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SURVEY OF ELECTRON-CESIUM COLLISION PROBABILITIES:
MOMENTUM TRANSFER COLLISIONS
“by James A, Dayton, Jr.

Lewis Research Center

SUMMARY

The object of this work was to survey the literature in the field of atomic physics to
determine the accuracy with which the electron-cesium atom probability of collision for
momentum transfer is known. Both experimental and theoretical determinations of this
probability for electron energies up to 2. 0 eV were included.

The experimentally observed cross sections differ enormously in magnitude. For
instance, over the range of electron velocity from 0. 35 to 0. 45 (eV)l/ 2 the reported
values of the probability differ by a factor of 100. But variations in the value of the col-
lision cross section are only part of the disagreement which prevails, Many authors pre-
sent results which show the probability of collision dropping to a low value as electron
energy approaches zero, in direct contradiction of other data, Marked peaks in the
cross section reported by some are frequently not observed at all in other experiments,
and in some cases minima are observed.

Because of the lack of any consensus in experimental results, the theoretically com-
puted collision probabilities could hardly agree with the measured values, but neither do
they agree with each other.

The basic conclusion to be drawn is that the measurement of the electron-cesium
atom probability of collision for momentum transfer is a very difficult experiment to
perform., Very likely, many of the measurements now available are rather accurate,
but only much careful work and replication of experiment can isolate the true value,

INTRODUCTION

The probability of collision for momentum transfer of electrons with cesium atoms
is of great interest in the study of the cesium-filled thermionic converter and other elec-
tronic devices. This quantity, which we shall denote as Pm(v) because it is in general
a function of electron velocity, has been measured and evaluated by a number of investi~-



gators, frequently with contradictory results. The probabilities of collision for momen-
tum transfer obtained from both measurements and calculations are presented for elec-
tron velocities up to 1.4 (eV) 1/2 (kinetic energy of 2 eV). This range includes the first
excited state of cesium and covers the range of greatest interest in thermionic conver-
sion,

SYMBOLS
a, Bohr radius
C constant
e electron charge
j V-1
k Boltzmann constant
l integral constant
m electron mass
N neutral particle concentration
n electron concentration
Pm(v) probability of collision for momentum transfer
P, reduced pressure in torr, normalized to 273 K
Qm(v) collision cross section for momentum transfer
T electron temperature
v electron velocity
\ o electron velocity of a monoenergetic beam, or most probable velocity in a
Maxwellian distribution
(v) mean electron speed
'v”m average collision frequency
vm(v) collision frequency for momentum transfer
o conductivity
(o) effective conductivity
w radian frequency



Subscripts:

BL Bohdansky and Langpape
de direct current

DpP Druyvesteyn and Penning
L‘ Langevin

MDR Mullaney, Dibelius, and Roehling
rf radiofrequency

rms root mean square

BASIC RELATIONS

Before discussing the literature in this area it is necessary to present some defini-
tions,

For monoenergetic electrons, the collision frequency for momentum transfer Vm(v)
may be written

vn(¥) = P (VD7 = NQ (W) (1)

where Pm(v) is the probability of collision for momentum transfer, p  is the concentra-
tion of neutral particles normalized to 1 torr pressure at 273 K, v is the electron speed,
N is the neutral particle concentration, and Q m(v) is the collision cross section for
momentum transfer and is expressed in a variety of units, which are given in table I,

The momentum lost by an individual electron in colliding elastically with a cesium
atom depends on the angle with which the electron is scattered. The collision cross
section for momentum transfer is equal to the total elastic cross section only if electrons
are scattered uniformly in all directions by the cesium atoms. However, the angular
distribution of scattering for electrons on cesium has never been measured.,

Only Brode (ref. 1) has measured the total monoenergetic cross section, which we
consider to be, at low energies, the cross section for momentum transfer. Other inves-
tigators have measured the probability of collision, using electrons in some distribution
of velocities usually taken to be Maxwellian. In these experiments a transport coeffi-
cient of the plasma, such as mobility or conductivity, is measured; and the collision
frequency is obtained indirectly. For a plasma maintained by some mechanism other
than the probing electromagnetic radiation, with electrons in a Maxwellian distribution,
the effective conductivity (o) has been derived by Margenau (ref. 2) from the Boltzmann
equation
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where m is the electron mass, e is the electron charge, T is the electron temperature,
k is the Boltzmann constant, w is the radian frequency of the probing radiation, and n
is the electron concentration,

When collision frequency is not a function of velocity, equation (2) reduces to the
Lorentz (ref. 3) form
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This simple form of the conductivity is used as a model for reducing measured values of
conductivity to values of effective collision frequency. For example, in the direct-
current limit of conductivity often employed in these measurements,
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Similarly, in the radiofrequency limit (w2>>v§n> which applies in high-frequency
measurements,
4
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Another collision frequency, the simple average collision frequency of kinetic theory
;m is used in the literature (ref. 4). This collision frequency is written

m \3/2 *
() :
7. = KT um(v)v2 exp (—_m_v__) dv (8)

m
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2 0

The differences between these four collision frequencies can be illustrated by assum-
ing a simple relation for vm(v), such as

v (V) = cvl (9)

The resulting expressions for collision frequency would be

i5
— i 2
(v o Cv, - _5_-_Z> (10)
(5
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2
(V) = cvl 7 (11)
@
o3+ z)
7. =Cvl 2 (12)

Clearly, only in the limiting case of collision frequency being independent of electron
velocity (7 = 0) do the various collision frequencies agree.



Still other definitions of collision frequency appear, based not on an unspecified rela-
tion between Vi and v, but on the assumption that the atoms and electrons behave as
hard elastic spheres on colliding, Two such expressions which have been derived on this
basis and are used in the analysis of some of the data in this field are that based on

Langevin (ref. 5) and on the first approximation of Chapman and Cowling (ref. 6)

_4

where (v) is the mean speed, and that of Druyvesteyn and Penning (ref. 1)

Vm, DP~ Z \’/; Pmpovp (14)
Druyvesteyn and Penning also obtained equation (13) by what they described as a more
accurate method. Furthermore, equation (14) is identical to equation (10) with 7 = 1,
and equation (13) is identical in expression to equation (11) with 7 = 1 (although they do
not apply to the same case).

Some ad hoc formulations of collision frequency appear in the literature of the cesium
cross section and are mentioned here for completeness. Harris and Balfour (ref, 8)
simply use the Lorentz form where collision frequency is constant. Mullaney and
Dibelius (ref, 9) and Roehling (ref. 10) apparently use

ip

Ym,MDR ~ 3 (15)

mPo’p

although Mullaney and Dibelius may have been using the nearly numerically equivalent
relation (eq. (14)). Roehling mistakenly cites Chapman and Cowling. Finally, Bohdansky
and Langpape (ref. 11) use the expression

_4
Ym, BL © g Pmpovrms (16)

where

_ /3xT\1/2
Vems =\

m



Loeb (ref. 12) has expressed impatience with arguments revolving around the
*"correct’’ formulation to be used in reducing the data obtained in conductivity and mobil-
ity measurements, and we can only echo his sentiments. The disagreement to be found
in the literature regarding the probability of collision in cesium is much greater than any
of these various definitions could introduce. Infact, the experimental values of collision
probabilities in the range of electron velocity from 0. 35 to 0.45 (eV) 1/2 differ by a fac-
tor of 100, The foregoing discussion is included in the present summary to explain what
may appear to be minor discrepancies in the data quoted in the source articles and that
which has been plotted in figure 1.

MEASUREMENTS OF CROSS SECTION

Most of the data have been adjusted so that the experimental probabilities of colli-
sion plotted in figure 1 conform to equation (1). The abscissa of figure 1 is the most
probable electron velocity for a Maxwellian distribution or the actual velocity of a mono-
energetic beam, expressed in (eV) 1/2 . Several of the papers 1nc1uded in this survey are
already adapted to this form. Brode (ref. 1) has actually measured the monoenergetic
probability of collision. Chen and Raether (ref. 13), Flavin and Meyerand (ref. 14),
and Nighan (ref. 15) have reduced their effective-cross-section data to monoenergetic
form by different analytical processes., The data shown for both Chen and Raether
(ref. 13) and Nighan (ref. 15) include their extrapolations to electron energies somewhat
beyond those actually measured in their experiments. Postma (ref. 16) has reduced the
electron drift velocity data of Chanin and Steen (ref. 17) to a monoenergetic momentum
transfer cross section, Nolan and Phelps (ref. 18) have reworked the data of Boeckner
and Mohler (ref. 19) into this relation. Mirlin, Pikus, and Yur'ev (ref. 20) present
their effective-cross-section data as if it were monoenergetic without any constant that
would result from integration over a distribution. Bohdansky and Langpape (ref. 11)
obtain from the data of Houston and Gibbons (ref. 21) an effective cross section which
does not vary with velocity in the range of measurement, Therefore, this can be taken
as the monoenergetic probability of collision and is so plotted in figure 1, using the
Langevin form (eq. (13)) rather than equation (16). Ingraham (ref. 22) reduces his
microwave absorption data by using the model formulated by Bers (ref. 23) and assum -
ing Ym is independent of velocity, although later reduction of the data indicated that
Vin is really a weak function of velocity. The probability of collision shown in figure 1
was obtained by using equation (1).

Morgulis (refs. 24 and 25); Mullaney and Dibelius (ref. 9); Golubev, Kasabov and
Konakh (ref. 26); Harris and Balfour (ref. 8); Rufeh, Kitrilakis, and Lieb (ref. 27);
Hansen and Warner (ref. 28); and Harris (ref. 29) each present probability of collision



data at only one electron energy using a variety of expressions for the collision frequency
averaged over a Maxwellian distribution of electron velocities, Since nothing can be

said about the variation of cross section with velocity when only the effective cross sec-
tion at a single electron energy is reported, we have arbitrarily taken Vin fo be con-
stant with velocity in interpreting these data. These cross sections, as plotted in fig-
ure 1, conform to the monoenergetic form (eq. (1)), which generally results in a slightly
higher cross section than driginally reported. However, the changes in cross section
introduced by this mode of presentation are insignificant compared to the variations in
results reported by different authors.

Terlouw (ref. 30) computes a direct-current conductivity averaged over a Maxwellian
distribution, assuming a variation of probability of collision with velocity derived theore-
tically by Garrett and Mann (ref. 31). Comparing this value with his measured value of
direct-current conductivity, Terlouw concludes that the probability of collision has been
taken to be too high and arbitrarily divides Pm by 3, thus obtaining fair agreement with
measured and calculated conductivity. His value of Pm = 745 cm—1 torr"1 at Vp= 0.4 eV
is shown in figure 1,

Polushkin and Dudko (ref. 32) obtained the probability of collision from both direct-
current and radiofrequency conductivity measurements in helium-cesium and argon-
cesium mixtures. Electron temperature was measured by using Langmuir probes and
was found to range from 3000 to 5000 K. The probability of collision, which is reported
to be constant over this range of electron temperature for each of the measurements, is
708 for the direct-current experiment and 258 for the radiofrequency experiment, The
direct-current results are originally presented in the Langevin form (eq. (13)) and are
presented in the same way in figure 1. The radiofrequency results were presented in the
form of equation (1) rather than as the averaged probability of collision (eq. (11)) with

= 1, This adjustment has been made in figure 1.

Both Pikus, Skvortsov, and Yur'ev (ref. 33) and Roehling (ref. 10) present collision
probability data which are fairly complicated functions of electron energy, without reduc-
tion to the monoenergetic form. These data are plotted in figure 1 exactly as they appear
in the original sources.

A cross section has been computed by some authors from conductivity data reported
by Steinberg (ref. 34). However, Phelps (ref. 18) raises doubts as to the accuracy of the
electron density measured by Steinberg, and these data have been omitted from figure 1.

Another reported cross section which has been omitted from figure 1 is that computed
from data of Reichelt (ref. 35) by Wilkins and Gyftopoulos (ref. 36), who used a diode con-
ductivity model. The values reported seem to be too scattered to contribute anything
more to this survey.

The wide dispersion of experimental values of the probability of collision for momen-
tum transfer is indicative of the difficulty of the measurement. The only direct measure-



ment of the cesium cross section at these low electron energies was made by Brode
(ref. 1), who studied the total scattering of electrons from a collimated beam in cesium
vapor. The difficulty surrounding this measurement is illustrated by the fact that in
nearly 40 years no one has reported results from a comparable experiment,

Most of the data on which the cross sections plotted in figure 1 are based result from
measurements of the conductivity or mobility of the plasma. In most cases these are
simply measurements of the current between electrodes in a heated, cesium-filled tube,
with electron density and temperature measured by using a Langmuir probe, However,
some variations from this procedure are noted.

Using a spectroscopic technique, Mohler (ref. 37) later supplemented the probe
measurements presented in his original work with Boeckner (ref. 19) and discovered an
error in the measured electron concentration. Pikus et al. (ref. 33) measured conduc-
tivity with and without a magnetic field and found considerable difference in the indicated
cross section, as shown in figure 1 where the higher curve represents the cross section
computed from the direct-current conductivity without magnetic field.

Harris and Balfour (ref. 8), Chen and Raether (ref. 13), Flavin and Meyerand
(ref. 14), Poluskin and Dudko (ref. 32), Morgulis, Levitskiy, and Panichevskiy (ref. 25),
and Ingraham (ref. 22) have used microwave techniques to measure the plasma con-
ductivity., This method has the advantages that no net current need be conducted through
the plasma, electron temperature is not disturbed by the small amounts of power ab-
sorbed by the plasma, and sheath effects can be minimized.

Mazing and Vrublevskaya (ref. 38) determined the zero energy cross section by
measuring the phase shift of the absorption lines of cesium near the edge of a series.
This measurement, proposed by Fermi (ref. 39) in 1934, was first used in cesium in
1938 by Fuchtbauer and Heiman (ref. 40), who found a probability of collision of 25 900.
By 1966, experimental techniques had improved considerably, and Mazing and
Vrublevskaya were able to make a more accurate measurement; their value for Pm(O)
of 5300 is plotted in figure 1.

THEORETICAL RESULTS

The theoretical calculations of the electron-cesium probability of collision, plotted
in figure 2 show little agreement with each other or with most of the experimentally
determined cross sections of figure 1. All authors cited in figure 2 present their results
in the form of monoenergetic total elastic collision probability. However, Karule
(ref. 41), Crown and Russek (ref. 42), and Stone and Reitz (ref. 43) have also expressed
their results in the form of the monoenergetic probability of collision for momentum
transfer, as shown in figure 2. Garrett and Mann (ref. 31) produce only the total elastic



collision probability. Robinson (ref. 44) does compute an effective cross section for
momentum transfer, but we have chosen to present his monoenergetic total elastic cross
section in figure 2.

Due to the remarkable lack of agreement among the measured cross sections, there
is no entirely satisfactory means of evaluating the various theoretical results, However,
each succeeding author in this field has discussed the work of his predecessors in criti-
cal terms, pointing out how one mathematical model or computational technique is more
valid or accurate than another. |

Karule (ref. 41) demonstrates that the adiabatic approximation used by some tends
to overestimate the cross section, compared to the results from his close-coupling
exchange approximation.

Crown and Russek (ref. 42) calculated the cross section by using the adiabatic
approximation including exchange. They criticize Robinson (ref. 44) and Garrett and
Mann (ref. 31) for using a phenomenological potential function, inaccurate at small
separations, to describe the interaction between the electron and the scattering atom;
they also question the polarizability calculated by Stone and Reitz (ref. 43). In addition,
Crown and Russek suggest that such computational matters as the convergence criteria
and increment of integration are not sufficiently refined in these earlier works,

Stone and Reitz (ref. 43), who introduced the adiabatic model including exchange,
point out three defects in Robinson's calculation: a lack of self-consistent wave functions,
no accounting for the effect of exchange, and the arbitrarily chosen potential function
also criticized by Crown and Russek.

Salmona and Seaton (ref. 45), have computed a total cross section for cesium, but it
is omitted from figure 2 since it is for the range of electron energies from 4 to 100 eV.

CONCLUSIONS

The experimental results differ from each other not only in the magnitude of the
cross section at various electron energies, but also in the shape of the plots. Mazing
and Vrublevskaya (ref. 38), Chen and Raether (ref. 13), Ingraham (ref. 22), Postma
(ref. 16), Boeckner and Mohler (refs. 18, 19, and 37), and Nighan (ref. 15) all indicate
that the probability of collision increases as the electron energy approaches zero, which
agrees qualitatively with most of the theoretical results. However, Roehling (ref. 10),
Flavin and Meyerand (ref. 14), and Pikus, Skvortsov, and Yur'ev (ref. 33) show a cross
section that is decreasing as it approaches zero electron energy. Further, Brode
(ref. 1) shows a pronounced dip in the probability of collision near 1 eV, where Nighan's
results (ref. 15) indicate a large maximum. In the range between 0.5 and 0.6 (eV) 1/ 2,
Polushkin reports a constant cross section, while Nighan found a broad minimum and
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Postma a pronounced peak. No one else observes the almost discontinuous rise in cross
section near 0.4 (eV) 1/2 reported by Pikus et al,

As for the theoretical papers, the more recent calculations may indeed be more
accurate, but the only true test of this accuracy would lie in a favorable comparison to
experimental results. This test is not now feasible, considering the lack of agreement
among experimentally determined probabilities of collision.

An effort has been made to assemble a comprehensive collection of all the measured
and calculated values of the electron-cesium atom probability of collision for momentum
transfer. However, the result of this effort, shown in figures 1 and 2, gives eloquent
testimony to the need for much careful work on this subject, but offers little assistance
to the worker who must make an estimate of the collision frequency at the present time.
Only time and further experimentation will unravel the correct probability of collision,

In the meantime, this survey would not be of practical value without recommending, or
at least calling attention to, some results which are more likely to be correct than others,

At zero energy, the cross section found by Mazing and Vrublevskaya, who carefully
used an accurate spectroscopic technique, must be regarded as the best value now known,
This would tend to refute results which show a decrease in cross section at low energies.
At the high end of the energy range considered, the work of Brode, even after 40 years,
must still be respected, if for no other reason than the classical directness of his
approach,

In the range of energy between these extremes, which happens to be the range of
greatest interest for many electronics applications as well as the range which contains
the greatest reported variations, the correct results are less easily chosen. For elec-
tron energies just below those in Brode's data, the bulk of the values reported indicate
that the probability of collision drops at least a liftle, The exceptions to this are Postma,
and Boeckner and Mohler, as corrected by Phelps. There seems to be no accounting for
the high peak calculated by Postma from Chanin's data; Nighan estimates that Boeckner
and Mohler's cross section is too high because of failure to completely account for
electron-ion interactions. For the range from 0.5t0 0.7 (eV)1 2, all other reports indi-
cate a cross section lower than Brode's and one which is constant, or nearly constant,
with electron velocity.

The data which most successfully bridge the gap between the region around 0. 6
(eV) 1/2 and Mazing and Vrublevskaya appear to be those of Ingraham. These data were
obtained by using a microwave measurement technique which disturbs the plasma negli-
gibly. The electron density was low enough that electron-ion effects are also negligible,
The data were taken in the afterglow of a pulsed discharge at a time sufficient for the
electron gas to have randomized. Furthermore, the shape of the absorption curves
supports the assumption of a Maxwellian distribution, The monoenergetic cross section
deduced by Chen and Raether from their microwave data, also taken in the late afterglow
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of a pulsed discharge, rises more rapidly with decreasing velocity than that of Ingraham.
However, it is difficult to compare the two since Ingraham's results have been only
approximately reduced to the monoenergetic form.

If a set of values must be recommended, they would be, in order of increasing elec-
tron velocity, those of Mazing and Vrublevskaya, Ingraham, and Brode. In the range
between Ingraham and Brode, the probability of collision probably falls to some broad
minimum. Such a drop in collision probability near 0.6 (eV) 1/2 contradicts the rising
trend in the Brode data below 1 eV, but agrees with that of the majority of other re-
searchers, including the isolated point measured by Ingraham at 0. 77 (eV)

The general lack of replication found in the literature must certainly promote skep-
ticism regarding any recommendations of the probability of collision, including those
made here. The obvious conclusion which arises from this survey is that further work,
especially replication of experiment, is needed to establish the correct value of this
important physical quantity.

Lewis Research Center,
National Aeronautics and Space Administration,
Cleveland, Ohio, July 15, 1969,
129-02.
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TABLE I. - USEFUL CONVERSION FACTORS

P (v) (torr em) ™! = 0. 989 Q_(v) (a(2)>

P_ (V) (torr cm) -1_3. 12 Q") (?Ta(2)>

P, (v) (torr em) ™1 = 3. 54x1018 Q,,(v (cm?)

P_(v) (torr cm)"1 = 3. 54x1020 Q™) (m

1 Rydberg = 13.605 eV
1 atomic unit = 27.21 eV
_ T

p
0 " 73K

%)
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Probability of collision, P, emLtorr!
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