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ABSTRACT

A semi-analytical solution to the problem of the motion
of a satellite of the moon is presented. The theory is de-
veloped to third order, where first order is 10" 2. Pertur-
bative effects which are considered include those due to the
attraction of the moon, earth, and sun, the non-sphericity of
the moon's gravitational field, the oblateness of the earth,
coupling of lower-order terms, solar radiation pressure,
and physical libration. Short-period terms and those with
the period of the moon's longitude are produced by means
of von Zeipel's method; it is proposed to obtain the secular
perturbations, and those depending only on the argument of
perilune, by numerical integration of the equations of

motion.
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A SEMI-ANALYTIC THEORY FOR THE MOTION OF
A LUNAR SATELLITE

by
Giorgio E. O. Giacaglia*
Yale University

and

James P. Murphy and Theodore L. Felsentireger
Goddard Space Flight Center

INTRODUCTION

The motion of a satellite of the moon, or lunar orbiter, is analyzed. The solution is developed
in powers of 10~ 2—i.e., first order is 10" 2, second order is 1074, etec. The Hamiltonian for the
""main problem' consists of zero-, first-, and second-order quantities. The higher-order Ham-
iltonian is of third order and consists of two parts, the first containing terms generated by coupling
of lower-order terms and the second consisting of terms added by considering further perturbing
forces, such as solar radiation pressure, physical libration, non-sphericity of the earth’s potential
field, the attraction of the sun, etc. Additional terms are produced by considering also the ec-
centricity and inclination of the moon's orbit.

In order to retain the relative orders of the disturbing forces, it is necessary to restrict the
semi-major axis of the orbiter to about four moon radii or less. Furthermore, certain restrictions
must be made on the eccentricity and inclination in order not to invalidate the solution. There-
fore, the following assumptions on the semi-major axis, eccentricity, and inclination are made:

a < 4 moon radii

.01 < e < .75

sinI > .01 .

The small parameter of first order is “Z’ which is the mean motion of the moon's mean longi-
tude. Recent determinations of the spherical harmonics of the moon (see References 1, 2, and 3)
indicate that the second degree zonal and sectorial harmonic coefficients, together with the third,

*Now at the U;liversity of S3o Paulo, Brazil.



fourth, and fifth degree zonal harmonic coefficients, are all of about the same order of magnitude—
namely, 10" 4. Therefore, the small parameters of second order are J,, Jy), J3; Jas Js» and (ng /n)?,
where J, and J,, define the principal part of the oblateness of the moon and (ng /n)?is the square
of the ratio of the mean motion of the moon to that of the orbiter. The quantities J,, J,, and J; are
higher degree zonal harmonic parameters of the moon. The small parameters of third order are
ia(ne/n)?s (ne/n)?, (ng/n)? sin (ig/2), (n¢/n)%eg, @y (ng/n)?, and ang/n. Here, the parameter j,
is the principal part of the oblateness of the earth. The quantity (ng/n)? is the square of the ratio
of the mean motion of the earth to that of the orbiter. The fact that the moon's orbital plane is in-
clined to its equator and the fact that the moon's orbit about the earth is elliptical give rise to the
two small parameters of third order (ng/n)?sin(i,/2)and (ng/n)?ec, respectively. The radiation
pressure gives rise to the third order parameter o, and (nc/n)3 is the cube of the ratio of the mean
motion of the moon to that of the orbiter. Finally, an,/n is the correction due to physical libration.

The longest meridian of the moon contains the line joining the centers of mass of the earth
and the moon. The right-handed, rotating, selenocentric coordinate systems adopted for this prob-
lem will then be as follows: The z-axis is the rotational axis of the moon, and the xy-plane is the
moon's equatorial plane. The x-axis passes through the moon's longest meridian, and is assumed

to rotate with the motion ny.

For a semi-major axis of 4 moon radii,
()
n

nez'\, -
-/ ¥ 2.7x107°

174

4.8 x 107%

so that the oblateness terms in the lunar potential and the earth perturbations are both of about the
same order. The largest oblateness term of the earth is then of the order of 1075, The perturba-

tion of the sun is of third order.

Another perturbation to be considered is the effective radiation pressure of the sun, whose
strength is about 1 X 10”* dyne/cm?. If the area-mass ratio of the orbiter is 1.5 X 107! cm /g,
then the disturbing acceleration due to radiation pressure is also of third order.

EQUATIONS OF MOTION

The first step is to determine the equations of motion for the gravitational fields of the moon

as a primary and the earth and sun as perturbations.
The following notation will be used:
subscript 0 : moon
subscript 1 : orbiter
subscript 2 : earth

subscript 3 : sun.
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In an inertial system, the equations of motion are

m, o, = grad, U (j =0,1, 2, 3),
i”i P;
where
m.m m,m m,m m., m m., m m, m
o™ oMy o M3 1My 1 M3 2M3
U = k2 + + + + + > ) ey
Toi Toz Tos Tia T3 Ta3

and p; is the radius vector of any one of the four bodies. If €5 m;» {; are the rectangular inertial
coordinates of one of the bodies, then the equations of motion can also be written

m. £, = 32 (i ©0.1,2 3) . (2)

Similar expressions hold for n; and g;.

It is now convenient to refer the orbiter to a moon-centered system, the moon to an earth-
centered system, and the sun to a system whose origin is at the center of mass of the earth-moon
system, designated by the subscript G. Therefore,

xXp C & T 4
X0 0~ 52
and
My &otmy &,
X3 7 &7 6 T ST Tmowm, (3)

Similar expressions hold for y;and z;.

The equations of motion must be transformed accordingly. The partials in Equation 2 are then
computed with respect to the new variables by making use of

3 ax.
su 99U 77 -
e - E ix, 35, (k= 0.1,2,3) .

i=o0



It follows that

U _  dU au Tg U
3E, | 9%, 9%, mgim, 9xg
oy _ dU
9&, ~ 9xy ’
U _ U M, 49U
s, - dx, mg tm, 9%,
and
oU AU
9, T ax, (4)
Since
X, = &7 &
it follows that
. _ ({1  1you 1 dU 1 U
¥ 7 Amg N my) 9x,  mg dx,  mgtm, Ixg ’ (5)

The force function U must now be expressed in terms of the new coordinates. We have

rh 7 (617607 (771_770)2 (87 8)? T x?tyl el s orf
r022 = (§0_§2>2+ - X02+ - r02,

m2 2
2 = - 2 e = -—
03 (fs ‘fo) + X3 " mg tm, o) *

i2




m2 2
r% = (§1-¢5)2 o0 = I:(xl_xa)“LWXO] *

and
mo 2
2 = - 2 ce.e = - -
Tos (52 ‘53) + ¥3 T mg+m, *o +

2
- a2y ™o 2 . o - . )
- r T I D .
3 m0+m2 0 mo+m2 (4] 3

Since U contains the inverses of these radii, note that

11
- = =,
Toi LT

11
Toa To

- -1/2
2 2

11 - M To m, 1 S
- = = s - n cos ’
r03 r3 mo m2 r3 mO m T 03

-1/2

-1/2
2 2 2

1 1 r r, r m, T, 2m2 r, r r
_ oV - -_— + - + - :
T, T, 1 Ty 2 r, ©OS Sis my tm, T, mg tm, \ L2 ©OS Sio €os Sy 5

3
—
and
-1/2
m 2 /r \? 2m r

1 _ 1 14 0 0 .\ 0 s
- = - — ~ cos
Tos ry m, +m, T, m, tm, r 03 (7)

The angles used are shown in Figure 1. The angle S,; may be expressed in terms of S/,, as
follows: Since

o -,
, Fo ' T3
= ,
COSS03 .
03
and
m
0 - _ =,
r r R
mOer2 0 3 3



then
m, ,
m, +m, To trorycos Sy,
cos S, = —
03 '
ToTs
T Mo . T3 S
- T m. +m ; €Os S,;
r, 0o My R
Figure 1—Relative positions of the moon,
orbiter, earth, and sun. Finally,
r) T, m,
cos S — |cosS, . - —
03 T, 03 3/ m, + m,
Certainly, to third order, r; = rj, so that
s - , o T
COS 543 cos Sy ry, mytm, (8)

On the other hand, S,, may be replaced by 180°— s, where S| is the selenocentric elongation

between the earth and the orbiter.

OBLATENESS TERMS

If the plane of reference is the lunar equatorial plane, then the disturbing force per unit mass

may be written as

k2m0 © n R@ n
Uopr. ~ r, ZZ ?: Jnman(sin/J)cosm(%—%nm)
n=1 m=0
The only terms to be included are J,,, J,0 = ~J,5 J30 = ~J35 Jao = ~J4s and J4, = - J, . Therefore,
_ Ho o (B . Rc )’ . ,
UopL. ~ —r—l Z ‘r“l‘ JnPn(s1nL<)— r—l J22P22(sm[5) cos 2(>\ —>\22) . (9)

n=2

The angle 2 is the latitude of the orbiter with respect to the equator of the moon, A’ its longitude
reckoned from any fixed direction, and \,, the longitude of the moon's longest meridian from the

[



same fixed direction. Note that A’ and B can be expressed in terms of the coordinates X1y ¥y, 2
of the orbiter. However, \,, will contain the time explicitly, since

1

Aaa T Ay (0) + et

where 7, is the frequency of rotation of the moon around its axis. Further, if we neglect
the physical libration of the moon, the longest meridian is always pointing toward the earth

and Ve = nz,

CANONICAL EQUATIONS AND GRAVITATIONAL TERMS

Let us choose as canonical variables the Delaunay set

L yua., ! = mean anomaly,
G LY1-c?, « = argument of pericenter,
H GeosI , (= longitude of ascending node,

where a, e, and I are the semi-major axis, eccentricity, and inclination, respectively, and where
1y * k?mg, in which k is the Gaussian constant and m, is the mass of the moon. Then the equations
of motion become

IF 3 , - OF
L al EP H aq
. _F . _9F IF
L= -5 g T 9G { ~FH (10)
where
~ ruoz
F o= 2L2 + UGRAV. ¥ UOBL, N (11)
In Equation 11, Uy, is a function which has to satisfy the condition
. _ 9 Ho
X - Ix, Ugrav. 7 r, /)’ (12)



The force function U depends on the new variables x through Equations 6. Then,

M

2
X - + X +
au 2 Xo 3 mgTm, 70 m, Xy T %o
Ixg, MaMy 3 mymg .3 m, +m, my m, L3
02 03 12
.\ m, m,
X, —x ¥ X -x X
1 3 my tm, “o m, 3 my tm, ~0 ( m,
- m, m - m.m 2
173 3 m, *m 273 3 m, tm
r 3 oMy r 0 "My
- = - 2 - =
) L2 To "1y R MoMy My Ty " Ty L2 Mgmy My T " Ty ) 1
Toax, Mg My ;3 mytm, . m +m)2 .3 T kmym, r,
02 03 o "My 03
ey 2
A mymymy g N MoMyMy Ty " Iy , Mo M2 M3
m, tm, T, m, *m 3
4} 2 13 0 2 1P (m0+m2)
and
m, m, My
b T X X, T X, T T X - X X
au 2 3 m, rm2 _(1 N 1 3 m m, _0 N 3 mo+m2 0
Ix, My Mg £ 3 my;ms N My My 3
03 13 23
a k2 r3 1'1 kz m0m2m3 ro I'1
= — |- +
ax, MoM3 3 mytm, .3
03 03
1 f3 rl mo m2m3 T
_ 2 _ 2 2
kfmymy T k*m,my 3 | S~
13 r 0o T My
23
Then, substitution of Equations 13 and 14 into Equation 5 yields
.. my; tmy g 2 My My 2 1, 2
pd = T 5. m,m, T m, m
1 m, m, axl Toy 172 1y, 173 14
o o - - 2 - =
1 9 2 To ' Ty . 2 MogMyMs T3 " Ty 2 MMy My Tp ™ Ty ‘2
m, 9x, MeMy 3 mytm, .3 (mg +m )2 £ 3 MMy T
02 03 o "My 03




, M1y 1 MoMmyMg Iz " Ty My MyMy  Tg " Ty
kT T, - k? m_ tm 3 - k? 3
0o "My Ty3 0o My 3 (m0+m2) T,
. 1 3 12 r; Iy ‘ MoMyMg Fg " Ty
m.m
my tm, dx, oMs3 r033 (m0+m2) r033
1 T3 " 1y MyMyMy Fg * Ty
- k?®mm -kZm,m - k2
173 r;, 273 r233 m0+m2 r233
I L R T g 8 (15)
= o + + m - m,r, *r. .
dx 2 3 371 3 3
1 01 12 13 ro, oy
Therefore, upon comparing Equations 12 and 15 we find
2 2 2 - - R
; . k*my . k“m, . k m - g " Ty 2 r, Iy (16)
- m, ————— - m., ——
GRAV. Toq ry, Ty, 2 r032 3 r033
where
o M
r - r y
3 3 m0+m2 0
o1 = Tpo
Toa T To
ri; series in Legendre polynomials,
and
r,; = series in Legendre polynomials.

The term k*m, /r,, can, of course, be neglected. Finally, from Equations 9, 11, and 16,

2 - .
~ Ho Ha H3 To ' Ty H3Ty T3
= ztr tr t oy 3 B 3

2L 12 13 Ty Tos

u S R.\" R 2
+r—° _Z r—f) J. P (sin )+ _r‘f— 122P22(sin/3)cos2(>\'_>\22) - (17)



Now

To Ty rorlcosS10 B r, <
- - - T, COSs
3 2 10
To To To
and
LY P
1 _ 1.0 gr 4L P S,)<f1)
— - - - COSs v cOos -
T, r, 2 10 T, p 1o} \r,
0 -
p=2
Then,
T T r.\?
Hy . o "T1  Ha s Ky ( 1> p 51,)
" = Tt b cos ,
T, 2 r03 r, r, r, p( 10

2 o P M . = u
~ Ho Ha r1> , H3 Iy " T3
F o2 i ro T, P, (COS SIO) * r;; M3 r033
p=2
5 2
o ReY’ : Re . ,
+ w| T J. P, (sinf)+ T, J,,P,, (sin %) cos 2(>\ —>\22) - (18)
n=2
A further simplification can be made if one considers the following expansion:
2
2 Y R
Tys X ¥3 T my im, Xo i
T 2 T
B 2 4 2 _ 2 s - 2 1+ 1 -2 _1 "
Ty Tos Ty To3 COS g3 Tos o3 ry, 0% %13
Then,
o
T 1 <r1)p b o
- P CcOoSs
13 Tos Z Tos P ( 13)
=0
o1, TacosSG Z 1\’ .
T T3 r 2 Tos Tos Py (COSS”)

10



Also,

- = " n
I, " ry4 r1r03cosSl3 ~ rlc‘osS13
3 - 3 B
Tos To3 Tos

#0 5 R@ n . R@ 2
crr |- ) F) TP Ginm (5] TapPyy(sinmeos 2 -n,)| ¢ (19)

From now on, the subscript 1 will be omitted.

Including terms of second order, the Hamiltonian becomes

ot
P‘ *

(=]
N

RS
o’m
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e
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N
o
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e}
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N
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v}
w
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n

o]

w

w0
P\
(=]
)
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l:

w
N
—1],_1
e

N
jae)

[

—
[2)

[}

wn

)]

-
o
fl)

g 5 R@ n R@ 2
L "Z 4/ J. P, (sina) + \7 ]22P22(sinb)c052(,\'—>\22) . (20)

THE ANGLES S’ AND S’

In view of the form assigned to the oblateness terms, the plane of reference is the equator of

5 in terms of the orbital

elements of the orbiter, the moon, the earth, and the sun, with respect to that plane. The geometry

the moon. Therefore, the next step is to express the angles S, and S
is shown in Figure 2.

The explicit form of S/, and s,, requires the solution of two spherical quadrangles. This is
now done.

If x, vy, z and x,, y,, z, are the rectangular coordinates of the orbiter and the earth, respec-
tively, and r and r, their selenocentric distances, then

11



NORTH CELESTIAL POLE OF THE MOON 0
ORBITER'S PATH

SUN'S ORBIT _ MOON's
AROUND L--"EQUATOR
Figure 3—Angular relationships.
Figure 2—Selenocentric celestial sphere.
Consider
A0 = 0-q,
v = f+eae, and v, = fo tag -
Then, using vector notation, in the equatorial (moon) system indicated in Figure 3,
cos v,
?&: S rg|sinv cosig | - . (21)
sin v, sin i,
(cos « cos M1~ sina sinAQcosI) cos f ~(sina cos &0+ cos« sin A cosI) sin f
T = rl(coscsind0* sine cos AQcosI) cos f - (sina sin A0— cos « cos A cos I)sinf |- (22)

sina sinl cosf +cosa sin Isin f

This enables us to compute cos S, .

In exactly the same way, cos S,", is obtained by substituting o for ¢ in the formulas in this

section.

THE MAIN PROBLEM

The following approximations are made:

a. The earth's orbit around the moon (or vice versa) lies on the lunar equatorial plane. The
error introduced by this approximation is proportional to the sine of half the inclination of the
lunar orbit to its equator (~6° 41"), or about 0.06.

12



b. The orbit of the moon around the earth is circular and the motion uniform. The error is
proportional to the moon's eccentricity, or about 0.055.

c. The sun's perturbations are negligible. The relative error for a moderately high satellite
is about 0.05.

d. The mean longitude of the earth, A, is equal to r,,.

With these approximations, the precision of the disturbing function is not higher than 10™%. It
will be called the "disturbing function of the main problem," and it is given by

2

2 2
v Ho "o, ~, Ho ) (Re . . .
F = —2L2 t— r*P, (cosSlo) LA ey [— J,P,(sinB)+TJ,,P,, (sinf) cos2(>\ _}‘ea)]

R:\? R \* Rg\°®
"(T) J’3P3(sinﬂ>‘(“r—) J4P4(sinﬁ)—(—,—> JsPs (sinf)p » (23)

where

and where the angle §1’0 is as shown in Figure 4. Since ip = 0 and vt O_ can be replaced by A,
it then follows that

cos §1'0 = cosvcos (Q—A‘F) - sinvsin (Q*X‘F) cosI ~ s . (24)

The equations of motion are given by the ca-
nonical set

L = 57 Po= -5 ORBITER'S PATH
~ ORBITER
_ 9F . _JF
G = a7 @ T 736
) EARTH'S ORBIT
AROUND MOON
H = 50" Q = -%H - (25)

Since the variables Q and A, appear only in the
combination 0-\,, where A, = ng t + const., the
degree of freedom is reduced by one by choosing Figure 4—Simplified selenocentric celestial sphere.

13



as a new variable

®

The Hamiltonian must be modified accordingly, for

1:1 = f?—n* = —9%(%“+ngﬂ)

(i.e., upon substitution of i ng H in place of F).

The Hamiltonian is still time-dependent through »,. Since the longest meridian is always
pointing toward the earth, it is possible to choose the rotating system whose x-axis passes through
this meridian. The final form of the Hamiltonian for the main problem is therefore

Ho * ng r? #o |[Re . :
F = S +tngHA c P,(s)+ T3\ [‘ J2P2(s1nﬁ)+]22P22(sxn,@)c052>\]

22
R@ 3 ) R@ 4 <R@)5
- (T J3 Py (sinp) - <T J4Py(sin )= \77/ IsPs(sinf)p - (26)

where

The equations of motion are (using g in place of w):

. 9 . OF L AF
L = 57 G ° Jg H ah

! - _-éfv é - —Es 1:‘ -ﬁﬁ. (27)

In the discussion that follows, the solution of this system willbe given using von Zeipel's method.

DEVELOPMENT OF THE DISTURBING FUNCTION

The notation used will be as shown in Figure 4.
From Equation 24,

cos§l'0 = § = cos (v+Q—>\e)—2sin2%sinvsin(>\@-0);

14



thus,
- 3, 1
P,(s) = 3s* -7
_ 3 2 P2
= 3 4cos® f cos (2g+ 2h) +sin® (g+h)
. : el g 2 2
—sin f cos f sin (2g + 2h) + 4 sin 5 sin“h [cos g~ cos® f cos 2¢g

I
+sin f cos f sin 2g] + 4 sin? 5 sinh [sin f cos f cos (2g + h)

1
-cosgsin(g+h)+coszfsin(2g+h)]} -5 (28)

Further,
sin/s © sinIsinv 7 sinIsin(f+g) ,
cos “cos (*»~h) - cosv ,
cos .sin (*» —h) cosIsinv ,
and therefore
cos."cosA = cosvcosh - cosIsinvsinh ,
from which
. 3 1 3 . 1
P, (sin ) 7sin2,< -3 731n2IsinQ(f+g) -5
P,, (sin/3) cos 2x  ~ 6 cos?,3cos?A - 3cos?p
= 6(C2 cos?f + 32 sin? f + 2y sin f cos f) - Z’)(l—sin2 Isin? )
P, (sinp) = %sin3ﬁ -%sin/j = %sing‘Isina(erg) —‘;—sinlsin(erg)y
P, (sinB) = %sin“,@ - Tsinzﬁ +§ = %sin"lsin“(f*’g) - }Zs‘sinzlsinz(f*Lg) +§"
P, (sinf) = 6_8§sin5/3—3755in3,8 +18—Ssin[3 = %sins IsinS(f+ g)—i‘ssin3 Isin3(f +g) +‘1§5‘sin1 sin(f +g),
(29)

15



where

{ = cosgcosh - cosI singsinh

and

x = ~—singcosh - cosIcosgsinh.

Therefore, writing . for », in Equation 26, we have

2 2 2
He 30g T
F 7 ng H + 5 {c052fcos(2g+2h)+sin2(g+h)~sinfcosfsin(2g+2h)
: I . 2 ; : NP S :
+ 4 sin? 5 sin?h [coszg—cos f cos 2g + sin f cos f sin Qg] +4sin® 5 sinh [s1nfcosfcos(2g+h)
2
. . 1 He Re 3
- cosgsxn(g+h)+coszfsxn(2g+h)]} _Q_En@2r2 +—r3— -2 1, sin?I sin? (f +g)
1 . . .
+ 5T, Tas [6(&2 cos? f +x?sin? £+ 2{yxsin f cos f) —3(1— sin?1 s1n2v)]}
#@R@3J3|'5 3 . , e Re T4 35 4 . a
——;‘—Lfsin"’Isin:‘(fﬂ*g)—islnstn(f*g) ——rs——“ g sin”Isin (f+g)
s
15 3] “eReJs 63 , 35 _
—Tsinzlsinz(f+g)+§:i“' __rﬁ - ?sinslsxns(erg)‘—4_51n3Is1n3(f+g)
15 . .
+ g sinIsin(f+g)] (30)
= F, +F, +F, ,
where
Fo 7 52 (Oth order) ,
F, = n@*H (1st order) ,

16



and

F, = F - (F, +F,) (2nd order) . (31)

ELIMINATION OF SHORT-PERIOD PERTURBATIONS

The terms in F which depend on ! will result in short-period perturbations. According to von
Zeipel's method, the elimination of these terms corresponds to the solution of the system

Fy (L') = F (L"),

98, aF,
FY(HD) 5 R () + 5 507

p 2 2
, a8, dF, fEZ.aFO 1 8, ?" F,
By o Fy v Gnane ' ar avt ‘2 \at) e o (32)

where the generating function of the transformation

(L, G,H, I, g h) -~ (L', G',H", ', g, h")
is
S L'l +G'g+Hh+S rS,t -, (33)
and the new Hamiltonian
F’ F) ' F' 4+ F + -~ (34)

should be independent of /'.

In order to accomplish this last requirement, a particular solution is given by

s, 0
F; F,,
and
98, F,
Al oL’ i F2p ' (35)

where F, and F,, are, respectively, the parts of F, independent of ! and dependent on !.

17



If s, is determined from this system, then the relations between old and new variables are

as, 3s, 3s,
4 = —_— ! = —_— ¢ = —F
T g = g "G h h + 5H

3s, 3s, 3s,
L= L +57 0 G G gy H S OH fGh (36)

Next, the "'secular'” part of F, is determined. By definition,

2s 277

27
1
F,, - —J F,dl. (37)
(o}

Using the relations (E = eccentric anomaly)
dl = (1-ecosE)dE,

rcosf ° a(cosE-e),
rsinf - a!l—ez—sinE,
r - a(l-ecosE),

dl df .

and

M|

. . (38)

it follows that

[

+ 15 G’ ! 1 Y’ 20g’ +h') ¢ B2 2’ + 1 H\? 2(g' -t
- 113 ' os : - =] co 5 -— -h'
L2/ |2 G' cos 2(& G2 s 2g 3 Py cos 2(g 1)
4
1te (L' 2 H'? + 2 n? :
taTee ) |TRE T2 (17 3Ga) t BRSTan (17 g | cos 2

18



0]

;LGSR@:*]S L’ 5 G'2\1/2 H'2 Hr2\V2 ,
WL—_'S G’ 1 __L'Z 1 - S*G'2 1 G2 sin g
6 4
3 He Re Ja fLr\? G'? H'? H'* G'? H'? H'? ,
-ﬁg—ﬁ—? 5—3; 3—30G—,;+35G,4 - 10 —;—2- 1—53 1——7? cos 2g

Also, since

. AF’
L' = — 0
at’
then
L’ © const.

The generating function S, and the short-period perturbations are obtained next. Since

2
IF, He

:-;Ll L:3

from Equation 35 it follows that

1 o1
s, - n—’J'th/ © J(Fz—Fzs) dl . (40)

The integration is carried out using E or f as independent variables, again making use of Equa-
tions 38. As a result,

1 ”@R(gjz ' . '
5, © _8—n, 2’3 (1_612)3/2 {" 2(1_3‘30521 ) By: * (‘5”‘2I ) Bz.z]

2
te Re J22_

n'a’3 (1_e:2)3/2

+ 81 [6(5in2 I') By, + (1-cosT')2B,, , * (1+cosI')2B22'3]

19



1 /J.@R@3J35in1'

T 96 1 gre (1-er2)5/2 [3 (L-5cos?T') By + (sin®1°) Bs,z]

4
HeRe Ty

1
+ g—l_in ats (1—612)7/2 [_2(3_30(:0521’ +35C°S4I’) Bs1

+ 2sin?1’ (l—7c0521') B, ,~ (sin4I') B4,3]

1 #@RGSJS sin I’

30720 S+ a6 (1-er2)o2 [30 (1-14cos?I'+ 21 cos*I') By, +5sin?1' (1-9 coszI')Bs‘z—3(sin4I')B5'3]

2,12
1 n@ a
K7 R {12[—2(1"3cos21') (2+3e'?) 16sin?1' (2+3e’?) cos2h +30e’2sin 1" cos 2g

+ 15e’2 (1-cos I')? cos (2g - 2h) +159'2(1+CosI')zcos(2g+2h):| -(E'- 1)

+ 4(1—300521') B 4 T6(sir121') Be +3(1—cosI')2B@.3+3(l+cosI')2B@‘4} ©(41)

where
B, , e'sinf’ + (f'-1),
B, , - 3e' sin (f' +2g) + 3sin (2f' 4+ 2g)+ e’ sin(3f'4 2g),
B,,, * 2(f' ~1)cos 2h r e’ sin(f'=2h) e’ sin (f' - 2h).
By, ~ 3e' sin (f'+2g~2h)+3sin(2f’ + 2g-2h) + e’ sin(3f’' + 2g - 2h),
By, s = 3e'sin(f'+2g+ 2h)+ 3sin (267 2g+ 2h) 1 e’ sin (3f' ¢ 2g+ 20) .
By, * 12e'(f’—Z)sing+3e”2cos(f'—g)—6(2+e'2) cos (f' +g)-6e’ cos(2f' +g)-e’'?cos (3f' +g),
B, , -~ 156'2cos(f'+3g)+3Oe'cos(2f'+3g)*10(2+e’2) cos (3f' + 3g)
+ 15e° cos (4f' + 3g) + 3e* 2 cos (5f' + 3g) ,
B, , = 6(2¢3e'?) (f'-1)+9e'(4+e'?)sinf’+9e'?sin2f’ +e'?sin3f"

20



B, , = 60e’2(f’'~1)cos2g+10e’3?sin ('~ 2g) + 30e’ (4+e'2) sin (f' +2g)+20(2+3e'2) sin(gf' +2g)
*10e’ (4+e’?) sin (3f' +2g) + 15’2 sin (4f' + 2g) + 2’3 sin (5f' + 2g) ,
B, 3 = 35e'?sin(f’+4g)+105e’'? sin (2f' +4g) + 35¢’ (4+e'?) sin (3f' + 4g) +35(2+ 3e'?) sin (4f" + 4g)
+21e’ (4+e'?) sin (Sf' +4g) + 35¢'2sin (6f' +4g) + 5e’3 sin (7' + 4g) ,
By , = 120e’ (4+3e’'2) (' -1) sing-30(8 +24e'2 +3e'*) cos (f' +g) +60e’2 (6+e’2) cos (f' - g)
~60e’ (4+3e'?) cos (2f' + g) + 60e’3 cos (2f' -~ g)

~ 20e"? (6+e'2) cos (3f’ +g)+5e'* cos (3f' ~g) ~ 30e’3 cos (4f' +g)~3e’*cos (5f' +g) ,

By , ° —840e’3(f’~1)sin3g+420e’'? (6+e'?) cos (£’ +3g) - 105" % cos (' ~ 3g)
1420e’ (4 +3e'2) cos (2f' +3g) + 70 (8 +24e'?+3e'%) cos (3f' +3g) + 210e’ (4 + 3e'?) cos (4f' + 3g)
+84e'2 (6 +e'2) cos (5f' +3g) + 140e'3 cos (6f' + 3g) + 15¢'* cos (7f' +3g) ,
By 3 = 315e'%cos (f’ +5g) +1260e’3 cos (2f' + 5g) + 420e’ 2 (6+e'?) cos (3f" + 5g)
1630e’ (4+3e'?) cos (4f' +5g) +126(8+ 24e’? + 3¢ %) cos (5f + 5g) + 420¢’ (4+3e"%) cos (6f' + 5g)
+180e'? (6 te'?) cos (7f' +5g) + 315¢’ % cos (8f' + 5g) + 35e’' 4 cos (9f' + 5g) .
By ; = 9e (4+e’2) sinE' - 9e’'%2sin 2E' + e’3 sin 3E’
Be, = ~9e' (4+e'?)sin(E' -2h) +9e’'? sin (2E' ~ 2h) - '3 sin (3E’ - 2h)

~9e’ (4+e’'?) sin(E' +2h) +9¢'2sin (2E' +2h) - '3 sin (3E' + 2h)

- 15¢" [(2+e'2)—2(1—e’2)”2] sin (B’ - 2g)+3[(2+e'2) ~2(1-e'2)1/2 (1+e'2)] sin (2E' - 2g)
et [(2-e'?) m2(1-e'2)1/7] sin (3B - 26) - 150" [(2+ e72) +2(1-e2)12] sin (B’ + 20)

+3 [(2+e'2) +2(1-e’2)172 (1 +e'2)] sin(2E' +2g) - e’ [(2—e'2) +2(1-e'2)1/2] sin (3B’ +2g) ,
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B,y = -15e’ [(2+e'2) ~2(1-e'?)1/7] sin(E' - 2g+20) +3[(2+e'?)
-2(1-e'2)/7 (1+e'?)] sin (2B -2+ 2y - e’ [(2-e'?) -2(1-e"2)177] sin (3E' - 26+ 20)
- 15¢’ [(2+e'2) +2(1-e'2)1/2] sin (E’ +2g~2h)+3[(2+e'2) +2(1-e'2)1/2 (1+e'2):|sin(2E'+2g-2h)

~e’ [(Q-e'z) +2(1—e’2)1/2] sin (3B’ +2g - 2h) ,

and
B, - 15’ [(2+e'?) - 2(1-e'?)1/7) sin(' - 2g-2m) 13 [(24e"2)
~2(1-e'2)1/2 (1+e'2)] sin(2E'—2g—2h)~e'[(2—e'2)—2(1-—e'2)1/2] sin (3E' - 2g - 2h)
=150’ [(2+e2) +2(1-e2)12] sin (=" P2g )+ 3[(24e ) c2(1-e )12 (14 er?)] sin (2R + 2 4 2h)

~e! [(2—e'2)+2(1—e’2)“2] sin (3E’ + 2g + 2h) . (42)

Thus, for the short-period terms,
S = L'l +G g+H h+s, (43)

to second order.

The short-period perturbations are given by

as 852

o= = =
oL’ aL’
T
& 96 &7 ac
9s

h' = QS’ = h+———2
OH gH’

L = 37 = L' +77
_ 38 o252

G = 55 © 6+
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and

ES
o) , 2
H = 5y = H +5p - (44)

It is easier to compute the partial derivatives with respect to the Keplerian elements a’, e’, I’ and
then compute them with respect to L', G', H', as follows:

98 _ %Sp9ar Spger | L1982 g2 75
L’ da' L' de' L’ He da' e'L'3? ge’
882 B (952 de'’ N (9S2 _0_;[_'_ o G’ 682 . u’ 882
4G’ de' G' A1’ IG’ e'L'? e’ G'2sinI’ 3T’
and
Hi . (?Sz f_/’I_I i B 17 952
L 31" OH' G'sinl’ a1' (45)

Furthermore, it is important to note that

af’ a' L'? . ,
- = 5t 7 )sinf’
de r G

AE’ a" .,
— S sinkE"
de r
and
on’ _ _3n’
da’ 2 4 (46)
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Thus,

9S n'R2J
2 3 C Y2
—_— = -—_— " - - 2 1 12 '
22’ 16 (1—e’2)3/2 [ 2<1 3cos‘I )B2,1+(Sm I )Bz,z]
' R2
3 MRSy
- —_ = a2 ' _ N2 N2
16 2 (1~ ¢'2)72 [6(s1n I')B,,; +(1-cosI')2B,, , +(l+cosI") an]
i 3 - '
5 N Ry Jysind
- _ 2 1 12 t
Y192, (1-e'2)¥2 [3(1 Scos?I')B,  + (sin? I )Bs,z]
' R4
7 n R@ J4
- - - 271 41
1024 a'3(1*e’2)7/2 [ 2(3 30cos“I' +35cos” I )B4.1
+251n21'<1—7C0521')B42~(sin4I’)B43]
. 9 n'RcsjssinI’ |: ) .
6T430 75 (1- o127} 30(1-14cos? I’ +21 cos* I')B,,
+5sin2 I’ (1~ 9 cos? I‘)B5'2—3(sin41’)B5I3]
7 n¢as
+ Tgg 12[—2 1-3cos?I’)(2+3e'2)+6sin2I’ (2+3e'?)cos2h
55— {12[-2(1-3c0s? 1) (27 302) 6 sin? T )
+ 30e'?2sin?I' cos2g + 15’2 (1-cosI')2cos(2g-2h)+15e'2 (1+cosI')? cos (2g+ 2h)|(E-1
g ( ) (2g ) ( ) (2e )¢ )
+ 4(1-3cos? 1')B; , +6(sin? I')By , +3(1 - cos I')2 By , +3(1 +cos I')2 B : (47)
€ .1 (o € .3 C .4
852 1 n'R@2\]'2 ) ) ,
o1 S 7 w(l—e”)"’/? sinI’ cos1I (—6B2‘1+B2’2)
' R2
1 VRSTy, . , . ,
t 3z m sin I [G(COSI )B,,; F(1-cosI")B,, ,~(1+cosI')B,, ,

[(11- 15cos21)B, , + (sin? I')B,,]
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N
de’

1 n’Ré‘J4 sinI' cos I’

/L2 (1'_ e’é—_—)wz [—»10(3—76052 I')B“'1 + 2(4— 7 cos? I’)B‘L2 - (sin2 I’)B4’3]

1 0 RgJ, cosT

2048 515 (1 - o 2) 92 [2(29— 126 cos? I' + 105 cos* I')B, ,

+sin? I’ (7* 15 cos? I')B5_2 - (sin4 I’)B5‘3]

'

2 .
1 n'a'? [T
84 ¢ (-—) sinI’{12[—2cos I’ (2+3e’2)+2c051’ (2+3e’2)c052h
n

10e’? cos I’ cos 2g+ 5e'2 (1-cos I') cos (2g- 2h) - 5e'? (1 + cos I')cos(2g+2h):| (E' - 1)

4(cosI')B, , * 2(cosI')B, , +(1-cosI')B, , - (1+ cosI’)B@A} ’ (48)
1 ' RST
33 (‘1;;?;2 {‘2(1* 360521') [128' (f' - 1y+ 3(4 *36’2) sinf’ rfe’ sin2f' +e’'? sin3f’]

sin? 1’ [* 18¢’ sin 2g“3(4- 7e'2) sin (f' +2g) + 3e'2sin (f' ~2g) + 36e’ sin (2f' + 2g)

+ (28 + 11e’2) sin (3f' + 2g) - 18e’ sin (4f' + 2g) + 3e’? sin (5f’ + 2g)1}

n'R2J

L € 22 P2 T ; ' ;2 B ' ] : '
55‘(1:9(2)?—2 6 sin? I [248 (f »/)cothf3<4*3e ')51n(f *2h)+3(4+3e )sxn(f - 2h)
6e’ sin (2f' + 2h) + 6e'sin (2f" - 2h)*e'zsin(3f'+2h)+e'2sin(3f'—2h)]

(1-cosI")2 [- 18e’ sin (2g - 2h) - 3(4 - 7e'2?) sin (f' + 2g- 2h) * 3e’ 2 sin (f' - 2g + 2h)

36e’ sin (2f' + 2g - 2h) + (28 + 11e'?) sin (3f' + 2g - 2h) + 18e’' sin (4f' + 2g - 2h)
3e’2sin(5f'+2g—2h):]+(1+cosl’)2 [— 18e’ sin (2g + 2h) - 3(4 - 7e'2) sin (f' + 2g + 2h)

3e’2 sin (f' - 2g - 2h) +36e’ sin (2f' +2g+ 2h) + (28 + 11e’2) sin (3f’ + 2g + 2h)

+ 18e’ sin (4f' + 2g + 2h) + 3e'2 sin (5f’ +2g+2h)]}
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1 n' R¢3 I, sinI’

128 ;T_e—,z)wz{(l—SCOSZI’) [48(1+4e’2) (f’ —l)sing+24(2+e’2)cos 2g

42¢' (2+e'?) cos (f' - g) - 72e’ (4+e'2) cos (f' +g)+24e’? cos (2f’ - g)-24(3+5e'2) cos (2f' + g)
3e'3 cos (3f' - g) - 2e’ (34+9e'2) cos (3f' +g) - 24e’ 2 cos (4f ' + g) - 3e'% cos (5f' + g)]

sin?21° [— 40e'? cos 3g - 5e'3 cos (f' - 3g) - 10e’ (6 - 5e'2) cos (f’ +3g)—40(1¥3e'2)cos(2f' + 3g)
40e’ (4+e'?) cos (3f + 3g) + 20(5+ 6e'?) cos (4f" + 3g) + 2¢’ (54 +11e'2) cos (5f' + 3g)

+ 40e'2 cos (6f' +3g) * 5e'3 cos (7f’ +3g)]}

‘4
1 n'Rg' T,

2048 2 (1_ e'2

or2 {-2(3»30cos2 I' +35cos*1') [moe' (4+3e'2) (£ -1)+30(8 +36e'2+5e"*) sin f’
240e’ {1+ e'2)sin2f’ + 5¢'2 (24 + 5e’?) sin 3f' + 30e'3 sin4f’ + 3e’? sin 5f’]

4sin21' (1- 7 cos? I')[120e' (2+5e"2)(f' - 1) cos2g~20e’ (14 + 5e’?) sin 2g + Se'? (48 +19¢'2) sin (£ - 2g)
10(8 + 144e'2 + 23e'4) sin (f' + 2g) + 200e’ (4+3e2) sin(2f + 2g) + 50e’3 sin (2f’ - 2g)

30(8 + 24e2 + 3e’4) sin (3f' +2g) * Se'* sin (3f' -~ 2¢) * 10e’ (34 +25e"2) sin (4f' 4 2g)

e'2 (192 31e’?) sin (5f' + 2g) + 50e’? sin (6’ + 2g) + e’ ¥ sin (7f' ¢ Zg)]

sint 1’ [~ 350e’3 sin 4g+ 35e'* sin (f' - 4g)~ 35¢'2 (24 - 13e'?)sin (f' + 4g) - 280e’ (4 - se?)sin(2f ' + 4g)

70(8 - 36’2 - 7e"*) sin (3f'+ 4g) + 700¢’ (4 + 3¢'2) sin (4f' +4g) + 14(104 + 252¢'2+ 29¢™) sin (5f'+ 4e)

280e’ (8 + 5e’2) sin (6f' + 4g)+ 5¢’2 (264 + 37e'2) sin (7f' +4g) + 350e’ 3 sin (8f' + 4g)

+ 35¢’* sin (9f’ + 4g):l}

1 0 RFJgsinl’
8197 a'3(1—_e’2)“/2 {2(1— 14 cos?2 I’ + 21 cos? I') [480(4+41e‘2 + 18e‘4) (f'-1l)sing
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120 (8 + 16e'2 + 3¢’ ) cos g~ 1800e’ (8 + 12e'2 + e’ *) cos (£’ + g) + 15¢’ (336 + 848e'2 + 85e'%) cos (f'- g)
120 (16 + 98e'2 +39e'4) cos (2f' +g) + 660e'? (4 + 3e'2) cos (2f - g) — 5’ (624 + 107272 + 95e*) cos (3f' + g)
40e'3 (23 + 4e'?) cos (3f' - g) - 60e’2 (38 + 21e'2) cos (4f' +g) + 180e’* cos (4f' - g)
24e’3 (37+ 56'2) cos (5f' + g) + 15e’ 5 cos (5f' - g) ~ 180e’ % cos (6f’ + g) - 15e'5 cos (7f' + g)]
sin2 I’ (1-9cos21') [— 3360e’2 (1+2e'2) (f' - 1) sin3g-140e'? (32+9e'?) cos 3g
105¢' (16 + 208e'2 + 25¢*) cos (f'+ 3g) - 840e? (3 te?)cos (f'- 3g) + 9240e'2(2 + e'?) cos (2f' + 3g)
420e’* cos (2f' - 3g) + 1400e’ (8 + 12e'2 + e"‘) cos (3f' + 3g) - 35e’5 cos (3f’ - 3g)
840(4 + 19¢'2 + 7e'%) cos (4f' + 3g) + 2le’ (304 +432e'2 + 35e'%) cos (5f' + 3g)
140e’2 (36 + 17e'2) cos (6f' + 3g) + 120e’3 (17 + 2e’?) cos (7f’ + 3g) + 420e’'* cos (8f' + 3g)
35e'5 cos (9f ' + 3g)] - sin% I’ [- 756e ' cos 5g - 504e’3 (S- 2e’2) cos (f' + 5g)
63e'S cos (f' - 5g) - 1260e’2 (4 - 3e'2) cos (2f' + Sg) - 105e’ (48“80812 - 13e'*) cos (3f' + 5g)
504(4 - 252 - 15e'*) cos (4f' + 5g) + 1512e" (8+ 12e'2 + e"‘) cos (5f' + 5g)
168 (32 + 1306’2 + 45¢' #) cos (6’ +5g) +45e’ (240 + 304’2 + 23e' #) cos (7f' + 5g)
1260e'2 (7 + 3e'2) cos (8f' + 5g) + 56e3 (65 + 7e'?) cos (9f' + 5g) + 756e' ¢ cos (10f' + 5g)

+ 63e'5 cos (11f’ +5g)]}

1 n' a? nm2 , 2 1 s 1 a2 T
1798 < — 24e [—2(1—3cos I)+65m I'cos2h +10sin? I’ cos 2g

'

n

5(1 - cosI')2cos (2g- 2h) +5(1+cos I')2 cos (2g+2h)] (E'-1)

4(1-3cos21’) [3(4+ 3e'?) sinE’' -6e’ sin2E' + e'? sin 3E’:l
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28

+ 2sin2 T’ [—9(4+3e'2) sin (E' - 2h) + 18¢’ sin (2B’ - 2h) - 3e'2 sin (3E' - 2h)

- 9(4+3e'2) sin (E' +2h) +18e’ sin (2E' +2h) - 3¢’ 2 sin (3B’ + 2h)

- 15 {(2+3e’2) -2(1-e'2)V2 4 2e2 (1—9’2)'1"2} sin (E' - 2g)

+ 6e’ {1— 2(1-e'2)V2 + (1-e'2) V2 (1+e'2)} sin (2B’ - 2g)

~{(2-3er2) —2(1-e2) 2 4 202 (1-e'2)V2} sin (3" - 20)

- 15{(2+ 3e?) +2(1-e'2)V2 - 2e'2 (1~ e'2)‘1/2} sin (E' + 2g)

+ 6e’ {1 +2(1-e2)V2 - (1-e'2)V2 (1 +e'2)} sin (2E' + 2g)

- {(2,364) +2(1-e'2)¥2- 2¢'2 (1—e’2)‘1/2}sin(3E' + 2g)]

-+ (1-cosT')2 [— 15{(2T 3e'2) - 2(1-e"2)¥2+ 2e"2 (1- e'z)’l/i} sin (E' - 2g + 2h)
+ 6e’ {1— 2(1-e2)V2 4+ (1-e'2)7 V2 (1 +e'2)} sin (2B’ - 2g + 2h)

~ {(2—3e'2);2(1-e'2)V2+2e'2 (1—e'2)-1/2} sin (3E' - 2g + 2h)

- 15{(2+3e2) v 2(1-e72) 12 - 2¢72 (1 e72) V2 sin (B 4 2g - 20)

+ Ge’ {1 v2(1-e2)V2- (1- e'2) 12 (1 +e'2)} sin (2E' + 2g - 2h)

- {(2—3e’2) +2(1- e )2 -2¢2 (1- e’2)'1/2} sin (3E' +2g—2h)]

+ (1+cosT')? [— 15{(2+3e'2) ~2(1-e'2)V24 272 (1 —e'?)“m} sin (E' - 2g - 2h)
+ Be’ {1— 2(1-e2)V2 4 (1-e'2) 12 (1+ e'2)} sin (2E' - 2g - 2h)

- {(2— 3e'2) -2(1-e' )12+ 22 (1~ e'z)“m} sin (3E' - 2g - 2h)

- 15{(2+ 3e'2)+2(1-e'2)V2-2e'2 (1~ e'2)—1/2} sin (E' + 2g+ 2h)



+ et {1+2(1_e:2)1/2_ (1-e"2)71/2 (1+e'2)}sin(2E' +2g + 2h)

- {(2—3e'2) +:z(1—e'2)1/2—2e'2 (1—e'2)'1/2} sin (3E' + 2g+2h)]}

n a

¢ .2 fna\2
+ch1 p (——@) {12 [—2(1~3cos21') (2+3e'2)+6sin21'(2+3e'2) cos 2h
n

+30e’2sin? 1" cos 2g+ 15’2 (1~ cos I')2cos (2g~ 2h) + 15¢’2 (1 + cos I')2cos(2g+2h)]
#12(1~3cos?1') [3e’ (4 +e'%) cosE' ~6e'? cos 2B’ +e'? cos 3E']

+ 18 sin? 1"’ [— 3e’ (4+e'2) cos (E' -~2h) +6e'? cos (2E' -~ 2h) ~e'3 cos (3E' - 2h)
~3e’ (4+e'?) cos(E' +2h) +6e’?cos(2E' +2h) ~e'? cos (3E’ +2h)

“se {(2002) - 2(1-e72)1 2} cos (B - 20)

+2{(2+e'2)~2(1—e'2)“2 (1+e'2)}cos(2E'—2g)

- {(2—e'2) —2(1—e'2)1/2} cos (3E' - 2g)

- 5e {(2 re'2) 4 2(1 —e'2)1/2} cos (E' + 2g)

c2{(zrer?)a(i-er2)re (1+e"2)}cos (28" + 2¢)

-e' {(z—e'2) i 2(1~e'2)1/2}cos(313’ rzg)]
+9(1-COSI')2[“Se'{(2+e'2)—2(1—e'2)1/2} cos (E' - 2g + 2h)
+2{(2+e'2)—2(1—e'2)1/2 (1+e'2)}cos(2E'—2g+2h)
—e'{(2—e'2)-2(1—e'2)1/2}cos(3E'—2g+2h)

—se'{(2+e'2) +2(1—e'2)1/2}cos(E'+2g—2h)

+2 {(2 te'?) #2(1-e’2)1/2 (14 e'Q)} cos (2E' + 2g - 2h)
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—e’ {(2-6'2) +2(1—e'2)1/2} cos (3E’ +2g-2h)}
£9(1+cos1')? [— Se {(2+e'2) —2(1-e-'2)1/2}cos<E' - 2g - 2h)
r2{(2ver?)-2(1-e2)1/2 (1+e2)} cos (28 - 26~ 20)
—er{(2-e'?) ~2(1~e"?)1/2} cos (3B' - 2¢ - 2h)

-ser {(2ve'?) v2(1-e'2)1/ ) cos (B + 284 20)

+2{(2+e'2) +2(1-e'2)1/2 (1+e’2)} cos (2E' + 2g + 2h)

[

et f(2-e'2)+2(1-e'2)172) cos (3E' + 2g + 2h)| } = sinE', (49
= (49)

1 nIR@2J2 - 2 ! I3 t r ’ t

Y (1-4"27)3/2 sin? I’ [3e’ cos (f' +2g) *3cos (2f' +2g) + e’ cos (3f' +2g)]

l n'R_@?J22 1N\ 2 ; ! ! ' I
A (1“e’2)3/2 {(1“cosI ) [39 cos (f' +2g-2h) + 3cos (2f' +2g —2h) te’ cos (3f +2g‘2h)]

4+

(1+cosl’)? {3e'cos(f' +2g+2h) +3cos (2f'+2g+2h)+te’ cos (3f" +2g+ 2h)]}

1 n'RC3J3sinI r
39 ,(1“ ,2)5/"2'{(1—5C0521') LlQe'(f'—Z)cosg+3e'2sin(f'—g)"6(24e'2) sin (f' +g)
a - e

+6e’ sin (2f' +g) +e’2sin (3f' +g)] - sin21’ [159’2sin(f’ +3g) + 30e’ sin (2f' + 3g)
+ 10(2+e'2) sin (3f' +3g) + 15e’ sin (4f' + 3g) + 3e’?2sin (5f' ¢ 3g)]}

1 r]’R@4J4sin21
128 a'? (i_e:2)7/2

{(1—7c0s21') [—606,»'2 (£'-1)sin2g~10e'3 cos (f' - 2g) + 30e’ (4+e'2)cos (f' +2g)

-+

20 (2+ 3e"2) cos (2f' + 2g) + 10e' (44 ¢'?) cos (3f +2g) + 15e’ % cos (4f' + 2g) * 2e’3 cos (5f" + Zg)J

-sin21’ [35e'3cos (£' +4g) +105e' 2 cos (2f' + 4g) + 35e’ (4+e'2) cos (3f' + 4g)
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+35(2+ 3e’?) cos (4f ' + 4g) + 21e’ (4+e'2) cos (5f' +4g) + 35e 2cos (6f' +4g) +5e'3 cos (7f' +4g)}}

1 n'Resjs sinI’ .
- e - — 2 ] ] ' ’ o
2048 313(1"&2)9/2 {2(1 14 cos? I’ +21cos*1’) [120e (4+3e (f'-1l)cosg

+30(8+24e'2+ 3e"*) sin (f' +g) +60e’2 (6+e'?) sin(f' ~g) +60e’ (4 +3e’2) sin(2f' +g)
+60e'3 sin (2f' - g) + 20e’? (6+e'2) sin (3f' +g) +5e’? sin (3f' - g) + 30e’? sin (4f' + g)

+3e'% sin (5f' +g)] - sin?I'(1-9cos?1") [840e’3(f’ = l)cos3g+420e'2(6+e'2) sin (f' * 3g)

4

105¢" % sin ('~ 3g) +420e’ (4 +3e’?) sin(2f' +3g) +70(8 +24e’'2 + 3e'*) sin (3f' +3g)

+210e’ (4 +3e’?) sin (4f' +3g) +84e'2(6+e'?) sin(5f' +3g) + 140e’3 sin (6f' + 3g)

15¢ 4 sin (7f"' + 3g):] tsint1’ [3159'4sin(f' + 5g) + 1260e '3 sin (2f' + 5g)
+420e'2 (6 +e'?) sin(3f' +5g) +’630e'(4 +3e'?) sin (4f' + 5g) + 126 (8 + 24e'? + 3e'*) sin (5f' + 5g)
+420e’ (4+3e'?) sin (6f' + 5g) + 180e’2(6 e'?) sin (7f' + 5g) + 315¢'3 sin (8f' 1 5g)

+35e'* sin (9F + Sg)]}

1 n'a

g2 5_2 <:—@>2 {~ 60e " 2 [2 sin2 1’ sin2g+ (1-cos I')?sin (2~ 2h)
*(1+cosI')zsin(2g+2h)](E'—Z)fQSinQI' [15&'{(2*9'2)

-2(1-e'?) 2} cos (B - 2) - 3 {2ee'?) -2(1-e2)172 (1+e'2)} cos (28" - 29)
+el {(2—e'5) —2(1—e'2)1/2}cos<3E'—2g)

- 15¢" {(2+e'2)+2(1—e'2)1/2}cos(E'+2g)

#3{(2+e"?) +2(1-¢"2)1/2 (1 +¢'2)} cos (2E' + 2¢)

-e! {(z—e'l) +2(1—e'2)1/2}cos<313' +2g)]
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+(1-cos1’)? [ISe' {(2+e'2) -2(1—e'2)1/2} cos (E' - 2g + 2h)
~3{(2+e'?) ~2(1-e"2)1/2 (1+¢'2)} cos (28" - 2¢'+ 20)

te' {(2-e2) - 2(1-e"2)1/%) cos (3B’ - 2¢ + 20)
—15e'{(2+e'2)+2(1—e'2)1/2} cos (E' +2g - 2h)
+3{(2+e"?) +2(1-e2)12 (1+e'2)} cos (26 + 2~ 2h)

~e’ {(Q—e'z)+2(1—e'2)1/2}cos(3}3'+2g-2h)]
+(1+cosI’)? [159_' {(2 te'?) —2(1—e'2)1’2} cos (E' - 2g - 2h)
-3{(2+e'2)—2(1-e'2)1/2 (1+e'2)}cos(2E'—2g—2h)
+e'{(2—e'2)‘2(1-9'2)1/2}cos(3E'—2g—2h)
—15e'{(2+e'2)+2(1—e'2)1/2}cos<E'+2g+2h>

+3{(2+e'2) +2(1—e'2)1/2(1+e'2)}cos<2E'+2g+2h)

~e{(2-e'?) 1 2(1-e72)172} cos (38" 2g ¢ 2h>}} '+ (50)

and

6122 .o ’ . ' ' ' '
13275 {6sxn I [—2(f ~1)sin2h-e’' cos(f' - 2h)+e’ cos(f +2h)]

-(1-cosI")? [3e'cos(f' +2g-2h)+ 3cos (2f' +2g-2h) t e’ cos(3f’+2g—2h)]

+(14cosI’)? [Se'cos(f' +2g+2h)+3cos (2f'+2g+2h) +e' cos(3f' 4 2g‘r2h)]}

1 n’a'2 n@ s 2Tt 2 . 12 tN2
s (=) {36 [—zsm I'(2+3e'2) sin2h+ 5e’'2(1-cos I')% sin (2g - 2h)
n
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- 5e'2(1 +cos 1')2sin(2g+2h)] (E' - 1)

+6sin2 I’ [9e'(4+e'2) cos (E' —~2h) -9e'? cos (2E' - 2h) +e'3 cos (3E' - 2h)
- 9e’ (4+e'2) cos (E' +2h) +9e'2 cos (2E' +2h) —e’3 cos (3E’ +2h)]
+3(1~-cosI')2 [—15e'{(2+e'2)—2(1—e'2)1/2} cos (E' — 2g + 2h)
+3 {(2+e'2) ~2(1-e'2)1/2 (1+e'2)} cos (2E' ~ 2g + 2h)

—e' {(2-e?) -2 (t-e’2)1/?} cos (3B’ ~2¢ + 2h)

+15e’ {(2+e'2) +2(1—e'2)”2}cos(E'+2g—2h)

“3{(2vert) r2(1-er2) (1+e'2)} cos (28 + 2g - 21)

tel {(z—e'2) +2(1—e'2)1/2}c05<31~:' + 2g—2h)J

+3(1+cos1’)? [15e' {(2+e'2) —2(1—e'2)”2} cos (E' = 2g = 2h)
—3{(2+e'2)—2(1—e'2)”2 (1+e'2)} cos (2E' - 2g - 2h)

et {(2-e?) m2(1-e7?)! ) cos (3B - 22 - 2)

- 15e" {(2+e'2) *2(1~e'2)1/2}cos(E' + 2g +2h)

+3 {(2+e'2) 1‘2(1-e'2)1/2 (1+e'2)} cos (2E' + 2g + 2h)

et {(2-er®) t2(1-e"2) 12 cos (3E7 + 26+ 2“)}} 6D

If
AL = L-L'
NG = G- G
and
M = H-H,
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the short-period perturbations in the Keplerian elements a, e, I are obtained by

and
NG OH
I = I'+ cotl'(—,~—>v (52)

and, in the expressions for AL, AG, AH, the variables /, g, h may be replaced by the variables ',

g', h' with an error of the fourth order.

THE LONG-PERIOD TERMS; ELIMINATION OF K

At this stage, the Hamiltonian ¥' = F; + F,' + F, depends on the variables g’, h", L', G, and
H'; and L' is a constant with respect to time. The next step in von Zeipel's method consists of the
elimination of h’ and ¢’. The elimination of h’ is performed by means of a generating function

S - L' 1" +Gg +Hh ~8' +8 + - (53)
of a canonical transformation from (!, g', h', L', G',H' ) to (1", g", h", L", G", H"). The new
Hamiltonian

F = F, +F, +F, + (54)

should be independent of h~”,

In order to simplify the formulas, the following symbols are introduced:
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Then, from Equation 39,

2714
2 nQL

= Eﬁ*néﬂ + '1676‘{(5—37]'2) [(—1+39'2)+3(1—9'2)Cos2h']
1 , 1
+ 15(1-77'2)[5 (1+6"')2cos2(g’ +h') + (l—u'z)cos 2g' + 5 (1-9")2 cos 2(g’ —h’)]}

L—:—n; [—b2J2 (1-30'2)+6b27,, (1-+'2)cos 2h’:|
(1-n2)v2(1-0-2)12(1-50'2) sing’

“ B g [(5—377’2) (3-300°2+350°4)-10(1-7n"2)(1-02) (1~ 70'2) cos 2g']
" 556 Lo (1-nr2)v2(1-2)re [6(7—3n'2) (1- 1402+ 214'%) sin g’

~7(1-02) (1 w'2)(1--9w'2)sin3g’] © (B5)

The elimination of h' depends on the solution of the system

" . - ’ o - ‘112
Fy (L") = FJ/ (L") - sz
" " - ' " - * e
F/(H") = F,/(H') = ngH",
39S, oF,
Foo 7 P TG0 G (56)

and, since S,' does not depend on {’,
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As before, a particular solution is given by

F, = F,, = partof F, independent of h’ -
and
, 98/
A (F) - Fy.)
Then it is found that
n@Z L’ 4
" — - 3 _ »2
F2 16#2 € [(5 377 ) ( 1+ 30 )

4
e (10802

" 15(1—77"2)(1*9"2)cong"] —%;b?] }3
7

T8, (1_77'2)1/2 (1_5112)1/2 (1_5”'2) sing

6
- 1% b*7J, L,fgﬁq [(5”377"2)(3*3@?”2+35H'4)—10(1-T}“2)(1-r7"2)(1~7f3”2)cos 2g']
5 5 u 2\12 12 2 2 4N o .
" 258 2T T (1-n2)v2 (1-+2) [6(7"37, }(1- 14772+ 210 #) sing

where

and
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Furthermore,

2 /n 2
es0 - 15 25 (2) (3 G- wrn) (1) sinan

+ % (1-772)[(1+6")2 sin2(g’ +h') - (1-6")2 sin2(g’ —h')]}

1

3 7 i : ’
-Zn 2b2J22 BUE (1—9 2)Sanh . (59)

The long-period perturbations depending on the motion of the node are given by

3s,
Los LD L (60)
EEK
G’ b
dg’
o 15/ "¢\ 1-n2 L, o o, Lo
T e () [ e teosate vy S (- ey eos ae” h O] (61)
28,
H - +
9h’

n.2
- H"{l 1—3&<ng@n'> ”,1{4” [(5"37}"2)(1-M”2)c052h”+%(1 77”2){(1*f}')2c052(g"+h”)

3n' {n' 1-¢2
t(1-+")2cos20g" - J R e L —5  cos2h"l
( )} 2 H n 2 03 (62)
EEK
K - ] - —
oL’

1 ng 1
= U7t 16e <n* n,){s(lo— 377"2)(1 - e”Z) sin 2h" + 15(1 -5 77”2) [(1 +60")2sin2(g” +h")
C

9n’'2 1-6"2
_ 1-8" 2 o 0o g - ~ 2 —_ i "
( ) sin 2(g h )]} 4 nz b J22 77::3 L’ sin 2h ’ (63)
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1 /7 1 15
= g +ﬁ< ¥ ,)— [3(59”2—377”2)sin2h"— T(l +9")(‘r;”2+8”) sin 2(g" +h")
nen'/ m
5 r2 3- 2
+T(1_5”)(nuz_9 )San(g”—h")]'Z 5 bZJ22 T sin 2h  (64)
and
S/’
h' = h" - —
oH"
1 /¢ 1 15
= h”+m<n*n,>—j{3€" (3n”2~5)sin2h"+7 (1*77"2)[(1 +g") sin2(g” +h")
e n
Ca-enysinae -h0)} - § e 61, o sin 2y
- Sin - - T % - S1in .
g 2 nz 22 7 04 (65)

It is important to note that these terms are factored by first-order factors. Then, a second-
order theory produces first-order long-period terms. It is necessary to go to third order to ob-

tain second-order long-period terms. This is done next.

THE SECOND-ORDER LONG-PERIOD TERMS
AND ELIMINATION OF b AND THE TIME

The small parameters of third order are as follows:
ng 2
i, <—> (earth's oblateness)

n 2
('f) (sun's perturbation)

<“@ >2 ~ ig  (correction due to the inclination of
sin
! 2 the moon's orbit to its equator)

o (solar radiation)

38




n 2
(—@> eq (eccentricity of the moon's orbit)

(2@)3 (earth's perturbations—third
Legendre polynomial)

and

an
- (correction due to physical libration)

Since short-period perturbations of the third order will be neglected, it is understood that all
terms of third order which depend on ! will be ignored. Suppose that F, is the third-order part of
the Hamiltonian and F,' the part free of short-period terms. The Hamiltonian will be time-
dependent through the longitudes of the earth and of the sun. This fact introduces one more degree
of freedom in the problem, and it is necessary to introduce the time as a canonical variable. This
is done through use of the following equations (v = t + const.):

ds d¢
T - o (66)
and
dT 9% a3 _ 9,
F* O oF Cogf - et (67)
so that
J F-T (68)
and
T - - F, + const. (69)

This additional complication does not affect the development of the theory up to this point, if
one sets

g - 0 (70)

The next step is then to eliminate h’ to third order to obtain second-order long-period per-
turbations depending on the argument h'.
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The orders of magnitude are as follows:

30'=F0’—T=—;7-T
3/ = F/ = ngH'
3, = F,
and
3 = Fy, (71)

where T has been incorporated into 3, . The von Zeipel differential equation of the third order is

then

3 ; asll aSZI asll 682/ 582/ 8811 653’ 380/ _ 8” asll 852//
Stonon e ae tamaw T ar T % s aa (72)
dh' gH dg' 9G gh’' 9H agr dT 0G" dg

or
o 9S; 9F) 9F; oS 98 48] 9F 43S/
F ot t .t T 7 s T oA (73)
oh' gH dG" odg dh a7 dg’ 9G

Since we had supposed that4s, /9= = 0 in the previous order evaluation, a particular solution

of the third-order equation is found by taking

) , as," oF) oF, 98/ oF," 38/
Fg = Fgi f ' o *+ . . - / " )
s \gh' 9H" /. \9G" 9g' /., \dg' 9G" /, (74)
where the subscript s designates non-dependence upon h” and . Further,
n* 8, e (asl' aF2'> i <an' asl'> . (an" asl'> ,
[ ah' 3ph oh' oH" o 9G" agl o ag/ 9G” o (75)
and
98, (ésl' an') <aF2' as;) <6F2” asl'>
— = F./ + | — — +{— —— — B — »
a7 3 f " " ' ' ' 76
T \eh' oH"/ . \eG" ae’/,. \og' 4G/, (76)
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where the subscript »»' indicates the inclusion of all trigonometric terms with arguments of the form
jh' +kg', where j and k are integers (j # 0), and the subscript »- indicates the inclusion of all trigo-
nometric terms with arguments of the form jr +kh’ +mg’, where j, k, and m are integers (j # 0).

Then S, will be obtained as a periodic function independent of the time, and S, as a periodic
function dependent on time. '

Since the functions F, , F,’, S;’, and F,” are known, the only parts that have to be computed
are those corresponding to the third-order terms of the Hamiltonian (Fs) .

THIRD-ORDER TERMS GENERATED BY COUPLING OF SECOND-ORDER TERMS

It was found (from Equations 55 and 58) that

n 2
F,/ = —é; (n—@> n' L’ {(5— 3n'2) [(- 1+36'2) +3(1-6'2) cos 2h’]

1 1
+ 15(1-77'2)[—2' (1122 cos2(g' +h')+ (1_,,r2) cos 2g’ + 7 (1-6")2 cos 2(g’ -h’)]}

1t 2 2 2 ‘2 . 3“5b3J3 / 1 2\1/2 2 i ot
+2TL1677'3 [-b J2(1*3H ~)+6b J22(1*ﬁ )cos2h]*§L,8—n,—s (1~77 2)1/2(1—# ) (1_5@ )sxng
3 ;L6b4J4
S8 L [(57377) (37302 3507%) S 10(1 - n'2) (1-97%) (1 7572) cos 26 ]
5 o’ b3 T,

TI6 L (1- n'2)v 2 (1-42)72 [6(7- 37'2)(1- 1462 + 219} sin g’ - 7(1- n?) (1-072) (1-90'?) sin 3g], (77)

n 2
F, - ﬁ (n—®> n' L’ [(5~3n“2) (-1+32) +15(1-7"2) (1~ ¢"2) cos 2g"}
L pho 1 02 3., 4 “2\1/2 v2\1/2 “2Y gin o
TP Iy s (1780 - g Y s (1o )2 (18022 (1o 5077 sineg
3 ub

28 b* 7, Lo [(5 =37"2) (3-309"2+356"%) -~ 10(1-7"2) (1-6"2) (1-79"2) cos 2g”]

7
- % bs J, Lg—n“’ (1-72)v2 (1-g72)12 [6(7 -37"2) (1-146"2 + 216"*) sin g”

S (i) (1-972) (1-982) sinse’] » (p)
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and nz S, is given by Equation 59. In the coupling terms, the variables in F,’ can be double-primed
with an error that is of the fourth order.

The partials needed are given below.

an’ 3 Ne 2 1
- e (7)o oo cosans
+ 5(1-7"2)6" [(1+6") cos 2(g" +h") - 26" cos 2g”
" M " 3.2 .2 g "
- (1-6")cos 2(g ~h)]}+7bn L s (J2~2J22cos2h)
3 pn'2e" (11-15072) (1-7)V2
tg bl L'3 6 (1,,4,?2)1/2 sin g
1 2 12 g
cmtn i [(smerny (3t el ) (a7 ) cos2e
15 udn'2e” (1'#'2)]/2 2 .2 caY .
Cs I T e Ly (20779 (29 122105 sine
- 7(1-m2) (1- 2 (7-1572) sin 3]+ (79)
gF, . 3n’ n@zl o 2 - o ,
2 Telo) o s vals 2o ) cos

- 5(1+¢") (77"2 +<‘7’") cos 2(g” +h") + 10(\va2 - 7“"2)Cos 2g”

12 K2
+ 5(1-8") (e~ 7n"2) cos 2(g" —h”)] + %E 77‘?4 {Jz (1-50"%)-27,, (3~ 5/"%) cos 2h“]

12

3 un
2 43 - - w2 wd _ ~ - p .
tE s T e (1-n"2)v2 (1-672)v2 [5 41672 + 406”4 - 7" 2 (4 - 350" % + 35e 4)} sing
1S 4 pin'? "2 4 "2 2 g :
S8 YT Ls s 21- 270672 + 3854 - 9n"2 (1 - 14372 + 21" 4)

- 2[7 72672 477874 — 772 (5~ 5662 + 63@"4)] cos 2g"}
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+ 25 S pin'? R — "2 "4
256 *°Js 11 00 (1-n72)v2 (1-72) 73 {2[7(9—1649 +4416"% - 2940"6)

- 1"2 (77 - 14450"% + 395564 - 26676"°) + 37"+ {6 - 1196”2 + 3366”4 - 231@"6)] sin g"

- 7(1-7"%) (1-6"2) [3—379"2 +420"% -2 (2-276"2 + 336"4)] sin 3g”} * o (80)

oF." 15 o2
6-;— T B “L(n_(C) (1-7"2)(1-6"2) sin 2¢"
l-‘
¢ _3 ., 2 (1-n2)ve (1-em2)v2 (1 - 552) ,
CRRE L'2 "5 -~ cosg
15 2n'? 1-n"2 a2 o2
T 32 b4J4l " ( ’ L)'Sln 7; )(1 7 ) sin 2g”
15 3n'2 {1 n2)172 1.2\
555 b T, W32 L,f,)“ . ( )_ [2(7 - 3772) (29 - 1262 - 1054 cos &
B 7(1-77"2)(1 . 2)(7"15r"’2) coS3g'J i (81)
881' 1 L n@2
oh’ TE FZ}) 32¢ <n;n’>{2(5' 3n 2) (1' . 2) cos 2h’

+5(1 n2)[(1+")2cos2tg +h ) (1-+")2 cos 2(g" ~h)]

——

=]
)

[
|
~

3 2 [z ;
T2 F b, g ocosh . (82)
@ n
ISy’ 15 [ ¢
—— = - S AR N2 " g N2 EE s
Py 3\ F (1-2"2) L [(1+6")? cos2(g” +h") - (1-6")2 cos 2(g" - h")] (83)
and
as,’ n2
L 3 ¢\ 1 . W2 i oy i g Y s
3G >?<nzn,>n—'[2(552“377 2)s1n2h —5(1+H)(n2+t7”)s1n2(g"+h”)
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3 n'2b2J’

+5(1-6") (2= 6")sin2(e’ -h")| - % 22

ngm" 4L (-3+5072) sin2h” . (84)

From these equations and Equations 74 and 75, it can be shown that

n\? /n.\? 1
S, (coupling) = 4099662 (n—@) <n—5> 17;— {— 326" (1-6"2) 1”2 (15~ 171"2) sin 20"
c
- 40 (1-572)(5-3%"2)2 sin 4h" £

+

80¢1 + )2 (2~ 37" )2 (1-7"2) sin(2g" + 2h")

+

80(1-+")2(2+ 3 )yn 2 (1-7"2) sin(2¢g" - 2h")

+

10(1+6e7)2 (1-67) (1-»"2)[5(1-67) - 67°2] sin (2g" + 4h")

+

10¢1-~ )2 (1-ey(1-7m2)[s(1+% ) -6 2] sin(2g -4h)

25(1 -6y (1-m"2) [(1- ="y - 2"2] sin (4g +4h")

+

£ 25(1- -3 (1-7 2) [(1 )= 272) sin (4 -4h')}

&
&l e
m
o)
3
IS
TN
o B =]
e ¥ e

>2 J, b? [4»“ (1--2)(5-3 2)sin2h’

£ 5(1+6)2 (14277 - 5672) (1-7"2) sin(2g" + 2h")

+5(1-62(1-20 -5 2) (1-7"2) sin(2g - 2h”)]

2
9 "¢ .
£15: N’ T"4<7> 1., b2 {— 8- (1”“”2)(5‘3* 2) ‘2sin2h” - sin 4h -
n

c

—20(1 4+ )2 (1-+"y(3-5 ") (1-n"2)sin(2g + 2h")

- 20(1-6")2(1+6')(3+5") (1-7 ?)sin(2g" - 2h")



*5(1+8")2(1-6")(1+59") (1-n"2) sin (2g" + 4h")

£ 5(1-6")2(1+8")(1-5") (1-7"2)sin(2g" - 4h“)}

9 /n'\2 6" (1-6"2) 9 (n'\ . 6" (1-6"2)
22 12 \+ 7Y 7 4 o w_ 2 ; . M
8 ( ) n L' 77 J5J,, b% sin2h 16 nz n'? L' "7 J222 b* sin 4h

9 un’ (1_77~2)1/2 (14,7”'2)1/2 n@2 ) o )

- "2 (9 154" + 15572 - 175~“3)] cos (g + 2h")
(1= [25(1 bt 2 p g0 3)

~ 2 (915t 152 417573 cos (g 2h)

= 25(1- 17 2) (1 )2 (120 - 7072) cos (3g’ ¢ 2h")

- 25(1-n"2) (1-0")2 (1-20" - 70"2) cos (3g" - 2h”)}

9 n'\2 un'? (1 - 7)"2)1"2 (l—H"z)l’/2 < . . . .
e L =g, 8 (e (32507 1 s0m2 w280 2) cos (g ¢ 2h)

v (1" ‘4‘)(3725,.' + 52 ,25,.'3)(305(%' -21'1”)]

n

45 n'? :
" 81927 L—r,‘*;g <—§> Jq b“{sw(l» ~2)[a5- 10072 (2070 2) 3t (1 - 14 2)] sin 20
cC

‘ + (1 —n"z) (1+e7)2 [35(3 + 40 - 30002 - 2003 + 515"4)
- 3n"? (11 + 360" - 1266072 ~ 19663 +3156“4)] sin (2g" + 2h")

+(1-m2) (1-0my2 [35(3—4@" - 30072 + 20873 +516"4)

37°2 (11- 369" - 1266”2 + 1966”3 + 3153“4)] sin (2g” - 2h")
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- 35(1-79"2)2 (1-6"2) [(1 +0")2 (1+26" - 96"?) sin (4g" + 2h")

*(1-0")2 (1-20"-96"2) sin (4g" - 2h" )}}

45 1\2 3 "6’"2
() " o) 5 naa [os- 39 o (3-76°2) sin o
Ne L'?n

+ (1-7m"2)(1+6") (3-196" - 76”2+ 356"3) sin (2g" + 2h")

+ (1 - 77"2) (1-0¢") (3 +198" - 76"2 - 35H”3) sin (2g" - 2h" )]

32768¢ um 10

45 n'3 (1-7"2) V2 (1-572)V2 <%>2 J, b’ {(1 +O"y [35(15 + 4167 - 262072
¢

- 346073 + 51904 + 321675 ) + 147" % (259 - 2559" - 5666”2 + 171063 - 5256”4 - 14550" 5)
- m"% (1559 - 1015 - 544662 + 7350073 + 7350”4 - 5775r7"5)] cos (g" + 2h")

+(1-6") [35(15 - 410" - 2626”2 + 3466”3 + 5190”4 - 3216"9)
+ 1472 (259 + 2556" - 5660”2 - 171063 ~ 5250 + 14556"5)
- "% (1559 + 10150 - 54466"2-73500"3 + 7352" 4 + 57759“5)] cos (g” - 2h")
- 14(1+0"2) [5(9- 76" - 119672 + 15073 + 17407 %) = 1" 2 (179 - 149" - 13200"2 + 3063 + 1605 4)
¢ 304 (184 79" - 1350”2 - 156”3 + 1659"4)] cos (3g' + 2h")
- 14(1-6")? [5(9 +70" - 1196"2 ~ 150”3 + 1740"4)
- "2 (179 + 149" - 132002 - 309”3 + 16050"4)

+ 30" (18-76" ~ 135072 + 150"3 + 1656"4)] cos (3g" - 2h")

+105(1-7"2) (1-0"2) [1~9<9“2—77”2 (3-119"2)]

X

[(1 +6")2 cos (5g" +2h") + (1-6")2 cos (5g" - 2h”)]}




EReEIEET

" 7096 | % L' 713 R Y b7{2(7—377”2) (29 - 12662 + 105"%) [(1+H“)(3—sa") cos (g'+ 2h")

45 <n1>2 n'4 (1_77:'2)1/2 (1_511_2)1/2
+(1-06")(3+55") cos (g" -2h")] -7(1-7"2) (1-972) (7-150"2) [(1+e") (3-56") cos (3g" + 2h")

+ (1_@”)(3+5<9")cos(3g”“2h”)]} © (85)

9 (nc)’ (ne\n2
F; (coupling) = g\ ) =% )5 2% ¥1-e"2 cos1" [(2+33e”2)

n' 2

- (2 - 17e"2) cos?I" +15e"2 sin? I" cos 2g"]

9 ("¢ /Pe\n'2sin2I" cosI”
+ sl = - b2[22+3“2 +15e“2coz']
32<n’><n> E(146112)2 J22 ( € ) S 28

9 /n’\n"?sin?1 cos1 _,
g n¥ a’'?2 (1_9-2)7/2 APTE (86)
cC
and, of course,
S, (coupling) =~ O . (87)

It is important to note that s, (coupling) is made up of second-order terms, although it is ob-
tained by multiplying a second-order quantity by a first-order quantity.

The next few sections are devoted to the computation of F;. From that computation various
additional parts of F,”, S,’, and S, are then derived.

THE RADIATION PRESSURE

For this computation, the shadow effect will be neglected. Its inclusion would require, of
course, the introduction of a shadow function due both to the moon and to the earth.

Consider o to be the absolute value of the acceleration of the orbiter arising from the solar
radiation. Then, the disturbing function for the radiation pressure will be given by (see the earlier
section, "The Angles S,; and S, ")

R, = -orcosS/ , (88)

o

or, neglecting the inclination of the lunar equator to the sun's orbit,

R = —or[cos(f+g)cos(Q~)\o)*sin(f+g)sin(0—)\®)cosl] . (89)
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The elimination of short-period terms gives
R' = Hoa'e |c 2 L. "+h' A -A +sin? - "=h'HA_-A '
2 ca 0s 2 oS (g @ G)) sin 2 cos (g 0] GB) (90)

where the node O was written in terms of the canonical variable h. There is no secular contribu-
tion from this effect, that is, F | (radiation) = R, = 0. On the other hand, since there are no
terms strictly independent of time, the contribution to S, is zero, or

52’ (radiation) = 0 . (91)

Therefore,
as, (radiation)
— - = F,, (radiation) ~ RS,
or
) o _ 3wua'e” 1 . v . : " . - :
S, (radiation) = 7n; F [6052 5 sin (g +h 7)\&-K®) - sin? 5 sin (g -h +)\@—>\,9)] ' (92)
@
where
)\G = n:7 + const.
)\@ - név + const.

and n: and n; are, respectively, the mean motion in longitude of the sun around the moon and of

*}n*

the moon around the earth. Of course, n; -n > ngisa good approximation.

THE SECOND LEGENDRE POLYNOMIAL FOR THE
SUN’'S GRAVITATIONAL PERTURBATIONS

The most important term in the disturbing function due to the sun's gravity is

Hoaq r\2 } .
- (——) P, (cosSyy) . (see Equation 20)
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where, for the computation of S}, the sun can be considered to move along the moon's equator.
Thus,

cos 8 = cos(f+g)cos(Q~}\®)—sin(f+g)sin(0-)\®)CosI.

On the other hand, neglecting the mass of the moon,

m
nfal = k2 (m®+m$) = kZmg <1+m—®>'

and since the ratio m /m@ can be neglected,

n2 a33 = uy
Furthermore, if the eccentricity of the earth orbit is neglected,
F,(sun) = n2r1?P, (cos Sl'é‘)

- % nef r2 (3 cos? S 1)

e

n; r2 [0052 (f+g)cos? (Q—)\Q) - 2sin (f +g) cos (f +g) sin (Q—A@) cos (2)— )\G) cos I

1

+sin? (f + g) sin? (Q—)\Q) cos? I] - Fn2r?. (93)

Rewritten, Equation 93 becomes
! (o)

3
F,(sun) - Fnlr? [(cos2 f cos? g+ sin? f sin? g) cos? (- )

- 2(- sin? f singcos g + cos? f sin g cos g) sin (E)— )\G) cos ((7— )\Q) cos I

5

1 3
+ (sin2 f cos? g+ cos? f sin? g) sin? (Q*)\@) cos? I] -3an2r? +5gnlrisinfcosf - Q, (94)

where Q is independent of f. It follows that

1
F,)) (sun) = 33072 a"Q[-2(2+ 36“2) (1 - 3 cos? I”) +30e"?2 sin? 1" cos 2g”
+ 6(2 +3e”2) sin2 I” cos 2(h” A *)\@) +15e”2 (1 + cos I")2 cos 2(g” +h" + A, —«\@)

+ 15”2 (1 - cos I")2 cos 2(g” ~h"-A, +>\®)] ©(95)
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The secular contribution is
1
F,/(sun) = 7@ nta"? [— (2+ 3e"?) (1-3cos? 1) +15e"2 (1 ~ cos? 1) cos 2g”] . (96)

There is no contribution to S,’, and the contribution to S;' is

a2

! —- _37 @ - " s " 4 o
S, (sun) = &3 F ok [2(2+3e ) sin?I sm2(h +>\®—)\®)
c ]
+ 5e”"2(1+cosI")? sin2(h”+g”+)\@—)\®) + 5e"2 (1~ cosI")? Sin2(h”'g”+)\@')\®):| ©9)

THE THIRD LEGENDRE POLYNOMIAL FOR THE
EARTH’S GRAVITATIONAL PERTURBATIONS

From Equation 20,

- H r 3
F, (earth) = T r_0> P, (cos S10) . (98)
Now,
"¢
n@23@3 = k? (me+m@) ; kzmea 1+E@_ oMy
so that, considering the moon’s orbit to be circular,
n?al .3 n 2 n2
_ e fe 13 , e , 1 °¢ , )
F, (earth) = © ol P, (cos Sw) <ag 3P, (cos Sw) 72 <ag r3 (5 cos3 8, - 3cos Slo) . (99)
It
.1 .
A, = 5 [(1+cosT)ycos(g+h)+(1- cos T) cos (g - h)]
and
I - o .
B, ° 73 [(1 cos I)sin(g+h)+ (1-cosT) s1n(g—h)]
then

P _ .
cos S10 A, cos f B, sin f,
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so that

2
1 ¢
Fy(earth) = 37— 1 [5(AS cos® - 3A2B, cos? fsin £
+3A, qu cos fsin? f —B@?’ sin? f) - 3(A§a cos f - B, sin f)] - (100)
It follows that
5 n¢2a'3e'
FJ (earth) = - g eo— {5 [(3+4e2) a2 v3n, B2 (1-e'7)] - 34, (4+3e'2)} : (101)
where
13 - 1_ 2 ’ ’ t 1\ 3 ] !
A, = 35 [3(1~0 ) (1-6")cos (g’ -3n") +(1-6")3cos (3g' - 3h')

+3(1—/)'2) (1-0")cos(3g’ ~h')+3(1-0") (3+20' +30'%) cos (g’ -h")
310N (3—2;«' +3(;’2) cos(g’' *h') f3(1—/)'2) (1+e"Ycos (3g’ +h")

$3(1-0"2)(1+0") cos(g’ +3h') +(1+0")3 cos (3g’ *3h’):| ,

1 1
A 7 F(1+0)Ycos(g'+h") t3(1-0")Ycos (g’ =h') ,
and
1 +2 - L *)I — it} )yt 2 r ’
ASBS? © 35 [(1 9y (320" + 30°2) cos (g’ th')

F(1-0') (31207 +36'2) cos (g’ ~h')~3(1-0") (1-6'2) cos(3g' ~h')
+(1-6') (1-6'2) cos (g’ -3h')-(1-0")3 cos(3g' —3h")
=(1+8")3cos (3g' +3h')~3(110") (1-0'2) cos(3g' +h")
+(1+0") (1-6'2) cos (g’ +3h’)]

The contributions to F;" and to S; are both zero. The contribution to S,’ is then given by
1 L L}
S, (earth) = - TJF3 (earth) dh' ,
Ne
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or

5 ng \ ng a"3e”
S, (earth) = 7536 ( * ag € [— 9(1+cosI”) (1+ 10 cos I" - 15 cos? I") (4 +3e”2) sin(g” +h")
n
cC

+9(1-cosI”) (1- 10cos I" - 15c0521") (4+3e"2) sin(g"”" ~h")
+15sin?2 I"(1 +cos 1") (4 +3e"2) sin(g” +3h") ~15sin?1" (1-cosI") (4+ 3e”2) sin (g” - 3h")
+315sin2 1" (1+cosI")e”? sin(3g" +h") -315sin?1" (1-cosI")e"?sin(3g" - h")

+35(1+cosI”)3e"2sin(3g" +3h") - 35(1-cosI")%e"?sin (3g" - 3h”)] - (102)

THE ECCENTRICITY OF THE MOON'S ORBIT

The correction for the eccentricity of the moon's orbit is given by

- 2@.2_ 35_3 2 g
F, (e@) = re] 1) r?P, (cos Sie) (103)

or, keeping only the first power of eg,

2

_ i i@_ p) S
F, (e@) = g egTe ricoslyP, (cos S1o)
2
3 €ele ~
S S r? (3cos2 SlO_l) cos I , (104)

where the mean anomaly [, is [, = ngt + const. Then,
Fy)(eg) = 54 ¢ " ec [—2(2+3e'2) (1-3cos?1’) +30e'?sin? 1’ cos 2g' +6(2+3e'?) sin? 1" cos 2h’

+15¢'2(1+cos I')2cos(2g' +2h') +15e'2 (1 -cos I')% cos (2g’ —2h’)] cos 1 - (105)

There are no contributions to S, or F;. The contribution to S; is

[— 2 (2 + 3e"2) (1 -3 cos? I") +30e”2sin?21" cos 2g" +6 (2 + 3e"2) sin? 1" cos 2h”

+15e"2 (1 +cos I")% cos (2g" +2h") +15e"2 (1 ~cos I")% cos (2g" - 2h”)] sin I _.(106)
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It is worthwhile to note that, although this result is a part of a third-order generating function,
its actual order is (ne /n) eq, which is considered to be a second-order quantity, because a small
divisor n, is introduced through the integration. '

THE INCLINATION OF THE MOON’S ORBIT TO ITS EQUATOR

The expression for the earth's perturbation is

where cos S/, = K (i@). By a Taylor expansion, if sinig is small,

dK (i@) -~ d cos Sllo
cos 8,y TK(O) + {4 (éin i@) sinig, = cos S/ ' |cos f@(?i@ sinig . (107)
i =0 i
e

xe=0

Thus the correction to be introduced is

3n¢2 r? | 4 cos S, N
Fy (icc) b ¢ |cos i_(;(“@ e sinigcos S, - (108)
1@2

It is easily shown that the bracketed quantity in Equation 108 is

sin I sin v@sin(f ~g) .

Thus,

n2r?

F, (i@) = 3 P Cosgl'osin(f*g) sinv,sinIsinig . (109)
Now,
cos§l'osin(f +g) = sin(f+g)cos(f+g)cosh - sin?(f+g)sinhcosI.
Therefore, the part of F, (i@) which is free from short-period terms is

3n@2a'2
F, (i@) = ge sinvgsinI'sinig [— 2(2+ 3e’2) cos I’ sinh’

+5e'2(1+cosI')sin(2g' +h')+5e'?(1-cosI')sin(2g’ —hl):l - (110)
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There is no contribution to F” and s, - The contribution to S is

3n¢2 a”? ) r
Ss' (i@) = - W ) cos vy sin I’ sinig L— 2(2+ 3e"2) cos I” sinh”
(/.)c

+5e"2(1+cosI”)sin(2g" +h") + 5¢"2 (1 - cosI") sin (2g”.—h”):' , (111)

where N, 1is given by wg N, t*const. Again, this is a second-order contribution, since
né/(nm +Nm¢) Tng.
THE NON-SPHERICITY OF THE POTENTIAL FIELD OF THE EARTH

Becauce of the fact that the earth's equator is not the reference plane, the form of the dis~
turbing function due to the zonal harmonic coefficient j, of the earth will be derived from basic

relations.

In Figure 5, E is the earth, M the moon, and S the orbiter. The disturbing function for the

k?m, R?j,
Fo @ o |V 2 PaGsineyp, (112)

3 3

motion of § is given by

where R, is the equatorial radius of the earth
and ¢ the latitude of the orbiter with respect

to the earth's equator. The part k2 me/rg" has
already been taken into account, and the rest

is a third-order quantity. Therefore,

Fo(e) = - 13:r Re? jo Py (sine) . (113)

n?R2j
F,(s) = - ——— P,(sine) , (114)
assuming ac/r3' = 1. The angle ¢ must now be expressed in terms of the orbital elements referred

to the lunar equator.

In Figure 6 the geometry of the problem is given. It follows that

sing = (sinIcosI$—cos¢JcosIsinI@) sin(f +g) - sinI@sink/Jcos(wag) .
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Then, if ORBITER'S PATH

EARTH'S EQUATORIAL

A = sinIcosI, - cosycosIsinIy PLANE
and
EARTH'S ORBIT AROUND
_ THE MOON = MOON'S
B = - sinI siny , EQUATORIAL PLANE
we have
Figure 6—Planar configurations.
n2R2j
¢ e J2[3 /- _ 1 3 /- - 3 - .
F,(e) = - ——F [Z (A2 + B2) -3t (82 —A2) cos 2(f +g) + 5 ABsin 2(f + g)] . (115)

Using the relation

o

1 R
dl = df + 2 % kgk<r +'/1-ez> coskf(-1)k df ,
where
1
8- g(l-Vl*ez),

elimination of short-period terms from Equation 115 yields

n2R2j
3 1 3 1 - _ o
F) (») - ‘Q;*:D : {Z(A2 'Bz) -5t 7/.5'2(7 + 1—e'2)[(B2~A2) cos 2g’ + 2AB sin 2g'}} ' (118)

where
SE (e’

Furthermore, since ¢ h +x_-Q', where (' is the longitude of the descending node of the moon's
equator on the earth's equator, we have

1
cos? I’ sin? I,+73 sin? Iea)

Nf =

B2 + A? = (sin2 I’ cos? I+
- l in2 ca2 T (s _ﬁ,)
5 sin“ I sin“ I’ cos 2(h e

1 _
- 7 sin 2T sin 21" cos (h' + A, = Q')
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_ — i 1
B? - A2 = (’5 sin? I,- sin? 1’ COSZ:[@— 2 cos? 1’ sin? I@)

——;-sin2 Is(l +c0521')cos 2(h' +}\€'9-§42’)

1 ~
+ 5 sin 21’ sin 2T cos (h' +A,-Q') ,

and

1 — 1 —
3 sin? I cos I’ sin 2(h’ +>\@—Q’) - 5 sin 2I_ sin I’ sin (h’ +>\@~Q')

Thus the contribution to S, is zero, and

+ 34372 (1 +2y1 - e”z) sin?2 1" cos 2g"] (1 - 3cos? Isa) . (117)

The contribution to S,” will be given by the integration of

98y () 3 nd i, RIsinI, e , _ ) . )
57 16 T < - 4-2sinl Ls1nI sxnlgcos2(h +>\$-Q)+4cosl CosIGEcos(h w%~$~Q)]

vt ? (1 t2yl —e”2>[~ (1+cosI )2sinl, cos 2(h' tglt A, —@')

-(1-cosI")?sinI_cos2(h'-g' +x ~0'Y+4sinI" (1 +cosI”)cosI_cos (h'+2g +xr, -
e @ @ &

- 4sinI' (1-cosI”)cosI, cos (h' - 2g’ +>\*—§2’)]} - (118)
Since
—817(\9_@’) = ng ~ Ny o
we have
S, (e) -~ —3—3’2%112{—251n1” [sinI”sinI@sin2(h”+>\@~§'1')+8cosI"cosI@sin (h"*K@~Q'):|
Ne Q@)
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+8°2 (1+2V1-e"2) |~ (1+cosI")2sinI_sin2(h" +g" +1_-0)
. ® ®

- (1-cosI")?sinI,sin2(h" ~g" +A,~(') +8sinI” (1+cosI”) cosI, sin (h” +2g" +A, ~0')

-8sinI" (1-cosI”)cos I sin (h" - 2g" + Ke‘ﬁ')]} -(119)

PHYSICAL LIBRATION, AND THE PRECESSION OF THE LUNAR EQUATOR

Physical libration causes a periodic oscillation in the position of the lunar surface, thereby
creating a small angular displacement between the principal lunar meridian and the earth-moon
line of centers. The largest contribution to this displacement is given by

where

and

So

= asinfy * x, (see Reference 4, p. 316)

= ~53" = -2.86 x 107%rad,

= constant dependent upon the initial time,

= mean anomaly of the sun.

Let s 7 ¢ and xy z be selenocentric, equatorial co-
ordinate systems with the £-axis directed toward the earth
and the x-axis passing through the principal meridian (see

Figure 7). Then,

J and
§
1

(120)

n
N

oF . _ OF
& - T T 4ny o
£Lcosy t siny ,
Figure 7—Selenocentric, equatorial
-&siny t mcos x . (121) coordinate systems.
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Thus,

¥ = £cosy * Hsiny * 2ang cos 4, (7 cos x=Esiny)

—cm@2 sin/ﬂ@(n cosy~Esiny) -~ a? nG2 cos2~f,® (nsinyt&cosx) , (122)

where n, = mean motion of the sun's mean anomaly. But

fheosy - Esiny =

and
.. L oF
Ecosy t siny T Fy '
so Equation 122 becomes
.. dF . 2 . .
x T g% " 2rm®cos{® (anexcosfﬁeer) - oang s1n'ﬁ@(ncosx—§ siny) — a

If one neglects terms higher than third-order, Equation 124 reduces to

.. _ OJF .

X = ﬁ+2an®yc05/€®.
A similar computation yields

. IF .

y - '(77— 20n@xcos'ﬂ®.
Thus,

_ 9F . . 9F

X T 9x Yy © 3y

where

vl
"
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o,nexcosfﬂo y

F + 2an  (xy ~xy) cos 4

= F + 2an®Hcos{®.

(123)

(124)

(125)

(126)

(127)

(128)



Hence, the addition to the Hamiltonian of the problem is

F,(lib.) = 2an Hcost . (129)
Then,
F,, (lib.) = 0
Fyn+(lib.) = 0
Fy,, (lib.) = 2an Hcosd, , (130)
and therefore
ds,’ (lib.)
gr 7 = 2on Hcosf —= Sy (lib.) = 2aHsind_. (131)

Now, the precession in the lunar equator is created by the small angle of inclination (~1°32!1)
between the Iunar equatorial plane and the ecliptic. This results in the regression of the equatorial
node in the ecliptic. However, the motion of the node is already implicit in the n(: —hence no ad-
ditional corrections need be made.

COMPLETE "SECULAR’ THIRD-ORDER HAMILTONIAN

The complete secular third-order Hamiltonian is given by

F; = F; (coupling) + F)  (sun) + F ' (), (132)

where F; (coupling) is given by Equation 86, F;' (sun) by Equation 96, and F,' () by Equation 117.

THE DETERMINING FUNCTION FOR LONG-PERIOD TERMS

Additional long-period perturbations depending on the motion of the node, the motion of the
earth, and the motion of the sun will be given through the determining functions S, and S;’. The
determining functions S,’ and S,' are

S, = 8, (coupling) + S, (earth) (133)

59



and

S, = Sj (radiation) t Sy (sun) + S/ (eQ) * 8y (i@) * 85 (e) * 84 (libration) ; (134)

the various functions are defined by Equations 85, 92, 97, 102, 106, 111, 119, and 131.

In the next section, the partial derivatives needed in order to find additional perturbations in
the canonical elements are given.

LONG-PERIOD PERTURBATIONS OF SECOND ORDER

The perturbations of long pericd are obtained from

9s 651' 5S2' (953' 9S
o= =Lt vl vl L' = = L,
aL" dL” dL JL al’
as sy’ IS, ISy Js s, s, IS4’
g" = —— = g’ + + +— G = = Q"+ + +—
9G" aG"  aG"  IG" dg’ og'  ag'  dg’
9s BSI' 852' r?S3' 3S 951' 852' (953'
hY = — = h' + + +— H' = — = H" + + +
Y one o o P an ot T ane (135)

The terms corresponding to S’ have already been obtained. Next the partial derivatives of
S, and s, with respect to 2", e", 1", g’, and h' are computed. For convenience, however, the

primes have been dropped in this section.

The "mean" mean motion n’ (called n) depends on a’ {called a) through the relation

2 =
]
and
48 ., /@S 1-e?dS
aL n da e yia de
4 | _1 fize?is _cotl 38
o) e ua de m_ez) a1
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R I

R —

[RESIEE
.

and

as 1 s

oH sin I yua (1 -e? o

The following definitions are made:

{t

(1-e?) (2-17e?) sin? I cos I
(2+3ez)2sin21cosl

e?(1-e?) (1+cosI)?2(2~3cosI)
e?(1-e?) (1-cosI)2(2+3cosI)
e2sin?I(1+ cos1) [6e%-(1+5cosI)]
e2sin?I(1-cos I) [6e?-(1-5cosT)]
e?(1+cosI)? [2e?-(1+cosI)]
e2(1-cosI)? [2e2~(1-cosI)]

(2 +3e?) sin?Tcos

e2(1+cosI)? (1+2cosI—Sc052I)
e?(1-cosI)? (1-2cosI-5cos?I)
(2+3e2) cos I
e?(1+cosI)(3~-5cos1)
e2(1-cosI)(3+5cosT)
e?(1+cosI)(1+5cosI)

e?(l~cosI)(1-5cosI)

(1+cosT) [25(1-cosT-cos?I~7cos®T) - (1-e?) (9 +15cosT +15 cos? I =175 cos? )]

(1-cos 1) [25(1+cos1—c0521+7cos3I)- (1—e2) (9-15cosI +15cos?1 +175cos? I)

]

(136)
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20

21

22

23

24

25

26

27

28

29

30

31

32

62

e? (1+cosI)? (1+2cosI~7cosZI)

e2(1-cosI)? (1-2COSI—7cos2 I)

(1+cosI) (3-25cosI+Scoszl+25cos31)

(1-cosI) (3+25cosI+5cos2I—25cos3I)

sin?Icos1 [35-10(1-432) (2+7coszI) “3(1_62)2 (1- 14 cos? I)]
e2(1+cosI)? [35(3+4cosI—30coszl—20cos31+51cos4 I)

-3(1-e?) (11 +36 cos I - 126 cos? I ~ 196 cos® I + 315 cos* 1)]

e? (1-cosT)? [35(3- 4cos T~ 30 cos? T +20 cos® I + 51 cos* I)

-3(1-e?) (11-36 cos T ~126 cos?I +196 cos®I + 315 cos* I)]

et sin? I(1+cos I)? (1+2c3051~9cos2 I)

e*sin?I(1-cos 1)? (1-2cosI -9 cos?I)

(2+3e2) cos 1 (37 cos?1)

e (1+cosI) (3- 19c051-7coszl+35<:os31)

e (1-cosI) (3+19cosI~7cos?I - 35cos’ I

(1+cos1) [35 (15 + 41 cos T - 262 cos? I - 346 cos® I + 519 cos* I + 321 cos” I)

+14(1- e?) (259 - 255 cos I - 566 cos? T +1710 cos® I - 525 cos* I - 1455 cos® 1)

~ (1-e2)? (1559 - 1015 cos T - 5446 cos? I +7350 cos® I +735 cos* I - 5775 cos” 1)]

(1-cosI) [35 (15 -~ 41cos I -262cos?I +346 cos3 I +519 cos* I - 321 cos® I)
+14(1- e2) (259 +255 cos T - 566 cos* I ~ 1710 cos® I = 525 cos™ I + 1455 cos® 1)

- (1 - e2) 2 (1559 +1015 cos I - 5446 cos21 - 7350 cos3 I +735 cos? 1 +5775 cos® I)]




Cyy = (1+cosI)? [5(9—7cosI—119(:0521+15c0531+174cos41)
- (1-e?) (179 - 14 cos T - 1320 cos?I +30 cos® I + 1605 cos* I)

+ 3(1_62)2 (18 +7 cosI -135cos2I-15cos3I +165 cos* I)]

Cyy = (1-cosI)? [5(9 +7 cos T - 119 cos2 I - 15 cos® I + 174 cos* I)
- (1-¢?) (179 + 14 cos I - 1320 cos® I - 30 cos® I + 1605 cos® I)

+3(1-e?)2 (18-7 cosI - 135cos?I +15cos® I + 165 cos* 1)]

Cys 7 e? sin?I(1 +cos I)2 [1*9 cos2I-‘(1—e2) (3—11 coszl)]

Cye = e2sin?I(1-cosI)? [1—9 cos?I- (1-e?)(3-11 COSZI)]

C,; = (4+3e?) (1+cosI)(3-5cosT) (29126 cos?T + 105 cos*I)

Cys = (4+3e?)(1-cosI)(3+5cosI) (29126 cos®I +105cos?T)

C,o = e?sin?I(1+cosI)(3-5cosI) (7-15cos?1)

C,o ° e2sin?I(1-cosI)(3+5cosI) (7-15cos?I) (137)

Then, the partial derivatives are as follows:

3S.," (coupling) 63 Na 2 Ne ’ na . : ;
v e N ) I [32C15m2h*4C251n4h+80C351n(2g+2h)

27 (Pe .
T 512¢ ( *) J, b? a(l _“62)2 [4C9 sin 2h + 5C,, sin (2g * 2h) + 5C, Sln(2g—2h)]

"¢ nsin?1 ) . .
* 1024¢ (_;*— J,, 02 all-e2)2 [—8C12(251n2h-s1n4h)—20C1351n(2g+ 2h)

-20C,, sin(2g - 2h) +5C, . sin (2¢g + 4h) + 5C,, sin(2g -4h)]
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117 n 2] T b4nsinchosI ‘o oh + 117 n 2J2b4nsinzlcosl ‘0 4h
- g | T =% - s1n 29 |7 % - Sin
16 n@* 27227 3 (1_e2)7/2 32 n@* 22 a3(l-e2)7/2

2
45 Ng s_nesinl
~ D04R¢ -n@* J;b 22(1-1&)3 I:C17cos(g~f*2h)+C18cos(g—Qh)—25C19cos(3g+2h)-25C20 cos(3g—2h)]

135 [ n\? . _nesinI
T 256 nc* J3J2,0 a4(1-e2)9/2 [CzlCos(g+2h)+c22cos(g_2h>]

315 e ’ 4 n : . .
T 16384c (¥ Jab al (1__82)4 [8C235m 2h +C,, sin(2g + 2h) + C,4 sin (2g ~ 2h)
- 35C,, sin (4g + 2h) = 35C,, sin (4g~ zh)]

765 n\? 6 nsin?1 . . .
- 027 (35) TaTaa 5 a2y [4C, 4 sin 2n £ Cyg sin (2g 4 20) + Cyq sin (2¢ ~ 20)]
c

2

405 Neg s _nesinl

" 555367 (o F) Ts0° Ta (1o er)s [C3y cos (g 20) €y, cos (£~ 2h) ~ 14C; 5 cos (3g + 2h)
[

—14C,, cos (3g ~ 2h) * 105C, ¢ cos (5g + 2h) + 105C,, cos (5¢g— 2h)]

855 n \? ; ne sinl .
- 8102 {\_*) JsJ,,0 S 2\13 2 [2C37C05(g*2h)+2C38 cos (g — 2h)
Ne a (l-e )

= 7C,q4 cos (3g + 2h) —~7C,, cos (3g—2h)} < (138)

88, (coupling) 9
J1 T 2048¢2

n@ : n@ 2 o I

na“ sin
n <—*> s -16 (1-3cos?1) (1-e?) (2-17¢?) sin2h
+2(1-3cos?1) (2+43e?)? sin4h -40(1 +cos I) (1 -9 cosI) e? (1 -e?) sin(2g *2h)
+40(1—cosI)(1*96051)e2(1—e2) sin(2g—2h)*10(1+<:osI)e2 [(3"50051)(1+2cosI)

-3e2(1—3c051)] sin(2g+4h)—10(1—cosI)e2 [(3+5cosI)(1-2cosI)
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e e A

- MR RN

~3e?(1+3cosI)] sin(2g-4h) +25(1 +cos I)2e? [2(1+cosI)-3e?] sin (4g +4h)

- 25(1-cosT)?e? [2(1-cosI)~ 3e?] sin (4g~ 4h)}

2
9 Ne nsinl )
"o <—> 120% Zeays [ (1 3c0s?T) (2+3¢%) sin2n

-5(1+cosI) (l—cosI-ScoszI) e2sin (2g+2h)+5(1-cos1) (1+cosI-5coszI) e? sin(2g—2h)]

n. \ 2 .
- e <~@;> 7,,b? 2ol [4(1-3c0s21) (2+3e2) (2 5in 2h - sin 4h)
ne (l—e )

-20(1+cosI) (1+7cosI~-10cos?I) e?sin(2g+ 2h)

+20(1-cosI) (1-7cosI— 10coszI) e? sin (2g - 2h)

5(1+cosI)(1+2cosI)(3-5cosI)e?sin(2g+4h)

+5(1-cos1) (1~ 2cos I)(3+5cosI)ezsin(2g-4h)]

9 _n2 4nsinI‘(l_—3coi2_I) ) iﬂ_z ) 4ns'1nI(1-3cos2I) )
8 n@* J,J,,b a2(l—e2)7"2 sin 2h + 7g n@* Inb a2(1.82)7/2 sin 4h

9 n—@2 3 e (1+cosI) [25cosI(5+19cosI*3cosQI—35cos3I)
¥ 1024 #] Jab (1—e2)3

Ne
# (1-e?) (24427 cos 1~ 555 cos? T~ 235 cos® I +875 cos* I) | cos (g + 2n)
t(l~-cosI) [25c0s I(S—l9cosI+3coszl+35(:053 I)
- (1—e2) (24—27 cosI - 555 cos?I +235cos®1 +875 COS4I)] cos (g ~ 2h)
+25e2(1+cos1)2 (4-13cosI-22cos? I +35cos’I) cos(3g+2h)

- 25¢2(1-cosI)? (4+13cosI~22cos?I-35cos®T) cos(3g—2h)}
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4

1

9 2 s ne 2 3 4
+ 758 :;: J3J,,b a3(1:'e'2)‘9’/_; [(1+cosI) (22+21cosT-155cos? I ~5cos®T+125cos*I) cos(g+ 2h)

- (1-cosT) (22~ 21cos I~ 155cos? I + 5cos I+ 125cos® I) cos (g~ 2h)J

n .
- 4045565 <ni> J,b* a—;ﬁ;ﬁ—? {4 [35(1—3c0521) -10(1-e?) (2+15cos?I - 35 cos*1)
cC

—3(1—e2)2 (1—45coszl+70 cos4I)] sin 2h +e2 (1+ cos 1) [35(5—24<:osI-90cos2I+52C0531+153(:0's4 I)

—3(1—e2) (29—72 cos I ~546 cos? 1+ 140 cos? I +945cos41>] sin (2g + 2h)
-e2(1~cos 1) [35(5 +24 cosI -90 cos?I -52cos3T +153 cos? I)
-3(1-e?) (29472 cos T ~ 546 cos?1 - 140 cos® I + 945 cos“x)] sin (2g - 2h)
- 35¢* [(1+cos 1)2 (2-9cos I~ 14 cos? 1+ 27 cos® 1) sin (4g* 2h)

~(1-cosI)? (2 +9cos1-14cos? I +27 cos? I) sin (4g — 2h)]}

2
45 inI
=513 ( 7w ) JaT05® T ooayris [4(2%307) (3-30cos? 1435 cos* 1) sin 2
Ne a (1 e)

2e? (1+cosI) (8*21 cosI~87 cos?I~35cos31+105cos? I) sin (2g + 2h)

+2e?(1-cosl) (8 -21cos1-87 cos?I +35cos31+105 COS4I) sin(2g - 2h)}

._45__ .i@_ 5 {’_e,__,," —_ + 2 3 4q
32768¢ n@* Jsb o3 (1—92)5 (1+cosl) [35(56— 513 cos I - 1423 cos? 1+ 2778 cos® 1+ 3854 cos” I
2793 cos® I = 2247 cos® 1) + 14 (1 - e?) (4 -1905 cos T + 5329 cos? T + 1874 cos® I

16350 cos* I + 1695 cos5 T + 10185 cos®I) - (1-e2)? (544 - 15025 cos I + 19649 cos? I

+ 32074 cos® I~ 64890 cos® I - 10185 cos® I + 40425 cos® 1)] cos (g*+ 2h)



t
Ay
i
!
i

B

+(1l-cosI) [35 (56 + 513 cos I - 1423 cos® I - 2778 cos? 1

+3854 cos® I +2793 cos® I - 2247 cos® I)+ 14(1 - e2) (4 + 1905 cos I + 5320 cos? I - 1874 cos® I

- 16350 cos® I - 1695 cos® T + 10185 cos® I) - (1 - e?)? (544 + 15025 cos I + 19649 cos? I - 32074 cos® I
- 64890 cos* I + 10185 cos® I + 40425 cos® I)] cos (g - 2h)

+14(1+cosI)? [5 (11 - 279 cos I - 165 cos?2 I+ 1321 cos® I+ 258 cos? I - 1218 cos® I)

- (1-e?) (344 - 3205 cos I'- 2494 cos2 I + 13080 cos3 I + 3030 cos* I - 11235 cos5I)

+3(1-e?)? (43-310 cos I - 343 cos? I + 1305 cos3 I +420 cos® I - 1155 cos® 1)] cos (3g + 2h)

14(1 - cos 1)? [5 (11+ 279 cos 1- 165 cos? I - 1321cos® I +258 cos*1 + 1218 cos® I)

- (1-e?) (344 +3205 cos T - 2494 cos? I - 13080 cos®I + 3030 cos* I + 11235 cos5 1)
+3(1-e2)? (43+310 cos I - 343 cos? 1 - 1305 cos® I 420 cos* I + 1155 cos® 1)] cos (3g ~ 2h)
- 105e?sin? I(1+ cos1)? [2— 23cosI-18cos?I+63cos’1

- (1 - e2) (6 ~37 cosI-22cos?1 +77 cos? I)] cos (5g t 2h)

+105e2 sin? I(1-cosI)? [2+ 23cos I - 18 cos? I ~63cos? 1

- (1-e?) (6+37 cos 6 -22cos?1-77cos? I):l cos (5g - 2h)}

45_ [ n\? ne
+ 2096 (né“) JsJ22®" s (1-e2)132 {2(4+3e2) [(1 +cos I) (58 + 1075 cos I ~ 1947 cos? I

- 3402 cos3 1 + 5460 cos? I + 2415 cos® I - 3675 cos® 1) cos (g * 2h)
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- (1-cosI) (58~ 1075cos I - 1947 cos? T + 3402cos® I

+ 5460 cos® I — 2415 cos® I - 3675 cos® I) cos (g~ Qh)]

-7e?sin?1 [(1 tcosI) (14 +209 cos I - 355 cos?1

- 345cos3 1 +525cos? 1) cos (3g+2h)~ (1~ cosI) (14-209cos I~ 355cos?I

+ 345 cos3 I +525cos? I) cos (3g - 2h)]} , (139)

8S,’ (coupling) 9

68

(n@)2 n@ : naze

ErS T 4096e2 \n. <——*> m{“96sin21cosl(12-l7e2) (1-e?) sin2h
-4sin?Tcos I(2+ 3e?) (14 - 9e?) sin4h +80(1 +cos 1)2 (2~ 3 cos I) (2-3e2) (1-e?) sin(2g* 2h)
+80(1-cosI)2(2+3cosI) (2-3e?) (1 - e?) sin (2g - 2h)

+10sin2I(1+ cosI) [Gez (4-3e2) - (2-e?)(1+5cos 1)] sin (2g + 4h)

+10sin2 I(1- cosT) [6e2 (4—3e2) - (2—e2) (1- 5cos I)] sin (2g - 4h)

+25(1 + cos T)3 {ze2 (4-3e?) - (2-¢2) (1 +cosI)} sin (4g + 4h)

+25(1-cosI)3 [2e2 (4-3¢2) - (2-¢?) (1- cosl)} sin(4g—4h)}

2
L2 (e J. b2 [4 in? 1 1(7 +3e?) sin 2h
sSin (o]
128e | , * 2 (1—e2)3 cos €7} sin

+5(1+cosI)? (1+2COSI‘5COSZI)(1+ 82) sin (2g *+ 2h)

+5(1-cosT)? (1-2cos I~ Scos?I) (1+e?) sin(2g—2h)]



2
; 9 g ne sin?1 . .
‘ - 256—6(?;) J22b2 (1—-e2)3 [—8cos I(7+3e2) (2 sin 2h - sin 4h)

=20(1+cosT) (3= 5cos I) (1 +e?) sin(2g+ 2h)
-20(1-cosI)(3+5cosI) (1+e?)sin(2g- 2h)

+5(1+cosI)(1+5cosI) (1+e?) sin(2g +4h)

+5(1=cosI)(1-5cosI) (1+e?) sin(2g—4h)]

! +@ 12 4nesinZIcosI R 63 n\? 2 4nesinchosI
. 8 ng APRPPE a2(1_@2)9/2 sin 2h - 7g né" TP 32(1—e2)9/2 sin 4h

2
g 3 nsinl 2 3
* 1024¢ * Jsb oz (1 *cosI) [lSO(l-cosI—cos I-7cos I)
e a(1-e?)

- (1-e?) (161-65cosT~65cos?T-1575cos31) +3({1-e2?)? (9 1Scos I
+15cos?2 1 ~175cos? I)] cos (g 2h) *+(1-cosl) [150(1 tcosI-cos?I+7cos? I)
- {1-e?) (161 65 cos T =65 cos?T + 1575 cos? 1)

{ . 3(1" e2)2 (9 -15cosI * 15cos?21 + 175 COS3I)] cos (g - 2h)
1

- 75e% (l *ez)[(l +cos1)? (1 +20051‘7c0521) cos (3g + 2h)

+ (1~ cos1)? (1‘2COSI—7COS21) Cos(3g—2h)]}

, 9 n\2 n 1*8e2) sin I
( 2 (- s — - 2
‘; + 158 (n@*> J,T,,0 RN [(1+cosI) (3-25cosT+5cos?I

| + 25 cos? I) cos (g 2h)+ (1~-cosl) (3+ 25cos I + 5cos? I~ 25cos? I) cos (g~ 2h)]
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+ —20i458E (:})2 J, b ;;E-x}eez)s {8 sin? I cos I [70— 15(1.—e2) (2+7cos.2 1)
-3(1-e?)? (1-14 cos1)] sin2h

+(1+cosI)? [70(3+4COSI_3OCOS2I"20COS3I+51COS4I)

-3 (1 - e2) (69 +124 cosI -714 cos?I -644 cos3 T + 1365 cos? I)

+3(1-e2?)? (11+36 cos I -126 cos?1 ~196 cos®I + 315 cos“I)] sin (2g + 2h)
+(1-cosT)? [70(3—4c0s I1-30cos?I+20cos3I+51cos? I)

- 3(1-e?) (69 124 cosT ~714 cos?I + 644 cos> I + 1365 cos*1I)

+3(1-e2)? (11~ 36 cos I - 126 cos?T + 196 cos® I + 315 cos4I)] sin (2g - 2h)
- 35¢? (1+e?) sin?1 [(1 + cosI)? (1+2cosI-9cos?1I) sin (4g+ 2h)

+(1-cosI)? (1-2cosT~9cos?I) sin(4g—2h\]}

45 n\ ? ne sin? I 5 .
* 512 <_“>F> J4J22b6 ‘;W'_ez)ls/z {4(28*27e ) COSI(3—7 coszl) sin 2h

+ (2+982) I:(1+cosI) (3—19 cosI*7cosZI+35cos3I) sin (2g + 2h)

+(1-cosI) (3+19cos I -7 cos? I~ 35cos’I) sin (2g- 2h)]}

2

45 "e inI

+ sorege | =) Jsb® T3ro . yeq(1+cosT) [350(15+41 cos I - 262 cos? I
ng a (1 e )

- 346 cos3 I + 519 cos* I + 321 cos® I)
+7(1~ e?) (3469 ~ 5925 cos T +2734 cos? I

*+ 42930 cos3 I - 31755 cos® I - 37725 cos® I)
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-8(1-e?)? (4342 - 3885 cos I - 11018 cos2 I + 26460 cos3I
- 5880 cos* I~ 22155cos5 1) +5(1~e?)3 (1559 - 1015 cos I - 5446 cos? I

+ 7350 cos3vI +735cos* I~ 5775 cos® I)] cos (g * 2h)

+(1~cosI) [350 (15 - 41 cos I ~262cos? 1 + 346 c}os3 I+519 cos? I - 321 cos?® I)
+7(1- e?) (3469 + 5925 cos I + 2734 cos? I - 42930 cos® I

- 31755 cos* I + 37725 cos® 1) - 8(1 - e2)? (4342 + 3885 cos I

- 11018 cos? I - 26460 cos3 I - 5880 cos* I + 22155 cosS 1)

+5(1=e?)® (1559 + 1015 cos I - 5446 cos? I ~ 7350 cos® I

+735cos? 1 + 5775 cos$ 1)} cos (g- 2h)

~14(1+ cos 1)? [50(9 -7cos I-119cos? I + 15cos3 1+ 174 cos? 1)

= (1~ e?) (1837 - 427 cos T - 15915 cos? I + 915 cos® I - 20670 cos* T)
r(1-e2)2 (1577 + 28 cos I ~ 11670 cos? I - 60 cos® I + 14205 cos? 1)
~15(1~e?)% (18 +7 cosT - 135 cos?I =15 cos® I + 165 cos* 1)] cos (3g *+ 2h)
- 14(1- cos 1)? [50(9 +7 cos I- 119 cos? I - 15cos® I + 174 cos® I)

= (1-e?) (1837 +427 cos T - 15915 cos? I - 915 cos® I + 20670 cos* 1)

+ (1-e?)? (1577 - 28 cos T = 11670 cos I + 60 cos® I + 14205 cos* I)
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e

~15(1-€?)? (18- 7 cos I - 135 cos? I + 15 cos® I + 165 cos* I)| cos (3g - 2h)
+105e? sin? I [10(1 -9 cos?I) - (1-e?) (31-151cos? 1)
+5(1~e?)? (3~ 11 cos? 1)] [(1 +cos I)2 cos (5g +2h) + (1~ cosI)?2 cos(5g~2h)]}

nsinI

45 ((n}\? 7 - s
* 2006 (nc*> JsJapb as (1_82)15/2 {2(4*’57e2 +306) (29" 126 cos? I

+ 105 cos* I) [(1 tcos I)(3-ScosI)cos(g+2h) +(1l-cosI) (3+5cosI) cos(g—Qh):l
-7e2 (3+10e?) sin21(7 - 15 cos?I) [(1 +cosT) (3~ 5cos I)cos (3g+ 2h)

t+(1-cosI)(3+5cosI)cos (3g- Qh)]} . {140)

4S.' (couplin 2 /n,\2 2
o (coupling) 45 <“_¢> <_¢> na [zsc3 cos (2g + 2h) + 8C, cos (2g - 2h)

e " 1024¢? (1-e2)172

+Cg cos (2g * 4h) +C, cos (2g ~ 4h) 4 5C, cos (4g + 4h) + 5C, cos(4g‘4h):]

as (ne\®  , _n
t+ 198e n_; J,b (—I—Tz)é [Clo cos (2g+2h)+C,, cos(2g- 2}1)]
[

2 .
45 [Ne 2 nsin?I . B
-~ 3%6e —~n* J,,b (1—e2)2 [—4C13 cos (2g *2h) —4C,, cos (2g ~ 2h)

+C15cos(2g+4h) +Cq cos(2g-4h)]

9 i(t_ z 3 ne sinI . R
T 1024e | ¥ I;b a_(l_*eé)s [C17S‘“(g+2h)+c1s sin (g~ 2h)
[

=75C, sin (3g * 2h) = 75C, , sin (3g = 2h)]

9 ¢n\? s _nesinI o
T 128 n(: J37,,0b a3(1_62)9/2 LCleln(g+2h)+C2251n(g Qh)]

72



S

s 45 e 4 n
; * 2096¢ n—g J,b m I:C24 cos (2g +2h) +C, . cos (2g - 2h)

- 70C,  cos (4g + 2h) - 70C,, cos (4g - 2h)]

45 [ n\? 6 nsin?I
t 256 T JsJ,,0b 34(1 __e2)11/2 [C29 cos (2g +2h) +C, cos(2g—2h):|
C

- 45 E s nesinI . . _ i +
32768¢ ng Jsb as(m[cu s1n(g+2h)+C3251n(g—2h) 42C,, sin (3g + 2h)

~42C,, sin (3g ~ 2h) + 525C, . sin (5g + 2h) + 525C,, sin (5g - 2h):|

45 n\?2 ; ne sin I R .
~ 4096 %) JsJa,b" 2\13 -2 [2C37 sin(g*2h) * 2C;5 sin(g - 2h)
ne a (1—9 )

TR

- 21C,, sin (3g * 2h) - 21C,  sin (3g - 2h)] . (141)

‘L 652" (coupling) 9 Ng 2 Ng 2 na?
- oh T ¢ i02452 e~ — (I—Tz)l—” [16C1 cos 2h —4C2 cos 4h +40C3 cos (2g + 2h)

~—40C, cos (2g ~ 2h) + 10C, cos (2g * 4h) - 10C, cos (2g - 4h)

+25C, cos (4g * 4h) - 25C, cos (4g - 4h)]

2
" 9 e n
. * 128¢ < *> J,_,b2 (1_82)2 |:4C9 cos 211+5C10cos(2g+2h)—5C11Cos(Qg“Qh)]

2
b 9 g nsin?I
' - 128%¢ ( *‘> _]22b2 ﬁ(l—e2)2 [—SClz(cos 2h - cos 4h)—10C13cos(2g+2h)+10C14cos(2g—2h)

+5C,5 cos (2 + 4h) = SC, 5 cos (2g - 4h)]

3



L, 2 (Y 4 nsin?TcosI _9(n\* , snsin’lcosl
g\ %) JaJpab a2(1_ez)7/2 cos 2h~ 7 nQ* TP 32(1_62)7/2 cos 4h

9 e 2 3 _nesinl . . .
-~ 513 F J3b® TN [C” sin(g+2h) -C,q 31n(g—2h)—2SC1951n(3g+2h)+25C20 sin(3g“‘2h):l

_ 92 (n)? s _nesinl _ : :
64 n@* J3J2,0 aa(l_ez)g/z [C“sxn(g+2h)-C22sm(g~2h):‘

2
_45 [fe 4 n
* 2006¢ o J,b 22(1—92)4 [8C230052h+C24cos(2g*2h)—C25cos(2g-2h)
c
- 35C,  cos (4g - 20) * 35C,, cos (4g = 20)]

45 [ n\? 6 nsin?i .
© 356 (o) Tedaz®® oy [4C, ¢ cos 20+ €,y cos (2g + 20) = Cy cos (2¢ = 20)]
c

2

45 e s _ne sin I i . .

~ 16384¢ * Jsb 3 o\ [C:“Sln(g*Qh)—C_,,)2 sin (g~ 2h) - 14C;, sin (3g * 2h)
ng a (1”‘8 )

+14C,, sin(3g - 2h) +105C, ¢ sin(Sg * 2h) - 105C36 sin ( 5g = 211)]

45 _n_2 . ne sin I . .
T 2048 |\ ¢ TsJ,,b 35(1—92)13 2 [2C37 sin (gt 2h) ~2C,4 sin (g~ 2h)
[

~7C,, sin(3g 1 2) * 7C,o sin (3g - 20)] . (142)

as,’ (earth) 5 ng \ Ng a’e
3a 7 STQZ<—*> ag [—9(l+cos1) (1*10cosI-15cosZI) (4+3e2) sin (g *h)
n
C

+9(1-cos I) (1-10 cosI -15cos?I) (4+ 3e?) sin (g~ h)
+15sin2I(1 * cos I) (4 + 3e2) sin (g * 3h)

~15sin21(1-cos I) (4 +3e?) sin (g~ 3h)
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S|

+315sin2 I(1 +tcos I)e? sin(3g +h)

-315sin?2I(1-cosI)e? sin(3g - h)

+35(1 +cos I)3 e? sin(3g + 3h) - 35(1 - cos 1)% e? sin (3g —3h):' , (143)

38, (earth) 5

ne\ ng a“esinl :
E3i = 512 %) s, — [3(11-10cosI-45cos?1) (4+3e?) sin(g+h)
(4

+3(11+10 cosT -45 cos?1) (4+ 3e?) sin (g-h)
~5(1+cosI)(1-3cosI) (4+3e?)sin(g+ 3h)
-5(1-cosI)(1+3cosI) (4+3e?) sin (g~ 3h)
~105(1 +cos I) (1 -3 cosI)e?sin(3g+h)
-105(1-cos I)(1+3cosI)e?sin(3g-h)

"; ~35(1+cosI)2e?sin(3g+3h) -35(1-cosI)2e? sin(3g-3h)] » (144)

98, (earth) 5 [Ng\nga’
;\ de 7 m<:?> ag (—3(1 +cos I) (1+IOCOSI—15cos2 I) (4+9e2) sin (g +h)
C

+3(1-cosI) (1—10 cosI-lScoszl) (4+9e2) sin (g-h)

+5sin?I(1+cos 1) (4+9e2) sin (g+ 3h)

-5sin?I(1~cos 1) (4 +982) sin (g — 3h)
+315sin? I(1 +cos I) e? sin (3g +h)

~315sin?I(1-cosI)e?sin(3g-h)

+35(1 +cos I)3e? sin(3g + 3h) - 35(1 - cos I)3 e2 sin(3g—3h)] , (145)
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ds,’ (earth) 5

g - 512¢

ae

EALLLILY :
-3(1+cosI) (1+10cosI~-15cos I) (4+3e2) cos (g+h)

&
Ne

+3(1-cosT) (1~ 10 cos I~ 15cos?T) (4+3e?) cos (g-h)

+5sin?

~5sin?

I(1+cos 1) (4 +3e2) cos (g+3h)

I(1-cosT) (4+3e?)cos(g-3h)

+315 sin2I(1 +cos I)e? cos(3g +h)

- 315sin?I(1-cosI)e? cos (3g~h)

+35(1 + cos 1)3 e? cos (3g + 3h) = 35(1 - cos 1)3e? cos(3g—3h):] , (1486)

as,’ (earth) 5
gh  ~ 5l2e

ng \ Ng ade
(—”> [— 3(1 + cos I) (l +10 cos I - 15 cos? I) (4+ 3e2) cos (gt+h)

~3(1-cosI) (1-10cosT-15cos?I) (4 + 3¢2) cos (g~ h)

+15sin2I(1+cos I) (4 + 3e?) cos (g + 3h)

+15 sin2 I(1 - cos I) (4 + 3e?) cos (g ~ 3h)

+105sin2 I(1 +cos I) e2 cos (3g + h)

+105 sin2I(1-cos I) e? cos (3g-h)

dS,' (radiation)
=

as,’ (raiii‘aficlr}i)
JI
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+35(1 +cos I)3e? cos (3g +3h) +35(1-cos I)%e? cos (3g —3h)] ,(147)

3 oce I I
5T ® [cosz 5 sin(h+g Ay ~A,) *sin® 5 sin(h—g+>\$">\®):\ : (148)

3 cae sin [ . .
Z'_*‘—*["sln(h+g+>\e-?\o)+51n(h—g+>\®—>\®)] , (149)

n@ -n@




l

as.’ (radiation)

“Jde

38, (radiation)

ag

98, (radiation)

dh

48, (sun)

da

48," (sun)
91

38, (sun)
de

38, (sun)
dg

3S3'7( sun)
dh

ol e

15

32

N

cos? 5 sin (h+g+>\e->\®) +sin?

i L,
cos® 5 cos(h+g+/\$-'>\®) - sin
)+sin2

I
cos? 2 cos(h+g+)\®—>\®

n
N [2(2+3¢%) sin?Isin2(n+r, -A,)

NI

.sin(h—g+>\@-—>\®)jl .
I
‘2‘C05(h—g+>\@—}\@)] N

%cos(h—g+>\e—>\®)] ,

(150)

(151)

(152)

+5e2 (1+ cosI)?sin 2(h+g+>\®—>\o) +5e? (1-cosI)?sin 2(h—g+>\$—>\®)] . (153)

7 [2(2+3¢%) cosTsin2(h +2, - 1,)

-5e2(1+cosI)sin2(h+g+A, - 1,) +582(1—cosI)Sin2(h—g+>\@">\®)] . (154)

[6 sin?1 sin 2(h +>\$">\®)

+5(1+ cos1)? sinQ(h +g+.\@—>\e) +5(1-cosI)?sin 2(h—g+>\@->\®)] . (155)

s [2(2+3¢2) sin? T cos 2(h + A, - 0,)

[(1+cos 1)2 cos 2(h+g+>\$-/\®)-(1—cos 1)2 cos 2(h—g+>\e—>\®)]

(158)

+5e? (1+cosT)2cos2(h g +h,=A,) #5e? (1= cos T)% cos 2(h - g +A,=A,)] . (157)

Ngeqa [— 2(2 +3e2) (1— 3cos? I) +30e? sin? I cos 2g

7



+6(2+ 3e?) sin? I cos 2h + 15e2 (1 + cos I)2 cos (2g + 2h)

+15e2 (1 -cos I)2cos (2g~ 2h)] sinl, , (158)

sy’ (ec) 9 2 . ) )
T 91 = 32 Ngeega“sinl [—2(2+3e ) cos I + 10e“ cos I cos 2g

+2(2+ 3e?) cos I cos 2h - 5e? (1 +cos I) cos (2g + 2h)

+5e2(1 - cos I)cos(2g—2h):l sinl, , (159)
353’ (e@) _ 9 2 2 2 2
Je = 3¢ Ngega e[—2(1—3cos I)+10sin® Icos 2g+6sin“ 1 cos 2h
+5(1+cosI)2cos(2g+2h)+5(1—cosI)2cos(2g~2h)] sin l, , (160)
35y {ee) 45 s 2 e )
_—Tg——' T T 35 ngega“e [251n Isin2g+ (1 +cosI)*sin (2g+ 2h)
+(1-cos I)2sin(2g-2h)] sini_ , (161)
ﬂ_(i@)_ - .9 2 A . 2 2 7 .
3 = 32¢ Ng 8¢ @ [2(2+3e )sm Isin2h+5e?(1+cosI)?sin(2g+ 2h)
~5e? (1-cosI)? sin(2g—2h)] sini_, (162)
s, (1 n2asinl sini
3 [ 3 e e
aéf—) = - e et Ng [-2(2+3e2) cos Isinh
+5e2(1+cosI)sin(2g+h)+5e?(1-cos I)sin(Zg-h)J cosv, . (163)
as'(i ) n?a?sini
3 [ 3 ¢ €
91 T T Be ngiN [2(2+382)(1‘200521) sinh
!

-5e2(1+cosI)(1-2cosI)sin(2g+h) +35e? (l-cosI)(1+2cosI)sin(2g—h)J cos vy . (164)
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GS'(i) n2a?esinIsini
3 \‘e 3 e € . .
de = 7 Ze ng +N_g [—6cosI sinh + 5(1 + cos I) sin (2g +h)

+5(1-cos 1) sin (2g—h)] cosv, , (165)

as,’ (i@) 15 n@2 a2e?sinIsini
’(;'g =T Ze n@+Nw@‘ I:(l * cos I)Cos(2g+h)+(l—cosI)cos(Qg-h)] cos vy , (166)
a8, (1@) 3 nm2 a? sinI sini

]
ah N 8¢ ng *N (t_ [“2(2+3e2) cos I cosh

+5e2(1+cosI)cos(2g+h)—se2(1—cos1) cos(2g—h):| cosv,,(167)

a8, (=)
Taa 0 (168)
98, () 3 ngti,R2 sinT_ i
a1 7 T 16e n*—N — —2[sinIcosIsinl@sinQ(h*f)\e;—Q’)
e Ce
"4(1"2(‘052 I)Cos I.sin (h+.\®—0')]
52 (14291~ e2) [sin I(1+cosI)sinI, sin2(h+g+\, -0
- sinI(1-cos I)sin I‘bsinQ(h—g+>\%-§')
—4(1+CosI)(1—QCosI)cosI@sin(h+2g+>\®-ﬁ’)
~4(1-cosI) (1+2cosI)cosI,sin (h—z;;m@—ﬁ')]} . (169)
a8, (@) 3 ndi,R2A8%sin, (2+71-¢e?) L . _
C5s = - i e(nd ~Nog) [-(1%cosT)? sin1, sin2(h+g+r, -0

~(1-cosI)%sinI sin2(h~g+x, -0
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38, (&)

ag

38, (@)
ah

80

+8sinI(1+cosI)cosI sin (h+2g+A, ~0)

3 n@2j2R$2ﬁzsinI@ (1+27’1—ez)

e e(ng ~Noc)

~8sin I(1- cosI) cos I  sin (h— 2g +>\e_ﬁl)] . (170)

["(1+cos I1)Zsin I, cos 2(h+g+>\$—ﬁ’)

+(1-cos I)2 sin I cos 2(h—g+>\$—ﬁ')

+8sinI(1+ cosI) cosI, cos (h+ 2g+>\s~ﬁ’)

3 n@2 jQR@2 sinI,

T 16¢ * _
ne NQ@

*+ 4 cos I cos I cos (h+xg—§’)]

+8sin I(1- cosI) cos I cos (h—2g+>\e-ﬁ'):] , (171)

{‘ 2sinl [sin IsinI cos 2(h+>\$-§’)

+ 32 (1+2 '1—e2) [—(1+COSI)2 SinI$c032(h+g+>\$—g_}')

~(1-cosI)?sinI cos2(h-g+r_ -0

+4sin I(1+ cos1) cos I  cos (h+2g+xr, -0

853’ (lib.)
da

38, (lib.)
a1

a8, (lib.)
de

98, (lib.)
Jag

-~ 4sinI(1-cosI) cosI_ cos (h—2g+>\g—ﬁ')}} . (172)

- 20GsinIsind,

(173)

(1'74)

(175)

(176)



and

98y (lib.)
Jh - 0 .

SECULAR PERTURBATIONS AND PERTURBATIONS DEPENDING STRICTLY ON g*

At this stage of the problem, the remaining part of the Hamiltonian is

8 = By 4B/ 43y + 8
where
3, = 2:f2 - T = const.
‘1 = n;H = const.
o 7O Fj(-. g -, L'.G". H")
and
53” = Fs”(—, g".-, L', G",H ) ,

177

(178)

andL’, T, and H" are constants in time. T is effectively a third-order quantity; but in the manipu-
lation of von Zeipel's method its contributions are of the zero order, for it is a variable itself,

independent of all the others.

It is easy to see that the variable part of the Hamiltonian **, which will generate the equations
of motion, is factored by small parameters. Therefore, a method of successive approximations
such as von Zeipel's cannot be applied. The system of differential equations produced by 3" must

be integrated directly or by using some other kind of approximation.

In a previous version of this theory (Reference 5), the system of differential equations

» JF”
G = —" )
ag

JF"

T S

oL’

IF"

g - 9G"
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and

where F' = 3, +F, +F,’, was integrated by making use of a method involving elliptic integrals.
This method has appeared in Reference 6, where it was applied to a different problem. In the
previous version, it was assumed that J,, J,, J,, and all other spherical harmonics of the moon
were of third order or smaller, making the method involving elliptic integrals applicable. Since
these and other spherical harmonics of the moon are probably not that small (Reference 3, for
example), this method is no longer applicable. Thus it is suggested that the equations of motion
for the secular Hamiltonian 7" be integrated numerically. We have

F” =

where

F2
grated numerically is as follows:

b " (?F”
G = T
g

. 9F"

i = -
aL"

., . _9F

& aG"

and

" i ___(’)F”

h = - e "
AH

82

Vg et
F, + F/ + F, +FJ .

(179)

0

u

0 2L 2
_ *

F1 = ng H

" is given by Equation 78, and F,’is given by Equation 132. The system of equations to be inte-

A RE

ag"

ag"

9F.”
aL"

, aF,
n! - — -
aL"”

aF ) T
aG” aG"

] . IF," IF 150)
= - — - .
¢ "o on (




Again, it is more convenient to compute the partials with respect to Keplerian elements, and use
the expressions

GE [T OF" | 1-e"? gE
i aL” K 9a” e"yua de”
9F _ 1 [f1-e"?oF" cotI” dF"
; 9G" e’ pa” de” Y/Iu;; (1 ——8”2) 91"
and
IF" 1 aF"
i JH" sin I"” Yua (1 - e"z)aI“
i Thus,
AF)”  9F n,\?
2 3 1 €
PRS- v <*,—> n’ £ [— (2 + 3e”2) (1 - 3 cos2 I") +15e"%2 sin? 1" cos 2g']
da da n a
"o " - 2 1w
+§ , u(1—3co$21") +3 s ne” sin T (1 5co§ I) ' ,
zb°J, 3114(1_(9//2)3/2 2 b7 J; aHS(l _8/12)5/2 sing

¢ %%‘b4J4 5 (1 “qzy,z U2+3y”)(3—30cos21"+35cos41ﬂ
a - e

ne” sin I
a”’ (1 "e"2)9 ‘2

15 \
- 10e"2sin? 1" (1 —700521”)6052g] * 128 b Js [6(4*'3e"ﬁ (1-14cos?1

+ 21 cos? I”) sin g”" - 7e"?sin? 1" (1 -9 cos? I”) sin 3g":|

| 63 [T\ /e
'l + <)) n'?a” (l*e”z)l”c‘os 1" [(2**33e”2)-(2—17:3"2)c0521”+15e"2 sin?I” cos 2g’]
g 256¢ 2

_ 27 i@I e b2 J n'? Sin{Ii_CO—SI_" [2 (2 +3e”2) +15e"? cos Qg"]
64¢ ' 22 a’ (1__ euz)z

117 / n’ n‘?sin?1"cos 1” 1 . , ]
- —— 4 2 - - s — 2 0 |- "2 - 21 "2 27T ”
g <n *) b* 7,5 a3 (1-e"2)7/2 tgnSa [ (2+3e )(1 3cos?I ) +15e¢"* sin“1I" cos 2g"| ,

(181)
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3F2" 9F."

2 3
aell aell
9F,  aF,
2,73
P

84

[

3 (re)?
= B¢ n'2a"2e" [" (1—300521") +5sin2 1" cos 2g"]

me” (1~3c:os2 I”) 3 u(l +4e"2) sinI” (1 —5cos21")
Ty aus(l_'_euz)'sizu_gbsjs i a”4(1—e”2)7/2

. "
sin g

P - (ff"e,,z)g/z [(4+3e"2) (3-30 cos? 1" + 35 cos* 1)
-2 (2 + Se"z)sin2 I (1- 7 cos? I") cos Qg"]

15 in 1"
- 55 bS T, a_ﬁ(j 51:,,2')'11/‘2 [2(4+41e72 + 18¢"%) (1= 14 cos? 1" + 21 cos*I7) sing”

~7e"? (1+2e"?) sin®1" (1 -9 cos?1") sin 3¢

3

9 n@ n@ +2 ] " o Iu

<—;><“~— & (la ' fzjc;/s;* [64-99e"2 + 3(12 - 17¢"2) cos? 1"
- e

+15(2-3e"2) sin? 1" cos Qg"J

9 n n +2 " H 2Iu T
* 16e <:§><:(,E> b2J22 2 (15_12,,2);0%' - [2(7 + 3e”2) +15 (1 + e"2) cos 2g’]

63 /n' n'2e"sin? 1" cos I” 3
222 412 ___~. 2 2 w2 _ 2 S 2T "
+ g <n@*> b* J,% L2 (l —e"2)9/2 gnga ‘e (1 3cos“I 5Ssin“1I" cos 2g )

3 n@2 (1 -3 cos? I@) iS02 [ + (1-e"2)1/2J sin? 1"

~ e i,RI T o cos 28" , (182)

’
n

3 ()
= §E‘<“— n2a"?sinl" cos 1" [— (2 + 38”2) +5e”2 cos 2g"]

pe” cos 1" (11~ 15cos21")

3 a”“(l _ellz)s/z

3 #sinl” cosTI” 3
=2 L 23
2 b T, aus(l_euz)s/z g b’J

: u
sin g

15, usinI”cosI"V
37 b J, a"5(1~e"2)7/2

[(2 +3e"2) (3-7 cos21") ~2e"2 (4 -7 cos’T") cos 2g”]



ST

Mt i

e s e T

- ‘2% b3 Iy ”6#(61” Cof—zI)“g/Q [2 (4 + 3e"2) (29 - 126 cos2 1" + 105 cos* I") sing”
a -e

-7e"2sin2 1" (7 ~ 15 cos? 1') sin 3g”]

nm nm 3
- =) n'?a"2 (1-e"2)!/2sinl" [2+33e"2—3(2— 17¢"2) cos2 1"
128¢2 \n n

+15e"2 (1 =3 cos?1") cos 2g”]

9 /Ne¢\/Pe n’?sinl” (l-3c0521”) ) , :
- @(ﬁ)(n—.)bﬁ“ (1-e"2)2 o [2(2+3e 2) +15e ZCOS_zg]

' n’?sinl” (1—3C0521") 3
r}? b*J2 STt gnza”zsinI" cos I"[—(2+3e"2)+5e”2 cos 28']
a 22 a"z(l—e"2)7/2 @

aF ! 15 /e 2 3 pe” sinl” (1—5(_‘0521”)
= - _ 8—5 — nlzaugeuzSinZIuSinzgn _.8_b3J3 va w252 -—— COS g"
ag” n a (1‘e )
we"2sin21" (1—7c0521”)
_ 4 — P . "
32 b7 J,4 8”5(1_‘6“2)7/2 sin 2g
15 pe’ sin I1”
_ =2 .5 e L ) - 21n 4 1 .
556 P°Js a6 (1-0"2)972 [2(4+3e ) (1~ 14 cos?1" + 21 cos*1") cos g

-7e"2sin? 1" (l -9 cos? I") cos 3g”:|

3
135 ("e\ [ e )

- (7)(—- n’za"ze”(l—e"z)l/2 sin? 1" cos I" sin 2g”
64¢2 \ng f/\n'
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| -allr

n'2e"?2sin?21" cosI”

@-e2)

sin 2¢g"” -

15 . .
5 n2a"?e"?sin? 1" sin 2g”

8

i, RZnl (1 - 3 cos? I@)B"2 [1 + 2(1 - e"2)1/2] sin? 1" sin 2g"

SUMMARY OF THE DEVELOPMENT

and

The short-period terms are given by

g - 8
h = h’
L = L'
G = G
H = H

Long-period terms are obtained from
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N EEN
) gL"
o9y
g 3G"
as,’
h' 1
gH"

L

as
gL’

gs;
aL"
a8,
aG’
as,
ol

Ag

AG

I

+ ALY

(184)

(185)
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]
)
H
!
1
)
t
!
i

98, 98, a8,
—_ —
ag: agl ag’

Q

t
Q
+
+

= G" +AG',

and

8s, as,; oS,
H' = " + —— + —— + —— = H" + AH' .
oh’  ah’  ah' (186)

Secular perturbations and perturbations depending only on g" result from the integration of
Equations 180:

oF;  aF)
ALY = n'-—— - ——Jdt = 1" -1",
aL” aL” 0 .
dF " gF
2 3
Agt = - fl— + ——]dt = g" - g .
& j(ac” ac“) & " &
. OF, aF/
A" = - ng + + —=1]dt = h” - h" ,
oH” dH" 0
ALY = 0,
dF,  9F,
NG = — + - Jdt = @ -G,
ag ag’
and
AH" = 0 . (187)

Then, the perturbations in the Keplerian elements a, e, and I are given by
, AL
a = a' + 2a’" —
L
and

a' = a" = ' (188)
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and
(AG AH)
I = I'+tcotI'|\l—-—]"
G’ H'
(AG’ AH'
I' = I"tcot 1"\ — - —
G H
AG"
I© = I, tcotl) —
G,
and

Can2
N 1-e
o
1_ e ll2
(4]
.o
eo e”
0
"o
1 S
_ .
L/72

&) &)

POSITION AND VELOCITY: e # 0; | # 0°, 180°

From the elements L, G, H, I, g, h, one can obtain the coordinates and the components of

velocity as follows.

AG'  1-e"2 (AG’>2

G" 2e"3 G"

AG"

G,

_1lecosI’ (1 +sin? I")
2 sin3 1"

Obtain a, e, and I from the following equations:

and
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1

y1-G¥1?

arc cos "G_

(0° <1<180°) .

(189)

(190)
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Now solve Kepler's equation

E - esinE = 1
to obtain E.
Then compute r from
r = a(l-ecosE) .

Next obtain f from

a
cosf = T (cosE-e)
and
. . atG |
sinf = T L SsinE .
Now compute
A, = a(cosgcosh-singsinhcosI) ,
- G . .
B, = af (~singcosh-cosgsinhcosI) ,
A, * a(cosgsinhtsingcoshcosI) ,
G . .
By = af (-singsinh+cosgcoshcosI) ,
A, = asingsinI ,
and
_ G .
B, = af cosgsinl .
Then,
be A, B, 0 cosE-e
y = Ay By 0 sinE
z A, B, 0 0
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Since the system is rotating,

_ *
A, 7 ngA .,
_ *
Bx = ng By »
P *
Ay = T ong A,
and
_ *
By = T ng Bx
Therefore, |
x A B 0 cosE-e
y y
y = nz -A, ~B, 0 sinE
4 0 0 0 0
A B, 0 -sinkE
a
TN Ay By 0 cos E
A, B, 0 0
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