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A METHOD OF CHARACTERISTICS FOR STEADY 
THREE - D I MENS I ONAL SUP E RSON I C FLOW 

WITH APPLICATION TO INCLINED 
BODIES OF REVOLUTION 

By John V.  Rakich 

Ames Research Center 

SUMMARY 

C h a r a c t e r i s t i c s  t heo ry  f o r  three-dimensional  compressible flow is  
reviewed and t h e  c o m p a t i b i l i t y  equat ions a r e  de r ived  i n  terms o f  p r e s s u r e  and 
s t r eam angles  as dependent v a r i a b l e s .  The r e l a t i v e  m e r i t s  o f  b i c h a r a c t e r i s t i c  
and r e f e r e n c e  p l ane  methods are d i scussed .  
developed and demonstrated f o r  po in t ed  and b lun ted  bodies  a t  angle  o f  a t t a c k .  

A r e f e r e n c e  p l a n e  method i s  

The fundamental complicat ions a r i s i n g  i n  a three-dimensional  method o f  
c h a r a c t e r i s t i c s  a r e  t h a t :  (1) t h e  c o m p a t i b i l i t y  equat ions con ta in  "cross-  
d e r i v a t i v e s "  i n  a n o n c h a r a c t e r i s t i c  d i r e c t i o n ;  and ( 2 )  t h e r e  i s  an inc reased  
need f o r  i n t e r p o l a t i o n  t o  p reven t  t h e  computed d a t a  s u r f a c e s  from becoming 
skewed. These problems a r e  minimized by us ing  a r e f e r e n c e  p l ane  method wi th  a 
p r e s c r i b e d  and uniform spac ing  o f  mesh p o i n t s .  The f i n i t e  d i f f e r e n c e  mesh 
employed c o n s i s t s  o f  an equal  number of p o i n t s  between t h e  body and shock s u r -  
f aces  i n  each r e f e r e n c e  p l a n e .  Numerical procedures f o r  d i f f e r e n t i a t i o n  and 
i n t e r p o l a t i o n  ensure second-order accuracy i n  terms o f  mesh spacing.  Four i e r  
a n a l y s i s  i s  employed i n  t h e  c i r c u m f e r e n t i a l  d i r e c t i o n  and i s  found t o  b e  e f f e c -  
t i v e  i n  reducing t h e  number o f  r e f e r e n c e  p l anes  and computing times. A t y p i -  
c a l  mesh c o n s i s t s  o f  7 p l anes  wi th  15 p o i n t s  i n  each p l a n e .  The u n i t  
computation time i s  about 0.0013 minute p e r  p o i n t  on an I B M  7094 computer. 

Resul ts  f o r  t h e  flow around i n c l i n e d ,  c i r c u l a r  cones,  both b l u n t e d  and 
po in ted ,  a r e  p re sen ted  t o  demonstrate t h e  method desc r ibed .  P r e d i c t i o n s  of 
s u r f a c e  and p i t o t  p r e s s u r e s  a r e  i n  good agreement wi th  a v a i l a b l e  experimental  
r e s u l t s  f o r  a 15' sphere-cone a t  10" angle  of a t t a c k .  Bluntness e f f e c t s  on 
shock-layer  p r o p e r t i e s  f a r  from t h e  nose a r e  reasonably w e l l  p r e d i c t e d .  

INTRODUCTION 

The method of  c h a r a c t e r i s t i c s  has  been w e l l  known f o r  many yea r s  and 
e x c e l l e n t  t h e o r e t i c a l  developments can b e  found i n  numerous t e x t s  and r e p o r t s  
o f  which r e f e r e n c e s  1 through 3 g ive  t h e  most complete reviews o f  multidimen- 
s i o n a l  t heo ry .  However, u n t i l  r e c e n t  yea r s  t h e r e  have been r e l a t i v e l y  f e w  
p r a c t i c a l  a p p l i c a t i o n s  o f  t h e  methods t o  three-dimensional  f lows.  This i s  
probably due p a r t l y  t o  t h e  l a r g e  number o f  ope ra t ions  involved i n  f i n i t e  d i f -  
f e r ence  c a l c u l a t i o n s  i n  t h r e e  dimensions, and p a r t l y  t o  t h e  e x t r a  degree o f  
freedom t h a t  r e s u l t s  from t h e  e x i s t e n c e  o f  c h a r a c t e r i s t i c  s u r f a c e s  r a t h e r  t han  



c h a r a c t e r i s t i c  l i n e s .  
t o  perform c a l c u l a t i o n s  f o r  three-dimensional  s t e a d y  and unsteady flows and 
s e v e r a l  groups have r e p o r t e d  such work. 
on t h e  method o f  c h a r a c t e r i s t i c s  a r e  r e p o r t e d  i n  r e f e r e n c e s  4 through 10, and 
a s u c c e s s f u l  u s e  o f  a n o n c h a r a c t e r i s t i c  f i n i t e  d i f f e r e n c e  method is  desc r ibed  
i n  r e fe rence  11. 
desc r ibed  and d i scussed  c r i t i c a l l y  i n  r e f e r e n c e  1 2 .  

High-speed computers have made it t e c h n i c a l l y  f e a s i b l e  

For example, many r e c e n t  v a r i a t i o n s  

A number o f  t h e  proposed c h a r a c t e r i s t i c s  schemes have been 

A l l  t h e  proposed d i f f e r e n c e  schemes f o r  three-dimensional  c h a r a c t e r i s t i c s  
can b e  p l aced  i n  one o f  two broad c a t e g o r i e s :  (1) r e f e r e n c e  p l a n e  methods 
( c a l l e d  s e m i - c h a r a c t e r i s t i c  methods i n  r e f .  12) ; and (2) b i c h a r a c t e r i s t i c  
methods. I n  r e f e r e n c e  p l ane  methods t h e  c h a r a c t e r i s t i c  l i n e s  a r e  ob ta ined  
from t h e  p r o j e c t i o n  o f  Mach cones and s t r e a m l i n e s  onto a p r e s c r i b e d  p l a n e .  In  
b i c h a r a c t e r i s t i c  methods t h e  c h a r a c t e r i s t i c  l i n e s  are t h e  gene ra to r s  of t h e  
Mach cone and t h e  a c t u a l  s t r e a m l i n e s .  S i n c e ,  i n  t h r e e  dimensions, t h e  equa- 
t i o n s  w r i t t e n  along t h e s e  c h a r a c t e r i s t i c  l i n e s  a r e  p a r t i a l  d i f f e r e n t i a l  equa- 
t i o n s  , a numerical eva lua t ion  o f  "c ross -de r iva t ives"  o f f  t h e  c h a r a c t e r i s t i c  
l i n e s  i s  necessary.  ( In  t h i s  s e n s e ,  three-dimensional  c h a r a c t e r i s t i c  methods 
are similar t o  n o n c h a r a c t e r i s t i c  methods f o r  two-dimensional flow .) 
l e m  encountered wi th  most b i c h a r a c t e r i s t i c  methods a r i s e s  from t h e  need t o  
employ a two-dimensional a r r a y  o f  d a t a  t o  e v a l u a t e  t h e  c r o s s - d e r i v a t i v e s  and 
t o  perform t h e  r equ i r ed  i n t e r p o l a t i o n  i n  t h e  i n i t i a l  d a t a  s u r f a c e .  Further-  
more, i f  a convent ional  c h a r a c t e r i s t i c s  mesh i s  used,  t h e  d i s t r i b u t i o n  of mesh 
p o i n t s  i n  t h e  d a t a  s u r f a c e s  tends t o  become very nonuniform, which causes 
a d d i t i o n a l  complicat ions.  For t h e s e  reasons one i s  l e d  t o  r e f e r e n c e  p l ane  
methods, where a b e t t e r  c o n t r o l  can b e  maintained on t h e  f i n i t e  d i f f e r e n c e  
mesh and where curve f i t s  can b e  made wi th  r e s p e c t  t o  a s i n g l e .  v a r i a b l e .  
Reference plane methods have been c r i t i c i z e d  on t h e  t h e o r e t i c a l  grounds t h a t  
t h e  i n i t i a l  d a t a  may b e  o u t s i d e  t h e  domain of dependence o f  t h e  c a l c u l a t e d  
p o i n t .  However, problems r e l a t e d  t o  t h i s  cr i t ic ism have n o t  m a t e r i a l i z e d .  I n  
fac t ,  t h e  use of such d a t a  i s  p r e c i s e l y  what i s  r e q u i r e d  by t h e  well-known 
Courant-Friedrichs-Lewey s t a b i l i t y  c o n d i t i o n .  

The prob- 

In  t h e  p r e s e n t  work, t h e  c o m p a t i b i l i t y  equat ions o f  c h a r a c t e r i s t i c  theory 
a r e  de r ived  f o r  both t h e  b i c h a r a c t e r i s t i c  and r e f e r e n c e  p l a n e  methods. 
t i c a l  d i f f i c u l t i e s  w i th  t h e  b i c h a r a c t e r i s t i c  method a r e  d i scussed  and a f i n i t e  
d i f f e r e n c e  scheme based on t h e  r e fe rence  p l a n e  method i s  proposed. 
proposed method abandons t h e  usua l  c h a r a c t e r i s t i c  mesh and employs m i f o r m l y  
spaced p o i n t s  along l i n e s  l y i n g  i n  equa l ly  spaced meridional  p l a n e s .  Numeri- 
c a l  i n t e r p o l a t i o n  and d i f f e r e n t i a t i o n  are accomplished by means of second- 
degree polynomials i n  t h e  r a d i a l  d i r e c t i o n  and by F o u r i e r  a n a l y s i s  i n  t h e  
c i r c u m f e r e n t i a l  d i r e c t i o n .  

Prac- 

The 

Prel iminary r e s u l t s  by t h e  p r e s e n t  method were desc r ibed  i n  r e f e r e n c e  13 
and compared wi th  c a l c u l a t i o n s  by t h e  method of r e f e r e n c e  4. 
par i sons  with experiment were shown i n  r e f e r e n c e  14 ,  e s t a b l i s h i n g  t h e  r e l i -  
a b i l i t y  o f  t h e  numerical methods. I n  t h e  p r e s e n t  r e p o r t  t h e  flow equat ions 
and numerical techniques a r e  desc r ibed  i n  g r e a t e r  d e t a i l  t han  was p o s s i b l e  i n  
r e fe rences  13 and 14. 

Extensive com- 
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’ J n Y t  

v 

X 
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Z i 

speed o f  sound 

b i c h a r a c t e r i s t i c  d i r e c t i o n s  

c h a r a c t e r i s t i c  d i r e c t i o n s  i n  meridional  p l anes  

p r e s s u r e  c o e f f i c i e n t  

p i t o t - p r e s s u r e  c o e f f i c i e n t  

u n i t  v e c t o r s  a long x ,  r ,  Q, 

en tha lpy  

t o t a l  en tha lpy  

smoothing cons t an t  (eq.  (84) ) 

c o e f f i c i e n t  o f  numerical d i f f u s i o n  term (eq.  (84)) 

Mach number 

shock normal and t angen t  v e c t o r s  

p r e s  s u r e  

body nose r a d i u s  

p r o j e c t i o n  of s t r e a m l i n e s  on meridional  planes 

s t r e a m l i n e  coord ina te s  

v e l o c i t y  components along e . e  e 

t o t a l  v e l o c i t y  

a x i a l  d i s t a n c e  from b l u n t  nose (body a x i s )  

u n i t  v e c t o r s  a long s ,  n y  t 

c y l i n d r i c a l  coord ina te s  

u n i t  v e c t o r s  a long  c h a r a c t e r i s t i c  coord ina te s  

u n i t  v e c t o r s  a long 5 ,  n ,  5 

angle  o f  a t t a c k ,  deg 

,. A ,. 

x’ r’ @ 
+ 
v = vS^ = vj;, 
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t r ans fo rma t ion  m a t r i x  (eq.  (16) ) 

JiKT 
c1 i j  

B 

s p e c i f i c  h e a t  r a t i o  Y 

shock ang le  i n  cross p l ane  (eq.  (A6)) 1 6 
li 

t r ans fo rma t ion  m a t r i x  (eq.  (A18)) E i j  

s,rl,s nonorthogonal shock- l a y e r  coord ina te s  ( f i g .  3) ; 
I 

flow ang le  from x a x i s  i n  meridional  p l a n e ,  t a n - l ( v / u )  ( see  f i g .  1) i *: 
e 

angle between & and { r x 
Mach angle  , s i n -  (1/M) 1-I 

1-I" p r o j e c t i o n  of p on meridional  p l ane  

t r ans fo rma t ion  ma t r ix  (eq. (A13)) V i j  

D d e n s i t y  

shock ang le  i n  meridional  p l ane  (eq .  ( A 5 ) )  

crossflow ang le ,  s i n - l  W / V  ( s ee  f i g .  1) 

azimuthal ang le ,  c y l i n d r i c a l  coord ina te s  ( see  f i g .  1) , deg 

Subs c r i p t s  

i n i t i a l  and new d a t a  l i n e s  

body 

i n d i c e s  f o r  r a d i a l  p o s i t i o n  of mesh p o i n t s  
( j  = 1, 2 ,  . . . , J - 1, J)  ( s e e  f i g .  5) 

index f o r  c i r c u m f e r e n t i a l  p o s i t i o n  of mesh p o i n t  
(k = 1, 2 ,  . . . , L - 1, L) 

k 

body nose 

shock 

f r ee - s t r eam cond i t ion  
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S u p e r s c r i p t s  

i 

v index denot ing v a r i a b l e s  p ,  8 ,  9 ,  p f o r  v = 1, 2 ,  3 ,  4 

* 

index f o r  a x i a l  p o s i t i o n  o f  mesh p o i n t  

q u a n t i t y  o r  component r e fe renced  t o  meridional  p l ane  

A u n i t  v e c t o r  

+ general  v e c t o r  

Note: See equa t ion  (14) f o r  def n i t i o n  o f  index n o t a t  

THEORY 

4 

on. 

Basic  Equations o f  I n v i s c i d  Flow 

The d e r i v a t i o n  of  t h e  c h a r a c t e r i s t i c  r e l a t i o n s  w i l l  be  c a r r i e d  ou t  i n  
t h i s  s e c t i o n  s t a r t i n g  with t h e  equat ions f o r  i n v i s c i d  equ i l ib r ium flow w r i t t e n  
i n  t h e i r  i n t r i n s i c  form wi th  p r e s s u r e  and flow angles  as dependent v a r i a b l e s .  
This choice of  v a r i a b l e s  e l i m i n a t e s  entropy d e r i v a t i v e s  from t h e  flow equa- 
t i o n s ,  thereby s i m p l i f y i n g  t h e  a n a l y s i s .  Following t h e  development of  r e f e r -  
ence 15, t h e  combined c o n t i n u i t y  and momentum equat ions a r e  w r i t t e n  i n  v e c t o r  
form . 

2 i grad p + d i v  i = 0 
P V2 

1; - grad p + t - c u r l  < = 0 
P v2 

_ A , .  A 

where s ,  n ,  t a r e  or thogonal  u n i t  v e c t o r s  w i th  s t angen t  t o  t h e  stream- 
l i n e s .  For r o t a t i o n a l ,  i n v i s c i d ,  nonheat-conducting, and nonreac t ing  flow, 
entropy i s  conserved a long  s t r e a m l i n e s  and t h i s  r e q u i r e s  

- grad p - a2s grad p = 0 (4) 



Conservation of t o t a l  en tha lpy  everywhere g ives  

h + V2/2 = ht  = cons tan t  

F i n a l l y ,  t h e  equat ion  of s t a t e  may b e  w r i t t e n  as  

h = h ( p , d  

(5) 

o r  

(6b) a = a(p ,p> 

In t h e  equat ions above, i f  
t h e  body a x i s ,  t h e  u n i t  vec to r s  can be  w r i t t e n  as fo l lows  i n  terms of flow 
d e f l e c t i o n  angles  e and $ ( see  f i g .  1 ) .  

fi i s  chosen t o  l i e  i n  mer id iona l  p lanes  through 

, 
1 

i 
4. 

(a) Rotation about e*. (b) Rotation about A. 

Figure 1.- Cylindrical coordinates. 
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G = cos + cos e G + cos + s i n  e & + s i n  + GQ (7) X r 

ii = - s i n  e G + cos 0 gr 
X 

A A n n 

t = - s i n  + cos e e - s i n  + s i n  8 e 
X r + cos I$ eQ (9 1 

Using equat ions (7) through (9) wi th  t h e  s t anda rd  v e c t o r  formulas i n  c y l i n d r i -  
cal  coord ina te s ,  one can o b t a i n  t h e  fol lowing from equat ions (1) through (4) : 

a e  s i n 2  I$ cos 0 L*+ cos $,s= 
p v 2  an r 

C h a r a c t e r i s t i c s  Theory 

Notat ion.  - C h a r a c t e r i s t i c s  theory is  most convenient ly  developed, 
e s p e c i a l l y  f o r  t h e  mult idimensional  case ,  i f  one uses  index  n o t a t i o n .  There- 
f o r e ,  t h e  n o t a t i o n  and development of  Courant and F r i ed r i chs  ( r e f .  1, p .  75) 
w i l l  b e  followed i n  t h i s  review. Summation convention i s  used wherein a sum- 
mation symbol i s  impl ied  by a repea ted  index.  Thus equat ions  (10) t o  (12) may 
be  w r i t t e n  simply as 

V i au - f  a - -  
V V  axi ?J 
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where t h e  i n d i c e s  r e f e r  t o :  

v dependent v a r i a b l e  (p ,  8 ,  f o r  v = 1, 2 ,  3) 

i 

l~ equat ion ( eqs .  (10)-(12) f o r  p = 1, 2 ,  3) 

independent v a r i a b l e  (s ,  n ,  t f o r  i = 1, 2 ,  3) 

Coordinate t r ans fo rma t ion . -  Equation (14) can b e  expressed i n  terms of 
new coordinate  d i r e c t i o n s  y j  
n a t e s .  Thus one can wr i te  

ob ta ined  by a r o t a t i o n  o f  t h e  o r i g i n a l  coordi-  

h A 

where x i  and y j  are u n i t  v e c t o r s  along x i  and y j ,  r e s p e c t i v e l y ,  and t h e  
elements of t h e  t r ans fo rma t ion  ma t r ix  a r e  t h e  d i r e c t i o n  cos ines  de f ined  as f o l  
lows i n  terms of t h e  scalar  products  of :i and p j :  

21 $2 

g2  * $ 2  

With t h i s  t r ans fo rma t ion ,  equat ion (14) becomes 

where 

i 
pv'i j b' = a 

4 __- C h a r a c t e r i s t i c  d i r e c t i o n s  and c o m p a t i b i l i t y  equat ions .- I f  i n i t i a l  d a t a  i 
a r e  given f o r  u" on t h e  s u r f a c e  y1 = 0 ,  equat ion ( 1 7 )  can be so lved  f o r  J 

I i n g  d e r i v a t i v e s  with r e s p e c t  t o  y2 and y3 on t h e  r i g h t  s i d e  of equat ion (17) ,  1 
auV/ayl i n  o r d e r  t o  gene ra t e  d a t a  on an ad jo in ing  s u r f a c e  y1  = Ayl. Plac- 

one o b t a i n s  

8 



where 

= f  - bk (k = 2 ,  3) 
g?J ?J Flv a Y k  

Equation (19) can b e  considered as a s e t  o f  a l g e b r a i c  equat ions f o r  
auV’/ay1, with a s o l u t i o n  by Cramer’s ru l e  g iv ing  

auv DV 

where Ib;t)I i s  t h e  determinant  o f  b 

obtained by r e p l a c i n g  t h e  vth column of b ( l )  w i th  g 

and DV i s  t h e  determinant 
1-1v 

lJv 1-1’ 

I f  Ibi:) van i shes ,  t h e n  y1 i s  normal t o  a c h a r a c t e r i s t i c  s u r f a c e  and 
t h e  flow equat ions g ive  no information about d e r i v a t i v e s  i n  t h i s  d i r e c t i o n ;  
t h a t  i s ,  auV/ayl may b e  d i scon t inuous .  The re fo re ,  t h e  equat ion of t h e  char- 
a c t e r i s t i c  s u r f a c e  i s  given by 

On t h e  o t h e r  hand, i f  equat ion ( 2 1 )  i s  s a t i s f i e d ,  t hen  t h e  numerator of 
equat ion (20) must a l s o  vanish i n  o r d e r  f o r  a s o l u t i o n  t o  e x i s t .  Therefore ,  

DV = 0 (v = 1, 2 ,  3) (22) 

gives  t h e  s o - c a l l e d  c o m p a t i b i l i t y  equa t ions .  I t  may b e  noted from equat ion 
(19) t h a t  t h e  c o m p a t i b i l i t y  r e l a t i o n s  c o n t a i n  one l e s s  dimension than t h e  
o r i g i n a l  d i f f e r e n t i a l  equa t ions .  For t h e  three-dimensional  problem t h e  com- 
p a t i b i l i t y  equat ions invo lve  d e r i v a t i v e s  i n  two d i r e c t i o n s .  

B i c h a r a c t e r i s  t i c  Method 

The c h a r a c t e r i s t i c  r e l a t i o n s  reviewed i n  t h e  previous s e c t i o n  can now be 
s p e c i a l i z e d  t o  t h e  problem of equ i l ib r ium three-dimensional gas flow. Con- 
s i d e r  equat ions (10) through (13) with t h e  supplementary cond i t ions  (5) and 
( 6 ) .  Note t h a t  equa t ion  (13) i s  a l r e a d y  i n  c h a r a c t e r i s t i c  form s i n c e  it 
involves  d e r i v a t i v e s  i n  one d i r e c t i o n ;  t h e  s t r e a m l i n e ,  s ,  i s  a l i n e  a c r o s s  
which t h e  d e n s i t y  g r a d i e n t ,  a p / a n ,  may b e  d i scon t inuous .  Therefore ,  one need 
only cons ide r  equa t ions  ( l o ) ,  ( l l ) ,  and (12) f o r  which t h e  i c o e f f i c i e n t  
matrices may be w r i t t e n  

9 



where tiki i s  t h e  Kronecker d e l t a  

0 k # i  

1 k = i  
6 k i  = { 

The transformed c o e f f i c i e n t  ma t r ix  given by (18) becomes 

0 \ 3 j  2 1 

PV 

C h a r a c t e r i s t i c  cone.- The c h a r a c t e r i s t i c  de te rminant ,  equat ion ( 2 1 ) ,  can 
now be  eva lua ted  t o  g ive  t h e  equat ion of  t h e  c h a r a c t e r i s t i c  s u r f a c e  i n  terms 
of  t h e  c o e f f i c i e n t s  o f  t h e  governing d i f f e r e n t i a l  equa t ions ,  Using equat ion 
(24) one obta ins  

where B 2  = M2 - 1. 
recognized as 

Now, from equat ion (16) t h e  terms i n  equat ion (25)  are 

10 



which_are t h e  components of along 
Blcharoctertstic 

direction t h e  x coord ina te s .  Thus, equat ion 
y 2  (25) ddsc r ibes  a cone around t h e  x1 

o r  s a x i s ,  as i n d i c a t e d  i n  figure 
2 ( a ) ,  making t h e  ang le  90 - u 
t h e  s d i r e c t i o n .  This  cone i s  nor- 
m a l  t o  t h e  c h a r a c t e r i s t i c  cone. The 

cone v e c t o r  71 l i e s  a long a gene ra to r  of 
t h e  normal cone, and t h e  vanishing 
determinant (21) means t h a t  t h e  de r iv -  

cone a t i v e s  with r e s p e c t  t o  y1 may b e  
discont inuous;  t h a t  i s ,  t h e  d i f f e r e n -  
t i a l  equat ions ( l ) ,  ( 2 ) ,  and (3) 
cannot g ive  any information about 

w i th  

Chorocteristic 

y‘ \ 
1, 

Normal 

(a) Characteristic cone and bicharacteristics. 

Figure 2.- Characteristic coordinates. d e r i v a t i v e s  i n  t h i s  d i r e c t i o n .  

D 1  = 

I t  fo l lows ,  t h e n ,  i f  t h e  yi coordinates  a r e  or thogonal ,  t h a t  72 and 
i 3  a r e  tangent  t o  t h e  c h a r a c t e r i s t i c  cone. I f  72 i s  chosen t o  l i e  along a 
g e n e r a t r i x  o f  t h e  cone, t hen  y2 i s  c a l l e d  a b i c h a r a c t e r i s t i c  d i r e c t i o n .  

g l  a21 cos $ “ 3  1 

g2 “11 cos 4 0 = o  (26) 

8 3  0 “1 1 

Expanding (26) one o b t a i n s  

where 

+ “33  ay3 ) a 4  
- ( “ 3 2  ay2 
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g, = f 3  - - 1 a p  + a 3 3  -) ap - (a12 ay2 a 4  + a 1 3  z) a 4  2 (a32 ay2 a Y  3 PV 

The b i c h a r a c t e r i s t i c  d i r e c t i o n  y2 can b e  a r b i t r a r i l y  chosen t o  l i e  along any 
ray o f  t h e  c h a r a c t e r i s t i c  cone. 
t i o n s  can b e  ob ta ined  from ( 2 7 ) .  
determine t h e  s o l u t i o n  f o r  t h e  t h r e e  dependent v a r i a b l e s  p ,  e ,  4 .  

This  means t h a t  an i n f i n i t e  number of equa- 
However, t h r e e  equa t ions  are s u f f i c i e n t 1  t o  

The b i c h a r a c t e r i s t i c s  can b e  chosen so  as t o  s i m p l i f y  t h e  c o m p a t i b i l i t y  
equa t ions .  
with (s ,  n ,  t ) ,  t h a t  

F i r s t  it i s  noted from equa t ion  (16 ) ,  i d e n t i f y i n g  ( x l ,  x 2 ,  x3)  

n * Y 2  
A , .  

* Y1 t - Y 2  t * Y3 

Thus a number o f  t h e  elements of a .  
w i l l  b e  zero if y2  is  i n  t h e  s - n  
p l a n e ,  and 7 3  l i e s  a long t h e  f 
a x i s .  I n  t h i s  c a s e  ( s e e  f i g .  2(b))  
t h e r e  a r e  two p o s s i b i l i t i e s  given by 

l j  

- ~~~ 

(31) 

s i n  p cos p 

? s i n  1-1 

:$ 
0 0 

y2  

2 
( b )  Bicharacteristics in the s-n plane. where t h e  upper s i g n  r e f e r s  t o  t h e  

l e f t - r u n n i n g  c h a r a c t e r i s t i c  C 1 ,  and 
t h e  lower s i g n  t o  t h e  r igh t - runn ing  
c h a r a c t e r i s t i c  C 2 .  

L e t t i n g  9 2  l i e  i n  t h e  s - t  
p l ane  s o  t h a t  p3 l i e s  a long t h e  fi 
a x i s  gives  

0 

( 3 2 )  
s i n  cos p -9 0 

Fw a = ( o  s i n  p 

i j  (c) Bicharacteristics in the S-t plane. 

Figure 2 . -  Concluded. -cos p 

where t h e  s i g n s  correspond t o  t h e  b i c h a r a c t e r i s t i c  d i r e c t i o n  C 3  which 
inc reases  with i n c r e a s i n g  s and t as shown i n  f i g u r e  2 ( c ) .  

'Redundant schemes which make use o f  more than  t h r e e  equat ions a r e  
d i scussed  i n  r e fe rences  8 ,  10,  12 ,  and 16. 
1 2  



S u b s t i t u t i o n  of c1 from equat ions (31) and (32) i n t o  equat ion (27) i j  
r e s u l t s  i n  t h r e e  equat ions along t h e  b i c h a r a c t e r i s t i c s  C 1 ,  C 2 ,  and C 3 .  
Using equat ion (31) f o r  C1 and C 2 ,  one o b t a i n s  

where y 2  = C1 f o r  t h e  upper s i g n  and y2 = C 2  f o r  t h e  lower sign. Simi- 
l a r l y ,  one o b t a i n s  from equat ion (32) t h e  fol lowing equa t ion  f o r  t h e  d i r e c t i o n  
c3 : 

g1 + c o t  1-1 g3 = 0 

def ined i n  equat ions (28) t o  (30) g i  S t r a igh t fo rward  s u b s t i t u t i o n  o f  t h e  
with appropr i a t e  elements of a . .  from equat ion (31) o r  equat ion (32) y i e l d s ,  
with some rearrangement , t h e  fol iowing c o m p a t i b i l i t y  equat ions : 

1 

where, from t h e  r i g h t  s i d e  o f  equat ions (10) through ( 1 2 ) ,  

s i n 2  4 cos e and s i n  4 s i n  8 
f 3  = - cos s i n  e 

r r r Y f 2  = f l  = - 

For two-dimensional flow (4 = 0 ) ,  equat ions (33) and (34) reduce t o  t h e  usual  
c o m p a t i b i l i t y  equat ions and equa t ion  (35) becomes t h e  streamwise momentum 
equa t ion .  

Fundamental complicat ions .- I n  comparison with a x i a l l y  symmetric flows, 
equat ions (33j--through (35) have two complicating f e a t u r e s  which were men- 
t i o n e d  e a r l i e r .  These a r e  (1) t h e  presence of "c ross -de r iva t ives"  a$ /a t  and 
ae/an on t h e  r i g h t  s i d e ,  and ( 2 )  t h e  need t o  perform a two-parameter i n t e r -  
p o l a t i o n  f o r  d a t a  i n  t h e  i n i t i a l  d a t a  s u r f a c e .  The second problem a r i s e s  

1 3  



because b i c h a r a c t e r i s t i c s  through a gene ra l  mesh p o i n t  ( i n  a p r e s c r i b e d  sur- 
f ace )  do n o t ,  i n  g e n e r a l ,  pass  through mesh p o i n t s  i n  t h e  i n i t i a l  d a t a  
s u r f a c e .  

Many schemes have been proposed u s i n g  equat ions o f  t h i s  form along 
b i c h a r a c t e r i s t i c s  ( s e e ,  e . g . ,  refs.  5-8 and 1 2 ) .  However, t h e  programming of 
such methods tends t o  b e  cumbersome, and t h e  accuracy o f  e v a l u a t i n g  t h e  c ros s -  
d e r i v a t i v e s  i s  i n  most cases l e s s  t han  t h a t  o f  t h e  b a s i c  c a l c u l a t i o n s .  (An 
except ion i s  t h e  r e c e n t  work r e p o r t e d  i n  r e f e r e n c e  10.)  These problems are 
minimized i f  c h a r a c t e r i s t i c s  l y i n g  i n  p r e s c r i b e d  r e f e r e n c e  planes are 
employed. Then t h e  i n t e r p o l a t i o n  f o r  i n i t i a l  d a t a  and e v a l u a t i o n  of c ros s -  
d e r i v a t i v e s  can b e  reduced t o  a s e t  o f  one-parameter curve f i t s  with second- 
o r d e r  accuracy. 
de r ived  f o r  c h a r a c t e r i s t i c  l i n e s  which are t h e  p r o j e c t i o n s  o f  b i c h a r a c t e r i s -  
t i c s  C 1  , C 2 ,  C3  onto r e f e r e n c e  p l a n e s .  

I n  t h e  next  s e c t i o n ,  t h e  c o m p a t i b i l i t y  equat ions w i l l  b e  

Reference Plane Method 

I n  t h e  fol lowing development, t h e  flow equa t ions  a r e  w r i t t e n  i n  terms of 
two components l y i n g  i n  predetermined r e f e r e n c e  p l anes  and a t h i r d  component 
d i r e c t e d  ou t  of t h e s e  p l a n e s .  For most problems encountered i n  e x t e r n a l  aero-  
dynamics i t  i s  convenient t o  s p e c i f y  t h e  r e f e r e n c e  p l anes  as t h e  a x i a l  p l anes ,  
@ = c o n s t a n t ,  of a c y l i n d r i c a l  coord ina te  system ( see  f i g .  1 ) .  The s o l u t i o n  
o f  problems with a x i a l  symmetry i s  determined by c a l c u l a t i o n  along a s i n g l e  
p l ane ,  b u t  three-dimensional problems r e q u i r e  c a l c u l a t i o n  along s e v e r a l  
planes s imultaneously.  C h a r a c t e r i s t i c  theory i s  employed t o  c a l c u l a t e  t h e  
flow along each p l a n e .  To achieve t h i s ,  t h e  c o m p a t i b i l i t y  equat ions along 
t h e  p r o j e c t i o n s  o f  t h e  b i c h a r a c t e r i s t i c s  on t h e  r e f e r e n c e  planes must b e  
de r ived .  
c o m p a t i b i l i t y  r e l a t i o n s  from t h e  i n t r i n s i c  momentum equat ions a p p l i c a b l e  t o  
t h e  r e fe rence  p l a n e s .  F i r s t ,  however, i t  w i l l  be  necessary t o  d i scuss  t h e  
coord ina te  mesh which w i l l  b e  used t o  d e s c r i b e  t h e  shock l a y e r .  

The procedure w i l l  b e  t o  f i n d  t h e  p e r t i n e n t  c h a r a c t e r i s t i c s  and 

F i n i t e  d i f f e r e n c e  mesh.- The c y l i n d r i c a l  coord ina te  system used t o  
expand t h e  v e c t o r  r e l a t i o n s  i n  equat ions (1) through ( 3 ) ,  and t o  d e f i n e  t h e  
r e fe rence  p l a n e s ,  i s  no t  i d e a l  from t h e  computational s t a n d p o i n t .  This stems 
from t h e  fact  t h a t  s p e c i a l  t r ea tmen t  would b e  r e q u i r e d  f o r  bodies  with non- 
c i r c u l a r  c r o s s  s e c t i o n s  and, more impor t an t ly ,  f o r  shock s u r f a c e s .  One i s  
t h e r e f o r e  l e d  t o  a f i n i t e  d i f f e r e n c e  mesh which d i v i d e s  t h e  shock l a y e r  i n t o  
a number of annu la r  r i n g s  which inc lude  bo th  t h e  shock and body s u r f a c e s ,  as 
shown i n  f i g u r e  3 .  The r e s u l t i n g  mesh p o i n t s  a r e  connected by a nonorthogonal 
5 ,  n, system o f  coord ina te s :  5 and n l i e  i n  t h e  r e f e r e n c e  p l ane  wi th  n 
u s u a l l y  normal t o  t h e  body s u r f a c e ;  5 i s  d i r e c t e d  ou t  of b u t  n o t  gene ra l ly  
normal t o  t h e  r e f e r e n c e  p l a n e .  

_ _  

'Conversely, b i c h a r a c t e r i s t i c s  through known p o i n t s  on a p l ane  i n i t i a l  
d a t a  s u r f a c e  w i l l ,  i n  g e n e r a l ,  i n t e r s e c t  a t  p o i n t s  l y i n g  i n  a nonplanar s u r -  
f a c e .  The subsequent d a t a  s u r f a c e s  become i n c r e a s i n g l y  d i s t o r t e d  as a compu- 
t a t i o n  proceeds away from t h e  i n i t i a l  d a t a  p l a n e .  
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Figure 3.- Nonorthogonal shock-layer coordinates. 

. 

A r e l a t e d  system i s  one i n  which 
5 i s  r ep laced  l o c a l l y  by t h e  p ro jec -  
t i o n ,  s * ,  o f  s t r e a m l i n e s  onto t h e  
r e fe rence  p l a n e s .  I t  i s  t h i s  s * ,  r l ,  
< system which i s  used t o  express  
t h e  i n t r i n s i c  flow equat ions (10) 
through (13) i n  a form needed f o r  t h e  
p r e s e n t  r e f e r e n c e  p l ane  a n a l y s i s .  
The u n i t  v e c t o r s ,  j ;  = (G, 6 ,  t) , i n  

s t r e a m l i n e  coord ina te s  a r e  r e l a t e d  t o  
t h e  new system by d i r e c t i o n  cos ines ,  
E $  def ined  by 

i 

ij' 

A A  

where ^z * = (;* , r \ ,  z;) . 
j 

Wri t ten i n  terms o f  i t s  components, equat ion (36) gives  

A 

; = ET1$* + ET2: + E T 2 <  (37) 

(38) 

A 

(391 * -  t = E;+* + E 3 2 r l  + 

Appendix A d e s c r i b e s  how E ?  is  c a l c u l a t e d  i n  terms of t h e  body and 

shock-wave shapes.  The d e t a i l e d  expressions f o r  t h e  d i r e c t i o n  cosines  a r e  
not  needed f o r  t h e  development o f  t h i s  s e c t i o n  b u t  i t  should b e  noted t h a t ,  
s i n c e  t h e  shock shape i t s e l f  i s  ob ta ined  from a s o l u t i o n  of  t h e  problem ( i . e . ,  
a d i r e c t  as opposed t o  an i n v e r s e  approach),  E $  

t h e  e n t i r e  flow. However, i n  a l o c a l l y  supe r son ic  r e g i o n ,  where t h e  shock can 
be c a l c u l a t e d  s t e p  by s t e p ,  E X  

proceeds downstream from an i n i t i a l  d a t a  l i n e .  

4 lj 

i s  n o t  known beforehand f o r  
ij 

can always b e  determined as t h e  c a l c u l a t i o n  
i j  

Reference p l ane  equat ions .- Reca l l ing  t h e  r u l e s  f o r  a d i r e c t i o n a l  
d e r i v a t i v e ,  equat ions (37) and (39) y i e l d  t h e  fo l lowing  expressions f o r  
d e r i v a t i v e s  i n  t h e  s and t d i r e c t i o n s .  

15 



These d i f f e r e n t i a t i o n  r u l e s  allow one t o  w r i t e  t h e  i n t r i n s i c  flow 
equat ions i n  terms of t h e  d e s i r e d  p l a n a r  components. 
(40)  and (41) i n t o  equat ions (10) through (13) and regrouping terms,  one 

S u b s t i t u t i n g  equat ions 

o b t a i n s  
a e  

E l l  27 an + cos ($ - = f ,*  * 82 aP 

pv as 

1 ap * a e  
PV as* 

- f 2 *  2 an  + Ell cos ($ - - -- 
(43) 

(44) 
- -  a +  - f 3 *  
as* 

- -  ap - f 4 *  (45 1 
as* 

The l e f t  s i d e s  of t h e s e  equat ions con ta in  d e r i v a t i v e s  i n  t h e  r e fe rence  planes 
and the  remaining terms a r e  a l l  lumped i n t o  t h e  f i x ,  which a r e  given by 

16 



The fi* thus expressed con ta in  d e r i v a t i v e s  a long t h e  TI and 5 coord ina te  

d i r e c t i o n s  and, as a r e s u l t ,  can b e  e a s i l y  eva lua ted  wi th  s t anda rd  one- 
parameter d i f f e r e n t i a t i o n  r o u t i n e s .  I t  w i l l  a l s o  b e  seen ,  when t h e  f i n i t e  
d i f f e r e n c e  scheme i s  desc r ibed ,  t h a t  t h e  d e r i v a t i v e s  ac$ /a s*  appearing i n  

fi 

equat ions (42) through (45) con ta in  no a d d i t i o n a l  approximations beyond t h o s e  
i n  t h e  o r i g i n a l  equa t ions .  Only t h e  usual  assumptions p e r t a i n i n g  t o  v i s c o s i t y  
and h e a t  conduction a r e  made. The b racke ted  [ ] terms i n  t h e  * a l l  vanish 
f o r  a x i a l l y  symmetric flows ( i . e .  , f o r  c$ = 0)  , and t h e  equat ions reduce t o  
t h e  famil iar  i n t r i n s i c  equat ions f o r  zero ang le  o f  a t t a c k .  

* and ap/as* appearing i n  f,* and f4* a r e  e a s i l y  t r e a t e d .  

I t  i s  important t o  n o t e  t h a t ,  al though w r i t t e n  i n  a s i m p l i f i e d  form, 

fi 

C h a r a c t e r i s t i c  d i r e c t i o n s .  - C h a r a c t e r i s t i c s  t heo ry ,  as o u t l i n e d  i n  a 
previous s e c t i o n ,  can now b e  app l i ed  t o  equat ions (42) through (45) .  I t  i s  
f irst  observed t h a t  equat ions (44) and (45) a r e  a l r e a d y  i n  t h e  d e s i r e d  char-  
a c t e r i s t i c  form. These equat ions give no in fo rma t ion  %bout t h e  normal d e r i v -  
a t i v e  a/an; t h e r e f o r e ,  s *  i s  a c h a r a c t e r i s t i c  d i r e c t i o n  f o r  c$ and p .  This 
i s  i n  c o n t r a s t  t o  equat ions (42) and (43) ,  which can b e  combined t o  g ive  
d e r i v a t i v e s  i n  d i f f e r e n t  d i r e c t i o n s .  Wri t ing t h e  l a t t e r  i n  t h e  form o f  
equat ion (14)  , one has 

V L - - f *  
P V  ax .*  LI 

1 

Expressed i n  terms o f  new coord ina te s ,  *, equa t ion  (50) becomes ( c f .  eqs .  
(17) and (24 ) ) :  Y i  

where 

and where a.. are t h e  elements of t h e  t r ans fo rma t ion  ma t r ix  r e l a t i n g  x 1 3  i 
and y . The c h a r a c t e r i s t i c  d i r e c t i o n s  f o r  equa t ion  (51) a r e  ob ta ined  from 
t h e  determinant 

j 
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which y i e l d s  

Wri t ing a i j  i n  terms of a r o t a t i o n  ang le  as i n  equa t ion  (31) ,  one o b t a i n s  

f o r  t h i s  case 

where p* i s  t h e  angle  between t h e  
s t r e a m l i n e  and t h e  c h a r a c t e r i s t i c s  
i n  t h e  r e f e r e n c e  p l ane  as shown i n  
f i g u r e  4 .  Equation (52)  shows t h a t  
u* i s  r e l a t e d  t o  t h e  Mach angle  
according t o  

c o t  ll* = E T 1  c o t  p ( 5 3 )  
Figure 4 . -  Characteristic directions for the 

reference planes. 

Compatibi l i ty  equa t ions .  - The c o m p a t i b i l i t y  equat ions a p p l i c a b l e  t o  t h e  
d i r e c t i o n s  C 1 *  and C2* 
t h e  b i c h a r a c t e r i s t i c s .  

c a n b e  ob ta ined  i n  t h e  way p rev ious ly  descr ibed f o r  
F o r  t h e  p r e s e n t  ca se ,  one has  i n  p l a c e  o f  equat ion (27)  

a21  
g1* - g2* = 0 

where 

(54) 

and 

1, 
\ 
1 
i 1 8  Y 

a 

Algebraic  d e t a i l s  a r e  s t r a i g h t f o r w a r d  and need n o t  b e  r epea ted .  
c o m p a t i b i l i t y  equat ions a r e  : 

The r e s u l t i n g  



-- ap + cos 4 7 a e  - - ( f l *  + Bf2*)sin p* B 
2 

p v  acl* ac1 
( 5 5 )  

Equations (55) and (56) ,  t o g e t h e r  with equat ions (44) and ( 4 5 ) ,  a r e  t h e  f i n a l  
s e t  o f  d i f f e r e n t i a l  equat ions programmed f o r  numerical  c a l c u l a t i o n s .  They are 
supplemented by t h e  energy equat ion (eq.  (5 ) )  

h + V 2 / 2  = H 

and t h e  equat ions o f  s t a t e  ((6a)  and (6b)) 

and 

D e t a i l s  of t h e  numerical  methods used i n  t h e  computer program a r e  descr ibed 
i n  t h e  next  s e c t i o n .  

NUMERICAL METHODS 

The general  theory o f  c h a r a c t e r i s t i c s  was developed i n  t h e  previous 
s e c t i o n ,  where i t  was shown t h a t  t h e  three-dimensional  problem can b e  reduced 
t o  an equ iva len t  two-dimensional form. A numerical  s o l u t i o n  of t h e  problem 
can then be accomplished i n  t h e  usual  way by numerical ly  e v a l u a t i n g  de r iva -  
t i v e s  i n  one d i r e c t i o n  i n  o r d e r  t o  c a l c u l a t e  a s t e p  forward i n  t h e  second 
d i r e c t i o n .  The problem i s  analogous t o  t h e  numerical  s o l u t i o n  of two- 
dimensional hype rbo l i c  equat ions by n o n c h a r a c t e r i s t i c s  methods. 

, Therefore ,  i n  formulat ing a p r a c t i c a l  method f o r  c a l c u l a t i n g  t h r e e -  
dimensional f low, t h e  numerical  d i f f e r e n t i a t i o n  p rocess  i s  o f  primary: impor- 
t a n c e .  If t h e  d i f f e r e n t i a t i o n  i s  t o  be performed e f f i c i e n t l y  and accu ra t e ly  
( i . e . ,  a t  l e a s t  second o r d e r  i n  a t y p i c a l  mesh dimension),  t h e  mesh p o i n t s  
should be cons t r a ined  t o  l i e  a long simple coord ina te  l i n e s .  Secondly, t h e  
boundary c a l c u l a t i o n s  a r e  s i m p l i f i e d  i f  t h e  coord ina te s  l i e  on t h e  shock and 
body s u r f a c e s .  These cons ide ra t ions  suggest  t h e  shock- l aye r -o r i en ted ,  non- 
orthogonal coord ina te s  shown i n  f i g u r e  3 .  The r e s u l t i n g  computational proce- 
dure i s  s i m p l i f i e d  s i g n i f i c a n t l y  compared with p rev ious ly  proposed t h r e e -  
dimehsional c h a r a c t e r i s t i c s  methods ( s e e ,  e . g .  , r e f .  1 2 ) .  
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Presented nex t  a r e  t h e  d i f f e r e n c e  e q u a t i o n s ,  computational l o g i c ,  and 
numerical d i f f e r e n t i a t i o n  procedures developed on t h e  b a s i s  o f  t h i s  nonorthog- 
onal  (<, n ,  5) mesh. The problem may b e  s t a t e d  as fo l lows :  

Given d a t a  on an i n i t i a l  n - 5 s u r f a c e  a t  5, where t h e  flow i s  
l o c a l l y  supe r son ic ,  it is  r e q u i r e d  t o  g e n e r a t e ,  by means o f  t h e  
flow equat ions and boundary c o n d i t i o n s ,  new d a t a  on t h e  ad jacen t  
n - 5 s u r f a c e  a t  5, + A t .  

F i n i t e  D i f f e rence  Equations 

Figure 5 shows t h e  mesh p o i n t  arrangement f o r  a t y p i c a l  r e f e r e n c e  plane 
( i - 1 )  and ( i )  t h e  i n i t i a l  d a t a  l i n e  a t  SA 

and new d a t a  l i n e  a t  < B .  Let t h e  
s u b s c r i p t s  j and k denote t h e  r a d i a l  
and c i r c u m f e r e n t i a l  p o s i t i o n s  o f  t h e  
mesh p o i n t s .  However, t h e  s u b s c r i p t  
k w i l l  b e  omi t t ed  f o r  b r e v i t y  i n  
w r i t i n g  t h e  d i f f e r e n c e  equa t ions .  

The method adopted3 t o  c a l c u l a t e  L - I ,  T + I  --. 

cond i t ions  a t  a t y p i c a l  mesh p o i n t  
i , j  on Sp, makes u s e  o f  i n t e r p o l a t e d  
d a t a  a t  t h e  p o i n t s  of i n t e r s e c t i o n  on 
5 ,  of  t h e  c h a r a c t e r i s t i c s  through 
p o i n t  i , j  . A t h r e e - p o i n t  Lagrange 
i n t e r p o l a t i o n  i s  employed t o  determine 
t h e  necessa ry  d a t a  from known condi- 
t i o n s  a t  neighboring mesh p o i n t s .  

Figure 5.- F i n i t e  d i f f e r e n c e  mesh .  

Three i n t e r s e c t i o n s  a r e  r e q u i r e d  f o r  each f i e l d  p o i n t  on SB.  To i d e n t i f y  
t h e s e  p o i n t s  t h e  convention i s  adopted whereby t h e  s u b s c r i p t  
t h e  i n t e r s e c t i o n  with <A of  t h e  s t r e a m l i n e  p r o j e c t i o n  s* through p o i n t  
i , j ,  and t h e  s u b s c r i p t s  T-1 and ~ + l  r e p r e s e n t  i n t e r s e c t i o n s  of c h a r a c t e r i s -  
t i c s  C 1 *  and C 2 * ,  r e s p e c t i v e l y  ( see  f i g .  5 ) .  

T r e p r e s e n t s  

With t h i s  convention t h e  c o m p a t i b i l i t y  equa t ions  (55) and (56) can b e  
w r i t t e n  i n  t h e  fo l lowing  f i n i t e  d i f f e r e n c e  form: 

ei-’) = F1 A C l *  
T- 1 

i 

‘ i  - pi-1)- T+l B2(Oji - B T + l  i-l) = F 2  A C 2 *  

(5 7) 

(58) 

L 

.. _ _  - - 

3This method is  c a l l e d  t h e  Har t r ee  method ( r e f .  17) and a l s o  t h e  i n v e r s e  
method ( r e f .  12);  it was used by Katskova and Chushkin ( r e f .  9 ) .  
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Equations (44) and (45) a r e  s i m i l a r l y  w r i t t e n  as 

and 

L 

The system of  equat ions i s  completed by t h e  energy and s t a t e  equa t ions ,  (5) 
and ( 6 ) .  They apply t o  a l l  o f  t h e  f i e l d  p o i n t s  - t h a t  i s ,  f o r  t h e  index j 
running from 2 up t o  J-1. For t h e  body p o i n t ,  j=1,  equat ion (57) i s  r ep laced  
by t h e  equat ion o f  t h e  body, 

rll = 

i which permits t h e  c a l c u l a t i o n  o f  81 
appendix C .  I t  is  shown t h e r e  t h a t  

where 

f (x 1 i ,  Qk) 

by means o f  equat ions de r ived  i n  

For bodies  o f  r e v o l u t i o n  equat ion (6 la )  reduces t o  

A t  t h e  shock, j = J, equat ions (58 ) ,  ( 5 9 ) ,  and ( 6 0 )  are r ep laced  by t h e  
obl ique shock equa t ions .  The jump cond i t ions  f o r  a general  three-dimensional  
shock s u r f a c e  a r e  developed i n  appendix B and can b e  w r i t t e n  i n  t h e  fo l lowing  
func t iona l  form f o r  f i x e d  f r ee - s t r eam cond i t ions  : 

2 1  



V where u r e p r e s e n t s  p ,  8 ,  @, p f o r  v = 1, 2 ,  3 ,  4 .  Here 0 and 6 are 
t h e  shock-wave angles  i n  t h e  p l anes  CP = c o n s t a n t  and x = c o n s t a n t ,  respec-  
t i v e l y ,  and a i s  t h e - a n g l e  o f  a t tack .  Equation (62) depends d i r e c t l y  on t h e  
unknown shock angle  ol, and i n d i r e c t l y  on t h e  parameters  6k, @k,  and a. The 
shock angle  6k i s  determined by numerical  d i f f e r e n t i a t i o n  o f  shock coordi-  
n a t e s  as desc r ibed  i n  appendix A .  The f o u r  equa t ions  ob ta ined  from (62) f o r  
v = 1 through 4,  t o g e t h e r  w i th  equat ion (57), a r e  s u f f i c i e n t  t o  determine t h e  
shock angle  01. 

Computational Procedure 4 

Local i t e r a t i o n . -  The d i f f e r e n c e  equa t ions  a r e  so lved  by a s t a n d a r d  E u l e r  

An i n i t i a l  guess ,  s ay  

_ _ _ _ - . ~ -  
p r e d i c t o r - c o r r e c t o r  method i n  which t h e  c o e f f i c i e n t s  a r e  t r e a t e d  as  cons t an t s  
l o c a l l y  and equal  t o  t h e i r  average value ove r  t h e  s t e p .  

v i - 1  
(u'): = (u ) 

values  of ( u ' ) ~  

p r e d i c t i o n s .  
s p e c i f i e d  accuracy. 
t i v e  e r r o r  t o  l e s s  than l ~ l O - ~ .  I t  i s  shown i n  s t a n d a r d  t e x t s  t h a t  t h e  i t e r -  
a t e d  r e s u l t  has  a t r u n c a t i o n  e r r o r  o f  t h e  o r d e r  o f  t h e  s t e p  s i z e  cubed. 

, i s  used t o  s t a r t  an i t e r a t i v e  procedure by which c o r r e c t e d  
j 

a r e  c a l c u l a t e d  us ing  c o e f f i c i e n t s  eva lua ted  with t h e  previous 

For t y p i c a l  mesh p o i n t s  t h r e e  c o r r e c t o r s  reduce t h e  r e l a -  

j 
The i t e r a t i o n  i s  continued u n t i l  t h e  p r e s s u r e  r e p e a t s  t o  a 

I n  t h i s  method t h e  c o e f f i c i e n t s  i n  equat ions (57) through 
(60) a r e  averaged along t h e  c h a r a c t e r i s t i c  d i r e c t i o n  a p p r o p r i a t e  t o  each 
equat ion.  For example, t h e  c o e f f i c i e n t  F1 i n  d i f f e r e n c e  equat ion (57) r ep re -  
s e n t s  t h e  average o f  t h e  r i g h t  s i d e  of d i f f e r e n t i a l  equa t ion  (55) ,  taken along 
t h e  c h a r a c t e r i s t i c  C 1 * ,  and is  w r i t t e n  as 

A,,, B y ,  and F 
1-I 

F1 = 1 / 2 [ ( f l *  + Bf2*)]f+ 1 / 2 [ ( f l *  + Bf2*)]::: 
1 

i n  t h e  p re sen t  n o t a t i o n .  S i m i l a r l y ,  averages are eva lua ted  us ing  d a t a  a t  
p o i n t  ~ + l  f o r  equa t ion  (58) and a t  p o i n t  T f o r  equa t ions  (59) and ( 6 0 ) .  

Global i t e r a t i o n . -  - The s e t  o f  equat ions (57) through (60) a r e  so lved  
s u c c e s s i v e l y  on L r e f e r e n c e  p l a n e s ,  @k (k = 1, 2 ,  . . . , L) . The d i f f e r -  

- 
ence equat ions governing t h e  flow along 'var ious r e f e r e n c e  planes a r e  coupled 
by c r o s s - d e r i v a t i v e s  which a r e  included i n  t h e  f u n c t i o n s  
r i g h t  s i d e  of each equat ion and by t h e  shock angle  6k appearing i n  equa- 
t i o n  (62) .  I n  o r d e r  t o  s o l v e  t h e s e  equat ions i n  an e x p l i c i t  manner, i t  i s  
t h e r e f o r e  necessary f i r s t  t o  approximate 
a t e d  on <A.  Then, u s ing  c a l c u l a t e d  values  on a l l  o f  t h e  L planes t o  
eva lua te  c r o s s - d e r i v a t i v e s  on 
and 6k and t h e  e n t i r e  process  can b e  r epea ted .  This  i s  r e f e r r e d  t o  as a 
global  i t e r a t i o n ,  i n  c o n t r a s t  t o  t h e  po in t -by -po in t  i t e r a t i o n  employed i n  t h e  
l o c a l  s o l u t i o n  o f  t h e  d i f f e r e n c e  equa t ions .  

F,, appearing on t h e  

F,, and 6k w i th  d e r i v a t i v e s  evalu- 

F,, E ; B ,  one o b t a i n s  t h e  nex t  approximation t o  

L 
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Since computing t imes are g e n e r a l l y  l a r g e  i n  three-dimensional  problems 
( s e e  next  s e c t i o n ) ,  t e s t  cases  were run t o  determine t h e  need f o r  g loba l  
i t e r a t i o n .  Table I shows t h a t  e x c e l l e n t  r e s u l t s  a r e  ob ta ined  without  i t e r a -  
t i o n ,  t h a t  i s ,  u s ing  d e r i v a t i v e s  eva lua ted  on E A .  I t  i s  t h e r e f o r e  expected 
t h a t  t h i s  i t e r a t i o n  would n o t  b e  r equ i r ed  i n  most problems. 

S t ep  S i z e  

Since t h e  mesh p o i n t s  are n o t  cons t r a ined  t o  fol low c h a r a c t e r i s t i c  l i n e s  
with t h e  p r e s e n t  method, t h e  s i z e  o f  a forward s t e p ,  Ag = cB - SA, can b e  

s t a b l e  numerical p rocess ,  t h e  s t e p  should n o t  exceed a c e r t a i n  maximum d e t e r -  
mined by t h e  r eg ion  of i n f l u e n c e  o f  t h e  i n i t i a l  d a t a .  This s t a b i l i t y  condi- 

r e q u i r i n g  s m a l l e r  forward s t e p s .  The l a t e r a l  s t e p  A5 does no t  affect  t h e  
s t a b i l i t y  d i r e c t l y ,  although i t  does,  o f  cour se ,  affect  t h e  accuracy. The 
e f f e c t  of s t e p  s i z e  on accuracy i s  d i scussed  a f t e r  t h e  fol lowing paragraphs 
on s t a b i l i t y  c o n d i t i o n .  

L a r b i t r a r y  t o  some e x t e n t .  The only l i m i t a t i o n  is t h a t ,  i n  o r d e r  t o  have a 

w t i o n  w i l l  make A g  depend on t h e  r a d i a l  s t e p  A n ,  s m a l l e r  r a d i a l  s t e p s  

S t a b i l i t y  c o n d i t i o n .  - Although t h e  
a n a l y s i s  of  numerical  s t a b i l i t y  has not  
been performed f o r  t h e  general  nonl in-  
e a r  equat ions , t h e  s t a b i l i t y  c r i t e r i o n  
f o r  l i n e a r  hype rbo l i c  equat ions ( see  , 
e . g . ,  r e f .  17) i s  appa ren t ly  s u f f i c i e n t  
f o r  t h e  n o n l i n e a r  e q u a t i o n s .  This i s  
t h e  well-known C-F-L (Courant, 
F r i e d r i c h s  , Lewey) cond i t ion  which 
e s s e n t i a l l y  s ta tes  t h a t  t h e  domain o f  
dependence of t h e  c a l c u l a t e d  p o i n t  must 
be included i n  t h e  i n i t i a l  d a t a .  This 
means t h a t  t h e  c h a r a c t e r i s t i c  C 1 *  
through p o i n t  ( i , 2 )  i n  f i g u r e  6 must 
pass  through o r  above p o i n t  ( i - l , l ) .  
S i m i l a r l y  , t h e  c h a r a c t e r i s  t i c  C 2 *  
through p o i n t  ( i  , J- 1) must f a 1  1 through 

Figure 6 . -  S t e p  s i z e  limitation. o r  below p o i n t  ( i - 1  ,J). 

S t r i c t l y  fol lowed,  t h e  C-F-L cond i t ion  would r e q u i r e  t e s t i n g  every 
shock and body p o i n t  t o  determine t h e  maximum al lowable s t e p  s i z e ,  Agm, which 
would i n s u r e  s t a b i l i t y .  However, experience i n d i c a t e s  t h a t  t h e  cond i t ion  i s  
not  ove r ly  r e s t r i c t i v e  i n  t h e  sense  t h a t  s t e p s  s l i g h t l y  l a r g e r  t han  do 
not u s u a l l y  cause a v i o l e n t  i n s t a b i l i t y .  Therefore ,  i t  i s  adequate t o  t e s t  
only a t  t h e  body and, f o r  bodies  with c i r c u l a r  c ros s  s e c t i o n ,  on t h e  windward 
s i d e  where Agm i s  l i k e l y  t o  b e  s m a l l e s t ,  due t o  t h e  low Mach number. The 
s t e p  s i z e  i s  then  taken s l i g h t l y  l e s s  than t h e  maximum; a va lue  of 
A <  = 0 . 8  A<, works w e l l  i n  most problems. 

A<, 

Accuracy and computing t ime.- The accuracy o f  a numerical computation i s  
u s u a l l y  e s t ima ted  by comparing r e s u l t s  ob ta ined  wi th  v a r i o u s  mesh spac ings .  
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Since t h e  exact  s o l u t i o n  i s  u s u a l l y  unknown, one can only compare with t h e  
r e s u l t s  o f  t h e  f i n e s t  mesh and observe how t h e  e r r o r  dec reases .  If t h e  t run -  
c a t i o n  e r r o r s  a r e  second o r d e r  i n  terms o f  t h e  mesh s i z e ,  t hen  h a l v i n g  t h e  
mesh s i z e  should reduce t h e  e r r o r  by one -qua r t e r .  

To t e s t  t h e  accuracy o f  t h e  p r e s e n t  method, c a l c u l a t i o n s  were performed 
from X/Rn = 2 t o  x/Rn = 3 ,  us ing  3 ,  5, and 7 p l anes  and 5 ,  10, and 15 p o i n t s  
along each p l a n e .  
X/Rn = 2 .  The r e s u l t s  o f  t h i s  s tudy  are shown i n  t a b l e  11. Table I I ( a )  pre-  
s e n t s  t h e  shock angles  and t h e  s u r f a c e  p r e s s u r e  on t h e  
X/Rn = 3 .  These r e s u l t s  show t h a t  t h e  method i s  o f  second-order  accuracy. 
Also, i t  should b e  noted t h a t  t h e  r e s u l t s  w i th  k = 5 and 7 agree very well L 

f o r  J f i x e d  (moving h o r i z o n t a l l y  i n  t h e  t a b l e ) .  The good accuracy wi th  only 
a f e w  planes i s  a t t r i b u t e d  t o  t h e  use o f  t r i g o n o m e t r i c  a n a l y s i s  f o r  t h e  
c r o s s - d e r i v a t i v e s .  

I n  each case t h e  same s t a r t i n g  cond i t ions  were used a t  

@ = 90" p l ane  a t  

* 

The computing time n a t u r a l l y  i n c r e a s e s  as t h e  mesh i s  r e f i n e d ;  t h i s  i s  
i l l u s t r a t e d  i n  t a b l e  I I ( b ) ,  which l i s t s  t h e  t o t a l  number of p o i n t s  computed, 
t h e  t o t a l  execute  t ime, and t h e  time p e r  p o i n t  i n  minutes .  The c a l c u l a t i o n  
was performed on an I B M  7094 Model 1 2 i n  FORTRAN I V  ( v e r s i o n  13 I B J O B  proces- 
s o r ) .  
f i n e s t  mesh. The u n i t  time inc reases  as t h e  number o f  p o i n t s  dec reases ,  prob- 
ably because of f i x e d  inpu t /ou tpu t  t imes.  The a c t u a l  and u n i t  t imes a r e  
almost doubled when one g loba l  i t e r a t i o n  i s  made a t  each s t a t i o n .  

A u n i t  time of about 0 . 1 3 ~ 1 0 -  min p e r  p o i n t  was ob ta ined  with t h e  

Numeri c a l  D i f f e r e n t  i a t  i on 

Discussed next  i s  t h e  problem of e v a l u a t i n g  c r o s s - d e r i v a t i v e s  appearing i n  
t h e  equat ions.  Pa r t i a l  d e r i v a t i v e s  i n  t h r e e  d i r e c t i o n s  appear i n  t h e  func t ions  
f i *  def ined by equa t ions  (46) through (49) .  They a r e  of t h e  form a/as*, 
a / a r , ,  and a / a r ,  i n  t h e  s t ream, r a d i a l ,  and c i r c u m f e r e n t i a l  d i r e c t i o n s .  S p e c i a l  
t reatment  i s  given t o  t h e  c i r c u m f e r e n t i a l  d e r i v a t i v e ,  fo l lowing  t h e  d i scuss ion  
of t h e  f i r s t  two. 

Streamwise and r a d i a l  d e r i v a t i v e s . -  These d e r i v a t i v e s  a r e  taken t o g e t h e r  
s i n c e  they a r e  bo th  evaluated by t h e  s t a n d a r d  polynomial approach. 
i d e a  i s  t o  employ a d i f f e r e n t i a t i o n  formula c o n s i s t e n t  w i th  t h e  accuracy o f  t h e  
b a s i c  c a l c u l a t i o n .  v 

The main 

For t h e  streamwise d e r i v a t i v e  t h e  approximation 

i s  c l e a r l y  equ iva len t  t o  t h e  form of t h e  d i f f e r e n c e  equat ions employed. 
Equation (64) r e p r e s e n t s  t h e  d e r i v a t i v e  of  

v a l ,  As*/2, with an e r r o r  o f  t h e  o r d e r  
each s t e p  i n  t h e  l o c a l  i t e r a t i o n  process  p r e v i o u s l y  desc r ibed .  

uv a t  t h e  midpoint of  t h e  i n t e r -  

This d e r i v a t i v e  i s  eva lua ted  a t  A s * 2 .  

24 



Because of t h e  e q u a l l y  spaced coord ina te  mesh p r e s e n t l y  employed, t h e  
r a d i a l  d e r i v a t i v e  i s  s i m i l a r l y  determined t o  t h e  same accuracy by t h e  c e n t r a l  
d i f f e r e n c e  

& Equation (65) approximates t h e  d e r i v a t i v e  a t  p o i n t  ( i , j )  with an e r r o r  of 

. prev ious ly  desc r ibed .  

o r d e r  A n 2 .  
SA and SB 

The average r a d i a l  d e r i v a t i v e  a t  t h e  midpoint ( i + 1 / 2 , j )  between 
can b e  ob ta ined  by means o f  t h e  g loba l  i t e r a t i o n  procedure 

Standard end-point  formulas o f  equ iva len t  accuracy are used a t  t h e  body 
and shock where c e n t r a l  d i f f e r e n c e s  are n o t  p o s s i b l e .  These need n o t  b e  
w r i t t e n  o u t ,  as they  can be found i n  many books ( e . g .  , r e f .  18 ) .  

C i r cumfe ren t i a l  d e r i v a t i v e s . -  I n  t h e  aerodynamics o f  bodies  i t  is  w e l l  
known, from l i n e a r i z e d  and p e r t u r b a t i o n  t h e o r i e s  as w e l l  as from experiment,  
t h a t  t h e  s o l u t i o n  of most problems can b e  r e p r e s e n t e d  by a t r igonomet r i c  
s e r i e s  i n  t h e  meridional  angle  @ .  When information such as t h i s  i s  a v a i l -  
a b l e  i t  should b e  p o s s i b l e ,  by choice of an a p p r o p r i a t e  f u n c t i o n a l  form, t o  
improve a numerical  p rocess .  For example, w i th  d a t a  known t o  have a n e a r l y  
cos ine  v a r i a t i o n ,  i t  i s  c l e a r  t h a t  fewer sample p o i n t s  a r e  r e q u i r e d  t o  
approximate t h e  d a t a  with a cos ine  s e r i e s  t han  wi th  a polynomial.  A 
F o u r i e r - s e r i e s  approximation i s  t h e r e f o r e  used t o  e v a l u a t e  d e r i v a t i v e s  wi th  
r e s p e c t  t o  5 .  Symmetry c o n d i t i o n s ,  which u s u a l l y  a r i s e  a t  @ = 0 and @ = T, 

a r e  e a s i l y  s a t i s f i e d  i n  t h i s  way. This  technique makes i t  p o s s i b l e  t o  c a l -  
c u l a t e  with fewer r e f e r e n c e  p l anes  , thereby i n c r e a s i n g  t h e  computational 
e f f i c i e n c y  ( s e e  r e f .  1 3 ) .  

For t h e  p r e s e n t  a p p l i c a t i o n  i t  is  necessary t o  determine Four i e r  
approximations f o r  p r e s s u r e  p ,  flow ang le  0 ,  crossf low ang le  $, and 
d e n s i t y  p from t h e i r  va lues  on E p l anes  @k (k = 1 ,  2 ,  . . . , E) w i th  
@1 = 0 and @ L  = T .  Symmetry cond i t ions  f o r  t h r e e  v a r i a b l e s  ( r ep resen ted  by 
UkV (v = 1, 2 ,  4 ) )  a r e  s a t i s f i e d  by a cos ine  s e r i e s  o f  t h e  form * 

1.- 1 

.\ n= o 

For t h e  crossf low ang le  (v = 3) , which i s  zero a t  
s e r i e s  

@ = 0 and @ = n ,  a s i n e  

L- 1 
F 

k 9, = L b n  s i n  n @ 
n= 1 

i s  necessa ry .  

25 



When equa l ly  spaced meridional  p l anes  'k = i ~ ( k  - 1 ) / ( L  - l ) ,  
(k = 1, 2 ,  . . . , L) a r e  used, t h e  c a l c u l a t i o n  o f  t h e  F o u r i e r  c o e f f i c i e n t s  
i s  p a r t i c u l a r l y  simple because t h e  usua l  o r t h o g o n a l i t y  cond i t ions  a r e  
e x a c t l y  s a t i s f i e d  by a f i n i t e  sum ( s e e ,  e . g . ,  r e f .  18 o r  1 9 ) .  I n  t h i s  case 
t h e  c o e f f i c i e n t s  a r e  given by 

and (n = 0, 1, . . ., L - 1) 

( n =  1, 2 ,  . . . , L - 1) k 
b = -  

n L - 1  
k=2 

* 

(69) 

Der iva t ives  wi th  r e s p e c t  t o  t h e  angle  
Four i e r  s e r i e s ,  equat ions (66) and (67) , t o  g ive  

CP a r e  ob ta ined  by d i f f e r e n t i a t i n g  t h e  

v L - 1  
duk V 

__ d@ =E -na n s i n  n O k 
n= 1 

and 

L- 1 
d'k 

= x n b  n cos F o k 
n= 1 

The d e s i r e d  d e r i v a t i v e s  i n  terms o f  d i s t a n c e  along t h e  5 d i r e c t i o n  a r e  
ob ta ined  from equat ions (70) and (71) according t o  

where it i s  understood t h a t  t h e  d e r i v a t i v e  on t h e  r i g h t  s i d e  of (72) i s  
eva lua ted  us ing  d a t a  on t h e  5 coord ina te .  The s c a l e  f a c t o r  gc r e l a t e s  
t h e  d i s t a n c e  along corresponding t o  an incremental  change i n  @, 
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and can b e  w r i t t e n  i n  terms of t h e  d i r e c t i o n  cosines  developed i n  appendix A .  
From t h e s e  coord ina te  r e l a t i o n s  one has  

e A -  

r (d@/dy)  = e@ * < : v33 

and t h e r e f o r e ,  

g< = (r/Y33) (73) 

S t a r t i n g  Data 

4 The method o f  c h a r a c t e r i s t i c s ,  be ing  a method f o r  i n i t i a l  va lue  
problems, r e q u i r e s  s t a r t i n g  d a t a  which are u s u a l l y  ob ta ined  from boundary 
cond i t ions  o r  from an i n i t i a l  s o l u t i o n  ob ta ined  by o t h e r  methods. 

These are (1) t h e  s p h e r i c a l l y  b l u n t e d  body wi th  t h e  s o n i c  l i n e  l o c a t e d  on t h e  
s p h e r i c a l  nose,  and (2) po in t ed  bodies  which can b e  approximated by a cone i n  
some small r eg ion  n e a r  t he  t i p .  

For p re s -  
* e n t  a p p l i c a t i o n s  two types o f  s t a r t i n g  cond i t ions  are o f  p a r t i c u l a r  i n t e r e s t .  

S h e r e . -  S ince  a sphe re  does n o t  have a 2- 
p r e f e r r e d  o r i e n t a t i o n ,  t h e  flow remains symmet- 
r i c  around t h e  wind a x i s  f o r  any angle  of a t t a c k .  
The re fo re ,  axisymmetric blunt-body s o l u t i o n s  
ob ta ined ,  f o r  example, by t h e  i n v e r s e  method of 
r e f e r e n c e  20 can b e  used t o  provide i n i t i a l  con- 
d i t i o n s .  I t  is  necessa ry ,  however, t o  gene ra t e  
t h e s e  axisymmetric s t a r t i n g  d a t a  on an i n i t i a l  
v - <  s u r f a c e  which i s  de f ined  i n  a body a x i s  
system; t h e  d a t a  w i l l  n o t  b e  symmetric w i th  
r e s p e c t  t o  t h e  body a x i s .  

data line,.. 
Blunt body 

Bow shock 

( a )  Wind axes .  

Sonic l lne 

In i t ia l  data 
Shock surfoce surface @j 

\ 

c 

"lo 
, 

I 

\ 

\ /  
\ 

-4 
X 

(b)  Body axes .  

F igu re  7 . -  S t a r t i n g  d a t a  for a 
s p h e r i c a l  nose .  

The c h a r a c t e r i s t i c s  program i s  se t  up t o  
gene ra t e  body a x i s  d a t a  from wind a x i s  d a t a  
ob ta ined  from a b lunt-body s o l u t i o n .  Given 
t h e s e  wind a x i s  d a t a  on one body normal ( see  
f i g .  7 (a ) )  where t h e  flow is  supe r son ic ,  s ay  
M > 1. OS, t h e  c h a r a c t e r i s  t i c s  c a l c u l a t i o n  i s  
performed i n  a wind a x i s  system and f o r  a = 0 
t o  t h e  p o s i t i o n  Xk', l o c a t i n g  t h e  body normals 
v k ' .  (Primes denote  wind axes.)  This i s  i l l u s -  
t r a t e d  i n  f i g u r e  7 ( a ) .  S ince  t h e  flow is  ax i -  
symmetric i n  terms of wind axes,  t h e  normals 
may b e  p l aced  a t  an a r b i t r a r y  c i r c u m f e r e n t i a l  
p o s i t i o n .  The va lues  o f  q.' are chosen s o  
t h a t  t h e  normals v k '  match t h e  r i n g  o f  normals 
'Ik emanating from t h e  sphe re  a t  (xo,ro)  i n  
terms of body axes ( f i g .  7 ( b ) ) .  They are 
r e l a t e d  t o  t h e  meridional  angle  @k and t h e  
ang le  of a t tack c1 by 
xk ' = R, + (xo - Rn) cos c1 - ro s i n  a cos @k 

where R, i s  t h e  r a d i u s  o f  t h e  s p h e r i c a l  nose.  

rik' 

(74) 
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S c a l a r  d a t a  de r ived  i n  t h i s  way on t h e  body normals tlk 
(k = 1, 2 ,  . . . , L) are ready f o r  u s e  i n  t h e  gene ra l  three-dimensional  cal-  
c u l a t i o n .  However, t h e  flow a n g l e s ,  0 and 4 ,  must b e  r e c a l c u l a t e d  i n  terms of 
body axes by means of t h e  t r ans fo rma t ion  r e l a t i o n s h i p s  f o r  v e l o c i t y  components. 
By t h e  d e f i n i t i o n  o f  0 and 4 ( f i g .  1 ) .  

-1 V 

v cos (p e = s i n  (75) 

(76) 
-1 w (p = s i n  - v 

C' 

The magnitude of t h e  v e l o c i t y  i s  unchanged by t h e  coord ina te  r o t a t i o n ,  s o  
t h a t  

I 

v = V '  (77) 

From r e f e r e n c e  15,  t h e  v e l o c i t y  components 
lows i n  terms of wind ax is  components: 

v ,  w can be expressed as f o l -  

v = (u '  s i n  a + v '  cos a cos @ ' ) c o s  @ + v '  s i n  0' s i n  @ (78) 

w = v '  s i n  @ '  cos @ - (u '  s i n  a + v '  cos a cos @ ' ) s i n  4, (79) 

where 0 '  i s  obtained from 

(x' - 
( 8 0 )  co t  @ s i n  @ '  - cos a cos a '  - ~- s i n  a = 0 r '  

Equations (75) through (80) determine e and (p, r e l a t i v e  t o  body-axis 
coord ina te s ,  from u '  and v '  c a l c u l a t e d  i n  t h e  wind-axis system. 

Cone.- Conical s o l u t i o n s  a r e  de f ined  as t h o s e  which a r e  independept of 
5 - t h a t i s ,  a l l  d e r i v a t i v e s  with r e s p e c t  t o  5 van i sh .  Conical flows can 
be ob ta ined  i n  two ways: (1) by s o l v i n g  t h e  boundary va lue  problem f o r  t h e  
reduced equat ions wi th  2/25 = 0 ( s e e ,  e . g . ,  r e f .  21), o r  (2) by t h e  asymp- 
t o t i c  s o l u t i o n  of three-dimensional i n i t i a l  va lue  problem wi th  a con ica l  body 
( see  r e f .  11 o r  22).  The l a t t e r  approach i s  p r e s e n t l y  taken s i n c e  i t  f i t s  
t h e  general  computation scheme with l i t t l e  change. 

Approximate i n i t i a l  d a t a  f o r  a cone a r e  s p e c i f i e d  and t h e  c a l c u l a t i o n  
downstream is  c a r r i e d  on u n t i l  t h e  c o n i c a l  flow cond i t ion  i s  met t o  a s p e c i -  
f i e d  a c ~ u r a c y . ~  This  approach has t h e  disadvantage of be ing  g e n e r a l l y  more 
time-consuming than t h e  boundary va lue  method, b u t  i t  avoids many d i f f i c u l -  
t i e s  i n h e r e n t  i n  boundary va lue  problems. The s i t u a t i o n  i s  q u i t e  s i m i l a r  t o  
t h e  c a l c u l a t i o n  of t h e  supe r son ic  blunt-body problem by an asymptotic 

_ -  _ _  ._ ~ - _  _ _ -  - - - 

41t i s  clear  p h y s i c a l l y  t h a t  t h e  c o n i c a l  cond i t ion  must b e  ob ta ined  
far downstream from t h e  approximate s t a r t i n g  c o n d i t i o n .  
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unsteady c a l c u l a t i o n .  Approximate s t a r t i n g  cond i t ions  a r e  ob ta ined  e i t h e r  
from t h e  p e r t u r b a t i o n  s o l u t i o n  f o r  cones a t  small ang le  o f  a t t a c k  ( r e f .  23) 
o r  from a previous three-dimensional  s o l u t i o n  f o r  a d i f f e r e n t  Mach number o r  
cone ang le .  

Two mod i f i ca t ions  t o  t h e  gene ra l  computational procedure a r e  r e q u i r e d  
t o  o b t a i n  t h e  c o r r e c t  con ica l  flow s o l u t i o n s  f o r  c i r c u l a r  cones.  F i r s t ,  it 
was found necessary t o  account f o r  t h e  F e r r i  v o r t i c a l  l a y e r  ( r e f .  24) by 
s e t t i n g  t h e  entropy a t  a l l  body p o i n t s ,  except  a t  t h e  leeward p l ane  o f  
symmetry, equal  t o  t h e  entropy a t  t h e  windward shock p o i n t .  The entropy a t  
t h e  leeward body s t a t i o n ,  which i s  a s i n g u l a r  p o i n t ,  must equal t h e  entropy 
a t  t h e  leeward shock p o i n t . 5  
cones : 

Thus t h e  fo l lowing  cond i t ions  apply t o  c i r c u l a r  

and 

s = s  (k = 2 ,  3 ,  . . . , L)  
l , k  J , L  

s = s  
1,1 J ,1  

Secondly, as a r e s u l t  o f  t h e  entropy s i n g u l a r i t y  a t  t h e  leeward body p o i n t ,  
t h e  c i r c u m f e r e n t i a l  d e n s i t y  d e r i v a t i v e  t h e r e  is  a l s o  s i n g u l a r .  The re fo re ,  
d a t a  from t h e  s i n g u l a r  p o i n t  must b e  excluded i n  t h e  numerical d i f f e r e n t i a t i o n  
f o r  a p / a g .  

Smoothing 

Under c e r t a i n  cond i t ions  where t h e  d e n s i t y  o r  crossf low ang le  develop 
l a r g e  r a d i a l  g r a d i e n t s ,  t h e  numerical c a l c u l a t i o n  f o r  t h e s e  q u a n t i t i e s  appears 
t o  b e  u n s t a b l e .  This s i t u a t i o n  can ar ise  i n  t h e  r eg ion  o f  t h e  v o r t i c a l  l a y e r  
on po in ted  cones and i n  t h e  s o - c a l l e d  entropy l a y e r  ove r  b l u n t e d  cones.  A 
s t a b i l i z i n g  d i f f e r e n c e  scheme s imi la r  t o  t h a t  known as t h e  Lax, o r  Lax- 
Wendroff method ( r e f s .  26 and 27) i s  t h e r e f o r e  used i n  t h e s e  c a s e s .  

Equations (59) and (60) a r e  modified f o r  t h i s  purpose according t o  t h e  
fol lowing d i f f e r e n c e  approximation: 

where 4 o r  p ,  r e s p e c t i v e l y .  
b racke t  i s  p r o p o r t i o n a l  t o  t h e  second d e r i v a t i v e  of 

v = 3 o r  4 r e p r e s e n t s  The second term i n  t h e  
uv,  so  t h a t  t h e  

5Additional s i n g u l a r  p o i n t s  a r i s e  i n  more gene ra l  con ica l  flows (see ,  
e . g . ,  r e f .  24 o r  r e f .  2 5 ) .  
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d i f f e r e n c e  equa t ion  (82) approximates t h e  d i f f e r e n t i a l  equat ion6 

where 

and nJ is  t h e  va lue  of  q a t  t h e  shock riJ = (J - 1 ) A q .  

The a d d i t i o n a l  term i n  equat ion (83) r e p r e s e n t s  a d i f f u s i o n  process  and 
is  t h e  s t a b i l i z i n g  term i n  t h e  type  o f  d i f f e r e n c e  scheme given by equa- 
t i o n  ( 8 2 ) .  The a r b i t r a r y  cons t an t  k i n  equa t ion  (84) i s  inc luded  t o  allow 
c o n t r o l  o f  t h e  d i f f u s i o n  term. If k = 0 ,  equa t ion  (83) reduces t o  equa- 
t i o n  (59) o r  equat ion (60) .  For  k = ~ J / A T - I ,  equa t ion  (83) i s  e s s e n t i a l l y  t h e  
same as t h e  Lax scheme ( r e f .  2 6 ) .  

I t  i s  known ( t h i s  i s  demonstrated below) t h a t  t h e  Lax d i f f e r e n c e  scheme 
provides too  much d i f f u s i o n ;  t h e r e f o r e ,  i t  is  d e s i r a b l e  t o  choose k between 
0 and q ~ / A r l  i n  o r d e r  t o  provide numerical s t a b i l i t y  without  undue l o s s  o f  
accuracy. I n  most a p p l i c a t i o n s  k has been s e t  equal  t o  1, and t h i s  condi- 
t i o n  i s  p r e s e n t l y  termed a second-order Lax smoothing because i n  t h i s  ca se  

- 
K =  A n 2  = O ( A n 2 )  

"15 

Thus , t h e  second-order d i f f e r e n c e  scheme approaches t h e  d i f f e r e n t i a l  equat ion 
l i k e  A q 2  as t h e  mesh is  r e f i n e d ,  whereas t h e  Lax method approaches l i n e a r l y  
i n  A n .  For l a r g e  Mach numbers, an order-of-magnitude a n a l y s i s  r e v e a l s  t h a t  

- K = 0 ( - )  

- 
which gives  K a va lue  o f  about 1/1000 f o r  a t y p i c a l  mesh. 

- - . _  . - .- ____ 
'This argument i s  not  s t r i c t l y  r i g o r o u s ,  as po in ted  ou t  i n  r e fe rence  27, 

i f  t h e  d i s s i p a t i v e  term i s  of t h e  same o r d e r  as t h e  t r u n c a t i o n  e r r o r  o f  t h e  
o t h e r  terms. Nevertheless ,  t h e  analogy is  q u a l i t a t i v e l y  c o r r e c t ,  e s p e c i a l l y  
when t h e  s t e p  s i z e  i s  n o t  small. Also, when t h e  i n t e g r a t i o n  is  c a r r i e d  over  
l a r g e  d i s t a n c e s  t h e  t r u n c a t i o n  e r r o r  might t e n d  t o  b e  random, wh i l e  t h e  
d i s s i p a t i v e  term i s  always a d d i t i v e .  
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x/R, = 40; 15" sphere- 

The e f f e c t  o f  t h i s  d i f f e r e n c e  approximation i s  i l l u s t r a t e d  i n  f i g u r e  8 
f o r  a 15O sphere-cone a t  zero angle  of a t t a c k .  
d i s t r i b u t i o n  i n  t h e  shock l a y e r  a t  a s t a t i o n  40 nose r a d i i  downstream from 
t h e  s t a g n a t i o n  p o i n t .  

The f i g u r e  shows t h e  d e n s i t y  

Ca lcu la t ions  by t h e  p r e s e n t  method are compared wi th  t h e  method of 
r e fe rence  28  which a c c u r a t e l y  determines t h e  d e n s i t y  d i s t r i b u t i o n  i n  axisym- 
m e t r i c  flow by t h e  use o f  a s t ream f u n c t i o n .  
o r d e r  smoothing a r e  shown i n  f i g u r e  8 by t h e  broken l i n e s  for 15 and 20 mesh 
p o i n t s .  I t  i s  seen  t h a t  t h e s e  curves d i f f e r  from t h e  more exact  r e s u l t  only 
where t h e  second d e r i v a t i v e ,  a2p /aq2 ,  i s  l a r g e ,  and t h a t  t h e  e r r o r  decreases  as 
t h e  mesh i s  r e f i n e d .  
p o i n t s  a r e  shown by t h e  symbols. The c a l c u l a t i o n s  appear t o  b e  u n s t a b l e  
without  smoothing. 

P resen t  r e s u l t s  w i th  second- 

Resu l t s  ob ta ined  without  smoothing and wi th  15 mesh 

I t  i s  emphasized t h a t  t h e  need €or smoothing arises only when t h e  
computational mesh i s  coa r se  r e l a t i v e  t o  t h e  d e t a i l s  o f  t h e  flow f i e l d .  
i ence  i n d i c a t e s  t h a t  t h e  smoothing can b e  e l i m i n a t e d  i f  t h e  mesh i s  r e f i n e d  
s u f f i c i e n t l y .  T h i s ,  however, i s  n o t  p r a c t i c a l  i n  three-dimensional problems 
where computation t i m e  and computer s t o r a g e  l i m i t a t i o n s  a r e  important  f a c t o r s .  
Therefore  t h e  proposed smoothing scheme provides  a means f o r  o b t a i n i n g  meaning- 
f u l  r e s u l t s  w i th  a r e l a t i v e l y  coa r se  mesh of p o i n t s .  

Exper- 

Discontinuous d e r i v a t i v e s  .- The p o s s i b i l i t y  o f  d i s c o n t i n u i t i e s  i n  
supe r son ic  flows p r e s e n t s  a s e v e r e  t e s t  f o r  a numerical  c a l c u l a t i o n .  With t h e  
p re sen t  numerical method, c h a r a c t e r i s t i c  l i n e s  are n o t  followed and some smear- 
i n g  of t h e  d i s c o n t i n u i t i e s  w i l l  occur  because o f  t h e  i n t e r p o l a t i o n  f o r  d a t a  on 
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Curve xb/R, t h e  i n i t i a l  d a t a  l i n e .  This problem 
@ 0.4i5 .450 w a s  t h e r e f o r e  i n v e s t i g a t e d  and i t  was 
0 .505 found t h a t  t h e  proposed method does 
@ ~ 4 5  prov ide  an a c c u r a t e  r e s o l u t i o n  o f  known 

flow d e t a i l s  ob ta ined  with a s t a n d a r d  
0 .735 method o f  c h a r a c t e r i s t i c s  f o r  axisym- 

m e t r i c  flow (ref .  29) .  

@ ,605 
@ 670 

Discontinuous d e r i v a t i v e s  ar ise  
p r i m a r i l y  on t h e  body s u r f a c e  a t  p o i n t s  
where t h e  s u r f a c e  cu rva tu re  i s  no t  

30 a n a l y t i c .  A s  an example, f i g u r e  9 
shows a map o f  t h e  p r e s s u r e  i n  t h e  

f o r  a b l u n t e d  cone a t  5" angle  o f  

s u r e  v a r i a t i o n  along a body normal, n ,  
between t h e  body and t h e  shock wave. 
The o r i g i n  f o r  each l i n e  i s  d i s p l a c e d  
i n  p r o p o r t i o n  t o  t h e  x coord ina te  o f  
t h e  body p o i n t  s o  t h a t  t h e  c i r c u l a r  
symbols r e p r e s e n t  t h e  a c t u a l  s u r f a c e -  
p r e s s u r e  d i s t r i b u t i o n .  The s u r f a c e  
p r e s s u r e  dec reases  uniformly on t h e  
s p h e r i c a l  nose u n t i l  t h e  sphere-cone 
j u n c t u r e  i s  reached,  a t  
where t h e  p r e s s u r e  g r a d i e n t ,  ap/as ,  
changes a b r u p t l y .  The d i s c o n t i n u i t y  

f i e l d  a long a Mach wave. 
mate p o s i t i o n  of t h e  wave is  i n d i c a t e d  
by t h e  arrows.)  
cons t an t  behind t h e  wave and v a r i e s  
according t o  t h e  blunt-nose flow ahead 

mals, q ;  30" sphere-cone, M_ = 10, a = 5 " .  of t h e  wave. The curves t h e o r e t i c a l l y  
A s  seen i n  t h e  f i g u r e ,  t h e  curves 

- 40 
Pa) 

v i c i n i t y  o f  t h e  sphere-cone j u n c t u r e  
0 0  0 0  0 0 0 .2 .4 .6 .8 1.0 
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Figure 9 . -  pressure distribution on surface nor- 

should have a discont inuous s l o p e  t h e r e ,  
are only s l i g h t l y  rounded by t h e  q u a d r a t i c  i n t e r p o l a t i o n  p r e s e n t l y  employed. 

RESULTS AND DISCUSSION 

Many numerical s o l u t i o n s  have been ob ta ined  wi th  t h e  desc r ibed  method of 
c h a r a c t e r i s t i c s ,  and t h e s e  r e s u l t s  compare f avorab ly  with o t h e r  publ ished 
works (see,  r e f .  1 3 ) .  Presented i n  t h i s  s e c t i o n  are t h e  d e t a i l s  of a t y p i c a l  
c a l c u l a t i o n  f o r  a 15" sphere-cone a t  10" angle  of a t t a c k  and a Mach number 
of 10. 
t e s t  of  t h e  theo ry .  
i l l u s t r a t e d  and compared wi th  p r e d i c t i o n s  of p e r t u r b a t i o n  methods f o r  small 
angles  of a t tack.  
po in t ed  cone s o l u t i o n ,  which i s  desc r ibed  f i rs t .  

This i s  considered t o  be s u f f i c i e n t l y  n o n l i n e a r  t o  provide a good 
The dominant three-dimensional f e a t u r e s  of t h e  flow are 

Bluntness e f f e c t s  are i l l u s t r a t e d  by comparison with a 
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Poin ted  Cone 

The s o l u t i o n  f o r  a p o i n t e d  15" cone a t  a Mach number o f  10.6 and 10" 
angle  o f  a t t a c k  i s  p r e s e n t e d  i n  t a b l e  111. 
0 = cons tan t ,  are t h e  shock ang le s ,  0 and 6 .  Below t h e  shock angles  a r e  
t a b u l a t e d  t h e  x , r  coo rd ina te s  o f  each mesh p o i n t  running from t h e  shock t o  
t h e  body and t h e  corresponding flow v a r i a b l e s  a t  t h o s e  p o i n t s ,  as l a b e l e d .  
The q u a n t i t y  M* i s  t h e  component o f  Mach number de f ined  by t h e  Mach angle  
p* i n  equat ion (53) .  Remaining v a r i a b l e s  are de f ined  i n  t h e  l i s t  o f  

L i s t e d  f o r  each p l a n e ,  

symbols. 

This  c o n i c a l  s o l u t i o n  was ob ta ined  wi th  a coord ina te  mesh c o n s i s t i n g  o f  
9 meridional p l anes  and wi th  11 p o i n t s  on each p l a n e .  Second-order smooth- 
i n g  was used on t h e  d e n s i t y  p and t h e  crossflow ang le  $ (smooth cons t an t  
k = 1 ) .  I n i t i a l  d a t a  f o r  t h e  p r e s e n t  case were ob ta ined  from a previous 
s o l u t i o n  a t  M = 7 which agreed wi th  t h e  t a b u l a t e d  r e s u l t s  of r e f e r e n c e  11. 
The f r ee - s t r eam Mach number w a s  changed from 7 t o  10 and t h e  computation w a s  
c a r r i e d  downstream u n t i l  t h e  flow r e l a x e d  t o  t h e  new c o n i c a l  s o l u t i o n .  This 
was accomplished i n  a number of s t a g e s ,  w i th  each s t a g e  c o n s i s t i n g  of a com- 
p u t a t i o n  from 
i n i t i a l  d a t a .  

x = 0 . 8  t o  1 . 0 ,  u s ing  t h e  ou tpu t  o f  t h e  previous s t a g e  as 

Final Starling 

I9t 1 ,O = 0" (leeward) i- 
I /  q 6 I 

I I 1 

0 .2 .4 .6 .8 1.0 
I/N 

I 
i 

Figure 10.- Relaxation of conical solution a f t e r  
N stages of  calculation from x = 0.8 t o  
x = 1 . 0 ;  15" cone, M_ = 10.6, a = 10". 

The accuracy o f  t h e  s o l u t i o n  i s  
i n d i c a t e d  by f i g u r e  10 which shows 
t h e  shock ang le  i n  t h r e e  meridional  
p l anes  as a f u n c t i o n  o f  t h e  r e c i p r o c a l  
of t h e  number o f  s t a g e s .  I t  i s  seen  
t h a t  t h e  approximate s t a r t i n g  condi- 
t i o n s  cause t h e  shock angles  t o  change 
ab rup t ly  i n  t h e  f i rs t  s t a g e  wi th  a 
slow decay t o  a l i m i t i n g  va lue  as 1/M 
tends t o  zero.  Conditions on t h e  Pee 
s i d e  a r e  s lowest  t o  approach a l i m i t .  
The shock angle  a t  @ = 0 r epea ted  t o  
an accuracy of 
t h e  l a s t  s t a g e  of c a l c u l a t i o n  and 
r epea ted  t o  an accuracy of l ~ l O - ~  
du r ing  t h e  l a s t  s t e p  of t h e  t e n t h  
s t a g e .  

Aa/o = 0 . 4 5 ~ 1 0 - ~  i n  

The main f e a t u r e s  of t h i s  c o n i c a l  flow w i l l  b e  i l l u s t r a t e d  i n  conjunct ion 
wi th  t h e  b l u n t e d  cone r e s u l t s  desc r ibed  nex t .  

S p h e r i c a l l y  Blunted Cone 

The c a l c u l a t i o n  f o r  a s p h e r i c a l l y  b l u n t e d  cone wi th  a 15" semivertex 
angle  i n  a i r  (y = 1.4) at 
each p l ane .  
o f - a t t a c k  s o l u t i o n  when 
s o l u t i o n s  p re sen ted  . 

M, = 10 used 7 meridional  p l anes  wi th  15 p o i n t s  i n  
Second-order smoothing, k = 1, w a s  employed f o r  t h e  10" angle- 

x/R, > 10; no smoothing w a s  necessa ry  f o r  t h e  o t h e r  
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Figure  1 2 . -  Shock t r a c e  on body-normal s u r f a c e s ;  
15' sphere-cone ,  Mm = 10, a = 10". 

Rn 
0. deg 

Figure  11.- Shock trace on mer id iona l  p l a n e s ;  
15' sphere-cone ,  Mm = 10,  a = 10" .  

The shock p r o f i l e s  i n  t h r e e  meridional  p l anes  are shown i n  f i g u r e  11 f o r  
a cone l eng th  of 20 nose r a d i i .  Also shown on t h e  f i g u r e  are t h e  po in ted -  
cone shock p o s i t i o n s  which t h e  blunt-cone shock must approach as 
l a r g e .  The small d i f f e r e n c e  i n  t h e  Mach number o f  t h e  two s o l u t i o n s  of 10 
t o  10.6 does n o t  s i g n i f i c a n t l y  a f f e c t  t h e  comparison. It i s  observed t h a t  
t h e  shock qu ick ly  approaches t h e  pointed-cone shock f o r  
while  it does no t  appear t o  approach t h e  p o i n t e d  l i m i t  on t h e  l e e  s i d e ,  
4, = 0 " .  
f e r e n t i a l  shock shape f o r  s e v e r a l  a x i a l  s t a t i o n s .  The slow decay on t h e  l e e  
s i d e  i s  evidenced by t h e  hump i n  t h e  p r o f i l e  n e a r  

X/Rn g e t s  

@ = 90" and @ = 180", 

This i s  f u r t h e r  i l l u s t r a t e d  i n  f i g u r e  1 2 ,  which shows t h e  circum- 

@ = 0. Note t h a t  t h e  x 

8L.l I . I  1 I 1 . I  I I 1 
0 2 4 6 8 IO  12 14 16 18 2 0  

X 

G 
Figure  13.- Shock a n g l e s  i n  mer id iona l  p l a n e s ;  

15" sphere-cone ,  Mm = 10,  a = IO". 

coord ina te  i s  n o t  cons t an t  on t h e  shock 
t r a c e s  shown, because t h e  shock r a d i a l  
p o s i t i o n  i s  measured a t  i t s  i n t e r s e c t i o n  
wi th  a cone normal t o  t h e  body s u r f a c e  
( s e e  ske tch  i n  f i g .  1 2 ) .  

The a x i a l  d i s t r i b u t i o n  o f  shock 
angle  i s  shown i n  f i g u r e  13. On t h e  
windward p l a n e ,  @ = 180", t h e  angle  
reaches a minimum va lue  o f  13.744" a t  
x/Q = 3.89. 
angle  has  n o t  reached a minimum by 
x/Rn = 20 and i s  s t i l l  w e l l  above t h e  
pointed-  cone va lue  a t  tha.t p o i n t .  

On t h e  leeward p l a n e  t h e  

I n  a three-dimensional  flow t h e  
s t r e a m l i n e s  g e n e r a l l y  flow ac ross  t h e  
meridional  p l anes  as a r e s u l t  of t h e  
asymmetrical p r e s s u r e  d i s t r i b u t i o n .  
This  crossf low i s  desc r ibed  i n  terms o f  
t h e  angle  (J which i s  r e l a t e d  t o  t h e  
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Figure 14.- Axial distribution of surface cross-  

flow angle; 15' spherc-cone, M_ = 10, 
a = 100, 0 = g o o .  

f a m i l i a r  crossflow v e l o c i t y  according 
t o  @ = s i n - l  ( w / V ) .  Figure 14 shows 
t h e  a x i a l  d i s t r i b u t i o n  of crossf low 
angle  along t h e  s i d e  meridian @ = 90".  
The crossflow angle  is  a minimum a t  t h e  
sphere-cone j u n c t u r e  and then  r i s e s  t o  
a maximum va lue  about 2 . 4  t imes t h e  
angle of a t t a c k .  Thus, t h e  s u r f a c e  
upwash f o r  b l u n t e d  bodies  can b e  g r e a t e r  
than t h e  maximum va lue  of 2ci given by 
slender-body t h e o r y ,  which a p p l i e s  t o  
po in t ed  bodies  a t  low supe r son ic  speeds.  
I t  i s  i n t e r e s t i n g  a l s o  t o  compare t h e  
r e s u l t  of t h e  l i n e a r i z e d  c h a r a c t e r i s t i c s  

30 I -1 

40 
Ltneorized(Ref. 13) 

20 

Three dimensional 

0 2 0  40 60 80 I O 0  120 140 160 I80 
0- deg 

Figurc 15.- Circumfcrent ial distribution of 
surface crossflow angle; 15" sphere-cone, 
Mm = 10, = loo. 

method ( r e f .  15) which i s  i n  good agreement nea r  t h e  nose.  Agreement extends 
t o  about X/Rn = 10, where t h e  l i n e a r  method s tar ts  t o  break down. 

The reason f o r  t h e  breakdown is  ev iden t  i n  f i g u r e  15 which shows t h e  
c i r c u m f e r e n t i a l  v a r i a t i o n  of @ f o r  ci = 10" a t  va r ious  a x i a l  s t a t i o n s .  Near 
t h e  nose t h e  v a r i a t i o n  i s  n e a r l y  s i n u s o i d a l ,  as assumed i n  t h e  l i n e a r i z e d  
method. However, t h e  exac t  three-dimensional  c a l c u l a t i o n s  show a l a r g e  
d e v i a t i o n  from t h e  s i n u s o i d a l  v a r i a t i o n  beyond x/Rn = 10. 

Figure 16 shows t h e  v a r i a t i o n  o f  crossf low angle  normal t o  t h e  body. 
The curve f o r  
shock, n/vs = 1, b u t  d e v i a t e s  by a l a r g e  amount n e a r  t h e  body. This i s  due 
t o  t h e  low d e n s i t y  of t h e  flow i n  t h e  entropy l a y e r  which i s  generated n e a r  
t h e  body s u r f a c e  by t h e  b l u n t  nose.  The flow i n  t h i s  r eg ion  has l e s s  momen- 
tum t h a t  t h a t  away from t h e  s u r f a c e ,  and i s  t h e r e f o r e  t u r n e d  more by t h e  c i r -  
cumferent ia l  p r e s s u r e  g r a d i e n t .  The s i t u a t i o n  i s  analogous t o  boundary-layer 

xb/Rn = 20 approaches t h e  pointed-cone s o l u t i o n  n e a r  t h e  
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Figure 16.- Radial distribution of crossflow 
angle; 15' sphere-cone, bl_ = 10, a = l o " ,  
0 = 9 0 " .  
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Figure 18.- f lad in l  distribution of dcnsity; 
xB/Iln = 16.7; 15" sphere-conc, &lm = 10, 
11 = i o " .  
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Figure 17.- Radial distribution of static pres su re ;  
xg/Rn = 16.7, 15" sphere-cone, M_ = 10, u = 10" .  

flow over  an i n c l i n e d  body.7 Therefore ,  
because o f  t h e  entropy l a y e r ,  t h e  b l u n t -  
cone crossf low does not  approach t h e  
pointed-cone d i s t r i b u t i o n  uniformly. 

The entropy l a y e r  i s  c h a r a c t e r i z e d  
by a n e a r l y  cons t an t  p r e s s u r e ,  as i s  
shown i n  f i g u r e  17. On t h e  o t h e r  hand, 
t he  d e n s i t y  v a r i e s  s t r o n g l y  on t h e  wind- 
ward s i d e  o f  t h e  body as may b e  seen i n  
f i g u r e  18 f o r  xb/Rn = 16.7.  The t h i c k -  
ness o f  t h e  entropy l a y e r  may b e  taken 
as t h e  d i s t a n c e  t o  t h e  p o i n t  where t h e  
d e n s i t y  has  a l o c a l  maximum. This 
entropy l a y e r  i s  s imilar  t o  t h a t  found 
i n  axisymmetric flow except t h a t  i t  
develops f a s t e r  ( i . e . ,  c l o s e r  t o  t h e  
nose) on t h e  windward s i d e  and more 
slowly on t h e  l e e  s i d e  of t h e  body. 
Smoothing, which was used t o  s t a b i l i z e  

t h e  c a l c u l a t i o n ,  causes t h e  peak i n  d e n s i t y  t o  be rounded o f f .  A t h e o r e t i c a l  
maximum f o r  = 180" can be c a l c u l a t e d  by us ing  t h e  entropy corresponding t o  
t h e  minimum shock angle  and by making use of t h e  f a c t  t h a t  t h e  p r e s s u r e  i s  
n e a r l y  cons t an t .  The t h e o r e t i c a l  maximum i s  about 15 pe rcen t  h i g h e r  than t h e  
c a l c u l a t e d  va lue .  I t  i s  e s t ima ted  t h a t  t h e  smoothing had n e g l i g i b l e  e f f e c t  on 
t h e  d e n s i t y  and crossf low angle  f o r  rl/qS g r e a t e r  t han  about 0 . 3  ( see  f i g ,  8 ) .  

~ . ~ -. . .  . .  . .  . .  I .~ . . 
7Comparison i s  made i n  r e fe rence  1 4  between i n v i s c i d  and experimental  

(viscous)  s u r f a c e  s t r e a m l i n e s .  
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Comparison With Experiment 

De ta i l ed  experimental  surveys o f  t h e  flow f i e l d  around b l u n t e d  cones 
have been p rev ious ly  r e p o r t e d  by Cleary ( r e f s .  30 and 31) .  Experimental 
r e s u l t s  from r e f e r e n c e  30 are used t o  compare with t h e  p r e s e n t  t h e o r e t i c a l  
r e s u l t s  i n  o r d e r  t o  confirm t h e  v a l i d i t y  o f  t h e  proposed numerical methods. 
More complete comparisons between theory and experiment can be found i n  
r e fe rences  31 and 14,  f o r  both a i r  and helium f lows.  

.61 I I I I I I I I r--I 

0 = 1800 Experiment (Ref. 30) 
Vmrb/vm = 0.6 X IO6 

(0 = 180") 0 I 

L+.++ 
2 4 6 8 I O  12 14 I6 18 20 (" = 0" )  

x /R, 

F igure  1 9 . -  Su r face  p r e s s u r e  d i s t r i b u t i o n ;  15" 
sphere-cone ,  M_ = 10 ,  a = 10" .  

F igure 19 p r e s e n t s  t h e  s u r f a c e  
p r e s s u r e  d i s t r i b u t i o n  along each of t h e  
7 meridional  planes along which t h e  
c a l c u l a t i o n s  were made. Theory and 
experiment a r e  i n  e x c e l l e n t  agreement 
although t h e  experimental  d a t a  tend t o  
b e  s l i g h t l y  above t h e  theo ry .  This i s  
c o n s i s t e n t  w i th  t h e  usua l  boundary- 
l a y e r  displacement e f f e c t .  A t  
x/Rn = 20 t h e  blunt-cone p r e s s u r e  is  
very n e a r l y  equal  t o  t h e  pointed-cone 
va lue  shown on t h e  f a r  r i g h t  of 
f i g u r e  19. 

Flow p r o p e r t i e s  o f f  t h e  body 
s u r f a c e  a r e  most e a s i l y  s t u d i e d  
experimental ly  by means of t h e  impact 
o r  p i t o t  p r e s s u r e ,  as shown i n  f i g -  
u re  20 .  The p i t o t - p r e s s u r e  d i s t r i b u t i o n  
normal t o  t h e  body i s  p resen ted  f o r  a l l  
7 meridional  planes and f o r  an a x i a l  
s t a t i o n  of xb/Rn = 16 .7 .  The theory 
extends a l l  t h e  way t o  t h e  shock i n  
each case ,  while  t h e  d a t a  do n o t ,  except  
f o r  @ = 60" and @ = 150" where expe r i -  
mental shock p o s i t i o n s  a r e  i n d i c a t e d  by 
a s h a r p  drop i n  p r e s s u r e .  

I n  t h e  viscous boundary l a y e r  t h e  p i t o t  p r e s s u r e  i s  low, going t o  zero a t  

On t h e  remain- 
t h e  body s u r f a c e .  Evidence o f  a very t h i c k  viscous l a y e r  i s  i n d i c a t e d  by t h e  
experimental  d a t a  f o r  t h e  l e e  s i d e  of  t h e  body, @ = 0 and 30". 
i n g  meridional p l anes  t h e  boundary l a y e r  i s  very t h i n .  The entropy l a y e r  i s  
c l e a r l y  i n d i c a t e d  i n  t h e  experimental  d a t a  by t h e  peak i n  t h e  p i t o t  p r e s s u r e  
j u s t  o f f  t h e  windward s i d e  of t h e  body. The theory unde rp red ic t s  t h e  peak 
value because of t h e  p rev ious ly  desc r ibed  smoothing employed i n  t h e  c a l c u l a -  
t i o n .  A t h e o r e t i c a l  maximum of C = 9 . 0 3  f o r  @ = 180" i s  determined by t h e  

use o f  t h e  t o t a l  p r e s s u r e  a t  t h e  c a l c u l a t e d  minimum shock angle  ( f i g .  1 3 ) .  
PP 
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Figure 20.- Shock-layer pitot-pressure distribution; 15" sphere-cone, M_ = 10, 
a = lo", xB/R, = 16.7. 

Aside from t h e  noted d i f f e r e n c e s  due t o  t h e  boundary l a y e r  and t h e  entropy 
l a y e r ,  t h e  proposed numerical method appears t o  g i v e  an adequate p r e d i c t i o n  
of shock- l a y e r  p r o p e r t i e s .  

CONCLUDING REMARKS 

C h a r a c t e r i s t i c s  t heo ry  f o r  three-dimensional  s t e a d y  flow was reviewed and 
t h e  c o m p a t i b i l i t y  equat ions were de r ived  i n  terms of p r e s s u r e  and s t ream 
angles  as dependent v a r i a b l e s .  I t  was argued t h a t  t h e  major p r a c t i c a l  d i f -  
f i c u l t y  encountered i n  b i c h a r a c t e r i s t i c  methods r e s u l t s  from t h e  need f o r  
numerical d i f f e r e n t i a t i o n  and i n t e r p o l a t i o n  of randomly spaced d a t a .  Fu r the r -  
more, i t  was observed t h a t  shock-layer  coord ina te s  are e s s e n t i a l  t o  a simple 
t r ea tmen t  of c i r c u m f e r e n t i a l  d e r i v a t i v e s  on t h e  shock s u r f a c e ,  A r e fe rence  
plane method was t h e r e f o r e  adopted i n  which an equal  number o f  p o i n t s  a r e  
equa l ly  spaced between t h e  body and shock along each r e f e r e n c e  p l ane .  This 
mesh in t roduces  t h e  added complication of nonorthogonal coord ina te s  i n t o  t h e  
equat ions bu t  a l lows t h e  use of s imple r  numerical t echn iques .  

With t h e  c o n s t r a i n t  of a uniformly spaced mesh, p a r t i c u l a r  c h a r a c t e r i s t i c  
l i n e s  a r e  not  followed as i n  more s t anda rd  c h a r a c t e r i s t i c s  methods. The 
r o l e  of c h a r a c t e r i s t i c s  theory i n  t h e  r e f e r e n c e  p l ane  method i s  t o  determine 
how t h e  f i n i t e  d i f f e r e n c e  equat ions a r e  t o  b e  l o c a l l y  so lved .  Since t h e  
c h a r a c t e r i s t i c s  a r e  no t  t r a c e d  throughout t h e  shock l a y e r ,  t h e  p o s s i b l e  
coalescence of waves t o  form embedded shocks i s  n o t  determined during t h e  
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c a l c u l a t i o n .  However, c h a r a c t e r i s t i c  l i n e s  can b e  t r a c e d  a f t e rward ,  from t h e  
numerical s o l u t i o n .  Neglect ing embedded shocks i s  no t  a s e r i o u s  de f i c i ency  
s i n c e  t h e  c a l c u l a t i o n s  are c o r r e c t  f o r  weak shocks (entropy r i s e  be ing  t h i r d -  
o r d e r  i n  t h e  d e f l e c t i o n  a n g l e ) .  I n  s i t u a t i o n s  where s t r o n g  shocks a r e  sus -  
pected o r  known t o  occur  (such as on f l a r e d  bodies)  s p e c i a l  t r ea tmen t  would 
be r e q u i r e d  j u s t  as i n  s t a n d a r d  two-dimensional methods. 

Resu l t s  f o r  t h e  three-dimensional  flow around i n c l i n e d  b l u n t e d  and 
po in ted  cones were p re sen ted  t o  demonstrate t h e  methods desc r ibed  and devel- 
oped i n  t h i s  paper .  
i l l u s t r a t e d  n o n l i n e a r  ang le -o f -a t t ack  e f f e c t s  on crossf low parameters .  
Major e f f e c t s  o f  b l u n t n e s s ,  which p e r s i s t  a t  l a r g e  d i s t a n c e s  from t h e  nose,  
were w e l l  p r e d i c t e d  by t h e  p r e s e n t  methods. 
p re s su res  were found t o  b e  i n  good agreement with a v a i l a b l e  experimental  
r e s u l t s  f o r  a 15" sphere-cone a t  10" angle  o f  a t t a c k .  

Comparisons wi th  a l i n e a r i z e d  c h a r a c t e r i s t i c  method 

P r e d i c t i o n s  of s u r f a c e  and p i t o t  

While p r e s e n t  examples were l i m i t e d  t o  bodies  o f  r e v o l u t i o n ,  t h e  methods 
a r e  not  s o  r e s t r i c t e d ,  be ing  g e n e r a l l y  a p p l i c a b l e  t o  smooth bodies  without  
a x i a l  symmetry. More complicated shapes t y p i c a l  o f  high-speed a i r c r a f t  w i l l  
r e q u i r e  a d d i t i o n a l  development, p r i m a r i l y  i n  t h e  a r e a  of s p e c i a l  boundary 
cond i t ions .  For example, i t  should b e  p o s s i b l e ,  w i th  s p e c i a l  t r ea tmen t  of t h e  
leading-edge boundary c o n d i t i o n ,  t o  c a l c u l a t e  t h e  flow ove r  wings wi th  
supe r son ic  l ead ing  edges.  F i n a l l y ,  while  t h e r e  a r e  no i n h e r e n t  l i m i t a t i o n s  i n  
angle  of a t t a c k ,  i t  is  c l e a r  t h a t  t h e  flow nea r  t h e  leeward meridian must 
become wake-like a t  a s u f f i c i e n t l y  l a r g e  i n c l i n a t i o n .  I n  t h i s  c a s e ,  i t  i s  
e s s e n t i a l  t o  i nc lude  t h e  e f f e c t s  of v i s c o s i t y  and p o s s i b l e  secondary shocks.  

Ames Research Center  
National Aeronautics and Space Adminis t ra t ion 

Moffet t  F i e l d ,  Cal i f .  , 94035,  J u l y  7 ,  1969 
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APPENDIX A 

DIRECTION COSINES FOR NONORTHOGONAL COORDINATES 

I n  t h e  d e r i v a t i o n  o f  t h e  c o m p a t i b i l i t y  equa t ions  f o r  t h e  r e f e r e n c e  p l ane  
method it was necessary t o  t ransform from s t r e a m l i n e  coord ina te s  t o  a non- 
orthogonal system c o n s i s t i n g  of s*, TI, and 5. The d i r e c t i o n  s* is  t h e  
p r o j e c t i o n  o f  t h e  s t r e a m l i n e  on t h e  meridional  p l a n e ,  n runs from body t o  
shock i n  t h e  meridional  p l a n e ,  and 5 i s  t h e  out-of-plane d i r e c t i o n  ( see  
f i g .  3 ) .  This  t r ans fo rma t ion  i s  expressed as 

A ,. 
x = & * Z *  (All i i j  j 

where 

and 

,. A , . , .  

x = ( s , n , t )  i 

I t  i s  t h e  purpose o f  t h i s  appendix t o  w r i t e  ou t  t h e  expres s ions  f o r  t h e  
d i r e c t i o n  consines E:. . The a n a l y s i s  i s  made f o r  t h e  more gene ra l  E , n , <  
coo rd ina te s  and i s  la tkr  s p e c i a l i z e d  t o  t h e  case where 5 = s* .  

The d i r e c t i o n s  of t h e  nonorthogonal S,q,c coord ina te s  a r e  determined 
s t e p  by s t e p  during t h e  c a l c u l a t i o n  as t h e  shock shape i s  c o n s t r u c t e d  ( see  
s e c t i o n  on Computational Procedure) ,  When t h e  l o c a t i o n  o f  t h e  shock i s  known 
i n  terms of x , r , @ ,  t h e  l o c a t i o n s  of f i e l d  p o i n t s  between t h e  shock and body 
a r e  a l s o  determined by t h e  p r e s c r i b e d  spacing o f  t h e  p o i n t s  a long t h e  body 
normals. The d i r e c t i o n  cosines  can then b e  ob ta ined  by numerical d i f f e r e n t i -  
a t i o n  as descr ibed below. This process  i s  desc r ibed  f o r  t h e  shock wave b u t  
a p p l i e s  gene ra l ly  t o  each 5 curve.  

Let t h e  shock s u r f a c e  b e  given by 

The i n t e r s e c t i o n  o f  t h e  coord ina te  s u r f a c e  5 = cons tan t  with t h e  shock 
s u r f a c e  de f ines  a curved l i n e  i n  space (a 5 curve; s e e  f i g .  3 ) .  The x , r  
coordinates  of  t h i s  space curve depend on t h e  meridional  ang le ,  @ ,  and on 
the  body s t a t i o n ,  Xb, which l o c a t e s  t h e  5 = cons tan t  s u r f a c e .  For each body 
s t a t i o n  t h i s  dependence i s  denoted by 
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Equations (A3a) and (A%) d e f i n e  two angles  

1 % t a n  Ax = -- r d@ 
S 

1 drs 
t a n  A r  = -- r d@ 

S 

which can b e  eva lua ted  numerical ly .  

desc r ibed  i s  ?sed.)  I n  f i g u r e  2 1  t h e  
u n i t  v e c t o r  5 i s  r e l a t e d  t o  e 
through two r o t a t i o n s ,  t h e  f i r s t  r o t a -  
t i o n  by Ax and t h e  second by 6 .  
I t  may a l s o  b e  v e r i f i e d  from t h i s  f i g -  

6 er 
7 (The F o u r i e r  method p rev ious ly  

@ 
- 

E^ 
,, u r e  t h a t  
e, 

Shock surface 
r = rs ( x .  Q) 

- 
t a n  6 = - dr cos Ax r d@ 

and, by equat ion (A4), 

F i g u r c  21 . -  CoorJinatc  vectors  a n d  a n g l c s .  t a n  g = t a n  A r  cos Ax (A6) 

,. 
The remaining,.two uni t , .vectors  a r e  de f ined  by angles  
by X from e and 5 i s  r o t a t e d  by cr from ex .  Thus, one may w r i t e  

X and 0 ;  rl i s  r o t a t e d  

r 
,. ,. ,. 

5 = cos cr e + s i n  cr e (A71 X r 
,. h 

r) = - s i n  x e + cos A 
X r 

A 

The angle  
s p e c i f i e d .  I t  i s  u s u a l l y  s e l e c t e d  s o  t h a t  
The angles  0 and 6 
shaee,  and a t  t h e  body by t h e  given body shape.  
between t h e  body and shock, 0 and g 
x , r , Q  coord ina te s  o f  t h e  mesh p o i n t s .  These coord ina te s  a r e  known f o r  any 
s p e c i f i e d  mesh spac ing  once t h e  shock p o s i t i o n  is  determined. 

X ,  which determines t h e  d i r e c t i o n  of q ,  may be a r b i t r a r i l y  ,. 
i s  normal t o  t h e  body s u r f a c e .  

a r e  determined a t  t h e  shock by t h e  c a l c u l a t e d  shock 
A t  i n t e rmed ia t e  p o i n t s  

can be s i m i l a r l y  c a l c u l a t e d  from t h e  

I t  must b e  noted,  however, t h a t  6 i s  d i s t i n c t  from t h e  angle  6 which 
i s  used i n  t h e  shock cond i t ions  developed i n  appendix E .  
is  found t h a t  

From f i g u r e  2 1  i t  

o r  

d r  - dx t a n  0 

r d@ t a n  6 = - - -  

t a n  6 = t a n  A r  - t a n  0 t a n  Ax 1 - 
When 6 i s  chosen t o  b e  normal t o  t h e  body a x i s ,  Ax = 0 and 6 = 6 .  
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n . . n  

Having s p e c i f i e d  t h e  d i r e c t i o n s  of 5 , n  ,C by equa t ions  (A7) , (A8) , and 
(A9), t h e  t a s k  of determining " f j  , appearing i n  equa t ion  (Al) , can now b e  
completed. Equations (A7) , (A8) , and (A9) are more convenient ly  w r i t t e n  with 
index n o t a t i o n  as 

n - A  

z = v  x i i j  j 

where 
cos (5 s i n  (5 0 

- s i n  X cos A 0 
" i j  
- = (  cos i s i n  A X  s i n  cos 6 cos Ax 

The i n v e r s e  t r ans fo rma t ion  may b e  w r i t t e n  

h n 

i j ' j  x. = v 
1 

where 

-1  - 
v i j  = (Vij) 

Although t h e  ma t r ix  i n v e r s i o n  can b e  performed numer i ca l ly ,  f o r  t h i s  problem 
it i s  more e f f i c i e n t  t o  do t h e  a lgeb ra  beforehand,  oncehand f o r  a l l .  This i s  
done by t a k i n g  scalar  - products  - of equa t ion  (All)  w i th  Xj t o  o b t a i n  terms 
l i k e  z 1  - X1 = v11, 2 1  * R2 = v12, and so on. On t h e  o t h e r  hand, t h e  s c a l a r  
products  of equat ion (A13) wi th  2 g ive  expres s ions  such as 

j 
h n n n n 

. x1 = v11 + v12(5 17) -I- v13(5 * 5). 

i2 - i 1  = v& * i) + VI2 + V l 3 ( f i  - a 
and s o  on.  
v i j .  
w r i t t e n  as ( s e e ,  e . g . ,  r e f .  18) 

I n  t h i s  way, one o b t a i n s  n i n e  equa t ions  f o r  t h e  n ine  unknowns 
The s o l u t i o n  of t h i s  s e t  o f  equat ions by Cramer's r u l e  can b e  formally 

- 
v f  

D 
Z i  Z j  v =  i j  



where 

f = f  Z j  j Z  

and t h e  determinant D i s  given by 

A A  

D = 1 - (6 * i)2 - (i - ;)2 - (i - ;)’ - 2 ( i  * i)( i  - C ) ( n  * t )  (A16) 

Equation (A14) provides  t h e  d i r e c t i o n  cos ines  between S , n  ,c and 
x , r , @  coord ina te s .  The corresponding r e l a t i o n s h i p s  wi th  s , n , t  coo rd ina te s  
are obtained by use  of equa t i9ns  57) , A  ( 8 ) ’  and (9) which express  t h e  stream- 
l i n e  d i r e c t i o n s  i n  terms of e e e and may b e  w r i t t e n  x’ r J  CP 

where 

COS + COS e cos + s i n  0 s i n  + 
- s i n  0 COS e 

- s i n  + cos 0 - s i n  + s i n  0 cos 0 

The s u b s t i t u t i o n  of equat ion (A13) i n t o  (A17) y i e l d s  

A A 

x -  i - ‘ik’k 

where E .  i s  ob ta ined  from l k  

Eik = T i j V j k  

Equation (A20) g ives  t h e  d i r e c t i o n  cos ines  between € , , n , ~  and s , n , t  coo rd i -  
n a t e s .  The e x p l i c i t  expressions f o r  t h e s e  d i r e c t i o n  cos ines  a r e  involved,  s o  
t h e  f i n a l  combination of terms i n d i c a t e d  by equat ion - (A20) i s  l e f t  f o r  t h e  
computer. The procedure is as fo l lows .  The ma t r ix  v i j ,  def ined by (A121, i s  
c a l c u l a t e d  with equat ions (A4), (AS), and (A6). The va r ious  scalar products  
i n  equat ions (A15) and (A16) a r e  c a l c u l a t e d  from 
i s  then  c a l c u l a t e d  from equat ion (A14). F i n a l l y ,  Eik i s  determined from 
equat ions (A18) and (A20). 

V i j ,  and t h e  ma t r ix  v i j  

The procedure desc r ibed  a p p l i e s  t o  gene ra l  nonorthogonal coord ina te s  
S , r l , < .  
5 d i r e c t i o n  i s  t h e  s t r e a m l i n e  p r o j e c t i o n  s * .  I n  t h i s  case, equa t ion  (A9) i s  
r ep laced  by 
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The t r ans fo rma t ion  used i n  equat ion (36) i s  a s p e c i a l  case where t h e  



i*  = cos e + s i n  0 G 
X r 

Then t h e  subsequent r e l a t i o n s  w i l l  b e  modified acco rd ing ly  and t h e r e  i s  
obtained 

E" = T * 
i k  i j ' jk 

which determines t h e  d e s i r e d  t r ans fo rma t ion  r e l a t i o n s h i p  i n d i c a t e d  by 
equat ion ( A l )  . 
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APPENDIX B 

SHOCK-BOUNDARY CONDITIONS FOR THREE-DIMENSIONAL FLOW 

Con2ider an elemental  p o r t i o n  of t h e  shock s u r f a c e  with an o u t e r  u n i t  
normal N ,  as shown i n  f i g u r e  22 ,  and wizh u n i t  v e c t o r s  ? and completing 
an orthogonal s e t .  The tangent  v e c t o r  T can be chosen such t h a t  t h e  N-T 

plane is  p a r a l l e l  t o  t h e  d i r e c t i o n  of t h e  
f r ee - s t r eam v e l o c i t y .  This  choice w i l l  
permit eva lua t ion  o f  t h e  jump cond i t ions  

./- i n  t h e  N-T plane with two-dimensional 
shock r e l a t i o n s .  Let zm be a u n i t  vec- 

cl, ; ‘ ” ‘ A X  t o r  p a r a l l e l  t o  t h e  f r ee - s t r eam v e l o c i t y  
v e c t o r  and with components 

yP yf.- k “~ -, 
I f ”  

c.- 
_ d l  ~ 

h h h aQf”~* 
Figure  2 2 . -  Shock-wave normal and t angen t  

sw = cos c1 ex + s i n  ci cos @ e, 

(B1) @ 
v e c t o r s .  - s i n  ci s i n  Q 

i n  a c y l i n d r i c a l  coord ina te  frame. The d e s i r e d  tangent  v e c t o r  ?? can be 
cons t ruc t ed  from G m  and fi by means of two vec to r -  o r  c ros s -p roduc t s .  The 
f i r s t  product 

h h 

aL = x N (B2) 

produces a v e c t o r  p a r a l l e l  t o  f., and t h e  second product 

h h 

r e s u l t s  i n  a vec to r  which i s  normal t o  both N and L ,  and which l i e s  i n  t he  
s w - N  p l ane .  Tbe f a c t o r  a i n  equat ion (B2) is equal t o  t h e  s i n e  of  t h e  
angle  between sw and fi and may be eva lua ted  from t h e  s c a l a r  product 

h h 

b = sw * N = COS (sm,N) 

t o  g ive  

a = ,,/l - b2  = / l  - (gw - $2 

Combining equat ions (B2) and (B3) and expanding the  r e s u l t i n g  v e c t o r  t r i p l e  
product one o b t a i n s  

o r  

,. 1 ^  T = - [Nx(^S, x f i ) ]  a 

- 1  T = - ( g  - bN) a m  



I n  terms of components T,, Tr,  and TQ,, equat ion (B6) becomes 

Equation (B7) permits  e v a l u a t i o n  of t h e  t r u e  i n c l i n a t i o n  o f  t h e  shock s u r f a c e ,  
and t h e r e f o r e  allows t h e  jump cond i t ions  t o  be determined wi th  s t anda rd  p l a n a r  
shock r e l a t i o n s  (see, e . g . ,  r e f .  3 2 ) .  The angle  cr ' between and ? i s  
given by 

h h 

COS 0' = sa, - T 
o r  

+ s T  cos 0 '  = sxTx + srTr  C P Q ,  

In  the  fol lowing development 0' is  expressed i n  terms o f  two angles  
measured i n  t h e  c y l i n d r i c a l  coord ina te s .  

Let 0 be t h e  angle  between gx and t h e  t r a c e  o f  t h e  shock s u r f a c e  on 
t h e  plane @ = c o n s t a n t ,  and l e t  6 be t h e  angle  between eQ, and t h e  shock 

* 

t r a c e  on t h e  p l ane  x = cons tan t  as  i l l u s -  
t r a t e d  i n  f i g u r e  23. The shock angle  6 i s  
obtained by numerical d i f f e r e n t i a t i o n  as 
desc r ibed  i n  appendix A ( s ee  eq.  (A10) and 
f i g .  21) .  I t  i s  e a s i l y  v e r i f i e d  t h a t  t h e  f o l -  
lowing r e l a t i o n s  hold between t h e  angles  

"' 
N. 

e?. 

N = N cos 0 r m 

N = -N cos 0 t a n  6 (B11) Q, m 
.. 

x = Constant 
where Nm i s  t h e  p r o j e c t i o n  of N on t h e  
x - r  plane and s a t i s f i e s  t h e  r e l a t i o n  @ = Constant 

F i g u r e  2 3 . -  Shock a n g l e s .  
Nm2 + N = 1 

Q, 

S u b s t i t u t i o n  of N@ from equat ion (Bl l )  gives  
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and the  shock normal v e c t o r  may f i n a l l y  be w r i t t e n  i n  terms of CJ and 6 as 
* 

( - s i n  o e * + cos a Gr - cos o t a n  6 ea)  
A _ _  X N =  

41 + cos2 CJ tan' 6 

The t r u e  shock angle  can now be eva lua ted  i n  terms of  IS and 6 by equat ions 
(Bl ) ,  (B7), (BS), and (B13), and t h e  jump cond i t ions  can b e  c a l c u l a t e d .  

I t  i s  now necessary t o  determine t h e  flow angles 8 and (p measured 
r e l a t i v e  t o  t h e  meridional  p l a n e s .  

The s t r e a m l i n e  d i r e c t i o n ,  measured i n  
t h e  N-T p l ane  ( f i g .  24),  i s  tu rned  from t h e  

s t r e a m l i n e  tangent  G2 l i e s ,  by d e f i n i t i o n ,  i n  
t h e  N-T p l ane ,  one may write 

I f r e e  stream by t h e  angle 82'. Since t h e  

,. * * 
s2  = - s i n ( a '  - 0,')N + c o s ( a l  - 0,')T 

Figure 24.- Shock and flow angles in the 
n-t plane. 

Using equat ions (B7) and (B13), t h e  v e c t o r s  
o f  t h e i r  components t o  g ive  

and ? can be w r i t t e n  i n  terms 

: 2  = (ANx + BTX)gx + (AN, + BTr)er + (ma + BTa)ga (B15) 

where 

A = - s i n ( a '  - 8'1) 

B =  cos(^' - e,!) 

Equation (7) ,  on t h e  o t h e r  hand, g ives  s 2  i n  terms of  8 and 4 as 
fol lows : 

G 2  = cos $ 2  cos 0 2  ex + cos 4 2  s i n  0 2  G r  + s i n  $ 2  2., @16) 

Thus, by equat ing components of equat ions (B15) and (B16) one o b t a i n s  f i n a l l y  

- s i n ( o '  - e 2 ' ) N r  + cos (o '  - e2')Tr 

- s i n ( o '  - e2')Nx + c o s ( a '  - e21)Tx t a n  8 = (E3171 

and 

I f  f o r  given free-stream c o n d i t i o n s ,  p,, p,, V,, t h e  s t anda rd  p l a n a r  shock 
cond i t ions  are w r i t t e n  i n  t h e  form (see re f .  32):  

47 



t hen  t h e  equat ions  developed i n  t h i s  appendix al low t h e  three-dimensional  
shock condi t ions  t o  be  f u n c t i o n a l l y  w r i t t e n  as 

7 P = P(a;6,@,4 

This  is  t h e  form of t h e  shock condi t ions  employed i n  equat ion  (62) .  

The o v e r a l l  shock c a l c u l a t i o n  i s  performed i n  a s t r a i g h t f o r w a r d  i t e r a t i v e  
manner. This procedure i s  s t a r t e d  wi th  known f i e l d  d a t a ,  i nc lud ing  0 and 6 ,  
on an i n i t i a l  d a t a  s u r f a c e .  A shock po in t  on t h e  new d a t a  s u r f a c e  i s  
determined by t h e  average va lue  of  0 between t h e  i n i t i a l  and new shock 
p o i n t s ,  

- 
0 = 1/2(01 + 02) 

To begin ,  0 2  i s  s e t  equal  t o  01 and then  subsequent  e s t ima tes  a r e  made 
( e i t h e r  by t h e  Newton method o r  by t h e  b i s e c t i n g  method) u n t i l  t h e  p r e s s u r e  
from equat ion  (B20) agrees  wi th  t h e  p r e s s u r e  c a l c u l a t e d  from t h e  c o m p a t i b i l i t y  
equat ion  ( 5 7 ) .  During each i t e r a t i o n  t h e  c u r r e n t  va lue  o f  CJ = 0 2  and t h e  
o l d  va lue  of  6 = 61 a r e  used t o  determine t h e  t r u e  shock angle  CJ '  by 
equat ion  ( B 8 ) .  The p r e s s u r e  and o t h e r  v a r i a b l e s  are then  c a l c u l a t e d  from 
equat ions  (B19). When t h i s  has  been done f o r  a l l  t h e  shock p o i n t s  on t h e  
new d a t a  s u r f a c e ,  new va lues  f o r  S can be  determined by numerical  d i f f e r e n -  
t i a t i o n  with r e s p e c t  t o  0 as descr ibed  i n  appendix A .  The e n t i r e  process  
can then  be repea ted  t o  r e f i n e  t h e  r e s u l t s ;  t h i s  is  d i scussed  i n  t h e  s e c t i o n  
on Global I t e r a t i o n .  
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APPENDIX C 

SURFACE BOUNDARY CONDITIONS FOR BODIES WITHOUT A X I A L  SYMMETRY 

For nonc i r cu la r  bodies  t h e  s u r f a c e  boundary is  complicated by t h e  f ac t  
t h a t  t h e  s u r f a c e  normal i s  not  i n  t h e  mer id iona l  p l ane .  This  means t h e  
boundary cond i t ion  w i l l  involve  both  flow angles  8 and 4 .  ( In  terms o f  
v e l o c i t i e s ,  a l l  t h r e e  components, u ,  v ,  w ,  e n t e r  i n t o  t h e  c o n d i t i o k  s i n c e  
none of t h e  components are  p a r a l l e l  t o  t h e  body s u r f a c e . )  I n  t h i s  appendix 
t h e  boundary cond i t ion  f o r  8 ,  which was given p rev ious ly  i n  equat ion  (61a) ,  
is  de r ived  from t h e  tangency cond i t ion  on t h e  v e l o c i t y  v e c t o r .  

Let t h e  equat ion  o f  t h e  body be  given by 

g ( x , r , @ )  = r - f ( x , @ )  

The u n i t  o u t e r  normal t o  t h e  s u r f a c e  may be expressed 

where V i s  t h e  v e c t o r  g r a d i e n t  o p e r a t o r .  In  terms o f  c y l i n d r i c a l  
coord ina te s ,  one ob ta ins  

h 

N =  
I 

I (@ constant) 
( x  constant) 

Figure 25.- Surface inclination angles. 

The d e r i v a t i v e s  of f i n  equat ion  (C3) 
a r e  r e l a t e d  t o  t h e  s u r f a c e  i n c l i n a t i o n  

From equat ion  (7)  t h e  s t r eaml ine  d i r e c t i o n  i s  expressed  i n  terms o f  
flow angles  0 and cp 

< = cos cp cos e 2. + cos cp s i n  e 2 
X r + s i n  cp 
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The tangency c o n d i t i o n ,  
o f  equat ions (C3)  and ( C 6 ) .  This g ives  

- fi = 0 ,  may now be ob ta ined  from t h e  s c a l a r  product  

N cos + cos 0 + N .  cos + s i n  8 + N s i n  + = 0 (C7)  X r cp 

A h *  

where Nx,  N r ,  NQ are t h e  components of  along e,, e,, e@, and a r e  
i d e n t i f i e d  by equat ion ( C 3 ) .  Equation (C7)  may be w r i t t e n  as a q u a d r a t i c  
r e l a t i o n  i n  t a n  8 

(Nr2 - No2 t a n 2  + ) t a n 2  9 + 2NxNr t a n  0 + (Nx2 - Ncp2 t a n 2  +) = 0 (C8) 

The s o l u t i o n  is  

Rewriting equat ion (C9)  i n  terms of t h e  s u r f a c e  i n c l i n a t i o n  angles  given 
by equat ions (C4) and (CS),  one o b t a i n s  

( 1  - t a n 2  & Q  tan2 +) 

where t h e  p o s i t i v e  r o o t  is chosen s o  t h a t  0 is  decreased when $ < 0 and 
6@ ’ 0. 

Equations (ClO), (C4), and (C5)  determine t h e  flow angle  0 i n  terms o f  
t h e  crossflow angle  + and t h e  body geometry. I t  i s  e a s i l y  v e r i f i e d  t h a t  
f o r  zero crossf low,  (9 = 0 ,  equat ion ( C 1 0 )  reduces t o  

t a n  0 = t a n  6x 

which i s  t h e  usua l  cond i t ion  f o r  c i r c u l a r  b o d i e s .  
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TABLE I . -  EFFECT OF GLOBAL ITERATION ON SHOCK ANGLE 

[15" sphere-cone;  M = 10,  a = l o o ,  15 p o i n t s  and 7 p l anes ]  

(a )  C a l c u l a t i o n  from x/Rn = 2.0 t o  X/Rn  = 3.0 

.- . - . . . r I 
I t e r a t i o n s  

@, 1 
'lane' deg k d e g  a t  ' x / b  = 3.0 

120 

150 i 180 

29.0763 

27.6271 

23.7124 

18.8404 

15.5193 

14.2633 

13.9813 

29,0763 

27.6275 

23.7137 

18.8417 

15.5194 

14.2633 

13.9813 
. - .. 

(b) Ca lcu la t ion  from x/Rn = 10.0  t o  x/R, 

P lane ,  
@ ,  

deg 

0 

30 

60 

90 

120 

150 

180 

-- - I t e r a t i o n s  . _ _  
1 I . 

0 
~~. - . .. - 

cr,  deg a t  x/Rn = 11.0 

21.2083 

19.5249 

16.1617 

16.0245 

17.4741 

17.4404 

17.4416 
- -._ 

.- _ _ _ _ _  

21.2083 

19.5273 

16.1651 

16.0260 

17.4756 

17.4407 

17.4415 
-. - . . . - 

= 11.0  
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TABLE 11.- ACCURACY AND COMPUTING TIME 

[15" sphere-cone; M = 10, 01 = 10". C a l c u l a t i o n  from x/Rn = 2 t o  X / R n  = 3.1 

19.3114 

18.9847 

18.9138 

(a )  Shock a n g l e s  and s u r f a c e  p r e s s u r e  on @ = 90" p l a n e ,  X/Rn = 3 

1 

-10.3313 840.42 

-10.3961 861.15 

-10.4090 864.56 

[ P o i n t s  

J = 5  

J = 10 

J = 15 

19.5919 

18.9337 

18.8482 

-10.1783 

-10.5549 

-10.6017 

Uni t  
t ime,  t / N  

. .. 

(b) Computing t ime 

T o t a l  Time, Unit 

min 
p o i n t s  , 

t y  t ime , t / N  

P lanes  

K = 3  I K = 5  
i 
I 

P o i n t s  
T o t a l  Time, 

p o i n t s  , t , 
N min 

J = 5  

J = 10 

J = 15 

1 -  I 

90 0 .36  

420 .75 

1035 1.35 

853.39 18.8404 -10.6294 853.44 I 1  I I  

. 1 7 9 ~ 1 0 - ~ 1  700 11.17 I .167x10-* 

. 1 3 0 ~ 1 0 - ~ 1  1725 I 2.30 1 . 1 3 3 ~ 1 0 - ~  

K = 7  I 
T o t a l  Time, 

t i m e ,  t / N  
! ! 
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TABLE 111.- 15' POINTED CONE SOLUTION 

PERFECT GAS 
GAS CONSTANT = 0.1716OE 04 GAMMA = 0.140OOE 01 
FREE-STREAM CONDITIONS 
M- 0.1DbD3E D2 V= 0.396b2E 04 P= 0.10000E 01  RHO- 0.10030E-04 1- 0.58275E 
EUUISPACEQ STARTING DATA 11 POINTS 9 PLANES 
PLANES EQUALLY SPACED 
STLRTING DATA NORHAL TO BODY SURFACE 
ANGLE OF ATTACK 10.00 DEG 
CHARLCTERlSTIC METHOD 
I N l 2 1 I =  3 COR. N22 = 0 I T R .  I N I 2 5 1 = .  2 BC, I N X 1 6 1 =  3 BODY OENSITV 
FL14)= D.18WE 01 STEP S IZE.  F L ( 8 1 =  0.1009E 01 SMOOTH 

0 2  0.35000E Ob HT= 0.82152E 07 

PLANt I AN6L = 0.00 DEG 
LEEYARO PLANE 

F I E L D  DATA 
SHOCK ANGLtS, D€G SIGMA= 18.5124 DELTA= -0.0003 

x R THbTA P H I  P RHO H V M M "  
0 .98395 t  30 W.32785E 00 0.24764E 00 -0.OOOOOE-38 0.27055E 0 1  0.19796E-04 0.47836E 06 0.39337E 0 4  0.89927E 01  3.89927E 
0.98555t OW 0.32186E 00 0.24945E 00 -0.00003E-38 0.27456E 0 1  0 .19989E-34  0.48014E O b  0.39331E 04 0.89690E 01 0.89690E 
0 . 9 8 l l b E  OD 0.31587E 00 0 . 2 5 1 0 l E  00 -0.00000E-38 0.27781E 01 0.20145E-34 0.48267E 06 0.3932bE 04 0.89499E 0 1  0.09499E 
3.9807f& 00 0.30988E 00 0.25257E 00 -0.000006-38 0 - 2 8 0 4 7 E  01 0.20269E-04 O.48432E Ob 0.39321E 04 0.89337E 01  0.89337E 
D.99031E OW W.30389E 00 0.254OOE 00 -0.OOQOOE-38 0.28266E 01 0.20366E-34 0.48577E 06 0.39318E 04 0.89196E 0 1  0.89196E 
3.991976 OW 0.29790E 30 0.25543E OD -0.OOOOOE-38 0.28L45E 01 0 .20441E-04  0.48704E 0 6  0.39315E 04 0.89072E 01 Oa09072E 
0 .99358 t  00 0 .2919 lE  OD 0.25b90E 00 -0.00000E-38 D.28589E 01  0.20505E-04 0.48799E O b  0.39312E 04 3.88983E 0 1  0.88980E 
0.99518E OD W.28592E OD 0.25844E 00 -3.00000E-38 0.28701E 01 0.20570E-04 3 - 4 8 8 3 6 E  06 0.39311E 04 0.88944E 0 1  0.88944E 
0.99b7PE OW O.27993E DO 0.25994E 00 -0.00000E-38 0.28786E 01  0.20640E-04 0.48813E 06 0.39312E 04 0.88966E 01  0.88966E 
0.9983% OW 0.27394E 00 0.26116E 00 -0.0000OE-38 0.28855E 01 0.20706E-34 0 . 4 8 7 7 4 t  O b  0 .39313 t  04 0.89004€ G l  J . 8 9 0 0 4 6  
O.IODO3F 01 0.26795f OD 0.2bL8OE 00 -0.DOODOE-38 0.28922E 0 1  0.20162E-34 0 - 4 8 7 5 7 E  06  0.39313E 04 0 .8902 IE  0 1  3 .8902 lE  

PLANE 2 AN 
F I E L D  DATA 
SHDCK ANGLES, 

X 
0.98339€ 00 
0.98505E 03 
0.98671E 09 
3.98837E OD 
0.99033E OD 
0.99169E OD 
0.99335E 00 
0.99531E OD 
0.99668E OW 
0.9983- OD 
0.100ODE 01  

PLAVE 3 AN 
F I E L O  DATA 
SHUCK ANGLES. 

X 
0.98331E 00 
0.9849TE OD 
0.98664E OD 
0.98831E 00 
0 .98W8E 00 
3.99165E 00 
0.99332E 00 
0 .99499 t  OD 
0.9966bE OW 
0 .99833 t  90 
O.lOOD36 01 

GL - 22.50 Of 

DEG S I G M A .  

R 
0.32995E 00 
0.32375E DO 
0.31755E 00 
0.31135E 00 
0.30515E 00 
0.29-095E 00 
O.29275E 00 
3.28655E 00 
0.28035E 00 
0.27415E 00 
0.26795E Do 

it 

18.5966 

THETA 
0.24898E 
0.24930E 
0.24990E 
0 .25075E 
0.25182E 
0.25312E 
0 .256b lE  
0.25629E 
0.2581 1E 
0.26000E 
0.2 b l 8 O E  

GL = 45.10 1 

O t G  S I G M A .  

R 
W.33025E 00 
D.32402E OD 
0.31779E 00 
0.3115bE 00 
0.30533E DO 
9.2P910E 00 
0 + 2 9 2 8 7 E  00 
0.28664E 00 
W.28041E 00 
O.27418E 00 
0 .26795 t  DO 

)EG 

18.5775 

THETA 
0.255D4E 
0.2 5 4 1  3E 
0.25357E 
0.25335E 
0.25349E 
3.25399E 
0.25605E 
0.256086 
0.2576bE 
0.25959E 
0 - 2 6 1 8 3 t  

DECTI -  1.3917 

P H I  
00 -0 .69236E-01  
00 - 0 . 6 9 7 4 3 t - 0 1  
00 -0.lOO2OE-31 
00 -0.10021E-31 
00 -0 .69673E-01  
00 -0 .68884E-01 
00 -0.67720E-01 
00 -3 .66943E-01  
00 -0.68538E-01 
00 -5.74793E-01 
00 -0 .85422E-01  

DELTA- -1.5218 

P H I  
OD -3.12197E 00 
00 -0.12138E 00 
00 -0 . l 2055E 00 
30 -0.11942E 00 
00 -0.11793E 00 
00 -0.1160LE 00 
00 -0.11385E 00 
OD -0.11203E 00 
OD -0.11231E 00 
00 -0.11741E 00 
00 -0.1278bE 00 

PLANE 4 ANGL - 67.50 DEG 
F I E L O  D l T A  
SHOCK ANGLES, O€G SIGMA- 18 .2994  DELTA= -2.5439 

X 
0 .98464 t  O W  
0 . 9 8 6 1 8 t  OD 
0.98771E 00 
0 .98925 t  DO 
0.9901% 00 
0.99232E OW 
0.9938bE OD 
0.99539E OW 
0.996Y3E OD 
0.9984bE OD 
O.ld00M 01  

R 
0.32526E 00 
0.31953E 00 
0.31380E 00 
0.30806E DO 
0.30233E 00 
0.29bbOt OD 
0.29087E 0 0  
0.28514E 00 
0.21941E 00 
0.27368E 00 
0 - 2 6 7 9 5 E  DO 

THETA 
0.25140E 00 
0.25099E 00 
O.2508bE 00 
0.25103E OD 
D.25150E 00 
0.25228E 00 
0.25339E 00 
0.25684E 00 
0.25170E OD 
0 .2590 lE  00 
O.Zbl8OE 00 

P H I  
-0.15815E OD 
-0.15560E 00 
-0.1528OE 00 
-0.14971E 00 
-0.14630E 00 
-0.14252E 00 
-0.138k5E 0 0  
-0.13660E 00 
-0.13230E 00 
-0.13318E 00 
-0.13705E 00 

P 
0.32071E 
0.3176PE 
0. 3 152 9E 
0.31339E 
0.31182E 
0.31343E 
0.3091 1E 
0.30774E 
0.3061% 
0 .30438E 
0.30238E 

P 
0.50911E 
0.49424E 
0.4802bE 
D.46169E 
0.45bkOE 
0.44624E 
0.k3108E 
0.42875E 
0 - 4 2 0 9 7 E  
0.41344E 
3.40623E 

01 
01 
01 
01 
01 
01 
01 
01 
01 
01 
01 

01 
01 
01  
01 
01 
01 
01 
01 
0 1  
0 1  
0 1  

P 
0.82316E 01 
0.79933E 01  
0.78012E 01 
0.76251E 0 1  
0.74638E 01 
0.13160E 01 
0.71800E 01 
0.70548E 0 1  
0.69389E 0 1  
0.68305E 01  
0 - 6 7 2 1 5 E  0 1  

RHO 
0.21986E-04 
0.21793E-04 
0.21615E-04 
0.21C39E-04 
0.21239E-04 
0.2D962E-04 
0 .20447E-04  
0.19309E-04 
0.17025E-D4 
0.13579E-04 
0.10202E-04 

RHO 
0.20462E-04 
0.27594E-05 
O.26739 t -04  
0.25879E-04 
0 .2499LE-04  
0.24013E-O4 
0.22985E-34 
0.21 70SE -34 
0.19913E-04 
O.1 lOb lE -0s  
0.11596E-04 

H 
0.51055E 06 
0.51019E 0 6  
0.51052E 06 
0.51163E Ob 
0.51385E Ob 
0.51832E 06 
0.52910E 0 6  
0 - 5 5 7 8 1 E  O b  
0.629CBE O b  
0.10452E 06 
0.10374E 07 

H 
0.62687E 
0.62689E 
0.62864E 
0.63253E 
0.63918E 
0.64960E 
0.66556E 
0.69138E 
0.73992E 
0.84018E 
0 .11287 t  

Ob 
0 6  
Ob 
06 
0 6  
U6 
06 
56 
06 
06 
01 

RHO H 
0 .35355E-04  0.81193E 06 
0.34195E-04 0.81815E 06 
0.33049E-34 0.82617E 06 
0.31909E-04 0.83637E 06 
0 .3@759E-04  0.84930E Ob 
0.29566E-04 0.86607E 06 
0.28239E-04 0.88991E 06 
0.26552E-04 0.92994E O b  
0.24175E-04 O.lOOC6E 07 
0.21092E-04 0.11335E 0 7  
0 .18061E-04  0.13031E 01 

3 1  
31 
3 1  
31 
31 
3 1  
3 1  
3 1  
3 1  
3 1  
31 

V Y 
5.39255E 04 D.BbBb4E 01  
0.39256E 04 0.868976 0 1  
0 .39255 t  3 4  0.86867E 01 
D.39252E 04 0.86761E 01 
0.39246E 0 4  3.86567E 0 1  
0.39235€ 04 0 + 8 6 1 6 8 E  01 
0.39201E 94 0.85225E 01 
0.39134E 04 O.82848E 01 
0.38951E 04 0.77623€ 01 
D.38550E 04 0.68817E 01  
0.37889E 04 0.588176 01 

M *  
0.86659E 3 1  
0.86689E 3 1  
3 .86657€  3 1  
0.86557E 31 
3.863636 31 

0.85032E 31 
0.82665E 0 1  
5.17444E 3 1  
3.68629E 3 1  
5.58609E 3 1  

3.85966E 31 

V M M* 
0.38957E 04 0.77798E 0 1  0.77233E 3 1  
0.38957E 04 0.71797E 01 0 . 7 1 2 3 4 E  3 1  
0.38953E 04 0.77680E 01 0.771256 3 1  
0.38943E 0 4  0.7lk2OE 31 0.76878E 3 1  

0.38899E 04 0.76311E 01 0.15836E 5 1  
0.38858E 04  0.75311E 0 1  0 . 1 4 8 3 1 6  J 1  
0.38191E 0 4  0.73164E 0 1  0.13313E 11 
0.38666E 04 0.71073E 01 3.70633E 3 1  
0.38385E 04  0.65900E 01 0.654566 3 1  
0.37647E 04 0.56028E 0 1  3.55585E 3 1  

0.38926E 04  0 . 7 6 9 e x  0 1  0.764576 3 1  

V n M *  
0.38479E 04 0.67521E 0 1  0.66697E 0 1  
0.38463E 04 0.67236E 01 3.66443E 31 
0.38442E 04 0.66872E D l  3.66109E 3 1  
0.38416E 04 0 1 6 6 4 1 7 E  01 0.65690E 31 
0.38382t 0 4  0.65852E 0 1  3.65164E 0 1  
0 - 3 8 3 3 8 t  04 0.65137E 01  3.64491E 0 1  
0.3827bE 04 0.64154E 01  0.63554E 3 1  
0.38171E 04 0.6258bE 01 3 .62334E 3 1  
0.37975E 04 O.59907E 01 0.59398E 01 
0.37634E 04 0.55892E 01  5.55413E 3 1  
0.37119E O L  0.51485E 0 1  3.51323E 3 1  
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TABLE 111.- 15' POINTED CONE SOLUTION - Concluded 

PL4NE 5 ANGL = 90.03 UEG 
F I E L O  0 4 1 4  
I H U C K  4tibLESr U E G  SI(.HA= lL1.(1Io6 DEL14= - 2 . 3 8 5 8  

PHI 
00 - 0 . 1 7 3 2 4 t  03 
90 -0 .16915E 30 
03 - 0 . l b 4 8 9 E  J O  
05 -0.16042E 30 
90 -0 .15575E 30 
00 -0.15C85E 30 
00 -7 .14568E 0 5  
00 -0 .1432bE 00 
00 -0.13503E 00 
01 - 0 . 1 3 1 2 l E  00 
03 -3.12965E ,I3 

UHO 
1. 41  1 3 4 E - 3 4  
1 . 4 0 0 6 4 E - 0 4  
3.39019E-04 
0.37958E-04 
0.30868E-34 
0.35739E-34 
9.34566E-04 
0.33317E-04 
0.31777E-)4 
9 . 2 9 3 9 1 t - J +  
O . 2 5 7 l l E - 0 4  

M *  
j . 2 7 - 5 0 t  
3.567s4E 
O.ZblR8E 
0.55981E 
3.5551-E 
3.5496GE 
1,5433bE 
3.53593E 
O.52515E 0.53532E 

3.46933E 

X 
0 . 9 1 2 9 1 t  
3 . 9 8 7 3 2 t  
0 .98873E 
0. )931+E 
0.99155E 

J3 
OW 
3 0  
10 
00 
00 
7 0  
00 

R 
0.32252E 
0 . 3 1 5 2 6 E  
3.31L)OLlE 
0.30475E 
3.29949E 
0.29423E 
0.28898E 

00 
00 

0 3  
00 
00 
00 
JO 

on 

THE14 
0.24354C 
0.24163E 
3.24287E 
0.24433E 
0.24599E 
O.2478bE 
0.24997E 
0.25235E 

H 
0.10663E 
0.10778E 
3.10913E 
0 . l l O b l E  
0.11238E 
3.1 I 446E 
0.11689E 
0.11984E 

V 
9.3781ZE 
7 . 3 7 7 8 2 t  
9.37747E 
0.37707E 
0.37660E 
9.3 7605E 
9.37540E 
3 . 3 7 4 b i t  
9.37345E 

14 
Z . 7 7 d 9 9 t  
0.57542E 
J.57141E 
O.Sbb87E 
3.56169E 
G. 5 5 5 7 b t  
0.54899E 
D.54137E 
0 . 5 2 9 f l l E  
3.57,924€ 
3.47282E 

0 2  
0 2  
02 
02 
02 
9 2  
0 2  
0 2  
0 2  
02 
02 

9 7  
0 7  
0 7  
0 7  
0 7  
0 7  
0 7  
0 7  
0 7  
0 7  
0 7  

5 4  
04 
04 
04 
0 4  
04 
04 
04 
0 4  
3 4  
04 

3 1  
9 1  
01 
01 
01  
9 1  
31 
0 1  
0 1  
')I 
0 1  

:I 
3 1  
31  
11 
2 1  
3 1  
3 1  
3 1  
3 1  
3 1  
3 1  

~ . ~ -  
3 - 9 9 2 Y b k  
0.99436E 
0.99577r: 0.28372E 
0.99718E 30 0.27fl46E 90 0.255ObE 
0.9985pf 9 0  O.27321E 3 0  O.2581flE 
0.10@13€ 9 1  3.26795E 30 O.Zbl8Ot 

PLANE 6 ANGL i l l Z . 5 3  DEG 
F I E L D  J ~ T A  
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