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A hybrid solution employing wedge diffraction and creeping wave 

theory is used to compute the principal planes (equatorial and 

elevation) radiation patterns of axial and circumferential slots on 

conducting cylinders of finite and infinite lengths. The slots are 

excited by parallel-plate waveguides operating in the TEM and TE 10 

modes. ; 

For the equatorial plane pattern, the total field in the "lit"
 

region is obtained by the superposition of two fields; that is, the 

wedge-diffracted and the creeping wave fields. The wedge-diffracted
 

field is obtained by approximating the parallel-plate-cylinder geometry 

with two wedges, each formed by a wall of the waveguide and a tangent 

plane to the cylinder surface at the edge point. The creeping wave 

contribution is obtained by the method commonly employed for the
 

computation of scattered fields from curved surfaces. The total field 



in the "shadow" region is obtained solely from the creeping wave 

contribution. For the elevation plane pattern, wedge diffraction 

techniques for the entire pattern are employed. 

F The method is checked computationally by comparison with the modal 

solutions for axial and circumferential slots on right circular cylin­

ders and experimentally for elliptical cylinders since modal solutions 

are not readily available.j Experimental models are also used for the 

verification of the elevation plane pattern computations since
 

boundary-value solutions are not available for finite length cylinders. 

Computed results using this technique compare favorably with those
 

obtained from existing modal expansion boundary-value solutions and
 

experimental results. The main advantages of the present technique are
 

that it can be applied to geometries where modal solutions are not
 

possible, in numerical ranges where the convergence properties of modal
 

expansions are relatively poor, in parametric design problems since the 

contribution from each field is separated, and in the analysis of
 

antennas with finite physical sizes.
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INTRODUCTION
 

The radiation properties of slot antennas on conducting cylinders
 

-5
have been studied extensively.1 Such analyses have been restricted
 

to geometries where modal expansion field functions are readily available
 

and whose physical length is infinite. Moreover, the solutions obtained
 

are poorly convergent for objects more than a wavelength or so in extent.
 

However, many practical problems involve slot antennas mounted on finite
 

size conducting bodies whose geometrical shape does not conform to a
 

coordinate system where the wave equation is separable. Wedge diffrac­

-
tion6 9 and creeping wave theory are used in the analysis presented
 

here to compute the radiation patterns of axial and circumferential 

slots on conducting cylinders of finite and infinite lengths. The 

method employed is an extension of the geometrical theory of 

l p- 1 6 diffraction1 0 , and creeping wave theory. 1 

The geometrical theory of diffraction and creeping wave theory are
 

extensions of geometrical optics which account for diffraction. They
 

introduce diffracted rays in addition to the usual rays of geometrical
 

optics. These rays are produced by incident rays which hit edges,
 

corners, vertices, or curved surfaces. Some of these diffracted rays
 

enter the shadow regions and account for the field intensity there.
 

1
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The distribution of the incident energy among those diffracted rays is
 

described by a diffraction coefficient. The diffraction of the incident
 

rays is a local phenomenon, so the diffraction coefficient depends on
 

the geometry of the edge or curved surface in the vicinity of the point 

of diffraction and on the polarization of the incident field.
 

A field is associated with each diffracted ray and the total field 

at a point is the sum of the fields of all rays at that point. The 

phase of the field on a ray is assumed to be proportional to the optical 

length of the ray from some reference point. Appropriate phase jumps 

must be added as a ray passes through a caustic. The amplitude is 

assumed to vary in accordance with the principle of conservation of 

energy in a narrow tube of rays. The initial value of the field on a 

diffracted ray is determined from the incident field with the aid of an 

appropriate diffraction coefficient. These diffraction coefficients
 

are determined from certain canonical problems. 

The canonical problem, which yields the diffraction coefficient 

for an edge, is the diffraction of a linearly polarized plane wave by 

a two-dimensional, infinite wedge. The diffraction coefficient is
 

found from Sommerfeld'sl7 asymptotic, high frequency solution to this
 

problem. Pauli 1 8 has obtained a practical formulation for the diffrac­

tion coefficient and Hutchins1 9 has generalized it. He has obtained a
 

series solution which is valid for the exterior and interior regions of
 

a wedge. In addition, his solution is accurate for wedges of large 

included angles where the Pauli solution is not accurate.
 

Oberhettinger 20 has obtained a similar series in which the leading 

term is identical to the Fresnel integral form for half-plane diffraction. 
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The work of Hutchins tends to bridge the solutions of Pauli and
 

Oberhettinger.
 

The primary task in applying the creeping wave theory is the
 

determination of the diffraction, attenuation, and ray path factors for
 

a general body (and it is not yet always practical). Thus it is
 

necessary to evaluate these factors for canonical targets whose exact
 

solutions are available, such as the cylinder and sphere.
12 -16 21-23
 

In order to obtain a more general solution for these factors it is
 

convenient to utilize experimental data to validate an empirical model
 

6
 
for more general targets such as the prolate spheroid.

2 4 -2


The attenuation and diffraction coefficients for a cylinder have
 

been obtained by comparing the asymptotic series of the scattering 

boundary-value solution tth that of the diffraction problem
 

formulation.13-16 The ray paths along the surface of the cylinder are 

geodesics (great circles). The scattering by a sphere is, however, a 

most important problem. The classical solution of Mie using separation 

of variables and series techniques can be considered as the starting 

point. Senior and Goodrich
21 

have obtained an asymptotic form to the 

Mie series solution for the sphere through the application of the 

Watson transformation. Hong2 2 has derived attenuation and diffraction 

coefficients with higher order correction terms. The formidable task 

of implementing this solution numerically has yet to be accomplished. 

An approach to the general formulation of the creeping wave paths 

on bodies of revolution has been developed by Kinber.2 7 Kinber has
 

shown that the wave equation may be expanded in a set of ray coordinates 

http:Kinber.27
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in which the solution can be written in a form whose magnitude is 

dependent upon the cross section of the ray tube and whose phase is 

dependent only upon the propagation constant and path length traversed. 

The empirical approach2 4 - 2 6 utilizes a simplified ray path geometry 

to determine approximate attenuation and diffraction coefficients for a 

sphere. This approach is of interest in that it lends itself to
 

extension to more general targets. This method is a simplified creeping 

wave analysis. It uses a single nonconvergent (and nondivergent) ray 

path together with approximate diffraction and attenuation coefficients 

to construct an approximate solution for the scattered field due to 

creeping waves propagating in each direction along the ray path. The 

path chosen is the path traversed by the "major" ray (that is, the path 

corresponding to the E-plane of the sphere). This analysis suggests 

that an approximate picture of scattering by a sphere can be constructed 

by neglecting the creeping waves which,have a radial magnetic field 

(that is, the "minor" creeping waves) and by considering only the 

creeping waves which have a radial electric field (that is, the "major"
 

creeping waves) except for the H-plane scattered fields.
 

The prolate spheroid represents a body for which an exact closed 

form solution is not available except on the axis of rotation. In 

order to find the ray path geometries for the prolate spheroid for an 

arbitrary angle of incidence, the geodesic corresponding to the point 

of attachment and the tangent direction at that point must be cl­

culated. The determination of the tangent direction of the creeping. 

wave at the shadow boundary is not an easy task in general. It is 

therefore suggested that the simplified ray path geometr 2 4-26 for the
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sphere can be applied to the prolate spheroid. In this case, the 

creeping wave paths are elliptical, thus the total attenuation must be 

expressed as an integral which is dependent upon the radius of curva­

ture along the path. Also the radius of curvature at the points of 

attachment and reradiation must be computed in order to determine the 

diffraction coefficient. The specific solution for the prolate
 

spheroid has been presented by Ryan24 " 26 and Peters and lyan. 2 5 

Many other antenna problems have been treated using wedge diffrac­

tion techniques. Russo, Rudduck, and Peters28 applied the geometrical 

theory of diffraction to calculate the total antenna pattern of a horn 

in the E-plane, including the backlobe region. Theoretical and experi­

mental patterns are in excellent agreement, thus demonstrating that the 

method for treating diffraction by edges is valid. Obha29 used the
 

geometrical method of diffraction to calculate the radiation pattern 

and gain of a finite width corner reflector antenna. This method 

yields also good results for the computation of backscattering from an 

antenna having conducting plates finite in extent. 

Extensive work of applying the wedge diffraction method to wave­

- 9guides has been carried out by Rudduck. 6 The principal tool employed 

is diffraction by a conducting wedge; the resulting electromagnetic 

field may be treated as a superposition of the geometrical optics field
 

and the diffracted field which behaves as a cylindrical wave radiating 

from the edge of the wedges. These techniques may be applied to any 

two-dimensional antenna or scattering body which may be constructed 

from a set of wedges; the radiation or scattering pattern may be obtained 

for any excitation which can be expressed in terms of plane or cylindrical
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waves by superposition of the individual wedge diffractions. Some
 

elementary examples include parallel-plate waveguides, walls of finite 

thickness, and polygonal cylinders. 

A basic feature of this technique is that it does not require an 

assumption of the value of the total field or current on some surface, 

as do conventional methods of aperture integration which employ the 

approximation of physical optics. This feature thus allows more 

accurate treatment of problems than ordinarily obtained by approximate 

methods; it also provides knowledge of the fields in terms of the 

incident field, thus resulting in the ability to analytically determine 

8admittance and gain of antennas, 6 radiation patterns, 7 mutual 

co~p* 303152-3 1.
 
coupling, 5 0 '5 1 and reflection coefficient. 

The geometrical ray techniques of this method provide conceptual 

simplicity with which solutions may be formulated. This together with 

superposition of wedges allows structural aspects to be taken into 

account, for example, antennas mounted with and without ground planes, 

structures with thin or thick walls, and arbitrary waveguide truncations 

can be treated. In addition, the fields in all space can be determined, 

thus allowing backlobe regions to be treated. 

Since the introduction of the geometrical theory of diffraction,
 

it has been employed successfully in the solution of various types of 

diffraction problems. Previous work in applying the wedge diffraction
 

and creeping wave theories, each one individually, to scattering and 

radiation antenna problems has been outlined. However, no one has 

attempted a hybrid solution in using both, wedge diffraction and
 

creeping wave theories, on the same scatterer. The work outlined in
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the pages to follow, is an attempt to formulate a hybrid solution 

making use of both wedge diffraction and creeping wave theories on the 

same antenna. The antenna of interest is a slotted, axially and 

circumferentially, conducting cylinder. The slots are excited by 

parallel-plate waveguides operating in the TEM and TE10 modes. 

The essential feature of this approach is that it is applicable to
 

all types of complicated problems, some of which are impossible to solve
 

rigorously. The approach is to resolve a complicated problem into
 

simpler ones, each of which will have relative simple rigorous solu­

tions. The basic building blocks will be rigorous solutions to such 

canonical diffraction problems as the wedge, cylinder, sphere, etc., 

which will be put together to solve more complicated problems. 

The work outlined in this hybrid solution will be for general 

conducting cylinders of arbitrary convex cross section. However, com­

putations will be restricted to circular cylinders for which boundary­

value solutions exist for comparis6n and elliptical cylinders for which 

models and experimental data are available for comparison. The radiation 

patterns of interest for each case are the principal plane patterns, 

equatorial plane (e = 900) and elevation plane (0 00) in the usual= 

spherical coordinate system. 

The equatorial plane pattern will be obtained by the superposition
 

of diffracted fields from a set of wedges and creeping wave fields 

propagating around the surface of the cylinder. The set of wedges 

approximate the parallel-plate-cylinder geometry in the vicinity of the 

discontinuity formed by the waveguide and the cylinder. Each wedge is 
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formed by a wall of the parallel-plate waveguide and the tangent plane 

to the cylinder surface at the edge point. 

For the equatorial plane pattern, two distinct regions can be 

identified: the "lit" and "shadow' regions. The "shadow" region 

encompasses the space occupied by the set of wedges and cylinder surface
 

and the "lit" region the remaining space. The total field in the "lit" 

region is obtained by the superposition of two fields; that is, the
 

wedge-diffracted and creeping wave fields. The total field in the 

"shadow" region is obtained solely from the creeping wave contribution.
 

For the elevation plane pattern, wedge diffraction techniques for the 

entire pattern are employed.
 

The most interesting part of this hybrid solution is the coupling 

mechanism between the wedge-diffracted and creeping wave fields. 

Creeping waves are launched by the tip of the wedges in a direction 

tangent to the cylinder surface at the edge point. Since the field 

must be continuous along the line separating the "lit" and "shadow" 

regions, the wedge-diffracted fields along the surface of each 

wedge will be used as the initial value of the creeping waves to 

preserve the continuity of the fields. The creeping waves continually
 

shed energy in a tangential direction as they propagate around the 

cylinder surface until they reach the opposite wall of the slot and 

again illuminate the wedges; this is a second order field contribution 

and it is neglected. The loss of energy due to reradiation is accounted
 

by the use of an attenuation factor.
 

The method is checked computationally by comparison with the modal
 

solutions for axial and circumferential slots on right circular cylinders
 



and experimentally for elliptical cylinders since modal solutions are 

not readily available. Experimental models are used for the verifica­

tion of the elevation plane pattern computations since boundary-value
 

solutions are not available for finite length cylinders.
 

Computed results using this technique compare favorably with those
 

obtained from existing modal expansion boundary-value solutions and
 

experimental results. The main advantages of the present technique are 

that it can be applied to geometries where modal solutions are not
 

possible, in numerical ranges where the convergence properties of modal
 

expansions are relatively poor, in parametric design problems since the 

contribution from each field is separated, and in the analysis of 

antennas with finite physical sizes. 



CHAPTER I 

WEDGE DIFFRACTION 

Wedge diffraction techniques are applied for the analysis of the 

radiation pattern of the parallel-plate waveguide shown in Figure 1. 

This geometry has been treated using wedge diffraction concepts by 

-9
Rudduck and his co-workers.6 Their .solution is incorporated in the
 

slotted cylinder radiation pattern analysis and,will be outlined below. 

In this approach a single-diffracted wave emanates from each wedge that 

is illuminated by an incident plane wave. The single-diffracted waves 

produced by one wedge illuminate the other producing double-diffracted
 

fields. This process continues to higher orders of diffraction.
 

Single Diffraction
 

The principal method employed in the analysis of a parallel-plate 

waveguide is diffraction by a conducting wedge. The diffraction of a 

plane wave by a wedge was solved by Sommerfeld. 1 7 Pauli 1 8 obtained a 

practical formulation of the solution for a finite angle conducting 

wedge which was later improved by Hutchins 9 (see Appendix). The 

total electromagnetic field from the wedge may be treated as the super­

position of geometrical optics and of diffracted fields which behave as 

cylindrical waves radiating from the edge of the wedges. 

10
 



W. 01 
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22 

Figure 1. Geometry of a parallel-plate waveguide aperture. 
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The diffraction of a plane wave by a wedge is shown in Figure 2. 

The solution to the plane wave diffraction problem may be expressed in 

terms of scalar functions that represent the normal and parallel 

polarization components of the electromagnetic field to the plane of
 

study in Figure 2. The total field is defined as 

E = EG + E (1) 

where EG is the geometrical optics field and ED is the diffracted
 

field. The diffracted field is given by
 

ED = VB(r* - oyn) ± VB(r,1 + * 0,n) (2) 

where the parameters r, j, 40., n are defined in Figure 2 and 

VB(r,' t *opn) is the diffraction function as defined in the Appendix. 

The plus (+) sign applies for the polarization of the electric field 

normal to the edge 

wedge) 

where n is the unit normal to the edge of the wedge and the minus (-) 

sign applies for the polarization parallel to the edge 

(Elwedge)" 0 (4)
 

The geometrical optics field is defined in three regions, as shown in
 

Figure 2. For plane wave incidence, the geometrical optics field is
 



13 

INCIDENT
 
PLANE WAVE
 

INCIDENT AND REFLECTED INCIDENT REGION 
REGION 

OBSERVATION\
 
POINT
 

r
 

INCIDENT REGION / 

/- SHADOW REGION 

/ 

Figure 2. Geometry for plane wave wedge diffraction with geometrical
 
optics region.
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Reflected Geometric 
Incident Geometric Field ± Field Regions 

EG = ejcs(1 ) -0<*<+" (5) 

jkrcos(-to) jkrcos (+o) 
0<*< C o (6)EG=e ±e 

<EG = 0 7 + *o (7) 

j t
The time dependence ez is used throughout this analysis.
 

The diffracted wave ED may be represented as a cylindrical wave 

radiating from the edge (see Appendix). In fact, at large distances
 

from the edge and in regions removed from shadow boundaries ED has 

the radial dependence e-jkr/ 17. Because of this cylindrical nature, 

subsequent diffractions of a diffracted wave may be treated as the
 

diffraction of a cylindrical wave by a wedge. 

Diffraction By a Pair of Wedges
 

The process of diffraction by a pair of wedges (parallel-plate 

waveguide) will be outlined below. Two polarizations which must be
 

distinguished are those corresponding to the TEM and TE2o waveguide 

modes. The two cases of interest are shown in Figure 3. In the TEM 

mode, the incident plane wave is parallel to the axis of the guide 

having a polarization perpendicular to the edge of each wedge. The 

TE10 waveguide mode may be represented by two TEK waves which reflect 



:1;5
 

0rt~ 

0 

W 
I Incident 

Plane 'Fed h0 
0f 

/ 
@22 

WA2 (2-n )r (a) TEM mode 

Figure 3. - TE' and TE~o modes in a rarallel-plate waveguide aperture. 
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obliquely back and forth between the waveguide walls.35  Thus, in the 

TEj 0 mode the incident plane waves have a polarization parallel to the 

edge of the wedges. 

1. TEM Mode
 

In the TEM mode an incident plane wave propagates parallel to the
 

axis of the guide walls as shown in Figure 3(a). The far-zone singly
 

diffracted fields from wedges 1 and 2 are given by
 

sin 
- E(r) + 1 

) 2 e nEn- -(9)
 

-os -_I CO
Cos 

The superscripts 	denote the order of diffraction. Expressing the phase 

=e 2 1si I) 
of the incident waves with respect to edge 1
 

-E=n1 	 (10)
 

Euoth ns 	 withese c toeoe
ind wae 
Equti an E2 Wect 

http:walls.35
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-i [ r (12) 

(r (13) 

where (1 ) a () are the singly diffracted rays from 

wedges 1 and 2 given by ­

~ 1 sin/ 3) 

Cos - Cos fit+ 

n
cos-cos( " .I
 

R(I) H2 s3in(H)(-02)t~ 
D2~ co- Cos (itCOS 0(5
 

n2 (n
 

Applying the far-field approximations
 

r+h COS(o + g)
 
a 2 o g
 

For phase terms (16)
 

r2 o Scos(Oo + 0g) Formliue ems(7 

rl r 2 r o For amplitude terms (17) 
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where 

(18)0- 02 - Oo 

lead to 

-j ([ro+(h/2)cos(o.oOg)] +i/4 } 
-)(roo) e o(19) 

-j (k[ro+(h/2)cos(o-og)] +,t/4) 

%2 (r,-I o 

x (l), ,jkheos(0o+0g) 
)e  (20)
)D2( o


The singly diffracted rays may again be diffracted producing doubly
 

diffracted rays and so on to higher orders of diffraction. The singly
 

diffracted ray R(1 ) illuminates edge 2, giving rise to the doubly 
in a similar manner. , (1)causesdiffracted ray R 2 and 

Also, some of the singly diffracted rays from edge 1 will be reflected 

from wedge 2 and appear to radiate from the image of edge 1 giving 

rise to
 

(-0o) g < 0 o <. (21)-jj'(Oo) 


The doubly diffracted ray from edge 2 is given by 

RD2 - -(o)l ho - Ogn2) + VB(hl - 0o + 0g'n2)] (22) 
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where
 

41 =4 l(g) (23) 

and from edge 1 by
 

4)(o0 --= 41)V (ho + gnl) + VB(h21r + o - g'nl)] (24) 

where
 

=
RD( ) =(l)(-g)
D2G D (25)
 

There is an.additional doubly diffracted ray by edge 1 from the image 

source which is given by 

(2)(l 

=R~lpVB(2W. + 00, nl) + VB(2w,- + Oonl)] (26) 

where
 

(1)-21( '(.
27)
 

The total diffracted rays from edges 1 and 2, using single-double 

diffractions, are given by 

J)+~ ~~~D ()oRE+-Fn,?go) (28) 

RD250,) = pD() (0)+ R~($O) (29)
 

9 
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and the reflected ray from wedge 2 by
 

RRFL( o) = RD1(- o ) (30)
 

The total diffracted field from the aperture may be expressed as 

the superposition of the total diffracted rays from edges 1 and 2 plus 

the total rays from the image source to yield 

-j (k[ro+(h/2)cos(o 0'Ig)] +3r/4 
%(ro, o) = e o(0() 

+ R2 (°)e jkhcos(°4g) + %i(-°o)e 3 (31) 

Each term in Equation 31 contributes to the radiation pattern only in 

certain regions as follows:. 

I'j(0o) "Og < 0o < WAI (32) 

+ WA2 < 0
0 

< 9 (33)
%D2(00) 


l(-¢) g < 00 < 1 (34) 

There are subsequent diffractions which result in triple and higher 

order diffractions from edges 1 and 2. The total higher order diffrac­

tions (that is, second and higher order) can be put in 
a closed form.

6 

The total illumination of edge 2 from edge 1 can be expressed as
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RIG = Rl(-g) (35)
 

where Rl(0o) is the total diffracted ray from edge 1. Consequently,
 

the total higher order diffractions from edge .2 are given by 

N2 ( o= ±G[VB (h,nT - 0,- 0 'In2.) + VB (hg~- 0, + 0g9fln)] (36) 

and the total ray by 

-,O.
= ')-(0) (h4~) (37) 

The total higher order illumination of edge I is given by
 

R2 R2(' - Vg (38)
 

and 

Thus the total higher order diffractions from edge 1 are given by 

DI (0) = R2G[VB(h,¢o + 0g'nl) + VB(h,2t + 0, - 0gynl)] 

+ R1PLVB(2w + o,n l ) + VB(2wT + Ojn±) (40) 

and the total diffractions by 

EJ0o) = (1) (h) 
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The total diffracted field from the aperture can be expressed as 

the superposition of the total diffracted rays from edges 1 and 2 plus 

the total reflected ray as given by Equation 31 where RDl(Oo), 

R2(0,), and -Rl(-o) ,RD2(,o)P and RDl(-Oo ) are replaced by Rl(0o), 

respectively. 

The total diffracted waves from edges 1 and 2 are given in terms
 

of the unknown illuminating rays RIG, R2G, and Rip. These rays can 

be determined by the solution of three simultaneous linear equations 

formed by expressing each unknown ray in terms of Equations 57 or 41. 

(1) RV (-0) + RV(-0) (42)
RlG %lNG 22G ll
2G g 


= l fl + ERpVlpQ (43)(1_Gnv(-

R2G = R(') +g S (44) 

where the quantities VIG, Vip, and V2G are the unit-wave
 

diffractions used in Equations 36 and 40.
 

2. TE10 Mode
 

The diffraction at the aperture of the parallel-plate waveguide 

for the TE10 mode may be treated in a similar manner as the TEM mode. 

The TE1o mode may be represented by two plane waves reflecting 

obliquely back and forth between the waveguide walls at an angle 
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Ao = sin-i L- (45) 

as shown in Figure 3(b). The wave has a polarization parallel to the 

edges of the wedges which form the waveguide walls. For this mode 

two cases must be distinguished, as determined by 

Case I: Ao > Og (46) 

Case II: Ao S 0g (47) 

In Case I edge 2 is not illuminated by the incident plane wave and no 

singly diffracted ray emanates. For Case II both edges are illuminated 

by the incident wave; hence, singly diffracted rays emanate from both 

edges. 

Since the polarization is parallel to the edges of the guide for 

the TE1o mode, the negative (-) sign in the diffraction formula is
 

chosen. The singly diffracted ray from edge I is obtained from 

Equation 2 as
 

n () (COS A - COS(i + -_Ao 
n1 n1
 

1 (48)
 
It + 00 + Ao
 

cos -L - cos
 

For Case II (Ao :5 9g). the singly diffracted ray from edge 2 is given 

by 
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2 -
°
 )o 1 si -jkw[sinA°+cot~gcosA ](00) 

Ir Csft- -o-- Co .OJ 00 -+ -Ao 
cos"co) os - cos(?n2 n2 

(49)
 

where the exponential factor and minus sign represent the phase of the
 

incident plane wave at edge 1. The reflected rays are given by
 

) (1o) 

RFA(0o) =- )(-oQ1 0 <0 o < (50) 

where the preceding minus sign results from the reflection.
 

Multiple diffractions occur in the same manner as for the TEM mode 

but with the minus sign chosen in Equations 22, 241, 26, 36, and-4o. 

Thus the total higher order diffracted waves from edges 1 and 2 for 

the TE10 mode are given by
 

R(h) ) = R2G[VB(h,0O + 0g'nl) - VB(h,2Tc + 0o - 0g~nl)] 

- Rlp[VB(2w.4 + 0onl) - VB(2W31 + 0 1n,)] (51) 

and
 

0
RD2h)((o) = RiGB(h1 " o - 0g'n2 ) - VB(h'g - Oo + 0g'n2] (52) 
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The minus sign preceding Rlp results in the same manner as for the 

reflected rays of Equation 50. The total wave from each edge is 

obtained by using TEo mode rays in the same equations valid for the 

TEM mode, that is, Equations 37 and 41-44. The unknown illuminating 

rays are determined in the same manner as for the TEM mode by using 

() (1) ()(h)gieabvfothe formulations for l %2%h)and(K 

the TE1 0 mode. 



CHAPTER II 

CREEPING WAVE DIFFRACTION CONCEPT
 

When a wave is incident upon an opaque object which is large
 

compared to the wavelength a shadow is formed. However, some radia­

12 "16 
as
 

shown in Figure 4. These rays are produced by incident rays which are
 

tion penetrates into the shadow region due to diffracted rays


tangent to the surface of the body. Each tangent ray splits at the 

point of tangency with one part continuing along the path of the 

incident ray and the other traveling along a geodesic on the surface 

of the body. At each following point, it splits again with one part 

traveling along the geodesic and the other reradiating along a tangent 

to the geodesic. From a single incident ray, infinitely many diffracted 

rays are produced, one of which is reradiated at each point of the 

geodesic. These waves traveling around the opaque body have been
 

and Depperman 1 2 

designated as creeping waves introduced first by Franz 

for the interpretation of scalar diffraction by circular cylinders and
 

spheres.
 

The scattered field caused by the creeping wave mechanism for a
 

plane wave incident on a cylinder is given by
 

-

-jk(t+s)El(Q) Dmh,(Q)D mh(P) eEc(S'0) = x mt 0(53) 

26
 



27 

IE-Field 
Incident Ray 
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Receiver 

Figure 4. General concept of creeping wave diffraction.
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which for a right circular cylinder reduces to
 

Ec(S, )= nf (4
El(Q)n Dhe

Es,)ejk(t+s) D2 mht (54)

mhs 

since the radius of curvature is constant. 

e- j 7r/ 12 (kp )1/3 = Dh(Q)Dmh(P) = Diffraction Coefficients -D2 


2/3
 

O~nh = Attenuation Constant - (kp)1/33[(4m + N) ej T/6 (56) 

p is the radius of curvature of the body ' 

k is the propagation factor
 

t is the path length along the body 

s is the distance from point of detachment to the observation point
 

P is the point of detachment of the creeping wave 

Q is the point of attachment of the creeping,wave
 

For a hard surface (E-field normal to the surface) do = 1.083, 

d1 = 0.555, N = 1, and for a soft surface (E-field parallel to the 

surface) d = 0.645, dl = 0.490, N = 3. The diffraction coefficients 

and attenuation constants are obtained by comparing the asymptotic 

series ixpansion for large kp of the canonical boundary-value problem 

with Equation 531314
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Slotted Cylinder Creeping Wave Mechanism
 

Rays diffracted by the edges of a slotted cylinder showm in
 

Figure 5 which are tangent to the surface of the cylinder behave in a
 

similar manner. At each apex point additional diffracted rays are
 

introduced each of which will travel along the surface of the cylinder
 

and will reradiate tangentially. The creeping wave field for a slotted
 

conducting cylinder can be.expressed as
 

-jk(tl+sl) -ti ()ds
 
m "
 

+i(,2)e+Ep2 ) -jk(t2+s2 ) Dnh(Q2)Dnh(P2)e' 0 an, (p)ds (57) 

n
 

Considering only the lowest-order creeping wave mode, Equation 57.
 

reduces to
 

-jk(tl+Sl) - o h(p)ds
 

EC(s,0) = Ei(Q)Doh(Ql)Doh(Pl)e e
 

-jk(t2+s2) - h(p)ds
 
2
+ Ei(Q2)Doh(Q2)Doh(P2 e e (58) 

which for a circular cylinder simplifies to
 

2 ) jk(tl +r) -Ohtl
EC(r,0)= Ei(Q9%Dh(Q Fe e
 

-jk (t 2
+ Ei(Q)D2h(Q2)e r ) e-oht2 (59) 

since the local radius of curvature is the same at P1, P2 Qg, and Q2 .
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P2
 

Point
 

Figure 5. Slotted yl~hder creeping wave fields.
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To assure continuity of the fields across the boundary between the "lit" 

and "shadow" regions, the far-field edge diffracted fields are to be 

equated to the creeping wave fields at the shadow boundary. The
 

angular variation of the wedge-diffracted fields along the shadow
 

boundaries is given by 

RB= kr +RA=e_ ED( E+ (6o) 

for the geometry of Figure 6. In other words, the angular variation of
 

the wedge-diffracted fields along the shadow boundary will be used as
 

the initial value of the angular variations of the creeping waves.
 

Thus, RA and RB will serve as the coupling mechanisms between the 

wedge-diffracted and creeping waves which assure field continuity along 

the shadow boundaries. The creeping wave field for a circular'cylinder 

can then be expressed as
 

EC(r, R e-jk(tl+r) ht1+R e-jk(t2+r) eoht2 (62)
 

RA- e + B 

where
 

RA=i(±)lh(Ql) E ED1~P + Ei+ (65) 
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Figure 6. Far-zone creeping wave field coordinates. 
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LRB = E (92 1 oh(Q2) =D 2 (64) 

For a noncircular cylinder the diffraction coefficient Doh is a 

function of the radius of curvature. Therefore the creeping wave field 

given by Equation 62 must be multiplied by Doh(P)/Doh(Q) giving
ptl
 

!2h(l) -jk(tj+s1 ) e-J °h(P)ds 

Ec(s,) RA Doh(Q ) e 

t2
 
- (h(P)ds
Doh(P2) e jk(t2+s2) e o
+ RB Dh ) s e (3 

~oh(Q2) V2(5
 

The wedge approximation of the parallel-plate-cylinder geometry 

does alter the physical boundaries of the antenna structure and the 

diffraction mechanism of the fields especially in the penumbra region. 

For the wedge approximation, the fields in the 0 =±(t/2+ ) directions 

travel along the boundaries of the wedges. However, in the actual 

antenna structure some of the energy is trapped on the surface of the 

cylinder and travels along the curved surface reradiating in a tangen­

tial direction. Thus the wedge-diffracted and creeping wave fields in 

the transition region (penumbra) will not satisfy the field boundary 

conditions. However, computations carried out using such a model com­

pare favorably with existing boundary-value solutions and experimental 

data. Therefore, such a model would be a valid approximation of the 

structure as far as the diffraction mechanism of the fields is concerned 

and Equations 60 and 61 would serve as the coupling mechanisms between 

wedge-diffracted and creeping wave fields. 



CHAPTER III
 

CIRCULAR CYLINDER RADIATION 

The wedge diffraction and creeping wave techniques previously 

outlined will first be applied for the calculation of the equatorial
 

radiation patterns of axial and circumferential slots on circular 

conducting cylinders of infinite length. Boundary-value solutions 

for slots on circular cylinders with common feeds exist and will be
 

used for comparison. Once the method is verified, it will be employed
 

for pattern calculations of slots whose field distribution is such that
 

modal solutions do not exist and to bodies whose geometric shape does
 

not conform to.a coordinate system where the wave equation is separable.
 

In addition, the elevation plane pattern for finite length cylinders
 

will be analyzed. It should be pointed out that no boundary-value 

solutions for finite length cylinders exist, and experimental results 

will be used for comparison. The diffraction contributions from the 

edges of the cylinder and the effect of-the finite width aperture to 

the overall pattern will be observed. Pattern calculations for more 

complex geometries such as an elliptical cylinder will be carried out 

in the following chapter. 

Equatorial Plane Pattern of Axial Slots Operating in the TEM Mode 

The two-dimensional diffraction geometry for an axial slot mounted
 

on a circular cylinder and operating in the TEM mode is shown in 

34
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Figure 7. The junctions formed by the walls of the parallel-plate 

waveguide and the planes tangent to the surface of the cylinder at the
 

edge points are represented by a pair of infinite wedges of finite
 

included angle WA = (2 - n)n. Two regions, "lit" and "shadow," are 

formed by the imaginary sides of the finite wedges as shown in Figure 7. 

For 0g = 900 of Figure 3(a), RDl(-0o) = 0, RDlR(Oo) = O, 

h = w, n1 = n= h and Equation 31 for the wedge-diffracted field 

reduces to 

- J k w s i n Oe- (ko[r-(w/2)sinJ' +/1t) (Rl(Oo) + R2(0o)e °) 

(66) 

A shift of coordinates from the apenture to the center of the cylinder
 

is convenient, so that common coordinates will be used for wedge­

diffracted and creeping wave fields. Assuming the far-zone approximations
 

ro r - a cos 0 cos 1 For phase terms (67) 

r O r For amplitude terms (68) 

0 0 (69) 

the total wedge-diffracted field is expressed as
 

ED(r,0) 1 a e {kt&/2)sinO+acoscos13] T/4) 

+ 2 (0)e-jkws ) (70) 
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Figure 7. Lit and shadow regions for circular cylinder. 
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The creeping wave contribution as expressed by Equation 62 is
 

igiven by
 

Ecer,w) = jkr e-tljah+jk) + R B  -t2(tLom+jk) (71) 

The wedge-diffracted and creeping wave fields, suppressing the
 

e-jkr/ V~rfactor, are given by
 

= 1 ej (k k/2)sin+acoscos3 -j-/4) (Rl(O) + R2 ( 0 )ejkwsin1) 

(72)
 
and
 

eEC(O)= ke-tl(moh+j k ) + RB 2(aoh +j k ) (75), 

In general, the total field is equal to the sum of the two fields
 

ET(O) =ED(0)+ E(O) (74)
 

However, wedge-diffracted and creeping wave fields do not exist in all
 

regions. To find the total field in each region, the appropriate wedge­

diffracted and creeping wave fields must be considered, as they are
 

tabulated in Table 1. 

Radiation patterns computed using the boundary-value solution given
 

by Wait3 and the fields from Table 1 in their respective regions for the
 

diffracted-field solution are shown on Plates I, II. It should be noted
 

that the second and higher order diffractions are approximated by
 



Regions 

Region I 

o<0<i-

J@( 

TABLE 1. WEDGE-DIFFRACTED AND CREEPING WAVE FIELDS FOR THE EQUATORIAL PLANE PATTERN 

OF A CIRCULAR CYLINDER IN THE DIFFERENT REGIONS 

Wedge-diffracted field Creeping wave field t 

w/2)sin0+aco cosp) (RI + R2 e kwsn0} RAe tl(aoh+ k) + -Ret2 (aoh+jk) + .3g 

B a0+2ks a(Os.A~ 

Region II 

2 

eijk(Ol2)sin0+acos~cos3) . d/k R 

R)R 

~l} ~ 2o~ 

2 

a- ~~ 

Region III ejk(e/2)sin$+acos~oos ) - /'j 

Region IV 
RR I 

222 
A- lonh+I +R Be t 2( a h+k) 0 -R ) a ( 0+ "-

CO 
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Plate I. Radiation patterns of axial infinite slot on smaller circular 
conducting cylinder using finite wedges (TEM mode). 



4o
 

_________ Dlifracted-lield(multiplediffractions)
0. . Diffnfacted-IieIl(S1 e-doobledifdlniis)

° 00- . - ,U rM- % 

(a) 	b.=240 Mbka =240 
w= 04 

> 1)o. 
90 	 t go-zc 

(C) b'= 0 	 =30 
0w= 0 2  

Plate II. Radiation patterns of axial infinite slot on larger 
circular conducting cylinder using finite wedges (TEM 
mode).
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wedge diffractions resulting from uniform cylindrical waves. Diffracted 

waves will resemble cylindrical waves if they are observed sufficiently 

far away from any shadow boundary that results from their source. The 

double-diffracted waves can be adequately treated as those of uniform 

cylindrical waves for guide widths down to about V/5. However, triple 

and higher order diffractions are not very accurate when 0 g = 900 

3 2 
since they are viewed at the shadow boundary formed by their source 

and the solution is more accurate for wider slots.
 

The solutions which consider only first and second order diffrac­

tions have a discontinuity in the 0 = ±900 directions because higher 

order diffractions are neglected. The discontinuity and variation from 

the boundary-value solution in the 0 = ±900 is greater for smaller 

guide widths. The solution which takes into account higher order
 

diffractions eliminates the discontinuity, but it is not very accurate 

in the geometrical shadow boundary region (penumbra) since the assump­

tion of uniform cylindrical waves is not satisfied for triple and 

higher order diffractions.
 

This analysis is more accurate for large 'ka cylinders,since the
 

decaying exponents of the surface waves are derived from asymptotic
 

series for large ka. Using this approach, the computations for large
 

ka cylinders do not require any additional details from those of small 

ka. In contrast, the boundaar-value solution computations for large ka 

cylinders are not very convenient since Bessel functions of large order
 

and argument are not readily available. Also, the convergence of the
 

radiation pattern function becomes poor for large ka, and higher order
 

terms must be included (about 2ka terms). From an economic point of 
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view, large ka value computations using the boundary-value solution
 

require considerably more computer time compared to the corresponding
 

diffracted field solution (about a factor of 50) since higher order
 

terms must be included for convergence.
 

As the values of ka increase, the field in the "shado9' region
 

-(v/2 + 0) > 9 > (v/2 + p) decreases and the ripples start to appear 

at larger angles. It is noted that the period of the ripples is 

approximately (180/ka) degrees. A field plot (voltage versus angle) for 

the ka = 12, w/, = 0.2 cylinder is shown in Figure 8. The variations 

between the boundary-value and wedge-diffracted solutions and the field
 

discontinuity along the 0 = ±900 directions are more noticeable on a 

linear scale. The agreement would be significantly improved for larger 

cylinders with wider plate separations as shown for the ka = 36, 

w/7\ = O.4 cylinder in Figure 9. 

Up to now, the parallel-plate-cylinder geometry has been approxi­

mated by a set of wedges of finite included angle (n A 2) each formed 

by a wall of the parallel-plate and a tangent plane to the cylinder 

surface at the edge point. For the far field, it would be the presence 

of the conducting wall for the wedge geometry of Figure 3 that would 

force the field to be zero at 0 = 3T- WA. However, there is no such
 

conducting wall in the far field of the geometry of Figure 6 and it is 

only the edge that needs to be considered. Soamerfeld17 points out that
 

patterns on precise diffraction photographs exhibit almost no dependence
 

on the material and shape of the diffraction edge, and a glass surface 

with radius of curvature of several meters yields essentially the same 

diffraction fringes as the edge of a razor. It is then suggested that
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'Diffracted-field (multiple diffractions)
 
Diffracted-field (single-double diffractions)
 
Boundary-value
 

"
 80
 

900 
 0 

90 3900 0 + 2 300 8
1 10 =2700g9 0 


W=H 0.2 

1800
 

Figure 8. Field pot of axial infinite slot on circular conducting 
cylinder (ka = 12, w/7 = 0.2) using finite wedges (TEM mode). 
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Figure 9. Field plot of axial infinite slot on circular conducting 
cylinder (ka = 36, w/\ = 0.4) using finite wedges (TEM mode). 
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another possible approximation of the parallel-plate-cylinder geometry
 

will be a half-plane (wedge with n = 2) instead of a finite wedge
 

(n 2). This approximation becomes necessary for the TEjo mode because
 

the wedge-diffracted field along the boundary separating the "lit" and
 

"shadow" regions for the finite wedge approximation will be zero. Thus,
 

there will be no creeping waves traveling around the cylinder surface
 

for the TE10 mode and no fields in the "shadow" region. Since this is
 

not true, the half-plane approximation becomes necessary.
 

However, to verify the validity of the approximations, finite
 

wedge (n A 2) and half-plane (n = 2), both models will be used for the 

computation of patterns for TEM and TEj0 mode slots and compared with 

boundary-value solutions and experimental results. 

It was found, by comparison, that another approximation for the 

TEM mode slot on a circular cylinder was to replace the edge 1 geometry 

by a half-plane (n = 2) for the first order diffraction and by a finite 

wedge (n A 2) for second and higher order diffractions for the 00-1800 

pattern measured in the counterclockwise direction. The edge 2 geometry 

was replaced by a finite wedge for all orders of diffraction. For the 

1800-3600 pattern, the approximations of edge 1 geometry are valid for 

edge 2 and vice-versa. 

The computed results using the above approximations are shown on 

Plates III, IV where they are compared with the boundary-value solution. 

It is seen that the above approximations result in better accuracies for 

smaller guide widths alround the penumbra region than the finite wedge 

approximation used previously. However, the finite wedge approximation 

gives better results in the "lit" region as it should since the fields 
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Plate III. Radiation patterns of axial infinite slot on smaller 
circular conducting cylinder using half-plane and finite 
wedges (TEM mode). 
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Plate IV. Radiation patterns of axial infinite slot on larger circular 
conducting cylinder using half-plane and finite wedges (TEM mode). 
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in the "lit" region are more strongly dependent on the geometry of the 

edge of the wedge, while the far fields in the penumbra region would be 

dependent on the fields on the walls of the wedge. It should then be 

concluded that both approximations are valid and a combination of the 

wedge approximations dependent on the location of the observation point
 

would yield optimum results. As a first order of approximation, either
 

one of the suggested models may be used. A field plot for the ka = 12,
 

w/7A = 0.2 cylinder is shown in Figure 10. The accuracy of the above 

approximation of the penumbra region is better seen in this plot when
 

compared with the one in Figure 8.
 

As was pointed out earlier, many models for the parallel-plate­

cylinder geometry would give good results as a first order of approxi­

mation. Another suggested model for the parallel-plate-cylinder
 

geometry would be a thin-walled waveguide (n = 2 for all orders of 

diffractions). Computed results using such a model are shown in
 

Figure ll. A reasonable agreement between the boundary-value and 

diffracted solutions is indicated. 

Sometimes it may be desirable to have the maximum radiation
 

oriented at a given angle other than the zero degree direction
 

described previously. One way of accomplishing this would be to have 

the feed of the waveguide mounted in a slanted position. 

TEM mode propagation along the parallel-plate is assumed but the 

aperture field distribution will not be uniform in this case. Propaga­

tion of this mode in a guide mounted on a cylinder in a slanted position
 

has no boundary-value solution. However, the technique of diffracted
 

fields described previously can be used to obtain the radiation pattern. 
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Diffracted-field (multiple diffractions)
 
Diffracted-field (single-double diffractions)

Boundary-value
 

0e
1
 
s270
 

1800 

Figure 10. Field plot of axial infinite slot on circular conducting 
cylinder using half-plane and finite wedges (TEM mode). 
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Diffracted-field (multiple diffractions) 
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Figure "l1. Radiation rattern of axial infinite slot on circular 

conduct'ing cylinder using hal.f-planes (TEM node). 



The two-dimensional geometry of this mode is shown in Figure 12.
 

The modified equation for the diffracted field is given by
 

=~ e~(k [cosocoso (h/2)cos (06+(E4g)] -t/4t )-(0 

e ­+ R2( 0 )eJk s( ¢+C + g) + Rl(-¢)e 2 s i (f + )} (75) 

where
 

2 - C (76) 

h w (77) 
sin 0g
 

and the regions where the appropriate wedge-diffracted fields are
 

applicable are given by
 

R-(O + P> 0>- (78) 
2 2
 

R20-> > -(+) (79) 

RL-) 1-- E > 0 >( - C) (8o)
2 g
 

The creeping wave field is the same as that given by Equation 73
 

applicable in the regions outlined in Table 1.
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Figure 12. Slanted feed parallel-plate waveguide geometry. 
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The computed radiation patterns for this mode of operation are 

shown on Plate V with a field plot for one cylinder in Figure 13. It 

is observed that the maximum radiation for the cases investigated is 

oriented at an angle 0 = -E/2. This agrees with the physical reasoning 

by observing the reflection mechanism of the rays from edge 1 by the 

side of wedge 2. It can then be concluded that by slanting the feed 

waveguide at a given angle, it will orient the maximum radiation in 

other than the 0 = 00 direction. The discontinuities observed in the 

solution which considers only single-double diffractions occur because
 

third and higher order diffractions which are neglected become
 

significant. 

Equatorial Plane Pattern of Circumferential Slots Operating in the 

TE10 Mode 

The TE1 0 mode propagation in a parallel-plate guide can be repre­

sented by two plane TEM waves reflecting obliquely back and forth 

between the waveguide walls with the electric field parallel to the 

edge of the walls. The approximation of the parallel-plate-cylinder 

geometry by a set of wedges each formed by a waveguide wall and a 

tangent plane to the cylinder surface at the edge point will not satisfy 

the electric field boundary conditions. In order to overcome this
 

obstacle, the half-piane approximation is used as a model. The boundary­

value solution for a circumferential slot operating in the TE10 mode
 

mounted on a circular cylinder exists and it will be used for comparison.
 

The two-dimensional diffraction geometry is shown in Figure 14. It 

was found by comparison with the boundary-value solution that one approxi­

mation was to replace the edge 1 geometry by a half-plane (n = 2) for the 
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Plate V. Radiation patterns of axial infinite slot on circular 
conducting cylinder t'th slanted Teed (TEM mode). 



Diffracted-field (multiple diffractions)
 
---Diffracted-field (single-double diffractions)
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Figure 13. Field plot of axial infinite slot on circular conducting 
cylinder with slanted feed (TEM mode). 
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Observation
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• WA=(2-n)7r 
 0 A=(2-n)r 

i 
 a
 

SHADOW REGION -*-- -

Figure 14. Diffraction geometry for a TEo mode circumferential slot.
 



57 

first order diffraction and by a finite wedge (n / 2) for second and 

higher order diffractions for the 0-180o pattern measured in the 

counterclockwise direction. The edge 2 geometry was replaced by a 

finite wedge for all orders of diffraction. For the 1800-3600 pattern,
 

the approximations of edge 1 are valid for edge 2 and vice-versa. 

The wedge-diffracted field is given by
 

A ejE/2) (k /P) sin0+acosocos] - /4) (Rl + R2ejkwsino 

(81)
 

(1) (h)R 1 = R 1 +RT1 (82) 

R () () 0 

y( I ) (h ) ,  (h ) where W.), and are given by Equations 48., 51, 
49, and 52 with 0. = 9oO, Pi(-O) = 0 and = 0. The creeping 

wave contribution is given by
 

EC() = RA e -t l ( s +jk) +RB e -t 2 (a ° s +jk) (84)
 

where
 

RA = ED [+ (85) 
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RB =FD [ (A2+ P] (86) 

as given by Equation 81 and
 

a - (ka)l/5 / (87)
%s 2a 

The regions where the appropriate wedge-diffracted and creeping wave
 

fields are applicable are identical to those shown in Table 1 for the 

TEM mode.
 

The computed results using this approximation are shown on Plate VI
 

along with the boundary-value solution. It is noted that the solution 

which includes higher order diffractions gives the best results. A
 

noticeable discontinuity is present at the shadow boundary when higher 

order diffractions are neglected.
 

Another approximation for the parallel-plate-cylinder geometry would 

be a thin-walled guide (n = 2 for all orders of diffraction) as was
 

also true for the TEM mode. Computed results using this model are shown 

in Figure 15. A good agreement is indicated. The discontinuity in the 

= 900 directions for the single-double diffractions is again present 

since higher order diffractions are neglected. 

Elevation Plane Pattern of Circumferential Slots on Finite Length 

Cylinders Operating in the TEM Mode 

The elevation plane pattern [F(e)I0=0 ] for a finite length 

conducting cylinder can be computed using wedge diffraction techniques. 

The diffracted field from the ends of the cylinder and their contribution
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Plate VI. Radiation patterns of circzmnierential slat on circular 
conductin cylinder using half-plane and finite wedges (TE1 O 
made). 
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Diffracted-field (multiple diffractions)
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Figure 	15. Radiation pattern of circumferentia! slot on circular 
conducting cylinder using half-planes (TE1 o mode). 
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to the overall radiation pattern can be readily computed. While 

boundary-value solutions for circular conducting cylinders of infinite 

length exist7',2 no solution which takes into account finite length is
 

available. To check the validity of the technique, experimental results 

were used for comparison. 

The two-dimensional geometry of a slotted cylinder operating in the 

TEM mode is shown in Figure 16. The diffracted field for the TEM mode 

from edges 1 and 2 is given by 

ED(ro eo ) =- RD~o (88)
 

where
 

RD(8o) = e (kv/2)siPo (RI(6o) + (6o)ej1so) (89)
 

and Rjeo) and R2( 0 ) are given by Equations 37 and 41. Diffractions 

from the aperture in the 00 ±+/2 directions will be diffracted by 

wedges 3 and 4 which in turn will be diffracted by wedges 1, 2, 5, and 

6. This process continues to higher orders of diffraction. 

To calculate the single-diffracted field by wedge 5, the reciprocity
 

principle (see Appendix) will be applied. This leads to
 

(1)r0D 3+</43 [ 
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Figure i6. fliffraction mechanism geometry for elevation plane pattern. 
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where 

Rt(1) (v( w %+Hg (91) 

The single-diffracted ray from wedge 5 in the direction of wedge 5 

(e 3 = 1800) will be diffracted again and its contribution is 

(1)( - 0 e-[kr + c/4](1)(92) 

where
 

R(1)(e0 RC')(,) (V,(a,65,n5 (95)
D5 5 D3 515 

Diffractions from wedge 5 in the directions of wedge 3 (e5 = 0) and 

wedge 6 (e5 = 2700)'will cause additional diffractions. Assuming that 

the length of the cylinder is several wavelengths, the diffractions by 

wedge 6 are negligible. However, the second order diffractions from
 

wedge 3 are given by. 

wher e-[1> t/4] (2) 

where
 

(2 - (1-( 0)( VB(a,nit e0n (95) 
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The same procedure used to calculate the fields diffracted by 

wedges 3 and 5 can be applied to calculate the fields diffracted from 

wedges 4 and 6 being initiated by the aperture diffractions in the 

00 -3r/2 direction. 

The first order diffracted fields by wedges 4 and 6 are given by 

where 

N4)())=R 2 (- n2) (vBQ2 2) - 04 n4 )) (97) 

and 

(1)) 

N)r, 6 ) R6 (e6 ) (98) 

where 

R(l)(0 = R(1 g) (-V(a,ar - e6 ,n 6 )} (99) 

and the second order diffracted field from wedge 4 by
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e +(2 *-a 	 r~ 
%
(2)(0 4 (100) 

2lrkrk 

where
 

(2) (4±)(2) a 	 (±oi)
%4~ N)~ %6 	 (1)VB(at + 4R) 

The above derivations were all based upon the validity of the 

reciprocity principle as outlined in the Appendix. 

Shifting the coordinates from the individual edges to the center 

of the cylinder and assuming the far-field approximations 

r - a cos er e 2 

r - a cos(y - e)r3 


r4 r + d cos(I - T - e) 	 For phase terms (102)
 

r. r - a cos(t - 7 - e). 

r 6 r + d cos(r - e) 

r 	 For amplitude terms (103)
r° r3 r4 	 r5 r6 


0 3 4 e5 6 e 	 (104) 

where 
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1/2 

(105)2 

= tan (106) 

the diffracted fields, suppressing the e-j r+ 'I/ V factor,
 

are shown in Table 2 valid in the indicated regions. 

It should be pointed out that additional diffractions by each 

wedge will be present and can very conveniently be accounted for. 

However, for cylinders with several wavelength radius and length such
 

diffractions have secondary effects and can be neglected. It is 

apparent from Figure 16 that the two-dimensional geometry used for the 

formulation of the elevation plane pattern of a finite length slotted 

.cylinder is identical to the cross section configuration of a slotted
 

finite width ground plane.
 

The computed results using the fields from Table 2 are shown on 

Plate VII where they are compared with experimental data.- It is obvious 

that a very good agreement between theory and experiment is indicated. 

The ripples in the -it/2 < B < 3/2 region are present because of the 

diffraction contribution from the edges of the cylinder, and they
 

become negligible as the length becomes large. The experimental results 

were obtained from slotted ground plane models since it was deduced
 



TABLE 2. WEDGE-DIFFRACTED FIELDS FOR THE ELEVATION PLANE PATTERN
 

OF A FINITE LENGTH CYLINDER IN THE DIFFERENT REGIONS
 

Diffraction wedge Wedge-diffracted field Region 

and 2 ED(e) = ei(ka/2)csR"(e),, 2 < e < L 

3 ~ (e)() eijkaoose) (1)(0 +,Q()(e)j<0 

4(1, 2)(e) = Jkdcos(T(-7-G)(4rce) + (2)('J 

fED 

2 
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Plate VII. Elevation plane patterns 
(TEM mode). 

of' finite length cylinder 
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that their two-dimensional geometry is identical to that of a slotted
 

cyuidei. 

The beamwidth of the main lobe is decreased as the aperture width 

is increased. The smoothest pattern and the lowest back lobes are 

obtained for the aperture whose width is exactly one wavelength since 

complete cancellation of the fields diffracted from wedges 1 and 2 in 

° the- e = ±it/2 directions occurs. The ripples in the *-90 < e < 900 

region which are much in evidence in (a) and (b) do not appear in (c) 

and (d) because the fields in the e = ±ic/2 directions are very weak 

and any diffractions from the edges are negligible. Additional lobes 

appear as the aperture width is larger than one wavelength.
 

Another formulation for the diffractions from wedges I and 2 

would be to use continuous double diffractions.37 In this case, double­

diffracted rays from wedge 2 [ )(e) are neglected in the 00 < e < 900 

region while double-diffracted rays from wedge 1 [R(, (e) are neglected 

in the -90' < 6 < 00 region. Computed results using the above formula­

tion are shown on Plate VIII where they are compared with experimental 

results. Again a very good agreement between theory and experiment 

is indicated.
 

http:diffractions.37
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Plate VIII. Elevation plane patterns of finite length cylinder using 
continuous double diffractions (TEM mode).
 



CHAPTER IV 

ELLIPTICAL CYLINDER RADIATION 

Flush-mounted antennas axe commonly used on space vehicles, 

missiles, and- aircraft. However, their radiation properties usually 

cannot be predicted analytically because the geometric shape of the
 

body to which they are mounted does not conform to a coordinate system 

where the wave equation is separable. The method used to analyze the
 

radiation properties of axial slots on circular conducting cylinders 

can be applied to cylindrical shaped bodies of arbitrary convex cross
 

section. One geometry of wide interest is an elliptical cylinder which 

can be used as an approximate model for the wings of an aircraft or the 

fins of a missile.
 

The far-field radiation-produced by a slot of arbitrary shape on 

the surface of an elliptical cylinde of infinite length using modal 

solutions has been carried out by Wait.5 Computations using the modal 

solution are numerically convenient only for very thin-shaped elliptical 

cylinders, and as the size increases (larger ka and kb) higher order 

terms must also be included for convergence. However, the analysis
 

using wedge diffraction and creeping wave theory can be used for com­

putations of any size and shape of an elliptical cylinder. As the 

physical dimensions increase, the accuracy of the obtained data increases 

because diffraction coefficients (Dmh) and decay constants (cmh) used in 

71 
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the analysis are derived from asymptotic series of canonical boundary­

value problems for A -4 O. 

Equatorial Plane Pattern of Axial Slots Orti in the TEM Mode 

As in the analysis of the circular cylinder, the two-dimensional 

geometry for an axial slot mounted on an elliptical cylinder and 

operating in the TEM mode is shown in Figure 17. Again, the junctions 

formed by the walls of the parallel-plate waveguide and the planes 

tangent to the surface of the cylinder at the edge points are approxi­

mated by a pair of infinite wedges of finite included angle 

WA= (2 - n)r. The wedge-diffracted field is given by Equation 66 and 

is repeated here.
 

j k w s i n ° 
e-~ ~ ~ ~Rj2 (k [o-(/)sn]+i4o o 

(r~,~ kr-1)i0 (O)+ R2(0o)eJ1WIo 

(107)
 

Using the far-field approximations 

ro r - r o cos 0 cos f For phase terms (108) 

ro r For amplitude terms (109) 

Ea0 0 reuc(0)
 

Equation 107 reduces to 
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Figure 17. Lit and shadow regions for elliptical cylinder. 
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e -- k r e k [kw/2) sino+-r)o°SoC°Sp- 5t/4 R() 

+ R2(0) e-Jkwsin¢} 

where
 

To -= 0o+yo2 
JC+y (112)
T 0 

(i14)-
Yo = ± w 
2 

with R5(0) and R2 (0) as defined previously. 

The creeping wave field is given by Equation 65 and repeated here. 

Dj ejk(t! +s! ) -f ,moh(p)ds 
EC(s ) ) = RA Doh(P ) e e 0 

ohql1l 

D ) -Jk(t2+s2) -ft2 aoh(p)ds 

(115)+RB ee o
BDoh( Q2) rg2 

From the geometry of Figure 18, one may obtain the far-field approxima­

tions
 

(116)
.rI T2 T 
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Figure 18. Far-zone creeping wave field coordinates. 
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(J-17) 

SjI 

s2 

r - T COS 

r + T cos6 

1 

J 
For phase terms (ll8) 

s 1 s2 r 

Equation 115 reduces to 

t1 

e-jkr e le fjk0 o 
Ec\r,1) = VA / 

For amplitude terms (-19) 

Pt2 

e-jkr e-jkt2e f °h(P)ds (120) 

where 

VA = 
D h(p1) 

RAo 

jkTcos81 (121) 

11 

VB B h(P2)D)RB -jkTcos81e 
(122)(122 
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RA= -jk +D( + =i E(Q±)[Dlh±] (123) 

:En[ (! +R= eiL D - Ei(%)[oh(Q2)]B o= (!2) 

as obtained from Equation ll. 

Exressions for the radius of curvature and differential arc 

length for an ellipse can be obtained by applying the basic geometric 

ds = ()2 + ((2)2 

233/2
 

1 +(126) 

x T sin 0 (127) 

y = r cos 0 (128) 

Using Equations 125, 127, and 128 lead to 

dx = T cos 0 do + sin 0 d'r (129) 
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dy = -T sin 0 do + cos 0 d (130) 

1/2
 

ds = [2(a0)2 + (dr)2] (131) 

y' = - s (132) 

2
yi = b (a cos2O + b2 sin2o)3/ (133) 
5a cos30
 

Substituting Equations 127 and 128 into the equation for an ellipse in 

rectangular coordinates 

x2 y
 
- + - = 1 (134) 
2 b2
 a


lead to
 

ab 
 (135)
 

[a 2 cos 20 + bsin 

dt = ab(a 2 - b2 )sin 0 cos 0 do (136) 
2 3/222[a2 
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Substituting Equations 132 and 133 into 126, and Equations 135 and 136
 

into 131 yield
 

F 53/2
 

ab a2 c os20 + b2sin2j (137,)
 

ds = ab (a4cos2o + bsin20) /2 (138) 
/2
 

2 +.b2sin20)3
(a2cos
 

The arc "length and complex attenuation factor of the creeping wave on
 

the elliptic surface can'then be expressed as
 

t= f0 1 2 dsab f012 (a4cos2o + b4sin2o)l/2 do (139) 
2onl Oil (a2cos o + b2 sin2O)
 

t (1/3 (23b)2/3 
o%p)ds (k=Ta ej r/6 x
 
o2 4/
 

1012 ab do
 

oil [(a4cos2o + b4sin2o)(a2cos20 + b2sinl)t/2
 

(14o)
 

where
 

oil = trapping point angle of the creeping wave
 

012 = exit point angle of the creeping 
wave
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The points of trapping, Q1 and Q2. are given by Equations 113 and 

li4. To determine the points of reradiation, P1 and P2, of each 

creeping wave on the surface of the elliptical cylinder, the vector 

cross product will be utilized.24 As shown in Figure 18 for the 

observation angle 0 (assuming far-field observations) 

nx n = 0 	 (141) 

where
 

n _x cos + Y^ sin 	 unit vector perpendicular to the (142) 
line from the origin of the 
cylinder to the observation 
point 

Sx + 

=" unit vector normal to the (143) 

F,)2 1/2 cylinder surface at the 

+ (L2) point of tangencyLx~ 
Applying Equation 141 and using the equation for an ellipse in
 

rectangular coordinates
 

x2 
 2
 
2 b2
 a
 

leads to
 



xl(Pl ) =E~o -a 2co 0 23/
1~i~jI'/2
[a2cos20 + 

y!(Pl) = b2sin 0 Reradiation point P1 (145) 

[a 2cos 2 + b2sin2o] 

N = tan-1 Xl(P 

x2(Py) aicos 0-

X2(P2) 2a cos% /2 1/ae2¢3

Reradiation point P2 (146) 

Y(P2) -- b2 sin 0 

a2cos2o + b2sin2o 

The angles p and are given by 

tan-af wL (147) 

w (148)= tan--a - 3 

The wedge-diffracted and creeping wave fields, suppressing the 

e'Jkr/ V factor, are given by 
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Ee + R2e 
jk wsin3 (149) 

f Pt2 2
 

EC(O ) VAe-jktle 0 + VBe jk2e 0 (150) 

t= 0 12 ds (151) 

t 2 = ds (152) 

021 

In general, the total field is given by
 

ET(0) = FD() + EC(0) (153)
 

where the appropriate fields must be considered in each region as shown
 

in Table 3.
 

Radiation patterns computed using the fields from Table 3 in their
 

respective regions are shown on Plates If, X, and Figure 19. Experimental 

models were constructed and the obtained data were used for comparison 

since boundary-value solutions are numerically convenient only for very 

thin elliptical cylinder. Harrington4 points out that the equatorial 

radiation pattern (e = 90 plane) for a circular cylinder with finite 

axial slot is identical to that with an infinite axial slot. It is 
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TABLE 3. WEDGE-DIFFRACTED ANDCREEPING WAVE FIELDS FOR THE EQUATORIAL PLANE PATTERN OF AN ELLIPTICAL CYLINDER IN THE DIFFERENIT REGIONS 

Wedge-diffracted field Creeping Wave field 0 
l021 

Regions ED( 
 ECC() 
 1 022
 

J k l " Region I eJk((1,/2)sinj ¢cosos0) - /4] + BEi-jkwsi VAC t e Jao h(p)ds + vejkt2c fo t2oh(P)ds 01 + 02, = - *4 

Region 1I j k((w/21)in0 coscos - - ,aj " 0r h( )d$ - ( ­

< \/2.k R2e-kwsin0 VB 022 = 

Region III aJ [k((W/2) sinon42os00sP) - /4] -Jkt -ft2a~h(p)ds 2m-v 

n(Ri) VBe 2e 


VAe-ktle 
 + VB-kt
2 e
 

o 
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Plate DC. Radiation patterns of axial infinite slot on elliptical 
conducting cylinder using finite wedges (TEM mode). 
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Plate X. Comparison of radiation patterns for smaller size
 
elliptical cylinder (TEM mode). 
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Figure 19. Radiation pattern of a thin elliptical cylinder and a
 
finite size ground plane (TEM mode).
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assumed that such a relation holds for an elliptical cylinder, and the
 

experimental results were obtained using finite axial slots. The 

experimental models were also of finite length of about 30 wavelengths; 

diffractions from the edges of the cylinders should then be negligible. 

Dimension construction accuracies were within ±-A/25 and surface 

irregularities within ±V50. All measurements were performed at a 

frequency of about 10 GHz.
 

The agreement between computed and experimental patterns is good 

particularly in the forward hemisphere. Errors of the order of 2-3 dB 

are obtained in the penumbra region and they indicate that further 

improvement could be made on the approximations of the parallel-plate­

cylinder geometry by a wedge and those implicit in Equations 123 and 

124. The use of the half-plane wall for certain diffractions processes 

would yield improved results near the penumbra region as has been 

discussed previously for the circular cylinder. In general, the errors 

in the shadow region are of the same order of magnitude, and they are
 

quite acceptable for determining possible interference and noise that 

might be introduced from other systems through these back lobes. 

For elliptical cylinders with constant major axis but decreasing 

minor axis (thinner shape ellipse), the rate of attenuation of the 

creeping waves, whose main contribution is in the "shadow" region, is 

larger. However, the "lit" region radiation, whose primary source is
 

the wedge-diffracted fields, is essentially unaffected as shown on 

Plate I1(a)-(c). The creeping waves are strongly influenced by the
 

radius of curvature which is rapidly changing while the wedge-diffracted
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fields depend on the included angle of the wedges (WA) which remains 

essentially constant.
 

For the small elliptical cylinder (ka = 10.666, kb = 8) of
 

Plate X(a) slightly larger variations and asymmetries between experi­

ment and theory are noted. For ±1.0 percent changes in frequency 

(Plate X(b),(c)), the variations and asymmetries are even greater and 

it is believed that the physical construction tolerances of the ellip­

tical cross section are critical for the measurements on this size 

body. For a thin elliptical cylinder the radius of curvature of the 

surface near the major axis is small and any diffractions from that 

region would not be very accurate since the asymptotic series assumption
 

of large physical dimensions is not well satisfied. 

In Figure 19, the experimental. pattern of a thin elliptical 

cylinder (ka = 40, kb = 8) is compared with a theoretical curve of a 

finite size ground plane obtained using wedge diffraction techniques. 

A good agreement is noted in the 900 < 5 < -90 region. However, in 

the 900 > 0 > -900 region the ripples predicted by the computed curve 

of the ground plane do not appear in the experimental curve for the 

thin elliptical cylinder. The surface of the cylinder is smooth and 

has no sharp edges to contribute diffractions in the "lit" region for 

the ripples to appear. The fact that edge diffracted fields do disturb 

the pattern is an interesting fact to the antenna designer who would 

certainly prefer the smooth pattern. Cylindrical caps on the sides of
 

the ground plane would reduce the ripples and smooth the pattern. -

To check the validity of the half-plane (n = 2) approximation for 

the parallel-plate-cylinder geometry instead by a finite wedge (n A 2)., 
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Equations 149 and 150 were used with modified n's and the computed
 

results were compared with experimental results. It was found by com­

parison, like for the circular cylinder, that the best approximation was
 

to replace the edge l'geometry by a half-plane (n = 2) for the first 

order diffraction and by a finite wedge (n 2) for second and higher 

order diffractions for the O°-180 ° pattern measured in the counter­

clockwise direction. The edge 2 geometry was replaced by a finite 

wedge for all orders of diffraction. For the 1800-360 0 pattern, the 

approximations of edge 1 geometry are valid for edge 2 and vice-versa. 

The computed results using the above approximations are shown on 

Plate XI, where they are compared with -the experimental curves. It is 

seen that the above approximations result in better accuracies in the 

penumbra region than the finite wedge approximation but larger varia­

tions exist in all other regions. As concluded previously, the solution 

used then depends on the region of space of interest. It should be 

noted that computed results for single-double diffractions and multiple 

diffraction shown on Plates IK, X, and XI axe almost the same, and it is 

rather difficult to distinguish any variations between the two'. 

Equatorial Plane Pattern of Circumferential Slots Operating in the 
TEl0 Mode 

-As was explained previously, the TEo mode is represented by 

two plane TEM mode waves reflecting obliquely back and forth between 

the waveguide walls with the electric field being parallel to the edge 

of the walls. The finite wedge approximation for the parallel-plate­

cylinder geometry will not satisfy the boundary conditions and the 

half-plane approximation will be used. 
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Plate XI. Radiation patterns of axial slot on elliptical conducting 
cylinder using half-plane and finite wedges (TED mode). 
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For a circumferential slot operating in the TEl 0 mode and mounted 

on a circular cylinder it was found that the best approximation was to 

replace edge 1 by a half-plane (n = 2) for the first order diffraction 

and by a finite wedge (n 2) for the second and higher order diffrac­

tions for the 00-180° pattern measured in the counterclockwise direction.
 

The edge 2 geometry was replaced by a finite wedge for all orders of 

diffraction. For the 1800-3600 pattern, the approximations of edge 1 

geometry are valid for edge 2 and vice-versa. 

The above approximation will be used also for the elliptical 

cylinder. The wedge-diffracted field is given by Equations 81-83 with
 

n's modified as explained above. The creeping wave field is given by
 

- ft2os(p)ds 
- ftlos(p)ds

EC (O) = VAe-Jktle + VBe-Jkt2e 0 (154) 

where
 

ft os(p)ds = (k)1/3 (9tb) ej x
 

4
02 

f 1ab do
 

01 L(a4cos2o + b4sin2o)(a2cos20 + b2 sin2i)] 

(155)
 

The regions where the appropriate wedge-diffracted and creeping wave 

-fields are applicable are identical to those shown in Table 3 for the 

TEM mode.
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The computed results for the TEIo mode slot on an elliptical 

cylinder are shown on Plate XII. Like for the circular cylinder, the 

0 = ±900

single-double diffraction solution has a discontinuity in the 

directions because higher order diffractions are neglected. The thin­

walled guide approximation (n = 2 for all order of diffraction) could 

also be used as was demonstrated for the circular cylinder. Good
 

results would also be obtained in this case. 
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CHAPTER V
 

METTAL COUPLING BETWEEN SLOTS ON A CYLINDER 

The coupling between two or more waveguide apertures on the 

surface of a cylinder is calculated using wedge diffraction and creeping 

wave theory. Mutual coupling is defined30 as follows:
 

Coupling = Modal current (or voltage) in coupled guide (156)Mutual 
Modal current (or voltage) in transmitting guide 

It should be. noted that this quantity gives the phase as well as the 

magnitude of the coupling, and may be readily converted to mutual 

impedance or any other desired form for expressing coupling. The 

analysis of coupling will be formulated in the following manner. The 

transmitting guide, with its associated modal current, is replaced by 

an equivalent line source. The modal current induced in the coupled 

guide by a line source is determined. These two steps are then combined 

to obtain the mutual coupling.
 

The coupling problem considered in this discussion is described in 

Figure 20. The formulation of the solution to the coupling problem is 

as follows. A unit-amplitude wave with its associated modal current is 

incident in the transmitting guide. An equivalent line source, having 

an omnidirectional pattern and a field matching that of the guide in 

the direction ot, is substituted for the transmitting guide. A coupled 
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wave with its associated modal current is induced in the receiving guide.
 

The mutual coupling is defined as the ratio of the modal quantity in the 

coupled guide to that of the transmitting guide. 

TEM Mode 

For the TEM mode, the field component perpendicular to the plane 

of Figure 20 is the magnetic field. The incident field is uniform 

across the guide width, and thus the incident power flow for a unit­

amplitude magnetic field is given by
 

=Po wZo, Zo = L (157)(157) 

The modal current associated with this mode is
 

10 = r- (158) 

The replacement of the guide by a uniform equivalent line source is
 

illustrated in Figure 21. The field radiated by the equivalent line 

source is equated to the field radiated by the guide, thus
 

-j(kr-3/4) -jkr 
Il e v% 1f= HTrj0 t) = DT0(t (159) 

where DTO(0t) is the diffraction coefficient of the transmitting guide 

in the direction Ot. The modal current 1, is that of the equivalent 

line source with an antenna impedance Z., and is given by 

I, = V27DTo(t)e- j v/4 (160) 
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A principal criterion for the validity of this analysis is the accuracy
 

of substituting the equivalent line source for the guide.
 

The modal current induced in the receiving guide by the equivalent 

line source is obtained by application of reciprocity, as illustrated 

by Figure 22. The modal current induced in a line source by a guide 

excited by a modal current I1 will be obtained. The power received 

by the line source, being the product of the effective aperture width 

of the line source A/23t. multiplied by the power density, is given by 

P 2Tc Zo HTQ ] (161)
 

where HTI(Q1) and HT2(Q2) are the fields of the receiving guide at
 

points Q1 and 2 as shown in Figure 22. The modal current received
 

by the line source is thus given by
 

I [HT (Q1) - HT (%]'l (162) 

where
 

(16)
 
0 h(p)d


HT (Q1 ) = V.e-jktle-


HT (2) = Vi2e-Jkt2e- 0 oh(p)ds1) 
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Figure 22. Use of reciprocity to obtain response of parallel-plate
 
guide to line source. 
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I 

By reciprocity, this-is the modal current induced in the guide by the
 

line source excited by a modal current Il. 

The mutual coupling for the TEM mode is obtained by taking the 

ratio of the modal current in the coupled guide to the modal current 

in the transmitting guide. Using Equations 158, 160, and 162 the mutual 

coupling is given by
 

3/'(HTDTo(Ot)e-j(Q1 ) - HT (Q2) (165) 

Computed results of mutual coupling between two slots operating in 

the TEM mode on a circular conducting cylinder are shown in Figure 23 

for different size cylinders and compared with data from a flat ground 

plane. 30 It is seen that the coupling decreases as the relative position 

between the two slots increases and it would be zero when ­

the two slots are diametrically opposite since the two creeping-waves 

would cancel in the second slot. It should be noted that the phase of 

the coupling is also available from this analysis. Since theoretical 

determination of coupling by conventional methods is difficult and 

experimental data are not available, no comparison can be made. 
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CHAPTER VI
 

CONCLUSIONS
 

Wedge diffraction and creeping wave'theory have been used to 

analyze the radiation properties of slots on cylindrical bodies. Using 

this technique, the computed results for circular and elliptical 

cylinders have been favorably compared with existing modal solutions and 

experimental results. Three models representing the parallel-plate­

cylinder geometry have been introduced and their validity verified.
 

One model representing the parallel-plate-cylinder geometry was a
 

set of infinite wedges with finite included angle (n A 2). Such an 

approximation served as a good model for TIM mode slots. Although the
 

physical structure of the antenna was comprised of flat and curved 

surfaces forming an edge, a model of two flat surfaces forming an edge 

was a good approximation for computing the diffracted fields in the lit 

region. The values of the fields obtained in the penumbra region may 

not have been very accurate, because of the presence of the wedge, but 

it was demonstrated that good values can be obtained. Such a model can 

be used in approximating other complex structures which may be similar 

to the ones applied in this dissertation. 

Another model representing the parallel-plate-cylinder geometry for 

all orders of diffraction was a set of two flat ground planes (n = 2). 

Even though the physical structure of such a model was quite different 

from the actual antenna, it was demonstrated that it also served as a 
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good model for computing the diffracted fields in the lit region. Since 

wedge-diffracted fields are strongly dependent on the tip of the wedge, 

the edge of the flat ground plane was similar to that formed by the 

plate of the guide and the surface of the cylinder. For this case, the 

fields in the penumbra region were more accurate than for the previous 

model because there was no physical structure to interfere with the 

fields. This model can be used for TEM and TEj0 modes and will give 

accurate results, as a first order of approximation, for a variety of 

structures which form .a tip even though the physical structure may be 

different.
 

The third model used for approximating the edge region of the 

antenna was a half-plane in combination with a finite wedge in the 

following manner: replace the edge 1 geometry by a half-plane (n = 2) 

for the first order diffraction and by a finite wedge (n A 2) for second 

and higher order diffractions for the 00-1800 pattern measured in the 

counterclockwise direction. The edge 2 geometry is replaced by a finite 

wedge (n A 2) for all orders of diffraction. For the 1800-3600 pattern, 

the approximations of edge 1 were valid for edge 2 and vice-versa. It 

was demonstrated that this model also served as a good replacement for 

the parallel-plate-cylinder operating in the TEM and TE1 0 modes. It can 

also be used as a model for the wedge-diffracted fields of structures 

forming edges which may be similar to the ones for which it was applied 

in this dissertation.
 

As a result of the preceding, the antenna designer now has at his 

disposal three models for approximating edges formed by curved and flat 

surfaces. Each one will give good results as a first order 
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of approximation. However, since each one is more accurate in different 

regions, a combination of them will give better results. 

For the TEM mode slots, all three models have been used in the 

computations. The computed results using the half-planes model and 

the half-plane in combination with the finite wedges approximation are 

more accurate for smaller guide widths in the penumbra region but the
 

finite wedge approximation gives better results in all other space. 

However, as the guide width is increased, the finite wedge approximation 

gives better results in all regions. 

For the TE1 0 mode slots, the parallel-plate-cylinder geometry 

cannot be approximated by a set of wedges of finite included angle 

because the tangential E-field boundary conditions are not satisfied. 

Therefore it was necsssary to use either the half-planes model or the
 

half-plane in combination with the finite wedges approximation as a 

model. The computations agreed very closely with existing boundary­

value solutions.
 

The elevation plane pattern of a finite length cylinder of an 

arbitrary cross section was computed using wedge diffraction techniques.
 

The diffractions from the edges of the cylinder are taken into account 

and their contributions to the overall pattern are noted. As the 

aperture width is increased, the beamwidth of the main lobe is decreased. 

The smoothest pattern and the lowest back lobes are obtained for the
 

guide whose width is exactly one wavelength since complete cancellation 

of the fields diffracted from wedges I and 2 along the cylinder 

surface (e = ±900) occurs. As the guide width is increased beyond
 

one wavelength, additional lobes appear. 
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The maximum radiation of a slotted cylinder can be oriented in any
 

desired direction by simply slanting the input guide. Such an orienta­

tion may be warranted to achieve desired radiation characteristics. The
 

problem of mutual coupling between slots on a cylinder has been out­

lined. Computations have been carried out but cannot be compared since
 

boundary-value or experimental data are not available.
 

The above technique used to analyze the radiation properties of
 

aperture antennas on cylinders presents two problems: approximation
 

of the aperture geometry by wedges and the excitation mechanism of the
 

creeping waves. In other words, the representation of a complex
 

geometry by simpler models whose solutions are Inown and the initiation
 

of the creeping waves seem to be the main obstacles. It was found that
 

a junction formed by a flat plate and a curved surface can be approxi­

mated by a wedge with infinite sides but finite included angle (n A 2),
 

by a half-plane (n = 2) or by a half-plane in combination with a finite
 

wedge as far as the diffracted fields are concerned. This agrees with
 

Sommerfeld's conclusion that patterns on precise diffraction photographs
 

exhibit almost no dependence on the shape of the diffraction edge and 

the fields diffracted by the wedges in the "lit", region are chiefly
 

dependent on the region near the tip of the wedge.
 

All models give good results as has been demonstrated. Also it
 

was found that the creeping waves can be initiated by using the wedge­

diffracted field along the boundary -hich separates the "lit" and
 

"shadow" regions as their initial value. This type of assumption
 

preserves continuity of fields as it is necessary. However, this cannot
 

very easily be established for any case. For example, creeping wave
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theory along with image theory on curved surfaces was applied for the
 

analysis of the radiation properties of a vertical infinitesimal stub on
 

cylindrical bodies. The results obtained were compared with existing 

boundary-value solutions but a very poor agreement was indicated. A 

more practical case of a finite dipole might yield a creeping wave 

solution by segmenting the dipole. Each segment of the dipole would 

launch a creeping wave on the cylinder at the tangent point fixed by 

the height of the segment. There would also be a different "image" 

element for every radiation angle. This would represent a lengthy 

problem but its solution should be tractable. 

TEM mode aperture field distributions can be realized in practice 

using H-plane sectoral horns of several wavelengths. This type of field
 

realization was used for the elevation plane pattern experimental 

measurements. The computed results agreed very closely with the experi­

mental data which indicates that the assumed aperture field distribution 

is closely approached. However, for circular cylinders, the equatorial 

plane radiation pattern function of an infinite axial TEM mode slot is 

the same as that of finite slot. It is assumed that such a relation 

holds for elliptical cylinders and experimental measurements of TEM mode 

axial slots were carried out using standard rectangular waveguide feeds. 

A comparison between computed and experimental results indicated a very 

good agreement which justifies its validity. 

The essential feature of this technique is that it is applicable to 

all types of complicated problems some of which are, in general, 

impractical to solve rigorously. The approach is to resolve a complicated
 

problem into simpler component problems with approximations, if necessary, 
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such that each of them will have a simple rigorous solution. The known 

solutions of these individual components permit the calculation of the 

overall radiation pattern by the use of superposition. Other analyses,
 

such as the point-matching technique have been developed for the solu­

tion of complicated antennas. However, the point-matching approach 

yields good results for antennas and supporting structures whose 

electrical size is small, resulting in a set of N linear equations 

which are within the capacity of present digital computers to handle 

and the time involved in such computations is great resulting in a high 

cost per data point. The analysis presented in this dissertation based 

on the geometrical theory of diffraction and creeping wave theory yields 

approximate results with relatively little expenditure of computer time. 

Also, since the field contribution from each individual component is 

separated, this technique is ideal in parametric design problems. 

Individual parameters can be varie& and their effect to the overall 

pattern studied. 

Another possible approach to the solution of a complicated problem 

would be an asymptotic series expansion for each problem of interest. 

However, such an approach presents difficulties. First of all, an
 

asymptotic series expansion may not always be very convenient due to 

the complexity of the formulation. Secondly,-even if such an analysis
 

is possible, it is applicable only to that individual problem at hand. 

A slight variation in the geometry would require a new derivation which 

in some cases may not be possible. The technique outlined in the main 

text, although less accurate, provides solutions to general type of 

problems with only slight variations. It should be pointed out that 
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data obtained with the above technique are well within measured 

accuracies. 

The concept of a hybrid solution utilizing wedge diffraction and
 

creeping wave theory has been established in solving aperture antenna 

problems on cylindrical bodies that have not been considered previously 

from this point of view or problems that otherwise may not be possible
 

to solve in any other way. The first attempt was to apply this tech­

nique to bodies with known boundary-value solutions for comparison of 

the results. It was then extended to more complicated geometries where 

exact solutions are not possible but where experimental data are avail­

able. Once a good understanding of the radiation mechanism is 

established, the technique can be extended to other more complex 

geometries to include slots on spheres, prolate spheroids, ogives, 

etc. Also problems involving dipoles on the surface of such geometric 

shapes should be considered. Experimental data and modern computational 

methods such as the point-matching boundary-value techniques should be 

used to obtain improved values and gain better understanding of the 

radiation mechanisms involved. 

Another possibility would be to combine solutions of the type
 

given in this dissertation with the computer techniques. For example,
 

the case of the monopole antenna on a cylinder would use point-matching
 

methods to find the fields in the vicinity of the monopole and the
 

diffraction concepts would be used over the remainder of the cylinder.
 

This would greatly extend the size cylinder that could be treated using
 

point-matching techniques. 



APPENDIX
 

DFTRACTION BY A PERFECTLY CONDUCTING WEDGE 

The diffracted field for a plane wave incident on a wedge of 

included angle (2 - n)i shown in Figure 24 is given by 

ED(r, jn)= VB(r t - *on)± VB(r,t + *Opn) (166)
 

where the plus sign applies for the polarization of the electric field
 

perpendicular to the edge
 

(7- 0~g)- (167)
 

and the minus sign-applies for polarization parallel to the edge
 

(168)
(ElIwedge) = 0. 

The wedge diffraction function [VB(r,* +,* n)] for a plane wave has 

been determined by Pauli
1 8 and improved by Hutchins.

19 

The improved form of the diffraction function is defined as 

VB(r,4r T %o,n)= Ij(r,r T *On) + I+(r,* T o,n) (169) 

where 
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Figure 24. Diffraction by a wedge of included angle (2 -n)t.'
 



III 

I+ 7rp n _e -j(kr+ 3r/4) F cot _a (r *O),eJkraf ejTd,
 
if(r,4 7 4on) jn 2nT j Vr
0 vFcot 

+ Higher order terms (170)
 

a =1+ cos[ *) - 2nnW] (171) 

and N is a positive or negative integer or zero which most nearly
 

satisfies the equation
 

2nifN - ( ) = -g for I1 -, (172) 

2nN - (4 o) = + r for I+ ) 

Equation 170 contains the leading terms plus higher order terms
 

which are negligible for large values of Ikr. For large values of kra
 

Equation 170 reduces to the form presented by Pauli and given by
 

ej(kr+ Ir/4)_l sin( 

VB(r,4 ; *,n) = e n (In, ++ (173) 

cos - Cos 

The diffracted field of Equation 173 is that from which the asymptotic
 

diffraction coefficients of the geometrical theory of diffraction are
 

obtained.10 This expression is not valid in the shadow boundary because
 

a = 0 there.
 

The solution for cylindrical wave diffraction at large distances
 

from the edge can be determined by the use of the principle of
 

reciprocity together with the solution for plane wave diffraction.
6
 

http:obtained.10
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For plane wave incidence the diffracted field at observation point P 

of cylindrical coordinates (r,*) as shown in Figure 25(a) is given'by 

VB(r,*,n) of Equation 169. Now consider the situation in Figure 25(b) 

in which the wedge is illuminated by a cylindrical wave with its source 

at (xo, o). By reciprocity the diffracted field VA in the direction 

g is equal to the diffracted field VB which is located at the point
 

(r = Xo,* = go) with a plane wave incident from the direction = . 
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Figure 25. Iflustration of reciprocity. 
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