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ABSTRACT

This program has been concerned with the study and improvement of

the short-term spectral purity and the long-term frequency stability

of stable laser oscillators.

We have successfully measured the short term frequency phase
fluctuations in high quality He-Ne gas lasers, and have measured, for
the first time, the ultimate limit on laser spectral width caused by
guantum phase noise, as predicted by the Schawlow-Townes formula.
Verification of this formula, one of the most basic in laser theory,
has only recently come within the range of experimental feasibility.

.An additional task eof this program was to study and, if indicated,
to demonstrate experimentally a new absolute laser frequency stabili-
zation method. The stﬁdy has been completed and experimental verifi-
cation is underway, with many problems solved.

Finally we have suggested an important new mechanism to acceunt
for the frequency fluctuations in He-Ne 6328 R lasers, and presented

both experimental and theoretical support for this mechanism.
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I. .COMPLETED FREQUENCY FLUCTUATION MEASUREMENTS

This section of the repert suﬁmarizés laser frequency fluctuation
and quantum phase noise measurements that were completed and published
during the period of this contract.

Even in a very high quality, stable, single-frequency laser oscil-
lator; the instantaneous laser phase or frequency will retain some noise
fluctuations, due tc two differsnt sources. Pirst of all, and ususlly
most important ;n practical situations, are various external disturbances,
by which we mean such things as micrcphonics, structural vibrations,
plasma oscillations and other disburbances in the laser. In addition,
as a fundamental or ultimate limiting source of -noise, there are quantum
phase or frequency fluctuations that arise from the basic process of
abomic spontaneous emission in the laser medium. The magnitude of the

oscillator spectral broadening due to these ultimate quantum noise sources

ig given by the so-called Schawlow-Townes formula, indicated at the bottom

of Fig. 1.
Laser Oscillator External Quantum
Phase-Frequency = Disturbances + | DNoise
Fluctuations :
) Microphonics Atomic
Struectural Vibtations Sporntaneous
Plasma Osciliation Emission
shf (./_\.fcav)g N,
qu = X
P I, = Ni

FIG. 1~-Freguency fluctuation sources.
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One of our primary purposes in this work has been te observe these
guantum noise fluctuations in a stable laser oscillator, and theréby to
verify this Schawlow-Townes formula. We have achieved this objective;
and along the way have also learned some important things about the
apparent primary source of external disturbances in the 6328 3 He-Ne
laser in particular.

Figure 2 is a schematic showing the essentiel features of the
experimental apparatus for these measurements. .As indicabed, we hetero-
dyned together two stable single-frequency high-quality He-Ne lasers, -
which are basically Spectra-Physics Model 119 lasers, shorn of theixr
regular cabinetry and equipped with special power supplies and contrel
circuits. As indicated in the upper sketch, the frequency of laser
number 1 is set very close to tﬁe edge of the laser oscillation range,
in order to obtain stable operation of this laser at very low power
level, thereby enhancing the size of the guantum noise disturbances
because of the l/p dependence in the Schawlow-Townes formula.

Two sets of experiments were carried out. The first of these used
a beat frequency of 30 MHz and commercially arailable electronics. This
" work was reported in Phys. Rev..Letters 20, 17 (4pril 1968), "Cbservation
of Quantum Phase Noise in a Laser éscillator?; Appendix T of this report.
The second set employed a 4.5 MHz beat frequency apd was reported in
J. Appl. Phys. 40, (February 1969), "Further Measurements of Quantum
Phase Noise in a He-Ne Laser'; Appendix IT of this report. We will sum-
marize the results of these measurements very briefly here.

The two lasers are heterodyned together on a photomultiplier -tube,
with a_nominal four-and-a-half MHz or 30 MHz difference frequency, and
the resulting beat note is fed into a 4.5 MHz or 30 Miz RF discriminator.

-2 .
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FIG. 2--8chematic showing the essential features of experimental apparatus.



Part of the output of this discriminator is fed back through 2 slow auto-
matic frequency control loop with a long time constant in order to keep
the frequency of laser 12 spaced away from laser Ll by 4-1/2 MHz or
30 MHz on the average.

‘ Due to the instantaneous frequency or phase fluctuations in each
laser, thHere is a finite amount of freguency jitter in the beat frequency,
with a spectral width and a peak deviation in the 10 KHz range. This
frequency jitter is reflected in the audio output of the RF discriminator,
which is taken to an audio wave analyzer, whose output vs.raudio frequency
is then recorded én an xy recorder.

Figure 3 illustrates the general character of the discriminator audio
output spectrum as recorded on the =xy recorder. The effect of external
disturbances is essentially to modulate the instantaneous frequency of
the lasers, or of the beat note, in a Gaussian noise-like fashion; and
the effect of this is to give a l/f2 audio output spectrum in the dis-
criminator output, extending from the cutoff frequency of the AFC loop,
which is a small fraction of 1 Hz, upwards. By contrast, the effect of
the quantum noise may be described as a random walk of the instantaneous
phase of the laser osciliator. This has a different spectral character-
istic, and appears as a white noise output in the audio output spectrum
of the discriminator. Because of the l/p dependence of the quantum
noise term, this quantum noise level increases with decreasing laser
power, as indicated on the figure; while the external disturbances repre-
sent frequency modulation of the laser by external sources and is inde-

pendent of the laser's oscillation level.
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Figure 4 shows a typical experimental result, indicating how well the
experimental measurements agree with the theoretical expectations. Also
in agreement with theory, we observe that the external contribution portion
of this curve does not change as the osclllation power level of the lasers
is: changed:; whereas the quantum contribution does indeed increase as the
inverse of the laser power level. We should emphasize here that in all of
our experiments, the frequency fluctustions of the laser and the resulting
spectral broadening of the laser output were dominated by the external
contribubtion, which gave a total spectral spread for the lasers, and con-
sequently for the beat note also,‘ef about 10 KHz. The quantum contribu-
tion, on the other hand, represented a net broadening contribution of only
a few 100 of cycles or less. DNonetheless, this quantum contribution could
be separated out and measured precisely because of its different spectral
appearance in the outputs of the discriminator.

It should be noted that radio frequency discriminators are in general
rather difficult devices, with far from ideal noise properties; and spurious
results that sppear very much like the expected guantum centribution results
can be eagily obtained simply as a result of the inherent noise properties
of the discriminator. -Appropriate steps were taken 4o correct for these
difficulties.

By making a large series of measurements such as the typical example
shown in Fig. 4, with the laser Ll operating at different power levels
in each case, we were able to obtain the data on guantum linewidth contri-
bution in Hz vs laser oscillation power in watts shown in Fig. 5. These
represent the principle guantum noise experimental results of this report,

and show quite clearly the expected l/p dependence predicted by the

-6 -
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Schawlow~Townes formula over a range of nearly two orders of magnitude.
The lower points represent the results of the Tirst series of experiments
using an RF discriminator centered at 30 MHz. The upper curve represents
our more recent results using the k-~1/2 MHz discriminator, together with
a Tew experimental points obtained by measuring the beat note phase
jitter using a sampling oscilloscope technique. Various laser tubes and
mirrors were changed between the two series of measurements, and the
approximate. factor of. "2 difference may be a good measure of the repro-
ducipility of our results.

The fuzzy line represents the prediction of the Schawlow-Townes
theory, taking -intc account the uncertainties in how well we know the
cold cavity bandwidth and other parameters of our laser. The excess
noise ratio for our lasers was determined by carrying out a separate
gseries of measurements of the excess amplitude fluctuations of the lasers
at low powers, following the method of Fried and House. From such measure-
ments the excess noise factor can be determined divectly, and was found fo
have a value of approximately 3.

Note that the apparent noise contribuiion begins to lncrease sharply
at about the signal power level at which the signal-to-noise ratio — thab
is the ratio of the beat signal to the photomultiplier shot noise —
decreases below about 20 dB. We believe, however, that this represents
excess noise behavior in the discriminator itself as the signal level
drops below the necessary threshold level for good fm detection; rather

than any real increase in the guantum noise fluctuations.



1T, OW-GOING FREQUENCY FLUCTUATION MEASUREMENTS

This section of the report summarizes some additional frequency
fluctuation measurements which were started and carried to a fairly
advanced level, but not fully completed during the period of this
contract.

The- Schawlow=-Townes formula .suggests that qu may be increased

to a detectgble magriitude by decreasing P and increasing Afcav o
Decreaéing P in dc-excited lasers generally leads to an increase in
plasma noise which swamps out Afd ; therefore, rf excitation on »rf
guieting of the plasma is indicated. Increasing Afcav is accomplished
by lowering the cavity Q with low reflection mirrors. Naturally the
laser capnot be made to lase at all unless the threshold requirement is
met; l.e,, gain must be high encugh to overcome mirror transmission.
A laser line with one of the highest known gains is X = 3,508 p in
He~Xe, He-Xe 3.508 p lasers produced here recently have shown gains
in exces§s of 100 dB/meter. Further, we have found the He-Xe plasma
tL be easily controllsble over g wide range of Xe pressures.

However, because of the very rapid clean-up of the Xe gas in the
discharge, lasers of this Type previously have been limited to sn
opergting life measured in hours. We have found.that an apparently
completely succesgful solution.to this problem is to heavily overfill
the laser with Xe, and. then condense out the excess Xe in a .side arm
cooled to near liquid nitrogen temperaturé. The Xe actually solidifies
in the side arm; however, the vapor pressure of Xe at just above liquid

nitrogen temperature (TTOK) is 19 to 20 microns of mercury; l.e.,

optimum for lasing.

e 10 =



Measurements of the ~ 100 MHz wide 3.51 u transition of the He-Xe
laser show no clearly identifiable Lamb dip. The absence of the expected
dip may be due to a large homogeneous collision broadening linewidth, of
the order of the inhomogenecus doppler width, introduced by the high
pressure chosen for maximum lifetime together with the Ffact that the Ye
we have used so far is not isotopicly pure.

One of our objectives in this work is a direct measurement of qu
with He-Xe lasers. ' To get some idea of the experimental desirability of
He-Xe over the common 6328 % He-Ne laser, the échawlow-Townes prediction
is. plotted for -several lasers in Fig. 6.

Two 30 em external-mirror He-Ye laser on invaxr bases have been
fabricated and have undergone preliminary experimentation (Fig. 7).

Gain per unit length at various partial pressures of Xe, optimum mirror
reflectivities, Brewster window materials, detector systems, and align-
ment @ifficulties have been some of the problems under study. We have
now seen output povers of 2-1/2 milliwatts at 3.508 p using MgF2 or

Caﬁé Brewster windows and outpu% mirr;r substrates coated 40% reflective.

Beats have been obtained from these lasers and locked at 200 KHz.
The beat was very noisy and showed clear 60 Hz FM. Work is now in progress
to quiet the electronics and improve the pressure stabilization on these
lasers.

Two de excited Spectra~Physics 119 lasers, formerly used for guantum
noise measurements at 6328 R were modified for 3.508 He-Xe operation
(without return paths to avoid cataphoresis effects in the Xe discharge).’
,Although these had good temperature-compensated invar cavities, they were

extremely noisy both in amplitude and phase with power outputs of only

- 11 -
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FIG. T--30 cm external mirror cavity.
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20 to 30 microwatts. The bandwidth of the beat was larger than the

1 MHz bandwidth of our detector (about 7 MHz). Conversation with

Dr. Gamo of the University of California at Irvine who had a similar
laser, corroborated this result. Improvements in plasma tube design and
specifically the inclusion of a gas return path might reduce this plasma
noigse and bring the beat width within the detector bandwidth.

Finally, a quartz ingot internal mirror laser is nearing compietion
(Fig. 8). This laser could serve as the prototype for internal mirror
(er-Vit lasers providing maximum mechanical and thermal stability.

Cer-Vit is a new low-expansion glass ceramic with-an expansion coefficient
adjustable through zero at 2500.

Tiquid nitrogen cooled InAs photo conductive detectors can achieve
20 dB signal-to-noise ratios at 10“9 watt power levels. As can be seen
from Fig. 1, such a low-power level ghould render qu easilyv@ﬁasurable.«
We are confident that measurement of qu over a wide range of P will

be achieved, thereby checking the fundamental quantum noise theory.
IIT. STUDY OF CAUSES OF FREQUENCY FLUCTUATIONS

In Applied Physics Letters, vol. 13, No. 6, pp. 197-199 (September
1968) "Current Pushing of the Oscillation Frequency of a 6328 2 He-Ne
Laser” (Appendix ITI), we reported our results in explaining what seems
t0 be the primary source of the externsl contributions which still limit
the overall laser spectral width of He-Ne 6328 3 lasers. It should be
noted that in our work, and also in most other work with 6328 R 1asers
that we have seen reported, it appears that as one improves the laser
design, and improves the shielding of the laser from acoustic and micro-
phonic disturbances, the laser gpectral widbh decreases to something on

- Ik -
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the order of 10 KHz; and then simply does not get any better as further
improvements are made. No one seems, for example, to have been able at
6328 R to achieve the beat note purity qf 20 or 30 cycles obtained by
Javan, Jaseja, and Townes in their "Wine Cellar Experiments" which were
done at 1.15 {. We now believe that this is associated with an unusually
high polarizability of the He-Ne discharge at 6328 3, caused by the
presence of Neon l-s metasbable atoms, and by the resulting modulation

of the laser cavity freguency through turbulgnt disturbances in the laser
plasma.

Figure g(a) shows a simplé experiment that was done to investigate
the current ﬁushing in our lasers, that is the small shift' Af in
instantaneous laser oscillation frequency caused by a small change Al
in the discharge current through the laser tube. Very small shifts
caused by small changes in discharge current could be easily measured
using the heterodyne technique and the rf discriminator. h

Figure ¢(b) shows the experimental resulté for the éurrent pushing
figure, that is, the derivative of 1ase£ frequency vs laser discharge
current, as a function of where the laser's oscillation frequéncy ié
tuned within the stomic linewidth. This quantity is fairly large, and
shsolutely independent.of where the laser is tuned within its.oécillation
range., This indicates that the current pushing effect is not caused by
any pushing or pulling effects associated with the lasing atomic transi-
tion itself; but must be caused by a background change in the dielectric
constant of the plasma discharge, having .nothing to do with the laser
transition. Similar measurements were made at 1.15 p also, as indicate@

on the bottom of -the figure, and it was found that the current pushing

- 16 -



Tigure in this case was of opposite sign, very much smaller, and not
necessarily flat across the atomic line. We will concentrate here on
explaining the 6328 % results.

Various mechanisms for explaining this result were considered. For
example, the change in free electron density with increasing current in
the laser discharge is many orders of magnitude too small to account for
the observed current pushing. What we believe to be the correct explana-
tion for this effect is illustrated in Fig. 10, showing the relevant
energy levels of the He and Ne atoms. Notice that there is a collection
of lowest excited Ne levels, the l-s metastable levels, which bulld up a
sizeble population 1n the laser discharge. Furthermore, there are two
relstively strong sbsorptive transitions at 633h X and 6402 £ from the
most heavily populated of these metastable levels up tc certain of the
2p levels which are not directly connected with the laser transition.
The numbers in parentheses indicate the oscillator strengths of these
two transitions. Increasing the current through the laser increases
the populations of the Ne 1-s metastable levels; and the reactive
effects of these excited atoms then change the effective dielectric
constant of the cavity at the nearby laser transition.

Figure 11 {llustrates this point. The laser transition at 6328 3
is far out on the tails of the dispersive curves of these two contri-
butions. Nonethless, evaluabion of the expected metastable density, the
oscillator strength of these transitions, and the resulbant pulling effects
make it clear that these two transitions are the culprits. Note that the
weaker but much closer 6334 3 trangition contributeg about two-thirds of
the effect while the stronger but more distant 6402 R transition contri-

butes the remalining one-third. These are dbsorptive transitions; and

~ 17 -



FigG. 9~~(a) Heterodyne experiment for measuring small shifts in
laser oscillation frequency caused by current modulation
' or other perturbations.
(b) " shift in laser escillation freguency with discharge
current, af/dl , measured at both 6328 } and-1.15 p
in the same lasers, as a function of lager frequency i

. tuning within the atomic linewldth, for three different

values of de discharge current IO

- 18 -
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absorptive transition "pushes" g cavity frequency awsy from it; and hence
the shift in the cavity frequency is to shorter yavelength, that is a
blue shift with increasing discharge current. An extensive theoretical
discussion of this effect is included in Appendix IV.

It is, therefore, our conclusion that the residual spectral broadening
in high quality 6328 3 lasers probably results from random modulation of
the cavity resonance frequency caused by random nolse and turbulance in
the laser discharge, acting through this Ne metastable mechanism. Note
that in all of our experiments, care was taken to see that no coherent or
single-frequency plasma oscillations were present or detectable by any
means in the laser apparatus. Even so,.there is still a substantial
amount of low freguency l/f type of noise in the plasma discharge. No
simple mechanism for eliminating these effects is sgpparent at present,
and this effect must be considered in any fubture applications of the 6328 2
laser, in particular as an ultra-stable frequency standard or laser com-

munications source.
IV. .ABSOLUTE FREQUENCY STABILIZATION OF He-Xe .3.51 p -LASERS

As part of the effort under this grant, we have also considered .the
long-term absolute freguency stgbilization of the He-Xe 3.51 p laser. We
have proposed that a frequency discriminant be obtained by frequency-
modulating a portion of a primary laser oscillator's output and passing
it through an unsaturated and non-regenerative reference laser amplifier.
The FM~to-AM conversion at the modulation frequency in the reference laser
amplifier becomes zero only when the primary laser oscillator freguency

exactly coincides with the atomic line center of the reference amplifier.

- 22 -



Thus, the FM-to-AM conversion provides a frequency discriminant for a
stabilization feedback loop. The basic stebilization scheme is shown
in Fig. 1l2.

This absolute stabilization scheme ﬁas the following desirable

gttributes:

(a) The main laser'output is completely free from any applied
modulaticn sidebands or frequency jittering, since only the
portion tapped off to the reference amplifier is modulated.

(b) The reference laser amplifier operates in a linear, small-
signal condition, thus avoiding any of the complexities which
may be associated with saturation, "hole burning" effeckts, or
other second-order effects.

(c) The gas fill, pressure snd pumping conditions of the reference
laser amplifier can be adjusted for optimum long-term Freguency
8tability and reproducibility; while these parameters in the
primary laser oscillator can be adjusted for maximum output
power, efficiency, or other considerations independent of
frequency stability.

This scheme should be particwlarly effective with the 3.51 p He-Xe

laser because:

(a) The He-Xe laser at 3.51 i has high gain, which permiﬁs good
sensitivity for the present scheme.

(b) Xenon is a heavy molecule, and thus has & narrow doppler
linewidth.

(c) The He-Xe plasma is a cool plasma, and this also leads to a

narrow dopper line.

- 23 -
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(d) The He-Xe laser amplifier can be operated at very low pressure,
thus having minimal pressure shifts.

(e} The liguid Né Pressure stabilization method used in our laser
tubes should provide long-term stable operation of the lasers,
with essentially constant Xe pressure.

Three pure xXenon amplifier tubes have already been conatfﬁcted, one

50 cm long and two 25 em long. The inner bore diameters are all 5 mm.
Choosing this large bore diameter permits easy alignment of the laser
beam through the amplifier tubes, while also lowering the gain factor to
avold saturation and regeneration effects. BEach tube has a side arm with
a reservoir bulb which is cooled down to liquid Né temperature in opera-
tion, so that the tube is operated at a pressure corresponding to the Xe
vapor pressure at that temperature. All of the tubes are designed for

de operation, so that pumping conditions can be controlled. However, the
two 25 cm tubes can also be operated under rf excitation. These tubes
sppear to be satisfactory for our experiments.

To date all components of this system except for the necessary phase
sensitive detectors, power amplifiers, and assoclated feedback equipment
have been designed and are under consbruction or on hand.

Final reference amplifier gain measurements will begin as soon as the
lager amplifier and oscillator can be set up in the vault. The frequency
modulation system will be tested when the LiN'bO3 modulator is constructed.
Finally, the whole stabilizabion scheme will be tested and the short-term
and long~term stability measured. From sensitivity calculations, a fre-
quency stabilization as good as one part in lOlrle is possible with this
system. However, the difficulties introduced by various practical con-

siderations, such as interference and imperfect components, can be deter-

mined only with the acutal experimental system.
-25 -



A theoretical discussion of this system was presented in Applied
Optics, vol. 5, No. 10, October 1966; and is included for reference in

Appendix V.

This completes the fihal report on Grant NGR 05(020)-23k. . 411 of
the aims of the original proposal have been met or exceeded and a firm

foundation for ongoing and future research has been laid.
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VoLrumg 20, NUMBER 17

PHYSICAL REVIEW LETTERS

22 APRIL 1968

OBSERVATION OF QUANTUM PHASE NOISE IN A LASER OSCILLATOR*

A. E, Siegman and R. Arrathoon
Departmént of Electrical Engineering, Stanford University, Stanford, California 94305
{Received 12 February 1968)

By heterodyning together two stable 6328-A He-
Ne lasers, with one laser operating at very low
power, quantum phage fluctuations caused by -
spontaneous emisgion have been observed. Re-
suits, although preliminary, seem in good agree-
ment with the predictions of Schawlow-Townes
and others.!

Neglecting amplitude fluctuations, the beat
note between two laser oscillators may be writ-
ten v = V,cos(wyt + @), Where w, is the mean fre-
quency and ¢ {f) the randomly varying phase.
Since the instantaneous beat frequency is w,
+§i), the power spectral density Gq-,(f) of the
quantity ${f) may be determined with an rf ire-
quency discriminator centered at w,, followed
by an awdic-wave analyzer (Fig. 1). With appro-
priate instrumentation one can also measure the
amalytically related mean-square phase jifter
APE)={{pt+7)-p#)F) as a function of the
time interval T.

In real lasers the random phase variation gf{f}
includes an “external” contribution ¢, (¢} due to
acoustic noise, structural vibrations, and plas-
ma disturbances, plus a usually much weaker
contribution @, () due to quantum noise. In our
experiments the external disturbances cceur pri-
marily at low audio frequencies, with G¢e( ¥}
~1/f? [see Fig. 2(a)] and (@ 2(r))~7%. The re-
sulting beat-note power spectral density G,(f) is
Gaussian with 2 linewidth typically Af, =~3.5 kHz
in our apparatus, essentially independent of la-

SPFECTRUM PHASE AUDID WAVE
AMALYSER JHTTER AMNALYSER
6,1 At Gg ()
.
FOWER LEVEL —
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) i)
YIDEQ
7 vit)
e e R
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L]
_.q,_._,.__l_q_l. w—

FIG. 1. Block diagram of system used to observe
guantum phase fluctuations,

ser power level. By contrast, the quantum con-
tribution should have a white-noise spectrum
Gpq(f)=4n1Afq and a phase jitter (Ap, (T}
=2nAg7. The Schawlow-Townes prediction is

whf(Af cav)2 N,
qu_ P Nz"(gz/gx)Nx,

where f is the oscillation frequency, Afaqy the
“cold”-cavity bandwidth, P the laser-oscillation
power level, and N, and N, the upper and lower
level populations. Except at our lowest power
levels, the quantum contribution to the total beat-
note spectral density is considerably less than
the Gaussian external contributions. The quan-
tum contributions are, however, separable by
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FIG. 2. (a) Typical discriminator noise output spec-
trum. 25 measured by audio-wave analyzer, showing
1/f2? portion due to external disturbances and flat por-
tion due to quantum noise (or, in some cases, to dis-

+ criminator characteristics). (b) Quantum phase-noise

linewidth contribution, as measured by flat discrimina-
tor noise level, versus oscillation power level of laser
L. Also shown are the Schawlow-Townes theoretical
result assuming N,/{N,—N;)=1 and the results of exper-
imental phase-jitter measurements at a gingle fixed de~
lay 7=167 nsec.

Reproduction in whole or in pert is permitted by the publiéher 801
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examining G¢ (f} at high enough frequencies, or
{ag*(7)) at short enough times.

The' experimental apparatus (Fig. 1) is basical-
ly the same as reported earlier.? Laser L, has
a relatively high-transmission output mirror
(1.7%) to enlarge Afcay and thus enhance the
quantum line broadening. A slow power-stabili-
zation loop provides stable operation-at low pow-
er levels by piezotuning the cavity close to the
edge of its ogcillation range.® Lager I, is
locked 30 MHz from L, by a slow automatic-fre-
gquency-control loop. The signal-to-noise ratio
(S/N) of the beat-note depends upon signal power
P from L, and photocathode quantum efficiency
in the usual way. Since these measurements nec-
essarily involved low and decreasing S/N, it was
necessary to verify that measured noige line-
width increases at low P did not simply rep- .
resent equipment characteristics. This was
checked following each measurement by operat-
ing L, at a higher output level, wheré quantum
fluctuations in L, should be negligible,. and in-
serting a variable optical attenuator (~30 dB) in
the output of L, to produce the same post-attenu-
ator power output {(and hence S/N conditions) in
the succeeding apparatus. Comparison of the
two measurements effectively determined the
quantum contribution. _

The circled.points in Fig. 2(b) show the mea-
sured white-noise level of G f), expressed as
equivalent linewidth A fq,', versus oscillation lev-
elof L,. The theoretical curve is the Schawlow-
Townes formula? taking into account the uncer-
tainty in cavity parameters for L, but assuming
N;/(N,~g,N,/g,)=1. The offget between theory
and experiment can be accounted for by agsum-
ing N,/(N,-g;N,/g,) =3, not unreasonable for this
particular laser system. The square data points
represent measurements of (A@*(r)) at one fixed
value =167 nsec, again converted to equivalent
quantum linewidth. As also in our earlier work,
we are unable to resolve the factor of 2 differ-
ence between discriminator and phase-jitter re-
gults here, and must continue to attribute it to
experimental uncertainties or to some systemat-
ic error in one of the measurement technigues.
We discount the apparent rapid increase in A fq
below P=2x10"7 W since in this region the beat-

902

note §/N decreases below 20 dB, At such low
power levels, fluctuations in the power stabiliza-
tion loop could result in an inerease in observed
noise because of nonlinear power dependence
(1/P) of the quantum noise. ’
Our useful measurement range is uncomfort-
ably limited at present by the vanishing quantum
contribution at higher values of P and by reduc-
tion of the heterodyne S$/N at lower values of P,
However, we believe that the 1/P dependence ob-
served between P=2x10~"W and P=9x10~"W
most probably represents quantum phase fluctua-
tions in laser L,. In future experiments more
detailed study should be possible by using a high~

.gain infrared laser transition, reducing the cavi-

ty @, increasing Afeogy, and thus greatly enhanc-
ing the quantum noise confribution.

Note added in proof. —Just as this report was
completed we received the translation of a Rus-
sian Letters journal reporting very similar ob-
servations,! although at substantially higher pow-
er levels P and hence much lower values of Af,
(~0.1-1.0 Hz). OQur only reservations concern-
ing the Russian results have to do with the non-
ideal discriminator characteristics mentioned
earlier; i.e,, we find that the observed inherent
noise output from our real (nonideal) discrimina-
tor can have a flat spectrum that rises as ~1/P
due simply to decreasing 5/N in the rf bandwidth
rather than to any real freguency fluctuations in
the beat signal. The results of Ref. 4 imply the
availability of a very nearly ideal rf discrimina-
tor at w,=2r x8.4 MHz,

*Work supported by doint Services Electronics Pro-
gram Contract No, Nonr-225(83), and by a National
Science Foundation Traineeship for R. Arrathoon.

'A. L. Schawlow and C. H, Townes, Phys. Rev. 112,
1840 (1958); for a more recent discussion, cf. M. Lax,
in Physics of Quantum Electronics, edited by P. L.
Kelley, B. Lax, and P, E. Tannenwald (McGraw-Hill
Book Company, Inc,, New York, 1966), p. 735.

?A, E. Siegman, B. Daino, atd K. R. Manes, IEEE J,
Quantum Electron. QE-3, 180 (1967).

3p, T. Arecchi, A. Berne, A. Sona, and P, Burlamac-
chi, IEEE J. Quantum Electron. QE-2, 341 {1966).

4Yu. N. Zaitsev and D, P. Stepanov, Zh. Eksperim. i
Teor, Fiz.—Pis’'ma Redakt. 6, 733 (1967) [translation;
JETP Letters 6, 209 (1967}].
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FURTHER MEASUREMENTS OF QUANTUM PHASE NOISE IN A He-Ne LASER

R. Arrathoon and A. E, Siegman
Department of Electrical Bngineering

Stenford Unilversity
Stanford, Californis

ABSTRACT

Extended measurements of laser frequency fluctuations, using
improved instrumentation, have provided further verification of the
Schawlow-Townes relabtion for the spontaneous-emission-limited line-

width of a laser oscillstor.
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FURTHER MEASUREMENTS OF QUANTUM PHASE NOISE IN A He-We LASER®
by
R. Arrabhoon and A. E. Siegman
Department of Elecirical Engineering
- Stanford University
. Stanford, Cslifornia
We recently-reported the observaéion of spontaneous-emisgion-
induced phase fluctuations, or "quantum phase noise", in s He-Ne
6328 3 laser operating at power levels in the low microwatt range.,l
Using slightly modified instrumentation, we have now exténded these
quantum phase fluctuation measurements over a wider range of laser
powers, and have used amplitude fluctuation measurements to determine
the excess noise factor appropriate to our lasers. OQur new resulbs
in general validate our earlier measurements, and give further support
to the SchawlowﬁTowpes relation for the spontaneous emisslioen contri-
bution to the linewidth of .a laser oscilla.'boro2
The Schawlow-Townes formula predicts that the qﬁantum ﬁhase noise

contribution to the oscillation linewidth of a laser is

2 2
ghf(Af ) N ghf (AP )
qu - cav x 2 - cav (l)
P UNENCVEDE P

where qu is the full lorentzian linewidth contribution due to this
noise source; Né and Ni are the upper and lower laser level popula-
tions; P 1s the laser power level; f is the oscillation frequency;

-and Afcav is the "cold" laser cavity bandwidth. The excess noise
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factor o= Né/[mé-(gz/gl)Nl] may be determined by measuring the ampli-

3 The

tude fluctuations in the same laser, as shown by Freed and Haus.
audio-frequency amplitude fluctustion spectrum of the laser, measured

using a photomultiplier with an appropriate load resistance R, , may

L
be written as. the sum of a shot~noige term and an excess or quantum

amplitude noise term

S(f)

. 8 T Se(fl
2

Ri 2MPeT_ + bMeT no Afca”) : 5 . (2)
AF /) L+ (F/AF)

In this expression 8 1is the spectral density of the voltage across
RL (in voltz/Hz); M 1is the ﬁhotomultiplier power gain; Ia is the
anode dc current; 1 1s the photocathode quantum efficiency; Tt is
the shot neise enhancement factor; and Af (=~ 10 to 30 kHz) is the
bandwidth of the amplitude fluctuation spectrum. For lasers operating
at low oscillation power levels, the excess amplitude noise term Se(f)
is substantially larger than the shot noise term for frequencies less
than Af .

The excess amplitude noise spectrum Se(f) was measured for our
lasers, using an audio waﬁé analyzer, at frequencies up to approximately
1 MHz. .The results were in general agreement with those of Freed and
Haus,3 except for a small sdditional increase in the amplitude fluctua-
tions at very low frequencies (< 3 kHz), which we tentatively attribute

to plagma disturbances. The mean-square voltage readings vi = SeB s
where B 1is the analyzer bandwidth, were multiplied by the appropriate

. < . s s . .
correction factor of 1.13° to account for gaussian noise in a sinusoidally
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calibrated average-reading voltmeter. The value of the excess noise
spectrum for freguencies less than. Af , together with the measured
bandwidth Af of the excess noise fluctuations, 1in essence measures
the excess noise factor & . In fact, if the measured dc voltage Va
across the anode resistange RL is measured at the same time as the
excess nolse fluctuations, then the Schawlow-Townes formula may be cast

into the extremely simple form

(3)

in which all guantities are directily measurable., The measured value of
this expression was used to provide the theoretical value of qu
against which to compare our frequency fluctuation measurements. Using
this approach, 1t is not necessary to meke separate determinations of
the photocathode quantum efficiency or the photomultiplier gain.
However, these guantities were also‘independently measured to guarantee
that all aspects of the experiment were under proper conirol.

The principal change in the frequency fluctuation instrumentation
was the replecement of the previous commercially available 30 MHz FM
discriminator (RHG Electronics Inc., Model DT 3006) with a guadrature
detector discrimina.t;)rlL centered at 4.5 MHz. The 4.5 MHz amplifier,
limiter, and discriminator were assembled from Fairchild and RCA
integrated circuits. Two stages of preamplification and.limiting were
constructed from RCA CA-3013 integrated circuits. A subsegquent stage
consisting of a single Fairchild pAT71TE integrated circuilt supplied
further amplification and limiting. This stage, in conjunction with an

external quadrature ta,nll«:,LL also provided the frequency discrimination.
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The narrower bandwidth and somewhat better sensitivity of this system
permitted quantum phase fluctuatlon measurements at higher laser power
levels (lower freguency fluctuation levels) than p£eviously possible.

Qur total experimental results, iogether with the Schawlow-Townes
prediction as calibrated from tﬁe amplitude fluctuatlion measurements,
are presentea in Pig. 1. The triangular data points indicate results
obtained earlier by a phase jitter technique at a specific delay time
T = 167 nsec . The square data points indicate quantum noise results
obtained with the new 4.5 MHz discriminator and i.f. system. Both of
these results differ by approximately a factor of two from the earlier
measurements made with the 30 MHz discriminator system. The difference
may be due to different limiting characteristics in the two discrimi-
nators. The Schawlow-Townes predictions, taking into accoun®t uncer-
tainties in the evaluation, seem %o be in good agreement with our
overall resulis.

The apparent sharp increase in gquantum noise-bglow P=2 X 10"7
watts should probably, as before, be discounted. 1In thig region the
signal-to-noise detection ratio has decreased belov 20 dB; hence, all
of the FM measurement techniques begin to deteriorate rapidly, in
accordance with the well-known threshold properties of FM receivers.
Also, due to the l/P power dependence of quantum noise, we might
expect that small fluctuations in the power stﬁbilization loop at these
low levels could result in an augmented noise cutput.

Progress is currently being made on a high-gain He-Xe 3.51 p laser
system with which we hope to observe quantum phase fluctuations in

greater detail and with improved accuracy.
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CURRENT PUSHING OF THE OSCILIATION FREQUENCY OF A
6328 R He-Ne IASER
R. Arrathoon and A. E. Siegman

Stanford University
Stanford, California 94305

ABSTRACT

Increasing the discharge current through a small de-excited 6328 b
laser changes the index of refraction of the dischurge and causes a
blue shift of the laser oscillation frequency of ~ 1 MHz/ma . The
shift is independent of laser cavity tuning and-decreasses with incressing
de discharge current. Approximate caleulations plus obther experiments
indicaete that this shift represents the dispersive effects of the-strong
6334 8 and 6402 R upward transitions from the neon- 1ls. mebastable

5
level. The residual spectral width and FM noise in stable 6328 R 1asers,
‘especially as compared to 1.15u lasers, may be due to plasma disturbances
acting through this dispersive mechanism, rather than to microphonic

disturbances as commonly suggested.

Supported by NASA Electronics Research Center, Cambridge,
Massachusebtts, under Grant NGR-05-020-23i.
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CURRENT PUSHING OF THE CSCITIATION FREQUENCY OF A

6328 § He-Ne IASER

As shown in Fig. 1(a), we heterodyne together the outputs from
two small stable de-excited He-Ne lasers (Spectra Physics Model 119)

1,2 A small sinusoidal’audio;

at a nominal beat freguency of 30 MHz.
frequency modulation AT added to the de discharge current IO of
one laser produces a corresponding smell ac frequency shift . Af in
the oscillation frequency of that laser. This shift is measured by
passing thé beat note into an rf discriminator centered at 30 MHz and
cbserving the vidéo output from the discriminator.

Figure 1(b) plots the resulting frequency-current pushing’ figure
Af/AT for several different values of de current I, as a function
of the tuning of the laser center frequency within the atomic Iinewidth,
as measured both at 6328 £ -and (by changdng mirrors on the same lasers)
at 1.1%. The 6328 £ current pushing in particular is sizeable;. decreases
with increasing de ¢urrent I0 ; and iz constant to within measurement
accuracy independent of laser cavity tuning within the atomic linewidth.
The last observation indicates that the pushing represents a change in
the background index of refraction of the laser discharge, wather than
any line shifts or pulling effects associtted with the 6328 & laser
atomic transition itself.

We ‘believe that this shift can be attribubed to the dispersive

(i.e., off-resonant reactive) effects of the 633k £ -and 6402 & sbsorptive
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transitions from the nedn 155 metastable level,3 as indicated in
Fig. 2. The resulis of Ladenburgh cen be combined with more recent
He-Ne laser studies to obtain rate equations that predict the neon 1s
metastable density versus current in our lasers. Thesge calculated
regults are in béetter than order-of-megnitude sgreement with the neon

5

ls densities necessary” to account for the observed current pushing.
Because the metastable density saturates with incressing current, the
slope Af/AT should decrease with increasing I, as cbserved.

As a partial test of this explanation, we focused ultraviolet
radiation in the 3000-4000 £ band from a Hg arc lamp through one end
mirror into the bore of one of the 6328 R 1asers during operation. This
radigtion extites atoms from the neon 1ls up to the neon 3p ZLe'\reZLs.3
Aé expected we observed =z smfa,ll but ‘measurable downward freguency shift
in the leser frequency when the ultraviolet radiation was pulsed on,
independent of both tuning and of de discharge current. We interpret
the latter result as meaning thet the incident ultraviolet radiation
is almost totally absorbed on the 1s-3p transitions indépendently
of the ls metastable density, so that the frequency shift depends
only on the number of incident ultraviolet photons and not on the :1s
density or dc discharge current IO ‘

The observed current pushing figures for 1.15u operstion in Fig.
1(b) are seen to be an order of magnitude smaller, and of opposite sign
from the 6328 8 results. They also exhibit some wariation across the
abomic linewidth. We have not pursued these results in the same Gebail

as the 6328 B results » but eariier studies of the 1.15u transition6

suggest that the 1.15) current pulling msy represent a combination of
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the strong 1.083u traensition from the metastable 2331 He level; closely
adjacent transitions within the Ne 1.15u osclllation group; end the more
proncunced pulling effects of the 1.15: transition itself.

Javen and -co-workers, in their "wine cellar" experiments of several
years ago,7’8 observed & best note between free-running 1.15; He-Ne
lasers with a spectral purity on the order of a few tens of Hz. By
contrast, the spectral purities or noise FM bandwidths obtained in beating
experimerts with 632§ £ lasers generally seem to be fram 2 to 3 orders
of magnitude larger.l’2’9 Moreover, ih ocur experience improvements in
mechanical design and acoustic isclation do not seem to yield any
improvement in this spectral purity beyond & certain point. Under
quiet operating conditions, the power spectral density of the instan-
taneous frequency fluctuation in our lasers (“Gﬁ“) exhibits no discrete
oscilletion spikes, such as might be attributed to plasma oscilla;tions,lo'l3
or to mechanicsl vibration modes. The frequency fluctuation spectrum
does show & smooth £ o variation, essentially the same as the £2
noise spectrum we observe in the plasmae discharge current itself. (How-

. evér, the observed discﬁarge current noise spectrum, when multiplied

by the measured frequency-current pushing figure, is not sufficient to.
account for the full observed spectral width of the laser, although both
have the same spectral dependence).

Ve suggest, therefore, that the residual spectral width of present-
day high quality de-excited (and perhaps also rf-excited) 6328 £ lasers
may be due to the dispersive effects of random fluctuations in the neon
ls metastable density, caused by plasma disturbances and fluctua.tions.lo-l3

These plasma fluctuations (striations, ete.) are not presently understood
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in detsil, but in our lasers have an :E‘_?,_-speci:::um.and are apparently
larger inside the discharge than is indicated by external discharge :
current fluctuations. Substantially greabter spectral purity mey be
obtainable. (with care!) in 1.15: lasers, because the discharge is much
less optically polarizable-at 1,151, and hence the laser frequency is

much less perturbed by plasma disturbances.
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LPOSITIVE COLUMN POPULATICN CATLCULATIONS FOR THE EVATUATION
oF DISPERSIVE EFFECTS IN He-Ne LASERS
by
R. Arrathoon
Microwave Laboratory

Stanford University
Stanford, California 9305

ABSTRACT

Sizeable shifts in the oseillation fregubney of a He-Ne laser with
variagtlons in the dc d‘ischa.rge current have bé%?’;;:pbserved. The shifting
effects are believed to be due principally to changes in the populations
of the helium 238 level and the neon 185 level. A simplified model is
proposed for the approximate evaluation of these populations. A slightly
modified version of the model, under regeneragtive conditions, is then
used to evaluate the current shifting effects and the results are com-
pared with experimental observations. The approach used is of sufficient
generality to be applicable to most He-Ne lasers operating under optimum
gain conditions. The results suggest that laser operation at 1.15 p,
rather than 6328 E, may considerably reduce the effects of current varia-
tions on the oscillation frequency. For coastant pressure-diameter

product conditions, theory predicts that the current-shifting effects

will vary approximately inversely with tube diameter.
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POSITIVE COLUMN POPULATION CALCULATIONS FOR THE EVALUATION

OF DISPERSIVE EFFECTS IN He-Ne TLASERS
I. INTRODUCTION

The refraction index of a gas can be éppreciably altered by the
presence of significant excited state populations. In a gas laser
ﬁhis effect may be substantial for oséillation wavelengths in the
vieinity of an atomic or molecular resonance. Changes in the refractive
index of the plasma at the laser wavelength may then be effected by
fluctuations in the populations of nearby resoﬁance levels. The net
-result would be to modify the effective interferometer spacing and
produce shifts in the laser oscillation -frequency.

One method of affecting the level populations is to vary the dis-
charge current.’ Barlier éxperimentsl at 6328 E, under single mode con-
ditions, showed that low frequency perturbations in the dc discharge
current of a small bore He~Ne laser produced blue shifts of the order
of 1 MHz/mA. These shifts were essentially constent as a function of
oscillation position within the Doppler broadened atomic line. Any
pushing or pulling effects associated with the laser transition itself
may be expected to be markedly dependent on position within the atomic
line. These effects should approach zero at the line center and change
sign on either side. Since such a variétion was not observed, the
shifting was thought %0 be due to background dispersive effects rather
than to any‘changes in the inhomogeneously broadened atomic line itself;
however, an unlikely combination of asymmetric line broadening and shift-

ing could also have produced ithe observed qualitative characteristics.
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As a test of the fqrmer hypothesis, population calculations based on

experimental data?’B

and adjusted for the conditions of our particular
discharge were performed. These ecdlculations indicatea that background
dispersive changes at 6328 ﬁ, of the proper magnitude and sign to accéunt
for the observed effects, could indeed be produced by changes in the
population of the Ne 155 level acting through the dispersive effect of |
the 6334 R and 6402 'R absorptive transitions.
For laser operatien at 1.15 p; excitati;n induced red shifts were
observed that were considerably reduced in magnitude from the 6328 2
effects; moreover, these shifts depended significantly on oscillation
position within the Doppler broadened line. The shifting effects did
not become zero at the line center, indicating the probable presence of
residual background dispersive effects. Very approximate talculations,

again based on adjusted experimental da’ca.,iF indicated that the background

effects were probably incurred by changes in the population of the He

o3

S _level acting through the 1.08 p absorptive transition.

The proposed mechanisms for the freguency shifting effects appeared
te be consistent with the experimental observationsl and with the very
approximate population calculations that were made. Such calculations,
‘hewever, were net very satisfactory as large adjustments in the avail-
able data were necessary in order to fit our particular system. Further,
the adjustments were made on the basis of the ambipolar diffusion theory
of the positive column, which has only limited validity for most He-Ne
lasers. . A more general and more accurate set of population calculations
gpplicable to a large vafiety of He-We systems was clearly desirable.

A precise calculation of the peopulations in a He-Ne system has not

as yet been obtained and would certainly involve the simultaneous solution
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of a considersble number of rate equations. The problem would be further
complicated by the fact that an explicit evaluation of all the terms in
each of these equations would probably be very approximate. An alternate
approach is to choose a simplified model that has the proper qualitative
characteristics and which may be expected to be approximately valid over
most of the region of operation. .This latfer approach has been chosen
here in that it may be used to yield an approximate idea of the popula-
tions involved, for most He-Ne lasers, with a minimum of calculational
effort.

The following sectlon of this paper formulates the pertinent rate
equations within the framework of a model that exhibifts some of the
characteristics that have been observed for He-Ne laser systems. These
equations are then used in Section ITT to determine the level populations
under both regenerative and non-regenerative conditions. The current-
pushing effects are evaluabed in Section IV and the resulis are compared
with experimental data. Section V contains a-discussion of gome of the

implications of this particular -formulation.

IT. TFORMULATION OF THE He-Ne RATE EQUATIONS

The first qualitative description of the populsations of some of
'the He-Ne levels was made by White and Gordon,h’? who found their model
provided goed agreement with the galn characteristics of the 3.39 p
transition. .Any qualitétive evgluatlen of these populations reguires a
much more specific .model. In this section the plasma processes that
must be considered in the rate equations will be explicitly defined and

tﬂe simultaneots solution of a limited number of these equations will

be used to describe the behavior of the relevant levels. The rate
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equations which shall be developed here will be derived under non-
regenerative small signal conditions such that simulated emission terms
may be neglected.

In order to justify the simplified model that will shoxrtly be pro-
posed, a brief description of some of the salient char;cteristics of the
level populations, the electron number densities and the electron
temperatures in a typical He-Ne discharge will be presented. Measure-
ments by Liabuda and Gordon6 indicated that the electron temperature
could be determined solely by the pressure-diémeter (pd) product of the
tube and that this temperature was current independent over the region
of interest. Their measurements may be used to estimate the average
electron temperature, for lasers in the optimum gain region of pd = 3-k
torr-mm,S’T ds approximately 80,000 — 100,00001{° By contrast, a pure
neon discharge with typical. pressures and diameters will have a con-
siderably lower average electron temperature that might be in the
vieinity of 20,000 -—‘1}0,000O :2’3 As discussed in Section III; the
relatively high electron temperature in a He-Ne discharge yields some
inhgrent calculational advantages for the determination of level popu-
lations. TLabuda and Gordon6 also found that the electron number density
varied linearly with current. The linear dependence of the electron
number density on the discharge current, I , provides some jgstifi—
cation for the experimentally determined relation proposed by Gordon

and Whiteh’5

that describes the He ElS metastable level population.
This relation tekes the form AIL/(BT + C) , where A, B and C are
constants. Al higher currents the current dependent de-excitation term,

BI , will exceed the current independent term, C , and sabturation
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will ensue. The excitation and de-excitation of the He 218 metastable
level were assumed to be primarily due to collisions with electrons

that involve only single step processes proportional to the first power
of the electron number density. The explicit electron collisional de-
excitation mechanism, however, was not defined.

There are three relevant two-body collision procegses involving
electrons and excited or unexcited atoms: exeitation from the ground
state to an excitéd state, excitation from an excited state to a still
higher excited state (8tepwise - excitation) and ionization from an
excited state (stepwise ionization). Each of these processes has a
converse counterpart that may be related to the forward process. The
current dependent rate of depopulation of the He metastable levels wi}l
then be determined by collisional de-excitation to the ground state,
stepwise lonization out of the excited state and stepwise excitation out
of the excited state. Collisional de-excitation rates, which may be
determined from the collisional excitation rates of the next section,
are negligible in comparison with current independent loss mechanismg
such as diffusion. Stepwise lonization rates, though somewhat larger
than collislenal de-~excitation rates, also appear to be too small to
account for the observed saturation charascteristics. Stepwise excita-
tion rates out of one excited state 1nto another nearby excited state
can, however, be considersbly larger than stepwise ionization proéesses,
If there exists a significant loss mechanism out of the nearby state
such that most of tﬁe atoms lost to the nearby state do not return te
the original excited state, stepwise excitation terms must also be

included in the rate equations.
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An energy level diagram of the helium atom is presented in Fig. 1.
The lower four singlet and triplet levels are substantially remgved from
the next group of higher levels, and direct eléctroﬁ excitation rates from
the éround state to these higher levels will be gignificanitly smaller;
consequently, we will assume that only these lower four energy levels
need be considered. Helium atoms are excited to the 218 level by
electron collisions and are removed from this level by stepwise excita-
tion. There is also destruction of the ElS atoms by diffusion and by.
resonant transfer collisions with neon ground state atoms that are then
excited to the 353 level. Associlated with this latter provess is its
converse, production of ZlS atoms by resonant transfer collisions of
We 332 atoms with helium ground state atoms.

Por stepwise excitation to be an important process in the net depopu~
lation of the He ZlS level it is necessary Lo assume that some signi-
ficant loss mechanism exists from the 21P level so that atoms thus excited
do not return to the 218 level via 2.06 p radiative relaxstion. One
possibility for such a mechanism appears to be direct relaxation of the
21P level to the ground state. The 2.06 p inverse transition rate is in
the low microsecond range while Holstein's relations9 indiceate that the
trapped inverse rate of the 21P to the ground state transition is alsc
in this range. Such calculations, however, are only generally indicative,
as Holstein's results are not quite applicsble to the laser situation,lo
If there is trapping of the 2.06 . itransition, radiative relaxation %o
the ground state from the 21P level will become even more important.
Another loss mechanism for the He ZlP level appears to be resonant

transfer collisions involving higher neon levels, several of which are
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nearly ceincident with the He ElP level. Collisions of this kind are
believed to be responsible for promoting laser action between the neon
6p-Hd. transitions. ™t

Spin exchange transitions between optically forbidden levels, such
as 218 - 23P stepwisge exci%ation and 218 - 238 stepwise de-excitation,
must also be considered. The cross sections for these processes .can be
quite large and are particularly probable for transitions in which there
are no changes in the azimuthal quantum numbere12 In fact enhancement

of the 23

S population by collisional de-excitation from the 218 level
has been observed in current pulsing experimentsl3 and is believed to be
cne of the reasons for the increased power output of the 1.15 p laser
transition under pulsed operation. Experiments involving He-Ne lasers
under siteady state condi%ions, however, indicate that the populations of

3

both the 213 and 278 1levels entail current dependent excitation and

de—éxcitation terms that are only linearly dependent on currentoh’lh

Any interaction between the 28 levels would necessarily involve hiéher
powsrg of current. We must then assume that the upper level is somehow
effectively decoupled from the lower level under steady state conditions.
This will be the case if the opiically forbidden interaction between the
triplet and siﬁélet S levels is not as important as the optically
allowed interaction betweeri the 8 states and their respective P states.
Albernately, a sufficient condition for the effective de-coupling of the

ZlS level would be that conditions of operation are such that the 218

38 populations are related by a Bolizmann distribution at the

and 2
electron temperature (for a Maxwellian electron distribution) so that
excitation and de-excitation processes between the two levels would cancel.

In any case, we will base our model on tThe experimental observations that
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the 218 level is essentially de-coupled from the 238 level to obtain

the following approximate rate equation

dN(ZlS)

at

1 .
o NN - BlNeN(Z 8) - zlrm(zls) + z‘er(3s2) - Dlva(ZlS)
(1)

where o is the direct electron excitation rate constant (cm3°sec-l),

Né is the electron number density, Nb is the ground state density,

p

1 is the stepwise excitation rate constant, er is the resonant

transfer rate, Zir is the reverse itransfer rgte and Dl is the dif-
fusion coefficient. The various processes that contribute to this rate
equation are illustrabed in the rate diagram of Fig. 2.

A rate equation may alsc be written for the 3s2 level, in which
the primary excitation mechanism is resonance transfer and the primary
de-excitation mechanisms are reverse transfer and gpontaneous emission.

¢
15

Interaction with the other 3s levels may be ignored™ so that the rate

equation becomes

dN(3s,)
hiir LA
dt
- 1 ‘
= 7, N@78) -z N(3s,) - AN(s,) - (2)
where Ai is the inverse lifetime of the 352 level. In the vieinity
of the tube center Eqs. (1) and (2) may be solved to yield
0
. N
1 le o
N(2"s) = = (3)

TRy R
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where a O'th order Bessel function for the electron number density has
been assumed, Ng represents the on axis electron number density and R
is the tube radius. 8ince most of the lasing action is confined to the
central portion of the discharge tube, these results will be particularly
useful when extended to regenerative conditions. The sum of the first
"two terms in Eq. (2) represents the net production rate at which 3s,

atoms are formed due to the presence of 818 helium. This rate, El R

becomes
A 1
E = 2 _[————|u@'s) . ()
1 1ir zt 4
lr Al
The 238 level may be treated in a similar way. In this case
stepwise excitation will occur between the 238 and \23P levels. Tt

is not clear precisely hcw the 23P level will be depopulated, as there

are no allowed transitions between any of the triplets and the singlet

ground state; moreover, radiative relaxation at 1.08 p from the 23P

3

state back to the 278 state will be stronger than in the case of the

2.06 p ElP - 218 trangition. There will, however, be some atomic
collisional de—excitation-of the 23P level, as this level is separated
from the 21P level by only aboub 7 kT. In addition spin exchange
electron collisional de-excitation between these closely spaced P states
might be expected to be an even more significant interaction mechanism.
-As in the case of the 21P level, there will alsoc.be resonant transfer

3

collisions involving the 27P level and higher neon levels. The re-

maining excitation and de-excitation processes are similar to those for

38 dlevel will have

the 218 level so that the rate egquation for the 2
the same form as that of Eq. (1).
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The resonant transfer rate into the neon 2s. levels appears to be

divided evenly between the 282 and 233 levelsa15

ignore any contributions by radiative cascade from higher levels and .

If we temporarily

also any interactions among the 2s levels, the rate equation for the
2s, and 2s; neon levels will be similar to Eq. (2). The simplest
treatment is to consider the two levels as a group with one A coeffi-
cient and one total de-excitation rate by reverge transfer. In this
case the solution obta;ned for the population of the He 238 level
will be similar to Eq. (3). -It will be shown in the next section that
A s the combined inverse lifetime of the 2s2 and 253 levels, 1is
1-2 orders of magnitude larger than Zér , the reverse transfer rate
out of these levels. As indicated in tﬁe rate dlagram, the net effect
is to make the resonant transfer process essentially unidirectional.

Any reasonable contributicns by radiative cascade from higher levels
into the Ne 2s levels or from .electron collisional excitation of neon
ground state atoms to the 252 and 233 levels should then be expected
to have little effect on the population of the 235 level. -A form
similar to Eq. (3) will thus be a valid solution for the population of
the 238 level under the conditions A2 > Zér .  Any redistribution of
populations involving all the 2s levels would make the transfer process
still more non-reciprocal so that the form of Eq. (3) with Ay, > 2
would correspond even more closely to the actual form of the solution

for the 23

S population. In obtaining relations of the form of Eq. (3)
the currents are assumed to be sufficiently low so that only singlé step

electron colilsional processes need be considered. For very large cur-

rents Eg. (3) will no longer be valid.
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The treatment of the neon levels is complicated by the helium
induced populatien changes and also by the sheer number of interacting
levels that must be considered. The lowest neon level, the metastable
135 , appears to be somewhat more tractable than many of the higher
levels. For this level there will be production terms involving electron
collisional excitation of neon ground state atoms. There will also be
direct excitation of the higher groups of necn levels with subsequent
radiative cascade contributions to the 135 level. The direct excita-
tion rates of tﬁe higher neon levels, however, will be substantially
less than those of the 1s levelsl2 so that these cascade contributions
may be ignored. Helium atoms will also be supplying excited neon atoms

3

at a net production rate of El + E2 , where only the He ZlS and ¢
resonant transfer contributions are considered. The excited neon atoms
will uwltimately radiabively relax to the neon 1ls levels, some fraction
of which will become 135 atoms. The net production rate of neon 135
atoms due to the presence of helium will then be klEl + k2E2 s wWhere
kl and k2 are the respective fractional contributions arising from

the He 218 and 23

§ resonant transfer collisions. A rigorous deter-
mination of kl and k2 requires a simulbancous golution of a large
.number of neon level rate equations. Alternately kl and k2 may be

approximately determined by assuming that the discharge .current is
sufficiently large so that there is complete equilibrium among the
various 1ls levels at the electron temperature,2 In this 1limit the
k's will be identical and approximately equal to the ratioc of the
statistical weight of +the ls5 level to the total weight of the 1s

levels (5/12). Similarly complete equilibrium may be assumed for direct
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electron excitabion rates among the 1s levels. In the equilibrium

or high current 1limit stepwise excitation from the ls5 levels to the

Ne 2p levels need not be considered in the ls_ level rate equation.

5
Radiative relaxation from the 2p levels back to the 1ls levels to-

gether with rapid equilibrium redigtribution of the 1ls level populations
ensured that stepwise excitation is not a significant loss mechanism.l6

Current independent loss mechanisms for the 1s level include

5

diffusion and atomic collisional de-excitation. Relative rate estimates

17

based on experimental data ' show that diffusion is clearly a more

important loss mechanism than atomic collisional de-exeitation. If no
current dependent loss mechanisms are included in the formuletion of

the neon 1s_. level rate equation the on axis population of this level

5
the becames

a N N + klEl + k E

W(1s,) = (5)

{2 405

vhere C_ 1s the direct electron excitation rate constant, Nﬁ is the

3

concentration of ground state neon atoms and D, is the diffusion

3

coefficient for this level. The omission of current dependenﬁ de-

excitation terms greatly facilitates the evaluation of the popuiation
of this level, butb it is these current dependent de-excitation terms
that are responsible for achieving thermsl equilibrium among the ls
levels in the high current limit. The exclusion of these terms, which
would normally appear in the dencminator of Eq.: (5), implicitly assumes

that low current conditions are valid and prevents the predicted ls

R



level population from saburating. The first term of Eq. (5), the un-
saturated neon term, will be particularly responsible for introducing

large errors at higher wvalues of current. The 1s_ level population

5

thus determined will still be very approximately correct in the interme-

diate current region where both the high and low current approximations

overlap.

ITI. DETERMINATICON OF LEVEL POPULATIONS

The following evaluation for our particular system will be generalized
gsufficiently so that similar calculations may be used for - -pressure-
diameter products in the optimum gain range. The approach used here
will then be applicable in the range pd = 3-4 torr-mm for tube diameters
of from 1-6mm. All pertinent quantities will be determined from a
knowledge of pressure, diameter, current and gas mixture. In the evaluation
of the cross sections, the spontaneous -emission rates, the electron
temperatures and the electron number densities, experimentally available
data will be used whenever possible.

The values for electron temperature and electron number densities
may be obtained from the measurements of ILabuda and Gordon6 but there
will be some adjustment in this electron temperature depending on thg
gas mixture. For H-Ne ratios ranging from 5 to 1 and higher the adjust-
ment will be small and may be estimated from thg plots of Young's
calculations.l8 There -will aléo be same adjustments in the electron
number density measurements, which were made at only one pressure-
diameter product (3.6 torr-mm) for tube diameters ranging from 2-6mm.

These results may be extended by use of the proportionality
-pd I

Ne =. ;§7E ;é‘ (6)
e
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where T_ 1is the electron temperature and I is the tube current. This
relation is based on ambipeolar diffusion theory and assumes that, in the
region of interest, the electron, dr:‘i_ft velocity is Yinearly proportional
to E/p , the ratio of the electric field to the pressure.eo ‘For small
tube diameters Labuda and Gordon's measurements yield a l/d? dependence
on electron nuwber densily; however, for larger Qiamelers the dependence
is somevwhat slower, indieating the shortcomings of ambipolar diffusion
theory in this situation.. In the optimum gain range the tube radius is
several times the electron mean free path, as opposed to the conditions
of ambipolar diffusion which require a tube radius that is very much
larger than the electron mean free path. Equation 6, however, appears
to have reascnable validity provided it is not used over very extended
raﬁges. For our particular tube with .8 He3 : Neeo ratio of 9:1 at a
total of 3.7 torr and a tube diameter of 1 mm, an electron temperature

of 91,0000 K and an on axis electron number density of 5.8°1010 (

cm_BmA_l)
was obtained. This tube 1s normally Qperated at a current of gbout
5 ma, A

The electron collisional excitation and de-excitabtion rates may
be obtaineq by appropriately integréfing the electron energy distribubion
over the eneigy dependent cross sectbions of the process in guestion.

The integrals may be expressed as

hre]

o = N Iﬁn lgj o(2)EY22(8) am (1)

£

where o(E) is the cross section, m is the electron mass and £(E)

is the nermalized electron energy distribution. The choice of energy
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distribution is made particularly convenient by the relatively high®
average electron energy in the He-NWe discharge. For our discharge
‘conditions the central portion of the distribution is indeed Maxwellian,
but significant departures from a Maxwellian distribution are present
for electron energies above 35 ev.gl The -cross sections under con-
sideration peak well below. 35 ev. and the electren temperature is
sufficiently high so that most of the contribution to the rate Integral
is in the region before large departures from a Maxwellian occur. We
will thus uée the Maxwellian as a reasonable approximation to the actual
energy distribution in the evaluation of the rate integrals.

The direct electron excitation cross sectionslmay be approximated
by an expression of the form xe , which is known to have the desired
functional characteristics.22 In order to obtain a better fit with the

available data, we will use a somewhat modified version of this cross

section. The excitation cross section will then have the form

i} E - CEEl
E - CEEl CSEl
o(®) - 0, { —2* ®)
C.E
31

where QO igs the maximum value of the excitabtion cross section and

E. is the threshold excitation energy. The-above expression has a

3

1

maximum at E = (02 + CB)El and also has the convenient characteristics

that it may be integrated in closed form with a Mdxwellian distribution.

The cross section may then be substituted in Eq. (7) so that the resulting
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excitation rate becomes

s
, ' 7 _1/2) B i €2 - R [% e ¥
oW = 6.69-10' E —_— exp (1 + - @
© 1 KT ¢ c, °f fcE .3
- kT
C.E 2 C.E
o fe, (- cy,) 3L, +ce(2-02) 3L, +2033
3 KT 3 KT
e e
(9)
where El 5 kTe are in ev. The cross section for the electron

excitation of the He 235 level may be determined from the partly
theoretical, partly experimental, compilation of Corrigan and von
Engel.8 For this level the values of the parameters iq the simplified
form of the.excitatién cross sections are E = 19.8 ev., Cl‘g T,

Cp= .85 and Cy = .2 , with Qg - 4.5xa0-107>  (ay is the Bohr radius).
For neon the location and magnitude of the maximum value of the total

ls level excitation cross section may be obtained from the appropriately
scaled” data of Maier—Leibnitz.12 If we assume that the higher energy

falloff is similar to that of the helium 2 S level, we obtain E, = 16.6 ev., -

1
- ~ 2 .2
Ci=-7,0C, ~ .85 and 03 = .2, with Q,= 6ﬁa0 .10 . The actual
I3
cross section of the Ne ls_. level is taken to be 5/12 of this value,

>

consistent with high current equilibrium considerations. The He 218
level has different excitabion characteristies with a much broader

maximum occuring at somewhat higher electron energies.8 From the

- 65 -


http:Maier-Leibnitz.12

experimental data of Dorrestein23 El = 20.6 ev , Cl ~ 02 ~ 1 and
2 -2

03 = .5 , with QO :_l.8ﬂa0 .10

The cross secbions for stepwise excitation of optically allowed
S to P states in helium do not appear Lo be experimentslly available.
Quantum mechanical distorted wave calculations have been derived for-such
transitions that may be approximated by a simplified reill_ert;:i.onﬁL similar

to the eclassical Thompson cross section for ionization.

5 Ei 1 1
o(B) = lonay — ( — = = )L.p 5 (10)
E E, B

where En is the energy separation between excited states, fik is

the oseillator strength and %, dis the ionization potential of the

h
hydrogen atom. The oscillator strengths for the olg - olp (En =—,602 ev.)
and the 275 - 27p (En - 1.1k ev ) transitions are .376 and .539 respec-
tively.25 This cross section may be substibuted in Eq. (7) and the

resulting expression for the stepwise excitation rate becames

exp - -
£, KT E
BN_ = 1.31:107° N ik 75 S - (-E (- -—I-L)
® (kr )3 E KT
e n e
(11)

where - E (- En/kTe) is the exponential integral and E_, kT, are
in ev. The Maxwellian velocity distribubion assumption is more accurate

in this case because the relatively low valde of ‘E will make the
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central portion of the energy distribution more important.

The diffusion coefficients for 218 and 238 helium in un-

26

excited helium may be cbrained from the measurements of Phelps.

Phelps also measured the diffusion coefficients of 135 neon in unexcited

27

helium and 1s_ neon in unexcited neon.

5
were .52 (cm?sec-l), i3, .82 and .20 respectively, at 300°K and 760

The values thus obtained

torr. These coefficients are inversely proportional to pressure, bub
their temperature dependence will be more complicated. The diffusion of
excited atoms in a gas is samewhat smaller than that of unexcited aboms
in the gas due to the longer range interaction potential. Based on the
leonard-Jones potential considrable success has been achieved in the
aceurate calculation of diffusion coefficients of unexcited atoms over

28

a wide range of Temperatures. The temperature dependence of the
diffusion coefficient for excited atoms may be estimated from dimensional
considerations that determine the temperasture variation once the potential
interaction for a given temperature is specified,27 In the region of
interest the potential interaction may be evaluated from Hirschfelder'®s
tabulated integra1328 and a slightly longer range of interaction potential
may then be assumed for the diffusion of excited states. ALt constant
density these considerations yield a temperature dependence for the
diffusion coefficient that fariés approximately as TB/h for both exicted
helium and excited neon in the temperabure range 300—500°K. The in-

verse diffusion ccefficient for the helium and neon mixtures considered
may be obbained by linearly weighting the in@ividual inverse diffusion

coefficients by thelr respective fractional partial preséures, Data

does not appear to be available for the diffusion of excited'helium
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in neoﬁ but the actual wvalue for this diffusion coefficient will be

H
slightly smaller than the value of 1.06 (cmesec_l) for pure helium in

neon.27 For the particular high ratio He-Ne mixture considered here
this contribution may be ignored.
The resonant transfer destruction cross sections for the 218 and

238 helium states involving coliisions with neutral neon atoms have

been meagiured experimentally.29 The total destructive rates by resonant

transfer, at 4OOOK, for the He 218 and He-238 states are
7. = 2.4-10° (12)
1r Pre ?
- .10°
Zp, = 1.6-10 Ple s (13)

where refers to the original filling pressure atb BOOOK. The

PNe

reverse rabes may be related to the forward rates and are given by

>

6

9.4-10 (1)

t
Z.llt Pre ’

3
Z2r

[

51107 By, (15)

where there is some uncertainty in the reverse rate for the second

process dve to the interactions bebween the 2s and 2s levels., The

2 3
lifetime of the Ne 332 level may be determined in part by experimental
resultsBo and in part by theoretical calculations.Bl These results

yield Al = 1.3-10'!”7 as the inverse lifetime of this level. As measured
by Bennett32 the inverse lifetime of the Ne 252 and 233 levels are
l.O-lO7 and -63-107 respectively. These lifetimes are 1-2 orders of
magnitude greater than the reverse transfer rate, as determined from

equation 15. In this situation reverse rescnant transfer can clearly

be neglected with respect to the A coefficients.
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The parameters thus determined msy be substituted in Eq. (3) to
obtain the nonrégenerative He 218 and 238 populations. The Ne ls5
populebion may similarly be obtained from Eq. (5). For our .particular
gsystem the populations of these levels are presented in Table 1.

Under regenerabtive conditions stimulated emission terms will |
become the dominant radiative loss mechanism. The net effect will be
to replace the term Al in Eqg.(3) by its much larger stimulated
emission counterpart. In the limit the term Al/(zir + Al) in Egs.(3)
and (h) will approacﬁ unity and the resonant transfer process will
become unidirectional. The result of regenerative action will be to
increase the net trangfer rate into the Ne 352 level and decrease the
population of both the 3s2 level and the He 218 level. The He 238
level will be essentially unaffected by 1.15 p regenerative operation

as the term AB/(Zér + Ae) is approximately unity in any case. The

regeneratbive populations are-also presented in Table 1.
IV. EVALUATICN OF FREQUENCY SHIFTING

The current dependent refractive index changes at a given wave-

length may be determined from the relation33

8

n

\»
Qs
=

[»0]
A = .
ik 1
= = 5 Z 5 5 fe o (16)

where 3 1is the-wavelength, fik is the oscillabor strength of the
transition and Ni is the population of the lower level. 1In this
expression the population of the upper level is assumed to be negligible

in comparison with that of the lower level.’
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For the 1.15 p transition the current dependent refractive index
changes due to the 1.08 p sbsorptive transition may be evaluated from
Eq. (16) and substituted into the usual Fabry-Perot relation to obtain
the following shift in the interferometer frequency

Sf 3N (273)

— - - 6610 —_ (17)
dI T

In this expression we have assumed that the plasma occupies the entire
Tength of the cavity; this is nearly the case for our particular gecmetry.
The current dependent population changes may be obbtained from Table 1

and the results may be substituted in Eq. (17) to obtain the values
‘plotted in Fig. 3. The experimental results are also indicated in Fig. 3
énd the two curves appear to be surprisingly good agreement, considering
the approximate nature of these calculabtions.

In a gimilar way the refractive index changes at 6328 R due to the
dispersive effects of the 6334 § and 6402 R absorptive transitions, may
be evaluated to cobtain

df g N(1sg)

— = 5,1-10
of oI

(18)

where mincr contributions fﬁom the other 1g-2p transitions have been
ignored; ﬁ%ese contributiong, in any case, cancel i1f eguilibrium
population;\are assumed.

The results of Table 1 (regenerative) together with Eq. (18) may

then be used to obtain the theoretical curves of Fig. 4. The curves

indicate that the excitation dependence of the 155 level population
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and of the subsequent shifting effects is primarily determined by the’
helium in the He-Ne mixture. The experimental agreement with theory
is somewhat poorer than that obtained at 1.15 u { however, qualitative
considerations indicate 'that if other cascade contributions to the Ne
ls5 level populaéion are considered and if 135 -level satu?atién terms
are included, The agreement will pro%e considerably.

Estimates of accuracy of the calculations for the He 218 population
evaluation can be made by utilizing these techniques for_cqmparison with

b5

other experimental daba. Cn this basis we conservabively estimate
that éccuracies within a factor of two can be obbtained. Our own results
indicate that the accuracy of the He 218 .population calculations is
Probably at least this good. The Ne 155 level population is not as
aceurate, partly because of the formulation of Eg. (5) and partly
because any debtermination of the opulation of this level is based on
the previcus determination of helium populations.

The experimental results, in conjunction with the population
calculations, indicate that off resonance dispersive effects can bé
very important in He-Ne lasers. These effects are particularly significant
at 6328 2 . If the constant pd scaling consideration’

N ,I

£« -~ = constent (19)

P d

is substituted in Eg. (3) together with the fact that both the diffusion
rate and the rescnant transfer rates are proportional to pressure at
constant pd, it can be seen that the population of the He 238 level

and the pushing effect abt 1.15: is inversely proportional to the tube
radius, Similarly El 5 E2 and ogmgmh in Eq. (5) will be proportional
to l/d? , 80 that the pushing effect at 6328 £ will also vary inversely

with tube diameter.
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V. CONCLUSIONS

If the lower state population is ignored the gain feor both the
3.39 p and 6328 R transitions may be estimated from the calculated 38,
populations. Gains thus obbained are only of order of magnitude accuracy
and are too approximate for practical application. It appears that a

'

determination of gain based on simple empirical relationships 1s more

convenient and more acﬁurate st this time. The proposed model tends to
overestimate the 352 population because the assumed Maxwellian velocity
distyibution does not decrease sharply enough at higher energies. The
use*of a more-realistic veloeity distribution, particularly for the

He 218 level Which‘has a slowly peaking excitation cross section, should
considerable increase the usefulness of this model.

Order of magnitude calculations based on the 1s_ level population

>
indicate that trépping of radiation fram the 2pLL level to the 1s levels
is negligible. Since both the 1.15 u transition and the 6328 R trensition
terminate on the 2pLL level this indicates that radiation trapping is
not responsible for increasing the lower state population of the lasing
transition.

The excitation induced shifting effects were most pronounced at
6328 £ . Residual plasma striations or perturbations in the discharge
acting through off resonance dispersive mechanisms, may be responsible
for limiting the spectral purity of presently available 6328 £ He-Ne
lasers. For constant pressure-diamebter product conditions such plasma

effects will be substantially reduced by the use of larger bore btubes

operated at higher currents.
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The Antenna Properties of Optlcal
Heterodyne Receivers

A. E. SIEGMAN

-Abstract—An optical heterodyne receiver is, in effect, both a
receiver and an antenna. As an antenna it has an effective aperture or
capture cross section Ar(£2) for plane wave signals arriving from any
direction £2. The wavefront alignment between signal and local-
oscillator (LO) heams required for effective optical heterodyning may
be summarized in the “antenna theorem” A (Q}Q = [F/7 ]\
where the moments of the quantum efficiency » are evaluated over the
photosensitive surface. Thus, an optical heterodyne having effective
dperture Ay for signels arriving within a single main antenna lobe or
field of view of solid angle 2y is limited by the constraint AgQp =A%
Optical elements placed in the signal and/or IO beam paths can vary
the trade-off between 4, and Gz but cannot change their product.

It is also noted that an optical heterodyne is an insensitive defecfor
for thermal radiation, since a thermal source filling the receiver’s
field of view must have a temperature 7= [In (L4+9) ] hf/2 to be
detected with S/N=1. Optical heteredyning can be useful in practical
situations, however, for detecting Doppler shifts in coherent light
scaftered by liquids, gases, or small particles. Another antenna fheorem
applicable to this problem says that in a scattering experiment the
received power will be S Neh/4r fimes the transmitted power, where
IV is the density of scatterers and ¢ is the total scattering cross section
of a single scatterer. The equality sign is obtained only when a single
aperture serves as both transmitting and receiving aperture, or when
two separate apertures are optimally focused at short range onto a
common volume.

INTRODUCTION

HE FUNDAMENTAL virtues and weaknesses of
Toptical heterodyning as a coherent optical detec-

tion method are by now fairly well understood [1],
[2]. The signal and noise properties of optical heterodyne
and homodyne receivers have been debated [3], [4] and
reasonably well verified experimentally {5]. The necessity
for a stable single-frequency local oscillator has been
pointed out [6]. The stringent alignment-tolerances neces-
sary to keep signal and local-oscillator wavefronts in
phase over the photosensitive surface have also been
pointed out [2], [7], [8], 9], and prescriptions for ap-
parently relaxing these alignment tolerances have recently
been offered [10], [11].

In discussing the directional characteristics of optical
heterodyne detection, there is a simple and useful point
of view based on antenna theory [2], [12] which does not
seem to be as widely appreciated as it might be. There-
fore, one main purpose of this paper is to point out that

Manuscript received March 28, 1966, This work was supported
by the U. S. Army Electronics Command Contract DA-28-043-
AMC-00446(E). The scattenng analysis was originally developed
as part of a consulting assignment supported by the Optics Depart-
ment, Sylvania Electronic System—West, Mountain View, Calif.

The author 15 with the Department of Electrical Engmeermg,
Stanford University, Stanford, Calif.
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any optical heterodyne receiver is, in essence, both a
receiver and an antenna. As an antenna, it can be char-
acterized by the effective aperture or capture cross section
that it presents to a signal plane wave arriving from any
specified direction. Moreover, and more important, we
will prove that, in common with any antenna at any fre-
quency, the effective aperture integrated over all possible
arrival directions (all solid angle) is essentially A%, the
signal wavelength squared. As a consequence, there is
an inescapable inverse trade-off between the directional
tolerance or the angular field of view of an optical hetero-
dyne receiver, and its effective aperture or capture area,
with their product limited by the quantity A% For optical
wavelengths A? is, of course, an uncomfortably smail
quantity. However, there does not seem to be any way
to get around this limitation—relaxed directional align-
ment requirements will ingvitably bring a penalty of re-
duced cross section or receiving aperture.

In addition to this main point, we also wish to make two
secondary points concerning optical heterodyne charac-
teristics. One point is simply to note that optical hetero-
dyne reception is virtually useless, or at least is very in-
sensitive, for detecting the incoherent thermal radiation
emitted by any purely thermal source. The optical
heterodyne cannot detect less than about one photon per
resolving time, in a single spatial mode. Thermal sources
at reasonable temperatures emit much less than this, at
least at optical frequencies.

The other point has to do with the heterodyne recep-
tion of light scattered by a volume distribution of scat-
terers. This is a topic which has become of considerable
interest recently in conmection with optical heterodyne
measurements of laser light scattered from small particles,
gases, or liquids [13], [14], [15]. Optical heterodyning
allows one to measure the Doppler shift and/or
the Doppler broadening of this scattered light, and there-
by to measure the flow rate, flow gradient, and/or various
internal fluctuations such as critical opalescence in the
scattering medium,

The main point to be made here is that there is another
antenna therorem (possibly a novel one [16]) that seems
to apply in this case, which limits the received power from
the scattering medium to approximately Nod/4w times the
transmitted power, where N is the volume density of scat-
tering centers and o is the average scattering cross section
of a single scatterer. This quantity appears to be a'funda-
mental upper bound on the returned power in any ele-
mentary scattering experiment using coherent detection.



Fortunately, this quantity, although small, is not so small
as to rule out many interesting experiments, at least in
the faboratory [20].

The ANTENNA THEOREM rOR OPTICAL HETERODYNING

As illustrated in Fig. 1, we consider a square-law photo-
device which is illuminated by a local-oscillator (LO) wave
of complex' scalar amplitude #fx, y) and optical fre-
quency o, logether with a signal wave of complex
scalar amplitude #,(x, y) and optical frequency «,. For
simplicity, the reference plane z=0 {s taken as some plane
near the photodevice, where the signal and LO waves
have already been combined. The z direction is preferably
taken along a2 main receiving lobe or direction of maxi-
mium sensitivity for the optical heterodyne. It is not at all
necessary lhat the reference plane coincide with the photo-
device surface, provided only that the variations in opti-
cal path length from the reference planc to the photo-
device surface are small compared to the difference or
intermediate-frequency wavelength corresponding “to the
difference frequency {w—wq). Transit time considera-
tions in any practical photoelectric or photoconductive
device will ensure that this condition is met.

t
— _ J%%
PHOTO ] ug{xyle (LOCAL OSCILLATOR)
Iith DPEVICE  |¥ ; z

D] £y

~ !4 ! ;’ N

~ Wy
,’% (x0)8  (SIGNAL}
y ’

Fig. 1. General schematic of an optical helerodyne receiver.

For simplicity we also eliminate polarization eflects by
assuming that #, and #, refer to the same polarization. In
general, if the quantum efficiency of the photodevice is
isotropic in polarization, then any incoming signal can be
resolved into polarization components “parallel” (in a
general sense) and orthogonal to the local oscillator’s
palarization. The “parallel” component will then photo-
mix with the local oscillator, and the orthogonal compo-
nent will not. Still more generally, if the photoresponse
(quantum efficiency) of the photodevice is anisotropic in
polarization, then for any given LO polarization the signal
will still be resolvable into components *“parallel” and
orthogonal (in a geveral sense) to the vector product of a
photoresponse tensor times the LO polarization. We sup-
pose here that # contains only the “parallel” polarization,
since the orthogonal component will elicit no response.
Note that with an anisotropic quantum efficiency two
optical waves of orthogonal spatial polarization can beat
together [12], [17], [I8]. Also, in either isotropic or
anisotropic cases if a signal wave is randomiy polarized
with a uniform distribution, half of the signal intensity
will always remain undetected.

T Any quanlity having a superscript filde will, in general, be
complex.

The scalar ‘amplifudes are assumed to be normalized
so that the incremental photocurrent, produced at the
photodevice’s output terminals by the complex scalar in-
tensity #(x, p, 1) falling on an incremental area dA on
the reference plane, will be

d1(t) = e, i) | #le, g, 0 [40.1

= f f 7, y)| aly, 4, 1) I'—’r!:i,

where 7(x, ») is the quantum efliciency for light striking
the point (x, y). In the elementary optical heterodyne
case, the total scalar intensity is

i, i, ) = b, et 4= d (e, e,
Hence the total photocurrent is
) = Lo I+ 3 Twerer <ot 4 Jye it “'")'I.

or

where the dc currents Jy and /, induced by the local oscil-
fator and the signal are given by

fog= f f 2z, ) [ e, 1) I“rM
I = ff (e, y) | e, y) |dA,

and where the complex phasor amplitude of the dlfTeanLL‘
frequency photocurrent is given by

3= ff (e, (e, y) de* (v, yd .

If @(x, y) and #,(x, y) have the same spatial variation (i
magnitude and phase) over the reference plane, this re-
duces to the optimum photomixing situation

| J-'.m|"' = 4of,

which gives maximum sensitivity {3], [4].
Suppose now that the incident signal wave is a uniform
plane wave with wave vector ky=(k,, k,, k.), so that

iy, y,2) = Fe ke
On the reference plane this gives
(e, g,z = 0) = FesUartho,
If the signal wave vector has magnitude k= | ki =w/c,
and if the direction of arrival of this wave is along spher-
ical coordinates @ and ¢ in the coordinate system of Fig.

1 (where 8=0 is along the z axis and ¢ is measured from
the x axis in the x, y plane}, then

fe=IFisinfcos¢
k, = kysin 8 sin ¢.

The difference-frequency photocurrent is then given by

dho =21 f f g, Pt (r, g)e1berFasid vdy,
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Now we define a2 mean quantum efficiency # given by?

[ [ 26,9V otz ) ey

[ 1t

Using this definition and the previous equation, we choose
to write the magnitude squared of the IF photocurrent in
the form

=3
i

| Imlz = 4[0[5] Ej_le.B].

The product 7|#|? in this expression is the de photo-
current density, i.e., the dc photocurrent that would be
produced by a plane wave of complex amplitude & falling
on a photodevice of unit area and quantum efficiency 7.
The whole quantity in the square brackets is the effective
signal current that mixes with the LO dc current to pro-
duce an IF photocurrent. This effective signal current will
be in general less than the actual signal de eurrent, which
will be 5|&]|? times the actual photocathode area. The
quantity 4 has the dimensions of an area, and in fact
may be interpreted as the effective receiver area or re-
ceiver aperture of the optical heterodyne receiver in re-
ceiving a plane wave signal by mixing with the LO wave.

This effective receiver aperture Ar is closely analogous
to the effective aperture of an ordinary radio wave an-
tenna. It is a function of the vector arrival direction £ of
the signal wave and, from the previous three equations,
is given by

Ak(kzs kﬂ = AR(Q)

| [ f 760 vyt s smday

- f | 1 wote, 0 lrazay

From the form of this expression, the effective aperture
Arlk., k) is proportional to the power spectral density
in the space frequencies k:, k, of the spatial distribution
2(x, Pus*(x, y), i.e., the LO complex amplitude weighted
by the quantum efficiency.

We now wish to evaluate the integrated value of
Ax(&) over all possible directions of arrival Q. The dif-
ferential of solid angle can be written

dQ = sin 6dodé.

But we can also note that, from the relations above, we
can write

dk.dk, = ki® cos 6 sin 8d8dg = %,* cos 8402,

2 We choose this definition for % because, with this deﬁnition, the
minimum detectable signal power with an optimum spatial variation
of @,(x, y) will be just ¥~} photons per reclprocal bandwidth (based
on §/N=1, shot-noise-limited).
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As mentioned earlier, we suppose that an optical hetero-
dyne receiver will usually have only one (or at most a few)
dominant (and reasonably narrow) main receiving lobe(s)
pointed along the 6=0 or z axis, so that over the range
of angles for which 4=(Q) is appreciable we can make the
approximations cos =1 and dQ=ks?dk.dk, We can
then write

f f Ap(Q)dQ
all solid angle

= (1/k:%) f J: :Ag(kz, k,)dk.dk,.

But, from the interpretation of Ax(k:, k) as a spatial-
frequency power density we can easily find that?

1
—?;Ff Ag(kz, kyydkdk,

27\ 2 ff (2, y) | uolz, y) |*dzdy
-)

7 [ [ 1 uate, ) ady

or

2
f f Ar(@)dQ = 22,
.,-)2

where #? is implicitly defired in the previous equation.

If the quantum efficiency is uniform over the photo-
device, then the ratio %?/7 is strictly unity; and in any
reasonable case this ratio is not fikely to be far from unity.
We finally conclude, therefore, that the integrated effec-
tive aperture of an optical heterodyne receiver is given to
a good approximation by the simple relation

f Ap(Q)dQ =~ 2

If the antenna has a single main receiving lobe that sub-
tends a solid angular field of view of 2 steradians, with
an effective aperture of 4 for sources inside this field
of view and zero outside, then [2], [12]

ARQR = ?\2.

These relationships are, of course, identical with the well-
known antenna theorem for the integrated cross section
or integrated gain of a single-mode antenna at any fre-
quency. A major problem is the extremely small size of
the wavelength at optical frequencies.

EXAMPLES

The simplest iflustration of this antenna theorem is a
photosurface of physical area 4 (diameter d) uniformly il-
luminated by a uniform plane-wave LO beam, as shown in

3 We are basically using the Wiener-Khintchine relation for
Fourier transform pairs.
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Fig. 2. Several sketches illustrating various concepts

n optical heterodyne antenna theory.

Fig. 2(a). The effective aperture for a signal plane wave
parallel to the LO plane wave is clearly just A= 4. If the
phase variation between signal and LO waves is not to
exceed one wavelength across the aperture, the wavefront
must not be tilted from parallelism by more than Ag=)/d.
Therefore the incoming signal wave must be confined to a
cone of solid angle given by Qp=(A82=7/A. Therefore,

we have
R-
Aplp = A X (‘;{) = A2,

in agreement with the thearem.

Figure 2(b) illustrates an arrangement that might at
first seem to overcome the antenna theorem limitation.
The signal wave is collected and focused by a lens of area
Ay and focal length f onto a cathode of area A located
along the focal surface of the lens. The signal spot size at
the focal plane is 4. The 1O beam diverges as a spherical
wave of proper curvature so as to uniformly illuminate
the focal-plane cathode at normal incidence.

The matching of wavefronts in the overlap region of
signal and 1O beams can be made as ideal as desired, at
least in principle, for a signal spot anywhere on the

cathode surface. Therefore, the solid angular field of view
is given by

At the same time it would appear that the effective aper-
ture can be made indefinitely large simply by increasing
the lens area A;. The restriction in the present case comes
about, however, because the lens area A4, and the focal
spot size Ay are interrelated. For ideal optics the diffrac-
tion limit of the lens is

The LO dc current Jy, and the related shot noise are
determined by the total LO intensity over the entire
cathode, However, the signal light mixes only with the
fraction Ag/Ae of the local-oscillator light lying within
the focal spot. In effect, therefore, the conversion gain of
the heterodyne process is reduced by this fraction. The
effective aperture is, therefére, given by

Ap = As) X A
R = AC L

The net result is
4.0 (Ac X(AS-AL) Agdy, a2
st f2 A . - f—’ - ]

which again agrees with the antenna theorem.’

We close this portion of the discussion with three gen-
eral remarks. v

1) First, as Fig. 2(c) illustrates, an M-power telescope
(M=f:/f) placed in the signal beam only, in front of an
optical heterodyne, will magnify the apparent area of the
cathode by M?; but at the same time the angular sensi-
tivity will be increased by M2 Hence with such a telescope

: i
AR = (M Ag) X (‘]”T)QR) a2 A7

In general, optical elements of any sort placed in the sig-
nal beam before it enters the optical heterodyne will
change.both the effective aperture 4 and the angular
field of view Qp, but always subject to the basic constraint
that ApQr=2A2

2) Optical elements of any sort placed in the signal and
LO beams gfter they are combined will in general not alter

1 References [10] and [11] give an experimental demonstration of
essentiakly this scheme, in conjunction with an image dissector photo-
device that passes only the photocurrent from the focal plane spol
As. Their final system also automatically tracks the movements of
the spot Ay. This system does not violate the antenna theorem,
nonetheless, because its mstantaneons field of view is still very nar-
row, so as to allow a relatively large aperture. The resulting critical
alignment is made more convenient by the electronic and servo-
contrelied alignment method, but the alignment is still critical. Also
a Targe waste of LO power is inherent in the scheme as used.
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either Az or Qs (provided that the total light intensity

continues to strike the photosensitive element). Figure
2(d) illustrates this for a very simple example.

3) The integral expression given above for Ax(k,, k) in
terms of n(x, ¥)idx, y) has exactly the form that would
result from using Huygen’s principle together with the
Fraunhofer approximation to evaluate the intensity dif-
fracted into a direction &, from a source amplitude distri-
bution #(x, »)iidx, ¥). Therefore, the following is a pre-
scription for determining the antenna pattern of an opti-
cal heterodyne [12). Consider the complex LO amplitude
disiribution falling on the photodevice surface (weighted by
the quantum efficiency distribution if necessary). Reverse the
direction of propagation of this LO distribution and allow
the reversed wavefront to propagate back out through any
optical elements thar an incident signal wave would traverse.
The resulting far-field or Fraunhofer diffraction pattern will
IEe ihe antenna pattern of the optical heterodyne receiver

191},

OPTICAL HETERODYNE DETECTION OF SCATTERED LIGHT

As noted in the Introduction, one application where
optical heterodyning has proven very fruitful is in making
remarkably detailed measurements of the Doppler shift
and/or the Doppler broadening of laser light scattered
from gases, dust particles, and other scattering elements
[13], [14], [15]. Therefore, we will next show that there
appears to be a very simple and general expression for
the maximum signal return to be expected in this type of
experiment.

We consider an experimental situation such as that
shown in Fig. 3, where the transmitter is a laser, and the
receiver is an optical heterodyne with the usual field of
view Qg and receiving aperture 4p. The transmitter and
receiver beams intersect in a common volume which is
presumed to contain a density N per unit volume of scat-
ters. Each scatterer is assumed to have a total scattering
cross section o7 for simplicity the scattering is assumed to
be isotropic. Only single scattering is considered.

Yor simplicity we assume rectangular transmitter and
receiver beams, as shown, so that the scattering volume
common to the two beams is a parallelopiped with sides
a, b, e. Then, the power density in the transmitter beam in
the scattering region is Py...e/ab sin 6, and the total power
scattered by an individual scatferer is (¢/ab sin 6)Pirpns.
Of this scattered power, a fraction 4r/4=R? will be inter-
cepted by the optical heterodyne. The total number of
scatterers in the common volume is Nabc sin 8, and the
receiver field of view is equal to Qz=bc sin §/R® By com-
bining all of these factors, we obtain

r = (Nabcsin&)( Az )( il )P
received 411‘ 2 ab Sin 9 trans

A Ne)
b sinf 4rx

Ptrnna
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F1g 3. Geometry for the analysis of heterodyne
detection of scattered light.

If the transmitter and receiver are both focused on the
scattering region to give a minimum value of b, the result
with an f/1 lens will be b=\. Moreover, the factor
{sin 6)! does not allow any large improvements, particu-
larly in the focused case, because the region of beam over-
lap will be limited by the depth of focus. Therefore, by
setting A/ sin 0=1 we are led to the simple limiting ex-
pression [20]

I)rcceived No)
Ptmnu ~ 4x

This same result can be obtained directly by analyzing the
situation in which transmitter and receiver are focused
onto a common small volume.

This conclusion is reinforced if we consider as an alier-
native the case of a single transmitting and receiving aper-
ture which we assume to be imbedded in the scattering
medium. The geometry for this case is shown in Fig. 4.
In this case the transmitted power density at a range r in
the far field of the aperture (assuming the system to be
focused at infinity) is Pian/r?*Qr. The power scattered by
one scatterer is (o/rQg)Pirans, and the fraction of this
which is detected is Ar/4x7% The number of scatterers in
a shell of thickness dr at range r is NQgridr. Therefore, we
obtain for the received power from this shell

Y 1 trans
dxrt/) \rQg

trans.

dpmlwd = (Nﬂ}afzdf)(

NeAy dr

4ar 2

This expression holds only for ranges r in the far field
of the aperture, beginning at about one “Rayleigh range™
ro from the aperture. The “Rayleigh range” of an aperture
is defined as the distance where the difiraction spread
roilp from the aperture is approximately equal to the
original aperture size Ag, or
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Fig. 4. Heterodyne detection of scattered light using the
same aperture {or transmitting and receiving,.

Now, scatferers located closer to the aperture than about
one Rayleigh range are “out of focus.” That is, they scat-
ter spherical waves which do not become sufficiently
planar at the receiving aperture to be properly detected.
Moreover, inside the Rayleigh range—that is, in the
Fresnel region—the transmitted power density does not
continue to rise as 1 /72, but rather varies between zero and
the value at about one Rayleigh range.

It seems a reasonable approximation, therefore, to
neglect those scatterers located inside the Rayleigh range,
and to sum up the contributions only from shells located
at and beyond the Rayleigh range. The result is

I’rccmvml NoApr fw dr Noh

])t.r ms 4'-"' ‘=T r2 47"

This single-antenna result is the same as the limiting value
of the two-antenna analysis just given, and is independent
of the optical heterodyne’s aperture or field of view. The
saime result is also obtained for a single antenna focused
at any arbitrary range in the scattering volume [20].

This limiting formula, derived only by these approxi-
mate arguments, appears to be a general limitation on
scattering experiments [19]. The expression given is use-
ful in evaluating the minimum scattering density® N that
can be detected with.a given transmitter power and opfi-
cal hetercdyne receiver. Fortunately, there are situations
of much practical interest [13], [14], [15] in which very
. useful scatfering measurements can be made taking ad-
vantage of the unique-capabilities of the optical hetero-
dyne receiver for detecting Doppler shifts and Doppler
broadening of the scattered light.

HETERODYNE DETECTION OF THERMAL RADIATION

One question that seems to arise frequently is the utility
of the optical heterodyne receiver for detecting optical
radiation from incoherent thermal sources. This question
is basic, for example, in determining whether optical
heterodyne detection has applications in astronomy or
radiomeiry. We will next give a simple argument to show
that optical heterodyne detection is a relatively insensi-
tive detection method for an incoherent thermal source.

Consider an optical heterodyne receiver of effective
aperture 4, whose field of view Qg is filled by a black-
body thermal source at temperature T. It simplifies the

% In scattering from index variations in liquids, Nw corresponds
directly to the turbidity.

derivation without altering the results if the source is
assumed to be planar and located at a range R in the far-
field region of the receiver, The fotal power AP emitted
into- a hemisphere, within frequency range Af, from a
small area A4 on a blackbody is

2r  RfAf

AP = — —
A2 M IT —

Since the power per steradian emitted normal to the sur-
face is 1/« times this, while the solid angle subtended by
the receiver .aperture as seen from the blackbody is
Ar/R?, only a fraction Ar/wR? of the blackbody radiation
is received by the optical heterodyne; and only 4 of that
on the average is properly polarized so as to be detected.
Since emission from different points on a thermal source
is incoherent, we can simply add the power contributed by
each small area A4 within the total area RX2z on the sur-
face that lies within the field of view of the optical hetero-
dyne receiver.

The net result is that the average signal power received
by an optical heterodyne from a thermal souree filling the
field of view is

L\ / Ar\ /2  hfdf
P =(5)(F) G ) )
hfdf
- ;J;:f T _ 1 )

But, the equivalent noise input to an optical heterodyne
receiver, due to LO shot noise, is well known to be

-Pnuise = (1/ﬁ)hfdf
Hence, the signal-to-noise ratio for optical heterodyne
detection of the thermal source is
S Py 7

N I)noisc eMiET — ]

For the thermal source to cause a signal-to-noise ratio of
unity or better, the minimum source temperature must be
hf i

—_—— s — —;

Tk In(l47 kg

For frequencies in the visible light range, the quantity
hf/k is about 25 000°K. Therefore, it would require a
source 1/7 times this hot, filling the receiver field of view,
to cause the noise power level in the heterodyne [F chan-
nel to double. To put this in another way, an optical
heterodyne receiver pointed dirvectly at the sun (6000°K in
the visible) would show virtually no additional signal.

Detection capabilities for thermal targets can, of
course, be considerably increased by using chopping
and time-integrating techniques, and other radiometric
methods. Also, the relative sensitivity or the minimum
detectable source temperature for an optical heterodyne
improves directly with increasing wavelength as one goes

T

7K L

Octcber 1966 / Vol. 5, No. 10 / APPLIED OPTICS 1393



into the infrared. Nonetheless, it seems clear that the opti-
cal heterodyne method does not offer high sensitivity for
detecting purely thermal radiation.®

CONCLUSIONS

The optical heterodyne receiver is usefully viewed as
both a receiver and an antenna. As the latter, it shares,
with all other antennas, an unavoidable reciprocal trade-
off between effective aperture Ap and angular field of
view or angular alignment tolerance Qgz; the product
Arfg =22 The heterodyne receiver is relatively insensi-
tive for detecting incoherent thermal sources. It is effec-
tive for detecting Doppler shifts, especially in scattered
coherent laser light, There is a simple limiting expression
which says that the scattered light received by an optical
heterodyne cannot exceed Noh/4r times the transmitted
light, where N is the density of single scatterers and o is
the total scattering cross section of a single scatterer.
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