACKPOINT TABLE

Figure 2—Predictor~-corrector algorithm applied to the
initial value problem y" = f(x,y,y'), y'(x,) = yg,
Y(xo) =Yy

Y1

to derive the Adams type polynomials which are used to approximate the expression

Xmty
*m

f(s)ds.

The error generated by replacing the function being integrated with a polynomial which is,

effectively, integrated is usually obtained by integrating the local error associated with the interpo-

lating polynomial. For example, it can be shown (Henrici) that the local error expression for

formulas of the above type is of the form

R___ =

C Hert! y(p*1> ()



where p is the order of the method, h the step size, ¢ is a value between the largest and smallest
values of x on the interval (x,.%,,,), and C is a constant specific to the formula.

The Cowell type formulas can be derived by a double integration of y'' = f(x,y) and again
employng a Newtonian type interpolating polynomial (Henrici). These derivations are complex.
A simp.er approach using difference operators avoids much of the difficulty involved in integrating
the interpolating polynomials. This is the derivation given here. Using this approach, the opera-
tor definitions lead naturally to the Adams-Moulton corrector. It is derived first, The other
formulas follow easily from this derivation: first, the Adams-Bashforth predictor, then the Cowell
corrector, and finally the Stérmer predictor.

In the ensuing derivations, some confusion may arise between the subscripts m andn <1. The
predictors are derived for y ., the correctors for y,» This is of no real importance since the
same backpoints can be labelled either as y_, Ymo1? Ymezr =+ OF y_ 00 vy oy, .

A. Preliminary Definitions and Relationships

In order to derive the formulas for multistep numerical integration, it is useful to develop
several tools. Consider the following difference tables (Figures 3 and 4). The first column is
formed by defining the values t(x + ih), i = 0, 1, 2, ... for forward differences and f(x - ih)
for backward differences. The second columns are formed from differences of successive values
of the first column, The third columns, from differences of the second. And so forth. (In both
tables, the subtrahend is the value above the minuend in each column.)

f{x - h) f(x ~ 2h 2f(x * h) + f(x)

f(x + 2h) - f{x + h) f(x *&’ 3(x + 2h) = 3f{x + h) - £(x)
fix + 2h) f(x*3h)‘2f(x+2h)+f(x+h)

flx + 3h) = f(x = 2h)
f(x + 3h)

Figure 3—Forward difference table.

f(x = 2h) - f(x‘— 3h)

f(x = 2h) Flx = h) = 2F(x ~ 2h) *+ Fx - 3h)
flx=h) = F(x ~ 20) F)= 3F(x = h) + 3(x - 2h) = 3F(x - 3h)
fix - h) f(x) = 20(x = WYF F(x = 2h)
FOoO - f(x - h)//
—F(x)

Figure 4—Backward difference table.



10

From these tables, we derive the following operator definitions:
Forward Difference Operator (delta)
Ligx) = f(x ~h) - 1{x)

Alfexy = a{af(x)) T f(x+ 2h) - 2fix - h) * (%)

n

ATf(x) = Afoelf(xy) = Z(«l)' (T) t(x - (n - i)h)

Backward Difference Operator (nabla)

VEi(x) T f(x) - f(x - h)

T2f(x) = V{VE(x)) = f(x) - 2f(x - h) - F(x - 2h)
an(x) = \7(vﬂ"1f(x)) = Z(_l)x (T) fix - lh)
170

These definitions simplify our difference tables. See Figures 5 and 6.

T (x) fix = 3h)
Afix) S f(x -~ 2h)
f(x + h) 8%F () Fix = 2h) V2E(x - h)
~
Sf(x + h) &34 (x) Ti(x = h) V34 (x)
L .
fix + 2h) 826(x + ) f(x = h) /vmx)
Af(x + 2h) /7f<x)
f(x + 3h) /F (x)
Figure 5—Forward difference table written in Figure é—Backward difference table written in
forword difference operator notation. backward difference operctor notation.

In addition to the difference operators, we define:
Identity Operator

I1€(x) = f(x)

(1a)

(1b)

(2b)

3)



Shift Operator
Ef(x) * f(x - h) 4)

E7f(x) = f(x + nh)
(» may be any real number)

Differential Operator

t

Df(x) £ (x) (5)

t

D f(x) = (™ (x).

On these operators, we define an algebra where, for any two operators L,and L, L, tL,
means the results of L, operating on f(x) are to be added to or subtracted from the results of L,
operating on f(x); while multiplication, L, times L,, means L, operating on the results of L,
operating on f(x). For example,

If(x) —E'f(x) = f(x)- f(x-h) = Vi(x),

u

AT (%) a[f(x) = f(x - h)]

= BAf(x) - Af(x - h)
= f(x+h) - f(x) - [f(x+h=h) - f(x~h)]
= f(x +h) - 2f(x) + f(x - h).

It can be shown (Hildebrand) that these operators follow the laws of commutivity, associability,
and distribution.

With these definitions, we derive the relationships

v (®)
E = (I-W1 = I__I_v_ ™
A = E-1I. ®)
Then from Equations (7) and (8),

11



But, 1?2 = 1and 1V = ¥v. Hence

& = >:_7 ' (9)

In addition to the above operator definitions and relationships, we need the series representa-
tions for e*, i )_\ ) and -log (1 - x), and formulas for series multiplication and series

x? 1-
X xZ . = 1
ex = 1+1,*2‘ LA ? -i\‘. (10)

division:

I_X:x-x2+x3‘»r‘.. :Zx"‘ (11)

1~X:l*x+x2*,..:Zx‘ (12)

%2
X t—=

2

wlxu

~log (1 - x)

XZI":1~ (13)

150

For series division and multiplication, let the series s, and s, be the arguments of the
operation and s, the result. We define

= + + .2 = )
s, 1 a x S S -S' a x

i=0
where
a, ~ 1
1‘\
s, = 1*b1x+b2x2‘ = ? b x
(=0
where
b, = 1,
and for the resultant series s, - s, s, Or s, = s,’/s, We desire

12



where

Then,

Series multiplication is defined as

|
1"

- (b, ta)x+ (b, *ab ~ a])x2 t (by v ab, ta,b 2‘13)x3 AR

(14)

t
%
[~
=
1
.-m

where

and,

Series division is defined as

s;/s, T s; = 1+ (a _bx)"+[az-(bzc1 ;bz):] x? -+ [33_ (bye, + b,c, TbJ):t x3+ .

= 1+in as-Zb~C.-; ) (15)

151 =1

where

Note that series division is a recursive definition requiring ¢, Cys €35 -+ -y ¢, _, to compute the n'"
coefficient, c, of the n*" term of the s, series. Note also, where s, = 1, series division reduces to

s, = 1+ Z xo- Z bc,) . (16)
i=1 1=1
where
g, = 1

since a, = 0for 1 > 0.

13



B. Derivation of Formulas

Consider now the Taylor's expansion of an interpolating polynomial

h n? [
p(x +hy = p(O g7 PPty et x) + L s et ().

g the shift operator Ep(x) - p(x * h), the differential operator I’ p(x) = p{™ (x), and the iden-

Usin
tity operator Ip(x) = p(x), we have

( h h? 9 h \\
‘1 +FD+ 2!D L *—h—‘U’/ p(x).

Ep(x)

(Note that this is a finite expansion for any given n since p(x) isa polynomial, hence has only n

derivatives.)
Then, by Equation (10) the expansion of e*,

E = P
or, by relationship (7) is
(I -9yt = P
Taking the log of both sides,
~log(l - V) = hD
or
L. o hD
~log(I - V)

Multiplying both sides by V,

7w [

and employing Equation (13), the expansion of -leg(l - x), we have

14

(17)



which by series division (16) is

i ai-j
5 = L o =) T (19)

This is the Adams~Moulton Corrector. Some of the coefficients, a, are given in Table 1.
For i =0 toi = 15, see Table 2 in the appendix.

Applying this to our initial value problem Table 1
N Coefficients of Adams-Moulton Corrector.
y = f(xy.y) :
i 0 1 2 3 4 5
Y(x0) = v ‘ SR IR TR S B S N T D L B
i 2 12 24 720 160
y(x,) = 'y,

to obtain a corrected value, °y,» Wheny' and y_ have been predicted, an approximation of y'* cal-~
culated, and the other n - 1 backpoints y'' |, Yorps ¢ -1 Yau,., determined, we have

Uy, =y, " Voo

m

n

1 . 1 1
- ) - =72 - ==73 "
h{l 2v 12V 24v } Yo

15



or

1
_ EZ IL-y.': - 3)m—l + 3y 3 + )”‘—3]
. ¢ /n " /n " n LK n X
T [’ v Gl - ) v e »” - (20)

We now wish to develop the Adams-Bashforth predictor. Consider again Equation (17) and
multiply both sides by relationship (7) noting that VE = 2. Then

V‘E L\_‘ = }ﬂ _(I-—\_')-lv D - h .__._I_-_P—_ D
' S leg(I - V) ~log(I = V)| '

Now, employing Equations (11) and (13), the series representations respectively for
-log(l - x), we have

X
1-x

and

L= n [Z N r} D (21)

16



where n’is the number of backpoints (i.e., the order of the method) and

ai-j
L “izl_Zj+1‘ (22)

Some of the «, are given in Table 2. These coefficients are given rational form for i = 0 to i = 15
in Table 2 of the appendix.

Note that the derivation involved infinite Table 2
series. However, since these operator rela- Coefficients of Adams-Bashforth Predictor.
tionships are valid for polynomials, the corre- l
sponding series are finite. Hence, there exists Lo 1 2 3 ‘ 4 5

}
n such that a = 0 for all i > o, | 2511 95
J 720 288

o] o

Thus,

8Yq 5 Yoy T Va
- h{1~5‘V+1—55v2T§v3+, N Vn}y":.
or
1
R R A R
5

12 [y‘;' T2y, * yn'a,—2]

17



"

3
M S S N .

O e ) E N O A O R TR G AR N | (23)

e

As previously noted, we have the problem of calculating v_ from the backpoints y' , y'',,
To achieve this, consider once again Equation (17). By squaring both sides we immediately

have a formula involving Dy = y

¢ 2
V2 = p2 {—_v» ﬁ} D2 (24)
—log(I - V) !

=

2
It is possible to obtain an expression for [m] merely by squaring the series repre-

v -
] However, a more suitable formulation can be derived as follows:

sentation for [m .

Consider

[log1 = 9] = B D [log1 - 7] ?

where D! is the informal integration operator (Hildebrand), the inverse of the differential opera-
tor. Then ‘

DD [-log(l -] ? = D2 o
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where

Then, by integrating (i.e. using the operator D7!),

. @ 2H>*l v’fz
[Froga-m) 7 = )" =

i=0
Z, B, Vi
- i+l
—2Vsz+2. (25)
i=o
Using this expression in Equation (24),
V2 = K2 ve 2
2v2 Z H:*l v
1t 2
3=0
which by series division (15) is
52 = . i
V2 = K2 Zﬁ‘v D? (26)
i=0
where
By =1
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and

1y

"L

1=1

j 72

2H

LB (27)

)

m

—3

k

1
k
1

Table 3 and n is the order of the method. This is the
Cowell corrector. Some of the coefficients,
Coefficients of Cowell Corrector . . . . .
£, are given in Table 3. For 87, 1=01to
. 0 1 9 3 4 5 i = 15, in rational form see Tab}e 4 of the
- 3 . 1 i S 1 appendix.
i 12° 240 240
Thus,
v2 y.—u b ym - zym-l - ym-?
1 1 i "
:h{I-§V+—”2+OV3-2-4’6‘/4 ..}ym
or
- 1 1 LN "
I 2ym-1 Ym-2 *h Yo E [ym - ym—l]
1 s P) 1 o 1l
+ E [ym - 'ym—-l + ym-2] + 0
1 Moo 3] 1 " [ "l
T 240 e T Waiy POV, T AL T Yo,
Pl (§) n 1t n re n 't ’
* pn {ym - (1) Y-t ¥ (2) Yoo2 ~ <3> Yo -3 ! T l)ﬂ yn:-n]} ’ (28)
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As in the case of Equation (19) we need an extrapolator or predictor. This can be derived in

the same manner as Equation (21), only this time, multiplying Equation (24) by relationship (7),

v I
72 = 2 2
VIE = h [-mg(x—v)] (I—T)D .

Using Equations (25) and (12)

where

and

This is the Stérmer predictor. Several of the
coefficients, £, are given in Table 4. For 5,
in rational form for i = 0 to i = 15, see Table 3 Table 4

(29)

(30)

of the appendix.
Coefficients of Stérmer Predictor

Thus
’ i 0 1 2 4] 3 4 5
2 1 1 19 3
v? E 2 + 3 — — —— —
Yo Ymi1 T 29 T Yooy 3001 0 1z 12 340 40
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or

ym*l = 2ym - ym—l * h2 {ynl\l +0

5]
[ ] Rl
—
~
t
w
~
+
w
<
«
3 e
3 c
w
——d
+

g P - (e (s - () - e y;,'.,,]}‘ (31)

In recapitulation, we have derived the following formulas for numerically solving at discrete
points the initial value problem

y' F f(xy y")

y'(x) = v,

y(X3) 7 vg-
The Adams-Bashforth predictor

Vyn:él = Ay"'l = y';+1_y| = hZ a]v: y.;l
i1=0
where
a, = 1
and
i [¢1
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which is used to produce a first épproximation of y,,, for iteration in the Adams-Moulton cor-

rector
n
vym N ‘ym - yrn-l = h ; a\ ‘7‘ym‘
120
where
e = 1
1
and

and the Stormer predictor

T2 - = 2 - _ - - 2 o * i "
’ ym*l v Eym ym’l 2ym ) ym—l h 2 ‘CxVIym

where

and

3= 1~ : 2Hi*1@
pi j+2'1—j
Z’" 1
Hm = '
k=1

which produces a first approximation of Y.+, for iteration in the Cowell corrector

n
v2ym N ym - 2ym—l * ym-2 B hz Z Ei. vi yul'l
i=0

where

B = 1



and

C. The Summed Form

It has been established (Henrici) that algebraic equivalents known as the summed forms of the
foregoing equations considerably reduce the propagation of round-off error. These summed
forms can be derived by defining the operators ¥ ! and V"2 as the inverses of V! and v?

TTT =g TUU o= ]
and defining
Tly, = 'S, (32)
T2y V'l(ISm) = Mg . (33)

Then, applying v to Is_ =V iy’  Wwe have

'gr/'*ly"',“l =V Ism*l)
yr:'l‘*l * lsrn*l - ISm
or
ISm*l = ISv-n * yr;-‘l‘ (34)

Also, applying vV to s, = 7 1¢Is ), we have

VOTNOS L) 7 TS
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which, by using Equation (34), becomes

IIS“M1 = IISm + Ism . y‘. . (35)

mt 1

The1, multiplying both sides of the Adams-Bashforth predictor and the Adams-Moulton cor-
rector by V-1, and similarly multiplying both sides of the Stormer predictor and Cowell corrector
by V-2 and using identities (34) and (35) we derive the following summed forms:

Adams-Bashforth Predictor Summed Form

122

' 3
v_lvym*l = Yors = h{aolsm'*a,y;"* E le:*ly;f (36)

where
a, = 1
and
i fel
= - E T
a, = 1 !
)=0
Adams-Moulton Corrector Summed Form
V"Vy'; = yr;l = h ao’ Ism + (%- + a;)yn‘\q Za:va-lyr’-‘ (37)
=2
where
ao' = 1
and

25



Stormer Predictor Summed Form

VTITZy s oy T h? ,c-ollsmm?, ’Sm+;':2y';+ ? ;31‘7’-2)'“"'_? (38)
i3 J )
where
Sy =0
and
o L 2H,,
T 1 y o+ 2 1=
1=0
Cowell Corrector Summed Form
n
Uy, sy, 2 NTASTTS, < (s ¢ B IS, (B L e Byl e )BTy b (39)
153
bl
where
g o= 1
and

The meaning of 'S_ and s _, can best be seen from their positions in an extended difference
table (Figure 7). Examination of this table shows that the sums can be maintained by relationships

(34) and (35)
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ym—A

VY:.-a
Ym-3 vz":‘u-z
VY- v:‘Y;.-l
Ym-2 vzy:»-l vy,
V¥ Py iy
Yot viy, i
Ism-r Y “v;q
usm-l y','" sz"'"”
lSm vY'rlnol/
IISm YVm*l
15 /
us
s

Figure 7—Extended difference table showing !Sn and !1S,,.

but that initial values for some 'S_and S must be supplied. These initial values can be deter-

mined by inverting the corrector formulas ('s_ is eliminated from the Cowell corrector since its
coefficient, 55 + 5/, is zero) and solving respectively for 'S _, and 'S _

_ Y-l 1 N . "

S, F h [5 Ym-1 T % Yoy *ag Py, gt ] (40)
yr:.l_.] 1 . « e - Ve

IISm_I = R [ﬁ Yot ¥ B3 VYL_ * By vzym-l + ] (41)

D. Ordinate Forms

All of the foregoing formulas involved difference operators. They are thus known as the

difference forms and summed difference forms. Another useful form of these formulas which can
be used under certain circumstances is the ordinate forms.

When using the difference forms, the order of the method can be dynamically changed as the
problem dictates. That is, on the basis of the number of corrector iterations, the order of the
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v

method (the numbe}/of backpoints) could be increased (or perhaps decreased) to improve accuracy
(or lower computation time). However, in satellite orbit determination, the functions are usually
smooth enough so that the order of the method can be fixed. This permits us to take advantage of
the ordinate forms of the Cowell and Adams type formulas.

In using the difference forms, it is necessary to maintain a table of backpoints and tables of
differences. The ordinate forms enable us to rely solely on the table of backpoints thus obviating
the computation and maintenance of the difference tables. This simplifies the integration process
and enhances calculation speed.

Consider the Adams-Bashforth predictor (21) substituting definition (2b) for v::

Expanding the expression in brackets and denoting Yo, by z,we have

o [0
ay (~1) 0 Z, ~
a 1 ~ 1 1
e (-1) 0 Zy + 2y ("1) 1 Z,
2 2 2
2, (~1)° (o) Zy ey (-} (1) Z, - a,(-n? (2> z, +

3 3 3 3
ay (-1)° (0) Z, + ey (-D! (1) Z, + ay(-D? (2) Z, + ay(-1)° (3) Z, -

B n , ‘ _ n . - n . _ n . - n n .
ﬂn('l)o (0) ZO " an( 1)1 (1) Z] an( 1)2 (2> 22 an( I>3 (3) Z3 oLt Cln( l) (n) Zn-
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Then collecting the coefficients of like ordinates, the expression becomes

kN

o [l ) B @)l o]

+ Z(-1y! [o.l (:) ta, (f) toa, (i’) *a, (‘;) to ta,

or

which can be represented as

n
yrlni*l = y:'n; z U)yr;Lj
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where

Sample calculations of the coefficients o, for a fifth order Adams-Bashforth predictor are given in
Table 5. In like manner, the ordinate forrms for any order of the summed and non-summed Cowell
and Adams type formulas can be developed.

Table 5

Coefficients for Fixed, Fifth-Orcder, Ordinate Form Adams-Bashforth Predictor.

__10<O1+(1>_1_+(2>_5.¢(3)§+)4>2§1—__1901
7 = N7 o 0) 2 o) 12 0/ 8 (o 70| © 720
e [ 0020 R

7 =1 172 " \1/) 12 1/ 8 1/ 720| ~ " 360
-_12()3%3)3 (4)35,1‘:£

7 OB\ 2 2)8 " \2/) 73] 30

s s (3>1*(4>2_51’_13_z

oy 7 D 3) 8 3) 70| T T30

4\ 251] 251

= - 4 Prnbatiul = ==

% © D [(4) 720 | 720

Thus, the ordinate forms for the non-summed integration formulas are

Adams-Bashforth Predictor Ordinate Form

n

Yo+1 = ¥ap th E o ¥ (%, h)

150

where

n

e = (1) Za(:) (40)

1=

Adams-Moulton Corrector Ordinate Form

n

) - ) A N
ym - ym‘l *h Z o—) ym”J

)=0
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where
s ) () (41)

Stormer Predictor Ordinate Form

n
ym*l - 2ym—ym'l - h : \; yr;nl‘)
70

where
L e DA () @)
17
Cowell Corrector Ordinate Form
yr|\ = 2ym'l T Ya-2 +h Z;\; yr;..—)
j=0
where

ASoE (- Znﬁl(:) (43)

The coefficients o, oy A, )] are given in rational form in the appendix in Tables 5 through
8. Within each table, subtables are presented on the basis of n = 0 to n = 15,

The summed ordinate forms are

Adams-Bashforth Predictor Summed Ordinate Form

Yae; ° h {%Ism+ Za; yl;‘_j},
1=0

n

oo . A
5 = ot ) e ()

17

{
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where

where

and

where

32

e; T (44)

a = a’ly for 1 >0 (45)

Stormer Predictor Summed Ordinate Form
3=0

n
S {B““Sm =508, Zkiy;‘-'}'

g7 A (46)

Cowell Corrector Summed Ordinate Form

L y=0

Ial
- £ 11 e oy I8 . Ll
Yin h {*‘o Sa t (kg - ) 8, z i y"i}



where
Er 7 (B v el ¢ 8D
and
37 s oan, (47)
The coefficients o, c“', A;, and A;l are given in rational form in the appendix in Tables 9

through 12. Within each table, subtables are presented on the basisof n = 0 ton = 15.

REMARKS

In determining the orbits of artificial satellites, in which the equations that describe the
satellite's motion are extremely complex, numerical integration methods are very fruitful.
Predictor -corrector methods for numerically iniegrating ordinary differential equations are used
because they are efficient and lead to accurate results. In general, predictor-corrector methods
have the following advantages:

1. Generally only one or perhaps two evaluations of the function need be computed at each
step of the integration whereas one-step methods require at least four or more evalua-

tions of the function.

2, The difference between predicted and corrected values provides a measure of the error
being made at each step of the integration. Thus this error, which is better known as the
local error, can be used to control the stepsize employed in the integration .

Some disadvantages in using predictor ~corrector methods are:
1. The process is not self-starting.
2. The process is highly complex to program.

The main sources of trouble that arise when using any type of numerical method for integra-
ting ordinary differential equations are (Henrici):

1. Truncation error due to finite approximations for the derivatives.
2. Propagation errors (instability).

3. Round-off errors due to a finite number of decimal figures used to express the coeffi-

cients in the formulas.
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APPENDIX
The formulas for the coefficients presented in the following tables were programmed in

fortran using a rational arithmetic package to eliminate the deterioration which would have been

incurred using floating point arithmetic. This rational package consisted of the following subrou-
tines:

(1) GCD - A function which uses Euclid's algorithm to compute the Greatest Common
Divisor of two numbers.

[A,.A,] = GCD >0

where GCD = 1if A = 0o0r A, = 0 or if A or A, is not integral.

(2) ADD -~ A subroutine which performs rational addition defined by

D, ) D, N,
N + N,
Ny, N, b [D,. Dz_] * \ [B,. D] (0. N;]

Ny
Dl Dz D, ) Da ) _D: .
D, [Dl. Dz] (D Ny]

(3) SUB - A subroutine which performs rational subtraction defined by

N, N, N, (-Np) N

L 2 LI =
b, Db D, D,

(4) MPY - A subroutine which performs rational multiplication defined by

N, N,
NN, [NeD] [N D),
D, D, B D, D, 3

o

M. 0,] [N, Dy

(5) GRBC ~ A subroutine which calculates the Generalized Rational Binomial Coefficient
defined by
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where
m = 0 1, 2 s = -2, -1. 0,1 2
and
0 -S
m = 0 for m>0, 0 -1
(6) HS - A subroutine which rationally computes the coefficients of the Harmonic Series

defined by
alp!
Wt
1=1

These subroutines were so constructed that the numerator and denominator of any result were
relatively prime (i.e. (N.D) - 1). Also, the sign of any term was carried by the numerator while
the denominator was kept positive. A zero denominator was used to indicate loss of integral sig-
nificance in the computation of a term.

These subroutines were used by a main routine to calculate the coefficients of the difference
forms of the Cowell type formulas. A subroutine was used to calculate the coefficients for the
ordinate forms. A final machine language subroutine was used to format and print the coefficients
in rational form. : '

Tables 1-4 give the coefficients of the difference formulas. The coefficients for the summed
difference formulas are not presented since they can easily be taken from the non-summed
coefficient tables. Tables 5-8 present the coefficients for the non-summed ordinate forms of the
formulas, Tables 9-12 give the coefficients for the summed ordinate forms. Although the lower
order ordinate forms are essentially meaningleés, they are included in the tables to provide com-
pleteness.
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Table 1

Adams-Bashforth Predictor,
Non-Summed Difference Form

1
i

172
~“/12
/8
81 /7249
vh/284d
190K7/76C8%aD
5267/172R05
1070617/3828800
2713789600
2n642253/958800120
4777223/17418240
/IT3ABUNZENINT/261534A7 4000
156364763817/740236134%4r00
1 1A&3UP8 19687 /9483454974000
2922 1445/7584C2304

Table 3

St8rmer Predictor,
Non-Summed Difference Form

|
a
L7112
ts12
197244
3/40
863/12096
S 27374032
31953/518400
8163/129600
3250433/%3222400
4671/s7nA84E
13695779093/2377SR97a000
222423«9«3/39§2§49¢00Q

1322828401272 /24141680640700

2639651053/492468736000U

R R PR R

QR PR
O gD gl gD Uty W (N e g Oy

£

P RARRA P
2Dl e, B,

"~
wn

Table 2

Adams-Moulton Corrector,
Non-Summed Difference Form

1
~-1/2
-1/i2
-1 /24
-19/,720
=3/186J
=8m3/004A0
275724192
=33953/71628800
~8183,710346800
=3250433/47700160n
=4671/78d48D
=134957790493/261534R7346000
=227242344481/747551795>2000

=1322828490127/7313H41848m32000

=20639465106813/7084%9762308040

Table 4

Cowell Corrector,
Non-Summed Difference Form

1
=171
1712
0
=1/240
=1/240
~2zZ1/60480
. =19/6048
-9829/3623800
. =407/172800
=330187/159667200
=24377/13305400
~4281164477/2615346734000
_ =7UD74%63/47651795200
=1197622087/89646909957200
~97997951/8047226BK00
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Order

Order

Order

Order

Order

Order

Order

Order

Adams-Bashforth Predictor, Non-Summed Ordinate Form

8

qQ

999219
w N e~ O

999949
S oW N e O

q Q9994949
w b Ww N = O

Q999999
O R b W N m O

999999949
N UL W N = O

Table 5

3/2
-1/2

23/142
=473
S/12

55724
59724

37724

-3/78

17017720
=13d77/7360

109739
i =437/340

2617120

RA77/714%44
«2641 7480
¥791/720
=3A49/720
799/4390
-95/288

198721760480
~18437/2520
215143720180
-10754/794%
1357137201672
-3a03/2520
19287/60480

16383 /4484.

“11%2169/1209610

242653713440
~2961053/13440
21N2243/120%941)
115747713440
..32363/13440
“5257/17280
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Order

Order

Order

Order

9

10

11

12

13

9999999949
M N AN D W N e O

Q Qg QQqQaqq
W s W RN = O

9.9 9
(=T RN }

q

q
s\om\nosvubwuuo

qQ Q9 q

Q9999

Q499999 Qg
- N

S
B

99499
O

-
-

999949
W = O

q
w

Q9 q
EOOQU‘

9 Qqaq

-
~

18097247 /73628800_
«21502603/71d414400D
47738393/1814430_
«b69927631/1R14400
 RA2303/22660
<455886121/13]14400
1941074371031 4400
TR4a32383 /18 twsua
10700177/3628800

4325321 /1u038800
104995 (89/7257600
6644317/141440
=26416341/49513800
56918i919/3625600
~7223R5UR1/3628800
T 18784639/453600
=23576483/141440
T20%A4B11/7287600
-23713/4%94640

2132509547/479001600
_-zns79ue791/11975u4uu
e72737587/3193344¢
-102l3762U9/l9°bBHDU
IR3979K431 /7268611200
«eHB2203679762137200
24720649137/ 24861 1200
-1 86URI2Y1/3991,80
2472634317/ 189667200
-52841%%l/71710720¢
25842253/958u0320

4r27746399/958003200
“4al793AT21/3193349400
1222664543775 91600640
=18MA4372973 /198444850
ASABIBP LS8 1/159667200
«412?0273229/7/159667200
315143920883 /1896672040)
~425551749/49541920
_9&3&30a29/15205400
-1 7010248271 /799890320n
30082309/9123340
~4777223/717418240

130548068236 277246153%873600U0
=931781102939/394625496000
961794194517 /772648576900

~ 14234 T15941013/52306974720)

2974176 7A9)131 /581383603492

«3H4266167915049/726485760U0
7227133014533/ 4H46486000

«2R262ul1577631 /4072008000
2253047 178793/11623772100

=2021372291373837/261534873600
46Nn34196883201/2179495740000

- 1APL3FKAIV2] /4843238400

7034092549357 /726153498736000
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Order = 14 0U573:208/172204032

=14097,4750477621/5230697472000
895417549192 /7/871782912030
=344 12222659093 /12454d4,6i010d
L70AASO 1435161/ (046139994940 y
=345 703598043 3738745907200
1349045 u2%6524%7/1452971520N04
«35(0379127127R727/7435891456500
IEAUITeL5RT74453/58 | 18060LAG0U0
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7227659197949/ 7472424Y4020
=21029162113651/471742912000
6440951197929/17435556824000
=10A6YT 6381 T7/7402061394uU010

9 Q099
WD NN e W N = O

9993989999949
£ 3

I

Order = 1

W

. 13323A5373h373/2414t68BLEHDUL
~61H07A7Y15U257/19615115%2000
39A04214702154R81/7313n4384832000

 a23991762345039/700539840300
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«2614079470781733/19615115682000
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13726007210 120H94753/71U%01 394944000
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10 140061587907 3597/44B3954976000
1 . =58242A133849023/490377884000U
12 835923447660+4231/31304]184432300
u | =696nA1442637/1783192320109

14 1164309819657 /4483454976040

999999949
O &~ O s W = O

9999%g

q n

Order = 16 362585126427073/6276836%664000

=21h154747 1243849/562768365654000D
74016110073 1949/402333612B0U0
“43724H1a0B0G743467/8946909952000
72538117/072259733/76276R36%464%000
= 1319631919438 22981/7/82766386%A64% 011U
624877 :3170947031/72092278%A58000
~TUOUGRK P77 TR/ 2092278988000
A2U291R 1421 1794K1/2092278%6R4000
=12993UN941049237331/5270R36%56K4000
1010347972770 472069/8966909962000
“2A67438%637386529/5706215%240U0
SO3RST717627340RT/6270A36Yhadiul
] 23444317689 2599/027603A%6640U0
JoBNTIN227 3869/69669095520UU
a25221445/98452304
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99999098098 939Q4949Q
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Order

Order

Order

Ordef

Order

Ordef

Order

Order

Adams~Moulton Corrector, Non-Summed Ordinate Form
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Table 6

172
172

S5/12
2/3
=1/12

isa
19724
-5/24

1724

2517720
32373460
-11/30
37382
-19/720)

957248
142771440
1337240

2417720
=173/144C
37160

19087760480
271372520
=-{54A7/72016&0
. 986/945
«737/20100
263/2521
3637460480

. 3257/17280
1398497120960
=4511/4480 _
1231337120960
=R3547/120960
1537,4480
=l 1361 /120960
275/24192
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Order = 9

Order = 10
Order = 11
Order = 12
Order = 13
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q

999939999919
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399999999994
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Cowell Corrector, Summed Ordinate Form
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