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ABSTRACT

This paper details a highly reliable computational algorithm for
sequential least squares estimation (filtering) with process noise. The
various modular components of the algorithm are described in detail so that
their conversion to computer code is straightforward. These components
can also be used to solve any least squares problem with possibly rank

deficient coefficient matrices.

KEYWORDS: Kalman filters, square root filters, sequential least squares
estimation, numerical solutions of linear least squares.



AIGORITHM FOR SEQUENTIAL ESTIMATION

Introduction

In this paper we will describe a reliable zomputational procedure for
estimating the state vector of a noisy system from a set of noisy measure-
ments, The state of the system, x(i) = [xl(i), x2(i),...,xn(i)]T, is

described by s sequence of transition equations,
x(k+1l) = F(k)x(k) + G(k)w(k) , k =0,1,...,N-1 |, (1)

where F(k) and G(k) are n x n matrices and w(k) = [wl(k), wz(k),...,wn(k)jT
is the process ncise vector. The measurements z(k) = [zl(k), Z2(k)’

...,zm(k)]'11 are given by,

z(k) = H(k)x(k) + Q(k)v(k) (2)

where H(k) and Q(k) are m x n and m x m matrices respectively and

v(k) = [Vl(k), vg(k),...,vngk)]T is the measurement noise vector.

An estimation procedure for sequentially estimating the state x(k),
(k = 0,1,...,N-1), using orthonormal Householder transformations was described
in a recent paper by Dyer and McReynolds (Ref. 1). That paper showed that
this procedure was equivalent to, and substantially more accurate than, the
Kalman Filter (Ref. 2) and gave some numerical results. However, few details
were given of the computational algorithm and there was little effort made
to maximize the efficiency of the routine. In this paper details of a refined
form of the algorithm are given. This new algorithm is substantially faster
and requires only half the storage of the algorithm indicated in Ref. 1.

These points are described in Appendices A and B.

It should be stated that this algorithm requires a rather large investment
in programming to develop from the beginning. (We feel one-man year is a
good estimate). We will, however, provide a set of (documented FORTRAN IV)
subroutines to any interested requester. There ié one feature of the present

algorithm which we feel more than compensates for its complexity: it is
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completely reliable in the sense that rank deficiencies will not cause s
system to feil and roundoff errors are minimized. This program can, there-

for:, be a welcome ccmponent of many automatic control systems,

We will now review the algebraic operations required in the algorithm,

Description of the Algorithm

As stated above the problem is to estimate the state of a dynamic
system in the presence of noise, It is assumed that the components of the
noise vectors w and v are statistically independent and gaussian with zero
means and unit varlances, This assumption is not restrictive because any
set of correlated gaussian random variables maybe linearly transformed to
a new set of independent gaussian random variables. One technique which
effects this transformation is as follows: Let w(k) denote correlated
process noise with covariance C(k). Now employing the Cholesky square root
algorithm (Ref. 3) & matrix D(k) is found such that C(k) = D(k)D(k) . By
setting w = D(k)w, equation (1) may be written

x(k+l) = F(k) x(k) + G{(k)D(k)w(k)

where the components of w(k) are independent random parameters with zero

mean and unit covaria -e,
The problem of estimating x(k) is equivalent to minimizing

k

306 = 3 (vl » eI} + ) - ZP

i=1

(3)

with respect to the random sequences v(i) and w(i), (i = 1,2,...,k), subject

to the constraints of equations (1) and (2). In equation (3) X(1) denotes

the a priori mean of x(1), while A(1l) denotes the a priori covariance of
x(1).



Let Jopt(k) denote the minimum return function® for this problem

expressed in terms of x(k). Then

- 2
Jopt(k) = |lx(k) - X(k)ueAfl(k) + r°(k) (%)

Here x(k) is the conditional mean of x(k), A(k) is the conditional covariance,

and re(k) denotes the sum of the squares of the residuals.

The Dyer-McReynolds algorithm computes R(k) and d(k) where,

R(K) = A3(k)
i (5)
d(k) = A 2(k) x(k)
In terms of R(k) and d(k), the return Jopt(k) is given by
Topt(6) = IR(k)x(k) - a(i)|? + (k) (6)
Clearly, if R{k) is non-singular, x(k) and A(k) are given by,
x(k) = R™1(k)a(k)
and (7)
AMk) = R"l(k) R'l(k)T

The algorithm shall be developed in two steps. First, the measurements
at the kth stage will be incorporated with the a priori information.
Secondly, the information will be transformed from the kth to the k+1St

stage, corrupted by the effects of process noise.

The best estimate of x(k) employing measurements z(1),...,z(k-1) is

obtained by minimizing,

k-1 k
0 2; IMIE + D eI o 1) - S0, )

subject to the constraints imposed by Egs. (1) and (2).

1 See Cox, (Ref, 4) for the formulation of sequential es:imation ir terms
of dynamic programming.



Note that,

J(k) = J(k) + uv(k)n2 .

SteE l: Measurements

Now assume that 3(k) has been transformed to,

I(k) = |R(e)x(x) - dw)|° + ¥ (k-1) (9)

(This will normally be the case. At the initial time R(1) and d(1) are

formed from the a priori covariance and mean). The inclusion of measure-

ments implies the minimization of,

3(k) = |[R(x)x(x) - d@)|° + [[v(x)|F + T5(k) (10)
Substitutinégfor v(k) from equation (2) gives,
3(k) = [REx(k) - 37 + o7 ()m)x(k) - @7 HR)z(®)]F + F (k) (11)
which may be written,
' 2
O A 5 \
‘L) (k) et E) 2(k)
LQ (k ' L n
Now an orthogonal (n+m) x (n+m) matrix, P, is constructed such that,
n n
fﬁ(k) ] }n i—R(k)-1 }n
(13)

Q) HK) | Jo |0 |}

If the measurements are genuinely noisy then Q(k) is nonsingular,
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Here R(k) is an upper triangular matrix. - Let d(k) and d'(k) be defined by,

Hk) | }n 4 (k) ‘}n
P - = Co (14)
Q'lz(k{_ }m d'(k)d}m

vy

The matrix P is a product of Householder transformations, i.e.,

P = Pn.Pn"l e e Pl

where

T .
P, = I, + uiui/si , (i=1,00eyn) , (L =m+n) .

Each Pi is orthonormal and symmetric. It should be noted, however, that none
of the full (n+m) x (n+m) matrices Pi have to be formed explicitly. It-is

$ and the scalar Bi. Further details
regarding the construction of these parameters are given in Appendix B,
Algorithm 1,

only necessary to store the f-vector u

The return J(k) may now be written,

3(k) = ||R(k)x(k) - a@)|® + r*(x) (15)

where r>(k) = ro(k) + ||a'(k)||°. The vectors d(k) and d'(k) are defined in Eq. (14},

The best estimate of x(k) and its covariance are given by,

£(k) = 5 (k)d(x)
(16)

Ak) = BH)R (k)T

Details of the computation of X(k) and A(k) are given in Algorithms 3, 4, and 5

of Appendix B, and the sequerntial processing of new data is outlined in Algorithm 2.



b

Step 2: Mapping and Process Noise

Mapping forwards introduces process noise, and the return 3(k+1) is

given by,

Tern) = Q)P + IROx(k) - A + r2(x) (27)

i

From equation (1),

x(k) = Fl(k) (x(x+1) - G(k)w(k))

Hence writing equation (17) in terms of x(k+1),
T(rt1) = w(B)|? + ROE)F T (6)x (k1) - RF (k) (k)w(k) - a(x)]® (18)

This eyguation must now be minimized with respect to w(k) and w(k) eliminated.

Equation (18) mey be written,

I, 0 w(k) 0

F(k+1) = - + o) (19)
ROIOF HO0k)  RE)F (k) | | x(x+1) a(k)

b —— s — b —

The matrix I of Eq. (19) is the n x n identity matrix.

The coefficient matrices R(k)F'l(k)G(k) and R(k)F'l(k) in Eq. (19) are
computed in the follewing way.

A product of n - 1 Householder orthonormal transformations
T . )
S =8 1 «0e 5y, 8, = (In + uiui/Bi)’ (i = 1,...,n-1), is found such that
F(k) = 8, «oo 8 T (20)

where T is upper trianguler.

Since F(k) is nonsingular,

1 S

-1 -
F (k) =T78 _, «os 5 J

(21)

Then premultiplying by R(k) rnd postmultiplying by G(k) gives,



R(K)F (k)G (k) = R(k)(T‘l(sn_l...slG(k))) (22)

while,

ROOF M) = RO (178, ). 8) (23)

In Algorithm 6 it will be shown that the formation of the matrix products on
the left hand side of Egs. (22) and (23) require only n additional storage

locaticns,

A (2n) x (2n) orthonormal matrix, again a product of 2n - 1 Householder
transformations:

T .
X=Xop 1 »o X X, =L, + uiui/ai , (i=1,...,2n-1) |,

is now chosen such that,

rIn 0 1 [a 8 ]

X = (2k)
R(K)F L(k)o(k) R(k)F-l(k)J 0 R(k+1)

gy

In Algorithm 7 we will show

L&}

that the
2

ight member of Egq. (2L) can be generated
in such a way that only 2.5n + 3.5n+l m

emory locations are needed at each
step of the calculation. Exactly 2.5n2 of these cells are the working arrays
“ which initially held the matrices F(k), G(k), and R(k).

We further remark here that the matrix A in the right member of Eq. (2k4)
is nonsingular. This follows from the observation that A is upper triangular

and the modulus of each diagonal term has the value one at least.

With,
r-o } _a'(k+1)— }n
X = (25)
Ld(k)~ __a<k+1> ] }n

the value of J(k+1) is,



J(k+1) = ||R(k+1)x(k+1) - a(k+2)r + ||aw(k) + Bx(k+l) - d'(k+1)p2

- - - - -

If R(k+1) is nonsingular the best estimate of x(k+l), given

through the kth stage, is given by,
X(k+1) = R™L(k+1)d (k+1)
The si ‘thed value of w(k) is given by,
-1~'
w(k) = A [d'(k+l) - Bx(k+1)]

The covariance essovciated with X(k+l) is given by,

R(k+1) = [RE0e+1) R L (k+1)]T

The hypothesis that ﬁ(k+l) be nonsingular is not critical.

measurements

(26)

(27)

(28)

We can replace

the indicated inverse in Eg. (25) by a pseudoinverse (Ref. 3) which -

always exists.,

In this case the covariance matrix of Eq, (28) no longer exists; one

can, however agree to solve for certain of the variables and set the remaining

ones to zero. This amounts to oblaining a pseudoinverse solution {in a

limiting sense) with a weighted euclidean metric., 1In the latter case one

can obtain a covariance matrix for the variables which were solved for,

The details of this are given in Algorithm 5 of Appendix B,

APPENDIX A

The flow diagram of Appendix & is intended to indicate the overall

structure of the filter and how it imakes use of the various component

algorithms of Appendix B. These algorithms of Appendix B can be used for

solving a:.y least squares problem.



APPENDIX B

Meny of the slgorithms presented below have appeared in a slightly
different form in Ref. 5. They are repeated and expanded here for the sake
of the complietfeness of this paper. Algorithm 3 is essentially due to
Businger and Golub using a special case of Algorithm 1.

Algorithm 1

The basic Householder transformation; its construction and application.

PURPOSE

Suppose that y = [‘yl,...,y'm]T is an arbitrary vector of length m. Given
three nonnegative integers 4, t, and m. We wish to construct an orthonormal

transformation Q = I+ uuT/B such that for Qw:

a) Components 1 through ¢ are to be left unchanged

b) Components £ + 1 is permitted to change

c) Components g + 2 through £ + t + 1 are to be left unchanged
d) Components £ + t + 2 through m are to be zero.

This can be accomplished with the foliowing

METHOD

let p=g4+1landg=4+1t+ 2.

With,
u = [O,..l’o, up’...’uq,...,um] ALl.l
2 2 2.2
= + + oo + o=
o = [y, +v¥, Yyl - (-sen(y)) Al.2
u = -
p =¥, - O Al.3
2
B=ou (= -|lul|=/2) . Al.L

u, = yi, (i = q,ooo,m) Al.s
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the matrix,

Q=1 + uuT/B Al.6

is orthonormal and,

Al.7

T
_— [yl’eoo,yz, U’ yf,+2’.'.’yq-l’ O,oo.,O] Al¢8

which satisfies the requirements of a) through d) above.
(In Eq. Al.2, sgn (yp) = 1, if v, 2 0, and equals -1 if ¥, < 0.)

The algorithm for computing the vector u and the scalar ¢ is now given.
The input to this algorithm will consist of three previously mentionzd integers

Ly, t, and m, the m-vector y and a single free cell to hold up upon output.

For later reference we will designate the output of this algorithm
H1(4, t, m, U ¥). The vector u will occupy just those positions of y which
were implicitly zeroed plus the one extra location labeled up. The scalar o

replaces yp in storage.

Type: Integer 4y t, my i, p, q;
Real Vis (i = 1,.e0a,m);
Double Piecision S

Procedure: HL(%, t, m, LY y)

Step Number Description
1 Set p:=4+1,qa:=4+1%t+2,
2
S i i = q.
Yp, q
e s 2 . .
2 {f i <msetr s =58 + y;o 1 i=1 + 1 and go

to step 2. Else

R
3 Set ¢ := [-sgn(yp)]32°



-11-

Step Number Description
L Set u_ :1=w_ - g,
P - P
' Set 1= g.
p ' Y5
REMARK

The vector u has now been calculated; the scalar B = oup is later

available as the indicated product and need not be explicitly saved.

The scalers u, =¥, (i = q,...,m), require no change of (or extra) storage.

Assume now that c = [cl,...,c ]T is an m-vector, and that we wish to
m
compute the matrix product Qc and place it into the storage previously occupied

by c.

From the equality cTQ = (Qc)’II (Q is symmetric) we see that only matrix

products of the form Qc need be discussed here.
The matrix product Qc is given by
Qc = ¢ + [(uTc)/a]u | Al.9
and so the matrix Q need not be explicitly formed.

We will now present an algorithm for computing the matrix product indicatei

in Al.9. This procedure will be designated by the symbol H2(t, t, m, u, up, £

Type: Integer Ly, t, my i, p, q;
Real c, s (i =1y00.,m), Uy Uy, (i =1,.0.,m), 0, £
Double Precision S

Procedure; H2{g, t, m, u, us c)

Step Number Description

1 Setp:=4£4 +1, q =4+t + 2,

S = u °C
P p’



Step Number Description

e If 1 = m set s

=s +u,°c,, i :=1+1,
i7i

and go to step 2. Else

3 If s = 0 go to step 9. Else
L Set B := g-u_.
P P

5 . If p =0 go to step 9. Else
6 Set s := s/B.

Set ¢ i=c_+u s, i :=q.
7 D o S q
8 If i smsetc, :=c, +u,es, i :=1 + 1,

i i i

and go to step 8. Else
9 The vector c¢ has been replaced by Qc.
REMARK

Note that only those componenhts numbered p = £ + 1, and g,...,m,
(g =4+t +2), are changed by premultiplication of ¢ by Q. Further, if
these components of ¢ are known to be zero (or, more generally uTc = Q) then

Qc = ¢ and no explicit computation is required.



Algorithm 2

PURPOSE
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Sequential acceptance of equations to achieve upper triangular form as a

preliminary step.

METHOD

Suppose we have a large linear least squares problem of the form,

Ax = b A2,1
The matrix A and the vector b &are written in partitioned form,
A ®y
A .
A = .2 ’ b - . A2‘2
A b
q q
whanr .n atriv A ie v and es ie 2 vector of le ] Th
where each matrix A; 1s mi X n and each bi is a vector of length m,. The
integers m, can be as smell as one,

Let m = ml+...+mq. We construct orthonormal matrices'Ql,...,Qq, each

of which are a direct sum of an identity matrix and products of at most n

Householder transformations and permutation matrices Pe,...,Pq such that

r =
QP ++r LPR [4,b]

Jmen-1

Here R is upper triangular, 4 is an n-vector and |r| is the residual vector
length if R is nonsingular.



To this end set p = max(ml,...,mq) and let W denote a compute working

-1l

array with v 2 n+ 1 +p rows and n + 1 columns. We will let W(leie, 31:32)

denote the subarray of W consisting of rows i, through i

1 2

through 32.

Procedure: Sequential Triangularization

and columns jl

Step Number Description

1 Set t := 1 and 4 = 0. (%)

2 ‘Set r = 4 + m,

3 Set W(4 + l:r, lin+l) := [A, b, ]

L Set 1 := 1

Compute

5 H1(i - 1, max(0,4-i), r, s, W(l:r,i:i));

6 If i < min(r,n), compute H2(i-1l,max(0,4-i),
r,W(lir,izi), s, W(lir,j,3)), (J = i+l,...,n+1)
Set i := i+l, and go to step 6, Else

7 If t<q, set t :=t + 1, £ := min[n+l,r],
and go to step 2. Else

8 The matrix A has been reduced to upper tri=-

(*)

angular form as indicated in A2.3.

If there is an a priori matrix present in the first n rows of the
working array W which 1s zero below the main diagonal, then one may

start with £ = n.
Of Eq‘ A2.2.

This a priori matrix will usually be the matrix Al
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REMARKS

As we mentioned previously, one can have m, = 1, (t = 2,.04,9). Then

W need occupy at most (n+2)e(n+l) computer words.

Following these transformations the strictly lower triangular part of
W may contain remnants of the processing; these cells should be zeroed. The
matrix R of A2.3 is in the upper triangular part of W; the wvector d occupies
W(l:n, n + 1l:n + 1); the residual vector length (except possibly for sign)

occupies W(n + 1:n + 1, n + l:n + 1).
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Algorithm 3

PURPOSE

Forward triangularization of square matrices with column scaling,

column interchanges and rank determination,
METHOD

Suppose we wish to solve a n X n system (which may have a singular

coefficient matrix) in the least squares sense.
Ax = Db A3.1

Here A is an n x n real matrix of rank r < n and b is a real n-vector.
We construct a nonsingular diagonel matrix D, a permutation matrix P and an
. T . '
orthonormal matrix Q@ =.Q _; «+« @, ( =1 + uiui/si), (i =1,...,n-1),
such that

A = qimppt A3.2

so that if A is nonsingular,

-1

A 1

DPP Q

Here, in general, T is upper triangular with its first r diagonal terms

nonzero and with its last n-r rows identically zero.

We remark here that the matrix in the right member of Eq. A3.2 may

actually be a replacement for A in the following sense:

The data which constitutes the matrix A in the machine is usually only
a representative member of a class of matrices € which is determined by the
original uncertainty in the data and the uncertainty caused by subsequent
computer arithmetic operations on this data. Thus, it may be apparent during

the calculation that there is a matrix A e & such that rank (A) < max [rank (A)];
AeQ

it is such a matrix K which replaces A in Egs. A3.1 and A3.Z2.



We now describe the details of this forward triangularization procedure.
let W denote an n x (n+l) working array; w(il:ie,jl:je), as before, will

denote the subarray of W consisting of rows-i., through 12 and columns jl

1
through ja.
Type: Integer i, j, n, p(l:n), rank;

Real t, ¢, d(1:n), u(l:n), eps;

Procedure: Forward Triangularization

Step Number Descr}gﬁion

1 W := [A,b];
Scale the n columns of W. Save the reciprocals

of these scale factors in d(j), (j = 1,...,n).

REMARK

The optimal choice of scaling, when one is presented with data which is
uncertain, is beyond the scope of this peper. One method which is simple
to describe and has worked satisfactorily for us is to set the columns of W

to have euclidean length one (unless they are identically zero).

2 Set u(j) := square of the length of the jth

column of W following the scaling of step 1,
(j = l,ooo’n)u

3 Set j :=1, p(i) := i, (i = 1,...,n), and
rank := n.
N If 1< j<n set u(i) := u(i) - W(j-l:j-l,i:i)z,

(i = j’uaogn)o Else

5 If j = n go to step 13. Else
6 . Find the smallest i 2 j, such that u(i) = u(g),
(£ 23).

T If i = j go to step 9. Else



Step Number
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Description

8

9

REMARK

Exchange columns i and j of W; Set u(i) := u(j);
Exchange p(j) and p(i).

If u(j) < eps, set rank := min(rank, j - 1);

It may be that the rank of the matrix which is to replace the matrix in

W is already known and need not be calculated as in step 8. This prior

calculation of rank can be done quite effectively by computing a singular

value decomposition fc. A,

10

11

12

13

See Ref. 5 for further details.

Compute
HL(j-1, 0, n, u(j), W(l:n, j:j))

Compute
H2(j~l, 0, n, W(l:n3 j:j)s u(j)9 W(l:n,i:i)),
(i = j+l,...’n+1).

Set j := j:1 and go to step L.

The algorithm indicated in A3.2 is completed,

In case the matrix A of Eq. A3.1 is nonsingular (or of rank n) we may compute

the unique solution to this problem with the following steps:

1L

15

16

Solve the triangular system Ty = d for y;
The matrix T is in the upper triangular part of

the array W; the vector d is in W(1l:n, n+l:n+l).
Apply the permutation matrix P to y.

Form the product x = D(Py) to obtain the

unique solution.
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REMARK

The steps 14 through 16 describgd directly above can each replace the
result of the previous one in storage. The details in steps 14 through 16
above are not completely described here due to the fact that they constitute

straightforward and extremely well-known computing methods.
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Algorithm L

PURPOSE

Computing the solution of minimum length for rank deficient problems.

METHOD

The method described in Algorithm 3 allows us to assume, with no loss

of generality, that for a given system as in A3.1l, we may write:

A=qQmht . Ak.1
Here Q? is a product of n - 1 Householder transformationg, T is upper tri-
angular with its first r diagonal terms nonzero and its last n - r rows

identically zero, PT is a permutation matrix, and D-l is a diagonal matrix.

Let us surose, then, that W is again a working arrsy as in Algorithm 3
and that T is in the first r rows of the upper triangular part of W.
We will first find r Householder transformations Kr""’K such that

1

TK. ... K AL ,2
T 1

where S is r x r upper triangular and nonsingular.

The solution of minimum length or the pseudoinverse solution (Ref. 3)

(with the norm Hx”2 = xTD_zx) is given by
y = (Qn"l LA I 4 le) A’"oB
st
¢c = 1" r components of y , Al Y
-1

d =8 "¢ Ak,5



d|lr
e =K ... gl o | e Ak.6
and
x = D(Pe) AT
We now describe the computation of Egs. Al.3 through AL.7.
Type: Integer r, i, j, n;
Real t(l:n);
Procedure: Backward Triangularization
Step Number Description
1 Use Algorithm 3 to compute y of Eq. Ak.3.

Place ¥y in W(l:n, n+l:n+l).
2 Set J :=r.

3 If j > 0, compute

-21-

H1(3-1, r-3, n, t(3j), W(j:3, 1:n)) and compute

H2(j-l, r-j, n, W(;j:j, l:n): t(j),

w(i:i, 1:n)), (i = j-1,...,1), (in this order).

Then set j := j+1 and go to step 3.

Else

L Multiply the first r components of the vector

in W(l:n, n+l: n+l) by s, Here S is the r x r

upper triangular matrix in the first r rows of

the upper triaengular part of W. This multiplica-

tion should be accomplisbed by solving Sd = c

of Eq. Ah.S5.

p. Then compute

H2(i-1, r-i, n, W(i:i, 1:n), t(i), W(l:n, n+l: n+l)),

(i = 1,...57), (in this order).



Step Number

6

Description

-

Set W(i:i, n+l: n+l) := 0, (i = r+l,...,n).

Apply the permutation matrix P to the vector
y in W(l:n, n+l; n+l),

Form the matrix product x = D(Py) in
W(l:n, n+l: nt+l).

The pseudoinverse solution of Ax = b (with

T =2 )

respect to the norm Hx”2 = x"D “x) is now

in W(l:n, n+l:n+l).

Often the pseudoinversé solution, whose calculation is defined above,

must be replaced by the approximate solution obtained by setting the last

n - r components of the vector x to zero,

Thus

where

=T

]
D(PL lJ ) AL.8
0]

-1

11 yl AN.9

P22~

Here Tll is the r x r upper triangular matrix formed with the first r columns

of the matrix T of Eq. Al.1l, while y, is the first r components of the

vector y of Eq. Ak.3.

We %ill comment further on this in Algorithm 5,
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Algorithm 5

PURPOSE
Computation of the covariance matrix.
METHGCD

Let us suppose, as in Algorithm 4, that we have

S A5.1

Let

Tll T12 }r
T = A5.2
0 0o }n-r

L e

where Tl is r x r, upper triangular and nonsingular. In case either
r = rank (A) = rank (T) = n, or the solution is obtained by setting the last
n = r components of P D lX to zero, the (unscaled) covariance matrix of those

variables which were solved for can be defined by

—llm-l\T ~
T1atty/ Y
T
c(A) = DP PD A5.3
0 0
If r = rank (A) = n, then
c(a) = (aTa)™t AS.k

as can easily be verified. (See Ref. 7.)

We will now describe the algorithm for computing the right side of
Eq. A5.3. The matrix T will be in the first r rows of the upper triangular

part of the working array W.



-2

Type: Integer ry, i, j, ny, k, £, D3
Real Ws
Double Precision S3

Procedure: Covariance matrix computation

Step Number Description
1 W(d:d, d:3) = 1/W(3:d, 3:3) (J = L..0,1)s
2 | If r = 1 go to step ;7. Else
3 © Set j := 2.
i Set k :=r +2 - J.
p) Set i := 2.
6 Set p :=k +1-1i, s := 0,
7 Set s 1= s + W(p:p, L:Ej-W(L:L, k:k),

(L =p + Ly...5k).

8 : Set W(p:p, k:k) := -z-%(p:p, P:p).
9 If i <k, set i :; i + 1 and go to step 6. Else
10 If j<r, set j := j + 1 and go to step 4. Else
11 Set & := 1.

REMARK

The matrix Tli has now replaced the matrix Tll in the storage array W.

12 Set i := 4.

13 Set s := 0.

1k Set s :=s + W(g:L, J:J)-W(izi, j:d)s (J = i,...,1).



Step Number Description

15 Set W(£:4, i:i) := s.

16 If i <4r, i :=1i+ 1 and go to step 13. Tlse

17 If 4 <r, set 4 := 4 + 1 and go to step 12. Else
REMARK

-1, -1.7T
The upper triangulaer part of the symmetric matrix Tli(Tl%) has now

replaced T.. in storage.

1l

18 Zero the last n-r columns of the upper tri-
angular part of W.

19 Compute W := PWPT.
20 Compute W := DWD.
21 The upper triangular part of the symmetric

metrix C(A) of Eq. A5.3 is now in the upper
triangular part of the array W.

REMARK

In steps 19 and 20 only the upper triangular part of W need be referenced.
We will not comment on these details.
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Algorithm 6

PURPOSE

Computation of the matrix products associated with forward mapping of

process noise,

METHOD

In Egs. (22) and (23) we see that matrix products of the forms ar Yo
and RF-l must be formed where R is upper triangular, F is nonsingular

and G is arbitrary. All of these matrices &¥e n % n.

Analogous with Eq. (22) set

-1 -1 T .
Fo=T7Q 1 000 Q (Qi =I + uiui/el , i=l,...,n-1) . A6.1
Then
-1 -1
RF G = R(T "Q_y...Q,) A6.2
and
=l oem=l .
RF - R(T Q,n_loole) A6¢3

For the purpose of describing the formation of these matrix products,
suppose that R is located in the upper triangular part of a working array W

and that F and G are in partitioned form in an n x 2n working array Y.

Type: Integer i, J3
Real u(l:n), t(1:n);
Step Number Description
1 Set J := 1.
2 If j < n, compute H1(j-1, O, n, u(j), ¥Y(l:n, j:j))

and next compute H2(j=l, 0, n, Y(1l:n, j:j), u(j),
¥Y(1l:n, i:i)), (i = J+l,...,n ); then set
J :=J + 1 and go to step 2. Else



REMARK
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The matrix T is in the upper triangular part of the left half of Y;

G is in the right half of Y,

Step Number

3

REMARK

Description

Compute F-lG by solving the n systems
of n equations FX = G for X; the
matrix X can replace G in storage in
the right half of Y,

Set t(j): = Y(J,d), (J=1y...,n).

Compute the matrix T-l; this matrix
can replace T in storage in the upper
triangular part of the first n columns
of Y. (See Algorithm 5, Steps 1-10).

The matrix F-lG is now in the right half of Y,

6

" REMARK

Set j :=n - 1,

If j > O first set t(i) := W(i:i, j:3)
and then W(i:i, j:j) := 0, (i=j+l,...,n).
Next compute H2(j-1, O, n, t(1l:n), u(j),
Y(i:i, 1:n)), (i = 1,...,n)., Else

In step 6 the last n - j + 1 columns of the left half of Y are all that

is affected by multiplication from the right by Q

3

The working array Y contains the
1 5261, Note

that the corder of these matrices is

augmented matrix [F

reversed from that required in
Algorithm 7,

15 F-lG ]9

This matrix can replace [F-l, ]
in the Y array,

Compute the product R[F
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Algorithm 7

PURPOSE
Forward triangularization when mapping forwards with process noise.
METHOD

As indicated in Eq. (30), we wish to find an orthonormel matrix X such

that for given n x n.matrices C,, (i =1, 2), and a given n-vector d,

XS

L
<
]

AT.1
c, , C, , d O , R , e

where both matrices A and R are upper triangular. The vector dl is of length
n as are the vectors e, (i =1, 2). The matrix B will, in general, have no

special structure. The definition of the matrix S is self-explanatory.

If the n x 2n matrix [Cl , 02] occupies part of an (n+1)(2n+l) working
array Y, and if an n x n working array W is available, then the right hand
side of Eq. A7.l‘can be computed and stored in phe vorking array Y together
with the upper triangular part of the array W. 1In total this requires
2.5n2 + 3.5n + 1 computer words; this is in marked contrast to the hng + 2n
cells of memory which might at first seem to be required to calculate the
right side of Eq. A7.1l.

Let [cl,...?czn] denote the 2n column vectors of the n x 2n matrix
[Cl s 02]. The first column of the matrix which is the right factor of the
middle term of Eq. A7.1l is the 2n vector

a

T
wy = [1, 0,...,0, c]] AT.2

After constructing the Householder transformation

T
X, = I +uu/p,

such that



2n

5

X,w, =+ [1+ ”°1H2] (1, ,...,o] AT.3

11

The details of Algorithm 1l show that:

(1) After the matrix products X [ei’ci]’ (i=2,...,n), X 1[O,c ],
(i=n+1,.,.2n), and X[0, d; ] are computed, only the first component
or the last n components are possibly nonzero. The vectors e, are

the unit coordinate vecters.
(2) Thus only one row of the matrices A and B and one component of the

vector ey will be calculated at each step in the construction of
a matrix X = Xn coe Xl such that
— A-
_ A B el
XS = AT 4
A
—9 R e2_

The matrix R of Eq. A7.4 is n x n but is not necessarily. upper

triangular.

(3) As the rows of A and B and the components of %
. :

as come available.

0
J
D
0
@
=3

We now present a step-by-step procedure which effects these space-and

labor saving remarks.

Type: Integer i, j, nj
Real ts
Step Number Description
1 Move the 2n + 1 components of the n + 1St TOW

of S (now in the 15% row of Y, say) to the 2P

row of the working array Y.

2 Set ,j = 1.



Step Number

3

REMARK

At this point BT occupies  ¥(2:n+l, 1:n); note that each column of B

-30-

Description

Set Y(l:1, i:i) :=0, (i = j,...,2n+1) and
Y(l:1, j:j) := 1.

If j < n, compute H1(0, O, n+l, t, ¥{1l:n+l, j:j)),
and next compute

H2(0, 0, n+l, Y(1l:n+l, j:j), t, Y(l:n+l, i:i)),

(i = j+1,...,2n+1),

Y(1:1, j:j) := Y(l:1, 2n+l:2n+l), Y(2:i, j:j) :=
Y(1:1, i:i), (i = n+l,...,2n),

W(jesg, i:i) = ¥(1:1, i:i), (i = j+l,...,n),

u(j) := Y(1:1, j:j); then set j := j + 1 and

go to step 3. Else

T

moves in to occupy the storage implicitly zeroed with the successive House-

holder transformations; the strictly lower triangular part of the matrix AT

is in the strictly lower part of the array W; diagonal terms of AT are now

in u{l:n).

d

REMAR

Triangularize the matrix R now in Y(2:n+l, n+l:2n)
with Algorithm 3.

Place the strictly lower part of AT into the
lower part of Y(2:n+l, n+l: 2n).

Step 6 completes the forward mepping procedure; a solution and its

covariance may be obtained by means of Algorithms 3 - 5,

wnere i TRETRL o) ArA L bt Wil ASKE AT KB T AL AV NTEL 01 PR T T S UMY v I TPy TN A e TSR
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The smoothed value of the process noise is then trivially computed by
means of Eq. (27). Recall that BT is in Y(2:n+l, 1:n), the strictly lower
part of AT is in the strictly lower part of Y(2:n+l, n+l: 2n), the diagonal
entries of AT are in u(l:n), and the vector d'(k+l) of Eq. (27) is in

Y(1:1, 1:n).

To restart the basic cycle the upper triangular matrix R together with

the vector €5 of Eq. A7.1 are now in the upper part of Y(2:n+l, n+l:2n+l) and

must be copied to the upper triangular part of W(1l:n, l:n+l).
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APPENDIX A

FLOW SEQUENCE FOR THE FILTER WITH PROCESS NOISE

L]

SET UP SET UP A-PRIOR| DATA

A-PRIORI

A

'y

PROCESS NEW
MEASUREMENTS
SEQUENTIALLY
Wa), Alg2 b)

PROCESS NEW
MEASUREMENTS

l

(STEP 1) NO / WANT A SOLUTION YES A
OR COVARIANCE MATRIX?
i
GETF AND G
MATRICES FOR FORWARD
MAPPING
i
COMPUTE RET'G = c,
RET = c,
Mfgov\(’:'gf‘s NOISE MAP FORWARD, AND
(STEP 2“)’ COMPUTE SMOOTHED
PROCESS NOISE
Y; Algs 6,7
NO /' WANT A SOLUTION YES
\OR COVARIANCE MATRIX?

a) W AND Y REFER TO
WORKING AREAS IN THE
COMPUTER OF DIMENSIONS
(n+ 1+p)x(n+ 1) AND

(h+ 1) x(2n+ 1)
RESPECTIVELY. (HERE

= MAX NUMBER OF NEW

MEASUREMENTS PROCESSED
AT ONIE TIMNE

b) Alg N DENOTES THE
ALOGORITHM IN APPENDIX
B WHICH DESCRIBES THE
RELEVANT COMPUTATION




APPENDIX A (contd)

DETERMINATION OF RANK, COMPUTATION OF SOLUTION AND COVARIAN'E

MAKE FORWARD
TRIANGULARIZATION
WITH SCALING
W, Alg 3

TEST FOR RANK
DEFICIENCY

SET RANK AND OBTAIN
EITHER THE SOLUTION OR
COVARIANCE MATRIX
W, Algs, 3,4,5

(& ;
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