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SUMMARY 

This Report discusses space guidance theory and p r a c t i c e  

from a general p o i n t  o f  view. D i f f e r e n t  typer of powered 

f l i g h t  guidance algor i thms (modes) are c l a s s i f i e d  and oer- 

formance cha rac te r i s t i c s  o f  the  classes are discussed. 

I 1  1  u s t r a t i  ve s imu la t ion  r e s u l t s  are presented t o  compare 

the  performance o f  the I t e r a t i v e  Guidance Mode (IGM) 

and the TRW Hybrid Guidance Mode w i t h  the Calculus o f  

Var ia t ions so lu t i on .  Cer ta in  problems which must be 

solved before a t r u l y  u n i f i e d  guidance system can be 

developed are i d e n t i f i e d  and discussed i n  de ta i  1. 



1.0 INTRODUCTION AND SUMMARY 

1.1 UNIFIED GUIDANCE AND NAVIGATION 

Guidance and nav iqa t i an  svstems f o r  ~ r e s e n t  day missions are 

develoned on an ad hoc bas is ,  i n  t he  sense t h a t  quidance and nav iqa t ion  

software and hardware i s  desiqned so t h a t  soeci f i c  m iss ion  ob jec t i ves  

can be met fo r  a snec i f i c  launch veh ic le .  L i t t l e  thouaht i s  usua l l y  

qiven t o  a d a o t a b i l i t y  t o  o the r  aop l i ca t i ons .  One would l i k e  t o  take a  

more peneral ~ o i n t  o f  view and cons t ruc t  what m iph t  be c a l l e d  a  "un i f i ed"  

guidance and nav iqa t ion  system. By a u n i f i e d  s,ystem we mean a  s e t  c f  

sof tware and hardware modules which can be used t o  c o n t r o l  a l l  segments 

o f  the  t r a j e c t o r y  f o r  a  wide c lass  o f  missions and launch vehic les .  l h i s  

i s  a  des i rab le  oS jec t i ve ,  fa r  savings i n  cost ,  r e l i a b i l i t v ,  2nd develonment 

t-' could be achieved. Furthermore, the  cos t  i n  t ime and rioney o f  miss ion 

design, o r e f l i g h t  nreoarat ion,  and f l i a h t  readiness v e r i f i c a t i o n  cou ld  be 

reduced by us ing  t he  u n i f i e d  guidance capabi 1  i t y  t o  develop p r e f l  i a h t  

ana lys is  sof tware ( t h e  'qu ick  r e a c t i o ~ "  problem). The task o f  desiqninq 

and b u i l d i n q  a u n i f i e d  auidance and nav iqa t ion  svstem i s  no t  an easv one, 

fo r  d i f f e r e n t  t v ~ e s  o f  d i f f i c u l t  mathematical oroblems must be solved t o  

accornol i s h  a  space mission. Furthermore, an on-board ( se l  f- sontai ned) 

svstem muct so lve these oroblems w i t h  a  r e l a t i v e l v  rudementarv ccmcuter. 

Assumi na t h a t  aui dance and nav i  m t i o n  anal v s i s  can be t r ea ted  seilar- 

a t e l v ,  i t  i s  a ~ o a r e n t  t h a t  the  develo~;,ient o f  a  un i f i ed  auidance and 

nav iqa t ion  system w i  11 on l v  be feas ib le  i f  e f f i c i e n t  a laor i thms (modes) 

f o r  so l  v i  na the auidance problem can be devised. With t h i s  cons iderat ion 



i n  mind, the oumose o f  the study described here i s  t o  examine the 

state-of-the-art i n  quidance mode develooment; c lass i f v  ex is t ina and 

omposed modes; define measures o f  t h e i r  berfonnance; c m a r e  the 

modes wi th  resoect t o  these measures describe some o f  the oroblem 

areas that  mav be encountered, and recomnend direct ions for fu r the r  

research and deve lomnt .  Ant ic ipat i  n~ the forthcomina discusston, i t  

can be said that  the analvt ical  and nunerical studies reoorted here i n -  

d i ~ i  n that  i t  i s  feasible t o  design a un i f i ed  quidance mode capab?e o f  

on-board imleinentation jf  6ne i s  w i l l i n q  t o  exp lo i t  the nunerical in te-  

orat ion and i t e ra t i on  cababi l i ty  o f  oresent dav comouters. To accmol ish 

t 3 i s  end, certa in oroblen areas reauir inq fur ther  research have been 

ident i f ied.  These are b r i e f l v  discussed i n  Sections 1.4 and 1.8: more 

&ta i led analvses are presented i n  Sections 2,6,7,8, 9 and 10. 

3 e  studies reported here cover onlv some astrects o f  the un i f i ed  

auidance oroblem. Further information and s u ~ p o r t i  nq analvsis i s  contained 

i n  Reference [I], where mission requirements are analvzed, desian concepts 

for a unif ied, modularized auidance hardware/software systems are developed 

and an e r ro r  analvsis o f  E wel iminarv modular desian i s  nerformed. The 

un i f ied quidance gro5lem i s  discussed from the "quick reaction" no in t  of 

view i n  References [2] and [3]. The theorv o f  auidance and naviaation i s  

discussed i n  References [4]  and [SI-[7;. 



1.2 OEFINlTIONS 

Guidance and naviqation analvsis i s  concerned w i th  the so lu t ion of 

the two -~o in t  boundary value problem which arises when one attemots t o  

estimate the s ta te  (e-q., pos i t ion and veloci ty)  of a space vehicle and 

use t h i s  information t o  control  the t ranslat ional  motion so as t o  a t t a i n  

desired end conditions a t  mission conpletion. That i s ,  a mathematical de- 

sc r io t ion  o f  the q i  ven vehicle dynamics and the naviqation infonnation t o  

be obtained, and a spec i f ica t ion o f  the desired end conditions, such as 

the o rb i t a l  elements o f  the f ina l  s a t e l l i t e  o r b i t  about the moon o r  nlanet, 

the quidance analyst must desian an aloorithm f o r  calculat ina the trans- 

la t iona l  accelerations to  be apolied t o  sa t i s f v  mission objectives i n  the 

presence o f  navigation errors and t ra jec tory  disturbances . When: 

Def in i t ion 1: Given a rnathemiitical model o f  the motion o f  a soace 

vehicle, a descript ion o f  the t rans la t ion acceleration which can be com- 

manded by the guidance system, and an estimate o f  the state o f  the overal l  

dynanii: system, guidance i s  the task o f  calculat inq and executina a 

r e a l i  table acceleration p r o f i l e  which w i  11 cause the traject0r.y o f  the 

soace vehicle t o  a t t a i n  desired end conditions , where 

Def in i t i on  2: The state o f  the space vehicle svstem consists o f  the - 
posi t ion and veloci ty o f  the vehicle, the parameters detennininq the 

vehicle performance capabi 1 i t y  , and the oarameters determini nq the qravi - 
t a t i  onal and atmospheric accelerations. 

* 
Guidance theory i s  a special case o f  f i n a l  value control theory. 



The estimate o f  the s t a t e  i s  obtained from the navigat ion svsten, 

where 

De f in i t i on  3: Naviaat ion i s  the task o f  est imat ina the s ta te  of 

tee Fnacc vehicle svstem from sensed data, such as the  f i r s t  and second 

i n tenr*.l s of  on -board accelerometer data, and/or earth-based t rack :: nc 

data v d  l o r  on-board observation of a c e l e s t i a l  reference. 

9 e f i f i i t i o n  4: I f  the s t a t e  estimate i s  ava i lab le  onlv  a t  some 

i n i t i a l  time, the guidance svstem i s  sa id  t o  be ooerat ina ooen-loon. 1' 

c m t i  nua l lv  updated s t a t e  information i s  ava i lab le  from the naviqat ion 

svstee, the ouidance system i s  sa id  t o  be o w r a t i n a  closed-loon. 

9e f  i n i  ti on *I states tha t  aui  dance encomoasses oui dance theorv 

Isoftware) as we1 1 as the mechanization of the theorv (hardware). Guidwre 

wechani zat ion ususl l v  concerns the auidance theore t ic ian  on1 y t o  the ex ten t  

t ha t  i t  affects h i s  ana lv t i ca l  treatment o f  the oroblem. For examole, the 

ana lv t i  ca l  treatment w i  11 c e r t a i  n l v  be deoendent unon the funct ional  form 

of  the guidance accelerations, which miaht be aool ied i n  the form o f  

i ~ o u l s i v e  chanqes o f  ve loc i  tv,  rea l i zed bv th rus t i nq  w i t h  a r e l a t i v e l v  hiqh 

accelerat ion l eve l  f a r  a r e l a t i  velv shor t  time: bv s t a r t i  na, t h r o t t l  inn, 

s teer inc  and/or shut t inq  o f f  a rocket enqine which thrusts f o r  a r e l a t i v e l ~  

l ~ n a  ~ e r i o d  of time, and/or bv aonlvina l i f t  and/or draa accelerat ions 

d u r i  na motion i n  the atmosnhere,real i zed bv commandina motion o f  aerodvnami c 

surfaces. nn the other hand, the quidance analyst  usual lv  assumed t h a t  

the a t t i t u d e  contro l  oroblem can be iqnored, where 



D e f i n i t i o n  5: A t t i t ude  Control i s  the task o f  a t ta in inq  and 

s t a b i l i z i n q  the vehicle i n  the a t t i t u d e  conf iqurat ion ca l led  f o r  Sv 

the quidance svstem. Seoarate treatment o f  guidance and a t t i t u d e  

contro l  i s  reasonable f o r  most apol i ca t ions  , because t h e i r  resoonse 

times are usual lv  so d i f f e r e n t  t h a t  there i s  neq l i q ib le  in terac t ion .  

The s t a b i l i t y  oroblem must be considered, however, where 

D e f i n i t i o n  6: A auidance o r  a t t i t u d e  contro l  svstem i s  sa id  t o  

be unstable if a r b i t r a r i l v  small e r rors  can r e s u l t  i n  a r b i t r a r i l v  larae 

comnandsi i f  t h i s  nhenamenon cannot occur the svstem i s  sa id  t o  be stable. 

Note t h a t  s t a b i l i t v  i s  usual lv  n o t  the most i m ~ o r t a n t  considerzt ion i n  the 

quidance oroblem, for the durat ion o f  auidance i s  f i n i t e  and shor t  comnared 

t o  the mission duration. This i s  no t  t rue  f o r  the a t t i t u d e  contro l  ~roblern, 

indeed, s t a b i l i t v  i s  usual lv  the primary desisn soal. 

The primary ourpose o f  the study reported here i s  the analvsis o f  

suidance modes, where 

D e f i n i t i o n  7: A suidance mode i s  an algori thm f o r  ca lcu la t ina  the 

~arameters and functions which w i l l  a c c m ~ l i s h  the quidance task. 

Since n a s : i a ~ ? l  or ' r , fr!~.:-t icn w 1  i 1 be qrthereC durlncr the nlssfon i n  

order t o  uodate the estimate o f  the s ta te  o f  the svsten, a  quidance mode 

must be capable o f  act ina as a  real-t ime, feedback, f ina l -va lue  c o n t v l  

law. 

In qeneral, there ex i s t s  an i n f i n i t e  var ie tv  o f  auidance modes which 

w i  11 accomol i s 4  mission ob jec t i  ves . Thus one seeks an ootimal aui danco 

po l icy  which s a t i s f i e s  the end condit ions wh i le  minimizina some oerformance 



index, such as enaine orooel l a n t  expenditure, o r  e lse one oresneci f ies 

a funct ional  form which i s  near-ootimal. Present ~ r a c t i c e  i s  t o  s i m o l i f v  

the overa l l  oot imizat ion problem bv t w a t i n a  i t  as a seauence o f  two- 

oo in t  boundarv value nroblems. That i s ,  the ove ra l l  mission i s  thouaht 

of as a sequence o f  "ohases", usual lv  character ized bv the means ava i l -  

able for aoolv i  nq the quidance accelerations. 

D e f i n i t i o n  8: A quidance phase i s  a seanent o f  a tra. iectorv, 

usual 1 v character ized bv the means avai 1 able f o r  an91 v i  na the aui dance 

accelerations, h a v i n ~  a d i s t i n c t  guidance object ives, i .e., spec i f ied  

end condi ti ons . 

The ob j e c t i  ve o f  the quidance system f o r  anv a i  ven nhase i s  t o  

a t t a i n  the intermediate s e t  o f  pre-speci f i e d  end condit ions. For examole, 

a auidance ohase miqht consis t  o f  t rans fer  by means o f  r e l a t i v e l v  n iqh 

rocket t h rus t  accelerat ion from a near-earth c i r c u l a r  parkina o r b i t  t o  

a soec i f ied  earth-escape hvperbola. ( A  more de ta i led  descr io t ion  o f  

auidance ohases i s  given i n  Section 1.3). Such intermediate end condit ions 

lnust be obtained bv a " tarset ina"  method, whew 

De f in i t i on  9 :  Targeting a given guidance phase i s  the task o f  

a n a l y t i c a l l y  and/or nuner ica l l y  speci fy ing the object ives o f  t 3 a t  ohase. 

Thus ta rge t ing  i s  concerned w i t h  the p rac t i ca l  task o f  o iec inq toqether 

the solut ions o f  sequence of two-ooint boundary value oroblems so as t o  

devise an overa l l  so lu t ion  of the comolete problem. The ta rae t ing  ~ r o b l e m  

i s  almost synonomous w i th  the guidance theorv problem t o  analysts primar- 

i l y  concerned w i th  guidance maneuvers which take the form o f  ve loc i t y  



imoulses , while analysts concerned w i th  continuous thrust ing th ink o f  

targeting i n  terms o f  speci fy ing end condi ti ons. I n  the termi no1 oay o f  

optimization theory, targeting may be thought o f  as the task o f  soecifying 

the transversal i  t v  conditions f o r  any guidance ohase, given that  the 

t ra jec tory  has been segmented i n t o  phases. 

The imposition of intermediate "boundary" conditions by the taraetinq 

orocess leads t o  a sub-ootimal overal l  guidance law, but, since each 

phase can be treated indiv idual  l y  , the design o f  aopropriate guidance 

modes i s  much simplif ied. I n  practice, guidance modes f o r  the indiv idual  

phases are usually qu i te  d i f ferent  i n  form. Considering also the diverse 

forms o f  guidance mechanization employed f o r  the various ohases , i t  i s  t rue 

tha t  essent ia l ly  dif ferent guidance systems are ~ r e s e n t l y  used on a qiven 

mission. 

It seems clear tha t  i t  would be desirable t o  design a un i f ied 

guidance system f o r  future applications, where 

Def in i t i on  10: A un i f i ed  guidance system i s  one capable o f  guidinq 

a l l  phases of a given mission. 

Lastly, f o r  the nurnose o f  c lass i f i ca t ion  and analysis o f  the con- 

t r i bu t i on  o f  software errors, t o  overal l  system performance, i t  i s  necessary 

t o  define what i s  meant by precision. 

De f in i t i on  - 11: A software algorithm i s  said t o  be precise i f  the 

system er ror  introduced by mathematical approximations i s  small comoared 

t o  the t o ta l  root-sum-square system error; otherwise the alaorithm i s  said 

to  be ao~roximate. 

- 7- 



1.3 DESCRIPTION AND EXAMPLES OF GUIDANCE PHASES 

Present ~ r a c t i c e  i n  guidance and navigation system design i s  t o  

segment the overal l  t ra jec tory  i n t c  a sequence o f  phases (see Def in i t i on  8). 

Tne guidance mode i n  each ohase attempts t o  nu1 1 errors resul ti nq from 

the orevious ohase, olus errors due t o  any current disturbances, by 

at ta in ing the end conditions specif ied f o r  the ohase. Thus a auidance 

system might be cal led uoon to  solve i n  rea l  time many ds f fe ren t  types 

o f  two-ooint boundary value oroblems f o r  a wide ranae o f  i n i t i a l  conditions. 

Passfble t y ~ e s  o f  quidance ohases f o r  advanced missions 3re: 

High Thrust Continuous Guidance 

Launch vehicle guidance 

a. I n i t i a l  ascent t o  a l t i t ude  

b. Booster staae 

c. 4scent t o  orbi  t 

d. In jec t ion from parkina o r b i t  

Terminal guidance 

a. Retro i n t o  lunar or  p1anetar.y o r b i t  

b. Injection i n t o  earth sate1 l i t e  e r b i t  

c. Descent from o r b i t  

d. Sof t  landing and hovering 

a Lcw Thrust Continuobs Guidance 

Spiral escaoe from earth 

Earth t o  target transfer 

a. iunar  

h. internlanetary 



Spiral capture by target  body 

Continuous o r b i t  adjustment 

a. Earth s a t e l l i t e  

b. Lunar sate1 li t e  

c. Planetary s a t e l l i t e  

d. Earth-target t ransfer  o r b i t  

a Impul s i ve Guidance - 

a. Yidcourse 

b. Approach 

c. Terminal 

d. S a t e l l i t e  o r b i t  t r i m  

e. Descent from o r b i t  

f. Sof t  landing r e t r o  

a Aerodynamic Guidance 

a. Control o f  l i f t i n g  reentry 

b. Control o f  b a l l i s t i c  reentry 

c. Drag brake control 

d. Parachute control 

Since there are many types o f  guidance phases, i t  i s  usually the 

case that  more than one guidance mode w i l l  be employed durinq a mission, 

and more than one command mechanization subsystem w i l l  be used. Indeed, 

the guidance techniques f o r  the various phases are so d i f f e ren t  that  

essent ia l ly  d i f f e ren t  quidance systems are used during a mission. 



EXAMPLES:? Guidance Phases f o r  a T y ~ i c a l  Lunar Mission 

Ascent Phase. The ascznt cthase begins a t  launch and extends t o  

i n j e c t i o n  i n t o  a nearearth c i r c u l a r  ~ a r k i n g  o r b i t ,  which might have a 

nominal a1 ti tude o f  100 n.mi . above the ear th 's  surface. A t y p i c a l  

ascent ohase might l a s t  8 t o  10 minutes. The object ives o f  the guidance 

sys tern i s  t o  a t t a i n  c i  r c u l  a r i  t y  (eccentr i  c i  t y  equal t o  zero) a t  an 

a l t i t u d e  close t o  the standard value. Guidance correct ions are a o ~ l i e d  

bv steer ina the vehicle w i t h  the gimbaled rocket  nozzle and by making 

small changes i n  the t h r u s t  terminat ion t ime o f  each rocket  stage. The 

distrubances t o  the f l i g h t  path cons is t  o f  imperfect ly  a p ~ l i e d  t h r u s t  

accelerat ion and external  forces, such as wind and a i r  densi ty  var ia t ions .  

The oosi t i o n  and ve loc i t y  o f  the vehic le are measured by in tegra t i r ig  the 

o u t ~ u t s  o f  accelerometers mounted on an i n e r t i a l  l y  f i xed  ~ l a t f o r m  w i t h i n  

the vehicle, o r  from ground-based t rack ing  radars, o r  from both these 

sources. 

Parking O r b i t  Phase. The parking o r b i t  phase begins a t  ~ a r k i n g  

o r b i t  i n j e c t i o n  and extends t o  the r e s t a r t  o f  the launch vehic le f o r  the 

i n j e c t i o n  phase. Typical parking o r b i t  durat ions are 1 t o  20 minutes 

( 4  t o  80' o f  coast arc) b u t  they can be i n d e f i n i t e l y  long. There are 

usual ly  no guidance correct ions required dur ing t h i s  phase, bu t  some 

vern ier  adjustment o f  the er rors  remaining from the ascent phase might 

be made. The disturbances t o  the f l i g h t  path are neg l i g ib l y  small f o r  

shor t  coast arcs, bu t  otherwise atmospheric drag becomes important. The 

pos i t i on  and ve loc i t y  o f  the vehic le are determined as i n  the ascent 

~ h a s e ,  bu t  c e l e s t i a l  observations can be incorporated if the parking o r b i t  

Th is  mater ial  i s  from Reference [S ] .  



i s  s u f f i c i e n t l y  long. A rendezvous and docking o f  two o r  more vehicles 

may occur i n  t h i s  ~hase ,  the purpose being t o  assemble a spacecraft 

capable of c o m ~ l e t i n g  the remainder o f  the mission. The rendezvous 

does no t  a l t e r  the essent ia l  here. 

I n j e c t i o n  Phase. The i n j e c t i o n  phase begins a t  r e s t a r t  o f  the 

1 aunch vehic le and extends t o  i n j e c t i o n  i n t o  earth-moon t ransfer  o r b i t  

(which i s  an e l l i p s e  r e l a t i v e  t o  the ear th w i t h  e c c e n t r i c i t y  o f  0.987 

f o r  a  66 hour t rans fer ) .  The dura t ion  of the i n j e c t i o n  ohase i s  t y o i c a l l y  

2 t o  3 minutes. The ob jec t ive  o f  the guidance system i s  t o  a t t a i n  a  t rans fer  

o r b i t  which w i l l  cause the soacecraft  t o  imnact the desired ta rge t  oo in t  

on the moon. The correct ions are made as i n  the ascent phase. The d i s -  

turbances t o  the f l i g h t  path are p r i m a r i l y  due t o  imperfect ly  apol ied 

th rus t  accelerat ion. The p o s i t i o n  and v e l o c i t y  o f  the vehic le are de- 

termined as i n  the ascent phase. 

Midcourse Phase. The midcourse phase begins a t  i n j e c t i o n  and extends 

u n t i l  the spacecraft  enters the "sphere o f  influence1' o f  the moon, a  p o i n t  

which i s  no t  p rec ise ly  def ined bu t  i s  a~p rox ima te l y  60,000 km from the 

moon. The durat ion o f  a  t y p i c a l  midcourse ~ h a s e  i s  roughly 59 hours. The 

macec ra f t  i s  s e ~ a r a t e d  from the launch vehic le during t h i s  period. The 

primary ob jec t ive  o f  the guidance sy;tem i s  t o  cor rec t  f o r  e r ro rs  i n  the 

i n j e c t i o n  phase, thus prov id ing a  vern ie r  adjustment. There are i n  

add i t ion  some small distrubances t o  the f l i g h t  path t o  consider, such as 

solar  winds, leaking gas j e t s  i n  the a t t i t u d e  contro l  system, and errors 

i n  the assumed values o f  the physical  constants which def ine the mathe- 

matical model used t o  construct  the standard t r a j e t t o r y .  The o r b i t  i s  



determined from c e l e s t i  a1 s iah t inas  and/or earth-based radar  data. The 

guidance correct ions are ~ e r f o r m e d  bv abpl v i  nq sho r t - du ra t i  on i m ~ u l  ses o f  

acce le ra t ion  (on the order o f  a minute lona)  w i t h  a small rocke t  enqine so 

as t o  achieve ~ s 5 e n t i a l l y  i ns tan taneo~s  chanaes o f  ve loc i t v .  The maqnitude 

of  the cor rec t ion  i s  determined bv the dura t ion  of the th rus t inq ,  and the 

des i red d i r e c t i o n  i s  a t t a i ned  bv o roper lv  p o i n t i n a  the spacecraft .  One o r  

more cor rec t ions  miaht be made. the f i r s t  no sooner than 5 hours a f t e r  in-  

j e c t i o n  so as t o  a l low t ime t o  determine the o r b i t ,  and others (usua l l y  

no t  more than two) as reau i red  t o  n u l l  e r ro r s  i n  the orevious cor rec t ion .  

The t o t a l  ve loc i  t v  co r rec t i on  apo l ied  i n  the midcourse phase depends brim- 

a r i l v  on the i n j e c t i o n  e r r o r ,  b u t  i s  t v p i c a l l v  less  than 100 m/sec. 

Approach Phase. The approach phase begins when the spacecraft enters  

the sphere o f  inf luence o f  the moon and extends u n t i l  j u s t  p r i o r  t o  beqinning 

o f  the terminal  ohase, a per iod  o f  t y p i c a l l y  15 hours. The ob jec t i ve  o f  the 

guidance system, the disturbances t o  the f l i g h t  path, and the techniques 

f o r  determining the  o r b i t  and apply ing t h e  guidance cor rec t ions  a re  the  

same as i n  the  midcourse phase. The t r a j e c t o r y  i s  a moon-centered hyperbola 

w i t h  a hyperbol ic  excess v e l o c i t y  o f  t y p i c a l l y  1.0 t o  1.2 km/sec. Two o r  

more cor rec t ions  w i  11  roba ably be made, based on o r b i t  determinat ion 

measurements which sense the p o s i t i o n  and/or v e l o c i t y  o f  the spacecraf t  

r e l a t i v e  t o  the moon. Examples o f  such observations would be on-hoard 

s i gh t i ngs  o f  the angles between the t a r g e t  center  and c e r t a i n  s t a r s  and/or 

measurerent of the change i n  spacecraf t  sp-d as i t  i s  acted upon by the 

moon's g r a v i t a t i o n a l  a t t r a c t i o n .  I t  i s  the qa iher ing  o f  t h i s  ta rqe t -  



r e l a t i v e  t . y~e  o f  o r b i t  in format ion which d is t inguishes the a~proach 

~ h a s e .  Since the u l t imate  mission accuracy very l i k e l y  w i  11 de~end 

on t h i s  information, the approach guidance phasr i s  one o f  the most 

important o f  a l l .  I t  supplies ;he f i n a l  vern ie r  correct ions t o  the 

o r b i t .  

Terminal Phase. The terminal phase begins a t  the completion o f  

the l a s t  approach cor rec t ion  and extends through the f i n a l  th rus t ing  

required t o  complete the mission, which might be a ret ro-brak ing i n t o  

s a t e l l i t e  o r b i t ,  a d i r e c t  descent t o  the lunar  surface, o r  a co~cbinat ion 

o f  these two maneuvers i n  order t o  descend t o  the surface f r r m  parkina 

o r b i t .  In tegrated accelerometer data would be used during the th rus t ing  

periods, the i n i t i a l  condit ions being obtained from the o r b i t  pararnet2r: 

estimated during the approach phase. Ce les t i a l  measurements and/or 

earth-based t rack ing  data would be employed, i f  oossible, during the 

coast periods. The only small impulsdve correct ions made wou:d be dur i  nq 

the parking o r b i t ,  if there i s  one. Thus the terminal phase i s  s i m i l a r  

t o  the ascent- t o - i  d j e c t i  on phases, w i t h  appropriately modi f i e d  gui dancz 

object ives . 







1.4 THE SEPARATION OF GUIDANCE, NAVIMTION AND ERROR ANALYSIS 

I t  w i  11 usually be assumed throughout t h i s  report  that  guidance, 

navigation, and e r ro r  analysis can be treated as separate problems. 

This assuvption i s  consistent w i  t h  present pract ice i n  guidance analysis, 

but the theoretical j u s t i f i c a t i o n  i s  not a t  a l l  obvious. Indeed, simple 

examples can be constructed t o  show tha t  the separate treatment o f  the 

guidance and navigation problems (control and estimation ~mb lems)  can 

lead t o  incorrect  resul ts . Separabi 1 i t y  condi ti ons can be established, 

however, and these are usual ly t a c i t l y  assuned f o r  guidance work. For 

example, if sys tern and navi gaticn errors are s,nall , so tha t  a l inear ized 

analysis i s  legitimate, then separabi l i ty  follaws. To properly account 

f o r  random errors i n  such an analysis, one sometimes applies the method 

of aoosterior i  constraints. That i s ,  a guidance law i s  derived, an 

e r ro r  analysis i s  perfonned , and rev! ;ed end condi ti ons and cons t r a i  nts 

on end conditions are aposterior i  specif ied i n  order t o  y i e l d  an acceptable 

performance i n  the presence of the stochastic effects. Such an approach i s  

usual l y  j us t i f i ed  heur i s t i ca l l y  o r  empir ical ly, and works wel l  

for many applications . Those cases where i t  does not need t o  be analyzed 

further. 

The separabi l i ty  question i s  discussed i n  more de ta i l  i n  Section 2.0. 

Some new resul ts are presented t o  indicate that  a reformulation o f  the 

guidance and navigation problem i n  tenns of maximun l ike l ihood end conditions 

can lead t o  a rat ionale f o r  separabi l i ty, o r  a r e l a t i ve l y  simple way o f  

deriving stochastic correct i  c.is . In part icular ,  i t  i s  shown tha t  separ- 



a b i l i t y  applies f o r  the case o f  hamiltonian dynanic systems, which i s  

a useful r esu l t  f o r  space guidance work. The main d i f f i c u l t y  i n  such 

an approach i s  j u s t i f i c a t i o n  o f  the maximum l ike l ihood fcmulat icq .  

Cases where i t  i s  not applicable ar ise i n  post- in ject ion impulsive 

gc!idance, and discussion o f  t h i s  problem i s  presented i n  Section 10 

1.5 CLASS1 FICATION AND PERFORMANCE OF GUIDANCE MODES 

Assuming tha t  the separate treatment of guidance,navi ga t i  on and 

e r ro r  analysis i s  indeed legit imate, a c lass i f i ca t ion  o f  guidance modes 

was devised and measures o f  oerfonnance were defined. I n  general , the 

modes were c l  assi f i e d  according t o  the assunpti ons introduced i n  t h e i r  

derivation. That i s ,  the designer o f  a guidance mode can base h i s  

der ivat ion upon e i the r  an approximate o r  a precise model o f  the dynamic 

system. He can m p l  oy e i  ther an arbi t r a r y  steering function o r  a speci a1 

parameterized form. He can develop the guidance law i n  terms o f  a series 

expansion w i th  coef f ic ients  precalculated and stored before the f l  i g h t  , 

where the expansion can be l i near  o r  non-linear, or  he can c a l l  upon the 

computer t o  solve the guidance problem i n  real  time, where the end con- 

d i t ions t o  be met are e i ther  e x p l i c i t l y  or  numerically specified. Thus 

a cer ta in  log ic  tree i s  followed t o  completion by the guidance analyst, 

terminating i n  a special class o f  guidance modes. This c lass i f i ca t ion  i s  

discussed i n  de ta i l  i n  Section 3. Some examples o f  presently employed 

guidance mode are described and c lass i f i ed  according t o  t h i s  scheme. 



Measures o f  performance o f  a guidance mode are also described i n  

Section 3, and the various classes o f  guidance modes are qual i ta t ive ly  

discussed frcnn the point o f  view o f  these measures o f  performance. 

1 .6 SIMULATION OF JUPITER INJECTION GUIDANCE 

A 1 i r n i  ted amomt o f  computer simulation was carried out i n  order t o  

cornpare typical exanples o f  guidance modes. The tes t  case chosen was the 

in ject ion guidance phase o f  a Jupiter mission. The guidance modes chosen 

fo r  nunerical simulation were the precise calculus of variations algorithm, 

the I te ra t ive  Guidance Mode, ( IW)  and the TRW hybrid guidance mode. The 

t r a j e c t ~ r y  (sham i n  Figure 1.2) was an unusual one, chosen not as an 

examle o f  optimal performance but  instead as a severe tes t  case f o r  guid- 

ance. The vehicle had an ascent phase consisting of preprogrann#d ascent 

through the atmosphere plus guided ascent t o  a c i rcu lar  % nautical mile 

parking orbit,  and an in ject ion phase, consisting o f  two burns to a 

velocity suitable - for sat isfy ing the Jupiter mission. The arc turned 

over the earth's surface by the l a s t  two stages was 96O, the burnout 

a1 ti tude was 2647 nautical miles. and the path angle a t  burnout'wrs 49.4'. 

The reason f o r  th is  long burning arc was that  energy, eccentr ic i ty and 

argunent o f  perigee were specified, thereby causing the vehicle t o  i n j e c t  

onto a precisely f ixed hypehla. The long burning arc was roguired by the 

part icular vehicle. The hypothesized vehicle consisted o f  a 260 inch 

so l i d  rocket f i r s t  stage, ar JVB second stage, an improved Centaur t h i r d  

stage, and a fourth 'Kickn stage. 



The resul ts were interest ing. The TRW hybrid and I G M  guidance 

techniques f a i  led because the approximations introduced i r, thei r de- 

v ia t ion were not apolicable t o  a t ra jec tory  wi th a lonq arc lenath 

traversed over the earth 's surface and a very large a l t i t ude  change be- 

tween i gn i t i on  and burnout. The calculus o f  variat ions approach o f  

course succeeded, but some d i f f i c u l t y  was obtained i n  generating the 

t ra jectory.  

Af ter  some i n i t i a l  attempts t o  improve the approximations i n  the 

TRW hybr id law proved un f ru i t fu l  , an i t e r a t i v e  technique was devised for 

improving the ~erformance. The motivation f o r  such an approach followed 

from the rea l iza t ion that  the approximations o f  the equations o f  motion 

were, i n  e f f ec t  a crude one-step integrat ion. I t  therefore sakes sense 

t o  replace the aoproximations w i th  more accurate numerical inteqrat ion. 

This approach led t o  excel l e n t  performance, resu l t ing i n  only a 36 pound 

payload loss from the calculus o f  var iat ion solution, and exact sat is -  

fact ion o f  end conditions. Complete deta i ls  are oiven i n  Section 4. 

1 .7 SIMULATION OF ATLAS-CENTAUR GUIDANCE 

I n  order t o  make the nlanerical evaluation o f  guidance modes more 

complete, studies o f  At1 as-Centaur guidance carr ied out by TRW Systems 

Group under NASA Contract NAS-3-3231 (Reference 8) were sumnarized i n  

Section 5. These studies evaluated the operation o f  the same two f i n i t e  

parameter guidance modes di  scussed i n  Section 4: the I t e r a t i  ve Guidance 

Mode (IGM) and the TRW Hybrid Guidance Mode. The e iqht  missions simul- 

ated f o r  the study are: one-burn lunar (d i rec t  ascent), two-burn 1 unar 



(parking o rb i t )  , earth o rb i t a l  , polar  earth o rb i t a l  , one-burn planetary 

(Mars, d i  rec t  ascent) , two-bum planetary (Mars, parking o r b i t  ) , synchron- 

ous sa te l l i t e ,  and so lar  probe. While these e ight  missions represent a 

spectrun o f  si tuations, performance o f  the two guidance modes was sat- 

isfactory i n  each case. This conclusion i s  t o  be contrasted wi th  the 

resul ts o f  Section 4, where nei ther mode was adequate f o r  guidance o f  

the unusual Jup i ter  i n jec t ion  phase t ra jectory.  

1 .8 PARAMETERIZED GUIDANCE 

The in jec t ion  guidance simulation resul ts studied the f e a s i b i l i t y  

o f  what m i  qht be ca l led approximate parameterized qui dance. These guid- 

ance modes, which w i l l  l a t e r  be c lass i f i ed  as f i n i t e  dimensional ( f o r  

exmple, the I t e ra t i ve  Guidance Mode, IGM, and the TRW Hybrid Guidance 

Mode), are constructed by imposing a functional form on e i the r  the steer- 

i n g  angle (X) o r  a port ion o f  the vehicle state vector (e.g., rad ia l  

distance r). This leads t o  the formulas tan.X= A + B t  f o r  the IGM mode 

and ;/aT = A + B t  f o r  the TRW Hybrid mode, where aT i s  the th rus t  

acceleration. The equations o f  motion are then integrated i n  approximate 

form and parameter values are selected so that  the desired end conditions 

are sat is f ied.  Approximations t o  the integrated equations o f  motion are 

i n  form o f  closed analyt ic  expressions which give, i n  general, crude 

estimates o f  the actual integrals.  Tim-to-go t o  burnout and the down 

range t ransfer  angle are of ten so approximated. These estimates improve 

as cut-off  time i s  approached so that  an acceptable t ra jec tory  resul ts 

when the system i s  operated closed-loop. The approximations are good for 



the ea r l y  port ions of f l i g h t  i f  the guidance phase involves a r e l a t i v e l y  

short  Lurn time and down range t rans fer  angle, b ~ c  otherwise the approx- 

imate values o f  the accelerat ion in tegra ls  are no longer adequate. This 

was seen on the Jup i te r  mission I n j e c t i o n  Phase, and an i t e r a t i v e  "precise" 

parameteri zed gui dance mode was requi red. 

Precise parameterized guidance re ta ins  the parameteri zat ion of the 

steer ing law o r  a por t ion  of the s ta te  vector, but  replaces the crude 

approximations o f  the accelerat ion i n teg ra l s  by more exact numerical i n t e -  

g ra t ion  o f  the equations of motion. The accuracy o f  t h i s  nuner;cal i n t e -  

g ra t ion  need be l i m i t e d  only by the computing capabi 1 i t i e s  o f  the system. 

The f i n a l  values o f  the s ta te  vector components become functions of the 

parameter values, 1 inked by means o f  the nunerical i n teg ra t i on  scheme, and 

desired end condit ions may be achieved through app l ica t ion  o f  the Newton- 

Raphson algorithm. Extra degrees o f  freedom, which occur when there are 

more guidance parameters than desired end conditions, may be u t i  1 i zed f o r  

opt imizat ion o f  f i n a l  payload o r  f o r  the treatment o f  s ta te  and/or contro l  

variable constra ints along the t ra jec tory .  This general method i s  discussed 

i n  more d e t a i l  i n  Section 6. 

1.9 PROBLEM AREAS 

Certain theore t ica l  problem areas requ i r i ng  fu r the r  research and 

development f o r  un i f i ed  guidance were i d e n t i f i e d  and analyzed as a p a r t  

o f  the study reported here. 

a Separabi 1 i t y  o f  Guidance, Navigation, and Er ror  Analysis 

As discussed i n  Section 1.4, the question o f  separab i l i t y  i s  a 

potent i  a1 ly troublesome one. The condit ions f o r  separabi 1 i t y  



are discussed i n  Section 2 ,  with primary emphasis upon under- 

standing and justifying present practice i n  guidance analysis. 

Some i nteresti ng new results on maximum 1 i kel ihood guidance 

techniques are briefly described, and i t  i s  concluded that 

further work is ?.equired t o  exploit this approach. 

Targeting 

Targeti ng , which corrsi s t s  of specifying parameters in the 

explicit  end conditions functions for guidance phases, i s  an 

important consideration i n  the development of a unified guid- 

ance system. In Section 7 existing techniques for solving 

the targetins problem are described from an intuit ive point 

of view, and some new results w i t h  an improved nunerical tech- 

nique are briefly described. Based upon these results,  i t  

appears that more eff ic ient  targeting techniques can be de- 

ve 1 oped. 

Constraints 

The anlaytic treatment of mission and launch vehicle constraints 

is another important consi deration i n  guidance mode development. 

From a control theoretic point of view, these can be ei ther  

s ta te  variable or control variable inequality or  equality con- 

s t raints .  I t  i s  well known that such control problems can be 

diff icul t  LO formulate and solve. In practical guidance work 

solutions are sometimes obtained i n  an empirical manner, using 

using a trialand error procedure to i te ra te  on the form of the 



guidance law and the numerical values o f  the parameters i n  

law. The constraint problem has not been treated i n  de ta i l  

i n  t h i s  report, but  a new approach i s  suggested i n  Section 8. 

It i s  concluded tha t  fur ther  work should be spent on develop- 

ing  e f f i c i en t  analyt ical  techniques f o r  t reat ing state var i -  

able and control variable constraints. 

The Switching Time Problem 

It i s  we1 1 known that  nt : a1 1 end conditions can be control l ed  

near the end o f  a guidance phase, fc*  the guidance capabi l i ty  

near thrust  termination reduces t o  a ve1ocit.y impulse. I n  

Section 9 the shut-of f  time phenomenon i s  discussed fsom a 

theoretical po in t  o f  view, showing tha t  the problem can be 

understood i n  terms o f  the c lassical  abnormal i t y  condition. 

Based upon t h i s  consideration, a shut-off  region i s  defined 

and a steering and shut-of f  mode o f  operation i s  suggested. 

The c lassical  conjugate po in t  phenomenon i s  discussed i n  

re la t ion  t o  optimizing the s t a r t  tJme o f  a guidance phase. 

It i s  shown that  optimization o f  s t a r t  time can cause a 

conjugate point  t o  ex i s t  on a t ra jec tory  when i t  otherwise 

might not. That i s ,  the simultaneous optimization o f  s t a r t  

time and steering angle function leads t o  a d i f fe rent  

conjugate point  analysis than the optimization o f  steering 

angle alone. These in terest ing questions might wel l  be 

fur ther pursued. 



Stochas ti c Guidance - 
The separate treatment o f  navigation, guidance, and e r r o r  

analysis may not  be j u s t i f i e d  i n  ce r tn in  cases. For example, 

the impulsive guidance correct ions appl ied during the midcourse, 

app:.oach, and a rb i  t a l  phases o f  f l i g h t  may require a stochast ic  

guidance algorithm. Stochastic contro l  problems o f  t h i s  type 

are very d i f f i c u l t  t o  solve, and a t  t h i s  time only r e l a t i v e l y  

p r i m i t i v e  resu l t s  have been obtained. I n  Section 10 t h i s  class 

o f  guidance problems i s  b r i e f l y  discussed, and some recent ly  

completed work toward p rac t i ca l  so lut ions i s  b r i e f l y  described. 

1 . lC CONCLUSIONS AND RECOMMENDATIONS 

The resu l t s  o f  t h i s  study have led  t o  the fo l lowing conclusions 

and recomnendations : 

1 . The capabi 1 i t y  o f  on-board computers t o  do rea l  time numerical 

in tegra t ion  and i t e r a t i o n  makes uni f i e d  se l  f contained guidance 

possible. 

2. Certain problem areas ex is t ,  b u t  r e l a t i v e l y  s t ra ight forward 

extensions o f  ex i s t i ng  theore t ica l  resu l t s  could lead t o  de- 

velopment o f  algorithms su i tab le  f o r  rea l  -time, on-board, 

uni f i  ed guidance. 

3.  It i s  recommended t h a t  f u r the r  analysis be car r ied  out  i n  the 

fo l  1 owing areas : 



a. Separabi 1 i t y  o f  guidat~ce, navigation, and e r r o r  analysis 

b. Targeting 

c. Analyt ic  treatment o f  constra ints 

d. Switching time analysis 

e. Impulsive stochast ic  guidance 

4. A parameterized form o f  guidance law i s  ten ta t i ve l y  recur;mnded 

f o r  u n i f i e d  guidance, both f o r  use as an on-board algori thm and 

f o r  generation o f  pre? i g h t  reference t ra jec to r ies .  The para- 

materized form may also be used t o  generate reference t ra jec to r ies  

f o r  rudimentry guidance systems which cannot dupl i cate,.,the 

complete parameterized form i n  r e a l  time. 

5. More work on parameterized guidance i s  ca l led  f r e .  I n  

pa r t i cu la r :  

a. It i s  necessary t o  deb ,se more universal f u rz t i ona l  

f o n s  which are near ly  optimal f o r  a wider class of 

guidance phases 

b.  The use o f  f ree  parameters f o r  the purpose o f  op t imal i ty  

and/or sa t i s fac t i on  o f  constra ints must be examined 

c. An e f f i c i e n t  ana ly t ic  technique f o r  treatment o f  con- 

s t r a i n t s  should be developed. 

These concl us i  ons and recomnendati ons mast be considered 

t e n t a t i v e  u n t i l  f u r the r  analysis can be car r ied  out,and a wider class o f  

guidance problems can be studied and simulateci. 



2. THE SEPARATION OF GUIDANCE, NAVIGATION, AND ERROR ANALYSIS 

2.1 INTRODUCTION 

Impl ic i t  i n  the definit ions o f  guidance and navigation are the 

assumptions t h a t  guidance and navigation can be t r ~ a t e d  as separate pro- 

blems, and that  s ta t i s t i ca l  error considerations do not af fect  the design 

of a guidance mode. That 4s. i n  present practice the guidance theorist  

designs a guidance mode by assming that the state i s  knwn perfectly, 

and fo r  r p a l - t i m  applications esploys the estimated state i n  place o f  

i t s  true value. This assunptian, which i s  essential t o  a meaningful dis- 

cussion o f  exi s ti ng guidance modes, requi res further c l  a r i  f i ca t i  on. 

S t r i c t l y  speaking, the detenninistic derivation o f  a guidance mode 

fs not c o r ~ c t ,  f o r  the predicted end conditions which deterarine the guidance 

fmctions become random variables i f  there are random estimation errors and 

randm s-yste-atic disturbances t o  the trajectory. I n  effect, the state o f  

the system can ria longer be defined simply by position, velocity, and system 

parameter vectors. Instead, the state must be thought of as the expected 

value o f  there quantities plus a l l  the s ta t i s t i ca l  moments o f  t h e i r  dis- 

tr ibution. In other words, the state can only be described by the condi t- 

ional probabil i ty iens i ty  function o f  the state, given the navigation data. 

From tho point o f  view o f  guidance optimization theory, the random behavior 

o f  the dynamic system implies that there no longer exists a f i e l d  o f  solutions 

which are the characteristics o f  the detenninistic Hamilton-Jacobi par t ia l  

d i f ferent ia l  equatfon. Thus, a t  least theoretically, the notion o f  a 

predi ctable reference trajectory has t o  be abandoned. I n  theomti  cal 



treatments of the stochastic control problem, one usually defines the 

control (guidance) so as t o  cause the f i r s t  moment [expected value) o f  

the determinist ic state, cond i t i o~ed  on the navigation data, t o  achieve 

the desired value. Such an approach i s  elegant, but, i n  general, imposs- 

i b l y  d i f f i c u l t  t o  implement. 

Simple examples o f  stochastic control problem (See Section 2.2) 

would seem t o  indicate tha t  the determinist ic guidance analysis i s  not a t  

a l l  va l i d  f o r  r e a l i s t i c  problems. As a pract ical  matter, hawever, stochastic 

guidance analysis i s  not required f o r  those applications where (1) an 

apr io r i  reference t ra jectory  i s  available, and (2) the random navigation 

errors and random systematic errors are small. That i s ,  the determinist ic 

analysis applies when the f i r s t  var ia t ion (or  perhaps the f i rst  and second 

varidtions) about some reference t ra jectory  i s  the dominant consideration. 

I n  a f irst var iat ion analysis the random errors enter l i r i a r l y  and the 

determinist ic approach can be theoret ica l ly  j w t i  f i ed  (See Reference [93). 

Consideration o f  the second var iat ion does not change t h i s  conclusion, 

for i t  then follows t ha t  approximate resul ts s im i la r  t o  the l i near  case 

are obtained wi th additional terms i n  the estimation and control 'equations 

t o  account f o r  non-linear bias. Such assunptions can be thought o f  as 

devices t o  s impl i fy  the d i  f f i c u l  t computational problem o f  computing ex- 

pectations. 

A guidance law resu l t ing from detenniniat ic analysis i s  sometimes 

modi f ied t o  account f o r  neglected stochastic e f fec ts  by adding apos t e r i  o r i  

"constraints" That is ,  a 1 i neari zed o r  Monte Car10 closed-loop analysis 



of random navigation and systematic errors i s  performed t o  t es t  system 

performance, appropriate state variable o r  control variable constraints 

are then empir ical ly  defined t o  cause the mission objectives to  be met 

i n  the presence o f  these errors, and the guidance law i s  appropriately 

adjusted. The procedure can be i te ra ted  as many times as necessary. 

S t i l l  another, and perhaps most important, way o f  j us t i f y i ng  

a separate, determinist ic analysis o f  guidance i s  t o  introduce the not ion 

o f  maximum l ike l ihood guidance. I n  t h i s  case one seeks t o  control the 

"most l i k e l y "  value o f  the determinist ic s ta t?  rather than i t s  expected 

value. This most l i k e l y  value i s  the roo t  o f  the d i f ferent ia ted l i k e l i -  

hood function, and i s  the value o f  the state which maximizes i t s  (con- 

d i  t iona l  ) probabi l i ty  density function. Not a: 1 guidance problems can be 

meaningfully formulated i n  t h i s  way (e.g., impulsive midcourse guidance 

w i t h  execution errors proportional t o  the applied correct ion), but  the 

technique does apply i n  important cases (e.g., i n j ec t i on  guidance). I n  

these cases i t  can be shawn tha t  the determinist ic guidance law i s  also 

the stochastic guidance law, and navigation and e r ro r  anlaysis can indeed 

be treated separately, i f  the equations o f  motion describe a hamiltonian 

sys tern. For non-hami 1 toni  an systems the stochastic cor rect i  on t o  the 

determinist ic law i s  r e l a t i ve l y  easy t o  compute. 

The assumptions required t o  j u s t i f y  determinist ic guidance analysis 

u s ~ a l :  y a ~ p l  y t o  those phases o f  a space mission where continuous guidance 

accelerations are applied, but  stochastic considerations become important 

when the guidance i s  applied i n  the form o f  a sequence o f  small ve loc i ty  



impulses a t  unsnecified times. The d i f f i c u l t y  i n  t h i s  case i s  f ind lnq 

the tfmes of application. Present practice f o r  the Ranger-Mari ner-Surveyor 

type of mission (Reference 7) i s  t o  p reswc i fy  these times and a ~ p l y  the 

method of constraints. That i s ,  the application times are chosen by 

heur is t ic  o r  empirical rules, and the real  time corrections are calculated 

wi th a l inear ized determinist ic rule. The non-linear e f fec ts  o f  the correct- 

ions are treated b.y an i t e ra t i ve  technique. Stochastic considerations are 

introduced by employing a non-1 inear maximun 1 i kelihood est inatqr i n  the 

navigation equations , and approximately m d i  fy ing the targeteo end conditions 

so as t o  take i n t o  account the s t a t i s t i c s  o f  the estimation and systematic 

errors. Small real  time (adaptive) variat ions i n  the time o f  apol ication 

o f  the corrections are sometimes a1 lowed. This approach demons t rab l  y works 

we1 1 f o r  many aool i ca t i  ons . 
I n  sumnary, the separate treatment o f  guidance, navigation and e r ro r  

analysis can be j u s t i f i e d  by 

the assunption o f  l i n e a r i t y  

a the imposition o f  aposteriori  constraints 

the maxicun 1 i kel  i hood formulation. 

Those cases where such separation i s  not j u s t i f i e d  are very d i f f i c u l t  t o  

treat, and fur ther research i s  cal led f o r  i n  t h i s  area. Further dis- 

cussion and some recently obtained resul ts are presented i n  Section 10. 



2.2 AN EXAMPLE OF OPTIMAL STOCHASTIC GUIDANCE 

The stochast ic  contro l  ~ r o b l e m  can be i l l u s t r a t e d  by a simple 

example. Supoose t h a t  a t  the i n i  t i a !  time to the f i n a l  s ta te  xi (tf) i s  

known t o  be o f  the fom, 

where u i s  some scalar  contro l  ~arameter ,  and a i s  some scalar  parameter 

character i  z ins  the motion between to and tf. For example, a might be 

the i n i t i a l  condi t i c n  xl ( to) ,  o r  the magni tude o f  a per turb ing accelera- 

t i o n  ac t ing  between to and tf, and u might be the m a g n i t l e  o f  the 

quidance correct ion appl ied a t  to. Suppose the navigat ion system has 
* 

provided an estimate o f  a, denoted by a , b u t  there i s  an e r r o r  i n  t h i s  

estimate, denoted b.v E = (a* - a). Suppose t h i s  unknown e r r o r  i s  a zero 

2 mean, Gaussian random var iable w i t h  variance a over the ensemble o f  a l l  

s i m i l a r  experiments. The problem i s  t o  choose the u which i n  some sense 

minimizes xl . If the estimates were p - f e c t  (r = O ) ,  one would seek il 

u0 such t h a t  

3 (u", a*) = o a u (2.2) 

I n  the stochast ic case, however, the e r r o r  i n  the estimate can be 3rb i -  

t r a r i l y  large, so one must deal w i th  the s t a t i s t i c a l  e x ~ e c t a t i o n  (E[=] )  

o f  the der ivat ive.  This might be ex~ressed  i n  the form of a Taylor 

series as 
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where the coef f ic ients o f  the Taylor series are evaluated as functions o f  

u0 and a*, and p rowr t i es  o f  a Gaussian d i s t r i bu t i on  have k e n  used ir, 

cmputing the expectation (i .e., the expected value o f  the odd moments 

are zero, and the expected value o f  the even inoments are expressible i n  

2 terms o f  u 1. Thus i t  can be seen tha t  the s t a t i s t i c s  o f  the errors i n  

the estimate become inseparably mixed i n t o  the optimization problem, and 

i t  could be d i f f i c u l t  t o  f i n d  uO. The Taylor series method might not  be 

the best approach, e s ~ e c i a l l y  f o r  states o f  higher dimension. I n  any case, 

one i s  conceptual1.y faced w i t h  solving an i n f i n i t e  number o f  ootimization 

problems corresponding t o  every possible value o f  E, and choosing a 

s t a t i s t i c a l l v  averaqed solution, weighted a r o r d i n q  t o  the probabi li t.y o f  

occurrence o f  the values o f  e .  

A s t i l l  more subtle problem arises i f  i t  i s  desired t o  choose 



s ubject  t o  

x2(tf) = g2(u1, u2, a - given value (2.5) 

A ra logous t o  the determin is t ic  case and the previous example, one i s  

t empted t o  m i  nimi ze 

Elsl(q, UZ' 4 + v 82 (ul, U2, a11 

where v i s  a Lagrange m u l t i p l i e r .  Conceptually, t h i s  corresponds t o  

so lv ing  an i n f i n i t e  number o f  opt imizat ion problems where the end con- 

d i t i o n  i s  s a t i s f i e d  each time, and the Lagrange mu1 t i p l i e r  has t o  be 

+wated as a random vari35'e. There i s  no reason t o  expect t h a t  such 

solut ions ex i s t ,  however. A1 t e r n a t i  ve ly  , one seeks t o  s e t  

where u i s  a f i x e d  constant. I n  t h i s  case the end condit ions are sat- 

i s f i e d  "on the average", t h a t  i s ,  the expected value o f  the end condit ions 

s a t i s f y  the constra int  bu t  i nd i v idua l  members of the ensemble general ly 

do not. 

S tochas ti c contro l  considerations analogous t o  those discussed i n  

t h i s  simple example w i l l  a r i se  i n  the case of impuls ively  appl ied guidance 

correc ti ons . 
2 . 3  LINEARIZED STOCHASTIC GUIDANCE WITH CONSTRAINTS 

A comnon a~proach t o  stochast ic guidance problems i s  t o  l i n e a r i z e  the 

system o f  eauations w i th  respect t o  random e r r o r  sources. A l l  s t a t i s t i c a l  

moments then drop out  o f  the opt imizat ion equation and one obtains the 



determin is t ic  guidance law. For example, i n  the s i m l e  oroblem discussed 

above, set t ing = 0 f o r  n > 1 reduces equation (2.3) t o  (uO, a*) - 0. (3) 
S i m i  l a r l y ,  equation (2.7) reduces t o  the determinist ic form 

- 'ql, u2, a*)] + I:".: 
I t  i s  c lear tha t  such an approach can a t  best y i e l d  an approximately correct  . . 

a nswer, for ,  i n  the case o f  equation 2 . 3 ,  t e i s  o f  the form (G) on 
a u3a 

could be large. 

The effect o f  neglected random errors i s  sometimes taken i n t o  account by 

what can be cal led the "method o f  constraints". Suppose tha t  t5e solut ion o f  

equation (2.8) i s  (ulO* uZ0) * so tha t  the expected value o f  the desired end 

condi t ion i s  (since the odd moments are zero) 

[ 0 2 2  0 0 
2 

e(x2) = g2(u10. U2 , a * j  + [+ u 1  , u2 a * ]  f 
aa 

Thus there i s  a stochastic bias i n  the desired end condit ion due t o  the higher 

order terms, which can be accounted f o r  by introducing an o f f se t  aiming point. 

More preciselv, one specif ies that  the  roba ability o f  achieving the end con- 

d i t i o n  x2 w . ~ ~ i n  a given region R should be a cer ta in  number (see Figure 2.1), 



and adjusts  the aim p o i n t  t o  s a t i s f y  t h i s  p r o b a b i l i s t i c  ccmstra in t .  The 

c a l c u l a t i o n  of t h i s  p r o b a b i l i t y  i s  a d i f f i c u l t  task,  and cannot be d i r e c t l y  

i n f e r r e d  f ram the s t a t i s t i c a l  moments. I t  can be numer ica l ly  determined 

by the Monte-Carlo method, or ,  as a reasonable approximation, i t  can be 

assumed t h a t  the p r o b a b i l i t y  dens i t y  i s  Gaussian w i t h  b i as  near ly  equal 

t o  the value given by eauat ion (2.3) and variance ca lcu la ted  by l i n e a r -  

i zed  analysis.  I n  e i t h e r  case, i t e r a t i o n  i s  requ i red  t o  ca:culate the 

guidance law. That i s ,  equat ion (2.8) i s  solved f o r  ulO, uZ0, the pro- 

babi 1 i t v  c o n s t r a i n t  i s  tested, new end cond i t ions  on x2 a re  def ined, and 

the procedure i s  i t e r a t e d  u n t i l  the  p r o b a b i l i t y  c o n s t r a i n t  i s  sa t i s f i ed .  

This ~ r o c e d u r e  w i l l  on ly  be workable i f  the l i n e a r i z e d  analys is  i s  

approximately cor rec t ,  however. 

x2 ( t r )  

Acceptable Region R 

"30" Er ro r  E l  1 i ~ s e  

Mean F ina l  Val ue w i t h  
Stochast ic  Bias 

Mean F ina l  Value from 
L i  near i  zed Analysis 

FIGURE 2.1 : STOCHASTIC BIAS OF DESIRED END 
CONDITIONS 



2.4 THE METHOD OF MAXIMUM LIKELIHOOD 

A dif ferent and more workable approach t o  the stochastic guidance 

problem i s  t o  use the concept o f  maximum 1 i kel  i hood end condi ti ons , 
rather than expected values. That i s ,  suppose the task of the guidance 

system i s  t o  cause the "most l i k e l y "  predicted f i n a l  s ta te  t o  be a de- 

s i red value, where the maximum l i ke1  ihood end condit ion i s  t ha t  value 

which maximizes its probabi 1 i t y  density function. 

Consider f i r s t  the simple example o f  Section 2.2, where xl i s  t o  be 

maximized and the problem i s  t o  choose the proper value of a t o  solve 

(uO, a) = 0. Suppose that, f o r  a f i xed  value o f  the parameter u, there a u 

i s  a one-to-one mapping between xl and a, so that  the fo l lowing inverse 

re lat ionship exists:  

Then the probabi l i ty  density function f o r  x i s  

The maximum 1 i kel i hood value o f  xl , denoted by , i s  found as the roo t  

0 f 



From equation (2.12) we can obtatn a re la t i onsh ip  between the parameter 

u and the most 11 ke ly  val ue o f  x, , given by 

Then the value o f  u which maxirnires ;, i s  fouhd as the r o o t  o f  

Maximum 1 i k e l  i hood cont ro l  o f  end condit ions f o r  space guidance 

appl icat ions can be described by a r e l a t i v e l y  simple bu t  t y p i c a l  example, 

where the contro l  cor rec t icn  i s  based upon only  a p r i o r i  in format ion 

ra the r  than data gathered during the mission. Suppose tha t  a t  t ime to 

a s ing le  correct ion impulse vector u i s  t o  be appl ied so as t o  cause 

the "most l i k e l y "  s ta te  a t  the f i n a l  time T t o  be a desired value. L e t  

the equations o f  motion be 

where x i s  the s ta te  vector. The i n i t i a l  condi t ion a t  to ( )  i s  xo. 

where xo i s  a Beussian vector w i th  covariance mat r ix  no and mean equal 

t o  [m + Ku]. The K i s  supposed t o  be a given. matr ix.  Thus the cont ro l  



u impuls ive ly  changes the s ta te  a t  to according t o  

(-I) i s  a Gaussian vector w i t h  m a n  equal t o  m and covariance where x ( to  

no. Assuming a one-to-one mapping o f  xo t o  the f i n a l  s ta te  xT = x(T) of 

the form xT = g(xo), the p r o b a b i l i t y  densi ty  f u ~ c t i o n  o f  xT i s  

where c i s  the c o e f f i c i e n t  o f  the Gaussian den? '' . func t ion  o f  u,, and 

q(xT) = g-'  (x,) - (KU + rn) (2.18) 
4 

ax, ag- ' (xT) I--[ = determinant I 
a axT a xT I (2.19) 

Define the 1 i ke l  i hood C - ~ ? ~ c t i  on 

 ax^ But 1-1 i s  the inverse determinant of the s ta te  t r a n s i t i o n  mat r ix  1-1, 
a X ~  a xo 

and i t  ;an be shown t h a t  (see [ lo] ,  page 28). 
- 



Then the most l i k e l y  value of xT i s  tha t  v a l u  iT which sa t i s f ies  

a ~ d  the control u shouid be chosen t o  set  iT equal t o  the desired v a l w .  

2.5 SEPARABILITY FOR HAMILTON1 AN SY STEPS 

Fcr hamiltonian systems, where the state t rans i t i on  matr ix  i s  symolec- 
aXT 

t i c  (see [6], DO. 306) i t  can be shwn tha t  1-j = 1 and hence trace 

a f a xo 
= 0. I n  the examole discussed above we have q( iT)  = 0. and 

A 

I n  other worr':, f o r  any desired f i n a l  state xT we can f i n d  the control u 

from !2.23), j u s t  as though the i n i t i a l  conditions were not random. That 

i s ,  hamiltonian systems can be treated as thouoh the-y were deterministic. 

This i s  an imoortant concl uston. For ex im le ,  the determinist ic analysis 

o f  i n jec t ion  ~u idance can be j us t i f i ed  i n  t h i s  way. For the case o f  non- 

hamiltonian systems, r e l a t i ve l y  simple stochastic corrections can be 

obtained from equation (2.22). 

The example considered i n  Sectcon 2.4 treated random i n i  t i a i  condit ion 

disturbances only. Thus i t i s  not  a t  a l l  c lear  tha t  the seoarabi l i  t y  

condition aoolies t o  hami l tmian svstems where estimation errors are  re- 

sent as well  as systematic disturbances t o  the eqliations o f  motion. This 

extension of the problem i s  analyzed i n  Refererlce [I?], from which i t  can 



be inferred that guidance, navigation, and error analysis can be 

separated i f: 

(1 ) the maxisun 1 i kel i hood formul a t  ion i s  appropriate 

(2) the dynamic system i s  hami 1 ton1 an 

(3) the probabi 1 i t y  density functions o f  disturbances 
and trackinq data noise are Gaussian 

(4)  the trackicg data noise i s  s t a t i s t i c a l l y  uncorrelated. 

Justi fyinq the maximun l ikel ihood formulation i s  a centrai d i f f i c u l t y  

f o r  space guidance applications, fo r  i t  i s  necessary t o  have a one-to- 

one relationship between random disturbances and end condit i  ans i n  order 

t o  define the l ikel ihood function. For examle, th is  condition does not 

apply i f  the squared value o f  the end condition i s  t o  be controlled. 

This i s  the case i n  some problem formulations (Reference 12). which can 

arise i n  post-injection impulsive guidance (see Section 10). For the 

purpose o f  guidance mode analysis, however, i t  appears t o  be the case t h a t  

separabi:ity o f  guidance, navfgatiun, and error analysis i s  a reasonable 

hypothesis . 

3. GENERAL STRUCTURE GF COISTIKUOUS GUIDRKCE MODES 

The purpose o f  guidance i s  t o  control the magni tuck and direction 

o f  a rocket thrust vector to  m e t  the targeting requirements o f  a mission 

phase. This section examines the basic operation o f  the cortinuous (as 

opposed t o  imoulsi ve) high thrust guidance modes and describes a method 



o f  c lass i fy ing modes according t o  basic differences i n  the underlying 

algorithms . 
O~en-loop quidance (de f in i t i on  3) i s  useful f o r  the l i f t - o f f  phase 

of a niissi on dur i  ng wh f ch the guidance conmands are pre-programed and 

independent o f  the actual state. I f  the o r o ~ u l s i o n  hardware could per- 

form the guidance comnands perfect ly ,  and i f  the mathematical model used 

t o  describc thp mission were i n  complete accord w i th  the rea l  world, 

then open-loop quidance would be su f f i c i en t  f o r  the en t i r e  mission. Since 

t h i s  ideal  i s  f a r  from real izat ion,  i t  i s  necessarv t o  occasionally measure 

the t rue state o f  the vehicle and revise the guidance comnands i n  accord- 

ance wi th  the new in fona t ion .  This i s  closed-loop guidance. The pre- 

sent section w i  11 be concerned exclusively w i th  closed-loop guidance, 

which w i l l  n w  be ca l led simply guidance. 

Figure 3.1 i l l u s t r a t e s  the f lw o f  signals i n  the t o t a l  control 

sys tem,where 

FIGURE 3.1 : GENERAL CONTROL 5VSTEM 
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x i tSe state of the vehicle; 5 i s  the conm~cld~d thrust  acceleration - 
from the guidance system; 3 i s  the e r ro r  between the actual vehicle state 

ild ?he estimated state received from the navigation system, and -2 n i s  

the e r ro r  between the acceleration connrat?d and actua: ~r'el~r3ticz re- 

sul  t i n g  from execution o f  the comnand. Consistent w i th  the discussion 

o f  Section 2, i t  w i l l  be a s s ~ e d  t ha t  - nl 2nd 3 are zero. The soace 

ven i c l e  system shown i n  Figure 3.1 may ncm be reduced t o  the system 

depicted i n  Fiqure 3.2 . 

F I W R E  3.2: SIMPLIFIED CONTROL SYSTEM 

-. 

The function o f  the guidance sysbm i s  seen t o  be the cornoutation of 

an acceleration vector - a f o r  each value o f  t and x, i n  some region per- - 
t inen t  t o  the mission. Since the guidance systxm i s  usualiy i nca~ab le  

of provi d i  ng a continuous output o f  acceleration vectors correspondi ns 

t o  a continuous input o f  the vehiclr state, i t  i s  comnon oract i re  to  

require guidance t o  output an acceleration vector function - a( t )  = a( t ,  - 
, x ) f o r  t > to, corres~onding t o  the state vector x+ a t  time to. to , 
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The furlctio;: -. a( t )  i s  used t o  comnand the vehicle propulsion system u n t i l  

a new state vector x, a t  time tl > to i s  received. Note t ha t  a s ingle 
-8 

computat:on a t  to, (own-loop operation) would be su f f i c i en t  i f  there 

were no navigation o r  system errors - and i f  there were no approximations 

i n  the cjui dance cal cul s t i  on. Nei ther  o f  these conditions usual 1 y apply, 

however. Because q f  the closed-laoo operation, i t  i s  d i f f i c u l t  t o  assess 

the e f f ec t  o f  errors and approximations except by computer simulation. 

It has been demonstrated i t i  pract ice tha t  a guidance mode which apparentlv 

i s  crude i n  cne approximations made i n  the algori thm i s  qu i te  e f fec t i ve  

i n  steering t o  the desired end conditions i n  a near optimal fashion. 

3.2 THE MATHEMATICAL PROBLEM 

The vehicle state w i l l  consist o f  the pos i t i on  - r, the ve loc i tv  - v, 

and the mass m o f  the vehicle. Thus, - x = (r, v, m). For a given guid- 

ante phase these variables 2-0 re lated by the equations: 

where A q = gravi ta t ion  acceleration (o r  grav i ta t iona l  
force per uni t mass ) 

"2 a = thrust  acceleration maqnitude = 7 

B = mass f low ra te  

'e = e f fec t i ve  exhaust ve loc i ty  

u = thrust  acceleration d i  rection, ill = 1. - - 



and a dot over a vector denotes d i f f e r e n t i a t i o ~  by time. The objectives 

o f  the quidance phase may be expressed by the equatiorc 

where g = (g,, g2, . , g )  and T = time o f  termination o f  the phase 

( thrust  cut-off). The time T may be e i t he r  f ixed o r  free. I n  addi t ion 

t o  the dynamic operations (3.1) and (3.2) and the desired f i n a l  con- 

d i t ions (3.4), a performance index 3 i s  specified: 

It i s  comnon t o  select  J t o  be the amount o f  fue l  consuned t o  f i n a l  time 

T. I t  ?;r desired t o  choose the guidance comnands a and - u so tha t  the 

resu l t ing t ra jec tory  - x( t )  , determined by (3.1 ) and (3.2), sa t i s f ies  the 

end conditions (3.4), while minimizing the performance index J. 

The select ion o f  the guidance cmands  i s  o f  course not arb i t rary .  

The real izable thrust  acceleration i s  l im i t ed  by the capabi l i t ies  of the 

vehicle. Two comnan si tuat ions are out l ined below. 

A. Mass Flow Rate Limited (chemical rockets). The e f fec t i ve  

exhaust veloci ty (v,) i s  constant and the mass f l o w  ra te  i s  bounded: 



0:-m< - q 

Often the mass flow ra te  can assume only two values, o and q. Then 

hence 

where r = m(tO)/q. 

8. Power Limited (Plasma o r  Ion ic  Rockets). The instantaneous oro- 

pulsive power i s  l imited, with: 

Both V, and 8 are treated as control variables. 

3.3 CLASSIFICATION OF GUIDANCE MODES 

I n  t h i s  section various auidance modes w i l l  be c lass i f i ed  according 
# 

t o  the mathematical approximations and/or assunptions introduced i n  

t h e i r  derivation. Although any attempt t o  c lass i f y  guidance nodes i s  

d i f f i c u l t ,  the present scheme has been found wo:kable and useful as a 
* 

basis f o r  discussion . 

'It 

The need f o r  a c lass i f i ca t ion  o f  guidance modes was f i r s t  recognized 
by M r .  W.E. Miner. The present scheme o f  c lass i f i ca t ion  i s  based 
upon h i s  suggestions. 



The c lass i f ica t ion of guidance modes proceeds according t o  the 

steps the analyst introduces i n  t h e i r  development. One must f i r s t  de- 

f i ne  the problem, which requires a mathematical model o f  the system 

dynamfcs, a de f i n i t i on  o f  system performance, a speci f icat ion o f  the 

desired end conditions, both a t  mission completion and a t  the end o f  

each indiv iddal  guidance phase, and f i n a l l y  a descript ion o f  the con- 

s t ra in ts  imposed on the guidance system. The constraints maw be o f  two 

types: state variable and control variable constraints. 

Given the problem def in i t ion,  the analyst must f i r s t  decide whether 

the der ivat ion of the guidance mode equations i s  t o  be based upon a 

precise model o f  the system dynamics o r  an approximate mode. The aDprox- 

mate model would be selected t o  s impl i fy  the derivations o r  t o  f a c i l i t a t e  

real time operation. A l l  modes based on an approximate model o f  the 

d.ynamics are operated closed-loop so t ha t  the errors introduced through 

the approximations are removed through feed-back action. 

I n  e i t he r  case the analyst must next decide on e i t he r  an unrestr icted 

i n f i n i t e  dimensional steering law o r  seek t o  l i m i t  the avai lable degrees 

o f  freedom through the introduction o f  a parameterized steering law. The 

l a t t e r  approach w i l l  be ca l led f i n i t e  dimensional steering. I n  general , 

the i n f i n i t e  dimensional law w i l  l resu l t  from a calculus o f  variat ions 

,elution; a f i n i t e  dimensi .rial law i s  a f ixed functional form containing 

a f i r l i  t e  number o f  parameters. I n  t h i s  case an ordinary optimization 

probiem must be solved i f  there are more parameters than end conditions. 



The d i s t i n c t i o n  between i n f i n i t e  and f i n i  te, which i s  r e a l l y  a d i s t i n c -  

t i o n  between non-parameteri zed and parameterized, i s  consistent w i  t h  

theory and oract ice. 

After the guidance law has been derived, i t  may be implemented i n  a 

number o f  ways. There are bas ica l l y  two approaches. Bef0t.e the mission 

takes place one can compute the steer ing law f o r  an ensemble o f  s t a t e  

vectors, and s tore  the steer ing law as a funct ion o f  t ime and the vehic le 

state. This i s  ca l led  the stored expansion method. Such expansions can 

be fur ther  c l a s s i f i e d  according t o  whether they are l i n e a r  or  non-l inear. 

By 1 inear we mean an expansion which develops the contro l  as a l i n e a r  

funct ion o f  the state, even though non-linear analysis may be required t o  

do th i s .  For example, the so-cal led second va r ia t i on  method (Reference 13 

and 14) considers f i r s t  and second order var ia t iona l  terms i n  order t o  

develop the steer ing law, which nevertheless turns out  t o  be a 1 i near 

func t ion  o f  the state. Another approach t o  the problem i s  t o  solve the 

opt imizat ion problem i n  real-t ime. This w5l l  be ca l l ed  r e a l  t ime i t e ra t i on ,  

fo r ,  i n  general, no closed form so lu t ion  t o  the guidance problem ex is t s  

and an i t e r a t i  ve technique must be employed, 

I f  real  time i t e r a t i o n  i s  selected one has a choice of specifyinq 

the end conditions e i t h e r  e x p l i c i t l y  o r  numerically. I n  the e x p l i c i t  

approach the end ccndi t ions  are given i n  funct :anal form. For example, 

the end condi t ior is might require attainment o f  given values o f  energy 

and angular momentum a t  burnout, which can be e x p l i c i t l y  described as 



funct ions of the vehic le s ta te  by the we l l  known conic formulas. The 

nuiwr ica l  end condi t ion a~proach spec i f ies  some p o i n t  o r  some hvoer- 

surface i n  s ta te  space t o  be achieved. The l a t t e r  mav be described i n  

the form of a Taylor ser ies expansion w i t h  numerical coef f i c ien ts .  Zn 

e i t h e r  case, one must speci f y  ce r ta in  nunbers. For n x n l i c i  t end con- 

d i  ti ons one must speci f v  the numerical value of, say, the energy and 

anoular momemturn t o  be achieved. I n  the numerical end condi t ion case 

one must s ~ e c i f v  the coe f f i c i en ts  o f  the series. Target inq i s  the task 

o f  determining these coef f i c ien ts .  This important p a r t  o f  the guidance 

p r e - f l  i ght preparat ion i s  f u r t h e r  discussed elsewhere. 

The scheme o f  c l a s s i f i c a t i o n  i s  sumnarized i n  Tables 3.1 and 3.2, 

and representat ive guidance modes are shown as members o f  the various 

classes. The exam~les l i s t e d  comprise modes which have alreadv been 

employed f o r  space guidance, as we1 1 as schemes which have only  been 

ana ly t i ca l  lv develooed. Because o f  our c l  assi f i c a t i o n  method i t  i s  

possible f o r  some modes t o  fit i n t o  more than one class. 

3 .4  THE FORM OF THE STEERING LAW 

This subsection discusses i n  more d e t a i l  the s t ruc tu re  o f  i n f i n i t e  

dimensional vs f i n i t e  dimensional steer in^ laws as def ined i n  Section 3.3. 

I n f i n i t e  Dimensional Steering : Whether a precise o r  an approximate 

model o f  the system dynamics i s  employed i n  the problem formulation, a 

basic guidance c: ass comprises those modes which empl oy an i n f i  n i  t e  



TABLE 3.1: C L A S S I F I C A T I O N  OF GUIDANCE MODES 

D E F I N I T I O N  O F  PROBLEM: SYSTEM DYNAMICS, SYSTEll PERFORMANCE, END CONDIT IONS,  CONSTRAINTS 

PRECESE MODEL OF SYSTEM DYNAMICS I 



TABLE 3.2: CLASS1 FZCATION OF GllIDANCE MODES 
DEFINITION OF PROiiLEM: SYSTEM DYNAMICS, SYSTEM PERFORMANCE, END CONDITIONS, CONSTRAIKTS 



dimensional steerina law. That is, the steering law i s  reatr lcted only by 

the vehicle and state variable constraints and not by a r t i f i c i a l l y  in-  

troduced parameterization o f  the steerinq angles. The calculus o f  

variations i s  the basic analytical twl f o r  detemininq the time varv- 

inq  steerinq angles. The procedure i s  t o  introduce the adjoint variables 

and ~roceed as i n  the theory o f  optimal control. The follawing discussion 

outlines the najor features o f  t h i s  method. 

The basic equations f o r  the calculus o f  variations solution w i  11 now 

be develooed under the assunption that burnout mass i s  t o  be maximized 

with a mass-flaw-rate-limited propulsion system. The equations o f  

motion are as given by (3.1) and (3.2). The control variables are the 

mass f l a w  rate (~(t), the thrust direction u(t), and the to ta l  burning 

time (T), where 

O L f 3 l B m x  

u - u = l  - - 

The state o f  the vehicle i s  t o  sat is fy  the i n i t i a l  conditions 

r(o) = $. ~ ( o )  = %. m(o) = mo - 

and the f ina l  conditions 

gi(~(T). x(T). T) = O  i = 1.2 .... m - < 6  



The guidance variables B,u - are t o  be selected so that the resul t ins 

state vectors with i n i t i a l  conditions (3.11) sat is fy  (3.12) and mini- 

mize the quantity -m(T). The adjoint state vector 

i s  introduced along with the Hami l tonian H defined by 

From the calculus o f  variations i t  my be inferred that  i f  o ~ t i m a l  

quidance $,u - exists, then there exists an adjoint vector - a which sat- 

i s f i es  the equations 



and the f i n a l  candi t ions 

where S r ,  6v are a r b i t r a w  vectors which sa t i s fv  - - 

n e  maximun or inc in le  iml ies  , furthermore, tha t  

u = AJ-A+,:, and - 

(BmX v(&' Y 2)- A,,, > 0 

I f  the function i s  iden t i ca l l y  0 on an in terva l ,  6 i s  not s w c i -  

f ied. I n  t h i s  case the t ra jec torv  i s  sa id  t o  have a sinaular sub-arc. 

T L e t t i n g y = A  u v e / m -  
II - 'ma 

i t  i s  seen from (3.16) tha t  

It i s  thus unnecessary t o  determine 
A,,, 

from (3.16); integrat ion o f  the 

above equation w i l l  su f f ice .  I t  i s  also seen tha t  



where G = ag/ar, - so tha t  i s  i s  su f f i c i en t  t o  introduce only the three * 
dinrnsional ad jo in t  vector = &. The problem i s  then reduced t o  the 

fol lowing se t  o f  d i f f e ren t i a l  equations and end conditions : 

and 

* 
This procedure i s  no longer va l i d  i n  the presence o f  atmospheric 
drag. The dynamic equation has an addi t ive posi t ion and veloci ty 
dependent acceleration term which makes el imlnat icn o f  A+ impossible. 



f o r  a11 br, - 6v - sat is fy ing  

If the m vectors (agi/ar, - agi/ax) are l i nea r l y  indewndent, then 

the conditions (3.33) represent m-6 conditions on the variables - a, - 

a t  time t = T. The systen o f  equations 

of order twelve i s  thus constrained by a 6 i n i t i a l  conditions and 6 

f i n a l  conditions on the variables - r, - +, -- ~,i. This system and the 

corresponding boundary values w i  11 be ca l led the two po in t  boundary 

value problem. 

There are many methods for implementing these equations i n  an 

exact o r  approximate form. For example, there i s  the gradient method 

(References 27, 28), the Newton-Raphson method (References 13, 14, 19, 

Z O ) ,  various forms o f  successive approximation techniques (Reference 21), 

o r  an approximate solut ion o f  the Hamilton-Jacobi equation (Reference 29). 

A fundamental dif ference i s  between real  time so lu t ion and pre-fl i a h t  

solut ion giv ing the required steering as a function o f  the vehicle state. 

The l a t t e r  technique, the so-called stored solut ion method, may also be 

accomplished i n  a number o f  ways. The guidance commands may be stored 



i n  the form o f  functions of the actual vehicle state; these w i  11, i n  

qeneral , be non-linear functions o f  the state. Another popular method 

i s  t o  store the guidar :omnands i n  the form o f  functions o f  deviations 

o f  the vehicle state from a nominal state. The nominal s ta te  i n  such 

a case i s  generally computed by so lu t ion o f  the two po in t  boundary 

value problem given by var iat ional  theory. The functional form f o r  the 

guidance/state vector re lat ionship may be e i t he r  l i nea r  o r  non-1 inear. 

These methods generally are cal led f i r s t  or  second order methods. The 

major drawbacks t o  the stored solut ion method i s  the enormous amount o f  

w e - f l  i g h t  calculat ion required t o  cover a1 1 contingencies, e.g., var i -  

ations i n  launch date, possible abort modes, e t  cetera, and the bulk of 

the data which needs t o  be stored. The data storage problem i s  consi- 

derably a l lev ia ted when the guidance comnands are given as l i near  

functions o f  the state vector deviations from a nominal. The on-board 

and real  time computer capabi l i t ies  are also a t  a minimum f o r  t h i s  type 

o f  operati on. 

Real time solut ion o f  the b o  po in t  boundary value problem i s  suggested 

as a feasible guidance mode i n  l i g h t  o f  recent advances i n  computer 

technology. Never t h e  less, the computational demands are considerable. 

More design work and test ing w i l l  be required before f e a s i b i l i t y  can be 

de f i n i t e l y  established. A1 though t h i s  method i s  capable o f  y ie ld ing the 

optimal steering law, optimal i t y  i s  but  one measure o f  performance o f  a 

guidance mode. I t  i s  of ten desirable t o  sac r i f i ce  opt imal i ty  i n  favor 

o f  accuracy, ease o f  mechanization, or  a wider reqion o f  app l i cab i l i t y .  

These considerations w i l l  be discussed further i n  Section 3.8. 



FINITE DIMENSIONAL STEERING: This node o f  operat ion mans t h a t  e i t h e r  

the s teer ing  law o r  a po r t i on  o f  the s ta te  vector has been l i m i t e d  t o  a 

f i n i t e  number o f  deqrees o f  freedom. Again, e i t h e r  an approximate o r  a 

precise mode1 o f  the system dynamics may be used, Some o f  the equations 

o f  motion must be in tegrated numerical ly i f  the precise model i s  used. 

This approach has been termed parameterized guidance i n  t h i s  repo r t  and 

i s  more f u l l y  discussed i n  another sect ion. Most o f  the operat ional 

cluidance modes are f i n i t e  dimensional w i t h  an approximate model o f  the 

dynamics. The corrd inate systems and the parameterizat ion employed are  

so selected tha t  the equations o f  motion may be (approximately) in tegrated 

i n  closed form, thereby expressing the end condi t ions i n  terms o f  the 

p ~ a m e t e r s .  The parameters are then de teq ined  t o  ob ta in  the desired 

end condit ions, assuming t h a t  the dynamic model i s  correct .  These modes 

must be run closed-loop so t h a t  the er rors  due t o  the approximate model 

may be removed by subsequent guidance conmands. Since these schemes 
. .- . . . . . 

are r e l a t i v e l y  simple, there i s  no need f o r  the stored s o l u t i m  mode o f  

opera ti on. Further discussion and examples o f  f i  n i  t e  dimensional s t e e r i  nq 

are t o  be found i n  Sections 4, 5, and 6. 

3.5 APPLICATION OF THE CLASSIi-TCATION METHOD TO ATLAS-AGENA-RANGER 
GUIDANCE 

The modes used f o r  guidance o f  the Atlas, Agena, and Ranger vehicles 

f o r  lunar  missions can be c l a s s i f i e d  according t o  the method o f  Section 

3 . 3 .  The mission object ive i n  t h i s  case was t o  impact a given p o i n t  on 

the lunar  surface. D i f f e r e n t  guidance modes were used for each o f  the 

three vehicles. The At las system was radio-comnanded guided, w i t h  the 



p i t c h  and yaw steer ing angles choosen a t  every guidance cyc le t o  be 

l i n e a r  functions of time. Thus there were two parameters t o  choose f o r  

each s teer ing  angle, i .e., the i n i t i a l  angle and the angle r a t e  f o r  each. 

The end condit ions f o r  At las burnout were predic ted a t  each cyc le time 

t by assuninp a constant, average g r a v i t y  vector ac t ing  between t and 

the f i n a l  time. The desired end condit ions were e x p l i c i t l y  given as 

the energy and angular momentum o f  a prespeci f ied coast e l l i p s e  a t  burn- 

out. The e l l i p s e  was chosen such t h a t  mission object ives would be met 

i f  subsequent Agena vehic le were t o  perform nominally. The ca lcu la t ions  

o f  s tee r ing  angle and predic ted time-to-go were i t e r a t e d  i n  rea l  t ime as 

new t rack ing  data was obtained and processed. Thus the At1 as system i s  

t o  be considered an example o f  a guidance mode which employs : (1 ) approx- 

imate model o f  system dynamics; (2) a f i n i t e  dimensional s teer ing law; 

(3) rea l  time i t e r a t i o n ,  and (4) e x p l i c i t  end condit ions. The parking 

o r b i t  coast time f o r  the Agena vehic le was calculated and stored a t  

At las shut -o f f  by using the burnout p o s i t i o n  and the pre-calculated i n -  

e r t i  a1 d i r e c t i o n  o f  the "pseudo-asymptote1' t o  determi ne the coast angle. 

The pseudo-asymptote concept w i l l  be described i n  Section 7. The numerical 

values of these conic param4ters required for  At las guidance were determined 

by a ta rge t ing  process. 

The Agena vehicle was guided i n  more rudimentary fashion. A 

prespeci fi ed nomi nal p i  tch and yaw a t t i  tude angle was commanded, where 

the iner t ia l l y -sensed p i t c h  angle was corrected i n  f l  i q h t  by a horizon 

sensor. Thrust tenni nat ion was comnanded when the int.egrated sensed 



ve loc i t y  reached i t s  nominal value. This rudimentary system can only 

be j u s t i f i e d  theo re t i ca l l y  by assuming an approximate model o f  the 

vehic le motion. Thus, the Agena system i s  t o  be considered an example 

o f  a guidance mode which employs: (1 ) an approximate model o f  system 

dynamics; (2)  a f i n i t e  dimensional s teer ing  law; and (3)  a stored expansion 

w i th  a l i n e a r  form. Note tha t  the parking o r b i t  durat ion, t h a t  i s ,  the 

time o f  s t a r t i n g  the t ranslunar  ' f ~ j e c t i o n  phase, i s  an open-loop guidance 

parameter a f t e r  At las burnout. 

Guidance o f  the Ranger spacecraft was accomplished by t rack ing  from 

the earth t o  determine i n j e c t i o n  conditions, and then i t e r a t i n g  i n  r e a l  time 

t o  determine the three components o f  the ve loc i t y  impulse t o  be appl ied a t  

the prespeci f i e d  midcourse maneuver time i n  order t o  impact the desired 

po in t  on the moon. There was adequate t ime ava i lab le  t o  accomplish these 

calculat ions,  f o r  the cor rec t ion  was not  appl ied u n t i l  15 t o  20 hours a f t e r  

i n jec t i on .  The i t e r a t i o n  process was ca r r i ed  out  by a Newton-Raphson 

procedure. Thus the Ranger system i s  t o  be considered an example o f  a 

guidance mode which employs: (1)  a prec ise model o f  system dynamics; 

( 2 )  a f i n i t e  dimensional s teer ing law; (3) rea l  time i t e r a t i o n ,  and (4)  

niimeri ca l  end condit ions . 
Thus i t  can be seen tha t  the r e l a t i v e l y  simple Atlas-Agena-Ranger 

lunar mission contained three d i s t i n c t l y  separate guidance modes. 



3.6 APPLICATION OF THE CLASS1 FICATION METHOD TO ATLAS-AGENA-MARINER 
GUIDANCE 

The At1 as-Agena-Mari ner vehic le employed f o r  i nterp lanetar  ; 

missions was guided i n  much the same fashion as f o r  Ranger missions, the 

primary d i f fe rence being tha t  the d i r e c t i o n  o f  the earth-escape hyperbol i c 

asymptote was used f o r  c o n t r o l l i n g  the parking o r b i t  durat ion ra ther  than 

the lunar  pseudo-asymptote, The spec i f i ca t i on  o f  the escape asymptote i s  

described i n  Section 7. The midcourse guidance correct ions f o r  the Mariner 

vehic le were detemined as f o r  the Ranger mission, except t h a t  the "impact 

p o i n t "  was specif ied by a f ly-by distance a t  the planet. 

3.7 APPLICATION OF THE CLASSIFICATION METHOD TO SATURN V APOLLO GUIDANCE 

The Saturn V vehic le used f o r  Apol lo  missions i s  guided by the 

so-cal led IGM guidance mode, which stands f o r  I t e r a t i v e  Guidance Mode. 

I n  t h i s  method the p i t c h  and yaw steer ing angles are chosen t o  be l i n e a r  

funct ions o f  time, and end condit ions are predicted assuming a constant 

g rav i t a t i ona l  accelerat ion between present and f i n a l  time. An add i t iona l  

approximation i s  made i n  the ca lcu la t ion  o f  time-to-go t o  burnout, which 

corresponds t o  a rough one step i n teg ra t i on  between present t ime and pre- 

d ic ted  f i n a l  Lime. End condit ions can be spec i f ied  i n  various forms, 

e i t h e r  numerically i n  terms of a desired s t a t e  a t  burnout, o r  e x p l i c i t l y  

from the conic fomulae.  The calculat ions are i t e r a t e d  a t  each guidance 

cycle as new i n e r t i a l  navigat ion data i s  obtained. Thus, as i n  the case 

of At las guidance f o r  Ranger and Mariner missions, we have an example 



o f  a guidance mode which employs: (1) an apprcximate model o f  system 

dynamics; (2) a f i n i t e  dimensional steering law; (3) rea l  time i te ra t ion ,  

and (4) e i ther  exo l i c i  t or  wmerical end conditions. The main dif ference 

between previousiy discussed Ranger-Mariner mission guidance and Apol 1 o 

mission guidance i s  tha t  the i t e r a t i v e  guidance W e  i s  employed a l l  the 

way t o  inject ion, including a closed-loop computati 3n o f  parking o r b i t  

duration, rather than by using a rudimentary guidance mode o f  the Agena 

type f o r  trans 1 u ~ a r  in ject ion.  

The mode used f o r  midcourse and approach guidalrce o f  the Apollo 

spacecraft i s  s im i la r  t o  tha t  used f o r  the Ran~ r jMa r i ne r  vej ic les.  The 

modes used f o r  subsequent phases o f  the Apol l o  mission are o f  the same 

class as the IGM, bui: w i  11 not  be discussed here. 

3.P MEASURES OF GUIDANCE MOO€ PERFORMANCt 

The choice o f  a guidance mode i s  of ten ad hoc, and one must con- 

sider many factors. Some masures o f  guidance system performance 

are: 

1. cotimal i ty - g i  ven that  there i s  a perfonance index t o  

be minimized, say p r c x l l a n t  expenditure, how does the 

obtained value of the performance index compare t o  the 

theoretical minimum? 

2. Accuracy - given that  approximations are introduced i n t o  

the derivat ion and mechanization o f  the guidance eauati ons 

what are the resu l t ing errors i n  the desired terminal con- 

d i t ions? These errors can he c lass i f ied according to: 



approximation error; - due t o  analyt ic  approximations 
introduced i n t o  the der ivat ion o f  the guidance equation. 

corn u ter  errors - due t o  the inaccuracies o f  the numerical 
d r i t h m s  used. t o  implement the guidance equations 
(truncation and roundoff). 

mechanization errors - due t o  the i n a b i l i t y  of the 
vehicle t o  ~ h y s i c a l l y  respond t o  the guidance comnands. 

There are also navigation errors, but, insofar  as the guidance 

and navigation problems are separa~ le  ( i  .e., assuming superposition 

o f  ef fects) ,  these errors need not be considered i n  the design 

o f  a guidance mode. 

3. S t a b i l i t y  - does the guidance mode c a l l  f o r  high frequency 

a t t i t ude  changes, or  can small input  errors r esu l t  i n  large 

non-s tandard maneuvers o f  the vehicle? 

4. Constraint Compabili t y  - i s  the guidance mode ca~ab le  o f  

~enera t ing  commands and a t ra jec tory  which sa t i s fy  a1 1 imposed 

control and s ta te  variable constraints? I f  sa, how d i f f i c u l t  

i s  the task of i nco r~o ra t i ng  the constra+hts i n t o  the analyt ical  

formulation? 

5. pre f l i gh t  prepartion - what i s  the cost i n  time and money 

of p re f l i gh t  p re~a ra t i on  o f  the guidance equations . I n  

par t icu lar ,  how long does i t  take t o  prepare the guidance 

guidance system to  accmplisi! a given mission? (the 

"quick reaction" problem). 

6. ver i f ica t ion requirements - what i s  the cost i n  time and 

money of pref 1 i gh t  ve;i f i ca t i on  o f  guidance sys tern performance? 

(another aspect o f  the "quick reactison" problem) 



7. f l e x i b i l i t y  - what are the tyues o f  missions which the 

guidance mode can perfom, and haw wel l  can i t  adapt t o  

changes i n  the mission, such as variat ions o f  launch azimuth? 

(another aspect o f  the "quick reaction" oroblem). 

8. region of app l i cab i l i t y  - what i s  the range o f  perturbations 

which can be adequately treated by the guidance mode? 

9. c m u t e r  factors - what are the rea l  time on-board and/or 

earth-based computer requirements, i n  par t icu lar  , hcm much 

storage soace i s  required, what i s  the length o f  the computing 

cycle f o r  each i t e ra t i on  o f  the guidance equations, and has 

comolex must the computer be? 

10. g r w t h  potent ia l  - what i s  potent ia l  a p ~ l i c a b i l i t y  o f  the 
guidance mode t o  future missions? 

These measures of performance are qua1 i t a t i  vely discussed i n  

Section 3.9 f o r  various classes o f  guidance modes. 

3.9 DISCUSSION OF GUIDANCE MODE PERFOFWANCE 

It i s  d i f f i c u l t  t o  compare the various guidance modes w i t h  respect 

t o  the many measures o f  performance, f o r  there i s  a wide var iety o f  

missions, mission phases, and launch vehicles t o  be considered. This 

section does not attempt a thorwgh comparison o f  spec i f ic  guidance 

modes on the basis o f  the performance indices, but rather contains a 

more general out l ine o f  the properties o f  the classes o f  guidance modes. 

Speci f i  c resul ts on optimal i t y  , accuracy and region o f  appl icabi  1 i t y  

may be found i n  the simulation results. The fol lowing i s  organized 

according t o  the general c l  assi f i  ca t i  on scheme. 



PRECISE MODEL- IFIFINITE DIFIENSIONAL STEERING 

The s teer ing  law i n  t h i s  case i s  determined v i a  the calculus of 

var iat ions . 
Opt imal i ty :  Both the stored expansion and rea l  time i t e r a t i o n  methods 

are capable o f  performing a r b i t r a r i l y  close t o  optimun, the former 

being l i m i t e d  by any nunerical approximentations o f  the cont ro l  funct- 

i o n  which mav be introduced and the l a t t e r  being l i m i t e d  by the rider 

o f  i t e r a t i o n s  one i s  w i l l i n g  t o  perform. 

Accuracy: Accuracy i s  p r imar i l y  determined by the form of the 

steer ing algori thm near the f i n a l  time, and the  c r i t e r i o n  used 

t o  terminate th rus t .  As i n  the case o f  a l l  guidance modes, 

there i s  a natura l  u n c o n t r o l l a b i l i t y  near burnout (see Section 

9) - 
S t a b i l i t y :  Re la t ive ly  stable, since the optimal s teer ing law i s  

a smoothly varyina funct ion w i th  only moderate changes i n  slope 

a t  switching (staging) times. As i n  the case o f  a l l  guidance 

modes, hwever, there i s  a natura l  po ten t ia l  i n s t a b i l i t y  a t  the 

f i n a l  time (see Section 9.) 

Constraint Compatibi 1 i ty:  Thrust vector (contro l  var iable)  con- 

s t r a i n t s  can be t reated r e l a t i v e l y  eas i ly .  State vector con- 

s t r a i n t s  pose d i f f i c t i l  t i e s  f o r  the rea l  tim i t e r a t i o n  modes, 

however, f o r  there i s  no sa t is fac tory  theory which allows 

st ra ight- forward implementation (see Reference 30). When the 

solut ions are stored, s ta te  variable constra ints may be included 

a t  the expense o f  addi t ional  p r e - f l  i q h t  computation. 

P r e - f l i g h t  Preparation: Relat ive ly  l i t t l e  required f o r  rea l -  

time i t e r a t i o n  methods. The stored expansion method, however, 

requires t h a t  many steer ing comnands be calculated t o  cover 

a1 1 feasible contingencf es. These include changes i n  1 aunch 

data, off-nomi nal vehicle performance, and abort operations . 
There i s  a d i r e c t  t rade-o f f  between the amount o f  p r e - f l i q h t  

 reparation and the region o f  a p p l i c a b i l i t y  i n  the sense t h a t  



the requirement f o r  a l a r s e r  region (e.g., non-1 inear  ra the r  

than 1 i near  cont ro l  law) leads t o  more p r e - f i  i g h t  computation. 

Ver i f i ca t ion  Requirements: Involves s imulat ion o f  a l l  feas ib le  

contingencies. The stored ex pan sic.^ method i s  more d i  f f i c u l  t 

to  ver i fy  than the real - t ime i t e r a t i o n  method because o f  the 

many inpu t  nmbers t o  be checked. 

F l e x i b i l i t y :  P o t e n t i a l l y  very f l e x i b l e  since the form o f  the 

guidance law can be q u i t e  x n e r a l  and a l l  mission parameters 

could be included as i npu t  var iables. 

Region o f  A p p l i c a b i l i t y :  The real - t ime i t e r a t i o n  method can be 

designed t o  e a s i l y  accmoda te  a wide region, being 1 im i  ted  

only by the convergence region of the i t e r a t i o n  algorithm. 

I n  some cases t h i s  reg ion  can be determined ana ly t i ca l l y .  

The region o f  appl i cab i  1 i t y  o f  the stored expansion method 

depends upon the form o f  the expansion (e.g . , l inear  vs non- 

1 inear) as discussed above i n  P r e - f l i g h t  ?,separation. 

Computer Factors: The stored so lu t i on  technique requires 

minimal on-board computer capabi 1 i t y  b u t  1 arge data storage. 

Real time i t e r a t i o n s  requ i re  a re1 a t i  vely sophis ti cated on- 

board computer capabi 1 i t y  , b u t  z minimum of  data storage. 

Growth Potent i  a1 : Limi ted f o r  the stored so lu t i on  method 

since new forms o f  the cont ro l  1 aw may 5e required f o r  d i f f e r e n t  

appl icat ions. Growth po ten t i a l  i s  good f o r  the real - t ime 

i t e r a t i o n  method, since the form of the sc:ution i s  a general 

one. 

PRECISE MODEL-FINITE DIMENSIONAL STEERING 

This class i s  ca l l ed  precise parameterized guidance i n  

t h i s  repo r t  (see Section 6). The same performance may be 

expected o f  t h i s  technique as f o r  I n f i n i t e  Dimensional 



Steeri ng-Real -Time I t e ra t i on  (discussed above), wi th the 

exception that  optimali  t y  may be reuced and instabi  1 i t i e s  

may be induced by the selected form of the control law. 

APPROXIMATE MODEL- INFINITE DIMENSIONAL STEER1 NG 

The guidance modes i n  t h i s  category are essent ia l ly  the same 

as those discussed under Precise Model -1nf in i  t e  Dimensional 

Steering, ewcept the algorithms are applied t o  an approximate 

dynami c model. The purpose o f  i n troduci ng the approxi mate 

model i s  t o  reduce the nunber and/or complexity o f  the cal-  

cu l  a t i  ons required. The correct ive e f f ec t  o f  closed-loop 

operation i s  r e l i e d  upon t o  mair ta i  n accuracy; the main 

l i m i t a t i o n  i s  sow  loss o f  optimali ty. 

APPROXIMATE MODEL-FINITE DIMENSIONAL STEERING 

These guidance modes are based upon an approximate model o f  

system dynamics and a parameterized form o f  the guidance law. 

Optimality: The cost i n  opt imal i ty  i s  s l i g h t  w i t h i n  the region 

of app l icab i l i ty ,  but  there can be de f i n i t e  degradation i n  

opt imal i ty  i f  missions fur ther  from the designed region are 

attempted. 

Accuracy: The f i n a l  value accuracy can be made a r b i t r a r i l y  

good f o r  most missions, subject only t o  the natural uncon- 

t r o l l  abi 1 i t y  suffered by a1 1 guidance modes near burnout. 

S tab i l i t y :  Stable i f  the form o f  the steering law i s  su i t -  

ably chosen (except a t  the f i r a l  time as noted above). 

Constraint Compatibil i ty: State constraints are more easi ly  

handled than i n  the i n f i n i t e  dimensional case since enforce- 

ment of these constraints may normally be accomplished by 

cons t r a i  n i  ng the guidance parameters. 



Pre - f l  i g h t  Preparation : Minimal because o f  the parameterized 

form o f  the guidance law and the s imp l i f i ed  system dynamics. 

Ve r i f i ca t i on  Requirements : Addit ional pre-launch simulat ion 

and v e r i f i c a t i o n  o f  the guidance equations may be required i n  

order t o  check the approximations o f  the system dynamics. 

F l e x i b i l i t y :  Can be made very f l e x i b l e  w i t h i n  the region o f  

app l i cab i l i t y ,  depending only on the form o f  the guidance 

law. 

Region o f  App l i cab i l i t y :  A t  present 1 i m i  ted t o  the p a r t i -  

c l r lar  s e t  o f  mission geometries t o  which the approximatiovs 

apply. The f i n i t e  dimensional modes can overcome deviat ions 

from nominal propulsion performance with re1 a t i  ve case-. 

Computer Factors : Minimal computer capabi 1 i t y  i s  required, 

both on-board and on the ground (see above P r e - f l i g h t  

Preparation). 

Growth Potent ia i :  L imi ted only by the f o n  o f  the guidance 

law and the dynamic system appraximations ; these can be 

mcdi f i e d  r e l a t i v e l y  eas i ly .  

4. SIMULATION OF JUPITER INJECTION GUIDANCE 

Computer simulat ion o f  the 1 aunch-to-in j ec t i on  phase o f  a Jup i te r  

mission was performed i n  order t o  compare t yp i ca l  examples o f  guidance 

modes. The t ra jec to ry  p r o f i l e  was an unusual one, chosen not  as an 

example of c3timal performance hut instead as a severe t e s t  case f o r  

qui dance analysis . The guidance modes chosen were the precise cal cul us 

o f  var iat ions algorithm, the I t e r a t i v e  Guidance Mode ( IGM)  as described 



i n  Reference 23, the TRW Hybrid guidance mode, as described i n  Reference 

8, and an improved i t e r a t i v e  form o f  TRW Hybrid guidance. The IGM 

guidance mode i s  b r i e f l y  discussed i n  Section 3.7, and the TRW Hybrid 

guidance mode i s  b r i e f l y  discussed i n  Section 6.3. These modes are 

examples o f  parameterized guidance laws. I n  a l l  cases the guidance simul- 

ations were carr ied out open-loop, i n  the sense tha t  no random naviqation 

or  systematic errors were introduced 

4.2 TRAJECTORY DESCRIPTION 

The launch-to-injection phase o f  the Jupi ter  f ly-by mission used 

the STACK launch vehicle defined by NASA Electronics Research Center. 

STACK vehicle consists o f  four stages: a 260" s o l i d  f i r s t  stage, an 

S I V B  second stage, an im~roved Centaur t h i r d  stage, and an advanced 

Kick stage. Table I presents the vehicle mass and performance character- 

i s t i c s  obtained from a reference t ra jec tory  provided by ERC. 

The f i r s t  two stages boost the payload i n t o  a c i r cu la r  parkinq 

o r b i t  of 96.13 nautical mi le a l t i tude,  an inc l ina t ion  o f  26 degrees, 

and a descending node o f  101.881 degrees (the angle measured from the 

launch meridian t o  the descending node). Holding t h i s  plane of motion 

fixed, the l a s t  two stages achieve the required veloci t.v f o r  i n jec t ion  

i n t o  the departure hyperbola o f  3.171 eccentr ici ty, an eneray a t  cu t -o f f  

8 2 7.1138 x 10 ft /sec2, and an i n e r t i a l l y  f ixed pos i t ion of periapsis. 

The t ra jec tory  i s  t o  be designed t o  maximize payload a t  f i n a l  in jec t ion,  

subject t o  these f i n a l  value constraints, i,e., or ientat ion o f  the plane 

of motion, enerqy , eccent r ic i ty  , and posi t ion o f  periapsis. 



The opt imal  launch- to - in jec t ion  J u p i t e r  f l y - b y  t r a j e c t o r y  was 

obtained by using the Mu1 t i p l e  Vehic le  N-Staqe (MVNS) program w i t h  the 

grav i  t v  turn ,  I t o r a t i  ve Guidance Mode (IGM) , prograni i n  the  r o l e  o f  a  

p r e l  iminarv  op t im iza t ion  t o o l  and a  Calculus o f  Va r i a t i ons  program. 

Opt imizat ion o f  the t r a j e c t o r y  was conducted i n  two phases: i n j e r t i o n  

i n t o  the s o e c i f i e d  par i t inq o r b i t  and i n j e c t i o n  i n  the  hyperbo l i c  t r a n s f e r  

o r b i t .  

The bas ic  assumptions invo lved  i n  s o l v i n g  the s t e e r i n g  op t im i za t i on  

problem r e l a t i v e  t o  a  three-dimensional mode1 o f  rocke t  mot ion were 

as fo l l ows :  

1  . Spherical  r o t a t i n g  e a r t h  

2. Uniform i nverse-square g r a v i t a t i o n a l  model 

3 .  U.S. 1962 standard atmosphere ( f i r s t  stage on l y ) ;  
no aerodynamic forces f o r  second and upper stages 

4. Ambient pressure cor rected t h r u s t  

5. Minimize t ime o f  oower f l i g h t  t o  achieve spec i f i ed  
f i n a l  condi ti ons . 

0 - ASCENT TO PARKING ORBIT TRAJECTORY OPTIMIZATION 

The STACK veh i c l e  i s  launched from Cape Kennedy a t  an azimuth o f  

90 degrees. An instantaneous k i c k  t u r n  i s  used t o  t i 1  t the  rnissi l e  

a f t e r  a  10 second v e r t i c a l  r i s e  time. A g r a v i t y  t u r l l  program c a r r i e s  

the veh ic le  t o  f i r s t  stage burnout. The second stage, which burns i n  

vacuum, uses the I G M  proqram w i t h  both p i t c h  and yaw steer ing,  t o  



TABLE 4.1 

STACK k u n c h  Vehicle 

Weight Sunma .  

Pavload a t  hyperbolic i n j e c t i o n  
Kick s t age  propel lent  consumed 

Kick s tage  Igni t ion  weigfit 

Improved Centaur dry  weight 4 , 5 a  
Improved Centaur propel lent  consumed 37 , 305 

Improved Centaur wet weight 

S-fV B dry  weight 
S-IV B propel lan t  consumed 
S - N  B in t e r s t age  

S-IV B wet weight 

F i r s t  stagr dry  weight 
F i r s t  s tage  propel lan t  consumed 

Stage 

F i r s t  Stage wet weight 

Vehicle 

Li f t -of f  weight 4,024,022 

Performance Summaq 

Thrust Spec i f i c  
(vacuum) Impulse 

lb . see. 

260" so l id  6,429,857 265 

S-IV B 205,070 425 

Improved cent&= 31,711 465 

Advanced Kick Stage 7,927 465 

Flow 
Rate 

l b / sec  . 



s tee r  the veh ic le  i n t o  the  c i r c u l a r  park ing  o r b i t  descr ibed above. 

The i n e r t i a l  v e l o c i t y  i s  the c u t - o f f  parameter. 

Opt imizat ion o f  the ~ a y l o a d  i n t o  park ing o r b i t  i s  accomplished by 

vary ing the k i c k  angle, wh i l e  cons t ra in ing  the f i r s t  stage t o  a g r a v i t y  

t u rn  and constant burn time, and us ing the near-optimum s tee r i nq  law 

of the I G M  proqram t o  minimize the burn t ime o f  the second staqe f o r  

the spec i f ied end condi t ions.  An i t e r a t i o n  procedure bu i  1 t i n t o  the 

MVNS Drogram generates a s e t  o f  f i r s t  and second staqe t r a j e c t o r i e s  

and provides the  k i c k  angle t o  opt imize f i r s t  staqe burnout a1 ti tude 

f c r  a given burnout weight. F igure 4.1 shows the v a r i a t i o n  o f  the  

second stage burnout weight w i t h  the f i r s t  stage burnout a1 ti tude. The 

near maximum weight i nse r t ed  i n t o  the park ing  o r b i t  i s  obtained w i t h  a 

f i r s t  stage burnout a l t i t u d e  o f  195,494 f ee t .  

Fur ther  improvement i n  the second stage t r a j e c t o r y  i s  obtained by 

usinq the ca3culus o f  va r i a t i ons  package w i t h  the MVNS program. This 

pragrani op t ion  uses i n i t i a l  guesses o f  p i t c h  and yaw ?tti tude and 

a t t i t u d e  ra tes  t o  generate a s e t  o f  Lagrange mu1 t i p l i e r s  t h a t  permit, 

simul taneouslv, so l  u t i o n  o f  the  equations o f  mot ion and the Euler-Lagrange 

equations f o r  m i  nimurn propel  1 ant  consumpt'on. The ca l cu l  us o f  va r i a t i ons  

s o l u t i o n  increased the second stage burnout weight by 380 pounds over 

the I G M  ap~rox imat ion .  A payload increase o f  6,126 pounds reference 

value was obtianed by these op t im iza t ion  methods. 



F i e s t  Sl.nt;e B i i r ~ i c v ~ t  i.'+i.itjrie - lMt) ft. 

FIGURE 4.1 : SECOND STAGE BWUIGUT U E I G K l  



HYPERBOLIC ORBIT INJECTION OPTIMIZATION 

Transfer from parkina orb: t t o  , o departure  h v ~ e r b c l  a requires  

a lona burn time and a la rge  ranqe anqle. The l i n e a r  tanaent steerinci 

law used i n  the I t e r a t i v e  Guidance Mode packaqe i s  no longer s u i t a b l e  

t o  optimize the t h i r d  and fourth s t age  t r a j e c t o r i e s .  The calcul ils o f  

variat ions option is  therefore  used f o r  t he  hyperboljc o r b i t  i n j ec t i on  

ohase. No out-of-plane s t ee r inq  is  rocessarv s ince  t h s  desired olane 

chanae is accomolished durina t he  second s t aqe  burn i n t o  parkinq o r b i t .  

Since the parking o r b i t  d w a t i o n  can be f r ee ly  chosen t o  control 

the ~ o s i t i o n  o f  oer iaps i s  o f  the departure hyperbola, an a r t i t r a r y  

iqn i t ion  time is assuned f o r  the t h i r d  s t age  and the  optimal t r a j e c t o r y  

is desiqned w i t h  i n i t i a l  conditions corresponding t o  t he  oos i t i cn  and 

velocity in  the oarking o r b i t  a t  this time. M i t h  fixed burninq time 

fo r  the third s t a a e ,  the fourth s t age  burnout i s  defined by the f ina l  

energy constraint .  I t e r a t i on  is then oerfonned t o  s a t i s f y  the a n ~ u l a r  

momenturl cons t r a in t  and the  t ransversal  i t y  condi ti on 

- - li - -  v-a  - -  r 3  a = 0 
r 

where 7 and 7 are the instantaneous radius and i n e r t i  a1 veloci ty  vectors 
- " and d the set  o f  Laorange mu l t i p l i e r s ,  and u the grav i ta t iona l  v 
~ a r a m e  ter . 

I n i t i a l  val ws of Lagranqe mu l t i p l i e r s  are  computed from assumed 

i p i  t i  a1 values of the pi tch a t t i t u d e  , 'i' and oi tch a t t i t u d e  r a t e ,  
P' 

To determine a proper s t a r t i n g  combination of  o i  tcb and p i tch  r a t e ,  
P '  

several nominal t r a j e c t o r i e s  a re  simulated f o r  ranaes of i n i t i a l  values 



Y and . The errors i n  angular momentun and t ransversal i ty  
P P 

constraint f o r  each o f  these combinations are p lo t ted i n  Figures 4.2 

and 4.3 t o  show the combinations o f  Y which allow each o f  
P P 

t h i  errors t o  be nulled. Fiq. 4.3 shows tha t  there i s ,  i n  general, 

nore than one value o f  Y corresponding t o  each value o f  ;I which 
P o 

allows the transversal i  t y  constra int  t o  be sat is f ied.  This i s  due 

t o  the highly non-1 i near behavior o f  the transversal i t y  boundary 

condi t S  on and makes the extrapolat ion shown questionable. 

Through a cross ? l o t  o f  the combination o f  Y and 4 which 
P P 

allaws each o f  the constraints t o  be zero, i t  i s  ~ o s s i b l e  t o  determine 

the combination which simultaneously nu1 1s both constraints. This cross 

p l o t  i s  shown i n  Fig. 4.4. The two curves f o r  the zero t ransverszl i ty  

correspond t o  the l e f t  and r i g h t  crossings o f  the curves i~ Figure 4.3 

I t e ra t i on  f o r  an optimum near the in tersect ion o f  the r i g h t  zeros w i th  

the nu1 led angular momttniun constraint  a1 lows rapid convergence t o  the 

only optimal i n j ec t i on  t ra jectory.  The extrapolated 1 e f t  zeros and 

the nul led angular momentun curves w i l l  not in tersect  since the solut ion 

i s  unique. 

After optimization, the t h i r d  stage i g n i t i o n  time i n  the parking o r b i t  

i s  a1 tered t o  produce the desired argunent o f  perigee i n  the f i n a l  i n -  

jec t ion o r b i t  t o  be 159.44 degrees (the angle measured i n  the o r b i t  plane 

from the ascending node t o  a l i n e  passing through the perigee o f  the 

hyoerbolic conic). This i s  oossible because the ~ay load  a t  i n jec t ion  i s  

indeoendent o f  where t h i r d  stage i g n i t i o n  occurs i n  the c i r cu la r  parking 

orb i t .  



--- Extrapolated Polnts 

Initial Pitch Att i tude ,  91 - Degrees 
P 

FIGURE 4.2 : ANGULAR Y ,UaSTUM 



Initial Pitch Attitude, k - Dcgnes 
P 

F I  W R E  4.3: TRANSVERSALITY CONSTRAINT ERROR 



- - -- From extrapolated points 

Initial Pitch  Rate, 'i - ~ e ~ e / e i c c .  

 FIGURE'^. 4 : END CONDITION CROSS PLOT 



The maximum payload a t  in jec t ion  i s  7,480 lb ,  o r  1,024 l b  i n  

excess of ERC's payload. This assunes tha t  the 6,126 1b addit ional 

weight obtained a t  second stage burnout i s  removed from the S-IVB staqe 

as excess fuel  and i s  carr ied through the t h i r d  and fourth stapes. Due 

to  the increased burning- t in# o f  the fourth stage (5,102 1b o f  fuel  

burned), the f i n a l  in jec t ion  conditions are achieved a t  an a l t i tude  

that  i s  1,104 n.mi . above that  o f  the ERC reference trajectory. Table 4.2 

sham a comparison o f  the TRW optimal t ra jectory  wi th  the t ra jectory  

provided by ERC. 

The t ra jectory j u s t  described provides an optimum sol u t i  on under 

the qround rules st ipulated by ERC. I f  the periapsis posi t ion o f  the 

departure hyperbola i s  not specified, however, and only the d i rect ion 

o f  the escape asymptote and the escape energy are specified, be t te r  wr- 

formance may be obtained. Another simulation performed f o r  t h i s  project  

achieved the same asymptotic escape veloci ty  using a (non-optimal ) zer3 

angle o f  attack steering program ( that  is ,  the thrust  vector paral led 

t o  the veloci ty vector), and achieved a 100 pound increase i n  pavloai 

a t  in ject ion.  

4.3 GUIDANCE SIMULATION RESULTS - ASCENT PHASE 

The ascent phase o f  the mission was simulated using three guidance 

modes: the IGM, the TRW H.vbrid, and a var iat ion o f  the TRW H-ybrid using 

a nunerical i t e ra t i on  technique t o  compute the parameters o f  the steer- 

ing  law. The resul ts show a 0.37%, 0.14% and a 0.15% decrease, re- 

spectively, from the second stage burnout weight f o r  the optimized 

trajectory. 



TABLE 4.2a 

ERC - TRW TRAJLCTORY COMPARISON 



TABLE 4.2b 

ERC - TRW TRAJECTORY COMPARISON 

- 
EVENT 

Launch 

Burnout Stage I 

Igni t ion  Staqe I I  

Burnout Stage I 1  

I n i  ti ate Coast 

Tenni na t e  Coast 

I ~ n i t i o n  Staqe I 1 1  

Burnout Stage I I I 

Igni t ion  Stage I V  

Burnout Stage I V  

* 

TIME 
SEC . 

0 

135.76 

135.76 

586.16 

943.90 

1490.90 

1490.96 

21 81 .25 

WEIGHT 

lb. 

4,024,022 

725,036 

322,302 

99,606 

61,124 

23.81 9 

19,250 

7,480 

TRW OPTIMAL 

ka. 

1,825,256 

328,869 

146,193 

45,180 

27,725 

10,804 

8,732 

3,393 

ALTITUDE 

n.mi. 

0 

32.174 

32. i 74 

96.127 

96.111 

221 .I38 

221 .I38 

2647.035 

Im. 

0 

59.587 

59.587 

1 78.028 

177.998 

409.547 

409.547 

4902.308 



The object ives o f  the f i r s t  phase were t o  f i x  the i n c l i n a t i o n ,  

longitude of the ascending node, eccen t r i c i t y  (equal t o  zero), and 

the radius o f  the c i r c u l a r  o r b i t .  I n  order t o  use the TRW Hybrid 

equations, a few simple modif icat ions were made t o  the equations o f  

Reference 8, which do not  al low a c o n s t r a i ~ t  o f  the o r i en ta t i on  o f  the 

f i n a l  o rb i  t plane. (The quidance mode described i n  Reference 8 con- 

s t ra ins  the eccen t r i c i t y  and semi-major axis,  w i th  the plane o f  the 

f i n a l  o r b i t  plane constrained only  t o  conta in an i npu t  t a rge t  vector).  

The resu l t s  of the ascent phase are shown f o r  the TRW Hybrid equations 

and the I G M  equations i n  Table 4.3. The resu l t s  o f  the o ~ t i m i z e d  t r d -  

jec tory  are a lso shown i n  Table 4.3 f o r  comparison. 

The TRW i t e r a t i v e  guidance i s  discussed i n  Section 6.3 where the 

guidence parameters n2, B2, Cil and D2 are defined. This tecnnique re-  

quires an i n i t i a l  guess o f  the guidance law parameters. The t ra jec to ry  

i s  then in tegra ted  from the i a i t i a t i o n  o f  guidance (immediately a f t e r  

S-TVB-sol i d  separation) t o  burnout, def ined as the time when the veloc i  t.y 

vector reaches the prescribed value. The i n i  t i a l  guess o f  the guidance 

parameters A2, B2, C2, and D2 produces a s e t  o f  terminal errors.  Next, 

four  separate in tegra t ions  are performed per turb ing each guidance pa ramte r  

successively (two for  p i t c h  s teer ing  and two f o r  yaw s teer ing) .  This 

allows a matr ix  of p a r t i a l  der ivat ives t o  be determined. The proper 

values o f  the guidance parameters can then be determined t o  n u l l  the 

terminal errors.  It was found t h a t  an appropriate s e t  o f  t r a j e c t o r y  

variables t o  i t e r a t e  upon i s  (1 ) pos i t i on  d i rec ted  out  o f  the desi red o r b i t  





 lane, ( 2 )  rad ia l  distance, and ( 3 )  f l i g h t  path anqle. I n  t h i s  simula- 

t i o n  converqence was achieved a f t e r  seven in tegra t ions ,  which i n c l  uded 

a nominal t ra jec to ry ,  four  p?rturbat ions t o  form the matr ix  o f  p a r t i a l s  

and two attempts a t  n u l l i n g  the terminal errors.  The coriverged r e s u l t  

of these i t e r a t i o n s  i s  shown i n  Table 4.3.  Fiqure 4.5 shows the cosine 

of the angle between the t h r u s t  axis a i ~ d  the r a d i u ~  vector f o r  the 

o ~ t i m i  zed t ra jec to ry ,  the t r a j e c t o r y  obtained by sirnulat i  ng TRW Hybrid 

equations, the t ra jec to rv  obtained by the TRW I t e r a t i v e  equations, and 

the t ra jec to ry  obtained usinq the I G M  equations. 

4.4 GUIDANCE SIYULATION RESULTS - INJECTION PHASE 

The object ives o f  the second phase were t o  f i x  the eccen t r i c i t y ,  

the arqument of perigee, and the energy o f  the depart ive hyperbola, hold- 

i n q  the plane o f  motion f i xed  (no out-of-plane steer ing) .  Nei ther  the 

I G M  guidance 1 aw nor the TRrJ Hybrid guidance law o f  Reference 8 would 

perform the second phase of' the Jup i te r  fly-b,y t ra jec to rv ,  s ince the 

lonq arc l e n ~ t h  and high burnout a1 t i t u d e  o f  the reference t r a j e c t o r y  

v io la ted  the basic  assumptions required t o  der ive these guidance modes. 

Only the TRW i t e r a t i v e  equations produced a sat isfact0r.y t ra jec tory .  A 

pr'blem was encountered w i th  the con t i nu i t y  condit ions a t  s taging 

(separation o f  the Centaur and Kick Stage), however. The equations o f  

Reference 8 enforce . ..~ntinui t of the d i rec t i on  cosine (between the 

th rus t  axis and the radius vector) and the d i r e c t i o n  cosine r a t e  a t  

staging. I t  was found tha t  enforc ing cont inu i ty  o f  the d i r e c t i o n  cosin2 

ra te  d id  no t  produce good resu l ts .  Hence only the con t i nu i t y  o f  the 
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d i rec t i on  cosine was enforced a t  staginq. Figure 4.6 shows the va r ia t i on  

o f  the d i rec t i on  cosine w i th  f l l g h t  time f o r  the second ~ h a s e  o f  the 

J u ~ i  t e r  f l y -by  t ra jec tory ,  which indicates the d i scon t i nu i t y  o f  the 

d i rec t i on  cosine r a t e  a t  staging f o r  the Hvbrid guidance law. 

The t ra jec to ry  in tegrat ions and i t e r a t i o n s  were ca r r i ed  out 2s i n  

the ascent phase, where the constra ints  f o r  t h i s  po r t i on  o f  the t r a j e c t c r y  

were energy, eccentr i  c i  t y  , avd argument o f  perigee. S i  nce , i n c l  udi ng the 

tota! burning time T, there were four  quidance parameters, B3, D3,Dq, and 

- 
! (Bq being constrained by the cont ihui  ty condi t ion o f  st,ping! and onlv  

three c o ~ q t r a i  n ts  , the burnout wei qh t  can be maximi zed. Converaence was 

achieved i n  th i r t een  i t e ra t i ons .  Given an i n i t i a l  auess of the oarameters 

Bj, a3, and D4 (which remain constant throughout the f l i g h t )  the terminal 

errors were determined a t  the time (T) when the ve loc i t y  magnitude reached 

the soec i f ied  val w. The oarameters B3, D3, and D4 were then successively 

perturbed i n  order LO f o m  a ~ l r a t r i x  o f  ~ a r t i a l  der ivat ives.  Three i n -  

tearat ions were necessary t o  converge cn the parameters D3 and D4 which 

would nu1 1 the terminal e r ro rs  f o r  a g i  w n  Bj, which was then perturbed 

aaain and the above process repeated u n t i l  convergence was achieved. A t  

t ha t  time, three pa i rs  o f  val w s  o f  burnout weiqht and B3 were avai lable. 

Burnout weipht was ther  f i t  t o  a quadrat ic versus B3 and the optimum 

value o f  B3 obtained. This burnout weight was only 36 pounds less than 

the weiqht achieved f o r  the optimized t ra jec to ry  o f  Reference 2. The 

s e n s i t i v i t y  c f  the burnout we?qnt t o  var iat ions i n  the cont ro l  parameter 

B3 was determined. The resu l t s  a r e  shown i n  Figure 4.7. The comparison 

o f  the resu l t i ng  t ra jec to rv  w i th  the optimized t r a j e c t o r y  i s  shown i n  

Table 4.4. 
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TABLE 4.4: COMPARISON O F  CERTAIN TRAJECTORY 
VARIABLES AT INJECTION i N T O  A 
HYPERBOLIC TRAtl ECTORY 

OPTIMIZED TRW HYBIRD GUIDANCE 
TRAJECTORY PAP* $USING NUMERICAL 

ITERAT JON TECHNIQUE 

Time of Burnout 
( seconds) 

Wvnout Weight 
(pounds 

m i t u d e  of the Inertial 46743.1 46732 -6 
Velocity 
( feetlsecond) 

Ihgnitude of the Radius 
Vector 
( feet 

Total Ehergy 
(feet )2/(second)2 

Radial Veloc icy 
( f eetlsecond) 

Tangential Velocity 
( feetlsecond) 

;light Path Angle 
(degrees ) 

Eccentricity 3 .I7157 3.17156 

Argument of Perigee 
(degrees ) 

hue  Anomaly 
(degrees ) 

Inclination 
(degrees ) 

bngitude of the Aacendlng 201.277 201.277 
Node 
(deg-8 



This procedure was ca r r i ed  out only  f o r  the siven nominal s t a t e  

vector a t  t h i r d  stage i g n i t i m ,  wh i le  f o r  a r e a l i s t i c  app l ica t ion  i t  

would be repeated as new naviaat ion data as obtained. Such i t e r a t i o n s  

would not  be necessarv, o f  course, i f  no naviqat'on o r  systematic e r ro rs  

were present. Note, however, t ha t  no opt imizat ion would be possible f o r  

i t e r a t i o n s  ca r r i ed  out  dur i  na fourth stage, f o r  then there would be just  

as many end condit ions t o  s a t i s f . ~  ( three)  as guidance parameters re-  

maining t o  be chosen ( B ~ ,  D4 and d ) .  This would not  be t rue  i f  only two 

end condit ions were specif ied, e.g., energy and d i r e c t i o n  o f  the escaoe 

asymptote. 

5 .  SIMULATION OF ATLAS-CENTAUR GUIDANCE 

5 . 1  INTRODUCTION 

I n  order t o  make the numerical evaluat ion o f  guidance modes more 

comnlete, studies o f  Atlas-Centaur guidance car r ied  out  by TRW Systems 

Group under NASA Contract NAS-3-3231 (Reference 8 ) are sumar i  zed i n  

t h i s  Section. These studies evaluated the o ~ e r a t i o n  o f  the same two 

f i n i  t e  parameter guidance modes discussed i n  Section 4 : the 1 t e r a t i v e  

Guidance Mode (IGM) and the TRW Hybrid Guidance Mode. The e igh t  

missions simulated f o r  the study are described i n  Section 5.2, and 

guidance resu l t s  are given i n  Section 5 .4 .  While these e igh t  missions 

represent a spectrum o f  s i tua t ions ,  perfomance o f  the two guidance 

modes was sa t i s fac tc ry  i n  each case. This concluc on i s  t o  be contrasted 

w i th  the rcsu l+s  c~f Section 4, where ne i ther  mode was adequate f o r  

guidance o f  the unusual Jup i te r  i n j e c t i o n  phase t ra jec to ry .  



5 .2 ATLAS-CENTAUR MISSION DESCRIPTIONS 

The simulations resu l t s  described i n  t h i s  sect ion compare the per- 

formance o f  the IGM and TRW Hybrid guidance modes w i t h  the optimal solut ion.  

A s e t  o f  e i g h t  Atlas-Centaur missions was selected f o r  simulation. This 

se t  o f  miss-ions may be considered t o  provide a cross-section o f  future 

planning f o r  t h i s  vehicle. The missions are not  p a r t i c u l a r l y  severe from 

the standooi n t  o f  guidance, and these resul  t s  i nd i ca te  or imar i  l y  the adequacy 

o f  ex i s t i ng  modes. The missions hre: 

i . One-Burn Lunar (D i rec t  Ascent) 
2. Two-Burn Lunar (Parking Orb i t )  
3. Earth Orb i ta l  
4. Earth O r b i  t a l  , Polar 
5. One-Burn Planetary (Mars, D i rec t  Ascent) 
6. Two-Burn Planetary (Mars, Parking Orb i t )  
7. Synchronous Sate1 1 i t e  
8. Solar Probe. 

General descript ions o f  these missions are given below. 

e One-Burn Lunar (D i rec t  Ascent) 

The One-Burn o r  D i r e c t  Ascent Lunar Mission i s  designed t o  i n j e c t  

the Atlas/Centaur oayload i n t o  a lunar t rans fer  o r b i t  w i t h  one continuous 

burn o f  the Centaur engine. 

The Centaur guidance sub-phase f o r  t h i s  mission i s  i n i t i a t e d  as 

described previously and the engine burns f o r  a per iod o f  approximately 

429 seconds. Termination occurs when the desired c u t o f f  ve loc i t y  o f  

36060 f e e t  per second (nominal t ra jec to ry )  i s  reached. Payload weight 

and t o t a l  i n j e c t i o n  time ( tha t  i s ,  f r o m  l i f t o f f  t o  translunar in. ject ion) 

are about 6662 pounds and 675 seconds, respect ively 



a Two-Burn Lunar Mission (Parking Orb i t )  

The Two-Burn Lunar Mission has the same object ives as the D i r e c t  

Ascent Lunar; namely, the i r j e c t i o n  o f  oayload i n t o  a lunar  t rans fer  

o r b i t .  However, in t h i s  case the Centaur guidance phase has two burn 

~ e r i o d s .  The f i r s t  burn has a durat ion o f  about 324 seconds and i n j e c t s  

the vehic le i n t o  a nominj l  100 naut ica l  m i l e  c i r c u l a r  o r b i t .  The vehic le 

coasts through approximately 25-30' i n  t h i s  o r b i t  f o r  phasing, then 

re ign i tes  and burns f o r  aoproximately another 108 seconds t o  i n j e c t  i n t o  

the desired transluna, o r b i t .  As w i t h  the d i r e c t  ascent mission, t h i s  

desired i n j e c t i o n  o r b i t  i s  s ~ e c i  f i e d  by the aoogee, oerigee, i n c l i n a t i o n ,  

ascending node and argment  of oerigee. The ournose o f  the two burns, 

i .e., i n j e c t i n g  i n t o  +.he oarkinq o r b i t ,  i s  t o  obta in a much la rge r  launch 

windcw than would be oossible w i th  the d i r e c t  ascent mission. 

This mission used the orevious ground ru les.  Tota l  time 

from l i f t o f f  t o  f i n a l  i n j e c t i o n  was about l i 7 0  seconds and Centaur 

t o t a l  burn time was aooroximately 432 seconds. Payload del ivered 

was nearly the same; however, the t radeof f  penal ty  i n  obta in ing the 

l a rge r  launch window was an increased t r i p  t ime f o r  the two burn 

mission. 

Low Earth O r b i t  

The ear th o r b i t  mission i s  an i n j e c t i o n  i n t o  a low 100 naut ica l  

m i  l e  c i r c u l a r  ear th o r b i t  ( o a r t i c u l a r  ear th o r b i t  missions i ncf udi ng the 

~ o l a r  o r b i t  and the parking o r b i t  phase o f  several missions are discussed 

be1 ow). 



A 90-degree launch azimuth was used and t o t a l  Centaur burn time was 

nominally about 325 seconds. This p a r t i c u l a r  mission i s  near ly  i den t i ca l  t o  

the parking orb i  t phase o f  other missions . 

0 Polar Orbi t Mission 

The polar  o r b i t  mission d i f f e r s  from the usual earth o r b i t a l  mission 

i n  t h a t  the i n j e c t i o n  o f  the Atlas/Centaur payload i s  i n t o  a 90-degree 

i n c l i n a t i o n  o r b i t ,  using a s ing le  continuous Centaur burn. The reference 

o r b i t  was 100 naut ica l  miles, c i r cu la r .  The maximum a1 l w a b l e  launch 

azimuth was assumed t o  be 147 degrees, which necessitated a sizeable plane 

change during the  overa l l  powered f l i g h t  phase. Thus, i n j e c t i o n  i n t o  t h i s  

mission mode orovides a thorough t e s t  o f  the yaw steer ing capab i l i t y  o f  

the guidance scheme. 

Most o f  the  q u a l i t a t i v e  aspects o f  the launch and guidance 

phases are the same as described f o r  the D i r e c t  Ascent Mission. 

0 v e r a l l  i n j e c t i o n  and Centaur burn times vere 612 seconds and 365 

seconds, resoect ively. Pa;V1oad weight was approximately 11050 

pounds. 

e One-Burn Planetary Mission (Mars, D i rec t  Ascent) 

A d i r e c t  ascent Mariner simulat ion was chosen t o  represent the 

one burn planetary mission. The Centaur object ive i s  t o  i n j e c t  the 

vehicle i n t o  a hyperbolic o r b i t  whicn w i l l  i n te rcep t  Mars. The 

l imf  ta t ions  o f  the one burn lunar mission apply t o  t h i s  case i n  t h a t  

a very small launch window i s  avai lable w i th  t h i s  mode, since a coast 



~ h a s e  i s  no t  ava i l ab le  f o r  phasing improvement. Almost 450 seconds o f  

Centaur burn t ime werc reau i red  f o r  t h i s  mission. 

A feature o f  the s o l a r  probe, and the two-burn n lane ta ry  

miss ion (below), i s  t h a t  the quidance equat ion- a1i:st be able t o  t r e a t  

both e l l i p t i c a l  and hyperbo l i c  i n j e c t i o n s .  

o Two-Burn Planetary Miss ion (Mars, Parking O r b i t )  . .- 

The Mariner Mission i s  designed t o  i n j e c t  the  veh ic le  i n t o  a  

hynerbol ic  ea r t h  escape c r b i  t which places i t  i n  an i n t e r ~ l a n e t a r y  

t r a j e c t o r y  i n t e r c e ~ t i n g  Mars. The p r o f i l e  cons is ts  o f  i ~ j e c t i o n  i n t o  a  

nominal 100 nau t i ca l  m i l e  c i r c u l a r  park ing o r b i t ,  fo l lowed by' a 240' ea r t h  

o r b i t .  This miss ion should reveal  any s e n s i t i v i t i e s  i n  the guidance 

equations due t o  the d e f i n i t i o n  o f  the o r b i t a l  elements. 

The launch and sus ta iner  guidance phases f o r  t h i s  miss ion a re  the  

same as fo r  the  Two-Burn Lunar Mission. The Centaur guidance phase 

d i f f e r s  from t h a t  miss ion i n  t h a t  a  s l i g h t l y  d i f f e r e n t  park ing  o r b i t  

i s  used and the park inq  o r b i t  coast i s  almost a  comolete per iod.  

0 Synchronous O r b i t  Miss ion 

A synchronous s a t e l l i t e  i s  an o r b i t i n g  veh i c l e  which would be 

oermanently s ta t ioned  ( i f  ea r t h  was spher ica l  and homoqeneous) over a  

o o i n t  of ear th .  To accomplish t h i s ,  the o r b i t a l  per iod  must equal t h a t  

o f  the earth,  i .e., be a  24 hour sate1 li te,  and i t  must l i e  i n  the  

equato r ia l  plane. The proper a1 ti tude f o r  t h i s  synchronous o r b i t s  i s  

approximately 19326 nau t i ca l  m i les .  



The Centaur guidance subphase of the mission accomplishes t h i s  

mission by i n i t i a l l y  p lac ing  the vehic le i n t o  a nominal c i r c u l a r  park ing 

o r b i t .  When the phasing i s  proper, the vehic le i s  i n jec ted  i n t o  a 

Hohmann t rans fer  o r b i t  w i t h  an apoqee a t  the 24-hour synchronous sate1 1 i t e  

a l t i t u d e  and a t  a p o i n t  above the ear th near the f i na l  desired lonqitude. 

A t  apogee, the t rans fer  o r b i t  i s  c i r cu la r i zed  and the necessary yaw 

maneuver i s  made t o  b r i n q  the f i n a l  o r b i t  onto the equator ia l  plane. 

Guidance requirements imposed by t h i s  mission r .e two coast periods, 

a la rae  plane change, and achievement o f  a 0' i n c l i n a t i o n  f o r  t h r  equa- 

t o r i a l  o r b i t .  The l a s t  requirement can be a ta rge t ing  problem f o r  some 

schemes i c  t h a t  the ascending node i s  undefined a t  the 0' i n c l i n a t i o n .  

Centaur burn time t o t a l  about 451 seconds f o r  t h i s  mission and 

t o t a l  i n j e c t i o n  time was about 20740 seconds f o r  the case considered. 

Solar Probe Mission 

The so la r  probe mission i s  designed t o  achieve a close pe r ihe l i on  

distance usinq the Atlas/Centaur vehicle. I f  tne apohel i o n  distance i s  

approximately equal t o  the e a r t l : ' ~  o r b i t a l  distance, the sun-centered 

e l l i p s e  described by the probe must have a iower o r b i t a l  enerqy than 

the ear th 's  c i r c u l a r  o r b i t  possesses. This necessi t a ~ e s  a retrograde 

launch from the ear th w i t h  respect t o  the sun ( t o  lower energy), 

o r  ad jus t ing  the semi-major axis t o  the desired value. A small s lane 

change would be necessary for  a launch i f  an e c l i p t i c  plane  robe 

o r b i t  were desired. The out-of-?lane e f fec ts  have been minimized, 

however, by i n j e c t i n g  w i th  the ve loc i t y  vector p a r a l l e l  t o  the e c l i p t i c  



and t o l e r a t i n g  the small angular d i f f e rence  between the planes. The 

miss ion s imu la t ion  was a lso  desiqned such t h a t  a l i n e - o f - s i g h t  com- 

munications ' i n k  would be poss ib le  a t  the  t ime o f  p e r i h e l i o n  passage. 

5.3 THE ATLAS-CENTAUR iAUNCH VEHICLE 

I n  order  t o  reduce the complexi ty o f  the studv, po r t i ons  o f  each 

mission were made as nea r l v  s i m i l a r  as poss ib le .  The main d i f ferences 

occur i n  the number and du ra t i on  o f  the  Centaur burns, and i n  launch 

azimuth. The miss ion p r o f i l e  i s  separated i n t o  a launch ~ h a s e ,  which 

i s  common t o  a l l  missi3ns, and a guidance phase which s teers  t he  veh i c l e  

t o  a ~ p l i c a b l e  end cond i t i ons .  The common launch phase w i l l  be descr ibed 

f i r s t .  

The A t las  booster  has th ree  independent sets  o f  engines as shown 

i n  the sketch below: 

Vern ier  Enqi nes 

Susta iner  Engine 

t Booster 
I 

Booster 
Enqi ne 

Vern ier  Enqi nes 

FIGURE 5.1: ATLAS ENGINE CONFIGURATION 

Engine 



The assumed sequence o f  events i s  shown i n  the l i s t  below: 

TIME (minutes) DESCRIPTION OF .- EVENT 

0.0 L i f t - o f f ,  S t a r t  booster 

0.3 End Ver t i ca l  Rise. S t a r t  Gravi ty  Turn 

BECO (Booster Engine Cut-Off) , 
Begin Sus ta ine r  Phase 

SECO (Sustainer Engine Cut-Off) 
VECO (Vernier Engine Cut-Off) 
Pre-Centavr S tar t ,  Separation 

4.4 Centaur Main-Engine F u l l  Thrust. 

'(he latlnch phase consists o f  t h a t  f l i g h t  po r t i on  from l i f t - o f f  

t o  10 seconds a f t e r  BECO, a t  which p o i n t  ac t i ve  quidance i s  i n i t i a t c  ,. 
For the Atlas/Centaur conf igurat ion, the ove ra l l  guidance ~ h a s e  can 

be considered t o  cons is t  o f  the sustainer and Centaur subphases. 

The susta incr  guidance phase i s  s i m i l a r  f o r  a l l  missions and i s  

character ized by s t a g i ~ q  o ~ e r a t i o n s  such as the j e t t i s o n i n g  o f  various 

equipment and the Atlas/Cen:aur separation. The Centaur guidance phase 

consists o f  coasting and powered sub-phases as spec i f ied  ;or the 

p a r t i c u l a r  mission. These are discussed i n  Section 5.2. The i n i t i a t i o n  

o f  the Centaur phase however, i s  c m o n  t o  a l l  missions. The ~ h a s e  

begins 8.6 seconds a f t e r  SECO w i t h  a low t h r u s t  and f low-rate requ i r i ng  

1.315 seconds u n t i l  f u l l  t h rus t  and f low r a t e  are achieved. The same 

s tar t -up  orocedure appl ies t o  subsequent re4gni t ions  . 



* Closed Loop  inu us Ca1cl;lirs cf Variations. I 
I 1 ** The IGM sinuiation does n o t  use the time-to-ao cutoff routine. D u t  , 

I achieves a ~ e r f e c t  cutoff on desired ve loc i t~ .  All of the IGM re- I 

I sul ts above would also be s l  i qht fv  degraded i f  this routine were 
us2d. i t  i s  estimated that the resultina error i n  velocity 
naani tude would be less than 0.1 ft/sec. 



TABLE 5.2: VEHICLE DISPERIONS--ACCURACY AND PERFORMANCE RESULTS AT 
INJECTIOPJ FOR THE DIRECT ASCENT LUNAR MISSIONS 

r < 

Variat ions : 
Perturbed Val ue-Nomi nal Val ue 

i 

Dispersion 
' M i  dcourse 

Dispersion Maqnitude Scheme Pa l o  d P r i  e C r r e c t i  ns* 
r l b f  f ft$ - ?ft/sec? 

Sus t a i  ner  I 
SP' 

Nominal Thrust 

Centaur I 
SP' 

Yomi nal Thrust 

Thrust and I 
s P 

o f  a i l  stages 

(Nominal Flow Rate) 

P i tch  Rate 

(Booster P i tch  

Program) 

Launch Azimuth 

* 
An approximate f i gu re  based on the miss a t  the nominal impact time pre- 
d ic ted  from two-b0d.y equations, and a midcourse time-to-go o f  160,000 
sec. 

+ l .  5% 

-1.5% 

+ l .  5% 

-1.5% 

+3% 

-% 

+4.6% 

-4.6% 

+2O 

- 2O 

Hybrid 

IGM 

Hybrid 

IGM 

Hybrid 

IGM 

H.ybrid 

I GM 

Hybrid 

I GM 

Hybrid 

IGM 

Hybrid 

I GM 

Hvbrid 

IGM 

Hybrid 

I GM 

Hybrid 

I GM 

53.3 

51.9 

-52.1 

-52.2 

169.9 

168.7 

-169.7 

-169.7 

475.4 

693.0 

-702.2 

-699.5 

-19.1 

-19.6 

-15.7 

-15.2 

-16.9 

-16.8 

2.2 

1.8 

- 1 

3 

7 

3 

3 

0 

1 

1 

3 

1 

4 

5 

11 

- 3 

10 

0 

5 

- 1 

9 

0 

.01 

.02 

.24 

.15 

.01 

.03 

.24 

.23 

.13 

.22 

.09 

.26 

-12 

.18 

.04 

.15 

.07 

.16 

.10 

.10 



TABLE 5 . 3  

V E H I C L E  DISPERSIONS--ACCURACY AND PERCORMANCE RESULTS AT 
INJEC1-ION FOR THE POLAR O R B I T  M I S S I O N  



The vehicle AtlasICentaur 8 i s  simulated as speci f ied i n  the GDC 

report  series "Centaur Monthly Configuration, Performance and Weight 

Status Report". The thrust  and mass flow rates of the sustainer and 

Centaur phases are approximately as given below: 

Thrust ( lbs )  

Sus t a i  ner 8? ,000 

Centaur 30,000 

Mass Flow Rate (1  bsjsec) 

5 .4 ATLAS /CENTAUR SUI DANCE SIMULATION RESULTS 

Table 5.1 shows accuracy and performance resul ts for the Irgl and 

TRW Hybrid quidance equations. These resul ts show the adequacy o f  e i the r  

scheme f o r  the missions simul ated. 

I n  addition, perturbations i n  vehicle performance parameters were 

introduced i n  the One-Bum Lunar Mission and the Earth Polar Orb i t  

Mission i n  order t o  assess the e f fec ts  on accuracv. The resul ts are 

presented i n  Tables 5.2 and 5.3. These resul ts show tha t  both schemes 

are able t o  achieve mission end conditions i n  m i t e  o f  off-nominal 

vehicle performance. 

6. PRECISE PARAMETERIZED GUIDANCE 

6.1 INTRODUCTION 

The success o f  the TRW I t e ra t i ve  guidance mode on the In jec t ion  

Phase of the ERC t ra jec tory  suggests the f e a s i b i l i t y  o f  studying other 

forms o f  precise parameteri zed (o r  f i n i t e  dimensi ma1 ) guidance. This 

section contains a discussion o f  these schemes and the advantages which 

may be expected t o  resul t .  



There are bas ica l l y  two types o f  parameterized guidance: 

a parameterized control  - where ; ie form o f  the steer ing 

law i s  spec i f ied  as a funct ion o f  time containing the 

a r b i t r a r y  guidance parameters. The IGM mode i s  an 

example, where the steer ing angle tanqent i s  chosen 

t o  be a l i n e a r  funct ion o f  time, tan x = A + B t .  A 

crude nunerical in tegra t io t l  then re la tes  the parameters 

(A, B) t o  the end conditions. 

a oarameterized s td te  - where the form o f  ce r ta in  s ta te  

variables i s  spec i f ied  as a funct ion o f  time containg 

the a r b i t r a r y  guidance parameters, and the s teer ing  law 

i s  thereby i m p l i c i t l y  determined v ia  the equations o f  

motion. The TRW Hybrid guidance mode i s  an example, 

where the rad ia l  distance ( r )  i s  chosen t o  be r = 

aT(t )  [A + Bt], and aT( t )  i s  the th rus t  acceleration. 

The precise forms o f  parameterized guidance, which do not  approximate 

the equations o f  motion, may be regarded as being as being intermediate 

t o  the approximate closed form i t e r a t i v e  modes, such as I G M  and TRW 

Hybrid, and the complete calculus o f  var iat ions so lu t ion  employing the 

ad j o i  n t  variables . Recent advances i n on-board computing capabi 1 i t y  

have l e d  t o  the suggestion t h a t  i n teg ra t i on  o f  the ad jo in t  equations 

and i t e r a t i v e  search f o r  the correct  ad jo in t  variable i n i t i a l  values Ray 

be possibla i n  rea l  time. It i s  fu r the r  suggested t h a t  such a scheme 

would form a reasonable basis f o r  a g~ idance mode. 



spproximate parameterized schemes such as the I@! and TRW Hybrid 

modes require a minimun of computer capab i l i t y .  These modes (o r  va r i -  

at ions o f  them) have been tested and have proven qu i te  successfirl w i t h i n  

the spectrum of missions f o r  which they were designed. These f i n i t e  

dimensional schemes achieve near op t ima l i t y  because the funct ional  forms 

imposed on the steer ing funct ion o r  ce r ta in  dynamic variables are selected 

t o  im i ta te  the behavior o f  these variables on an optimal t ra jec tory .  i n  

addit ion, ce r ta in  approximations are introduced t o  obvi ate the r~ecessi t y  

o f  i n teg ra t i ng  the equations o f  motion. Usual ly the d ~ w n r a n ~ e  t rans fer  

angle and time-to-go t o  burnout are approximated through the use o f  closed 

form expressions . 

The performance o f  these schemes i s  superior i n  several respects: 

V e r i f i c a t i o n  Requirements. Bejng r e l a t i v e l y  simple , 
there i s  l es r  opportunity f o r  system error .  

Region o f  Appl i cabi 1 i ty.  Simulations and f l i g h t  t es ts  

have shown t h a t  these modes continue t o  work wel l  even 

when booster performance d i  f f e r s  from nomi nal . 

a Computer Requi rements . - M i  nimal . 

P r e - f l i g h t  Preparation. Minimal. 

The l im i ta t i ons  o f  these modes ar ise  from the in t roduct ion  o f  the 

closed form a~proximations i n  place o f  in tegra t ion  o f  the equations o f  

motion. The precise parameterized guidance attempts t o  re ta in  the 



desirable features mentioned above and t o  e l im ina te  the disadvantages 

by replac ing the approximate expressions w i th  t ra jec to ry  i n teg ra t i on  and 

Newton-Raphson i t e r a t i o n .  This general idea resu l t s  i n  a new class o f  

guidance modes whizh are intermediate i n  complexity between the e x i s t i n g  

parameterized schemes and the calculus o f  var ia t ions  solut ion.  An 

example, the i R W  I t e r a t i v e  mode discussed i n  Section 4 , was seen t o  

perform we l l  on the ERC Jup i te r  Fly-by I n j e c t i o n  Phase even though the 

IGM and TRW Hybrid modes fa i led .  

6.2 GENERAL DISCUSSION OF PRECISE PARAMETERIZED STATE GUIDANCE 

Having selected a coordinate system i t  . . assumed t h a t  the s ta te  

vector - x of dimension n may be port ioned i n t o  vectors y and - z o f  

dinension n and n respect ively,  nl + n2 = n, 1 2 

such t h a t  the dynamic equations may be w r i t t e n  

It i s  a s s m d  t h a t  the fol lowing parameterization i s  imposed: 



where h ( t ,  c) i s  a speci f ied function and - a i s  a k-dimensional constant 

vector of parameters. Then the vector function y_ may be determined as a 

fmct ion of t and - a: 

= y ( t * ~ ) .  (6.5) 

It i s  further assumed that  the remaining two equations 

determine - u, and hence - z,  unique1 y as functions o f  t and - a. This requires 

that  m = n,. 

Suppose the f ina l  conditions o f  the problem are o f  the form 

Y(T, x(T)) - = 0 (dimension g) 

and the performance index i s  

Having y_ and z as functions o f  (t ,a) means that  the problem becomes - 
the f inite dimensional problem: 

Choose T, - a t o  minimize 



Subject t o  the cons t ra in ts  

I t  i s  assumed t h a t  q  - < k + 1. I f  the e q u a l i t y  holds, t he re  are of course 

on ly  s u f f i c i e n t  deqrees o f  freedom ava i l ab le  t o  s a t i s f y  the f i n a l  condi-  

ti ons . 

There are several  methods ava i l ab le  fo r  s o l v i n g  the f i n i t e  dimensional 

~ r o b l e m .  A l l  o f  these requ i re  i n t e g r a t i o n  o f  equat ion (6.3) a t  l e a s t  once 

f o r  each i t e r a t i o n ,  w i t h  add i t i ona l  i n t ea ra t i ons  i f  n u m r i  ca l  d i f f e r e n t -  

i a t i o n  of the end condi t ions w i t h  respect  t o  - i s  t o  be en,plo,yed. I n -  

teqra t ions  of l i n e a r i z e d  versions o f  the  equations would be reaui  red  i f  

the de r i va t i ves  are t o  be determined from the v a r i a t i o n a l  equations. 

There i s  thus a  considerable amount o f  e x t r a  c o m ~ u t a t i o n  over the I G M  

and TRW Hybr id  modes, y e t  no more than through i n t r o d u c t i o n  o f  the a d j o i n t  

var iab les.  Fur ther  s imu la t ion  work i s  needed t o  determine the f eas ib i  1  i ty 

o f  such a scheme. 

Several comments on poss ib le  va r i a t i ons  o f  the scheme and app l i ca t ions  

are i n  order:  

State Var iab le  Constraints.  It i s  sometimes necessary 

t o  impose s t a t e  cons t ra in ts  which concern on ly  the 

p o r t i o n  y o f  the  s t a t e  and may be w r i t t e n  

When the parameterized i s  inser ted ,  t h i s  becomes 



I f  A ( t )  i s  the se t  o f  - a s a t i s f y i n g  t h i s  cond i t ion  a t  t ime t, then 

I s  the s e t  of - a s a t i s f y i n g  the condi t ion f o r  a l l  O<t<T. - - There ex i s t s  the 

p o s s i b i l i t y  o f  se lec t ina  y and - a such t h a t  t h i s  cons t ra in t  i s  inde~endent  

o f  t, and hence becomes an algebraic cons t ra in t  on - a. The s ta te  var iab le  

cons t ra in t  problem i s  discussed fu r the r  i n  Section 8.2. 

Atmospheric f l i g h t .  The calculus o f  var ia t ions so lu t i on  t o  the 

guidance problem i s  considerably more com~ l i ca ted  i n  atmospheric f l i g h t .  

Parameterized guidance, on the other hand, would operate i n  the same 

manner as i n  a vacuum wi th  the possible exception o f  a minor change i n  

the funct ion h ( t ,  - a). This considerat ion may become important, -for 

example, when s h u t t l e  f l i g h t s  t o  and from an o r b i t i n q  space s t a t i o n  

become rout ine. Since the shu t t l e  vehicles w i  11 requi re some aerodvnamic 

cont ro l  upon re-entry,  a fcrm o f  parameterized guidance miqht be appro- 

p r ia te .  This i s  p a r t i c u l a r l y  t rue  i f  the re-entry  phase requires a 

1 arge downrange t rans fe r  arc. 



6.3 TRW ITERATIVE GUIDANCE 

A spec i f i c  example o f  precise parameterized s ta te  guidance w i  11 

now be examined; the TRW I t e r a t i v e  mode used t o  achieve end condit ions 

on the 1n.jection Phase o f  the Jup i te r  Fly-by mission. The scheme i s  

a natura l  extension o f  the approximate parameterized TRW Hybrid guidance 

mode. The same type o f  extension from approximate t o  precise parameterized 

guidance could be agpl ied t o  the I G M  equations o r  any o f  the so-cal led 

" e x p l i c i t "  schemes. 

The equations o f  motion i n  a r o t a t i n g  coordinate system (planar 

motion) become 
3 

where 

r = r a d i a l  distance 

9 = angular ve loc i t y  

aT = t h r u s t  magnitude 

o = down range angle 

u = d i r e c t i o n  cosine o f  the t h r u s t  vector ( r a d i a l )  r 

c 
= d i r e c t i o n  cosine o f  the t h r u s t  vector (c i rcumferent ia l  ! 

p = g rav i ta t i ona l  constant o f  the earth.' 



The form o f  the contro l  selected i s  based on the observation 

t h a t  r /aT i s  approximately a l i n e a r  func t ion  o f  time on an optimal 

t ra jec to ry  dur ing periods o f  powered f l i g h t .  Since the Jup i te r  Fly-by 

mission I n j e c t i o n  Phase consists o f  tdo th rus t  stages (and no i n t e r -  

mediate coast) i t  i s  natura l  t o  constra in r /aT by 

where t h i r d  stage i g n i t i o n  occurs a t  t = 0, f ou r th  stage i g n i t i o n  and 

cu t -o f f  are a t  t = TI and t = T respect ive ly .  I t  3s assumed t h a t  TI 

i s  f i xed  so t h a t  only  T may be var ied as a cont ro l  parameter. 

The f i n a l  condit ions are three i n  n l  6-.er: i t  i s  desired t o  reach 

prescribed values o f  

energy E = k 2 + )  -: 
?E h 2 eccen t r i c i t y  e = l,/i + -7- 
P 

-1 1 h2 argument o f  pcr igee o = e - cos [ fpT - I ) ]  

Since 



; t  follows t ha t  a t  staging ( t  = TI) the requirement 

enforces the cont inu i ty  o f  the d i r e c t i o n  cosine dr . B4 i s  thus 

deternined leaving f ree  the four parameters B3. Dj, D4 and T t o  s a t i s f y  

the three end condi t ions. With the f i r s t  three pa rawte rs  constant, 

in tegra t ion  o f  the equations proceeds u n t i  1 rne desired energy i s  

achieved; t h i s  deternines T. As expianed i n  Section 4.5, the oarameters 

J3 and !I4 are varied u n t i l  the other  f i n a l  condit ions ,re sa t i s f i ed .  

- ihus, f i n a l  burri out weight becomes a funct ion o f  tPe f ree  parameter 

B 3. 
The graph o f  t h i s  real t ionsh ip  i s  shown i n  Fig1.r-e 4.7 . 

7. THE TARGETING PROBLEY 

7.1 :NTRODUCTIOM 

2ne o f  the 7ost i rnoo~tant  cgncerns i n  ~ r e s e n t  day guidance system 

d evei3;xnt i s  the cost  i n  t i n e  and money o f  o r e f l i g h t  oreoarat ion and 

v e r i f i c a t i o n .  For examole, even a r e l a t i v e l y  s ino le  mission such as a 

Y ars f l  ;-by (e.g . , ~ a r i r i e r )  n i g h t  requ i re  the generati on and v e r i f i c a t i o n  

c f a j  trany as 1,OCO closed-1 oop , prec ise ly  simulated reqereqce t r a j e c t o r i e s  : 

10-1 5 launch, azirnuths per dai l y  1 auncf; ooportuni t j  

x 50-90 days o f  launch oer icd 

= 500-1350 t ra jec to r i es  

A.s a resu l t ,  a r e l a t i v e l y  simple guidance law i, ~ s u a l l y  chosen and an 

e rp l i c5  t (closed) form o f  the end condit ions f o r  each ~ h a s e  i s  used. 



These end condition functions describe the t ra jec tory  af ter  guidance 

termination, 2;id hence define relat ionships between end condi t lons o f  

the guidance phase and desired conditions a t  mission completion. These 

are always approximate relationships, f o r  precise closed form solut ions 

do not ex is t .  The targeting problem consists o f  choosing the parameters 

in these functions (e.3.. desired value o f  i n jec t ion  energy and Euler 

angles o f  the earth-escape asymptote) so as t o  sa t i s fy  mission objectives 

wi th neg l ig ib le  error. I n  effect, target ing consists c f  constructing an 

acceptably accurate sequence o f  s imp1 i f i e d  t w o - ~ c i  n t  boundarv val ue 

~r0bleillS. 

The conic formulae are used extensively i n  targeting, for- motior! 

durinq a coast period i n  a drag-free environment can usual ly be closely 

approximated, w i th  perhaps some empirical correct ion terms, by the 

solut ions of "patched" two-body problems. Thus f o r  guidance purposes 

a closed form solut ion i s  nearly va l i d  i n  these seqnents o f  the t ra jectory,  

a ~ d  the objectives o f  a given guidance phase can be stated as a t ta in ing a 

cer ta in  combination o f  o rb i t a l  elements. A dynamic programing arglanent 

gives a sequence o f  desired elements f o r  a l l  phases by working backward from 

mission termination. For example, the objectives o f  a r e t m  thrust  mn-  

euver t o  obtasn i n j ec t i on  i n t o  a terminal s a t e l l i t e  o r b i t  about a planet 

tan Le specif ied i n  t e r n  o f  the elements o f  tha t  o rb i t .  The objectives 

o f  the approach phase can be specif ied i n  terms o f  the elements o f  the 

approach hyperbola which w i  11 be optimal f o r  the re t r o  phase. The 

objectives o f  the midcourse phase can be specif ied i n  terms o f  the elements 



of a hel iocentr ic  t ransfer  e l l i p se  which w i l l  y i e l d  an optimal 

approach hyperbola. The ob j e c t i  ves o f  the near-earth i n j ec t i on  

can be sa t i s f i ed  i c  t e r n  o f  the elements o f  the earth-escape 

hyperbola which w i  11 y i e l d  an o ~ t i m a l  he l iocent r ic  t ransfer  e l  1 ipse. 

Lastly, the objectives o f  the i n i t i a l  ascent from the launch pad 

can be specif ied i n  terms o f  the elements o f  the near-earth park- 

ing  o r b i t  which y ie lds  an optimal i n j ec t i on  phase. 

The notion o f  a "patched" conic i s  not a precise one, f o r  

the actual t ra jec tory  i s  continuously at t racted by many bodies. 

The guidance analyst does not consider the conics t o  be joined a t  

f ixed points on the t ra jectory,  however, but instead they are 

"asympototically matched" i n  o ~ & r  t o  y i e l d  a much be t te r  approx- 

imation o f  the true motion. That i s ,  the target  planet can be ccq- 

sidered massless f o r  the purpose o f  i n jec t ion  and midcourse guidance 

analysis, and the posi t ion and veloci ty a t  closest approzch t o  the 

massless target  can then be used t o  determine the asymptotic con- 

d i  ti ons o f  the approach hyperbola. The magni tude c f  the posi t i c n  

vector a t  closest approach i s  the impact parameter and the veloci ty 

i s  the hyperbolic excess velocity. 

The dif ference between the actual and "massless" time o f  closest 

approach can be calculated by re l a t i ve l y  simple but crude formulae. 

The errors introduced by such approximations are due pr imar i ly  t o  the 

gravi tat ional  a t t rac t ion o f  the target  body and other non-target masses 



acting dur;ng the enti-.; $rajectory, and can be made negl ig ib ly  small 

compared t o  other sources o f  guidance system error. The determination 

o f  simple yet  acceptable correction terms i s  the central issue i n  the 

t a r y t  ing problem. Thus targeting models f o r  e x p l i c i t l y  calculat ing 

desired end conditions f o r  deep space missions can be ordered according 

t o  increasing levels o f  pwcis ion and computational complexity : 

a. f l a t  earth, vacuun - where gravi tat ional  acceleration 

i s  represented by a constant vector, and the t ra jectory  

a f t e r  guidance termination i s  a parabola. 

b. simple conic - where the t ra jectory  a f t e r  guidance 

termination i s  described by the conic formulae. 

c. simple patched conic - where the t ra jectory a f t e r  

guidance tennination i s  described by a sequence 

o f  conic segnents patched a t  the spheres o f  gravi- 

ta t iona l  influence o f  thc S d i e s  which perturb 

the spacecraft. 

C. asymptoizical l y  matched con'r. - where the t ra jectory 

a f t e r  guidance tennination i s  described by a sequence 

o f  conic segments as i n  (c) above, but the patching 

i s  accomplished by matching the "asymptotic" values 

o f  posi t ion and veloci ty o f  the indiv idual  

(hyperbol f c) segnents . 
e. corrected conic - where the t ra jectory  a f t e r  guidance 

termination i s  described by one o r  mare conic segments, 

and nunerical l y  determined corrections t o  the approx- 

imation are applied. 



There are, o f  course, other types o f  approximations which could be 

employed. For example, an approximate expl i c i  t descript ion o f  mti on 

o f  a high speed vehicle i n  a dense atmosphere might be obtained by 

assuning tha t  the gravi tat ional  acceleration i s  neg l ig ib le  compared t o  

the drag acceleration. I n  t h i s  Report, however, we sha l l  be parimari l y  

concerned w i th  the conic approximations. 

7.2 EXAMPLES OF CONIC TARGETING FORMULAE 

I n  t h i s  section we w i l l  give examples o f  conic formulae which can 

be used as approximations f o r  e x p l i c i t l y  re la t ing  end conditions a t  

termination o f  a given guidance phase t o  desired conditions a t  mission 

completion. I n  general, the conic fonnulae define e x p l i c i t  re la t ion-  

ships between f i n a l  speed, veloci ty path angle, a l  ti tude, and downrange 

angle which must be sat is f ied i s  order t o  meet mission requirements, 

assuning that  such requirements can be speci f ied i n  terms o f  certa in 

conic parameters such as energy, angular momentum, or ienta t ion o f  the 

l i n e  o f  apsides, o r  or ientat ion o f  the hyperbolic asymptote. Since two 

body motion i s  only an apprc,.in,ation 7 f  t'le actual t ra jectory,  anrl be- 

cause addit ional approximations are sometimes introduced i n  the deriva- 

t i on  o f  the end condit ion functions, the target ing problem consists o f  

nunerical ly determining the conic parameters (energy, ang:e o f  asymptote, 

etc. ) which w i  11 y i e l d  acceptable approximation errors. 



The examples given here are for guidance i n  the plane o f  motion only, 

a  nd are primari l y  applicable t o  in jec t ion  guidance, where future y~ idance 

correct ions are nominal l y  zero. A1 1  equations fo l low from the conic re la t i cn -  

s  h ip  between rad ia l  distance (r) and t rue anomaly ( e )  , given by 

D 
= T r - ? ? -  

2 
C1 where p = semi-littnrs rectum = - = constant 
u  

= gravi tat ional  constant 

c1 = spec i f ic  angular mmentun = r v cos y = constant 

v  = soeed 

c3 = 2 x  (spec i f ic  energy) = v is  - viva = v  - - 2u - - constant 
r 

a. Enerqy-Anqular Momentum Guidance - This form o f  end conditions 

speci f icat ion arises when cont ro l l ing the apogee ( 0  = r) and perigee 

distances of a  near earth e l l  iose, Via Equation (6. 1). these quant i t ies 

ard cmnlete ly  specified by asp and e, and hence spec i f ic  energy, (c3), 

and specif ic a ~ g u l a r  momentum. (cl). Let  rI be the in jec t ion  a1 t i t ude  

Then the required speed (vr) and veloci ty path angle (yr) a t  i n j ec t i on  

are found from 

2 2u c3 = specif ied = vr - - 
'1 

c1 = specif ied - rI vr cos yr 



From these ex,ressions the vr(rI) and r )  required t o  obta in the speci f ied 

c and c3 can be calculated. Equation (7.3) can be put  i n t o  d i f f e r e n t  forms 

b e t t e r  sui ted f o r  contro l  o f  low pbth angles. For qxamp:e, 
1 

i s  an equivalent form. 

b. Aoogee/Aosides Guidance - This e x p l i c i t  form ar ises when i t  i s  

requ i red  t o  contro l  the apogee o f  a near ear th e l l i p s e  as we l l  as the 

d i r e c t i o n  o f  the l i n e  o f  aosides. S imi la r  formulas vrould a ~ o l y  for  I-ontrol 

o f  perigee and l i n e  o f  apsides. I f  $!I i s  the dam range angle a t  i n jec t i on ,  

r e l a t i v e  t o  some a r b i t r a r y  i n e r t i a l  reference, and 9 i s  the  t r u e  anomaly 

a t  in jec t ion ,  then the cont ro l  o f  l i n e  o f  apsides i s  achieved by s e t t i n g  

( J I  - e )  equal t o  a f i xed  value (see Figure 7.1). The t rue  anomaly a t  

i n j e c t i o n  i s  found from 

- cos e = (- 
r~ 

It f o l  laws t h a t  

s i n  e = ( p tan y 

r~ 
1 

T hen 

cos (G - e )  = s ~ e c i f i e d  

= cos $ cos e + s i n  $! s j n  e  

apogee distance = speci f l e d  = (,%) (7.7) 

Given and rI, the simultaneous so lu t i on  o f  these equations f o r  

v r  ) and yr(rI, y ie lds  the required ve loc i ty .  



FIGURE 7.1: APOGEE/APSIDES GUIDANCE 



c. Lunar Mission Guidance - Supp~se the mission object ives i s  

t o  f l y  past the moon a t  a given distance. It w i l l  be shown i n  Section 

7.3 tha t  i t  i s  leg i t imate  t o  pretend t h a t  the moon has no mass and con- 

s t r u c t  an equivalent "mas: less"  miss t o  cause the appropriate f l y -by  

distance t o  be achieved. Then i f  fol lows t h a t  condit ions a t  i n j e c t i o n  

can be spec i f ied  by construct ing a conic passing throuch a massless p o i n t  

which moves according t o  the lunar  ephemeris. Such an approach requires 

an app l ica t ion  of Lambertts Theorem t o  f i n d  the t ime-o f - f l i gh t  t o  the 

moonli distance as a funct ion o f  the i n j e c t i o n  condit ions r, v, and y. 

The spec i f i ca t i on  o f  t h i s  time, as w e l l  as the angular o r i en ta t i on  o f  

the earth-centered conic, w i l l  s a t i s f y  mission requirements, and thus 

def ine the required vr (r!, r1)  and Yr(rI, yI). A s impler (but approx- 

imate)approach i s  t o  introduce the not ion o f  a "pseudo-asymptote", which 

i s  defined by the d i rec t i on  and magnitude o f  the earth-centered conic 

ve loc i t y  a t  the po in t  o f  c losest  approach t o  the massless moon. Cont ro l l -  

i n g  the magnitude o f  t h i s  vector a t  the (specif ied) lunar  distance f i xes  

energy and (approximately) the t ime o f  f l i g h t .  Cont ro l l ing  the d i r e c t i o n  

o f  t h i s  vector f i xes  (approximately) the o r i en ta t i on  o f  the earth- 

cf . ~ t e r e d  conic. This law has the p rac t i ca l  feature of being s i m i l a r  t o  

the "energy-asymptote" speci f i c a t i o n  used f o r  fn terp lanetary nissions. 





Assuming tha t  the distance t o  the moon i s  so la rge  t h a t  the ve loc i t y  

and pos i t i on  u ~ c t o r s  are approximately p a r a l l e l ,  the "pseudo-asymptote" 

i s then determined by (see Figure 7.3) 

2 Zv c3 = spec i f ied  = vr - - 

cos s = spec i f ied  = cos ( $  - 8. + eA) 

= cos +I (COS eA cos eI + s i ?  4A s i n  eI) 

+ s i n  ( s i n  eA cos eI - cos el s i n  eA) 

where pI i s  def ined as before; eI i s  the i n j e c t i o n  t rue  anomaly, where 

cos el and s i n  e1 are determined from equations (7.4) and (7.5), and eA 

i s  the t rue  anomaly a t  the moon's distance, given by 

- 1 eA = COS (k - 
rn 

where rm i s  the moon's distance. Convenient expressions f o r  s i n  eA and 

cos eA can be obtained from equation (7.10), and thus the required vr(rI, 11) 

and y,(rI, ql) can be calculated. 

d. - Interplanetary Guidance - - A more complicated s i t u a t i o n  ar ises i n  

the  case o f  in te rp lanetary  missions, where there are three conics t o  be 

c o ~ s i d e r e d  i .e., the near ear th escape hyperbola, the he1 i o c e n t r i c  e l  1 i ~ s e ,  

and the a; .ch hyperbola near the ta rge t .  The basic approach i s  t o  

pretend tha t  the ear th and ta rge t  p lanet  have no mass and design a he l i ocen t r i c  

e l l i p s e  which w i l l  pass between the massless earth and the massless p lanet  w i t h  



an acceptable ear t t  escape hyperbola, characterized by the energy r. ' 
d i r e c t i o n  of the asymptote. The conic i n j e c t i o n  condit ions are then given 

b y  (see Figure 7.3) 

- - 12 
c3 - I(l.1 2 2lJ = specif ied = v, - - 

'1 

cos 6 = spec i f ied  = cos - e1 + 6A)  

= cos qI [cos eA cos eI + s i n  eA s i n  eI] 

t s i n  [ s i n  el cos gA - cos e1 s i n  eq] I 

where and eI are def ined as before, and eA i s  the asymptotic t rue  

a nm;=ly, deCi ned by 

Note t h a t  the angle o f  the hyperbol ic asymptote i s  obtained i n  much the 

same fashion as f o r  the lunar  pseudo-asymptote described i n  ( c ) .  Indeed, 

success w i th  the energy asymptote concept for in te rp lanetary  guidance 1 d  

t o  the not ion of a pseudo-asymptote f o r  lunar  guidance. 

7 . 3  Asymptotically Matched Conics 

I n  the prevfous sect ion i t  was assumed t h a t  i t  made sense t o  pretend 

t h a t  the mass o f  the ta rge t  body, be i t  the moon o r  a   la net, can be se t  t o  

zero  f o r  the purpose o f  de f in ing  i n j e c t i o n  guidance requirnv2nts. I t  remains 

t o  be shown how ta rge t  e r r c rs  f o r  a ~llassless moon o r  p lanet  can be re la ted  

i n a meaningful fashion t o  the t r u e  conic r e l a t i v e  t o  the body. The j u s t i f i -  

c a t i o n  fo l iows f i . 0~  ttie concept o f  "asymptotic matching" o f  the near t a rge t  

and/or near earth hyperbolae t o  a t ransfer  e l  1 ipse (References 31,32,33). 





Referring t o  Figure 7.3, l e t  the massless closest approach dis-  

tance be denoted by b and the massless veloci ty r e l a t i ve  t o  the tarqct  

a t  closest approach by v. Recognizing that the asymptotic speed must 

be v- = V, so tha t  

and that  the angular momentun i s  given by 

we note that  the energy and angular manentun o f  the target centered 

hyperbola are specified by b and v. The or ientat ion of the hy~erbo la  i s  

spec i f ied by the i n e r t i a l  d i rec t ion of v. It remains t o  be shown haw the 

t ime-of - f l ight  t o  massless closest approach relates t o  time o f  f l i g h t  t o  

actua l  closest approach. Fran the conic formula we f i n d  tha t  a time fra 

an  arb i t rary  posi t ion r t o  periapsis i s  

t ( r )  = (5) [e sinh E - E] 
m 

where 

r 1  cosh E = (1 + -) ($ 
a 

a nd a i s  the semi -major axis given by a = (L) . But f o r  large r (r -+ -) , 

we have (asymototi cal l y )  
'5 



T hen 

The term (5) i s  the time t o  massless closest approach; the t e n  
0 

( $1 I n  (g) i s  the decrease i n  tha t  time due t o  the gravi tat ional  
00 

a cceleration o f  the target body, and the term (5) I n  e i s  the increase i n  
0 

t h a t  time due t o  the bending o f  the conic trajectory. Simi lar  resu l ts  can 

b e  A ta ined  f o r  the asymptotic patching o f  the near-earth hyperbola when 

1 aunching t o  a planet, o r  f o r  the near-moon hyperbola when movirlg from 

moon t o  earth. 

It should be noted tha t  the asymptotic distance corrections and the 

? t ime o f  f l i g h t  correction ( I n  e are canonly  used i n  guidance work. 
a a 

The time o f  f l i g h t  correction ( -  i n  (2) has not  been applied, however, 
a a 

because i t  i s  very la rg -  and probably too approximate. Instead, a nunerical 

in tegrat ion i s  usually performed t o  calculate actual time o f  f l i g h t  t o  

c losest  approach (td), and "l inearized t ime-of- f l ightn (5) i s  used f o r  

g uidance purposes , def i ned by 

a 
t = td-  l n e  L 

0 

T h is  quanti t y  , cal led the "1 ocal 'I correction by Breakwell (Reference 33), 

i s 1 inear i n  the sense that  the nonlinear dependence o f  f l i g h t  time upon 

the  impact parameter b has been eliminated. As an example o f  the magnitude 

o f  th is  correction, note tha t  f o r  a lunar mission wi th van = 1.25 km/sec and 

a closest approach distance of 100 km, we have a = 6,270 km, p = 9,190 km, 

e = 2.46, - - - 5.360 sec, and 
"CP 



a l n e = 4 , 8 3 0 s e c = 1 . 3 4 h r .  V - \ .  7 22) 

The other f l i g h t  t ime:  correct ion tern, ca l led the orsss correct ion by 

Breakwell (Reference 33). i s  much larger. I f  we se t  r = distance t o  

earth = 34,000 Cm, then 

a (v-) I n  ( = 25.800 sec = 7.15 hrs. (7.23) 
x 

Since t h i s  correct ion i s  adequate only i f  the motion of the spacecraft 

re la t i ve  t o  the moon i s  approximately a hyperbola f o r  the en t i re  

mission, errors o f  more than 10% (an hour, say) are t o  be expected. Thus 

m e  can see the motivation f o r  nunerical ly calculat ing t h i s  term. 

The asymptote matching method y ie lds  very good resul ts i f  the 

gross correct ion term i s  nunerical l y  computed. There nevertheless do 

remain some errors i n  the appr-ximation, f o r  the e f f ec t  o f  other bodies 

during the hyperbolic phase has not  been precisely treated. 

7.4 THE HYBRID CONIC TECHNIQUE 

A "hybrid conic" technique >as been developed by TRW Systems 

Group t o  nuneri cal 1y improve conic approximations o f  trans1 unar and 
* 

transearth t ra jec tor ies  . I n  t h i s  approach, one takes a patched 

conic as a f i rst  approximation, which does not necessarily have t o  be 

asymptotically matched, and intearates i n  a simple way the moon's per- 

turbation on the ooocentric conic. The integrat ions are performed bv 

* 
This work was carr ied i ~ ~ t  undet- contract t o  the Yanned Spacecraft 
Center, Houston ucder Contract No NAS 9-4810, Phase 11, and i s  re- 
ported i n  TRW Note 69 FMT-728, 







assuming .chat the per tu rb ing  accelerat ion i: o f  the form 

where a ( t ) ,  b ( t ) ,  and c ( t )  are spec i f ied  funct ions which can be in tegra ted  

i n  clo5ed form, and A, B, C are constant vectors. The nine constants 

de f in ing  A, B, C are determined by evaluat ing the three components o f  

= ( t )  a t  three spec i f ied  times. The time varying pos i t i on  and ve loc i t y  

correct ions t o  the matched conic, ~ ( t )  and t ( t ) ,  are obtained by quad- 

rature, thereby construct '  3 an impt.oved t r a j e c t o r y  approximation. The 

procedure i s  repeated by re-eval uat ing A, B, and C on the improved t r a -  

jectory,  and i t e r a t i n g  t o  convergence. The technique requi res very 

l i t t l e  computing tfme, an4 converges r a p i d l y  t o  a t r a j e c t o r y  w i th  samll 

errors. Some numerical resu l t s  are presented i n  Figures 7.4 and 7.5. 

8. THE CONSTRAINT PROBLEM 

8.1 INTRODUCTION 

Another important considerat i  on i n  the development o f  a guidance 

mode i s  the ana ly t i ca l  treatment o f  constra ints  on the mission, the 

t ra jec tory ,  and the vehicle. Indeed, i t  i s  sometimes the case t h a t  

these requirements a f f e c t  the form o f  a guidance a lgor i thm more than 

any other factor ,  f o r  constra ints  are o f  prime importance and are 

d i f f i c u l t  t o  t r e a t  ana ly t i ca l l y .  Constraints are bas i ca l l y  o f  two 

types : mission constra ints  and vehicle constraints.  The mission 

constraints are those which e x i s t  independently o f  an,y vehicle, whi le  

vehicle constra ints  are those required by the p a r t i c u l a r  launch vehicle. 



Examples o f  mission constra ints would be : 

0 Total mission time. The time from launch from mission - 
completion l a y  be f ixed. This i s  p a r t i c u l a r l y  important 

i n re1 i abi 1 i t y  an1 aysis , where the probabi 1 i t y  o f  f a i  1 ure 

i s  a monotoni cal  ly increasing funct ion o f  time. 

Tracking. I t may be t h a t  the t ra jec to ry  w i l l  be required 

t o  pass over ce r ta in  t rack ing  s ta t ions  a t  various times 

during the m i  ssioti. 

0 Range Safety. i t  may be required t h a t  the t ra jec to ry  

not  pass over ce r ta in  par ts  o f  the ear th because o f  the 

safety considerations. These constraints can be described 

i n  terms of ce r ta in  impact ~ r o b a b i l i t i e s ,  and trans- 

l a t e  theme1 ves i n t o  such considerations as launch azimuth 

constraints and yaw steer ing constraints. 

Launch Window Duration. The length o f  time avai lable 

t o  get t o  launch a vehicle may be r e s t r i c t e d  by many 

p rac t i ca l  considerations . 
Launch Window A v a i l a b i l i t y ,  Certain days o r  months may 

be r e s t r i c t e d  f o r  numerous reasons. 

Solar V i s i b i l i t y .  Some payloads may require so la r  power 

or heating o r  a t t i t u d e  reference a t  phases of the 

mission. 



Examples of v e h i c l e  dependent c o n s t r a i n t s  which may be s p e c i f i e d  a re  

as f o l l o w s :  

The v e h i c l e  a t t i t u d e  a t  var ious  t imes (e.g., a t  s t a g i n g  

o r  i n j e c t i o n ) .  

0 The v e h i c l e  a t t i t u d e  r a t e  a t  var ious  t imes.  

The ve l  o c i  t y  c o r r e c t i o n  capabi 1  i t y  remain ing a t  

burnout .  

0 Maximum dynami c  pressure.  

0 The h e a t i n g  i n t e g r a l ,  which i s  t h e  i n t e g r a l  o f  

dynamic pressure  t imes v e l c c i t y .  

0 0yna;nic oressure  a t  f i r s t  s tage separa t i on .  

0 Angle o f  a t t a c k  a t  f i r s t  s tage separa t i on  

0 F i r s t  s tage impact  d i s tance .  

Radar l ook  angles,  f o r  t h e  case o f  a  v e h i c l e  which 

i s  r a d i o  guided. 

There are o t h e r  c o n s t r a i n t s  which m igh t  be s p e c i f i e d ,  b u t ,  f rom 

the  o o i n t  o f  view o f  guidance theo ry ,  these c o n s t r a i n t s  a1 1  t r a n s l a t e  

themselves i n t o  one o f  two types:  

1. S t a t e  v a r i a b l e  c o n s t r a i n t s  -- C o r s i s t i n g  o f  c e r t a i n  f u n c t i o n a l  

speci  f i  c a t i  ons o f  t he  t r a j e c t o r y  s t a t e .  For example, t h e  spec i -  

f i c a t i o n  t h a t  the  dynamic pressure  must never exceed a  c e r t a i n  

number i s  a  s t a t e  v a r i a b l e  c o n s t r a i n t ,  as i s  t he  s p e c i f i c a t i o n  

t h a t  t he  h e a t i n g  i n t e g r a l  s h a l l  be l e s s  than a  c e r t a i n  number. 



2. Control var iable constra ints  - The spec i f i ca t i on  o f  vehic le 

cont ro l  functions, such as the steer ing law. For example, 

i f  the steer ing a t t i t u d e  a t  i n j e c t i o n  i s  soec i f ied  t o  be L 

ce r ta in  value, o r  the i n j e c t i o n  a t t i t u d e  r a t e  i s  spec i f ied  

t o  be a  ce r ta in  value, these would be contro l  var iable con- 

s t r a i n t s .  

The cont ro l  var iable o r  the s t a t e  var iable constra ints  could be i n  

equa l i t y  o r  i nequa l i t y  constra ints  . For example, spec i f i ca t i on  o f  a  

radar look angle as a  prec ise func t ion  o f  time on the nominal t r a j e c t o r y  

would be a  s t a t e  var iable equa l i t y  constra int .  Spec i f i ca t ion  o f  a  radar 

look angle as l y i n g  between two given bounds would be a  s t a t e  var iable 

inequa l i t y  constra int .  Spec i f i ca t ion  o f  f i n a l  i n j e c t i o n  a t t i t u d e  as a  

f i xed  number would be a  contro l  var iab le  equa l i t y  constra int ,  wh i le  

spec i f i ca t ion  of the f i n a l  i n j e c t i o n  a t t i t u d e  as l y i n g  w i t h i n  ce r ta in  

bounds would be a  cont ro l  var iable i nequa l i t y  constra int .  Control 

var iable constra ints  can usual ly  be t reated wi thout  too much d i f f i c u l t y ,  

p a r t i c u l a r l y  w i t h  a  oarameterized guida .ce law. 

8 .2 TREATMENT OF STATE VARIABLE CONSTRAIZTS 

The ana ly t i  treatment o f  s ta te  var iable constra ints  i s  

d i f f i c u l t .  The reader i s  re fe r red  t o  References 17 and 30 for a  

discussion of t h i s  problem from the p o i n t  o f  view o f  optimal contro l  



theory. Tn genera! , the theory j t a tes  t h a t  one may desiqn a t r a j e c t o r y  

without reqard t o  constrafnts ! f i t  occurs tha t  the r e s u l t i n g  t r a j e c t c r y  

sa t is f ies  a l l  c o ~ s t r a i n t s .  I f  t h i s  i s  not  thz case, a d i f f e r e n t  t r a -  

jec tory  must be constructed. For exanple, i n  the case o f  a s t a t e  var iable 

inequa l i t y  cons t ra in t  one must dsveldp a t ra jec to ry  broken i n t o  seqects ,  

where on some segments an c rd i  nzry ucconstr2i ned opt imi zat ion problem 

i s  solved, aria on other  sepents  the t ra jec to ry  moves along the boundary 

o f  the constra int  inequa l i t v  surface. The task i s  t o  f i n d  the break 

points, o r  switching times, where the zegwqts join. N i t h  the excepticc 

o f  some special  cases, the theory i s  d i f f i c u l t  t o  implement, and empir ica l  

rules are o f t m  c p ~ l i e d  f o r  the dzsign o f  o rac t i ca l  guidance modes. One 

must be away? o f  t h i s  troubiesom problem when evaluat ing the performance 

of any a i  ven guidance mode. 

The s ta te  var iable cons t ra in t  problein m i@t  be e f f i c i e n t l y  t reated 

by a oarameterized guidance law. (See a lso the discussion o f  Section 6.2). 

Suo~ose t h a t  a s teer ing law s i m i l a r  t o  the TRW Hybrid quidance mode were 

used, and, a f t z r  appropri 3te approximations o f  the non-oarameteri zed s ta te  

variables, tke  eauatfcns o f  mo:i )n could ko reoresented i n  the form 

where II i s  the guidance parameter vector. Then i m p l i c i t l y  we have 

x = x(p,t j .  ?uppose there i s  a s ta te  var iable i nequa l i t y  cons t ra in t  

o f  the form 



For any g i  ven a, the maximun value o f  q i s  at ta ined when 

S 01 v ing for  the time (t,) o f  m a x i m  q fm equation (8 .3 ) ,  we have an 

i m ~ l i c i  t const ra in t  on p: 

Thus there i s  an acceptable region i n  parameter space, the boundary 

being determined by s e t t i n g  qmaX = 0 i n  Equation (8.4). I f  one can 

f i n d  the in tersec t ion  o f  t h i s  s e t  o f  acceptable parameter values w i t h  

other simi l a r l y  defined sets corresponding t o  other s ta te  var iable 

constraints, the se lec t ion  o f  acceptable vectors would be possible. 

I f  there are more values o f  than end condit ions and p can be chosen 

as an i n t e r i o r  point ,  degrees o f  f reedw are available f o r  op t imiza t im,  

The constra ints determine p, however, i f  ' f  t must be a koundary 

po in t  i n  order t o  s a t i s f y  the ertd conditions. I f  there are j u s t  the r i g h t  

number o f  values of p t o  s a t i s f y  end conditions, the const ra in t  surfaces 

orovide a means f o r  checking whether or  not  a given p vector i s  

acceptable. 



9. THE SWITCHING TIME PROBLEM 

9.1 INTRODUCTION 

Another important considerat i  on i n  guidance mode analysi  s i s  the 

spec i f i ca t i on  o f  engine stop and s t a r t  times, which are ca l l ed  switching 

times. Most guidance mode analysis tends t o  concentrate on the steer ing 

laws, b u t  f o r  a l l  schemes some technique f o r  s t a r t i n g  and stopping engines 

must be developed. It i s  o f ten  the case, however, t h a t  the 1 arges t source 

o f  guidance system inaccuracy ar ises from er rors  i n  t h r u s t  shu to f f  time. 

The se lec t ion  o f  the steer ing law p r imar i l y  a f fec ts  the fue l  consumption 

required t o  ge t  t o  the end condit ions, and has r e l a t i v e l y  l i t t l e  t o  do 

w i t h  accuracy. An e r r o r  and shu to f f  time, on the other  hand, y i e l d s  an 

e r r o r  i n  s t a t e  which transforms d i r e c t l y  t o  an e r r o r  i n  condit ions a t  

m i  s s i  on completion. 

There i s  a fundamental problem i n  rocket engine shu to f f  because the 

guidance system i s  bas i ca l l y  uncontro l lab le near the f i n a l  time. For 

example, i t  i s  obviously impossible t o  cor rec t  even a small pos i t i on  

e r ro r  a t  an a r b i t r a r i l y  shor t  time-to-go Frrm shu to f f  by s teer ing and 

shut t ing  o f f  the engine, f o r  i n  t h i s  shor t  time the rocket  engine can a t  

best supply an impulse o f  ve loc i t y  t o  the t ra jec tory .  According t o  de- 

f i n i  t i o n  5 o f  Section 2, the guidance system can be said t o  be p o t e n t i a l l y  

unstable a t  the f i n a l  time. This i s  a we l l  known phenomenon and has been 

analyzed frm various points  o f  view by a number o f  people. The usual 

approach i s  t o  re lax  the guidance requirements i n  a small region near 

cu to f f .  Cne very useful  and elegant technique i s  the ve'loci ty-to-be 

gained approach, where one defines as a func t ion  o f  given p o s i t i o n  the 



veloci ty which would be required t o  sa t i s fy  mission ooject i  ves, The 

dif ference between the present veloci ty and the required ve loc i ty  i s  

cal led velocity-to-be gained, and the vehicle i s  steered t o  n u l l  the 

veloci ty t o  be gained. There are several ways t o  do th is ;  one method 

i s  t o  thrust  i n  the d i rec t ion  t o  nu1 1 the cross product o f  veloci ty-to-be 

gained and the ra te  o f  change o f  veloci ty-to-be gained. I n  any case, one 

must determine the c r i t e r i o n  f o r  changing from whatever steering mode 

has been previously employed t o  the shutof f  mode, be i t  selocity-to-be 

gained o r  any other, and secondly, one must develop a steering and shutof f  

law which achieves a satisfactory set  o f  end conditions. I t  should be 

noted tha t  a l l  three components of veloci ty-to-be gained should simul- 

taneously go t o  zero, f o r  otherwise errors w i l l  occur. The cross product 

steering scheme theoret ica l ly  has t h i s  feature. 

From the theoretical point  o f  view there are several in terest ing 

questions t o  be asked. F i rs t ,  from the po in t  o f  view o f  the c lassical  

theory o f  the calculus o f  variat ions , what phenomenon i s  taking place 

a t  the f i n a l  time? This can be answered i n  terns o f  the c lassical  

condi ti on o f  abnormality . Second, given tha t  t h i s  phenomenon does indeed 

occur ( i  .e., abnormality), what ins igh t  does control theory o f f e r  as a 

solut ion t o  the problem? Lastly, how do such techniques as veloci ty-  

to-be-gained by cross product steering re la te  t o  the theoret ica l ly  

optimal law? These questions w i l l  be discussed i n  t h i s  section. 



9.2 THE FIRST NECE5SAAY i3NCITION . - FOR QPTIFAL STEERING ANG SWITCHING 

Let the equations of motit3 be 

where u ( t )  i s  a continuous scalar, control (steering) variable, and 

T are, respectively, the times of starting and stopping times 

of the guidance phase. In parti x l a r ,  we have in mind the special 

case 

where a ( t )  i s  the prespecified thrust acceleration, v i s  the velocity 

vector, r i s  the oosition vector, and u i s  the gravitational constant. 

We suppose that the problem has  been formulated so that, a t  the 

final time(T). x i s  to be minimized and x --• x r  are to  be se t  eaual 

to zero. Thus we are considering a special case of the Mayer problem, 

where the end conditions are 1 inear. There i s  no loss of general i ty 

here, for a guidance problem can be p u t  in such a fom by a re-definition 

of s ta te  variables. For example, given the s ta te  variables yl - y, 

and the problem formulation 



d t  = minimum 

then define x l  .*. xr, x W l  ..- x  r+m by 

and 

That i s ,  we have set  xi+, = yi and introduced r new s ta te  variables 

t o  t r ea t  end conditions and optimali  ty. The reformulated problem 

i s  o f  the type we have postulated. 

To obtain the f i r s t  necessary conditions f o r  o p t i m l i t y  o f  

u ( t )  and to, T, we suppose that  an optimal reference t ra jec tory  x S ( t )  

i s  avai table, and consider the variat ions about t h i s  path. Let  

sX(t) = ~ ( t )  - x , ( t ) ,  and au(t) = u ( t )  - uS( t )  so tha t  the f i r s t  

var iat ion i s  described by 



where 

Holding to and T f i xed ,  the  s o l u t i o n  of equat ion (9.9) a t  the f i n a l  

t ime T i s  

where the 

and U(T, t )  i s  the  s t a t e  t r a n s i t i o n  matr ix ,  descr ibed bv 

where U(T, T )  = the  i d e n t i t y .  The e f f e c t  o f  changing t he  w g i n e  s t a r t l s t o p  

times to and T by smal l  amounts i s  t o  apply impuls ive changes i n  p o s i t i o n  

and v e l o c i t y  a t ,  respec t i ve ly ,  the  beginning and end ~f the  t r a j e c t o r y .  

For example, i r  t he  spec ia l  case descr ibed by equations (9.2) and (9.3), 

we have 



I n  general, we have 

AX (to) = a(to)  d to  

4x (T) = a(T) dT (9.20) 

where &(to) and a(T) a r e  the accelerations r e a l i z e d  by twitching the 

thrust.  Then i f  dx(T)  = x  (T + d t )  -x , (T ) ,  from equation (9.12), we 

have 

where 



The l imi ts  of the  integral  can be taken as the n o ~ i n a l  ximes f o r  

t h i s  f i r s t  order theory . Then i f  the t r a j ec to ry  i s  t o  be opt4mal. 

i t  i s  necessary t h a t  there be a constant Lagrange mu1 t i p l e  vector 

v T  = [v, . u 1 such t h a t  r 

fo r  a l l  a u ( t ) ,  d to ,  and dT. Since these a re  independent var ia t ions ,  

i t  follows t h a t  

Defining 

so tha t ,  from the def in i t ion  of u(T, t ) ,  

a f x ( t )  = - ~ ( t )  - ( t )  ax 

i t  follows from equation (9.24) and the de f in i t i on  of h ( t )  t ha t  



These are the we1 1-known optimal i t y  condit ions, where the 

hami 1 ton i  an 1 s 

9 . 3  ABNORMALITY AND UNCONTROLLABILITY 

The f i r s t  necessary cond i t ion  f o r  opt imal i  t y  can be derived 

i n  an elementary way, which i l l u s t r a t e s  the re la t i onsh ip  between 

optimal i t y  , abnormality , and cont ro l  l a b i  1 i t y  (Reference 34). 

Suppos: we def ine  the normal i t y  mat r ix  

where a and 8 are as given i n  equations (9.20) and (9.22), and 

The N r i a t r i x  cannot have f u l l  rank (cznnot be inver tab le )  if the 

reference t ra jec to ry  i; optimal , f o r  otherwise we could f i n d  var ia t ions  

dto, d t ,  and su ( t )  sb:h t h a t  the end condit ions are met w i t h  the 



performance va r i  abie xl (T)  l ess  thar: the nos ina l  value. For example, 

choose the  va r i a t i ons  

where E i s  an a r b i  t r a r y  vec to r  w i  t h  1 E 1 small . Then equat ion (9.21 ) 

be comes 

I n  t h i s  case dx(T) can be c o n t r o l l e d  so as t o  take on a r b i t r a r y  

- values, i n  p a r t i c u l a r ,  dxl - -el, dx2 = d x  = " ' dxr = C. Th is  3 

i s  a  c o n t r a d i c t i o n  o f  the assumption o f  op t ima l i t y ,  and hence N must 

n o t  have f u l l  rank. By s e t t i n g  d t o  and dT both equal t o  zero, s i m i l a r  

reasoning shows t h a t  Nu a l so  must no t  have f u l l  rank.  Thus we have 

estab l ished t h a t  N  (and Nu) has a t  l e a s t  one zero eigenvalue, ant, 

from t h e  d e f i n i t i o n  o f  N, the re  i s  a  constant vec to r  v such t h a t  



From equation (9.31 ) the optimal i ty condit ions g i  ven by equations (9.24)- 

(9.26) immediately fol low. 

We have c,hown t h a t  the f i r s t  necessary condi t ion f o r  op t imal i ty  

i s  th;t the r by r normali ty matr ix  N must have rank not  greater than 

r - 1. Abnormality ex is ts  i n  the case where the rank i s  r - 2 o r  less, 

f o r  then there i s  more than one l i n e a r l y  independent vector v which 

has the property described by equation (9.37). That i s ,  

De f in i t i on :  A t ra jec to ry  i s  said t o  be optimal i f  the r by r 

normali ty matr ix  ( N )  has rank less than r; i t  i s  sa id  t o  be abnormal 

o f  order q i f  i t  has rank equal t o  (r-1-q) . 

The i iotions o f  abnormality qd contro l  l a b i  1 i tY (Reference 35) are c lose ly  

re1 ated. 

De f in i t i on :  The r end condit ions xl ' ' xr are sa id  t o  be 

f i r s t -o rde r  completely cont ro l lab le  i f  the r x r n o n a l i  ty matr ix  N 

has f u l l  rank; i t  i s  said t o  be f i r s t - o r d e r  uncontro l lable o f  order 

q + 1 i f  i t  has rank equal t o  (r-1-q). 



Thus an optimal t ra jec to ry  i s ,  by de f i '  .ion, always uncontrollable, 

and i s  abnormal o f  order q i f  i t  uncontrol lable o f  order q + 1. 

Note tha t  t h i s  d e f i n i t i o n  o f  abnormality i s  s l i g h t l y  d i f f e ren t  

from that  of B l i ss  (Reference 36, page 210), where the abnormality i s  

also sa id  t o  occur i f  the vector v turns out t o  be vT = [O. u2, 

. . . 1.t 1. That i s ,  the Lzgrange m u l t i p l i e r  o f  the performance var iable r 

x1 cannot be zero. We have a lso s l i g h t l y  nod i f i ed  Kalmat?'~ d e f i n i t i o n  

o f  ( f i  rs t -order)  contro l  l a b i  1 i t y  , i n  the sense tha t  the performance 

index x1 i s  included as a s ta te  variable. For example, because o f  

the wav s ta te  variables have been defined an optimal system o f  the form 

given by equations (9.4) - (9.6) would be ancontrol lable, even though 

the o r ig ina l  system yl . . . . yr were completely contro l lable.  One 

i s  fcrced t o  adopt these modi f i c a t i  ons i f there i s  t o  be, i n  general , 

a precise re la t ionsh ip  between abnormality and contro l  l a b i  1 i t.y. For 

example, i t  can be seen tha t  these de f in i t i ons  are man ing fu l  f o r  the 

case o f  a minimun time t ra jec to ry  w i t h  a l l  end c o ~ d i t i o n s  specif ied. 

Essential ly,  the s l i g h t l y  d i f f e r e n t  de f i n i t i ons  arose because abnorm- 

a l i  t y  was introduced as a condi t ion required t o  proceed wi th  ara lys is  

of the second var ia t ion  (see Reference 34). and contro l  l a b i  1; t y  was 

a condit ion required f o r  the analysis o f  l i n e a r  systems wi th  a quad- 

r a t i c  performance index (see Reference 35). 



9 .4  ABNORMALITY AND UNCMTROLLABILITY AT THE FINAL TIME 

A l l  t ra jec tor ies  become uncontrol lable o f  order (r-1) a t  the 

f i n a l  time, and a l l  optimal t ra jec tor ies  becane abnotmal o f  order 

( r-2) a t  the f i n a l  time. This f o l l a r s  from equations (9131) and (9.32), 

f o r  suppose tha t  to i s  an a rb i t ra ry  time during the guidance phase 

( i  .e. , to i s  no longer the f ree s t a r t  time), and l e t  to+ T . Then the 

normal i ty matr ix  becomes 

:he P ( T )  a (T) i s  obviously a rank one matrix. Furthemore, f o r  times I 
to near T we note tha t  Nu(to) i s  also o f  rank ow,  f o r  

For an optimal t ra jec tory  i t ?o l l am  from Equations (9.38) and (9.39) 

q(T) and a(T) are both orthogonal t o  v ; f o r  a non-optimal t ra jec tory  

t h i s  i s  not necessarily the case. 

An analysis o f  the NU(to) matr ix  i s  carr ied out i n  Reference (37) 

f o r  the case o f  optimizing the burnout speed t o  a t t a i n  a s a t e l l i t e  orb i t ,  

cont ro l l ing path angle and burnout a l t i tude.  The eigenvalues o f  the 

resu l t ing 3 by 3 normality matr ix are shown i n  Figure9 .l, where, f o r  

physical compat ib i l i ty  o f  units, the pos i t ion s ta te  has been scaled by 

an energy fac tor  t o  be expressed i n  un i ts  o f  ft/sec. 
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9 .5  SHUT-OFF AND STEERING NEAR THE FINAL TIME 

The degenerary o f  the n o n a l i  t y  matr ix near thrust  termination 

o f fers  an explanation o f  the thrust  termination phenomenon. Given ar, 

optimization problem which i s  abnormal i n  the sense defined here, one 

would be forced t o  delete from cowiderat ion those l i near  combinations 

o f  end conditions corresponding t o  the zero eigenvalues o f  the normality 

matrix. S i m i l i  .?y ,  i n  the guidance problem one should attempt t o  control 

only one l i near  combination o f  end conditions near thrust  termination. For 

the special case described by Equations (9.2) - (9.3?,ule only control avai 1 - 
ab!e a t  the f i n a l  time i s  the veloci ty correct ion AV(T) given by Equation 

(9.9). That i s ,  a t  the f i n a l  time the vehicle ought t o  be pointed i n  the 

nominal d i r e c t i o ~ ,  and the s i iat -of f  time should be adjusted (by dT) so t o  

n u l l  coordinate errors i n  the d i rec t ion o f  AV. This theoret ical  r e s u l t  

i s  i n  agreement wi th  practice, f o r  thrust  termination comnands are usual ly 

generated w5en the required veloci ty component i n  a pre-specified d i rec t ion  

reaches the desired value. 

I t  remains t o  be shown how the region o f  uncontrol l ab i  li ty can be 

precisely defined, and what the steering law should be i n  t h i s  region. I n  

reference 137) i t  was suggested tha t  a stable guidance law would be obtained 

by steering t o  the boundary o f  the reachable set  o f  points, which i s  the 

the locus o f  attainable end conditions obtained by an analysis o f  the second 

variat ion. The analysis w i l l  not be repeated here, su f f i ce  i t  t o  say tha t  

the resu l t ing steering law tends t o  nu1 1 end condition errors sensed early 

i n  f l i g h t ,  when the r a d i i  o f  curvature o f  the boundary (p ' ) are large, 
i 



and tends t o  ignore errors sensed l a t e  i n  f l i g h t  when the r a d i i  

o f  curvature of the boundary (p ) are small. Assuming su i tab le  
i 

normalization o f  the steering angle, the pi near thrust  termination 

are approximately equal t o  the e i  genval ues o f  the normality matr ix  

(see Figure 9.1 ) . Further work i s  required t o  devei op t h i s  approach i n t o  

a pract ical  a lgor i  thm,but the analysis suggests tha t  a reasonable terminal 

steering and shut-off  c r i  ti r i o n  might be as follows: (1) enter the shut-off  

mode o f  operation when a l l  bu t  one o f  the eigenvaiues o f  the normality 

matr ix are nearly zero, (2) since the non-zero eigenvalue corresponds t o  

the d i rec t ion o f  q(T ) ,  steer t o  n u l l  ve loc i ty  errors perpendicular t o  

th i s  direct ion, but  wi th a l i m i t  on the maximum steering angle deviat ion 

from nominal, and (3) terminate thrust  when the speed e r ro r  i n  the 

d i rec t ion o f  a(T) i s  zero. Note that  i n  e f fec t  we are attempting 

t o  n u l l  veloci ty errors near shut-off, which can be thouqht o f  as 

com~onents o f  the veloci ty-to-be-gai ned. 

9.6 THE CONJUGATE POINT PHENOMENON AT START TIME 

The optimal s t a r t  time can be calculated from the conditions obtained 

i n  Section 9.2, Although no d i f f i c u l t y  should be expected for most space 

guidance applications , there i s  a possibi 1 i t y  tha t  the conjugate po in t  

phenomenon can occur a t  to because o f  the fac t  that  to i s  a free parameter. 



Consider f i r s t  the case where to and T are fixed, and f o r  

s imp l i c i t y  assune there i s  only one constraint, xZ(T) = 0. I t  i s  

shwn i n  Reference (34) that, by a proper choice o f  the 
xi coordinates, 

the second order expression for end condit ion variat ions can be wr i t ten  

i n  the form 

where Q(t,s) i s  a real  symmetric kernel. Equation (9.40) i s  obtained 

by expanding the equations o f  motion (9.1 ) as a second order Taylor's 

2 2 series, but  i s ,  the terms bx ( t )  and 6u (t? are retained, and the 

solut ion i s  represented i n  the form o f  an in tegra l  equation. The xl 

coordinate i s  chosen i n  the d i rec t ion o f  the Lagrange mu1 t i p l i e r  V. 

(Note tha t  Q(t,s) would be a matrix, and su(t).would be a vector, i f  

the control were t o  be interpreted as the values o f  u ( t )  a t  a f i n i t e  

number o f  points). The conjugate point  condit ion i s  developed by 

solving the accessory minimum problem t o  obtain an expression f o r  the 

boundary o f  the reachable se t  o f  points. It i s  shown i n  Reference (34) 

that  the boundary surface i s  given by 



The p i s  the radius o f  curvature o f  the reachable s e t  o f  points  given 

where Q-l ( t ,s)  i s  the "inverse Kernel" o f  Q(t,s).  A l l  end condit ions 

w i  t h i n  the boundary (9.42) can be reached by applying some cont ro l  

r u ( t ) .  A conjugate p o i n t  occurs a t  a value o f  to where P ( to )  = 0. 

For the case o f  f ree i n i t i a l  time to, Equation (9.40) becomes 



where B i s  as defined above, y i s  the second p a r t i a l  der ivat ive o f  xl 

w i th  respect t o  to, and ~ ( t )  i s  the mixed p a r t i a l  derivat ive. Expressions 

f o r r  and K w i  11 not be presented here; they may be obtained f run the 

analysis of Reference (37). where the second order e f f ec t  o f  i n i t i a l  con- 

d i  t i o n  e r ro r  i s  calculated. The conjugate po in t  analysis proceeds as 

before, except tha t  the inverse o f  a mixed kernel and scalar must be 

obtained. This can be done (again, th ink o f  6u(t)  as a vector and 

Q( t , j )  as a matr ix),  and the resu l t ing radius o f  curvature 4s 

where 

As before, the conjugate po in t  phenomenon occurs when p( to )=  9 



A comparison o f  Equations (9.43) and (9.48) shows t h a t  the 

conjugate p o i n t  cc!;di t im i s  indeed mod i f ied  when t i s  t r ea ted  as 
0 

a f r ee  var iab le .  Thus i t  i s  poss ib le  t h a t  ~ o t i i n a l  swi t c h i n q  cou ld  

cause the conjugate p o i n t  phenomenon t o  occur when i t  otherwise would 

not, o r  conversely. These i n t e r e s t i n g  p o s s i b i l i t i e s  should be exp lored 

f u r t he r  f o r  p r a c t i  ca l  cases. 

19. IMPULSIVE STOCHASTiC GUIDANCE 

1  0.1 Ii4TRODUCTION 

I t  was po in ted  ou t  i n  sec t i on  1.3 t h a t  i n  c e r t a i n  ~ h a s e s  o f  f i g h t  

t h e  s e ~ e r a b i l i t y  o f  guidance, nav iga t ion  and e r r o r  ana lys is  no longer 

a  op1 i e s  . These cases a r i s e  when impul s i  ve v e l o c i t y  co r rec t ions  a re  t o  

b e  appl ied,  and there  a re  execut ion e r r o r s  propor t ioned t o  t he  magni tlrde 

o f  the co r rec t i on  and/or a  cons t ra i n t  on the  t o t a l  amount o f  p r o p e l l a n t  

t o  he u t i l i z e d .  For examole, an impor tant  o b j e c t i v e  o f  some soace 

m i s s i m s  i s  t o  achieve a  s p e c i f i e d  e l i p t i c a l  o r b i t  around the t a r g e t  bady 

( e .  s .  Voyager, A ~ o l l  o, Lunar o r b i t e r )  . A f t e r  the i n s e r t i o n  manuver, the 

spacec ra f t  may reach a d i s ~ e r s e d  o r b i t  due t o  o r b i t  determinat ion and 

manLvver execut ion e r ro r s ,  and a sequence co r rec t i ons  ( noss ib l y  on l y  two) 

b  ecomes mandatory i n  order t o  accom~ l  i sh the  mission. These cor rec t ions  

a r e  appl ied i n  a  form o f  acce le ra t i on  impulses, causing a  s tep  change i n  

v e l o c i t y ,  and hence o r b i t a l  elements, a t  the  c o r r e c t i o n  t imes. The 

guidance s t r a tegy  f o r  such a  sequence o f  co r rec t i ons  i s  t he  s o e c i f i c a t i o n  

o f  how many cor rec t ions  should be appl ied,  when, and what they should be. 



The determination o f  a st rategy which minimizes a s t a t i s t i c a l  measure 

o f  the f i n a l  o r b i t  e r r o r  i n  the presence o f  o r b i t  determlnation (est imation) 

and guidance execution er rors  poses an important unsolved problem. The 

c l a s s i c a l  optimal o r b i t  t rans fer  analysis which seeks the st rategy t o  

m i nimi ze propel 1 ant  (cor rec t ion  capabi 1 i t y )  expenditure and does not  

consider random errors,  can a t  best y i e l d  t h a t  approximately optimal 

s t rategy . The theore t i ca l l y  cor rec t  approach i s  obtained. via  the dynami c 

programn;ng algori thm or  i t s  equivalent. This i s  an impossibly d i f f i c u l t  

t ask  f o r  r e a l i s t i c  guidance systems, so one must take a d i f f e r e n t  approach. 

Several authors ( ~ e f s .  12, 38-41 ) have d e a l t  w i t h  a problem o f  t h i s  type 

and obtained some in te res t i ng  resu l t s  by analysis o f  simp1 i f i e d  cases o f  

by developing a suboptimal guidance strategy. The r e l a t i o n  between t h i s  

work and p rac t i ca l  app l ica t ion  i s  somewhat tequous, f o r  the problems 

have t o  be so s i m p l i f i e d  i n  order t o  accomplish the analysis t h a t  r e a l i t y  

i s  o f ten  l o s t .  I n  prac t ice  one sometimes uses a procedure which might 

b e  ca l led  the method o f  constraints. That i s ,  a guidance st rategy i s  

chosen , based upon hu r i  s t i c a l  l y  a ~ p l  i e d  determin is t ic  reasoning, and t h i s  

s t ra tegy  i s  modified t o  take i n t o  account random errors.  For example, 

on an in terp lanetary  mission such as Mariner one might a r b i t r a r i l y  decide 

t o  make the f i r s t  mid-course cor rec t ion  at ,  say, s i x  days a f t e r  i n jec t i on ,  

r e a l i z i n g  t h a t  adequate t rack ing  informat ion can be gathered and processed 

b y  t h a t  time and t h a t  l i t t l e  would be gained by making the co: rect ions 

s l i g h t l y  sooner or  l a t e r .  The aiming po in t  f o r  the correct ion, must con- 

s i d e r  the random cor rec t ion  execution errors,  however, f o r  these er rors  

w i l l  y i e l d  s ta te  disoersions a t  the ta rge t  which may v i o l a t e  ce r ta in  



m i s s i o n  cons t ra i n t s  (e.g., the p r o b a b i l i t y  o f  impact ing t he  p l ane t  may be 

t o o  h igh) .  Thus one chooses a  biased aim p o i n t  which y i e l d s  an acceptable 

p r o b a b i l i t y  o f  impact ing the p lane t ,  assuming t h a t  the re  w i l l  be a  second 

c o r r e c t i o n  a t  some l a t e r  t ime t o  ad jus t  the  aim ~ o i n t  so as t o  have a h igh  

p robabi  1  i t y  o f  s a t i s f y i n g  the m iss ion  ob jec t i ves .  (The execut ion e r r o r s  

f o r  t he  second c o r r e c t i o n  are cons iderab ly  smal l e r  because t h e  c o r r e c t i o n  

i t s e l f  i s  sma i le r ) .  I n  t h i s  case we a re  seeking t o  s a t i s f y  c e r t a i n  

p r o b a b i l i s t i c  miss ion ob jec t i ves  w h i l e  imposing a  ~ r o b a b i l i s t i c  s t a t e  

v a r i a b l e  cons t ra i n t .  Th is  t . y ~ e  o f  s t ochas t i c  guidance problem i s ,  i n  

p enera l  , a very d i f f i c u l t  one.. 

10.2 SOME NEW RESULTS I N  STOCHASTIC GUIDANCE THEORY 

The s o l u t i o n  of a  r a t h e r  r e a l i s t i c  form o f  the  s t ochas t i c  guidance 

problem i s  descr ibed i n  Refe:c,,cci i42; snd (43). It i s  assumed t h a t  t he  

t o t a l  guidance c o r r e c t i  on capabi 1  i t y  expended d u r i  ng the m i  ss ion  i s  

constrained t o  be less  than a  s o e c i f i e d  nr~mber ( t h e  resource i n i  ti a1 l y  

a1 l o t t e d ) ,  and one seeks the s t r a tegy  which minimizes the  expected 

value of a  weighted sum o f  squares o f  the f i n a l  o r b i t  e r r o r s .  These 

d i  s ~ e r s i  ons a r i s e  from random es t imat ion  and co r rec t i on  execut ion 

e r ro r s .  The analys is  employs the  dynamic programmi r g  technique f o r  

determining the  opt imal s t ochas t i c  o r b i t a l  t r a n s f e r  strategy, where i t  

i s  supposed t h a t  t he  c t a t e  o f  the  system a t  any t ime can be descr ibed 

by the co r rec t i on  capabi 1 i t y  remaining and the maximum l i k e l i h o o d  

estimates o f  the o r b i  t parameters. These estimates do indeed p rov ide  

s u f f i c i e n t  s t a t i s t i c s  f o r  our problem i f  we assume t h a t  very many t rack -  

i n g  data po in t s  are ~ r o c e s s e d  between co r rec t i ons ,  s ince  i t  can be shown 



t ha t  the probahi 1 i ty density funct ion f o r  the est imation er rors  asymptot- 

i cal  l y  becomes Gaussian w i th  known covariance. A f u r the r  simp1 i f i  c a t i  on 

i s  introduced by assuming t h a t  two modes o f  operat ion are ~ o s s i b l e  a t  

each co r rec t i  on opportuni t y  : capabi 1 i ty unl im i  ted , where an excess o f  

cor rec t ion  c a p a b i l i t y  i s  ava i lao le  t o  c o m ~ l e t e  the m is j i on  and the optimal 

c o ~ ~ r e c t i  on can be determined without constra int ,  and capabi 1 i t j  1 i m i  ted , 

where there i s  no t  adequate correct ion c a p a b i l i t y  t o  complete the mission 

optimal ly , a ~ l d a h e u r i s t i  cal  l y  j u s t i f i e d  simple one-correctisn po l i cy  and 

measure of performance are t o  be employed. Thus cor rec t ion  capabi li t y  ( c )  

i s  a s ta te  var iable which i s  constraind t o  be pos i t i ve ,  and the cont ro l  

po l i cy  and performance associated w i th  t rans fe r r i ng  from the s t a t e  

c>O t o  the s t a t e  var iable boundary c = 0 are assumed t o  be speci f ied .  

I t  i s  reasonable t o  speci fy  these funct ions i n  a h e u r i s t i c  fashion, 

because f o r  rnos t abpl i c a t i  ons the capabi 1 i t y  1 i m i  ted case r a r e l y  occul-s 

I n  e f fec t ,  then, one need only t r e a t  the capab i l i t y  unl imi ted case ( c  - W )  

and tabulate the optimal cor rec t ion  ~ o l i c y ,  the optimized measure o f  Der- 

formance, and the expected cor rec t ion  capabi li t y  required t o  c o m ~ l e t r  the 

mission. 

These simp1 i fi c a t i  ons are essenti a1 t o  the numeri ca i  dynamic orogram- 

ming so lu t i on  o f  the problem. Nevertheless, one s t i l l  encounters the we l l  

known numerical a i f f i c u l  t y  o f  c a l c u l a t i i g  and s to r i ng  the many values of 

the optimi zed per 'onance index and guidance p o l i c y  corresponding t o  a1 1 

possibi: values o f  the s ta te  vector f o r  a1 ; o f  the correct ions, This 



orablem can be pa r t i a l  l y  overcome by recognizinq tha t  the only regions o f  

tSe performance surface which are of real  i n te res t  are the neighborhoods 

of the local minima which resu l t  from the guidance corrections, f o r  these 

determine the "aiming boints" i n  state space f o r  preceedi ng corrections. 

( i t  can be shown that  such local  minima do indeed exist) .  Thus f o r  the 
th i- guidance correct ion we need t o  store,as functions o f  uncorrected 

state variables, the coordinates and magnitudes o f  the local  minima o f  the 

oerfomance surface resu l t ing from the correction, the exuected value o f  

t!e correction capabi l i ty  required for subsequent corrections, and a 

quadratic approximati on o f  the i ocal behavior o f  the performance surface. 

s t  Given the estimate of o r b i t  parameters p r i o r  t o  the (i-1)- correction, 

these resul ts would be used i n  a real-time a p ~ l i c a t i o n  t o  determine 

the coordinates ~f the "best" reachable local  minimun point. This 

choice specifies the aiming ~ o i n t  f o r  the ( i  -11% correct ion and 

(imol i c i  ty )  the correction i t s e l f ,  assuninq tha t  the caoabi 1 i t y  required 

t o  reach t h i s  point  p;us the expected value t o  complete the aission i s  

less than the amount presently avi lable. This procedure would be repeated 

f o r  the next correctiolr, a f te r  tracking and estimation o f  the corrected 

orbi t parameters, ~ n 3  a1 1 subsequent corr ections would be treated simi 1 a r l y  . 
I f  adequate corr2ction capabi l i ty  i s  not avai lable a t  any o p ~ o r t c ~ i i  t y  i t  

i s  necessary t o  e i ther  choose a d i f fe ren t  local  minimum which i s  acceptable, 

or ap2ly the capabi l i ty  l imi ted mode of operation, or  aim f o r  "best" local  

minimum, asz~nning i t  i s  t o  be followed wi th a capabi l i ty- l imi  ted correction. 

The best o f  these a1 ternat i  ves should be chosen. 



The dynamic programing approach t o  stochastic orbi  t transfer 

described here was applied by Nishimura t o  a space mission o f  the 

Voyager type (Reference 42). The nunerical resul ts were obtained wi th 

a computer program which determined the optimized performance index 

resul t ing from the f i n a l  correction f o r  a large nunber o f  points i n  

state space. The aptimal performance index contours were p lo t ted  t o  

f ind  the local  minima (Figure 10.1), and these coordinates were used 

t o  define the intermediate orbits, i .e.. the "aiming pointsn f o r  the 

preceedi ng correction. An example correction sequence i s  depicted i n  

Figure 10.2, which i s  interest ing t o  compare t o  the c lassical  Hahman 

transfer case. Because o f  the stochastic dispersion factor, the 

Hohman transfer w i  11 y i e l d  poorer performance than the optimized 

strategy shown i n  Figure 10.2. 

I n  sunmary, then, we have described a non-linear stochastic 

control problem where expenditure o f  correction capabi 1 i t y  i s  introduced 

as a state variable constraint, where the maximun l ike l ihood estimates 

o f  the o r b i t  parameters provide su f f i c i en t  s t a t i s t i c s  t o  define the 

state o f  the system, and where the properties o f  the local  m in im  o f  

performance surface provide adequate informatior! f o r  a dynamic progranm- 

ing solut ion o f  the problem. More work i s  required t o  develop t h i s  

approach t o  the point  where i t  i s  pract ical  f o r  real-time guidance 

application. Some poss ib i l i t i es  f o r  s impl i f ica t ion have recent:y become 

apparent and are being investigated. 







11. CONCLUSION 

I n  t h i s  report we have taken a rather general, theoret ical  view o f  

the "unif ied" gutdance and navigation problem. (By un i f ied system we 

mean a set  o f  software and hardware modules which can be used t o  control 

a1 1 segments o f  the t ra jec tory  f o r  a wide class o f  missions and 1 aunch 

vehicles). Assuming tha t  the guidance and navigation problems can be treated 

separately, i t  i s  apparent tha t  the der ivat ion o f  a guidance algorithm (mode) 

i s  a key element i n  the development o f  a un i f i ed  guidance and navigation 

system. With t h i s  motivation i n  mind, the purpose o f  the study described 

here was t o  examine the state-of-the-art i n  guidance mode development; 

c lass i fy  ex is t ing and proposed modes ; define measures o f  t h e i r  performance; 

compare the modes wi th respect t o  these measures; describe some o f  the 

problem areas that  may be encountered, and recomnend direct ions f o r  fur ther  

research and development . 
Speci fi c concl usi ons and recomnendati ons are presented i n  Section 

1.9 and w i  11 not be repeated here. Suff ice i t  t o  say tha t  the analyt ical  

and numerical studies reported here indicate tha t  i t  i s  feasible t o  design 

a un i f ied guidance mode, capable o f  on-board implementation, i f  one i s  

w i  1 l i n g  t o  exp lo i t  the numerical integrat ion and i t e r a t i o n  capabi l i ty  o f  

present day computers. Further analysis and simulation i s  required i n  

order t o  f u l l y  j u s t i f y  t h i s  conclusion. Such e f f o r t  would be well  spent, 

f o r  savings i n  cost, r e l i a b i l i t y ,  and development time could be achieved 

by developing a uh; f ied guidance system. Furthermore, the ccjst i n  time 

and money of mission design, p re f l i gh t  preparation, and f l i g h t  readiness 



v e r i f i c a t i o n  could be reduced by using the u n i f i e d  guidance capabi l i ty  t o  

develop p r e f l i g h t  analysis software (the "quick reaction" problem). I t  

i s  hoped t h a t  t h i s  Report w i l l  be a worthwhile contribution toward such 

a devel opment. 
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