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ABSTRACT: 
root-locus program as a means f o r  generat ing design c h a r t s  which may 
be used to synthesize distributed-lumped-active networks. An appli-  
c a t i o n  of t h e  program is made t o  a s p e c i f i c  network configurat ion i n  
which t h e  pos i t i ons  of the  dominant complex conjugate poles and zeros 
may be chosen by t h e  user.  Design c h a r t s  for t h i s  network are included. 

This r epor t  descr ibes  a method of using a d i g i t a l  computer 
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buted-&umped-&tive) networks. This class of networks cons i s t s  of 

th ree  d i s t i n c t  types of elements, namely, d i s t r i b u t e d  elements (modeled 

by p a r t i a l  d i f f e r e n t i a l  equat ions) ,  lumped elements (modeled by alge- 

b r a i c  r e l a t i o n s  and ordinary d i f f e r e n t i a l  equat ions) ,  and a c t i v e  

elements (modeled by a lgeb ra i c  r e l a t i o n s ) .  Such a cha rac t e r i za t ion  is 

appl icable  t o  a broad class of c i r c u i t s ,  espec ia l  l y  including those 

usual ly  r e f e r r e d  t o  as l i n e a r  i n t e g r a t e d  c i r c u i t s ,  s i n c e  t h e  fabr ica-  

t i o n  techniques f o r  such c i r c u i t s  r ead i ly  produce e l e m n t s  which may 

be modeled as d i s t r i b u t e d  and a c t i v e ,  as w e l l  as ones which may be con- 

s ide red  as lumped. The network func t ions  which descr ibe  such c i r c u i t s  

involve hyperbol ic  i r r a t i o n a l  func t ions  of t he  complex frequency var i -  

able.  For example, f o r  the  simple uniform d i s t r i b u t e d  RC element shown 

i n  Fig. 1, the  open-circuit  vo l tage  t r a n s f e r  func t ion  is : 
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encountered i n  networks containing d i s t r i b u t e d  elements produces many 

problems when the  methods normally used i n  the  ana lys i s  and syn thes i s  

of purely lumped (o r  lumped and a c t i v e )  networks are appl ied  t o  the  

DLA network. The ana lys i s  problems may, i n  genera l ,  be overcome by 

using d i g i t a l  computational techniques t o  model t he  d i s t r i b u t e d  ele- 

ments and a l s o  t o  so lve  the  equat ions of the  r e s u l t i n g  network. A 

program f o r  implementing such an ana lys i s  operat ion has been descr ibed 

i n  a previous report.' 

f r u i t f u l  approaches which has y e t  been proposed is the  development of 

design c h a r t s  which give the  values  f o r  t h e  network elements which w i l l  

r e a l i z e  s p e c i f i c  equiva len t  dominant po les  and zeros.  The po in t s  

needed t o  cons t ruc t  these  design c h a r t s  may be found by matching the  

c h a r a c t e r i s t i c s  of t he  networks a t  s e l e c t e d  po in t s  along the  j w  ax i s ,  

o r  by maximizing the  magnitude of a network func t ion  a t  a given value 

With respect to  syn thes i s ,  one of t he  most 
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develop design cha r t s  for some s p e c i f i c  DLA ne 

11. Some General Aspects of a Root-Locus Program 

Severa l  approaches t o  the  use of d i g i t a l  computation techniques 

t o  p l o t  r o o t  l o c i  have been reported i n  the  literature. 

more r ep resen ta t ive  ones are descr ibed i n  the  art icles l i s t e d  i n  the  

references 4 , 5 .  The root-locus program c a l l e d  ROOTLOC, which w i l l  be 

Two of the  

descr ibed i n  t h i s  and the  following s e c t i o n  of t h i s  r epor t ,  has s e v e r a l  

f ea tu re s  i n  which i t  d i f f e r s  from some o r  a l l  of t h e  root - loc i  de te r -  

mining programs previously reported.  

(1) A r e l a t i v e l y  simple algori thm is used t o  generate  each of t h e  roo t  

l oc i .  

Its major c h a r a c t e r i s t i c s  are: 

Thus, i t  has been poss ib l e  t o  keep the  over -a l l  s i z e  of the  pro- 

gram q u i t e  s m a l l  and, as a r e s u l t ,  it is a r e l a t i v e l y  e f f i c i e n t  program 

t o  compile and t o  execute. 

v ides  for automatic i n t e r n a l  s c a l i n g  so t h a t  a l l  of t he  po in t s  which 

(2) A f e a t u r e  has been included which pro- 
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var i ab le  and R is the  parameter which is being var ied.  Thus, f o r  a 

given sequence of values  of R, it i s  des i red  t o  f i n d  t h e  corresponding 

values  of p which s a t i s f y  the  equation 

The program requi res  t h a t  a user  suppl ied subrout ine ca l l ed  EQN be  used 

t o  determine the  value of t he  funct ion of P(p,R) and the  de r iva t ive  

funct ion F' (p,R) where 

The basic algori thm used t o  follow the  root locus may be expressed by 

assuming t h a t  some value of p,  namely p is  a po in t  i n  the  v i c i n i t y  i' 

of a zero of F(p,R). 

i t y  of pi then the  r e l a t i o n  between F(pi+l,R) and F(pi,R) may be 

expressed by the  r e l a t i o n  

I f  w e  now l e t  pi+l be some new po in t  i n  t h e  vicin-  

If the  new po in t  pi+l has been chosen so  t h a t  i t  is  ac tua l ly  a zero of 

F(p,R), then the  l e f t  member of the  above equation is zero  and, ignor- 

i n g  terms of higher  than the  f i r s t  o rder  i n  the  r i g h t  member, w e  may w r i t e  

A - 
'i+l = F' (pI,R) 



solved by t h i s  a lgori thm is ,  of course,  exac t ly  the  problem which i s  

encountered when a po in t  on a root  locus for a given value of R i s  

known and it  is  des i r ed  t o  f i n d  another  nearby p o i n t ,  a l s o  on the  r o o t  

locus,  represent ing .a  s l i g h t l y  changed value of R. Thus t he  r e l a t i o n  

of ( 5 )  is d i r e c t l y  app l i cab le  t o  the  root-locus problem being considered 

here.  

The gene ra l  opera t ion  of the  ROOTLOC program is read i ly  descrihed. 

The user  suppl ies  t he  program with a known s t a r t i n g  po in t ,  i .e.,  a 

value of p which is  a r o o t  of F(p,R) = 0. 

change f n  the  parameter R and i t e r a t i v e l y  app l i e s  (5) u n t i l  convergence 

is found, i.e., u n t i l  a new value of p is found which s a t i s f i e s  (2). 

This new value of p is thus a po in t  on the  root locus.  Next a check is 

made t o  i n s u r e  t h a t  the  po in t  which has been found is  a convenient dis-  

The program then makes a 
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terminal  value of R ,  spec i f i ed  by t h e  user ,  is reached. As many sets 

of s t a r t i n g  po in t s  f o r  the  root  l o c i ,  and as many ranges of the  para- 

meter R may be used as are desired.  Thus, d i f f e r e n t  branches of the  

o v e r a l l  root-locus p l o t  are e a s i l y  found by repeated app l i ca t ion  of the  

bas i c  l o g i c  described above. Af t e r  a l l  the  po in t s  determining t h e , r o o t  

loci:  have been loca ted ,  they are p l o t t e d  using an i n t e r n a l  p l o t t i n g  

capab i l i t y  which is  included as p a r t  of the  program. This p l o t t i n g  

subrout ine assigns a lphabe t i ca l  symbols t o  the  var ious po in t s  as they 

are computed. These a lphabe t i ca l  symbols are then reproduced d i r e c t l y  

on the  p l o t  s o  t h a t  t he  value of the  parameter R corresponding with any 

po in t  on t h e  roo t  locus may be r ead i ly  determined from an accompanying 

tabula t ion  of data .  

made if the  number of po in t s  which i s  p l o t t e d  exceeds 25 ( the  charac te r  

I is  not  used). Thus, i f  a hundred po in t s  are t o  be p l o t t e d ,  t he  f i r s t  

4 w i l l  be p l o t t e d  using the  charac te r  A,  the  next  4 the  charac te r  B,  

etc. Since the  r e l a t i o n s  f o r  F(p,R) are suppl ied by the  user ,  the  pro- 

gram may be used t o  p l o t  t he  l o c i  of t ranscendental  funct ions of the  

kind encountered i n  DLA networks as w e l l  as t he  more conventional poly- 

nomial funct ions.  

used by the  ROOTLOC program is given i n  Fig. 2. Some more d e t a i l e d  

information on the  operat ion of the  ROOTLOC program is  given i n  the  

Mult iple  use of each a lphabe t i ca l  charac te r  is  

A s impl i f i ed  flaw cha r t  of the  sequence of operat ions 

next  sec t ion .  

111. Operation of the  DigitalCamD+u ter Program ROOTLOC 

The d i g i t a l  computer root-locus p l o t t i n g  program ROOTLOC is  

designed t o  implement the  general  computational pro8cess described i n  
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Fig. 2 
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the  preceding sec t ion .  The program requi res  the  use of two subrout ines .  

The f i r s t  of these is  a p l o t t i n g  subrout ine e n t i t l e d  XZPLT. This is  

suppl ied as p a r t  of the  root-locus program package. The second subrou- 

t i n e  which i s  c a l l e d  EQN, is provided by the  user.  The d e t a i l s  of 

these  two subrout ines  follow: 

XZPLT -- Subroutine f o r  making an x-y p l o t  of a set  of da t a  po in t s  with 

I t  I t  z coordinate  information s p e c i f i e d  through the  use of var ious 

a l p h a b e t i c  symbols t o  i n d i c a t e  the values of the  parameter R. The 

subrout ine p l o t s  the  absc i s sa  v e r t i c a l l y  downward on the  p r in t ed  

page. Thus, as l a r g e  a t o t a l  range of absc i s sa  s c a l e  as is  des i red  

may be used. The s c a l e  used f o r  the  absc issa  is 10 u n i t s  pe r  inch. 

Since the re  are s i x  p r in t ed  l i n e s  p e r  inch on a s tandard d i g i t a l  

computer p r i n t e r ,  a range of 90 u n i t s  w i l l  cover 55 p r in t ed  l i n e s .  

This corresponds approximately with a s i n g l e  p r in t ed  page, The 

o rd ina te  i s  p r in t ed  across  the  page. Again, a scale of 10 u n i t s  

p e r  inch is used. Since the re  are 10 charac te rs  pe r  inch  on the  

s tandard p r i n t e r ,  a range of 100 u n i t s  on the  o rd ina te  scale encom- 

passes  100 charac te rs  of p r i n t i n g  and provides a 10 inch wide p l o t .  

A l i s t i n g  of t he  subrout ine XZPLT is included with the  l i s t i n g  of 

t he  ma5.n program given i n  Appendix A. A summary of i ts  character-  

istics and a b a s i c  desc r ip t ion  of i t s  operat ion can be found i n  

the  literature. 7 

EQN -- A user  suppl ied subrout ine which computes the  value of funct ion 

F(p,R) and the  value of the  de r iva t ive  func t ion  F'(p,R). The 
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argument l i s t i n g  of t h i s  subrout ine is (R, P ,  F, FP) ,  where R i s  

the  ( r ea l )  value of the  parameter being va r i ed ,  P i s  the  (complex) 

value of the  complex frequency va r i ab le ,  F i s  the  (complex) value 

of F(p,R) and FP i s  the  (complex) value of F'(p,R). Thus R and P 

are inputs ,  and F and FP are outputs .  

The main program f o r  ROOTLOC has th ree  major funct ions.  These are: 

(1) To read the  input  da ta ;  (2) t o  compute a succession of po in t s  which 

def ine  the  root  locus; and (3) t o  p l o t  these po in t s  on a two-dimensional 

graph. The d e t a i l s  concerning these th ree  func t ions  are covered i n  the  

remainder of t h i s  s ec t ion .  

The f i r s t  funct ion of the  d i g i t a l  computer program ROOTLOC i s  t o  

read the  p e r t i n e n t  d a t a  ind ica t ed  by the  program. There a re  th ree  t y p e s  

of data .  The f i r s t  type i s  a t i t l e  statement which i d e n t i f i e s  the  pro- 

gram. 

be from 0-80 charac te rs  i n  length.  This t i t l e  information is only read 

once f o r  any given submission of t he  program, and i t  is  reproduced on 

a l l  the  program o u t p u t .  The second type of da ta  which is read by the  

This i s  punched on a s i n g l e  card i n  alphanumeric format and may 

program is t he  values  of the  10 i n t e r n a l  parameters which are used i n  

the program. These parameters are read only once. They are i d e n t i f i e d  

by t h e i r  FORTRAN v a r i a b l e  name. Thei r  funct ion is  explained i n  the  l i s t  

which follows : 

FMAX - This v a r i a b l e  i s  a convergence f a c t o r  which is  used as a 

c r i t e r i o n  t o  decide when the  Newton-Raphson algorithm has found a 

value of p s u f f i c i e n t l y  c lose  t o  an a c t u a l  zero of F(p,R). It is  
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the  maximum value which the  quant i ty  F(p,R) i s  allowed t o  have f o r  

any given set of values  of p and R. The program w i l l  continue t o  

apply the  b a s i c  r e l a t i o n  given i n  (5) u n t i l  the  absolute  value of 

F(p,R) is  less than t h i s  va lue  o r  u n t i l  t he  maximum permit ted num- 

be r  of i t e r a t i o n s  (see ITMAX below) is exceeded. A value f o r  t h i s  

parameter which has been found s u i t a b l e  f o r  many appl ica t ions  of 

. t he  program is  .001. 

SCALE - This parameter is a s c a l i n g  f a c t o r  which i s  appl ied  t o  the  

loca t ions  of the  da t a  po in t s  as determined by the  ROOTLOC program 

before they are p lo t t ed .  This f a c t o r  must be s p e c i f i e d  by the  

user  s i n c e  the  p l o t t i n g  subrout ine XZPLT automatical ly  ass igns  a 

range of 100 u n i t s  f o r  the  "y" coordinate.  

des i r ed  to  have the  o rd ina te  range s t a r t  a t  the  "x" axis ,  then the  

maximum ord ina te  value permit ted is 100. The s c a l i n g  f a c t o r  must 

be chosen so t h a t  the  da t a  po in t s  w i l l  l i e  wi th in  the  appropr ia te  

hundred-unit range which is chosen f o r  the  ord ina te .  S imi la r ly ,  

t he  s c a l i n g  f a c t o r  m u s t  be co r re l a t ed  t o  the  "I? axis values  which 

are t o  be p lo t t ed .  The t o t a l  range of the  absc i s sa  o r  "x" axis is 

completely var iab le .  However, as pointed out  above, a range of 

For example, i f  i t  is 

approximately 90 u n i t s  requi res  one page of p r i n t e d  output.  Thus, 

i f  a one-page p l o t  is des i red  the  s c a l i n g  should be so chosen as 

t o  i n s u r e  t h a t  t he  sca l ed  da ta  po in t s  f a l l  w i th in  a range of 90 

u n i t s  f o r  the  abscissa .  

ITMAX - This parameter s p e c i f i e s  t h e  maximum number of i t e r a t i o n s  

which is permit ted f o r  the  N-ton-Raphson algorithm. I f  t h i s  
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number of i t e r a t i o n s  i s  exceeded without convergence (as spec i f i ed  

by PMAXI) having been obtained,  t he  program w i l l  s t op  computation 

of the  roo t  locus which i t  is  cur ren t ly  following, and w i l l  go on 

t o  o the r  roo t  l o c i .  I f  no o the r  root  l o c i  are t o  be computed, i t  

w i l l  proceed t o  the  p l o t t i n g  phase of the  program. A value of t h i s  

parameter which has been found s u i t a b l e  f o r  many of the  appl ica-  

t i o n s  f o r  which t h i s  program has been used is 10. 

IRMAX - This parameter limits the  maximum number of i t e r a t i o n s  

which are permit ted i n  the  algori thm which a d j u s t s  the  change made 

i n  the  parameter R so t h a t  the  computed da ta  po in t s  are spaced 

equal ly  i n  the  r e s u l t i n g  p l o t .  I f  t he  number of adjustments exceeds 

t h i s  value the  program w i l l  s t o p  i t s  e f f o r t s  t o  compute the  roof 

locus which i t  is cu r ren t ly  following and w i l l  go on t o  o t h e r  root  

l o c i ,  o r ,  i f  no o the r  root  l o c i  are t o  be computed, i t  w i l l  proceed 

t o  t h e  p l o t t i n g  phase of the  program. A value of t h i s  parameter 

which has been found s u i t a b l e  f o r  many of the  app l i ca t ions  f o r  

which t h i s  program has been used is 10. 

NSX - This parameter s p e c i f i e s  the  maximum absc i s sa  value to be 

used on the  p l o t  produced by the  XZPLT subrout ine.  

NSY - This parameter s p e c i f i e s  the  maximum ord ina te  value which is  

des i red  on the  p l o t  produced by the  XZPLT subrout ine.  The minimum 

value which w i l l  be used on the  p l o t  i s  automatical ly  set 100 u n i t s  

lower than the  value s p e c i f i e d  f o r  NSY. 
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NNP - This parameter s p e c i f i e s  the  range of 

i t  is des i red  t o  have on the  p l o t .  I f  t h i s  

absc i s sa  values  which 

parameter is  se t  t o  a 

value of 90 then the  p l o t  w i l l  cover approximately one page. 

LMX - This parameter s p e c i f i e s  the  maximum number of po in t s  t h a t  

i t  is  des i red  t o  p lo t .  The maximum value f o r  t h i s  parameter which 

is  allowed by the  dimensioning of t he  program is 200. 

LPLT - This parameter provides an opt ion by means of which t h e  

p l o t t i n g  capab i l i t y  of the  ROOTLOC: program may be suppressed. 

Normally i t  is set t o  0 f o r  t h e  case i n  which a p l o t  is desired.  

Bowever, i f  t he  parameter is set t o  1, the  p l o t  w i l l  be suppressed. 

LPRNT - This  parameter is  used t o  select e i t h e r  of two formats f o r  

t he  p r i n t i n g  of da t a  as i t  is computed. I f  the  parameter is set 

t o  0 the  r e s u l t s  of each s t e p  i n  the  var ious i t e r a t i v e  processes  

of t h e  program w i l l  be pr in ted .  I f  t he  parameter is set t o  1, a 

reduced output is  used i n  which only the  f i n a l  (successful)  r e s u l t s  

of t h e  i t e r a t i v e  processes  are pr in ted .  

The t h i r d  type of da t a  which is read by t h e  ROOTLOC program is t h e  

(complex) value of t h e  s t a r t i n g  po in t  which is  chosen f o r  the  r o o t  of 

the  F(p,R), t he  i n i t i a l  and f i n a l  values  of the  parameter R,  and an 

i n i t i a l  value f o r  the  v a r i a b l e  DR which is used i n  changing the  para- 

meter R. As many sets of t h i s  t h i r d  type of d a t a  may be used as is 

desired.  Each such set w i l l  be used t o  cons t ruc t  one root  locus,  o r  

one s e c t i o n  of a roo t  locus. 

t i o n s  a t  branch po in t s ,  where F' (p,R) is zero,  and thus where the  

i t e r a t i v e  r e l a t i o n  given i n  (5) w i l l  not  converge. 

This makes i t  poss ib l e  t o  avoid computa- 
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A d e t a i l e d  set of i n s t r u c t i o n s  f o r  preparing inpu t  da t a  f o r  the  

d i g i t a l  computer program ROOTLOC i s  given i n  the  Appendix, toge ther  

with a flow cha r t  and a l i s t i n g  of the  program. 

IV. App l icat ion of t he  Program ROOTLOC t o  some DLA Networks. 

As a v e r i f i c a t i o n  of the  u t i l i t y  of t he  approach implemented by 

the  ROOTLOC program descr ibed i n  the  preceding sec t ions  of t h i s  r epor t ,  

the  program has been appl ied  to  analyze the  w e l l  

work conf igura t ion  shown in Fig. 3. The vol tage  

t h i s  network is 2 

v2 1 
1 

- Ip I  

'1 1 - coshO + coshO 

known low-pass DLA net- 

t r a n s f e r  func t ion  f o r  

where 0 - a p ,  and where R and C are respec t ive ly  the  t o t a l  resis- 

tance and t o t a l  capaci tance of t he  uniform d i s t r i b u t e d  RC l i n e ,  K i s  

0 0 

the  gain of the  VCVS represented by the  t r i a n g l e  shown i n  the  f igu re ,  

and p is the  complex frequency va r i ab le .  

+ + 
v1 0 eV2 

Fig. 3 
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I f  the  b a s i c  fundamentals of roo t  locus techniques are appl ied  t o  

the  func t ion  given above ( these techniques as conventionally def ined 

m u s t  be extended so t h a t  they apply t o  t ranscendenta l  funct ions ) f o r  

an ROCo product of 10, t h e  r e s u l t i n g  (hand) cclmputations produce the  

root-locus shown i n  Fig. 4 i n  which the  movement of both the  dominant 

and non-dominant po les  of the  network funct ion are i l l u s t r a t e d .  The 

arrows shown i n  the  f i g u r e  i n d i c a t e  the  d i r e c t i o n  of increas ing  K. 

8 

I n  order  t o  apply ROOTLOC t o  develop a p l o t  of the  type shown i n  

Fig. 4, a subrout ine  EQN and a set of da ta  cards  are required,  L i s t -  

ings  of t hese  are shown i n  Fig. 5 and Fig. 6 respec t ive ly .  The output 

da t a  from the  ROOTLOC program giving the  sca l ed  values  of t he  po in t s  

on the  roo t  locus,  the  values  of gain and the  assoc ia ted  a lphabe t i c  

symbol used f o r  p l o t t i n g  are shown i n  Fig. 7. 

shown i n  Fig. 8. It is  read i ly  v e r i f i e d  t h a t  t h i s  p l o t  agrees with the  

one shown in Fig. 4. 

The r e s u l t i n g  p l o t  is 

I n  the  above example, we have v e r i f i e d  the  f e a s i b i l i t y  of applying 

the  ROOTLOC program t o  determine a root  locus f o r  a DLA network config- 

urat ion.  N w  l e t  us see how t h i s  program may be appl ied  as a synthes is  

t o o l  t o  develop design c h a r t s  f o r  s p e c i f i c  DLA network configurat ions.  

As an example of such an app l i ca t ion ,  consider the  network shown i n  

Pig. 9. It is w e l l  known t h a t  t h i s  network w i l l  r e a l i z e  a vol tage  trans- 

f e r  func t ion  of the  form 

- ? E  '2 ~ ( p ~  + a*) 
v1 P + blP + b2 

(7) 



1 .  I 

"25 - 2 0  -15 - IO . 
cj 

I 

15 

J; 3 5 

. 
-j30 

- j25 

- j Z O  

4 

- j15 

- j IO 

r 

- j 5  

I 
0 

J*  

-5 0 

fi- 5 ,  Sketch of root' loous for the example problem 



F i g m  5 Subroutine containing equatiior& f o r  the example problem 



data for root Locus p l o t .  
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Fig. 9 

over certain ranges of the constants a and b We w i l l  now show that 

th i s  circuit can a l s o  be used t o  synthesize transfer functions of the 

form 

2' 

2 

To see t h i s  let  us f i r s t  consider the voltage transfer function for the 

network. This is 

rfO sinh0 + Ro v2 
-E 

'1 R - RocoshO + E 1 ( (rf  + 'IRo OsinhO 
0 

0 

+ (Ro + 2C r R p) coshO - 2CIrfRop) I f 0  

where 

0 - J K  0 0  



21 

The numerator of t h i s  vo l tage  t r a n s f e r  funct ion contains  th ree  var ia-  

b l e s ,  Ro, Co, and r 

poss ib l e  f o r  U=O, w=1, then,  as r is var ied  the  zeros  of t he  vol tage  

t r a n s f e r  func t ion  can be loca ted  o f f  the  j w  axis i n  the  r i g h t  o r  l e f t  

ha l f  of t h e  complex plane by varying the  feedback r e s i s t ance  r 

shown i n  Fig. 10. 

I f  R and C are chosen such t h a t  a zero is f ’  8 0 

f 

as f 

Af te r  t h e  zeros  of t he  vol tage  t r a n s f e r  func t ion  have been chosen 

and r are f ixed.  Looking a t  the  denomlnator of 
0’ f the  values  of R 

(9) it can be seen t h a t  t h i s  leaves two var i ab le s  i n  each c i r c u i t  t h a t  

are s t i l l  f r e e  t o  be chosen. These two va r i ab le s  are gain (K) and the  

value of the  input  capacitor (CI). Thus, f o r  f ixed  values of e i t h e r  of 

these va r i ab le s  w e  can generate  roo t  l o c i  as a func t ion  of the  o the r  

va r i ab le  f o r  the  s p e c i f i e d  values of Ro, Co, and rf. 

subrout ine EQN f o r  the  two cases are shown i n  Figs. 11 and 12. Fig. 11 

covers the  case where r is the  parameter and Fig. 12 covers the  case 

where K i s  the  parameter. Some roo t  locus p l o t s  f o r  var ious  cases have 

been superimposed i n  Figs.  13, 14, and 1s. These f i g u r e s  provide a set  

of design c h a r t s  which are app l i cab le  t o  the  ind ica t ed  regions of the  

complex frequency plane.  

L i s t ings  of the  

f 

The use of the  capac i t a t ive  load a t  the  input  t o  the  VCVS as shown 

i n  Fig. 9 does n o t  permit t he  poles  of the  r e s u l t i n g  t r a n s f e r  funct ion 

to  be loca ted  i n  a l l  regions of the  complex frequency plane. 

coverage is provided by rep lac ing  the  shunt  capac i tor  CI wi th  an inpu t  

r e s i s t o r  RI. 

Addit ional  

The vol tage  t r a n s f e r  func t ion  f o r  t h i s  network is 







8 
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Figum 14 Fanrily of root loci f o r  th0 charauteristic equation of 
the.open circuit voltage transfer funution of the above DLA network 
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- 1.0 $3 9.6 0.4 7 2  0 

Figure 15 
the ’apen circuit voltage transfer function of the above DLA network 

Fanxily of root loci for the aharacterlstic equation of 
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r f O  sinhO + Ro v2 

‘1 
- E 4  

RO R - RocoshO + 1 { ( r f  + 
0 RIcop) 0 sinhO 

(11) 
2R r 

+ (Ro + - f ,  coshO - - 
RI 

Note t h a t  t h i s  func t ion  has t h e  same numerator as the  one given i n  (9). 

Thus, i f  w e  choose values  of R 

vol tage t r a n s f e r  func t ion  are s p e c i f i e d ,  t he re  w i l l  again be two unspec- 

i f i e d  va r i ab le s  which can be used t o  determine the  pole  loca t ions .  

These va r i ab le s  a r e  the  gain K and the  input  r e s i s t a n c e  5. 
f ixed  values  of e i t h e r  va r i ab le  w e  can generate  root  l o c i  which are 

funct ions of the  o the r  va r i ab le .  L i s t ings  of a subrout ine EQN which 

w i l l  implement the  two cases are shown i n  Figs.  16 and 17.  Some design 

c h a r t s  which have been prepared by superimposing s e v e r a l  root-locus 

configurat ions for t h i s  network are shown i n  Figs. 18 and 19. I f  w e  

compare the  var ious design c h a r t s  which have been presented 80 f a r ,  w e  

see t h a t ,  i n  general ,  t he  shunt  i npu t  capac i to r  network shown i n  Fig. 9 

is s u i t a b l e  f o r  network funct ions i n  which t h e  po le s  are c l o s e r  t o  the  

o r i g i n  than the  zeros ,  while t h e  shunt  i npu t  r e s i s t o r  network i s  s u i t a -  

and r such t h a t  the  zeros  of the  
0’ co’ f 

Thus, f o r  

b l e  f o r  network func t ions  i n  which the  poles  are f a r t h e r  from the  o r i g i n  

than the  zeros.  

I n  t h i s  s e c t i o n  w e  have i l l u s t r a t e d  app l i ca t ions  of the  ROOTLOC 

program t o  develop design cha r t s  f o r  some w e l l  known DLA network con- 

f igu ra t ions  i n  such a way as t o  extend the  c a p a b i l i t i e s  of these  





- 1.0 * 9.8 0.6 -.4 -2 0 

Figure' 18 FamLly of root  l oc i  for the aharacterlstic squation of ,i 
the upen circuit voltage transfer fumtion of the above DLA network 
aa K andtrf vary. 
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figure 19 Family of .  root looi for the oharacteristic equation of 

the open cirauit voltage transfer funation of the above DLA ,netuork 
aa )I and rf vazy. 
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configurat ions from the  o r i g i n a l  case i n  which the  zeros  of the vol tage  

t r a n s f e r  funct ion w e r e  permit ted only on the  j w  axis t o  the  case where 

zeros are permit ted anywhere i n  the  complex frequency plane. An exam- 

p l e  of t he  syn thes i s  of a special  network funct ion using these design 

cha r t s  is  given i n  the following sec t ion .  

V. Example of Design Procedure 

As a general  procedure f o r  t h e  use of t he  design cha r t s  developed 

i n  the preceding sec t ion ,  t o  synthes ize  a network funct ion having a 

dominant p a i r  of complex conjugate poles  and zeros ,  the following s t e p s  

/ 

may be followed: 

1. Find the  zero on the  normalized numerator root  locus shown i n  

Fig. 10 with the  same damping r a t i o  as the  complex zeros of 

t he  f i l t e r  being synthesized. This determines t h e  value of rf 

f o r  the  normalized f i l t e r  and the  frequency normalization fac- 

t o r  w where n’ 

real component of zero of f i l t e r  
being synthesized w -  n real  component of zero on normalized 
numerator root  locus with same 
damping r a t i o  

2. Frequency normalize t h e  des i red  pole  loca t ions  f o r  the  network 

being synthesized using the  f a c t o r  w . n 

3. Check the  f ami l i e s  of curves shown i n  Figs.  13, 14, 3.5, 18, 

and 19 a t  t he  des i red  normalized pole  loca t ion  t o  f i n d  the  

one wi th  t h e  des i red  rf curve passing through t h i s  normalized 

pole  locat ion.  This determines K and 5 (or  CI) f o r  t h e  
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frequency-normalized f i l t e r .  I f  the  des i r ed  r curve does not  

pas s  through the  des i red  pole  loca t ion  on any of these  fami l ies  

of curves,  then i n t e r p o l a t i o n  between f ami l i e s  of curves w i l l  

be necessary.  

f 

4. The values of the  components f o r  the  f i l t e r  being synthesized 

are found from the  values  of the  components f o r  the  frequency 

normalized f i l t e r  by d iv id ing  the  values of the  frequency 

dependent components by w . n 

As an example of the  app l i ca t ion  of t h i s  procedure, consider  the  

vol tage t r a n s f e r  func t ion  

p2 + .6p + 2.34 
.c 

v2 (PI (p + . 3  + j1.5)(p + - 3  - 11.5) -=  
V,(p) (p + 1.6 + j1 .6) (p  + 1 - 6  - j1.6) p2 + 3.2p + 5.12 

Applying the  s t e p s  def ined above t o  t h i s  network funct ion w e  ob ta in  

the  following r e s u l t s  from each of the  s t eps .  

1. The feedback r e s i s t o r  rf = 1.9. The frequency normalization 

f a c t o r  w = 2. 

2. The normalized roots  of t he  denominator are p = -0.8 5 j0.8. 

3. The family of curves f o r  which the  po in t  (-0.8 + j0.8) is  on 

n 

the  rf = 1.9 curve is  % = 10, and the  gain of the  VCVS is 1.3. 

4. The DLA network f o r  the  des i red  f i l t e r  i s  shown i n  Fig. 20. 

It should be noted t h a t ,  i n  the  example given above, an exac t  s o l u t i o n  

w a s  found on one of t he  design c h a r t s  developed i n  the  preceding sec t ion .  
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-I- 

- 
Fig. 20 

This,  of course,  w i l l  no t  always be t rue .  For a more general  syn thes i s  

capab i l i t y  i t  would be des i r ab le  t o  generate  a d d i t i o n a l  f ami l i e s  of 

curves. However, t he  curves given i n  t h i s  r epor t  can be used as the 

bas i s  f o r  i n t e r p o l a t i o n  t o  approximate tlie values of t he  network ele- 

ments which w i l l  produce a broad range of t he  most commonly encountered 

network funct ions.  
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APPENDIX 

I n s t r u c t i o n s  f o r  Preparing Input  Data f o r  ROOTLOC Program 

Card - NO Variable  Columns Format 

1 LTR 1-80 8A10 T i t l e  card f o r  problem 

2 FMAX 1-10 E10.0 Convergence f a c t o r  f o r  
Newton-Raphson algorithm 

SCALE 11-20 E10.0 Scal ing f a c t o r  f o r  l oca t ions  
of r o o t s  of func t ion  

ITMAX 21-23 I 3  Maximum number of i t e r a t i o n s  
permit ted f o r  Newton-Raphson 
a lgo r  i t hm 

IRMAX 24-26 I 3  Maximum number of i t e r a t i o n s  
permit ted f o r  algorithm 
which a d j u s t s  change i n  
parameter R 

NSX 

NSY 

NNP 

LMX 

LPLT 

27-29 I 3  

30-32 I 3  

3 3- 35 I 3  

36- 38 I 3  

39-41 . I 3  

Maximum absc i s sa  value 
des i red  on p l o t  

Maximum ord ina te  value 
des i red  on p l o t  (minimum 
value is 100 u n i t s  lower) 

Range of absc i s sa  values  
des i red  on p l o t  (90 covers 
one page) 

Maximum number of po in t s  
t h a t  i t  is  desired.  t o  p l o t  
( i f  no t  spec i f i ed ,  set to  
200 by program) 

Ind ica to r  f o r  p l o t t i n g :  0 
i f  p l o t  des i red ;  1 i f  no 
p l o t  des i red  
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LPRNT 42-44 I 3  Ind ica to r  f o r  p r i n t i n g  da ta :  
0 i f  d a t a  is  des i red  f o r  
each s t e p  of process;  1 i f  
only successfu l  s t e p s  are t o  
be p r in t ed  

3 P (Real) 1-10 E1O.O S t a r t i n g  value of 
p (Imag) 11- 20 E10.0 root  l oca t ion  

RA 21-30 E10.0 I n i t i a l  value of parameter 
R which is  t o  be var ied  

RB 

DR 

31-40 E10.0 F ina l  value of parameter 
R which is t o  be va r i ed  

41-50 E10.0 I n i t i a l  change t o  be t r i e d  
i n  changing the  parameter R 

FMAX 51-60 ElO. 0 New value f o r  convergence 
f a c t o r  ( i f  no new value is 
spec i f i ed  here ,  t h e  o r i g i n a l  
value read on card no. 2 i s  
re ta ined)  

4 Blank card s ign i fy ing  end of da t a  

Notes : 

1. As many cards  of type No. 3 may be used as is  des i red  before  t h e  

blank card.  The program may thus be used t o  p l o t  l o c i  s t a r t i n g  from 

d i f f e r e n t  roo t  l oca t ions  and/or f o r  d i f f e r e n t  ranges of t he  parameter 

R. I f  t he  number of po in t s  computed exceeds LMAX (maximum value ZOO), 

the  program w i l l  ignore  any remaining cards  and proceed with i t s  p lo t -  

t i n g  cycle .  

2. 

input  da t a ,  t h e  subrout ine must be arranged so t h a t  i t  does t h i s  only 

on its f i r s t  call.  The da ta  cards  should be i n s e r t e d  following the  

f i r s t  Card No. 3 which is used i n  the  da t a  card deck. 

I f  i t  is des i red  t o  have the  user-supplied subrout ine  EQN read 



,Tt Read and p r i n t  LTR 

S e t  L 1 

Read FMAX, SCALE, ITMAX, I-, M, LPLT, LPWT 
J 
.1 

Is UIAX O? Yes > LMAX = 200 
i I 

P r i n t  FMAX, ITMAX, IRMAX, LMX, SCALE 

Set I R ,  I N R ,  IT, DZ to  0 

Read P, RA, RB, DR, FZ 
I 

\1 
.1 

@- - ~ - . . 

1 FMAX = FZ- 
\k 

No ' 
Is DR \1 = o?-@ 

Yes 1 

P r i n t  RA, RB, FPM 

Set R = RA 
.L 

-1 V 

C a l l  EQN to find F a n d  FP 

Set FW = IF/ a n d  FPM = IFPI 
\1 

X ( L )  = Re (P) x SCALE 
Y ( L )  = IN (P) x SCALE 

z(LY 
Is R = RA? Yes 

Yes 

No 1 
IS R RB?- 

Compute DZ 
4 
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F l o w  Chart for  Root Locus Program 



R =  

Q 
1 Is LPRNT = 01 

i NO 

Print  L, IT ,  I R ,  P,F,FM,FP,PPM, R, Dr, DZ 
-3 1 

I T  5 0 

- L 
Is n. = RA? Yes 

Is R 3 RB? Yes. - 

I Is DZ > 4? 
I 'Yes 

I No 

\1 
4, 

DR - 3xDR/DZ 

R = R + D R  
.1 

I M R , =  1 
\L 

4 
IR e I' + 

Is I R  f I M ?  

P r i n t  t , I T  

1 Yes 

38 

Is PPM < .OOl?----)Multiply 
FP by 

N o -  1- Iqo 
P = P - F/FP 

4 
\1 

3, 

I N R  = 0 

I T  = I T  I- 1 

Is IT  & IT&#* 

Yes J. 

L- 
IR = O 
4 

IS LYRNT 0 1 -  Yes 

No 

T R ,  P,F,FM, FP, FPM, it, DR,DZ 

.i( 
L m L 4 - 1  

F l o w  Chart f o r  Root Locus Program (page 2) 



R = R + D R  

Is R )  liB? -- 

Variables : 

DR - change o f  variable 
DZ - distance from preceding point 
F - value of function 
FMAX - convergence factor for Newton-Raphson algorithm 
FP - value of  derivative of function 
INR - indicator to insure use of Newton-Raphson a f t e r  each gain change 
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1 1 0  
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