%

MISSILES & SPACE COMPANY

A GROUP DIVISION OF LOCKHEED AIRCRAFT CORPORATION

N@Q' oy U, A SUNNYVALE, CALIFORNIA
~3088
: T r = @ 3= g - =~ - Reproduced-by the 1
I} . = Reproduced" 1
5 CCESSION NUMBER}) (THRL) 1 epc’L‘ELA‘R I;N G H o U S E 3
; 7. - , ‘for-Fadéral Scientific & Technical 4
E CPN;';.?;I ot = i B “Information Springfield Va. 22151
E o pringit
s WpsH-CZ w2254 o0 .
{NASA CR OR TMX OR AD NUMBER) {CATEGORY) .
L L )




HREC-1146-2
LMSGC/HREC D149128

LOCKHEED MISSILES & SPACE COMPANY
HUNTSVILLE RESEARCH & ENGINEERING CENTER
HUNTSVILLE RESEARCH PARK

4800 BRADFORD BLVD., HUNTSVILLE, ALABAMA

OPTIMUM RENDEZVOUS
GUIDANCE STUDY

FINAL REPORT

August 1969

Contract NAS8-21146

by

Joerg Waldvogel

T. R. Beal, Manager
Dynamics & Guidance Dept.

O] 77057

. 5. Farrior
sident Director



LMSC/HREC D149128

FOREWORD

This report presents the results of work performed by
Lockheed's Huntsville Research & Engineering Center, under
Contract NAS8-21146 for the Aero-Astrodynamics Laboratory
of the NASA /Marshall Space Flight Center. -

It is the last of a series of reports prepared by Lockheed
from 1966 through 1969 under Contract NAS8-18036 and under the

above mentioned contract.

The NASA technical coordinator for the present study is
Mr. Roger R. Burrows, S&E-AERO-GG.
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SUMMARY

This study considers the problem of flight schedul::mg in the planar
two-burn minimum fuel rendezvous of an interceptor with a target vehicle.
A set of equations is developed which takes position and velocity of the interceptor
and of the target as input data. These equations allow calculation of five control

parameters: the durations of the first burn, of the coast, and of the second burn,

and the average thrust direction for each burn period.

In order to set up the rendezvous conditions, Levi-Civita's regularized
variables and the corresponding orbital elements are used in contrast to most
other papers on rendezvous problems. This brings several advantages compared

to the use of polar coordinates:

e An elliptic target orbit can readily be handled.

® A near-circular coast orbit of the interceptor does not cause difficulties
because the (badly defined) periapsis is not used.

® The resulting equations are fairly simple and their numerical treatment

is stable.

The scheme uses some simplifying assumptions which, however, are

satisfied in most practical cases:
¢ The burn durations are assumed to be short compared to the duration
of the coast.
® The Keplerian ellipses involved must have small eccentricities.
e Instead of dealing with a variable thrust vector, the scheme uses a

constant average value during each burn.

Due to these simplifications, the scheme will furnish values of the control

parameters which generally do not result in an exact rendezvous of the two vehicles.

i1
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However, updating these control parameters throughoutl the first burn yields

2 more accurate rendezvous after the coast and the second burn.

Thus, due to the simplicity of the equations (resulting in short computa-
tion time) the scheme can also operate as a first-burn guidance scheme in the
sense that the flight scheduling is done repeatedly based on current position

and velocity data.

In order to accomplish the rendezvous accurately by the second burn,
a closed loop terminal guidance scheme based on measurements of the relative
position and velocity is necessary. The approximations and simplifications in

the present scheme are too rough for this purpose.

Such a scheme, the Dual Phase Plane Method, has been derived and
simulated in Ref.3. Hence, in this report rendezvous missions are only simu-
lated up to the end of the coast, where the ter.rninal guidance scheme can take
over. The second burn is handled without updating according to the latest

values of the control parameters calculated at the end of the first burn.

Simulation results for a typical rendezvous case are included in this

report,

iv
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NOMENCLATURE
a semi-major axis
aj, Bj regularized elements
0% flight path angle
D total burn duration

DO’ D2 first and second burn duration

/_\.aj, ABj element increments

6 separation angle

6jk Kronecker symbol

e exit velocity of the thruster

FJ perturbation function

f thrust acceleration

I interceptor

T earth's gravitational parameter

O earth's center, origin

‘pj perturbing forces

qj generalized forces

T distance from the origin

s regularized time, value for the interceptor at rendezvous
S Sy increments of s during first, second burn
o) value of s for the target at rendezvous

T target

t time

vi
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) |
NPMENCLATURE (Cchtinued)

t - coast duration
coa
t mission duration
tar
T "burn-out duration' = initial mass of I divided by imass flow rate
, 1
uj Levi-Civita's variables
v velocity
Wj modified derivatives of the u
A frequency
Xj Cartesian coordinates
X thrust angle (measured from the fixed x4 -direction)
Z side condition
A‘yj, GO’ 2 A, M, @ auxiliary quantities

Subscrigts

j=1,2

The subscripts with the following meanings are mostly omitted in the preceding
list. In the text, however, théy are used in addition to the subscripts appearing
already here.

0 initial values of the interceptor, first burn
1 coast

2 rendezvous, second burn

3 initial values of the target

vii
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Section 1
INTRODUCTION

Optimum rendezvous problems are boundary value problems for differential
equations (DEQ) where a certain cost function must be minimized by an approprié;,te
choice of control functions. By the modern methéds of the calculus of variations
{for instance Pontryagin's principle, Ref. 1) it is possible to soive problems of

this kind exactly, but only with a considerable computational effort.
5
The goal of this study is to sirnplify the rendezvousiproblem in an appropriate
wavy, "suc’h that the re sults can be obtained within seconds by an onboard computer,

but without losing too much acecuracy (5 km position’error).

The way to obtain simplifications is to introdice restrictions which are

satisfied in most practical cases:

o The interceptor's trajectory is assumed to lie in a narrow circular
ring.

Then the recuired ve locity. increments are rather small and can be attained by
@ short burn durations.
This allows linearizmation with respect to these burn durations.

® The thrust forces are considered as perturbing forces acting on the
interceptor, I, whose unperturbed orbit is a Kepler ellipse. Only first
order perturbations are considered.

o During each of the short burns the thrust is put constant in magnitude
and direction. o

This reduces the problem of calculus of variations to an ordinary minimum problem.
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Even if all these simplifications are made the sysiem of equations to be
sol\'eﬁ-is quite complicated. Much depends upon the choice of the coordinates
for describing the trajectory in the powered flight phases and upon the orbital
elements used for characterizing the coast periods. Three possibilities are

considered:

1. Polar Coordinates Associated with Classical Orbital Elements

This choice is striking because of the simple geometric mezaning of the
polar coordinates and the classical elements. Unfortunately this method fails
in many cases we are concerned with, since the classical elements are badly
defined for near-circular orbits (the perigee for a circular orbit is undefined).
This approach has been the subject of earlier publications (Refs.2, 3). In these
reports a very efficient terminal guidance technique, the Dual Phase Plane Method
due to I. Kliger and W. Trautwein, has also been described (see in particular
Refs. 4, 5).

Z. Levi-Civita's Regularized Coordinates and the Corresponding Elements

Although the application of this set of parameters yields more complicated
equations, it is advantageous due to the 'linearizing' effect of Levi-Civita's
transformation (see Section 3). Transition through a circular -orbit causes no
difficulties in these parameters. Most of the present report is concerned with

the derivation of the control laws in this case.

3. True Anomaly as Independent Variable

The Kepler maotion, described by direction unit vector and reciprocal
distance as functions of the true anomaly satisfies a system of linear DEQ with
constant coefficients (Ref.6). Thus, applying these parameters has the advantage

of Levi-Civita's variables, yet transformations of that complexity are not used.

Only a short description of the parameters and the corresponding DEQ

will be given in Section 6.
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Section 2

THE RENDEZVOUS

Let T be a passive target vehicle moving on an elliptic orbit about the
earth's center O. In the same orbital plane a steerable interceptor I is assumed

to coast on an elliptic parking orbit. A rectangular coordinate system X5 Xy

centered at O is used in‘the common orbital plane. The rendezvous mission
consists of transferring I to T such that they meet with equal velccities and the
least possible amount of fuel is used. The interceptor's engine is supposed to
be ignited for the first time at a given time t = 0.

The system of the two vehicles is characterized by the gquantity

K = earth's gravitational parameter

and by two parameters associated with the interceptor's thruster:

~.‘
1l

initial mass of I divided by the engine's mass flow rate

o
1

exit velocity.

The situation at time t = 0 is given by the initial target data

3 distance OT3

H
]

vy = initial farget velocity
73 = target flight path angle

and the initial interceptor data

r. = distance OIO
= initial interceptor velocity

interceptor flight path angle

<
ot o
1

= initial gseparation angle according to Fig. 1.
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f(0)

CFig. 1

- Initial Situation and Rendezvous
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The rendezvous between I and T will be attempted by Lwo burn periods (one
at the beginning and onc al the end of the mission) and a coast phase in between.

This is the simplest siralegy closer to realily than the two-impulse rendezvous.

No variation of the thrust force is allowed; the engine of I is assumed to
be either on or off. But since the mass of I decreases during the burns, the

thrust acceleration f increases during the burns with time t according to

<

{(2.1)
where t¥% is the current total burn time.

If the first and the second burn durations are denoted by D, and D

0 2
respectively, the accelerations during these burns will be approximated by

e e
fo ==, f, = 5 (2.2)
Tz T-Dg- 7
respectively. If the total burn duration
D = D,+D, (2.3)

is minimized, fuel optimality of the rendezvous (in our approximation) is guaranteed.

Since the optimal trajectory will be sought only among the ones with constant
thrust direction during each burn, only discrete angles must be introduced in
order to characterize the thrust. We choose the angle XO between the thrust
direction and the fixed %y -direction at t = 0 and the angle XZ with the same meaning
at the rendezvous.

Thus, the quantities DO’ DZ’ XO’ Xz are the control parameters to be

calculated from the initial data, while quantities s, ¢ to be introduced later for
characterizing the location of the rendezvous are merely unknowns in the mathe -

matical problem.
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Section 3
LEVI-CIVITA'S REGULARIZATION

Regularizing is removing singularities from differential equations and
their solutions by introducing new variables by appropriate transformations.
Methods for doing this depend strongly upon the nature of the singularities that
are to be regularized. In the case of the two-body problem in celestial mechanics

the corresponding DEQ

d x. X,
_.1_2 + pu _?.} =0, j=1,2 (3.1)
dt r

have a singularity at the origin r = 0, but in the solution xj(t) this singularity

becomes manifest only when the vehicle collides with the central bedy.

Regularizations of (3.1) have been known for a long time. In 1906 T. Levi-
Civita (Ref. 7) found his regularization of the planar two-body problem, but only
recently in 1965 it has been extended to three dimensions by P. Kustaanheimo and
E. Stiefel (Refs. 8, 9). The importance of these transformations lies in the fact

that they produce not only regular but also linear DEQ for the Keplerian motion.

In the sequel we give a brief outline of Levi-Civita's regularization as

well as a collection of the formulas we need for the further development. For

the derivations we refer to Ref. 9.

3.1 THE KEPLER MOTION

Levi-Civita's regularization consists of introducing the generalized
coordinates u,, u, in the physical x,, xz-plane according to the conformal

transformation
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- 4 2 2 o=
Xp = oupo-u,n, hZ“Zu]uz (3.2)

and of introducing the parameter (regularized time)

i
% =f r—%_'rT (3.3)
0

as independent variable instead of the time t, where r is the distance of the point

(xl, XZ) from the origin and satisfies the relations

2 2 2 2 {3.4)

dul . .
o= - 7 lupx) tuyx)
(3.5)
du
2 1 - :
g% - 7 (fuyxptu;x)

The application of the transformation (3.2), (3.3) to the DEQ (3.1) of the

unperturbed Kepler motion vields the linear system

d u. 2
+ 0w u. =0 j=1,2 (3.6}
W2 I J
ds*
where OJIZ is an energy constant given for instance by initial values Tpo Vi of
distance from the origin and velocity:
v 2
2 1 A I
o =z ly 0 2 (3-7)
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Equations (3.6) are sclved by

U, = &. Ccos (@, 5% F . 8in @, s%
j j I B. r S
j=1,2 . (3.8)
du.
—_lds* = O (-aj sin @, s* + Bj sin W, s* )

The integration constants o, Bj are referred to as the regularized elements of

the considered Kepler orbit because they characterize the orbit completely, as

the classical elements do.
3.2 PERTURBATIONS

Equations (3.8) give a starting point for handling the perturbed Kepler
motion given by the differential equations

dzx.

X,
+ u 4 = P (3.9)
dt2 r3 J

where P, are the accelerations due to the perturbing forces. The generalized

forces qj corresponding to the coordinates Uy, U, are

il

ql 2(111 Pl +112 Pz)
(3.10})

4 = 2(-u, p; +uy p,)

The presence of perturbing forces causes the frequency @ to be variable (the
value O given by (3.7) being merely an initial value), and it generates an in-
homogeneous term on the right-hand side of (3.6). Furthermore the elements

aj, [33. defined by (3.8) are now functions of s* rather than constants,

It can be shown (Ref. 9) that by introducing an independent variable, s

by a transformation slightly different from (3.3), one can come up with regularized



LMSC/HREC D149128

‘equations where the frequency Wy is again constant according to (3.7). The new

time transformation involves the semi-major axis a of the ellipse osculating the

perturbed Kepler orbit:

1
, : (3.11)

_Z__ﬁ
r 2

where v is the interceptor's current velocity. When primes denote differentiation

with respect to s, this parameter is defined by the differential equation

= a:i r (3.12)
I
where
a; = 5 (3.13)
4@1

is the initial value of the semi-major axis.

Applying the time transformation (3.12) together with the conformal
mapping (3.2) onto the differential equation (3.9) of the perturbed Kepler motion
yvields

2 .
a0 u = F,, i =1,2 3.14
: T Y i i ( )

with the perturbation functions

1 a ]
F. =3 — (rq + q_ ') o, 3.15
J 4aI j wz =51 k "k .( )


http:i__(3.13
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The velocity transformation (3.5) reads now

1 & : .
u,' = 5 |[— {(u, x; +u,x,}
A BN T
(3.16)
1 a - .
U2' T2 NE (Maxpturxa)

Equations (3.15) are solved by the method of "varying the constant, " which yields

equations

u. = .(s)cos o, s + R.(s) sin . s
;= ls) cos s + B (s) sin o ,
j=1, 2
T — - 3 4
uj 0y [ cxj(s) sin &, s + Bj(s) cos ®, s]
similar to (3.8). With the abbreviation
u-i
Wj = ——J—wl , :]-—- 1, 2 (3.17)
they read in matrix notation
u; u, ) cos coIs sin OJIs al(s) az(s) (3.18)
W W, ~-sin coIs cos 0)15 B 1(s) B 2‘(s)
The elements aj(s), Bj(s) are now obtained by integrating
1 1
t = - —— 3 1 - —
aj & Fj sin OJI s, Bj m Fj cos ©; s . (3.19)

I

The semi-major axis a can also be written in terms of the elements:

(@ +a,®+8,%+6,%) . (3.20)

o]

10
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Section 4
DERIVATION OF THE CONTROL LAWS

The equations yielding the guidance laws will be established according
to the following ideas:

® Describe all motions involved in terms of Levi-Civita's variables
and regularized orbital elements.
¢ When two trajectories match in position and velocity at a certain

time, their elements agree.

In the sequel the subscripts 0, 1, 2, 3 (second subscript if there are two) denote
values associated with the parking orbit or first burn, coast, second burn or

rendezvous, target orbit, respectively.
4.1 MOTION OF THE TARGET

The semi-major axis 2, and frequency W, associated with the target orbit
are given by (3.11) and (3.7):

2
1 2 V3
as c T T T Wy =4 (4.1)
2 3 ® 2

According to Fig. 1 the target's initial position is defined by-r the coordinates

x13 = r3 cos § , x23 = r, sin &

Inverting Levi-Civita's transformation (3.2) yields the target's first two regularized

elements:
o = .\,r cos L] o = 1’1' sin L] (4.2}
13 3 2 ? 23 3 2 :

11
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On the other hand, the initial x;elocity of T is
:&13 = Vg sin (y5 - &), 3:123 = V3 cOs (-y3 - 6) (4.3)

as seen in Fig. 1. From the definition (3.17) together with (3.5} we obtain the

remaining orbital elements

o : .
P13 = o (a3 33 + 053 %53 )
= b (e ta )
Pas =z, T2z *13 ¥ %3 %3
or by using (4.2} and (43) ,
r,v
T3y 5
Bz = 2w, " lvyz3- 3 )
- (4.4]
r.v
VT3V 5
Bas = zs, ©°F vy -3 )

The quantities ocj3, {33.3 are the initial values for solving the unperturbed regularized

system (3.6) defining the target's motion.

We now assign the values s = 0 and s = ¢ to the initial point T3 and to

the rendezvous point ’I‘2 on the target orbit, respectively.

According to (3.18) T2 is then given by the regularized coordinates

cOoS a)zcr sin mz o a13 o£23
{4.5)

w -sin W, & cos W, B 13 523

12
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The time ttar taken by the target Lo move from T3 to T2 is calculated
irom (3.12), putting .Ja.?ao = 1 and using (3.4) and (3.18):

a

’ . 2
tta.r = f [(ocl3 cos @, s + 1313 sin ©, s)
0

. 2
+(a23 cos wzs+ﬁz3 sin w, 5) ] ds ,
or

@3 Byz A5 B yg
t = a.o +
tar 2 2(1)2

(1 - cos 2&)20 )

4.6)
2 2 2 2 (
@33 . tays -By3 -Bys

4&)2

+

sin 2(02 o

Here we have used the relation (3.20) which can also be written as

(ul2 + Uss + W12 + Woo } (4.7)
according to (3.18).

4.2 THE BURN PERIODS

In order to deal with the interceptor’'s motion we must define the
quantities

1 2 0 m
J— o= — - ——— i) = 4<8
2, Ty 7} 0 4:8.0 ( )

analogous to {4.1).

13
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The motion of I will be described in terms of the regularized elements
o:j, Bj' Their values «, 50 B_]O al the beginning of the mission (t = s = 0) agree
with the corresponding va.lues u, 0’ WJO of the regularized coordinates. These

are found by a sequence of transformations similar to (4.2) through (4.4). Taking

into account the particular situation of Fig. 1, we obtain

Uyg = %0 =T Upp = %9 =0
(4.9)
w =B = ig E sin W =8 = —0 —— CcOSs
10 10~ Z 5 Yo 20 20 2 a)o Yo

The intermediate elements (the constant values of the elements during the coast)
will be denoted by a_]l’ B. i1’ and the final elements an, B. i2 {at the rendezvous

Tz) are related to the regula.rlzed coordinates U‘JZ’ WJ by means of (3.18):

1.'1.12 1122 cos 0.)0 8 51n 9, s a

0 12 %22

. (4.10)

Wi Wos -sin W, s cos 000 8 B 12 622

The unknown quantity s now stands for the value of the regularized time on the

interceptor’'s orbit at T,

We further infroduce the element increments

=1, 2 (4.11)

which are caused by the perturbing effect of the thrust during the burn periods.

The next step is to relate the element increments to the control parameters.

These relations are based upon an approximate solution of the DEQ (3.19) for the

14
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burns. The right-hand sides will be evaluated at the rendezvous during the
entire second burn (at the beginning t = s = 0 during the first burn). This is

the principle of first order perturbations. Thus we obtain

ajl -ajo =0

s

0
Pii= P50 =5, Fio

5, j=1, 2 (4.12)

., = O, - = — F. . sinw, s
j2 jl LOO 2 0

2

sz-ﬁjl :"(50— sz cOos CDOS

where 55 and s, are the increments of the regularized time in the first and second
burn, respectively, and Fj 0 and sz are the values of Fj at the beginning and at

the rendezvous, respectively.

From (£.11) and {4.12) there follows

2 .
Aaj = - (—nz sz sin &)0 s
(4.13)
°2 °0
/_\Bj = a—a sz cos Wy s + w—o- FjO
and, by eliminating F.o from these two equations we obtain
°0
A'yj = a)-a FjO sin w, s , (4.14)
whezre
Ay. = Ao, cosw, s+ Af,sinw, s 4.15
'VJ i 0 BJ 0 ( )

Equations {4.13) and (4.14) will further be used; to this end we prepare the expres-
sion for sz from (3.16):

15
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1 9 u,’
= o 1
Fi2o ™2 2 [rij"' z (q1“1'+q2u2')]
w w
2 0
2 2 (4.16)
1 %o 2 |
N (r 8o+ Wip W) G
2 =1
Here ij is the Kronecker symbol, and Tos qu are given by
2 2
Ty T Uy, tu,, (4.17)
q . u u cos X
iz Z2e 12 22 2
= = (4.18)
479 T-D, - ___Zi Uy, Uy, .=.=111X2

according to (3.4), (3.10), (2.2}). The quantities ujZ’ WjZ are defined in {4.5).
Thus, (4.13) is of the form

/_\al c:OSX2
= - M {4.19)
Aaz 51nX2
where M is the matrix
5 e sin W, 8 T r, +w 2 W W u u
M = __2,_ C 0 0 2 12 12 722 12 22
T2 D 2 {4.20)
T -D, - —--g'- wZ w7 W r, +w 2 -u u .
0 2 12 22 2 22 22 12

The two equations (4.19) easily allow the elimination of the unknown thrust direc-

tion Xz (we intend to keep only the unknowns s and ¢ in the equations):

16
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. -1 .
(Aa, Az, ) (MMT) Aap ) oy (4.21)
Arxz

T . . :
where M™ is the transpose of M. We record a few intermediate results of the

evaluation of this matrix product: From (4.20) we obtain

s w 2
T 2 0 e ;
MM :IZ(T = 7= Ssinw, s )
) T-D, - &
0 2
r., + 2
27 %12 W12 Va2
w T, + W z
W1z Y22 2 22
by using (4.17), and the inversion yields
© 2
T,-1 _ 3/2 0 e .
{(MM™) = { §, a, I, - > Dz sin 0 8}
2 T-Dog- 7
(4.22)
r, +w -W W 2
A 22 12 722
r + 2
Wiz %22 12 7 V12

when (4:7) is applied. Multiplying the matrix in (4.22) from the left and from the

right by the vector (Aal, Adz) further yields the expression
2 + A 2 + + A A 2 4.23
1 a, ) Flry tay)(wy, Aay -wy, Aoy )", (4.23)

when again (4.7) is used.

17
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Finally, the time equation (3.12)} is integrated approximately (first order

perturbations) resulting in

=)

(4.24)

W)
o
1}
¥
]
n
o v
v/
8]
|
e
BN
8]

for the burn durations DO’ DZ' Using equations (4.22) through (4.24) in (4.21)

now yields the equation

D
re ) - -D . 2
7 Sinw,s D2 = G2 (T D0 > ) (4.25)
with
3 2 2 22 2
G, =, Ty (Ao " + Aoy, " ) + (1 g ) (W22 Aoy ~wy, /_\ocz) (4.26)

which contains no other unknowns than s, o, DO’ D2 .

A similar equation can be derived from (4.14) in the same way; the

result is

He in ¢ . = - —0
e sinwg s - Dy —GO (T 2] (4.27)

with

a

3 2 2 0 o 2
Gy = 9, ,Jro (A7) + Ay )+ (L4 oo ) (wyg Ay - wig Avp) (4.28)

and A'yj from (4.15}.

In order to obtain the total burn duration D we first solve (4.27) for DO:

TG
Y (4.29)
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where A is the abbreviation

1 .
A = I Hesinn,s (4.30)

Using this in (4.25) then yields

1
T G, (A-5 G, )
D, = 12 2 10 (4.31)
(A +-2-G0) (A +~2— Gz)
Hence the total burn duration D =D 0 + D2 is the function
A (G, + G,)
D(s, ) = 0 2 = min (4.32)

(A+%GO) (A+%G2)

which is to minimize according to the requirement of fuel optimality by appropriate

choice of s and ¢ .
4.3 THE COAST

The coast trajectory of the interceptor is characterized by the intermediate
elements ajl’ le which can be obtained from the first and the last two equations
of {4.12)

=1, 2 (4.33)

[33.1 = BjZ + Aaj + cotan By 8

These guantities allow us to define the coast semi-major axis a, and the cor-

1
responding frequency WE
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2 2 2
ap = g la oy H B FB, )
(4.34)
o
(4} = ———
1 43.1

Now we can calculate the time tcoa the interceptor takes for the coast

by integratling (3.12) from s5yt0 s = 5,1
2] 525, ,
tcoa = % . f [(all cosmls-!-ﬁll sino.)'1 s)
S .

+ (a21 cos@; s+ B,, sin N s)z]ds

or

a1
tcoa = ;6 [al (s - 5o - SZ)
a B + o B
11711 7 %21 Py . ,
+ 2(01 (cos 2.01 Sy ~ cos 2.01 (s - sz} ) (4.35)
O‘112 + 0‘212 . B1_12 - B212
+ (sin 2@)1 (s - sz) - sin Zcol 5o )],

4&)1

:xpressions for Sg» S, in terms of s, ¢ are obtained from (4.24)-

D (0} D
0 2 2
8 = — s By = = — (4.36)
0 ro 2 (,00 1-2
The condition
Z(s, 0)=t _+D-t_ =0 (4.37)

consequently guarantees that the two vehicles arrive at the rendezvous location

simultaneously.
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Thus the rendezvous problem is reduced to the problem of minimizing

the function D(s, ¢ ) while the side condition Z(s, ¢) = 0 must be satisfied.

If once s and ¢ are calculated, the burn durations are found from (4.29)
and (4.31). Starting with (4.19) we will firally establish equations for the thrust
angles XO’ XZ’ Equation (4.19) can be written as

2 .
Aal T, + Wi Wio Woo cos (XZ - q02)
= const 2 (4.38)
AOLZ Wi Wos r, + W sin (){'2 - QUZ)
where
992 = arg (13.12 + 3 u22)‘ {4.39)

Inverting (4.38) and forming the quotient yields

T, Aocz - Wio (sz Aal - Wip /_\az )

tan (X, - ¥} = {4.40)
2 2 r, /_\ozl tW,s (wz2 Aocl - Wi, A,)
Starting from (4.14) we similarly obtain (since (PO = 0)
o By, =W {(Won Ay, =~ wo . Ay, )
tan XO - 0 2 102720 1 10 2 (4.41)

Ty AV T Woo (Won AV - Wy Ay,)
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Section 5

THE CONTROL LAWS
Here we summarize the equations derived in the last section in an order
appropriate for computer programming. The numbers at the right-hand side

refer to the corresponding equations in the previous sections.

Input Variables

Hs Ty €, 4, rO: VO: 'YOJ J.‘3, V3, 73

Constants (Independent of the main unknowns s, g )

2 vy -1 .
ag = (;—0- - ) . w, = ‘i ,u/4a0 (4.8)
v -1
s (E - ) ey = wey (4.1)

= 0 ' (4.9)

2
[
L)

1i
LH]
<

Q
48]
L=

fg v o Yo
Big = By - sin ‘)’0 s BZO = -———-w0 5~ COs 'J"O (4.9)
- 0 = in 2 4.2
a5 = Jr3 cos = y Oy = w]r_3 sin > (4.2)
¥ v \lr— v "
BREE 3 8 =13 .3 .9
B3 -_g - =~ sin { ?’3 - > ), [323 = o, 5~ COs ( )’3 > ) (4.4)
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The Funclions D(s, ¢), Z(s, )

Uy, \122 c?s (JJZO' sin a)zcr a13 a23
- : (4.5)
Wis Wro -sin 0,0 cOs W, B 13 st .
%z Ao cos Wy § -sin (.00 s U, Uy
) = (4.10)
{312 ;322 sin Wy s cos Wy 8 Wia  Wio
_ 2 2
Ty = U, tu,, (4.17)
Ao, = a., - . =1, 2 4.11
j j2 30 J ( )
A‘yj = Acr.j cos Wy s + (sz - [3j0) sin 00, s (4.15)
2
_ 3 2 2 0 2
G, = o, ‘Jro (A?’l +A?2 }4+ (1 + —1-;6 Y (B A% - By 4Y,) (4.28)
G, = 0,0 alrs (A2 +80.2) 4 (14 <2 ) (woe Aa. - w.. Ao (4.26)
2 7 72 2 1 2 2 22 1 12 2 ’
“A -1 H in 4.30
= g Hesinwgs (4.30)

(4.29)
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T)\(GO + G,)
D(s,0) = D = T 1 : (4.32)
(At 5 Gy) (At 5 Gy)

DZ = D ~ DO (2.3)
B"jl = sz + A(IJ cotan (DO 8 j=1, 2 (4.33)
1 2 2
ay = (gt FBy s 0, = #/4a (4.34)
D 0 D
5, = o s, = _é _2 (4.36)
0 W T2
t = EQ a. (s -s $,)
coa Wy 1 0 2
1
+ 2“)1 (Otlo [311 + %4 ;321) (cos 2(.01 Sy - cos 2(.01 (s - sa) ) (4.35)

1 i 1 ¢
+ —2—,J—)—1- (rO - a.l) {sin 2(01 (s-sz) - sin 24)1 so)]

)
tay = @20 T 35— (a3 Bgg T a3 B,5) (1 - cos 20,0)

2
(4.6)
1 .
+ '2—03'2' (1‘3 - az) sin 2&)2 o
Z(s,0) = Z = tcoa + D -ttar (4.37)

The minimum problem D = minimum with the side condition Z = 0 can
be solved iteratively without using derivatives of the function D(s, ¢) for instance

by the method described at the end of this section.
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OutEut

The variables s, 0 , Sqs Sps DO’ DZ’ D, are available from the

t
tar
computation of the functions D(s,¢ ), Z(s, ). Ia addition XO and XZ are

obtained from

Ty AY, - B (Bopg AV - B 875)
an X, - 0 2.+ 10 204 1 10472 (4.41)
To Y T B0 (Bog 87 - By 4%)

902 = arg {u;, +1i u,5) (4.39)

r, Ad, - w,, (w,, Ao, - w., Ao.)
tan (X, - ¢,) = zd 2+ 12 224 1~ Wy 49, (4.40)
T, A0y T wy, (woy Aoy - Wy, Aay)

The Minimization Technique

The idea is to seek the smallest value of the function D along the line
Z(s,0) = 0 of the (s, 0)-plane., A two-stage iteration process is used to improve
an appropriate initial guess S50 T4 almost to machine accuracy. A step size h

indicating the order of magnitude of the error in the initial guess must be known,

+h, s -h

In the first stage for the three fixed abscissas Sg» 81 = 8 2 = 8

the one-dimensional secant method (starting from 0‘0) is used to find values

o= oj* (j=0, 1, 2) which approximately zero the function Z(s,c) at s = sj:

max |Z(s,, 0.%) | < ¢ |2(s, oo)l , (5.1)

J

where €, is a small positive number, for instance € = 0.005,
A necessary condition for the feasibility of these operations is
0Z
%o .2
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in the region in which the arguments vary during the process, If (5.2) is violated

the method works when the roles of s and ¢ are exchanged,

In the second stage the values Dj = D(sj, (rj*} are calculated. Quadratic

interpolation then yields the approximate abscissa S of an exireme value of
D(s, ¢) with Z(s, o) = 0:

h Dy -5,
2

(5.3)

Finally, the corresponding value G is calculated by quadratic interpolation

with the collocation points 8 and the values aj*:

e b

. F - g% T.¥ - 20,% + O,%
1 2 P4 0 2
o) ~7Zm t sy, ~8g) o2 . (5.4)

= e -
% = %o + (sm 8
The iteration cycle is closed by assigning the values € Oy © the

o, and by taking

variables s9° %g

h = & (sm— 8g)

as the new step size, where €, is another smmall number, for example
€, = 0.1. TFigure 2 illustrates the meaning of the various quantities introduced

here,

Applied to the case of the functions D{s, 0}, Z(s, o) this technique con-

verges very fast,

Tabulation of D and Z for typical rendezvous situations has shown that

the solution of the minimum problem is unique in the rectangle

O0=w,5 =

r
0" =2

ol

s Oswgﬁg



LMSC/HREC D149128

UA Z(s,(f):o

parabola

Fig.2 - Minimization Technique

Furthermore the line Z = 0 lies inside a narrow strip around the line

WS = 0,0, and the partial derivatives of Z in this strip are quite large. Thus,

the line Z = 0 is well defined.

With the initial guesses

convergence was achieved in all cases considered, Resulis of a five digits!

accuracy were obtained with less than 25 evaluations of the functions D and Z.

a7
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A Fortran IV subprogram FCT(S, SIG) for the evaluation of the functions
D{s, o) and Z{s, o) consists of about 40 statements. A calling program (the
program CONTRL) which determines the confrol parameters from the current
position and velocity data, can be written with some 80 statements. The run
time of the program CONTRL on an IBM7094 computer is in the order of

0.1 sec,
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Section 6

OTHER PARAMETER SYSTEMS

The set of the control equations recorded in Section 5 is not too complicated.
However, many simplifying assumptions have been used. The most serious one
is the linear approximation during the burn periods. The solution _3?1 = y(h) of

the system of DEQ

d_.. e - - R

@wEET ), WO =T, (6.1)
was approximated by

- —= —-

V3 = Vg t heglyy 0). (6.2)

A much better approximation would be the value obtained from applying the
trapezoidal rule to the DEQ (6.1)

V1= Tt 3[EGy M+EF, W . (6.3)

Here one would introduce two more unknown control parameteters, namely the
thrust directions at the beginning and at the end of the coast. This would weaken
the assumptions of constant thrust directions, but one would have to solve a

minimum problem in four variables.

This idea might be applied in connection with the third parameter system
mentioned in Section 1. There is a good chance that the simplicity of the equaw
tions corresponding to these parameters compensates son;ewhat for the complica~
tion of introducing two more unknowns. A summary of the most important rela-
tions and properties associated with these parameters is given here. For more

details see Ref. 6.
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We start with the DEQ (3.9) of the perturbed Kepler motion and introduce

the direction unit vector

.
= - ] =
YJ' T s =1, 2 (6.4)

and the reciprocal distance
1
P == . (6.5)

These quantities define the position of the vehicle uniquely. If the parameter ¢ is

introduced by

dt = r2de, ¢ = frquﬂ, (= g‘% (6.6)

the dependent variables Vi P and t satisfy the DEQ

1
Mo gl = —— .= s j=1, 2
VJ H YJ p3 [P_] YJ Z Pkyk] J
;2 1 (6.7)
p+ uip = u - E Z pkyk
1
1
£ = —-Z- (6'8)

where £ is the semi-latus rectum of the osculating Kepler orbit. { is defined by

dx2 dxl
t

1 2
i R B TR S Gl

2
2
. . Zl: v (6.9)
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If therc are no perturbalions (pk : 0) Egs. {(6.7) are linear DEQ in YJ’ P
with constant coefficients {(because of (6.9)). They describe a harmonic oscil-
lator with the center Yj =0, p= % . Hence, a simple treatment of first order
perturbations is possible, which is analogous to the method applied to Levi-
Civita's variables in Section 4, In addition the parameters y .y p and the cor-
responding orbital elements (Ref, 6) do not show any singulaxr behav1or in a .

transition through a circular orbit,

- In the derivation of the rendezvous conditions one can take advantage of ~
the simple geometric relations given by (64) (6.5) and of the fact that in the un-

perturbed case the independent variable ¢ is proportional to the vehicle's true

anomaly.

i
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Section 7
COMPUTER SIMULATION

Simulating a rendezvous consists of imitating on a computer all opera-
tions influencing the trajectorieé of the two vehicles. The motion on their
orbits is represented by theoretical or numerical solutions of the corresponding

differential equations.

For handling the coast phases it is necessary to calculate the position
and velocity vector of the interceptor where it is influenced by the earth's
gravitation only. This is the initial value problem of the Keplerian motion.
Levi-Civita's variables allow solution to this problem in a stable and efficient

way.

From the vehicle's initial coordinates Xys Xy and initial velocity com-
ponents % 1° 5;2 (at time t=0, relative to an inertial coordinate system centered
at the earth's center) the corresponding regularized coordinates and elements

can be calculated by formulas of Sections 3 and 4:

2 2
r o= Xl +x2
1
a = " T2 (3.11)
—;-Xl *2
U

.

\’ﬂ/z;a (3.7)

(4 is the earth's gravitational parameter)
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el =\]i(r+x) o, = i
1 2 1 e 2 2Q

1 Coa . _ . .
Bl = 55 (o gyl By = 35 (-apky + apky) (3.5)

At sinwo

[ (r-a) coswo + (al 31 +a, Bz) sina)o] (4.6)

which relates the true increment At with the parameter value ¢ corresponding
to the vehicle's position at time t = At. This is essentially Kepler's equation;
it is most efficiently solved for o by Newton-Raphson's iteration starting with

the initial approximation

1 o B+ 2,8,
% T 2 (At B 20

0

Finally, the transformations

0, uz\ COSWO sinko @ a,
) - (4.5)
A4 WZ/ ~51nWC cosWo Bl ﬁz
/N
2 2

X T Uy -u'z , X, = Zu1 u, (3.2)
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X, = 20 (a,w, - )

1 T2 2 1V1 " %2V
v tHy

s 20

Xy = —5 7 (Uyw; fuayw,)
ul +uz

yield quantities x;, x,, }'cl, }::2 representing now the position and velocity of
the vehicle at time t = At. A subprogram KEPLER collects the set of the

above formulas.

The trajectory of the interceptor during the burn periods is calculated

by numerical integration (for example Runge -Kutta) of the differentizl equa-

tions

e - e
X = r3 %y + o cos X

(7.1}
N e .
X, = ——-—IS X, + o sin X

in the Cartesian coordinates X1, Xp, where X is the current thrust direction

measured from the xl—axis.

The two computer programs CONTRL and KEPLER as well as the sub-
program INTGRT for the Runge-Kutta integration of {7.1) are put together to

a simulation program according to the rough flow chart shown in Fig. 3.

The control parameters are updated during the first burn only, when the
logical variable UPD is TRUE. The fixed updating time interval is DT, while

TINT denotes the current updating interval,

The computer output sheets (Fig. 3) give an account of the two vehicles'

motions and of the control parameters for two test cases. The lines in the
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INPUT
Earth's gravitational Burn-out exit Updating
parameter duration velocity interval
U T e DT
radius velocity - flight path angle polar angle
Tq Vs L&Y ¥ 'tatrget .
Ty Yo 1 @ interceptor

TINT = DT; UPD = TRUE

—
-y

CONTR L
defines Dg» Dys t . X, X2

coa
1

Yes—— TINT <D0?

No

TINT = DO; UPD = FALSE

—
|

KEPLER for target calculates new values of Ty, Vi, )’3,
6 according to the time increment DT.

i

angle XO.

INTGRT for interceptor calculates new values for r,, Vv,
Yor. @ according to the time increment DT and the tﬁrusg

Yes UurPD*?

KEPLER for target calculates new values of r, v,, 7., 8
. . . 3 3
according to the time increment (tc a + Dz)

Fig.3 - Flow Chart of the Simulation Program
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OouUTPUT

T3, Va }'3, 0 final target data

i

KEPLER for inteceptor calculates new values of Ty
VO’ ’)’0, ¢ according to the time increment tcoa'

INTGRT for interceptor calculates new values of =,
Vs Yas @ according to the time increment D, and the
thrust angle XZ‘

L
oUuTPUT

Tor Vi 7’0, ¢ final interceptor data

Fig.3 - Flow Chart of the Simulation Program (Continued)
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section Conlrol correspond to successive iterations in the minimization procedure.

The last line gives the values of the control parameters.

As an example, the circular rendezvous case mentioned in Ref. 2, page 9
is c;msidered. Initially, the interceptor and fa.rget are on circular orbits 100 km
and 400 km above the earth's surface, the target being 5° ahead of the interceptor.
The table in Fig. 4 compares the results of the present simulation program with
the exact calculus-of-variations solution (COV) and with the results of the guidance
scheme in Ref.2. In the present scheme three cases are considered: (1) no up-

dating (DT =), (2) updating interval DT = 10 sec, (3) DT = 4 sec.

COov Present Scheme Ref. 2
DT= w DT=10 DT=4
First burn D, (sec) 13.29 13.20 13,29 13.31 13.3
Goast t__ (sec) 2522. 7 2505, 2 2512.2 2508.9 | 2318.4
‘Second burn D, (sec) 11.97 11. 76 11. 96 12. 00 12,1
Thrust direction X, (deg) 64.9° 64, 6° 64. 6° 64. 6° 62, 8°
Thrust direction at end of
First Burn X, (deg) 66.1° 64. 6° 66.3° 67.0°
Final thrust direction X, (deg)|-129.4° -106. 0° -106.5° -105,0° | -113.8°
Position error (m) 0 5616 971 566
Velocity error (m/sec) 0 98 100 100
Fig.4 - Comparison of Simulation Results

In the second example, the results of a rendezvous with a target moving
on an elliptic orbit with semi-major axis 6793 km and eccentricity 0.0100 are
shown, The interceptor is initially 8.6° behind the target and 6400 km away
from the earth's center. Its orbit has the eccentricity 0,0246. Initially, the

first burn, the coast and the second burn are predicted to last for 35.0 sec,
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. 2600.7 sec and 15,2 sec, respectively. Updating throughoul the first burn

in intervals DT = 10 sec modified these numbers to 35.8 sec, 2628.3 sec,

15.9 sec,

The final position and velocity errors of 9317 m and 137 m/sec,

respectively, are in the same order of magnitude as the errors in the cir-

cular case.

The results in this case are collected in Fig. 5.

Further testing showed that the present flight scheduling and guidance

scheme yields good results when the assumptions of the scheme - small

eccentricity in all Keplerian ellipses and short burn durations — are

satisfied. A closed-loop guidance scheme being applied to the second burn,

however, would negessarily use a burn duration somewhat longer than the pre -

dicted one in order to compensate for the more pronounced velocity errors,

Cov Present Scheme
DT=w DT=20 | DT=10
First burn DO(sec) 34.96 35, 65 35, 82
Coast tcoa (sec) 2600, 7 2626, 2 2628,3
Second burn D2 (sec) 15,16 15, 64 15.90
Thrust direction X (deg) 129, 8° 129, 8° 129, 8°
Thrust direction at end of
First Bura X; (deg) 129, 8° 132, 0° 135.8°
Final thrust direction X, (deg) -83.5° -81. 6° -80. 4°
Position error (m) 37653 29842 9317
Velocity error (m/sec) 144 145 137

Fig, 5

- Eliptic Case
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Section 8
-CONCLUSIONS

Planning an optimal rendezvous and steering the intercepting vehicle
is a complex problem of calculus of variations. Even a modern computer takes

too long for solving such problems on a real time basis.

For this purpose simplifying assumptions have to be introduced, and
a trade-off between simplicity of the guidance equations and accuracy of the
results has to be made. The simplest way, the impulse approximation, turns

out to be insufficient in accuracy for realistic cases.

The present approach is very successful in coming up with rather simple
guidance equations due to the use of Levi-Civita's variables. The accuracy is
such that a good closed-loop terminal guidance scheme could take over after

the coast phase.
However, when larger and faster on-board computers are available,

it might be worthwhile to seek more sophisticated guidance schemes which

allow a more precise and a more economical steering of the interceptor,
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APPENDIX
COMPUTER PROGRAMS

Prior to the program listings there follows a table giving the meaning
of the most important program variables or the corresponding name in this
report. The input the simulation program requires can be seen in the flow

chart of Section 7, and the output is self-explanatory.

Main Program

DT updating time interval

NSTP number of Runge-Kutta steps in one updating time interwval
SCH integration step

TINT current updating time interval

UuPD = TRUE during updating period

X0, YO initial guesses for s, ©

XT, YT Cartesian coordinates of the target

uT, vT velocity components of the target

X(1) time

X(2), X(3) Cartesian coordinates of the interceptor

X(4), X(5) velocity cc)mponents of the interceptor

AO ag DO D, RO r,
A2 a, D2 D, R2Z T,
Al0 %0 DA1 Ao, R3 rs
A20 %0 DA2 Ao, TAR t s
Al3 o3 DEL é TAU T
A23 U5z DGl A'}'l Ul2 - u,
B10 B1o DG2 47, u22 U,
B20 B2g E e Vo v
B13 Bis GAO % V3 )
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B23 Bas GA3 ?3 wiz Wio

CHO X5 MU " W2z Wi

CH2 X5 OMO @4 z z

COA toa OM2 W,

D D PHI @

Subprogram CONTRL

H initial step size

NI counts iteration cycles

TOL tolerance for stopping the iteration

YOLD old approximation for ¢ in secant method

E1 € X0 59 YO0 00*

E2 € X1 $1 Yl o
X2 S5 Y2 G,*

Subprogram KEPLER

A a DT At Uz u,

‘Al ay OM oo v X,

Al a, R r. W1 wy

Bl B SIG o W2 W

B2 By U %) X %1

Ul uy Y =y



MATN PROGRAM
REAL M)

LOGICAL UPD
COMMON/PARAM /
COMMON/OTHERS /

CONMMONZ/TRANSF/ X0sY0O AOSAZ+ONMOsOM2+ROsR2¢RIaDyDO D2
1 DG1+sDGE+sUALWDAZNESIyDET TARyZ1 3504552,
2 AlQ+sA20sB1I0sR20+A130¢A23sB13+¢N23¢U1L12+U224 12422

COr MONARKG
READ (Sel)
1 FORMAT(4E164.6)
WRITE(G6 7}
7 FORMAT(

sOX(B) «DX(S)

AEH1 INPUT./ »

2Z0H My TAY =
2(H B3 V3 GA3
20H RO vEC cAO

DT
DEL
PHI

R

NSTR
T

X1y
X2y
X3
X{4)
X(5)
AQ -
X0 =

10
O.
G
RQ
RO

0 u

s

COS(PHI)
SINI(PHI)
VO SIN(GAN=PHI)
VG COS{GAC-PHI)
1e/(Pe/R0 — vOXVC /LY
341415926534
AZ = le/(2e/R3 —
YU = 3.1415926536
WRITE (6, 8) ADWA2
& FORMAT(///30H SEMI-MAJOR AXES
TINT = DT .
UPD = «TRUF,
XT = R3 % COS(DEL)
YT = R3 # SIN(DEL)
UT = v3 % SIN(GA3-DEL )
VT = v3 # COS(GA3~DEL)
WRITE(S6+ 3} TTeXTaYTeUTIVT
3 FORMAT(//69H TARGET TIME.
1CITY COMPOMNENTS/

2 Fl2e79 2(aXe2F137))
60 CALL CONTRL
IF (TINT oLEa
TINT = DO
UPD = .FALSE.
CALL KEPLER(TINT+XTeYTsUTsVT)
TT = TT 4+ TINT
WRITE(Ss 3) TTaXTa¥YTauUuTVT
WRITE(6+10)

10 FORMAT(//69H INTERC TIME»
1CITY COMPONENTS/)

CALL INTGRT(G.0)

WRITE(642)
2 FORMATI(E13e7s 2(4X+2E13e7))
SCH = TINT / FLOAT(NSTP)

DO 62 N=1+NSTP

CALL INTGRT(SCH)

WRITE(G&s2)
RO =
PHI=
VO =

ot n
L

¥

V3¥y3/,MUY

D0y GO TO 61

61

62
SARTIX(2y#%2 + X(3)¥¥2)
ATANZ2 (X (3)sX(2))

SORTIX (4 )y *#2 4+ X(S)#¥E2)
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FOR RENDFZVOUS SIMULATION
MU s TAU GEsCOA+CHO s CHZ

VO+V3sGAUWGABDELWPHI

MU TAUSE +DTsR31 VI3 «GARWDEL +RO+VO+GAG+PHI

MU TAUSIE DT aR3 VI 1GASZDEL yRO s VO +GAG s PHI

v A 13677/
2 4E13e7/
s 4E13.77)

* SART AT/ MU)

¥ SART(AZ2/7MUY

Of INTERCEPTORs TARGETSs

CARTESTAN COORDINATES

CARTESTAN COORDINATES

XU11aX{2)YeX{3)eX(4)sX(5)

XC1)eX(2)eX (314 X{(4)eX(5)

A-3

2ZE1347)

AND

AND

VELD

VELQ


http:TTXTYT.UT.VT
http:I./C(?.PO

11

17

63

1
z

GAO
R3 =
DEL
V3 =
GA3=
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PHI + 1.83707963268 — ATANIIX(S)eX(41))
SORTIXT®XT 4+ YT#vyT)

ATANZ2{YT»XT)
SORTIUTHUT + VT¥yT)
DEL + 15707963268 — ATANZ2(VT.UT)

IF (UPD) GO TO &0
WRITE(6+11)

FORMAT( Z18H END OQF FIRST BURN)
CALL KEPLER(COA4DZsXT+YTaUTaVT)

TT =

TT + COA + D2

WRITE(B6y 3) TTeXTaYTayyTavT
WRITF (6 17)

FORMAT ¢ Z11H RENDFZVAOUS)

CALL KEPLER(CCAsX{21+4X({3)+X{4)eX{(5))

Do =
X011)
CHO

X{1)
= X{1}) 4+ COA
CHZ

WRITE(6213)

FORMAT(///12H SECOND RURN)
WRITE(&+10)°

CALL INTGRT(Ge0)

WRITE(S+2) X(1)eX{2)exX(3)eX4)4X(5)

SCH

NP/FLOATINSTE)

DO 63 N =1+NSTP

CALL

INTGRT(SCH)

WRITE(E12) X{1)eX(2)aX(3)eX{4) e XI5)
WRITE(&+121)

TEZ
TE3
TE4
TES

X{21—-XT
XU3y=¥YT
X04)y=-UT
X{5)~-VvT

WRITE(64+14) DOD2sX{1 )2 TE2+TE3+ TE4TES
14 FORMAT(///7/729H FIRSTs SECOMND BUIINs MISSION « 3E13e67/

S5TOR
FND

29H RELATIVE POSITIONM VECTOR « 2E13a7/
29H RELATIVE VELOCITY COMPONENTSs 2E13.7)


http:COA+D2,XTYTUT.VT

S DUT TN
REAL
LGGICAL FL

\1! "

2
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COITRL

3y

MUSTAULE«COALCHECHZ
VO OV31GAU s GAZSDELRPHT
N0 eY s AU s AZ 5O s GRS TR0 e Twln53aiie BTN I-EY
CGl+PDG2 DAL s DA DES s DE Ty TARCZ « 2200 S50
Al AZ0 2 lUcf-:_Gqf\ljsAf:"%qu ReB Rl 22l 012472
e/ (247100 — yl%yO/MU)
= A0 T( a PEEMUAD)
“ = 1a/(2e/R3 — VI3¥YyI/MN
OME = SCRT{.28XMUZAR)
DEZ = «5 % PMI

A
Comimarsfaip
Cf‘l'l'v"-ON/""} 41

s
R&/
COMMOMN/ TIRANSE /

=3
p
1

TEMP= BURT (RG)

AD = TENMP ¥ COS{IDF2)
AZU = TEMP ¥ SIH(DEZ2)
DEZ = GAG - DFZ2

TN = o &R TEMP YO/ 000
filv = JUMD e SIN(DE2)
BRG = TEMP ¥ COS(DE2)
DEF = DELAZ .

TheP= 52T (R

AlD = TEMPL 3 COS5(pE=)
AP = TTUMPR % SIF(DF2)

DE2 = GAR - DE?
° G T' MPEV 3 /0M2
R3¢ TERD X SIN(DE2)

RP3 = TEUP % COS(DE2)
Moo= anasw xe
L B A N5

Faow o, 150

T = 1.LGF-6

ITE (6 &)

FORINAT( 277 78H CUNTIROL /»
BX e 3HCOAs TH s 2HN2 s 7K

s

O IHLa JITABHS TG IO s 1ML o N THD B R 2000 «

a 3HCH 22 LX A 3HCHZ )

NMI=G

STES= M

FeAGE FALSS.

Y o= v

CALL ECTINT.Y)

TEL = RudLG2 -~ R1ONRET
TE® = PURNGL 4 PRUEDNET
CHIV = ATAMI(TCl1.TC2)
TCL = PRERAR — w1 PEDES
TLE = RE¥DAL + W22¥DFS
CHZ = ATARZITCLATCR) 1 ATANRUZ2.U12)

VRITE(Ss &) KiaY o LsDapUsCOAYIZ2aCHO L CHE
FORPAAT (PP 13as S 10ed s PFRW4D

MTENT4)
IFIMNT oLFe
WRITF (644

7Y GO TO a3

FORMAT(IE 7 ITERATION STEPSAS)
GO0 TGO v

ZC = g1 AT (Z)

v « 70 LTe TOLL )Y GO TO =50
IF (FLAGY »TEP = F#Z

PO 71 I=1.7

ZO0LD= Z



T2

71
73

=3}

=]
74
Ki=}

[l W
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YOl.D= ¥

Y = YOLD + STEP
CALL FCTI{XC.Y)

IF (FLLAG)Y GO TO 83
F = H 7 (Z0LD-2Z)
FLAG= JTRUE.

IF (Z «EQes ZOLDY GO ToO 80

IF (ARS(Z)Y «GTe ZC) GO TO 72
yO = Y

CQ = D

GO TO 73

STEP= —£ 7 (ZCLD=Z)#(YOLD~Y)}
CONT INUIE

X1 = XL 4+ H

Y = YU + H

CALL FCT(X1a.Y)
STEP= F » Z
DO 74 1=1.7

Z0LD= Z
YOLD= Y
Y = YULD + S1ikP

CALL FLILXLeY )
IF L2 eblde ZULLY) U 10 O
- LABSUZ) 20le £Z0L)Y GO 10 1o

Y1 = Y

Cl1 = 0

GU 10 16

SIEH= —~2£ /7 120LD=Z£) L YOLL-Y)
COMT IMNUE

X2 = Xo = Y

Y = Pe¥dY -~ Y1

CALL FCHIXZrY)
Siek= F % 7
DO 77 1=t

LU= £
YOoLL= Y
Y = YOLD + SteP

CALL FCTIXZ2.Y)
IF (4 «RQe Z0LD)Y GO 10 #©Z2
IF (ARDLL) «Gle ZC) GO IO 78

Y2 =Y

c2 =D

GO TO 79

SIERP= =2 / (ZOLD-Z)YF(vyCLD-Y)

CONT INUE

SIP = —~e5#(L1-0C2) / (Cl1-2.%C0+C2)
XU = XU + STP#H

YU = YU 4+ aoESIPH(Y Y245 TPH Y 12 ¥YO+Y2) )
H = b2 #STP%H

GO TC 7L

Yy = Y

DETURN

END
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SUBROUTINE FCT(S+5I1G)

REAL MUl AM

COMMON/PARAM / MUTAULE+COA+CHO +CH2

COMMON/TRANSF/ X0Os¥YOs AGs A2+«OMOsOM2 3y ROR2vRID DO D2
DGl +DG2DAL sDAZILES«DET+TARZe550+552
ALD+A20+B10+B20+A131A23+B13+8B23+U122U22+W12ewWw22

CO = COS(OMO*S)

SC = SIN(OMO%S)

C2 = COS{OM2%51G)

S2 = SIN(OM2*SIG)

Ul2 = C2%A13 + SP¥B13

U22 = C2%A23 + Sp#B23

W12 =~S2%A13 + C2%¥B13

W22 ==S2%A23 + C2¥BR23

Alz = COxUI12 — S0%Wl12

AR2 = CO*U22 - 30%wW22

Bl12 = SOxUly + COxwiz

B22 = SO®U22 + CO*wW22

R2Z = U12%¥U12 + U22%Upz2

PDA1 = AlZ2 - AlOQ

DA2 = A22 — A20

DGl = DAI1*CO + (B12-B10)*S0
DG2 = DA2¥CO + (RZ22-B20}%S0
DET = DGI#B20 - DG2¥*B10

DES = DAL#W22 - DA2%W1(2

GO = OMO¥*#3 % SQRT(RO*¥(DG1#DG14+DG2¥DG2) + (1 «+AQ/ROI¥DETH*DET)
G2 = OM2%#3 % SQRT(R2#(DAI¥DA1+DA2¥DAZ2) + (1+A2/R2)%DES*DES)

LAM = 25%¥MUXE*S0
TEMP= [ AM + GO/2.,

Do TAUXGO / TEMP
D = TAU 3 (LAM/Z{LAM+¢5#G2) ) # ((GO+G2)/TEMP)
D2 D - DO :

Bll = B12 + DA1¥CO/S0O
B21 = R22 + DAZ2*CO/S0
= (RO+B1i*Bl11+B21%B211/2.
OM1 = SORT(.25¥MU/AL)
S§C = POsRO
= (OM2#D2)/ ({OMO%R2)
TEMP= 2. 3#0M1%(5~552)
Ze FOM1 %550 .
OMO/0OM1 #* (A1%({5-S50-552)
+ ({AlO*¥B11+A20%B21)¥{COS(TEM1 )—COS{TEMP) )
+ (RO-A1) % (SIN(TEMP)-SIN{TEM1})) / {(2.%0M1))
TAR A2¥S51G + ((AI13¥BIZ+A2IXB2IIXS2 + (RI-A2)I#C2) # S2/0M2
Z = CGA + D -~ TAR
RETURN
END

0 =f
o
bz
I n

3
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SURROQUTINE INTGRT (H)
THIS SUBROUTINE INTEGRATES FROM POINTS Y(T) TO THE POINT Y{(T+H)s
THE DERIVATIVES ARE ALSO COMPUTED AT T+Hs THE ROUTINE REQUIRES
THAT Ns Ys DY BE IN COMMONs AND THAT Y AND DY BE DIMENSIONED
B3Y Na TO INITIALIZE cALL WITH H=Q0a.
ENTERING THIS ROUTINE WITH H=0 CAUSES THE CONSTANTS TO BE SET.
THE . VECTOR SET TO ZERO AND THE DERIVATIVES RECOMPUTED VIA THE
SUBROUTINE CALLED DEQ
COMMON REGION
COMMON/RKG /s X(51+DXI(5)
DIMENSION A(4})s B(4)s C(4)s Q(33)
IF ( H «EQe C.0) GO T 4
DO 3 I= 1.4
DO 2 JU=1.45
RRE=A(I)¥DX{(J}-B{I)¥*¥Q(J)
QUJI=Q(JY+30#RRR=-C (I y¥DX (L)
X{JY=X(J)+H*RRR
CALL DEQ
RETURN
D= «707106781E400
All)= 0.5
A(2)= 1.0-D
Al3)= 1«0+D
Al4)= 1.0 / 6.0
Bl1y= 1.0
Biz2)= A(2)

B(3)= A(3)
B{4)= 1.0 7/ 3.0
Ct1y= A1)
Cizy= alz2)

C{3)= a3y
Cl{ay= Ce5
PO 5 JU=1.32
QiJ)= 0.0
CALL DFEQ
DX( l)zlco
RETURN

END-
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SUBROUTINF DEQ

REAL MU

COMMON/PARAM / MUsTAUE+COA«CHO yCH2
COMMON /RKG S X5 +DX(5)

R = SQRTIX(2)%%¥2 + X(3)¥*¥2)

R = MU/ {R*R*R) ’ .

S = TAU — X(1) .

IF IX(1) «GTe 5004) 5§ = S~COA
s = F /5

OX(2) = X(4)

DX{3) = X(5)

DX{a) = R¥X(2) + 5#COS(CHO)
NX{5) = P#EX(3) + S*SINCCHO)
RETURN

END

SUBROUTINE KEPLER{(DT.XaYslUsV)

Xe¥YalsV ARE THE CARTESIAN COORDINATES AND VELOCITY COMPONENTS OF
THE VEHICLE. THEY ARE IMPUT AS WELL. AS OUTPUT PARAMETERS. DT IS
THE TIME INCREMENT DURING THE KEPLERIAN MOTION. THE GRAVITATIONAL
PARAMETER MU COF THE CENTRAL 80DY MUST BE IN COMMONe

REAL MU

COMMONA/PARAM /7 MUWTAULEsCOA+CHO

R = SORTOXEXEYEY)
A = le / (2e/R = (UXU+LVHV) /MU
CM = SQRT(.25%MU/A) ’
Al = SORT(.S5%(R+ABS(Xy))
AZ = «B5%¥YAAL

IF (X «GTs «0) GO TO 11

B = A

Al = A2

A2 = R

Bl = S%¥(A1¥U + A2¥V) /OM
B2 = +S%(A1¥V ~ A2%U) ,OM
QC = R-A

QS = Al¥B1 + AZ¥B2

SIG= (DT — +5%Q5/0M) /A
DO 12 I=1.7

S = SIN(OMXSIG)
C = COS(OM*SIG)
Fo= AX5IG + SH¥(QCHCHQSESY/0OM — DT
FP = A 4+ QCH(CHC=5%#5) + Z2+*#QS*CH#85

SG = F / FP

IF (ABS(SG) «LTe 1.5E~10) GO TO 13
S1G= SIG -~ SG

Ul = AI¥C + B1%*S

U2 = A2*C + B2%S

Wl = B1¥C =~ A1%S

W2 = R2%C — A2%S

X = UtRUL — y2¥u2

Y = ZeFURUZ

B = OM / («+5#%X+U2%U2),
U = B#*IUIXW] — U2%W2)y
Vo= BRIU2¥WT + UlxW2,
RETURN

END



