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THEORETICAL STUDY OF VORTEX SHEDDING FROM BODIES 

OF REVOLUTION UNDERGOING CONING MOTION 

By Gary D. Kuhn, Selden B. Spangler ,  and Jack N. Nielsen 
Nielsen  Engineer ing & Research,  Inc. 

SUMMARY 

Based  on  experimental   evidence  of   the  exis tence  of  a s teady  

asymmetric  vortex  system on a slender  body  in  coning  motion, a t heo re t -  
i c a l   f l o w  model for   vor tex   shedding  was developed  using  potent ia l   f low 

methods and slender-body  theory.  The model p rov ides   fo r   t he   ca l cu la t ion  

o f   t h e   s t r e n g t h  and pos i t ion   o f   each  of t h e  two v o r t i c e s   r e p r e s e n t i n g  
t h e   a r e a s   o f   c o n c e n t r a t e d   v o r t i c i t y   i n   t h e   c r o s s f l o w   p l a n e  and the  

r e s u l t i n g   f o r c e   d i s t r i b u t i o n   i n d u c e d  on t h e  body. I n i t i a l   v o r t e x  
loca t ions   ve ry   c lose   t o   t he   body  must b e   p r e s c r i b e d   t o   s t a r t   t h e  compu- 
t a t i o n .  For c y l i n d r i c a l   b o d i e s ,   t h e   r e s u l t s   f o r   v o r t e x   m o t i o n  and 

f o r c e s   w e r e   f o u n d   t o   b e   q u i t e   s e n s i t i v e   t o   t h e   i n i t i a l   p o s i t i o n s .  I n  

o r d e r   t o   i n v e s t i g a t e   t h e   n a t u r e  of t h e   i n i t i a l   c o n d i t i o n   p r o b l e m ,  a 

l i n e a r i z e d   a n a l y s i s  of the   vo r t ex   mo t ion   ve ry   c lose   t o   t he  body was 
per formed.   L inear iza t ion  was found t o  decouple  the  motion of t h e  two 

v o r t i c e s ,  so  tha t   t he   pa ths   o f   t he   vo r t i ce s   cou ld   be   ob ta ined ,   bu t   t he  

r e l a t i v e   p o s i t i o n s   o f   t h e  two vor t i ce s   a long   t he i r   pa ths   cou ld   no t .  

Upon s p e c i a l i z i n g   t h e  body t o  a cone, it was found t h a t   t h e   f u l l  non- 

l i n e a r   s o l u t i o n   r a p i d l y   c o n v e r g e d   t o  a unique  solut ion for symmetrical 
i n i t i a l   c o n d i t i o n s ,   b u t   t h a t   t h e   s o l u t i o n  was a g a i n   s e n s i t i v e   t o   i n i t i a l  

asymmetry. 

On the   bas i s   o f   agreement   wi th   da ta   for  a cone and an ogive   cy l inder  

in   lunar   coning   mot ion ,   the   f low model developed is  f e l t   t o   d e s c r i b e  

r easonab ly   accu ra t e ly   t he   na tu re   o f   t he   vo r t ex - l ike   s epa ra t ed   f l ow  ove r  

t h e  body and the   vo r t ex - induced   fo rce   d i s t r ibu t ion .  The windward vor tex  

i s  shown t o  be somewhat f u r t h e r   d i s t a n t  from  the  body  than  the  leeward 

vo r t ex  and t o  be somewhat s t ronger   than   the   l eeward   vor tex   over   the  

forward  port ion of the  body. These d i f f e r e n c e s   a r e  shown t o  produce a 
s i d e   f o r c e   t o   l e e w a r d  and a s t a b i l i z i n g   s i d e  moment in   correspondence 

wi th   the   measured   resu l t s .  

The t h e o r e t i c a l   r e s u l t s  w e r e  found t o  be q u i t e   s e n s i t i v e   t o   t h e  

assumed l o c a t i o n  of the   separa t ion   l ines .   Accura te   knowledge   of   the  



l o c a t i o n  of s e p a r a t i o n  i s  r equ i r ed   be fo re  a t r u l y   p r e d i c t i v e  method  can 

be developed. 

INTRODUCTION 

The na tu re  of vortex  formation on an i n c l i n e d   s l e n d e r  body  and i t s  

r e l a t i o n  t o  the two-dimensional  flow  over a c y l i n d e r  was recognized 

some 2 0  y e a r s  ago ( r e f .  1). Since   then ,  a cons ide rab le  amount of both 

experimental  and t h e o r e t i c a l  work has been  done on the   na tu re   o f   t he   f l ow 

over  such  bodies and the vortex-induced  force  dis t r ibut ion  on them 

( r e f s .  2 and 3 ) .  I t  has   been   on ly   recent ly ,   however ,   tha t   the   p resence  

of a s t eady   vo r t ex   pa i r  on a s l e n d e r  body i n  a coning  motion  has  been 

e s t a b l i s h e d   ( r e f .  4 ) .  The purpose of the p r e s e n t   i n v e s t i g a t i o n  i s  t o  
e x t e n d   c e r t a i n   a n a l y t i c a l  methods t h a t  w e r e  developed  for  the  non-coning 

(planar)  problem t o  the  coning  problem t o  examine the na tu re   o f   t he  

vortex  f low and the   vor tex- induced   force   d i s t r ibu t ion  on the body. 

The coning  problem is  of  importance  for  spinning  bodies  which 

encounter  a pitch-roll   resonance  condition,  from  which  can  develop a 

lunar   coning  motlon  ( rol l   lock-in)  w i t h  unacceptably  high  angles   of  

a t t a c k .  The r easons   fo r  the development  of t h i s  type  of   motion  are   not  

well   understood. Tobak ( r e f .  4 )  has developed a fo rmula t ion   fo r   t he  

aerodynamic moment system in  lunar  motion  which  does  not  depend on 

construct ing  the  nonplanar   motion  as  the sum of  two planar  motions.  

This approach  permits   coupl ing  of   the t w o  planar  motions and i d e n t i f i e s  

two types  of  "Magnus moments": one  due t o   s p i n   a b o u t   t h e  body a x i s  

and one  due t o   r o t a t i o n  of t he   ang le   o f   a t t ack   p l ane   ( t he   p l ane  formed 

by  the wind vec tor  and t h e  body a x i s ) .  The ex i s t ence   o f   vo r t i ce s   ove r  

t h e  body provides  a po ten t i a l   sou rce   o f   coup l ing  and nonl inear  moments 

o f   t h e   l a t t e r   t y p e .  Thus, a method o f   p r e d i c t i n g   v o r t e x   p o s i t i o n s  and 

s t r e n g t h s  on a coning  body  could  aid  considerably  in  understanding  the 

nonlinear  aerodynamics  of  lunar  motion and t h e   o r i g i n   o f  r o l l  lock-in.  

The experimental  work of  Tobak, S c h i f f ,  and P e t e r s o n   ( r e f .  4 and 

unpubl ished  data)   has  shown t h a t  a steady,  asymmetric  vortex  system 

occurs  on cones and ogive  cyl inders   in   coning  motion  over  a range  of 

angle   o f   a t tack  and Mach number i n  the low supersonic   range.  On t h e  
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bas is   o f   th i s   ev idence ,   s lender -body  theory  is  used t o   c o n s t r u c t  a 

p o t e n t i a l   f l o w  model i n   t he   c ros s f low  p l ane   cons i s t ing   o f  a pa i r   o f  

v o r t i c e s  whose s t r e n g t h s   a r e  no t  c o n s t r a i n e d   t o  be equal  and  whose 
p o s i t i o n s   a r e   n o t   r e q u i r e d   t o   p o s s e s s  symmetry  about  any  axis  system 

i n   t h e   f l u i d .  Only the  case  of   lunar   motion i s  considered.  The 
a n a l y s i s   e x t e n d s   t o   t h e   c o n i n g   c a s e   c e r t a i n   c o n c e p t s   i n t r o d u c e d   b y  
Bryson   ( re f .  5) t o   p r e d i c t   t h e   v a r i a t i o n   o f   v o r t e x   p o s i t i o n  and 
s t r e n g t h   a l o n g   t h e  body and t h e   f o r c e   d i s t r i b u t i o n   i n d u c e d  on  non- 
coning  bodies .  A l i n e a r i z e d   a n a l y s i s  is  made t o   d e t e r m i n e   t h e   i n i t i a l  

mo t ions   o f   t he   vo r t i ce s   ve ry   c lose   t o   t he  body and t h e   i n i t i a l   d e v e l o p -  

ment of  the  vortex  strengths.   Comparisons  with  data  from  reference 4 

and unpubl ished  data  on s lender   cones and og ive   cy l inde r s   a r e  shown 

t o   i l l u s t r a t e   t h e   n a t u r e  of the  agreement  between  theory  and  experiment. 

SYMBOLS 

a 

a 
0 

cn 

cm 

C Y 

c z  

‘m 
9 

‘m - 
c z  

cz 

a 

q 

a 

F’ 

fi J 9 i  

l o c a l  body r ad ius  

l o c a l   r a d i u s  a t  base  

side-moment coeff ic ient ,   N/q(n-ao2)ko 

pitching-moment c o e f f i c i e n t ,   M / q ( ~ a o 2 ) E o  

s ide- force   coef f ic ien t ,   Y/q(n-ao2)  

normal-force  coefficient,   Z/q(Tao2) 

s t a b i l i t y   d e r i v a t i v e   d e f i n e d   i n   r e f e r e n c e  9 

s t a b i l i t y   d e r i v a t i v e   d e f i n e d   i n   r e f e r e n c e  9 

s t a b i l i t y   d e r i v a t i v e   d e f i n e d   i n   r e f e r e n c e  9 

s t a b i l i t y   d e r i v a t i v e   d e f i n e d   i n   r e f e r e n c e  9 

force  def ined  by  equat ion (6)  

a r b i t r a r y   f u n c t i o n s  
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l c g  
d i s t a n c e   f r o m   n o s e   t o   c e n t e r  of g r a v i t y  

r e fe rence   l eng th ,   d i s t ance   f rom  nose   t o  center of g r a v i t y  
fo r   cy l inde r ,   body   l eng th   fo r   cone  

M p i t c h i n g  moment abou t   t he   cen te r  of g r a v i t y  

N s i d e  moment abou t   t he   cen te r   o f   g rav i ty  

P p res su re  

q dynamic p res su re ,  7 pV2 1 

R rea l -va lued   func t ion   def ined   by   equat ion  (A-4) 

r r a d i a l   c o o r d i n a t e  of a po in t   i n   t he   body- f ixed   (y  , z )  
coordinate   system 

t time 

V f r e e - s t r e a m   v e l o c i t y   f i x e d   i n   d i r e c t i o n  and  magnitude 

V J W  y , z   componen t s   o f   ve loc i ty   f i e ld ,   r e spec t ive ly  

v '  ,w l  y l , z '  componen t s   o f   ve loc i ty   f i e ld ,   r e spec t ive ly  

W complex p o t e n t i a l  

x ' , y ' , z '   non- ro t a t ing   coord ina te   sys t em  wi th   o r ig in   f i xed   a t   t he  
cen te r   o f   g rav i ty   o f  t h e   b o d y ;   p o s i t i v e   x '   d i r e c t e d  
r e a r w a r d   p a r a l l e l   t o  t h e   v e l o c i t y   v e c t o r ,  z I i n   ang le   o f  
a t t a c k   p l a n e   a t  t = 0, y '   p o s i t i v e   d i r e c t i o n   t o  form a 
right-handed  system; s e e   f i g .  1 

a 

B 

r 

rm 

components   of   body  force  a long  y ,z   axes ,   respect ively 

components   of   body  force  a long  yl ,z '   axes ,   respect ively 

ro t a t ing   ax i s   sys t em i n  a p l ane   f i xed  i n  t he   f l u id   pe rpen-  
d i c u l a r   t o   t h e   f l i g h t   v e l o c i t y   v e c t o r ;   o r i g i n   a t  in te r -  
s ec t ion   o f  body a x i s   w i t h   t h e   f i x e d   p l a n e ,  z i n  t h e  
angle   o f   a t tack   p lane ,  y p o s i t i v e   d i r e c t i o n   p a r a l l e l  
t o   y '   a t  t = 0; s e e   f i g s .  1 and 2 

angle of a t t a c k  

func t ion   def ined  i n  equat ion ( A - 4 )  

vo r t ex   s t r eng th  

vo r t ex   s t r eng th   co r re spond ing   t o  an a r b i t r a r y   c i r c u l a t i o n  of 
t h e  Magnus type 
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Y 

6 

E 

e 

es  

* 
Lo 

C 

c g  

i 

0 

V 

small   angle   def ined  by  equat ion (A-13) 

cone   ha l f   angle  

non-d imens iona l   d i s tance   f rom  feeding   po in t   to   concent ra ted  
vor tex  

complex v a r i a b l e ,  y + i z  

complex v a r i a b l e  , y ' + i z  I 

angular   coordinate   of  a p o i n t   i n   t h e   y , z   c o o r d i n a t e  
system 

ang le   o f   s epa ra t ion   l i nes  from r e s u l t a n t   c r o s s f l o w   v e c t o r ,  
d e f i n e d   i n   f i g u r e  3 

f l u i d   d e n s i t y  

v e l o c i t y   p o t e n t i a l ;   a l s o ,   a n g l e   o f   c o o r d i n a t e   d e f i n e d  
by  equation ( 1 2 )  

s t ream  func t ion  

magnitude  of  angular  velocity  of  body  about x' a x i s  

Subsc r ip t s  

r e f e r r e d   t o   r e s u l t a n t   c r o s s f l o w  

r e f e r r e d   t o   t h e   c e n t e r   o f   g r a v i t y  

i n i t i a l   v a l u e  

index  designat ing  r ight-hand  vortex ( j  = 1) or   l e f t -hand  
vor tex  ( j  = 2 )  

r e f e r r e d   t o   v o r t e x   f e e d i n g   p o i n t s  

r e f e r r e d   t o  a v o r t e x   c e n t e r  

Conventions 

t i m e  d i f f e r e n t i a t i o n  

complex  conjugate 

abbrevia t ion   for   Naper ian   logar i thm 
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PROBLEM DESCRIPTION 

A sketch  of   the  motion  being  considered is shown below. 

The ana lys i s   o f   the   mot ion  i s  based  on  the  following  assumptions: 

( a )  The body c e n t e r   o f   g r a v i t y   t r a v e r s e s  a s t r a i g h t   p a t h   a t  

cons t an t   ve loc i ty ,  V,  through a c o n s t a n t   d e n s i t y   f l u i d .  

(b) The body a x i s  i s  i n c l i n e d   a t  a f ixed   angle ,  a ,  w i t h   t h e  

direct ion  of   motion of the   cen te r   o f   g rav i ty .  The body  undergoes a 

coning  motion  in  which  the  plane  defined  by  the  body axis and t h e  

v e l o c i t y   v e c t o r   ( t h e   a n g l e   o f   a t t a c k   p l a n e )   r o t a t e s   a t   c o n s t a n t  

angu la r   ve loc i ty  u,  abou t   t he   ve loc i ty   vec to r .  

( c )  The body s p i n   r a t e   a b o u t  i t s  o m  axis i s  co ( lunar   mot ion) .  

(d)  The body is  axisymmetric. 

( e )  The angle   o f   a t tack  and Mach number a r e   s u c h   t h a t  a s teady  

vor tex   f i l ament   pa i r   ex is t s   over   the   l eeward   s ide  of t h e  body. 

EXPERIMENTAL BASIS OF THE FLOW MODEL 

An expe r imen ta l   i nves t iga t ion  of the   f low on a s lender   og ive  

cy l inde r  i n  coning  motion was u n d e r t a k e n   a t   t h e  Ames Research  Center,  

NASA ( r e f .  4 ) .  Addi t iona l  work has  been  done on bo th  an  ogive-cylinder 

and a s lender   cone ,   a l though  the  resul ts  have  not   yet   been  publ ished.  

The r e s u l t s   o f   t h e s e   i n v e s t i g a t i o n s   i n d i c a t e   t h a t  a steady,  asymmetric 

vo r t ex   pa i r  i s  formed  on t h e  body  which  imposes a s i g n i f i c a n t   s i d e   f o r c e  

and s i d e  moment on the  body. The vor tex- induced   forces   a re   nonl inear  

with  angle of a t t a c k  and a p p e a r   e s s e n t i a l l y   l i n e a r   w i t h   t h e   c o n i n g   r a t e  

for   f ixed   angle   o f   a t tack .  The e x i s t e n c e   o f   t h e   s t e a d y   v o r t e x   p a i r  

forms t h e   b a s i s   f o r   t h e   t h e o r e t i c a l  model and ana lys i s   o f   t he   p re sen t  

work. 
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The  experimental  investigations  were  conducted  in  the  Ames  Research 
Center 6- by  6-Foot  Wind  Tunnel  at  Mach  numbers  of 1.4 and 2.0 and  free- 
stream  unit  Reynolds  numbers  from 1. Ox106 to 3 .  5x106 per  foot. The 
models  were  mounted  on  bent  stings  which  were  rotated  to  produce  the 
coning  motion. The  vortices  were  photographed  at  various  axial  stations 
on the  body  using  the  vapor  screen  technique and a  camera  mounted  to 
rotate  wich  the  sting.  Variation of the  spin  rate  of  the  body  about 
its  own  axis  in  addition to the  coning  motion  about  the  center  of  gravity 
indicated  that  for  the  range  of  spin  rates  considered,  the  spin  rate  had 
negligible  effect  on  both  the  vortex  trajectories  and  the  aerodynamic 
loads  on  the  body. 

BAS IC THEORETICAL  APPROACH 

The  steady,  asymmetric  vortex  pair  observed  in  the  tests  described 
above  suggested  that  the  flow  model  for  the  coning  motion  case  might be 
developed  in  the  same  manner  as  the  analysis  for a slender  body  at  angle 
of attack.  Accordingly,  the  basic  approach  followed  in  this  investiga- 
tion  is  an  extension  of  the  analysis  of  Bryson  (ref. 5) for a slender 
body at  angle  of  attack.  In  the  real  flow,  flow  separation  occurs  along 
two  separation  lines  located  on  the  flanks  of  the  body.  Vortex  sheets 
emanate  from  the  separation  lines  and  roll  up  over  the  leeward  side of 

the  body to form  two  regions  of  concentrated  vorticity. A steady,  three- 
dimensional  flow  occurs,  as  seen  in  an  axis  system  fixed  to  the  body. 
Following  the  notion  of  Bryson,  the  two  regions  of  concentrated  vorticity 
over  the  body  are  replaced  by  two  potential  vortex  filaments.  The 
steady  three-dimensional  potential  flow  problem  is  then  solved  through 
the  use  of  slender-body  theory.  According  to  this  theory,  the  flow  can 
be analyzed  in a  series of planes  along  the  body  axis,  where  the  flow 
in  each  plane  is  unaffected by the  flow  in  other  planes. An equivalent 
model  is  the  unsteady  flow  in a plane  fixed  in the fluid  through  which 
the  body is moving.  Thus,  the  steady,  three-dimensional  problem  can be 
considered  an  unsteady  two-dimensional  flow  problem  in  which  time  is 
equivalent  to  distance  along  the  body.  The  present  analysis  is  carried 
out as the  unsteady  two-dimensional  flow  in  a  plane  fixed in the  fluid 
and  normal to  the  flight  velocity  vector.  Sketches of this  motion  are 
shown in  figures 1 and 2 - 
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Figure 1 shows t h e  body p i e r c i n g   t h e   p l a n e   f i x e d   i n   t h e   f l u i d .  

An x ' , y ' , z '   a x i s   s y s t e m  i s  f i x e d   t o   t h e  body center of g r a v i t y   s u c h  

t h a t   t h e   x '  axis i s  c o l i n e a r   w i t h   t h e   v e l o c i t y   v e c t o r ,  and t h e   p l a n e  

formed  by  the  y '  and z '  axes i s  p a r a l l e l   t o   t h e   p l a n e   f i x e d   i n   t h e  

f l u i d .   I n   t h e   p l a n e   f i x e d  i n  t h e   f l u i d ,  a y , z   ax i s   sys t em i s  de f ined ,  

where t h e   o r i g i n   o f   t h e   a x e s  is  t h e   c e n t e r  of t h e   c i r c l e   r e p r e s e n t i n g  

the  body c r o s s   s e c t i o n  i n  t he   p l ane  and t h e  z a x i s   l i e s  i n  the   angle  
of a t tack   p lane .  The body  nose is  c o n s i d e r e d   t o   p i e r c e   t h e   p l a n e   f i x e d  

i n   t h e   f l u i d   a t  t = 0 a long   the   z '   ax is .   Thus ,   the   angle   o f   a t tack  

plane makes an  angle w t  w i t h   t h e   x ' , z '   p l a n e .  The  two vor tex  

f i l a m e n t s   o r i g i n a t e   a t   t h e   n o s e  and move  away from t h e  body and grow 

i n  s t r eng th   w i th   d i s t ance   a long   t he  body. The v o r t e x   s t r e n g t h s   a r e  

shown i n  t he   pos i t i ve   s ense   ( a l though   nega t ive   va lues   o f  r2 a r e  

p red ic t ed )  . 
The flow model i n  the   p lane   f ixed  i n  t he   f l u id   appea r s   a s  shown 

i n  f i g u r e  2 .  The y ' , z '   a x e s  shown a r e   p r o j e c t i o n s   i n t o   t h e   p l a n e  of 

t h e   a c t u a l   y ' , z '   a x e s .  The body i s  r o t a t i n g   w i t h  a cons tan t   angular  

v e l o c i t y  u) about i t s  own cen te r .  I n  a d d i t i o n ,   t h e  body c r o s s   s e c t i o n  

has two t r a n s l a t i o n a l   v e l o c i t y  components: a c o n s t a n t   r a d i a l  component 

Vw and a t a n g e n t i a l  component p ropor t iona l   t o   t ime .  

The vo r t i ce s   a r e   cons ide red   t o   be   f ed   f rom  po in t s ,  on the  body,  
TO 

which a r e   t h e   l o c a t i o n s   o f   t h e   s e p a r a t i o n   l i n e s  on t h e   f l a n k s  of the  body. 

The sepa ra t ion   po in t s   a r e  assumed to   have   f i xed   angu la r   r e l a t ionsh ips  

w i t h   r e s p e c t   t o   t h e   r e s u l t a n t   c r o s s f l o w   v e c t o r   ( v e c t o r  sum of V a  and 

LcVa( t  - t)  SO t h a t   t h e y  and t h e   c r o s s f l o w   v e c t o r   r o t a t e   w i t h   r e s p e c t  

t o   t h e   y , z   s y s t e m   a t   t h e  same angu la r   r a t e .  The v o r t e x   s t r e n g t h   a t  

a g iven   vor tex   pos i t ion  i s  de te rmined   f rom  the   condi t ion   tha t   the   ve loc i ty  

a t  T o  i s  e q u a l   t o  T o -  The v o r t e x   v e l o c i t y  i s  determined  from a 

condi t ion   o f   zero   ne t   force  on the   vo r t ex  and i t s  " f e e d i n g   s h e e t , "   t h e  

l a t t e r   b e i n g  a l i n e   c o n n e c t i n g   t h e   v o r t e x   t o   t h e   s e p a r a t i o n   p o i n t   a l o n g  

which v o r t i c i t y  i s  cons ide red   t o   be   t r anspor t ed .  The ze ro   ne t   fo rce  

condi t ion  i s  an  approximation t o   t h e   e x a c t   c o n d i t i o n   o f   z e r o   f o r c e  on 

each  e lement   of   dis t r ibuted  vort ic i ty   over   the  leeward  s ide  of   the  body.  

Using  the two  above c o n d i t i o n s   f o r   v o r t e x   s t r e n g t h s  and v e l o c i t i e s  and 

s u i t a b l e   i n i t i a l   c o n d i t i o n s   f o r   t h e   v o r t i c e s   a s   t h e y   o r i g i n a t e   a t   t h e  

nose,   one  can  determine  the  posi t ions and s t r eng ths   o f   t he  two v o r t i c e s  

cg  
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a s  a func t ion   of  t i m e  ( o r   d i s t ance   a long   t he   body) .  From t h i s   i n f o r m a t i o n  
the   force   induced  on t h e  body  can  be  obtained. 

METHOD O F  ANALYSIS 

In  accordance  with  the  basic   approach  discussed  above,   the  method 
o f   ana lys i s   cons i s t s   o f   so lv ing   fo r   t he   va r i a t ion   w i th  t i m  of   the 
p o s i t i o n s  and s t r e n g t h s   o f   t h e   v o r t i c e s   f r o m   g i v e n   i n i t i a l   c o n d i t i o n s  

using  two-dimensional  potential   f low  methods.  The methods  involved  are 

descr ibed  i n  t h i s   s e c t i o n .  The n o t a t i o n  and coord ina te   sys tems  a re  
shown i n  f i g u r e s  1 and 2 .  The x ' , y ' , z '   c o o r d i n a t e   a x e s   a r e  a non- 
r o t a t i n g   s e t   o f   a x e s   w i t h   t h e   o r i g i n   f i x e d   a t   t h e  body cen te r   o f   g rav i ty ,  

whereas   the   y ,z   axes   a re  a r o t a t i n g   s e t  of   coordinates  i n  t he   f i xed  

p lane .   S ince   the   vor tex   mot ion   ana lys i s  is  c a r r i e d   o u t  i n  t h e   y , z  

system, some c a r e  must   be  taken  in   deal ing  with  the  rotat ing  axis   system. 

Formulation  in  the  Rotating  Coordinate  System 

In   t he   y ' , z '   coo rd ina te   sys t em,   t he   f l u id  i s  i r r o t a t i o n a l  and i s  

a t   r e s t   a t   i n f i n i t y .  Thus t h e   f l o w   f i e l d   s a t i s f i e s   L a p l a c e ' s   e q u a t i o n  
and a v e l o c i t y   p o t e n t i a l   e x i s t s .   F o r   m o t i o n   i n   t h e  moving ( y , z )  

coordinate   system, it i s  noted   tha t   i f   the   coning   mot ion   of   the  body is  

stopped and a l l  motion i s  t aken   w i th   r e spec t   t o   t he   y , z   coo rd ina te  
sys t em,   t hen   t he re   ex i s t s  a f l u i d   v e l o c i t y   a l o n g   t h e   p o s i t i v e  y a x i s  

( h o r i z o n t a l   c r o s s f l o w )   p r o p o r t i o n a l   t o  w and a f lu id   ve loc i ty   a long  
t h e  z axis   (ver t ica l   c ross f low)   o f   magni tude  Va.' I n  add i t ion   t he re  

i s  a s o l i d  body r o t a t i o n   o f   t h e   f l u i d   p a s t   t h e  body so tha t   t he   f l ow 

f i e l d  i n  the  y ,z   system i s  r o t a t i o n a l .  The hor i zon ta l   c ros s f low  ve loc -  

i t y  i s  the   p roduc t   o f   t he   con ing   angu la r   r a t e  0 and t h e   d i s t a n c e  

be tween  the   x '   ax is  and the   cen te r   o f   t he   body   c ros s   s ec t ion  i n  t h e  

f ixed   p lane .  The l a t t e r   d i s t a n c e  i s  V ( t c g  - t ) a ,  where t is  t h e  
t ime  measured   f rom  the   ins tan t   the   nose   pene t ra tes   the   p lane   f ixed   in   the  

f l u i d  and t i s  t h e  t i m e  t h a t   t h e  body c e n t e r   o f   g r a v i t y  moves through 
the   p l ane .  I n  keeping  with  the  small   angle   assumption,   the   body  cross  
s e c t i c n s   i n   t h e   f i x e d   p l a n e   a r e  assumed c i r c u l a r   t o   f i r s t   o r d e r .  

cg  

_. .  . .".... ~ " -. . " . 

The assumption i s  made i n  t h e   a n a l y s i s   t h a t   t r i g o n o m e t r i c   f u n c t i o n s  of 
a can  be  approximated  with  suff ic ient   accuracy  by  small   angle   re la-  
t i o n s ;   t h a t  is, s i n  a t a n  a a, and cos a 1. 
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Since  the  flow is irrotational  with  respect to the  y',z'  coordinate 
system,  the  fluid  velocity  relative  to  the  y',z'  system  can be 
expressed  as 

where W' is  the  complex  potential 

The  fluid  velocity  relative  to  the y,z system  is 

where  the  last  three  terms  represent  the  motion of the y,z system 
relative  to  the  yl,z'  system.  Thus,  the  fluid  velocity  relative  to 
the  y,z  coordinate  system  consists  of  an  irrotational  part,  derivable 
from a potential,  plus a rotational  part. The fluid  velocity  in  the 
rotating  system  is 

where r represents  the  strength of a vortex.2  In  equation ( 2 ) ,  the 
first  two  terms  are  the  crossflow  terms. The third  term  is a source 
representing  the  fact  that  the  body  radius  is  changing  with  time. 

~~ - ~ - 
i_ . . -~ - - i . - - 

21n the  mathematical  formulation,  the  sign  convention  on r is  such 
that r is  positive  for a  counter-clockwise  rotating  vortex  when 
viewed  in the  coordinate  system  shown  in  figure 2. 
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For a v o r t e x   e x t e r n a l   t o  a c i r c l e ,   t h e   c i r c l e   t h e o r e m   g i v e s  an  image 
sl*stem w i t h i n   t h e   c i r c l e   c o n s i s t i n g  of a vo r t ex   o f   oppos i t e   s ign   a t  

t h e   i n v e r s e   p o i n t   p l u s  a vor tex   o f   the  same s i g n   a t   t h e   c e n t e r  (ref.  6, 

para .   13 .50) .  The f i f t h  and s i x t h  terms, and par t   o f   the   four th   t e rm,  

Of equat ion ( 2 )  r e p r e s e n t   t h e  two e x t e r n a l   v o r t i c e s  and t h e i r  images. 

The remainder   of   the   fourth term r e p r e s e n t s  a v o r t e x   a t   t h e   c e n t e r   o f  
t h e   c i r c l e   o f   s t r e n g t h  rm. The purpose   o f   th i s   vor tex  is  t o   r e p r e s e n t  
a Magnus c i r cu la t ion   t ha t   can   occu r   because   o f   t he   body   ro t a t ion   i n   t he  

presence  of a crossf low.  A s  ment ioned  previously,   experimental   resul ts  
on cones and ogive-cyl inder   bodies   ind ica ted   tha t   the   aerodynamic   loads  
on t h e  body   a r e   i n sens i t i ve   t o   body   sp in   r a t e ,   wh ich   imp l i e s   t ha t   t he  
c l a s s i c a l  Magnus e f f e c t  i s  very  small .  A p laus ib le   assumpt ion   for   the  

lunar   motion  case is  t h a t   t h e   n e t   c i r c u l a t i o n  i n  the   p lane   f ixed  i n  t h e  

f l u i d ,  which is i n i t i a l l y   z e r o ,   r e m a i n   z e r o   a s   t h e  body  passes  through 

the  plane.3  Consequently,  i n  the   remainder   o f   th i s   repor t ,  it has  been 

assumed t h a t  

rm = rl + r2 

The l a s t  t e r m  i n   e q u a t i o n  ( 2 )  a c c o u n t s   f o r   t h e   r o t a t i o n   c f   t h e   c o o r d i n a t e  

system. 

Solution  for  Vortex  Motion and S t r eng ths  

The s t r e n g t h s  rl and r2 of   t he   vo r t i ce s ,   fo r   g iven   pos i t i ons  

and 5 , can   be   de te rmined   f rom  the   condl t ion   tha t   the   f lu id  
[ V l  v2 
v e l o c i t i e s   r e l a t i v e   t o   t h e  moving s e p a r a t i o n   p o i n t s   a t  

are   zero.   Thus,  
c 0 1  and 50, 

This   cond i t ion   supp l i e s  two  equat ions   for   the  two  unknowns rl and r2. 
The c o n d i t i o n   f o r   z e r o   n e t   f o r c e  on a vor tex  and i t s  " feeding   shee t"  

can be formula ted   by   observ ing   tha t   the   force   on   the   ex te rna l   vor tex  i s  
equal  and o p p o s i t e   t o   t h a t  on t h e   " s h e e t .  I' The f o r c e  on  an  external 
vo r t ex  i s  i p r  (< ,  - Vv) , where Vv is  the   ve loc i ty   i nduced   a t   t he  
"_ ~ 

3 
- ". ~ ~ 

Some o t h e r   c o n d i t i o n   m i g h t   a l s o  be invoked to   de t e rmine  rm, e - g . ,   t h a t  
some s p e c i f i e d   p o i n t  on t h e  c i rc le  become a s t a g n a t i o n   p o i n t ,  a s   i n   t h e  
case   o f   t he   Ku t t a   cond i t ion  a p p l i e d   t o  an a i r f o i l  mapped i n t o  a circle.  
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vor t ex   by   a l l   componen t s   o f   t he   f l ow  o the r   t han   t he   vo r t ex   i t s e l f ,  and 

- Vv i s  t h e   v o r t e x   v e l o c i t y   r e l a t i v e   t o   t h e   l o c a l   i n d u c e d   f l o w .  A 

f o r c e   e x i s t s  on t h e   s h e e t   b e c a u s e   o f   t h e   r a t e   o f   c h a n g e   o f   s t r e n g t h   o f  

the   concent ra ted   vor tex .  The f o r c e  on t h e   s h e e t  i s  thus  determined  from 

the   uns t eady   Be rnou l l i   equa t ion   app l i ed   t o   t he   i r ro t a t iona l   f l ow  a round  

a vortex  as   fol lows.   Consider  a vo r t ex   o f   s t r eng th  r ( t )  a t   t h e   o r i g i n  

of a coordinate   system  as  shown i n  the   fo l lowing   ske tch .  

5, 

i z  

The complex p o t e n t i a l   f o r   t h i s   v o r t e x  i s  

There fo re ,   t he   ve loc i ty   po ten t i a l  i s  

and 

27r 

I n  o r d e r   f o r   t h e   v e l o c i t y   p o t e n t i a l   t o  be s ingle-valued,  a branch   cu t  

must  e x i s t  which i n  t h i s   c a s e  is  ind ica t ed   a long   t he   pos i t i ve   y -ax i s  

from y = 0 t o  y = +m. Thus,  the  value  of 8 i s  l i m i t e d   t o   t h e   r a n g e  

o f   z e r o   t o  27r. There i s  a d i s c o n t i n u i t y  i n  @ ac ross   t he   b ranch   cu t  

of  value T ( t ) ,  b u t  t h e   v e l o c i t y  i s  cont inuous   across   the   b ranch   cu t .  

1 2  



g 

The uns teady   Bernoul l i   equa t ion   (para .  3.60, r e f .  6), 

when used t o   o b t a i n  the pressure d i f f e r e n c e   a c r o s s  the b ranch   cu t  

y i e l d s  the r e s u l t  

I n  the c a s e   o f   t h e   v o r t e x  and i ts  image a s  shown i n   f i g u r e  2 ,  the branch 

cu t   can  be considered t o  be a l i n e   j o i n i n g  the e x t e r n a l   v o r t e x  t o  i t s  

image. The c u t  is  assumed t o  pass  through the s e p a r a t i o n   p o i n t  To on 

the body so t h a t  the po r t ion   o f  the c u t   e x t e r n a l  t o  the body  coincides 

w i t h  the  shee t .  The n e t   f o r c e  on t h e   s h e e t  is  then  the product   of  the 

p r e s s u r e   d i f f e r e n c e   a c r o s s   t h e   s h e e t  and the l eng th   o f   t he   shee t .  

Thus, the f o r c e   b a l a n c e   r e l a t i o n   f o r   e a c h   v o r t e x  i s  

I n  t h i s  equat ion ,  r i s  a  known funct ion   of  C V  , C v  , 5 , and 

(from  eq.  ( 3 ) )  and ? can be obtained  by t i m e  d i f f e r e n t i a t i o n  of   the 

e x p r e s s i o n   f o r  r r e s u l t i n g  from  equation ( 3 ) .  Thus, t he   on ly  unknown 
i s  t h e   v o r t e x   v e l o c i t y  c V  . Equations (1) through ( 4 ) ,  a f t e r  some 

a l g e b r a ,   y i e l d  a se t  o f   s imu l t aneous   f i r s t -o rde r   d i f f e ren t i a l   equa t ions ,  
l i n e a r   i n   t h e   d e r i v a t i v e s ,  C v  . These  equat ions  are   of   the   form 

j 1 2 O1 O 2  

j 

j 

j 

f l C v l  + f -c + f 3 5  + f4C  = VVl - gl 
- 

v1 v2 v2 

f 5 t V  + f6t + f , iv  + f t = vv2 - 42 
1 v1 2 v2 

w h e r e  t h e   f i  and gi a r e  complex valued  funct ions  of  CVL) 5 J To,, 
v2 

and C O 2 .  
The e q u a t i o n s   f o r  the.  vortex  motion  (eq. (5 )  ) a r e  t o  be s o l v e d   f o r  

g i v e n   i n i t i a l   v a l u e s .  The v o r t i c e s   c a n n o t  be s t a r t e d  on the body 
because   the  t i m e  €or a g iven   vor tex  t o  l eave  the body is  governed  by a 
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l o g a r i t h m i c   s i n g u l a r i t y .  Two phys ica l   cond i t ions  w e r e  i n v e s t i g a t e d   f o r  

o b t a i n i n g   i n i t i a l   c o n d i t i o n s   t o   t h e   e q u a t i o n s   o f   m o t i o n   o f   t h e   v o r t i c e s .  
F i r s t l y ,   t he   vo r t ex   mo t ion  i n  t he   immedia t e   v i c in i ty  of t h e   f e e d i n g  

p o i n t s  was examined  by  expanding  the  equations  in  Taylor series i n  terms 
of   the  vortex  displacement   f rom  the  feeding  points .  The expansion 
y ie lded   independent   re la t ions   for   the   mot ion   of   the   two  vor t ices   wi th  no 

connect ion  between  the  t ime  scales   of   the  two  motions. I t  a l s o   y i e l d e d  

the   t r a j ec to r i e s   a long   wh ich   t he   vo r t i ce s  move i n   t h e   n e a r   v i c i n i t y   o f  

the   feeding   po in ts .   Secondly ,   the   behavior   o f   the   vor t ices   fa r   f rom  the  

body  was  examined t o   d e t e r m i n e   i f   t h e   t i m e   s c a l e s   o f   t h e   v o r t i c e s   c o u l d  

be  connected  using some p rope r ty   o f   t he i r   a sympto t i c   behav io r .  

I n  o r d e r   t o   i n t e g r a t e   e q u a t i o n s  ( 5 )  the  angle  arguments  of 
< 0 1  

and < must f i r s t  be se lec ted .   Data  on s e p a r a t i o n   l i n e   l o c a t i o n   f o r  

the   p lanar   mot ion   case   a t   modera te   angles   o f   a t tack   ind ica te   the  

sepa ra t ion  l i n e s  on t h e  two f l anks   o f   t he  body t o  be symmetrical  about 

a ver t ica l   p lane   th rough  the   body  ax is .  For the   lunar   coning   case   where  

no   da t a   a r e   ava i l ab le   a s  a gu ide ,   the   mos t   reasonable   f i r s t   approximat ion  

is  t o  assume t h a t   t h e   s e p a r a t i o n   l i n e s   a r e   l o c a t e d   s y m m e t r i c a l l y   w i t h  

r e s p e c t   t o  a p lane   th rough  the   body  ax is   conta in ing   the   vec tor  sum of 

t h e  V a  and wVa(tcg - t)  c ross f low  ve loc i t i e s .   S ince   t he   magn i tude  

of   the w V a ( t c g  - t)  component va r i e s   w i th   t ime   (o r   d i s t ance   a long   t he  

body) and i t s  d i r ec t ion   changes   a t  t t h e   p l a n e   c o n t a i n i n g   t h e  

vec tor  sum o f   t he   c ros s f low  ve loc i t i e s  w i l l  r o t a t e  i n  the   x ,y   sys tem 

with  increasing  t ime.  

0 2  

cg' 

Ca lcu la t ion  of Forces and Moments 

The  method of  approach t o   t h e   p r e d i c t i o n   o f   t h e   f o r c e   d i s t r i b u t i o n  

on t h e  body makes use   o f   t he   Be rnou l l i   equa t ion   t o   ob ta in   t he   p re s su re  

d i s t r i b u t i o n  on t h e  body,  which is t h e n   i n t e g r a t e d   t o   o b t a i n   t h e   f o r c e .  

I n  the   non-ro ta t ing   y l ,z '   coord ina te   sys tem,   the   force   per   un i t   l ength  

can  be  expressed  as 

where the   contour  c is  t h e   p e r i p h e r y   o f   t h e   c i r c l e   r e p r e s e n t i n g   t h e  
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body, and the  body  nose is  considered t o  p i e r c e   t h e   p l a n e   f i x e d  i n  t h e  

f l u i d   ( a t  t = 0)  wi th   the   imaginary   axes   o f   the   f ixed  ( <  I ) and 

r o t a t i n g  ( 5 )  coordinate   systems  a l igned.  

Whi le   the   ca lcu la t ion   of   vor tex   mot ion   can  be accomplished i n  t h e  
r o t a t i n g ,  <, coordinate   system, some c a r e  must be exerc ised  i n  d i s t i n -  
guishing  between  the two ax i s   sys t ems   i n   ca r ry ing   ou t   t he   fo rce  computa- 

t i o n .  It was n o t e d   p r e v i o u s l y   t h a t   r e l a t i v e   t o   t h e   r o t a t i n g ,  <, system, 

the   f l ow  ove r   t he  body has  an i r r o t a t i o n a l  and a r o t a t i o n a l   p a r t .  I n  
t h e  < '  system,  the  f low is  c o m p l e t e l y   i r r o t a t i o n a l  and has the 

c h a r a c t e r i s t i c   t h a t   a l l   f l u i d   v e l o c i t i e s   a r e   z e r o   a t  an i n f i n i t e   d i s t a n c e  

from t h e  body. A v e l o c i t y   p o t e n t i a l  @ ' ( c ' , t )  e x i s t s ,  which i s  t h e  

r e a l   p a r t   o f  W' ( <  I , t) , given   as   fo l lows  

The Bernoul l i   equa t ion   for   uns teady   f low  in   the   sys tem is  

given  by  paragraph 3.60 of   re fe rence  6 a s  

E = - a @ ' c r ' . t r  
( V I 2  + w I 2 )  + C ( t )  

P 
- -  a t  2 (8) 

where   the   cons tan t  C is uni form  throughout   the   f low  a t  a g i v e n   i n s t a n t  

of  t i m e .  The procedure i s  t o   o b t a i n  the proper  forms of t h e   f i r s t  two 
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terms on the   r igh t -hand  s ide   o f   equa t ion  (8) u s i n g   t h e   r e a l   p a r t  of 
equat ion ( 7 )  f o r  @ '  (< ' , t )  and t h e   d e r i v a t i v e  of equat ion  (71, 
d W ' ( < ' , t ) / d < '   f o r   v '  - i w ' .  The c o n t o u r   i n t e g r a t i o n   i n d i c a t e d   i n  

equat ion  (6) i s  then   pe r fo rmed .   Wi th   r e spec t   t o   t he   i n t eg ra t ion ,  it i s  

no ted   i n   r e f e rence  7 f o r   t h e   c a s e  of f r e e   v o r t i c e s   e x t e r n a l   t o  a body 

tha t   t he   con tour   can  be enlarged  f rom  the  body  per iphery  to  a contour 

w i t h   i n f i n i t e   r a d i u s ,  on t h e   b a s i s   t h a t   i n c l u s i o n   o f   t h e   e x t e r n a l   f r e e  

vo r t i ce s   w i th in   t he   con tour  w i l l  no t   change   the   force  computed  on t h e  

body, s ince   t he   ex te rna l   vo r t i ce s   a r e   fo rce - f r ee .  The advantage   in  s o  
doing is  t h a t   c e r t a i n  terms i n   t h e   i n t e g r a n d   g o   t o   z e r o  i n  t h e   i n t e g r a t i o n .  

In   t he   p re sen t   ca se ,   t he   con tour  c may a l s o  be en la rged ,   s ince   t he  

cond i t ion   o f   ze ro   ne t   fo rce  on t h e   v o r t e x   p l u s  i t s  f eed ing   shee t   has  

been  imposed. I t  i s  e v i d e n t   t h a t  when th i s   p rocedure  i s  c a r r i e d   o u t ,  

the   v I2  + w' terms i n   e q u a t i o n  (8) go t o  z e r o   f o r   l a r g e  < I and do 

n o t   c o n t r i b u t e   t o   t h e   i n t e g r a l .  Also, s i n c e  a con tour   i n t eg ra t ion  i s  

performed,   the  constant  C i n   e q u a t i o n  ( 8 ) ,  which i s  constant  everywhere 

on the   contour ,  w i l l  no t   con t r ibu te .  Thus the   on ly   t e rm  tha t   does  

con t r ibu te   i n   equa t ion  ( 6 )  is  t h e   t i m e   d e r i v a t i v e   o f   t h e   v e l o c i t y  

p o t e n t i a l .  I n  t h e   i n t e g r a t i o n  it is  conven ien t   t o   u se   t he   r e l a t ion  

where $I' ( <  ' , t )  is the   s t ream  func t ion   for   the   f low,  and the   fo l lowing  

r e l a t ion   be tween   t he   coord ina te s  

i s  used t o   o b t a i n   t h e  resu l t s  i n   t h e  5 sys tem  coord ina tes .  
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The app l i ca t ion   o f   t h i s   app roach   t o   t he   p rob lem r e s u l t s  i n  an 
e x p r e s s i o n   f o r   t h e   f o r c e   p e r   u n i t   l e n g t h   g i v e n   b y   t h e   f o l l o w i n g   r e s u l t ,  

+ & p 2 L 2  - ?)I} 
where 

V 

The f i r s t  two terms rep resen t   fo rces   t ha t   a r e   de r ived  from t h e  

a t t ached  f l o w  around t h e  body  due t o   t h e  body rad ius '   changing   wi th  

a x i a l   d i s t a n c e  and the   c ross -coupl ing   be tween  the   ro ta t iona l  and angle  

of a t tack  motions.  The next  t e r m  a r i s e s  from the  motion  of   the  vort ices  

in   the   ro ta t iona l   f low  a round  the   body.  The l a s t  two terms  represent  

t h e  t i m e  r a t e  of change of impulse  of  each  external  vortex and i ts  image, 

and a r e   i d e n t i c a l   t o   t h e   t e r m s   t h a t   o c c u r   f o r   t h e   p l a n a r   m o t i o n   c a s e .  

COMPUTER P R O G M  FOR VORTEX  MOTION 
AND FORCES ON BODY 

The d i f f e r e n t i a l   e q u a t i o n s   ( e q .  (5 )  ) which  must be s o l v e d   f o r   t h e  

vortex  motion  are a set o f   f i r s t - o r d e r   o r d i n a r y   d i f f e r e n t i a l   e q u a t i o n s ,  

l i n e a r   i n   t h e   d e r i v a t i v e s .  They can be w r i t t e n   i n   t h e  form 
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dz 1 
" 

d t  - f 2  ( T l , T 2 , t )  

w h e r e  

5 ,  = y, + i z  
1 

= y  + i z  
2 2 2 

and f l y   f 2 ,  f3 ,  and f, a re   rea l -va lued   func t ions .  The express ion  

f o r  the complex f o r c e  on the body  (eq. (11)) is  of t h i s  same form. 
The moments abou t   t he   cen te r   o f   g rav i ty   o f  the body are   obtained  by 

i n t e g r a t i n g  the fol lowing  equat ions 

dM dZ 
dx dx 
- =  v ( t c g  - t )  - 

" 
dN dY 
dx  dx - v ( t c g  - t)  - 

In t eg ra t ion   o f   equa t ions  ( 5 )  i s  accomplished  using a fourth-order  

Adams-Moulton p red ic to r - co r rec to r  method ( r e f .  8) w i t h   s t a r t i n g   v a l u e s  

determined  using a Runge-Kutta i n t e g r a t i o n  scheme. I n i t i a l   v a l u e s  of 

c , ,  c 2 y  and t are   p rovided   as   input  t o  the computer  program. The 
i n i t i a l   v a l u e s   o f  the i n t e g r a t e d   f o r c e s  and moments a r e   d e f i n e d  t o  be 

zero .  
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The computer  program  written t o  i n t e g r a t e  the e q u a t i o n s   c o n s i s t s  

of a main  program  and s ix  subrout ines .  The main  program reads  the 
i n p u t   d a t a  and c o n t r o l s  the flow  of the c a l c u l a t i o n s .  The va r ious  
subrout ines  compute the d e r i v a t i v e s  and the vor tex   s t rengths ,   per form 

the i n t e g r a t i o n ,  compute the coord ina tes   o f  the body s u r f a c e  and 
sepa ra t ion   po in t s ,  and p r i n t   o u t   t h e   i n f o r m a t i o n   o f   i n t e r e s t .  

The s t a r t i n g   c o n d i t i o n s  for  t h e   v o r t e x   p o s i t i o n s   a r e   i n p u t   i n  

either of t w o  ways, as  determined  by the value  of   an  index,  NSTART. 
I f  NSTART = 0 ,  the  d a t a  t o  be i n p u t   a r e  the q u a n t i t i e s  and 
shown i n   f i g u r e  3 .  The i n i t i a l   v o r t e x   p o s i t i o n s   a r e   s u b s e q u e n t l y   c a l c u -  

l a t e d   a s  

and 

where 

sepa ra t ion   po in t s ,  and y, and y2 are   given  by  equat ion (A-13) 

If NSTART = 1 t h e   d a t a  t o  b e   i n p u t   a r e  the coord ina te s  

and z of the   vo r t ex   pos i t i ons .  The i n i t i a l   c o o r d i n a t e s   o f  the separa-  

t i o n   p o i n t s   a r e  computed a s  

50, and < a r e   t h e   i n i t i a l   v a l u e s   o f  the l o c a t i o n s   o f   t h e  
O2 

Y V I J  z V I ’  yv2 

v2 

where e and 0 a r e   i n p u t  and is  the angle   o f  the d i r e c t i o n  

de f ined   by   t he   c ros s f low  ve loc i t i e s  Va and cuVa (tcg - t) 
% S1 s 2  

Va 
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INITIAL  CONDITION  ANALYSIS 

Bryson (ref. 5) showed f o r  h is  p o t e n t i a l   f l o w  model  of  vortex  shed- 

ding  from a body i n   s t e a d y   m o t i o n   a t  an a n g l e   o f   a t t a c k   t h a t   t h e   v o r t e x  

f eed ing   po in t s   a r e   uns t ab le   s add le   po in t s   and ,   t he re fo re ,   t he re  i s  only 

one  integral   curve  passing  through  each  feeding  point .   Because  of   the 

unsymmetr ical   nature   of   the   present   problem, it was cons idered   des i rab le  

t o   d e r i v e  a l i n e a r i z e d   s o l u t i o n   o f   t h e   p r o b l e m   i n   t h e   v i c i n i t y  of t h e  

f e e d i n g   p o i n t s   s i m i l a r   t o   t h a t   f o r   t h e  Bryson  problem. 

The ana lys is   fo l lowed  the  same procedure  as  used  by  Bryson 

(Appendix B o f   r e f .  5 ) .  First ,  the   vor tex   pos i t ions   were   expressed   as  

where < and < a r e   t h e  complex  coordinates   of   the   feeding  points ,  
O1 O2 

and E~ and E~ << 1. The assumption  of  zero n e t  v o r t i c i t y   p r e v i o u s l y  

d iscussed  was used. The equat ions   descr ib ing   the   vor tex   mot ion   (eq .  ( 5 ) )  

w e r e  eva lua ted   t o  f i rs t  o r d e r   f o r   s m a l l  E ;  and the   i nduced   ve loc i ty   a t  

a vor tex ,  Vv was expanded i n  a Tay lo r   s e r i e s   abou t   t he   f eed ing   po in t ,  
j 

To 
j 

The c o n d i t i o n   t h a t   t h e   f e e d i n g   p o i n t s   b e   s t a g n a t i o n   p o i n t s   r e l a t i v e  t o  
t h e   r e s u l t a n t   c r o s s f l o w  was imposed. The d e t a i l s   o f   t h e   a n a l y s i s   a r e  

p re sen ted   i n  Appendix A. 

The assumption  of  small E and the  consequent   neglect   of   terms 
j 

of  second  order and h i g h e r   o r d e r   i n  E r e s u l t e d  i n  decoupl ing  the 

equat ions  descr ibing  the  motion  of   the two v o r t i c e s .  Thus, t o  f i rs t  

order  i n  E two independent   se t s  of equat ions  were  der ived  descr ibing 

the   pa ths   a long   wh ich   t he   vo r t i ce s  move and the  manner i n  which  they 

move a l o n g   t h e i r   r e s p e c t i v e   p a t h s .  The f eed ing   po in t s  were shown t o   b e  

uns t ab le   s add le   po in t s  w i t h  a s ing le   in tegra l   curve   pass ing   th rough 

e a c h ,   i n c l i n e d   a t  an angle  of 30 t o   t h e  downstream  tangent t o  the  body 

a t   t h e   f e e d i n g   p o i n t .  This r e s u l t  i s  i d e n t i c a l   t o   t h a t   o f  Bryson ( r e f .  5 )  

for   the   case   o f   p lanar   mot ion .  However, un l ike  the  planar  motion  problem, 

j 

1’ 

0 
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t h e  a pr ior i   assumption  of  symmetry of  vortex  displacement is  n o t   j u s t i -  
f i e d   i n   t h i s   c a s e .  The f i r s t -o rde r   ana lys i s   d i scussed  here cannot   y ie ld  
any information  about   the  re la t ive  displacements   of  the two v o r t i c e s  
s i n c e ,   t o   f i r s t   o r d e r ,   t h e   v o r t i c e s  move independently  of  each  other.  

The second-order  analysis i s  qu i t e   ex t ens ive  and i s  beyond the scope  of 
t h e   p r e s e n t   e f f o r t .  The independence of the l inear ized  motion  of   the  two 
v o r t i c e s  i s  i l l u s t r a t e d   i n   f i g u r e  4,  where t h e   v a r i a t i o n   o f  and E~ 

with  t i m e  i s  shown on a semi- logar i thmic   p lo t   for  two d i f f e r e n t   v a l u e s  
of E ~ / E ~  wi th  E~ = The r a t i o   o f  E ~ / E ~  i s  c o n s t a n t   a t  the 

i n i t i a l   v a l u e   f o r   b o t h   c a s e s .  The va r i a t ion   o f  E~ i s  t h e  same i n  
bo th   ca ses   wh i l e   t he   va r i a t ion   o f  E is d i f f e r e n t   b y   t h e   r a t i o  E ~ / E ~ .  

The l o g a r i t h m i c   n a t u r e   o f   t h e   s i n g u l a r i t y   a t   t h e   f e e d i n g   p o i n t  ( E  = 0)  

is  shown b y   t h e   l i n e a r i t y   o f   t h e   v a r i a t i o n   o f   I n  E wi th  t i m e .  

2 

j 
j 

Thus, a l though   t he   l i nea r i zed   ana lys i s  i s  use fu l   i n   de t e rmin ing  

the  paths   a long  which  the two v o r t i c e s  move in   t he   r eg ion   nea r   t he  

sepa ra t ion   po in t s ,  it was not  capable  of  providing a complete and 
unique se t  o f   i n i t i a l   c o n d i t i o n s   f o r   c a l c u l a t i o n   o f   t h e   v o r t e x   m o t i o n  
and  induced  force  dis t r ibut ion.  Nor i s  it c l e a r  on a p r io r i   g rounds  
t h a t  a second-order  analysis w i l l  overcome t h e   d e f i c i e n c y   o f   t h e   f i r s t -  

o rde r   ana lys i s .  

EFFECT  OF I N I T I A L  CONDITIONS 
ON ASYMPTOTIC VORTEX BEHAVIOR 

An i n v e s t i g a t i o n  was conducted t o   d e t e r m i n e   t h e   s e n s i t i v i t y   o f   t h e  

v o r t e x   b e h a v i o r   t o   t h e   i n i t i a l   c o n d i t i o n s .  The i n v e s t i g a t i o n  was 

ca r r i ed   ou t   €o r   cy l ind r i ca l   bod ie s   a s  w e l l  as s l ende r   con ica l   bod ie s .  

Cyl indr ica l   Bodies  

A s y s t e m a t i c   s t u d y   o f   t h e   e f f e c t   o f   i n i t i a l   c o n d i t i o n s  on t h e  
downstream  behavior  of  the  vortices on a cy l indr ica l   body w a s  conducted 
using  the  computer   program  wri t ten  to   solve  equat ions ( 5 ) .  The i n i t i a l  

vo r t ex   pos i t i ons  w e r e  def ined   as  
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a s   i n   t h e   n e a r   f i e l d   a n a l y s i s   d i s c u s s e d   a b o v e .  The values   of  E were 

provided  as   input   to   the  computer   program,  a long  with  the  body  radius  

and t h e   l o c a t i o n s  of the   f eed ing   po in t s .  The angles ,  Gj, were  computed 

from t h e   f i r s t - o r d e r   a n a l y s i s   ( e q .  (A-10)). The i n i t i a l   l o c a t i o n   o f   t h e  

r ight-hand  vortex was a lways   spec i f ied   as  

j 

E = 0.05  1 

w h i l e   t h e   i n i t i a l   v a l u e   o f  E~ was va r i ed .  

Non-coninq case.-  The f i r s t   s t e p  i n  t he   s tudy   o f   t he  downstream 

behavior  was t o  examine  the  case  of  planar  motion (u! = 0 )  both  with 

symmet r i ca l   i n i t i a l   va lues  of E and wi th   sma l l   dev ia t ions   f rom  in i t i a l  

symmetry t o   g a i n   i n s i g h t   i n t o   t h e   e f f e c t   o f   i n i t i a l   e r r o r s  on t h e  down- 

stream behavior .  Some r e s u l t s   a r e  shown i n  f i g u r e  5 f o r   t h e   c a s e  of 
a = 26O and Els = 50° w i t h   s e p a r a t i o n   c o n s i d e r e d   t o   o r i g i n a t e   a t   t h e  

n o s e   a t  t = 0. F igu re   5 (a )  shows t h e   t r a j e c t o r i e s  of t h e   v o r t i c e s  

f o r   i n i t i a l   v a l u e s   o f  E~ of 0.049, 0 . 0 5 ,  and 0.051. For  the  symmetri- 

c a l   c a s e  ( c2 = 0.05) , Bryson ( r e f .  5) shows t h a t   t h e   v o r t i c e s   p a s s  

ou t s ide   o f  and then   curve   in   towards   spec i f ic   po in ts  on the  Fappl   curve 

de t e rmined   by   r equ i r ing   t ha t   t he   ve loc i ty   a t   t he   vo r t ex  and a t   t h e  

sepa ra t ion   po in t  be zero  s imultaneously.  The v o r t i c e s   a c t u a l l y   r e a c h  

t h e   p o i n t s  on the   Fapp l   cu rve   a t  t = w ,  s i nce   t he   i nduced   ve loc i ty  

t h e r e  is  z e r o .   F i g u r e   5 ( a )   i l l u s t r a t e s   t h i s   b e h a v i o r   f o r  E *  = 0.05. 

For E 2  = 0.049, the  lef t -hand  vortex  lags   behind  the  r ight-hand 

vor tex  and the   Fappl   po in t  i s  not  reached.  For E~ = 0.051, t h e  

oppos i t e   e f f ec t   occu r s ;   t he   r i gh t -hand   vo r t ex   l ags   beh ind   t he   l e f t .  

i 

i 

i 

i 

The p o s s i b i l i t y   e x i s t s   w i t h  a numer i ca l   i n t eg ra t ion   so lu t ion  and a 

computer tha t   round-of f   e r rors   can   in t roduce  a source  of asymmetry  even 

in   t he   ca se   o f   symmet r i ca l   i n i t i a l   cond i t ions .   These   e r ro r s   can  accumu- 

l a t e  so t h a t   t h e  asymmetry inc reases   a s   t he   i n t eg ra t ion   p roceeds  and can 

cause   t he   so lu t ion   t o   d ive rge   marked ly  from the  symmetr ical   case.  The 

e r r o r  limits of   the  Adams i n t e g r a t i o n  scheme used i n  the  computer 

program  described  previously  were  established so t h a t  symmetry  was 

main ta ined   un t i l   the   vor t ices   reached   the   immedia te   v ic in i ty   o f   the  

Fbpp l   l i ne ,   t he   l ocus   o f   vo r t ex   pos i t i ons   a t  which t h e r e  i s  ze ro  
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induced  veloci ty ,  The r e s u l t s   o f  a computation  with a s u f f i c i e n t l y  

sma l l   e r ro r  l i m i t  a r e  shown a s   t h e   s o l i d   c u r v e s   i n   f i g u r e  5. The r e s u l t s  
of f i g u r e   5 ( b )   i n d i c a t e   t h a t   t h e   s o l u t i o n   d o e s   n o t   b e g i n  t o  d iverge  
from the   symmet r i ca l   ca se   un t i l  a po in t  some 55 r a d i i  from the   nose  i s  
r eached ,   a t  which poin t   each   vor tex  i s  near  i t s  Fappl   point .  

vV - 

It i s  c h a r a c t e r i s t i c   o f   t h e   p l a n a r   m o t i o n   s o l u t i o n   t h a t  the vor tex  

s t r e n g t h  w i l l  i n c r e a s e   t o  a point   about  30 r a d i i  downstream  of t he   nose ,  

a t  which poin t   the   vor tex   begins   to   curve   towards  the Fappl   point  and 
t h e   v o r t e x   s t r e n g t h   b e g i n s   t o   d e c r e a s e ;   t h a t  is ,  becomes  negative. 
A t  t h i s   p o i n t ,   t h e   s o l u t i o n  becomes p h y s i c a l l y   u n r e a l i s t i c   s i n c e   t h e  

occurrence  of   negat ive f i m p l i e s   t h a t   v o r t i c i t y  i s  be ing   fed   back   in to  
the  body  boundary  layer   ra ther   than  being shed. from the  boundary  layer .  

I n  f i g u r e  5 ( b )  i s  shown t h e   v a r i a t i o n   o f  E~ and wi th   d i s -  
tance  along  the  body  for  the  three  cases  discussed  above. I n  t h e  
symmetrical   case,  E~ - - c 2  un t i l   t he   d ive rgence   due   t o   numer i ca l   e r ro r s  

occurs   sometime  af ter   the   Fappl   point  i s  reached,  about 55 r a d i i  from 

the  nose.  I n  the   asymmetr ica l   cases   e i ther  E~ o r   e x h i b i t s  a 

peak  value a t  a stati.Cn  about 2 0  r a d i i  from the  nose  dependent upon 
whether E~ o r  c 2  was l a r g e r   i n i t i a l l y .  

I n   f i g u r e  5 ( c )  a r e  shown the   va r i a t ions   o f  E f o r   t h e  two v o r t i c e s .  

I n  the  symmetr ical   case,  = i un t i l   t he   d ive rgence   due   t o   numer i ca l  

e r ro r s   occu r s .  The value of i f i r s t  rises t o  a maximum, then  
decreases  and becomes n e g a t i v e   a s   t h e   v o r t i c e s   r e a c h   t h e   v i c i n i t y   o f  
-the  Fapp1  point. T h e  value  of i t hen   r e tu rns   t o   ze ro   a s   t he   Fapp l  
poin-t i s  approached. A t  t h i s   po in t   t he   s econd   de r i . va t ive ,  E ,  a l s o  

approaches  zero. The  same c h a r a c t e r i s t i c   s h a p e  of the   curve  of 

versus  x i s  produced  for  the  asymmetric  cases.  However, t he   cond i t ion  
E ,  = E* = @ i s  never  reached.  Note,  however,  that when t h e   i n i t i a l  

value  of c2 i s  lower  than  that   for   the  symmetr ical   solut ion  which 

reaches   the   Fappl   po in t ,   then  c 2  becomes nega t ive ,   bu t  ?, does  not .  
Conversely, when t h e   i n i t i a l   v a l u e   o f  E is  l a r g e r   t h a n  tha t  f o r   t h e  
syrnmelxical  solution, il becomes nega t ive ,   bu t  i 2  does  not.  More 

s i g n i f i c a n t l y ,  when E *  i s  i n i t i a l l y   s m a l l e r   t h a n   t h e   v a l u e   f o r   t h e  
symmetr ica l   so lu t ion ,   the   va lue   o f  e p  i s  c o n s i s t e n t l y  smaller than 
E~ i n   t h e   f a r   f i e l d  and c o n v e r s e l y   f o r   i n i t i a l   v a l u e s  of c 2  l a r g e r  
than   requi red   for   the   symmetr ica l   so lu t ion .  

2 
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Coning case.- One would expec t   to   f ind   wi th   coning   mot ion  a down- 

stream behav io r   o f   t he   vo r t i ce s   s imi l a r  t o  tha t   o f   the   p lanar   mot ion   case ,  

a t   l e a s t   f o r   s m a l l   c o n i n g   r a t e s .  This r e s u l t  i s  i l l u s t r a t e d   i n   f i g u r e s  

6, 7 ,  and 8 f o r   t h e  case of a J c d V  = 0.12 and c1 = 0.05. With 

E = 0.05 ( f ig .  6 ) ,  t h e   t r a j e c t o r y ,   t h e   v a r i a t i o n s   o f  E~ and e2 and 

of E~ and i 2  a r e   s i m i l a r   t o   t h e   b e h a v i o r   n o t e d  above f o r   t h e  non-coning 

i 
2 
i .  

case  where E~ was l e s s   t h a n  . With c 2  = 0.054 ( f i g .  7 ) ,  t h e  
i i i 

behavior  of  the  vortex  motion  parameters i s  s i m i l a r   t o   t h e   b e h a v i o r   f o r  

the  non-coning  case  where c2 was q r e a t e r   t h a n  E~ . It i s  of 
i i 

i n t e r e s t   t o   n o t e   t h a t   t h e   s m a l l   c h a n g e   i n   f o r   t h e   c o n i n g   c a s e  

r e s u l t s   i n  a completely  different   downstream  behavior   as  shown by 

comparison  of  f igures 6(a)  and 7 ( a ) .  

i 

The in t e rmed ia t e   ca se   w i th  E = 0.05320325 i s  shown i n  figure 8. 
2 i 

The behavior  shown he re  i s  q u a l i t a t i v e l y   s i m i l a r   t o   t h a t  shown f o r   t h e  

non-coning  case  with  symmetr ical   in i t ia l   condi t lons,   as  shown i n  
f i g u r e  5. Figure 8 i n d i c a t e s   t h a t   t h e  t w o  v o r t i c e s  move  away from 

the i r  f e e d i n g   p o i n t s   a t   s i m i l a r   r a t e s .  The v o r t i c e s  first a c c e l e r a t e ,  

then  slow and f i n a l l y   a p p r o a c h   p o s i t i o n s   t h a t   a r e   e s s e n t i a l l y   s t a t i o n a r y  

wi th   r e spec t   t o   t he   r e su l t an t   c ros s f low  ve loc i ty   vec to r .   Fu r the rmore ,  

i n  the   coning   case ,  J? becomes n e g a t i v e   f o r   b o t h   v o r t i c e s   a t   a p p r o x i -  

mately 30 r a d i i  downstream a s  i n  the  planar  motion  case,   whereas i. 
does  not become n e g a t i v e   f o r   e i t h e r   v o r t e x  i n  t h e   o t h e r  two coning 

cases  mentioned  above. Thus, t h e  downstream  behavior of t h e   v o r t i c e s  

with  coning  motion i s  q u a l i t a t i v e l y   t h e  same a s   t h a t   f o r   t h e   p l a n a r  

motion  case  where symmetry e x i s t s ,   a t   l e a s t   f o r   m o d e r a t e   c o n i n g   r a t e s .  

The p r inc ipa l   vo r t ex - induced   fo rce   d i s t r ibu t ion  i s  i n  t h e  z 

d i r e c t i o n .  The s i d e   f o r c e   d i s t r i b u t i o n  i s  an order  of  magnitude  lower 

and i s  q u i t e   s e n s i t i v e   t o   t h e   d i f f e r e n c e s   i n   v o r t e x   p o s i t i o n s  and 

s t rengths   caused   by   smal l   d i f fe rences  i n  i n i t i a l   c o n d i t i o n s .   T h i s  

r e s u l t  is  i l l u s t r a t e d  i n  f i g u r e  9,  which  shows t h e   a x i a l   v a r i a t i o n   o f  

t h e   s i d e   f o r c e   d i s t r i b u t i o n   c o r r e s p o n d i n g   t o   t h e   t h r e e   v a l u e s   o f  

€2  
noted  above. A value  of E* = 0.05 produces a l a r g e   s i d e   f o r c e  

i i 
t o  leeward,  whereas  the  other two values   of  E2 produce  small   side 

i 
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f o r c e s   t o  windward.  These r e su l t s   i nd ica t e   t he   impor t ance   o f   ob ta in ing  
a r e l i a b l e  method €o r   de t e rmin ing   i n i t i a l   cond i t ions .  

Conical  Bodies 

For the case  of  a s lender   cone a t  angle   o f   a t tack  w i t h  f low  separa- 
t i o n  and vortex  formation,   Bryson  ( ref .  5)  der ived the vortex  motion 

and f o r c e s  on the   a s sumpt ion   t ha t   t he   f l ow  f i e ld  i s  conica l .  Thus, 
s o l u t i o n s   i n  the crossf low  p lanes   a re  s imilar  and a re   s ca l ed   acco rd ing  

t o  dis tance  f rom  the  cone  ver tex.  The present   formula t ion   of   the  prob- 
l e m  does  not  employ  such  an  assumption.  Consequently, a number of 
c a l c u l a t i o n s  w e r e  made wi th   con ica l   bod ie s  t o  check  the  Bryson  resul ts  
fo r   t he   p l ana r   mo t ion   ca se  and t o   d e t e r m i n e   t h e   n a t u r e   o f   t h e   p r e s e n t  
so lu t ion   fo r   t he   con ing   ca se .  

The behaviors   of   the   vort ices   shed  f rom a s lender   cone   for   bo th  
p l ana r  and coning  motion  are shown i n   f i g u r e   1 0 .  The conf igura t ion  i s  

a loo hal f -angle   cone   wi th   the   cen ter  of g r a v i t y   a t  Pc./,lo = 0.61   for  

the   coning   case .  The cone  angle  of  at tack i s  34O. I n   b o t h   c a s e s ,   t h e  

s e p a r a t i o n   l i n e s  w e r e  s p e c i f i e d   a t   a n g l e s ,  O s ,  34O from t h e   r e s u l t a n t  
c ross f low  vec tor .   In   the   coning   case ,  two sets of i n i t i a l   c o n d i t i o n s  

on E~ and E~ were  used. The value  of E~ was s p e c i f i e d   a s  0.05 

i n   b o t h  sets o f   i n i t i a l   c o n d i t i o n s   w h i l e  E~ was g iven   t he   va lues  

0.05 and 0.055. I n  t he   p l ana r   mo t ion   ca se   t he   i n i t l a1   va lues  w e r e  

i 

i 

€1 . = E = 0 . 0 5 .  I n   a l l   c a s e s   t h e   s t a r t i n g   p o s i t i o n s   o f   t h e   v o r t i c e s  

w e r e  spec i f i ed  on l i n e s   i n c l i n e d  30° t o   t h e  downstream  tangents t o   t h e  

body a t   t h e   f e e d i n g   p o i n t s .  The va r i a t ion   o f  and E~ f o r   p l a n a r  
motion (u' = 0)  i s  i n d i c a t e d   i n   f i g u r e   1 0  by a s o l i d   l i n e ,   w h i l e   t h e  

b roken   l i nes   r ep resen t   t he   va r i a t ion   fo r  U J B ~ ~ V  = 0.042. The v o r t i c e s  
i n   a l l   c a s e s  w e r e   s t a r t e d   a t   x / i 0  = 0.00191.  For t h e  U' = 0 case, 
the   so lu t ion   immedia te ly   converges   to  a va lue   o f  E = 0.3976 w i t h  the 

v o r t i c e s  on l i n e s  36.86O from  the  downstream  tangents t o  the body a t  

t he   f eed ing   po in t s .  

2 
1 i 

In   t he   con ing  case, the   asymptot ic   so lu t ion  i s  v e r y   s e n s i t i v e  t o  
t h e   i n i t i a l   c o n d i t i o n s   j u s t  a s  it is  €or t h e   c y l i n d r i c a l  body.  For 
e q u a l   i n i t i a l   v a l u e s   o f  E and E ~ ,  the   so lu t ion   converges   very  
r a p i d l y   i n   t h e  same manner as   the   p lanar   mot ion   case ,   bu t   the   asymptot ic  

s o l u t i o n  i s  one i n  which increases   approximate ly   l inear ly   wi th  

1 
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t i m e  and E~ decreases .   For  c2 = 0.055,  the downstream  solution i s  

charac te r ized   by   even  greater asymmetry. 
- 

Of t h e  t w o  sets of resu l t s   for   coning   mot ion  shown i n   f i g u r e   1 0 ,  

the set  us ing  symmetric i n i t i a l   c o n d i t i o n s   a p p e a r s   t h e  most p l a u s i b l e  

in   accordance   wi th   the   fo l lowing   reasoning .   In   the   p lanar   mot ion  case 

where t h e   i n i t i a l   c o n d i t i o n s  and t h e   l o c a t i o n s   o f   t h e   s e p a r a t i o n   l i n e s  

are c lear ly   symmetr ica l ,  a c o n i c a l   s o l u t i o n  i s  obtained,  which  implies 

t h a t  the v o r t i c e s   o r i g i n a t e   o n  the axis of t h e   c o n e   a t  i t s  apex.  For 

the  coning  motion  case (where the s e p a r a t i o n   l i n e s   a r e   a l s o  assumed t o  

be symmet r i ca l   abou t   t he   p l ane   o f   t he   r e su l t an t   ve loc i ty   vec to r ) ,   t he  

v o r t i c e s   s h o u l d   a l s o   o r i g i n a t e  on the   cone   ax is   a t   the   apex .  A t  t h e  

apex ,   t he   ro t a t iona l   f l ow  f i e ld ,   wh ich  i s  the   p r inc ipa l   sou rce   o f  

asymmetrical  growth  and  motion  of  the  vortices, is  zero.  Thus,  one 

wou ld   expec t   t he   i n i t i a l   vo r t ex   mo t ion  and growth a t   t h e  cone  apex t o  

resemble t h a t   f o r   t h e   p l a n a r   m o t i o n  case, and the   mo t ion   j u s t  downstream 

of the  apex  should  not  be apprec iab ly   d i f fe ren t   f rom  the   p lanar   mot ion  

case .  

The r e s u l t s   f o r   t h e   v o r t e x   s t r e n g t h s   a r e  shown i n   f i g u r e  11. I n  

the p lanar   mot ion   case ,   the   vor tex   s t rengths   a re   equa l  and inc rease  

l i n e a r l y   w i t h   t i n e ,   o r   d i s t a n c e   a l o n g  the body.   In   the  coning  case,  

t h e   s t r e n g t h s  still i n c r e a s e   l i n e a r l y   w i t h  t i m e ,  b u t   a t   d i f f e r e n t   r a t e s .  

COMPARISONS WITH DATA 

Slender  Cones 

Unpublished  data on a l o o  half-angle  cone were obtained from t h e  

Ames Research  Center,  NASA. The cone was  mounted  on a ben t   s t i ng   such  

tha t  the s t i n g   c o u l d  be rotated  to   produce  the  coning  motion and t h e  

cone  could be s p u n   r e l a t i v e   t o   t h e   s t i n g .  The angle of a t tack   could  

be var ied   us ing   in te rchangeable   s t ings .  A six-component  force  balance 

system  measured  aerodynamic  forces  in  body  coordinates and moments 

about   the  center  of  gravity.   Photographs w e r e  t aken   of   the   vor tex  

p o s i t i o n s   a t   v a r i o u s   a x i a l   s t a t i o n s   u s i n g   t h e   v a p o r   s c r e e n   t e c h n i q u e  

and a camera  mounted  on t h e   r o t a t i n g   s t i n g .  The cone was mounted wi th  

i t s  cen te r   o f   g rav i ty   a t   t he   61 -pe rcen t   l eng th   s t a t ion .  Tests w e r e  
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conducted   in   the  A m e s  Research  Center 6- by  6-Foot Wind Tunnel a t   t h e  

c o n d i t i o n s   a s   d e s c r i b e d   e a r l i e r   i n   t h i s   r e p o r t .  

Comparisons  between  the  vortex  positions  deduced  from  vapor 

screen  photographs and ca l cu la t ed   pos i t i ons   fo r  an angle   o f   a t tack   of  
30°, a value  of u r l C d V  of  0.042, and a Mach number of 2.0 a r e  shown 

i n   f i g u r e  1 2 .  The agreement is  reasonably  good. The feed ing   po in t s  
f o r  the t h e o r e t i c a l   c a l c u l a t i o n  w e r e  chosen t o  be a t   a n g l e s ,  eS, 
symmetr ical ly   displaced 34O from t h e   r e s u l t a n t   c r o s s f l o w   v e c t o r .  The 
value  of 34O i s  t h e  same as   that   used  by  Bryson  ( ref .  5)  based  on  cone 
sepa ra t ion   da t a .  The in i t ia l   vor tex   d i sp lacements   were   symmetr ica l  

wi th  E~ = E~ = 0.05 in   accordance   wi th   the   reasoning   of   the   p rev ious  
sec t ion .  

I n  comparing  the  forces  and moments on  the  cone,  it i s  u s e f u l   t o  

cons ide r   t he   fo rces  due t o   b o t h   t h e   a t t a c h e d  and the   separa ted   f low 
around  the  body. I n  re ference  4 it i s  shown t h a t   f o r   s m a l l   a n g l e s  and 
angular   ra tes   (a t tached   f low)  , t h e   t o t a l  side-moment coeff   i .c ient   can 
be expressed  as  

w&O cn = - V a ( C m  + C m J  
9 a 

S i m i l a r l y ,   t h e   s i d e - f o r c e   c o e f f i c i e n t   c a n  be expressed  as  

Reference 9 i nd ica t e s   t ha t   s l ende r -body   t heo ry   cons ide rab ly   ove r -  

p r e d i c t s   t h e   s t a b i l i t y   d e r i v a t i v e s ,  C z  , C Z , )  Cm , Cm- f o r  a cone a t  

s u p e r s o n i c   f l i g h t  Mach numbers. The re fo re ,   s ince   t he   a t t ached  flow 
por t ion   o f   t he   fo rces  and moments i n   t h e   p r e s e n t   t h e o r y   a r e   b a s e d  on 

slender-body  theory,  it i s  a p p r o p r i a t e   t o  examine  only  the  nonl inear ,  

o r   vor tex- inducedy  forces  and moments. 

9 a 9 a 

Figure 13  shows the  comparison  between  theory and d a t a   f o r   t h e  

v a r i a t i o n   o f   s i d e - f o r c e   c o e f f i c i e n t ,  CJ (ui0/V) , with  angle  of a t t a c k .  
The theory  i s  indicated  by  open symbols while   the  experiment  is  ind i -  

c a t e d   b y   f i l l e d   c i r c l e s .   T h e o r e t i c a l   r e s u l t s   f o r  two va lues   o f   the  
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sepa ra t ion  l i n e  loca t ion ,  9s, a r e  shown. The l i n e a r   v a r i a t i o n  of 

C y / ( w P d V )  for   smal l   angles   o f   a t tack  is  predic ted   very   wel l   by   the  

r e s u l t s  of  reference 9 a s  shown i n  t h e   f i g u r e .  The p r e d i c t e d   v a l u e s   a t  

high  angles   of   a t tack w e r e  ob ta ined   by   add ing   t o   t he   l i nea r   va r i a t ion  

for   a t tached   f low  the   p red ic ted   nonl inear   cont r ibu t ions  due t o   t h e  

v o r t i c e s .   I n   f i g u r e   1 4   t h e   t h e o r e t i c a l   s i d e  moment  on the  cone i s  

compared wi th   t he   expe r imen ta l   da t a   i n   t he  same manner a s   f o r   t h e   f o r c e  

c o e f f i c i e n t  above - 
Figures  13 and 14 i n d i c a t e   t h a t   t h e   p r e d i c t e d   r e s u l t s   a r e   s t r o n g l y  

inf luenced  by  the  locat ion of the   vor tex   feeding   po in ts .  For a given 

value  of O s ¶  t he   vo r t ex - induced   s ide   fo rce   f i r s t   appea r s   a t  a l a r g e r  

angle   o f   a t tack   than   the   da ta   ind ica te  and i n c r e a s e s   a t  a f a s t e r   r a t e  

than  the  data   as   the  angle   of   a t tack i s  increased.  The f i g u r e s   i n d i c a t e  

t h a t  it may be poss ib l e  t o  improve the   p red ic t ion  of t h e   s i d e   f o r c e   i f  

O s  is var ied  with  angle   of   a t tack.  This r e s u l t  i s  i n  qua l i t a t ive   ag ree -  

ment wi th   the   da ta   o f   re fe rence  1 0 ,  where the  angle   of   separat ion,  Q S ,  on 

incl ined  bodies   in   planar   motion i s  shown t o  depend s t rong ly  on angle  of 

a t t ack .  Also, it may be  necessary t o  spec i fy  an a x i a l   v a r i a t i o n  of t h e  

separa t ion   l ine   loca t ion   d i f fe ren t   than   the   cons tan t   angular   d i sp lacement  

from the   r e su l t an t   c ros s f low  vec to r   a s  used i n  the   p resent   theory .  It  

is apparent   that   knowledge  of   the  separat ion  l ine  locat ion is  an important 

f a c t o r  i n  developing a pred ic t ive   t echnique .  

Ogive Cylinders 

Some experimental  measurements  of  side moments on  a slender  ogive- 

cy l inde r  body are   presented i n  re ference  4.. A s  i n  the  cone  experiments, 

vapor  screen  photographs  were  used to   obse rve   t he   vo r t i ce s .  The t o t a l  

s i d e  moment ahead  of  the  center of g rav i ty  was measured. The configura- 

t i o n  is a cy l inde r  2 . 5  inches i n  diameter  with a f i neness - r a t io  3 .4  

tangent-ogive  nose. The cen te r  of g r a v i t y  was 2 . 5  f e e t  from the  nose 

of   the body. The t e s t s  were  run i n  t h e  Ames Research  Center 6- by 6- 

Foot Wind Tunnel  with  conditions  as  described  earlier i n  t h i s   r e p o r t .  

Theore t i ca l   ca l cu la t ions  of the  vortex-induced  forces on the  ogive 

cy l inde r  were made based on the   a s sumpt ion   t ha t   t he   vo r t i ce s   s t a r t ed  on 

the  ogive  nose of t h e  body. I n i t i a l   v o r t e x   p o s i t i o n s  were  obtained 

2 8  



from c a l c u l a t i o n s   f o r  a cone  based on the  conclusion  reached  previously 

t h a t  a un ique   s e t   o f   i n i t i a l   cond i t ions   can  be o b t a i n e d   f o r   t h e   s o l u t i o n  
f o r  a cone.   Essent ia l ly ,   the   ogive-cyl inder  i s  cons idered   to   have  a 
conical   nose,  and a cone   so lu t ion   l i ke   t ha t   d i scussed  i n  t he   p rev ious  
s e c t i o n  is used t o   s u p p l y   i n i t i a l   c o n d i t i o n s   f o r  an  ogive-cylinder  calcu- 
l a t i o n .  The i n i t i a l   c o n d i t i o n s  were   ob ta ined   as   fo l lows .   F i r s t   the  
s t a t i o n   a t  which t h e   t a n g e n t   t o   t h e   o g i v e   s u r f a c e  made an  angle  of  10 0 

wi th   t he  body a x i s  was found. The dimensions  of a loo half-angle  cone 

t a n g e n t   t o   t h e   o g i v e   a t   t h e  same s t a t i o n  w e r e  computed. Then the   so lu -  
t ion  for   the  vortex  motion  over   the  cone was  computed f o r   t h e   e x p e r i -  

mental   condi t ions.  The sepa ra t ion   po in t s  w e r e  each assumed t o   b e   a n g l e s ,  
Q S ,  50° from the   resu l tan t   c ross f low  vec tor ,   which   va lue   cor responds  t o  
measured s e p a r a t i o n   l i n e   l o c a t i o n s  on ogive-cyl inders  and cone-cyl inders  

a t   a n g l e  of a t t a c k   ( r e f .  1 0 ) .  The angle  of SOo was chosen   as   the   bes t  
es t imate   of  an average  value of the   angular   1-ocat ion  of   the  separat ion 
l ine   s ince   the   loca t ion   ac tua l ly   var ies   a long   the   body,   whereas   the  
computer  program  used  here  can  only  handle  constant  values  of O s .  The 
a sympto t i c   so lu t ion   fo r   t he   vo r t ex   t r a j ec to r i e s  on the  cone was then  used 
t o   o b t a i n   t h e   p o s i t i o n s   o f   t h e   v o r t i c e s  on t h e   o g i v e   a t   t h e   s t a t i o n   a t  

which  the  ogive was t a n g e n t   t o   t h e  l o o  cone. 

The r e s u l t s   f o r   t h e   p r e d i c t e d   v o r t e x   p o s i t i o n s   f o r  an angle  of 

a t t a c k  of 26O and a con ing   r a t e  (cuj V) of 0.12 a r e  compared with 

sketches made from  unpubl ished  vapor   screen  photographs  for   three  axial  

s t a t i o n s  i n  f i g u r e  1 5 ,  While   the  "centers"  of the   a reas   o f   concent ra ted  
v o r t i c i t y   a r e   d i f f i c u l t  t o  de te rmine ,   the   p red ic ted   vor tex   pos i t ions   t end  

to   ag ree   qua l i t a t ive ly   w i th   t he   pho tograph ic   i n fo rma t ion .  The theory  
p r e d i c t s   t h a t   t h e   r i g h t - h a n d   v o r t e x  i s  f u r t h e r  away from t h e  body  than 
the   l e f t -hand   vor tex .  The r ight-hand  vortex  has  a g r e a t e r   s t r e n g t h   t h a n  
the   l e f t -hand   vo r t ex   un t i l  a po in t   abou t   10   r ad i i  from the  nose,  beyond 

which  the  s t rength  of   the  lef t -hand  vortex becomes l a rge r .  

C L f  

The side-moment c o e f f i c i e n t  on the  port ion  of   the  body  f rom  the 

nose  back t o   t h e   c e n t e r   o f   g r a v i t y  i s  a t t r i b u t a b l e   a l m o s t   e n t i r e l y   t o  

the   vor tex- induced   s ide   force   d i s t r ibu t ion ,   s ince   s lender -body  theory  

f o r   t h e   a t t a c h e d   f l o w   p r e d i c t s  a zero   va lue   o f  Cm + Cm. f o r   t h i s   c a s e .  

This conclusion i s  subs t an t i a t ed   by   t he   da t a   p re sen ted   i n   r e f e rence  4,  

which i s  reproduced  as   f igure  16.  The p r e d i c t e d   s i d e  moment a t  26O is  

q a 
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a l s o  shown i n   f i g u r e  16, and f a l l s   w i t h i n   t h e   s c a t t e r  i n  t h e   d a t a .  Thus, 

use of   the   cone   so lu t ion   as  a source of i n i t i a l   c o n d i t i o n s   a p p e a r s   t o   b e  

a promis ing   technique   for   ob ta in ing  a unique  solut ion  for   sharp-nosed 

non-conical  bodies.  

I t  i s  o f   i n t e r e s t   t o  examine the  photographs  of   the  vortex  posi-  

t i o n s   n e a r   t h e   a f t  end of  an  ogive-cylinder mounted and t e s t e d   a t   t h e  
Ames Research  Center i n  t h e  same manner a s  was ind ica t ed   p rev ious ly   fo r  

t h e  loo hal f -angle   cone .   In   these   t es t s ,   photographs   o f   the   vor tex  

pos i t ions   were   ob ta ined  up t o  8 d i a m e t e r s   a f t  of t he   cen te r   o f   g rav i ty .  

Sketches of t he   a r eas   o f   concen t r a t ed   vo r t i c i ty  for a = 2 5 O  and 

w l c g / V  = 0 . 1 2  a r e  shown i n   f i g u r e  17 .  Near t h e   a f t  end  of  the  body, 

t he   pho tographs   t end   t o   i nd ica t e   t ha t   t he   r i gh t -hand   vo r t ex  i s  " t o r n "  

f rom  the   separa t ion  l i n e  and becomes f r e e ,  much a s   occu r s  on long 

s l ende r   bod ie s  i n  planar   motion  a t   h igh  angles   of   a t tack.   Theoret ical  

s o l u t i o n s   f o r   t h e   o g i v e - c y l i n d e r   i n d i c a t e   t h a t   g e n e r a l l y  ? f o r   t h e  

r ight-hand  vortex becomes small  b u t  n o t   n e c e s s a r i l y   z e r o   a t  some p o i n t  

along  the  body. A n  example of t h i s   b e h a v i o r  i s  shown i n  f igu re   18  

where  the  variation  of  along  the  body i s  shown f o r   b o t h   v o r t i c e s  

for   the   og ive-cyl inder   case   d i scussed   above .   Other   ca lcu la t ions  showed 

t h a t  ? can become nega t ive   fo r   ce r t a in   combina t ions   o f   i n i t i a l   cond i -  

t i o n s ,   a n g l e   o f   a t t a c k ,   c o n i n g   r a t e ,  and s e p a r a t i o n   l i n e   l o c a t i o n s .  

Such behav io r   sugges t s   t ha t   t he   t ea r ing   o f   t he   f eed ing   shee t   o f   one  

vortex  might   occur   a t   the   point   where f becomes negat ive ,  arid a new 

bound vor tex  would b e   s t a r t e d   a t   t h e   s e p a r a t i o n   p o i n t .  N o  c a l c u l a t i o n s  

were made along  these  l ines ,   however .  

CONCLUDING REMARKS 

Based  on experimental   evidence of the   ex i s t ence  of a s teady 

asymmetric  vortex  system on a s l ende r  body i n  coning  motion, a t h e o r e t i -  

c a l   f l o w  model for   vortex  shedding was developed  using  potent ia l   f low 

methods and slender-body  theory.  The model p rov ides   fo r   t he   ca l cu la t ion  

o f   t he   s t r eng th  and pos i t ion   o f   each  of t h e  two vor t i ce s   r ep resen t ing   t he  

a reas   o f   concen t r a t ed   vo r t i c i ty  and t h e   r e s u l t i n g   f o r c e   d i s t r i b u t i o n  

induced on the  body .   Fo r   cy l ind r i ca l   bod ie s ,   i n i t i a l   vo r t ex   l oca t ions  

v e r y   c l o s e   t o   t h e  body  must be   p re sc r ibed   t o   s t a r t   t he   computa t ion .  

The re su l t s   fo r   vo r t ex   mo t ion  and forces  were  found t o   b e   q u i t e  
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s e n s i t i v e   t o   t h e   i n i t i a l  asymmetry. I n  o r d e r   t o   i n v e s t i g a t e   t h e   n a t u r e  

o f   t he   i n i t i a l   cond i t ion   p rob lem,  a l i n e a r i z e d   a n a l y s i s  of t he   vo r t ex  
motion  very  c lose  to   the  body was performed.  Linearization was found 

t o  decouple   the  motion  of   the two v o r t i c e s ,  so tha t   t he   pa ths   o f   t he  
v o r t i c e s   c o u l d   b e   o b t a i n e d ,   b u t   t h e   r e l a t i v e   p o s i t i o n s  of t h e  two 
vor t i ce s   a long   t he i r   pa ths   cou ld   no t .  Upon s p e c i a l i z i n g   t h e   b o d y   t o  a 

cone, it was found t h a t   t h e   f u l l   n o n l i n e a r   s o l u t i o n   r a p i d l y   c o n v e r g e d  

t o  a u n i q u e   s o l u t i o n   f o r   s y m m e t r i c a l   i n i t i a l   c o n d i t i o n s ,  b u t  t h a t   t h e  
s o l u t i o n  was a g a i n   q u i t e   s e n s i t i v e   t o   i n i t i a l   c o n d i t i o n s .  I t  was 

r e a s o n e d   t h a t   f o r   t h e   c o n e ,   w i t h   s e p a r a t i o n   s t a r t i n g   a t   t h e   n o s e ,   t h e  
most l i ke ly   i n i t i a l   cond i t ions   fo r   t he   con ing   ca se   were   t he   symmet r i c  
vortex  displacements  found  for t h e  planar  motion  case.  The symmetric 
s o l u t i o n  was then  used  as a s o u r c e   o f   i n i t i a l   c o n d i t i o n s   f o r  an  ogive 

c y l i n d e r  by cons ider ing   the   og ive   to   have  a c o n i c a l   t i p .  

On t h e   b a s i s  of agreement   with  data   for  a cone and an  ogive  cyl inder  

i n  l u n a r  coning  motion,  the  flow model developed  herein i s  f e l t  t o  
descr ibe   reasonably   accura te ly   the   na ture  of the   vor tex- - l ike   separa ted  
f low  over   the  body  and  the  vortex-induced  force  dis t r ibut ion.  The 

windward vor tex  is  shown t o  be somewhat f u r t h e r   d i s t a n t  from t h e  body 

than  the  leeward  vortex and t o  be somewhat s t ronger   than  the  leeward 
vortex  over   the  forward  port ion  of   the  body.   These  differences  are  

shown t o  produce a s i d e   f o r c e  t o  leeward and a s t a b i l i z i n g   s i d e  moment 
i n  correspondence  with  the  measured  results.  

" h e  dependency of t h e   t h e o r e t i c a l   s o l u t i o n  on assumptions  regarding 

the   separa t ion   l ine   loca t ion   should   be   no ted .  For the  lunar   motion  case,  

t h e  body i s  not   sp inning   re la t ive   to   the   boundary   l ayer ,  so tha t   u se   o f  

separat ion  locat ion  data   obtained  for   planar   motion  should be a reasonable  

assumption. On t h e   b a s i s  of this   assumption,   one  could  probably  devise  

some s i m p l e   q u a l i t a t i v e   r u l e s   f o r   t h e   v o r t e x   s t r e n g t h  and p o s i t i o n  

behavior   f rom  the  present   analysis ,   which c0ui.d he used   in  a fash ion  

s i m i l a r  to the  one shown i n   r e f e r e n c e  4. However, the  development o f  a 
t r u l y   p r e d i c t i v e  method r e q u i r e s  a three-dimensional  boundary  layer 
s o l u t i o n   t h a t  would p r e d i c t   t h e   l o c a t i o n   o f   t h e   s e p a r a t i o n   l i n e s   o v e r   t h e  
length  of  the  body. Such a method wou1.d then   pe rmi t   ca l cu la t ion  of n o t  
on ly   the   lunar   case   bu t   the   case  of coning  motion  with  norllunar  spi.n 

r a t e s ,  where  the  body i s  s p i n n i n g   r e l a t i v e  t.o the  boundary-layer  f low and 
caus ing  some s h i f t  i n  t h e   l o c a t i o n  of sepa ra t ion .  
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F i n a l l y ,   t h e   n a t u r e  of t h e   t h e o r e t i c a l   s o l u t i o n   s u g g e s t s  some 

i n t e r e s t i c g   p o s s i b i l i t i e s   f o r   e x p l a i n i n g   o t h e r   e x p e r i m e n t a l l y   o b s e r v e d  

s e p a r a t i o n   c h a r a c t e r i s t i c s   o n   s l e n d e r   b o d i e s .  Vapor screen  photographs 

of   an   og ive   cy l inder   in   lunar   coning   mot ion   tend   to   ind ica te   tha t   the  

shee t   f eed ing   t he  windward v o r t e x   e v e n t u a l l y   " t e a r s , "   l e a v i n g   t h a t  

v o r t e x   " f r e e "  and forming a new v o r t e x   a t   t h e   s e p a r a t i o n   l i n e .  The 

t h e o r e t i c a l   r e s u l t s   i n d i c a t e   t h a t   a t  some s t a t i o n   a f t   a l o n g   t h e   b o d y ,  

the   ra te   o f   change  of s t r eng th   o f   t he  windward vortex  approaches  zero o r  

goes nega t ive ,   wh ich   sugges t s   t ha t   s ince   vo r t i c i ty  is  no longer   being 

f e d   t o   t h e   v o r t e x  from t h e   s e p a r a t i o n  l i n e ,  the   shee t   should  be cu t .  

Fu r the r ,   an   i n i t i a l   cond i t ion   i nves t iga t ion   fo r   t he   p l ana r   mo t ion   ca se  

i n d i c a t e s   t h a t   i f   t h e   s o l u t i o n  i s  per turbed  asymmetr ical ly ,   the   asymnetry 

w i l l  grow i n  a fashion  that   resembles   the  coning  motion  solut ion.  This 

r e s u l t  is in   accordance  with  experimental   observat ions of vortex  f low 

o v e r   b o d i e s   a t   r e l a t i v e l y   h i g h   a n g l e s  of a t t a c k ,   w h i c h   t e n d   t o   i n d i c a t e  

t h e   e x i s t e n c e  of a s teady  asymmetr ic   vortex  pat tern,   wi th   sheets   being 

t o r n  and f r e e   v o r t i c e s  formed. 

N i e l s e n  Engineering & Research,  Inc. 
Pa lo   A l to ,   Ca l i f .  

June 1.969 
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APPENDIX A 

DERIVATION OF MOTION OF VORTICES 
I N  THE V I C I N I T Y   O F   F E E D I N G   P O I N T S  

Le t   the   vor tex   pos i t ions   be   expressed   as  

where 

j, as  

5 0  is  the  complex coordinate  of t he   f eed ing   po in t  of 
j 

show. i n  the  sketch  below, and E << 1. 

\ I 

vor tex  

Assume 

rm = rl + r2 

The expression for t h e   v o r t e x   s t r e n g t h s   r e s u l t i n g  from e q u a t i m  ( 3 )  

of   t he   t ex t  becomes 
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where 

or 

- ie  
0 

p .  = R . e  J 
3 7 

(A-4 

where R is  a real-valued  funct ion,  and t i m e ,  t ,  i s  measured  from t h e  

i n s t a n t   t h e  nose of t h e  body passes  an a r b i t r a r y   f i x e d   p l a n e   i n   t h e  

f l u i d .  Then the   equat ions   descr ib ing  the vortex  motion  (eq. ( 5 )  ) become 

j 

where terms conta in ing  E . &  have  been  considered  to  be of  second  order 

and neglected.  
1 1  

NOW, @, i s  determined  as  follows. Expand the  induced  veloci ty  a t  
a vortex,  V v .  , i n  a power s e r i e s   i n  E f o r   f i x e d  

3 j a j .  

where j = 1 and 2 ,  and 
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Now, when E = 0,  Vv = c 0 . ,  so equat ion (A-6) r e q u i r e s  
j j 7 

Subs t i t u t ing   equa t ion  (A-8) i n t o  (A-7) y i e l d s  

whence 

Thus ,   bo th   vor t ices   l eave   the i r   respec t ive   separa t ion   po in ts   a long  
l i n e s   i n c l i n e d  30° from t h e  downstream  tangents t o  t h e  body a t  the  

p o s i t i o n s  of t h e   s e p a r a t i o n   p o i n t s   a t   t h e   i n s t a n t   o f   s e p a r a t i o n .  
This  i s  e x a c t l y   t h e  same c o n d i t i o n   t h a t   r e s u l t s  for the   ca se  of symmetric 
vortex  shedding  from a body i n   s t e a d y  motiDn a t  an  angle of a t t a c k  

(Bryson ’ s r e s u l t )  . 
The i n v e s t i g a t i o n  of t h e   s t a b i l i t y  of the feeding   po in ts  and the 

e a r l y  motion  of the   vor t ices   p roceeds   as   fo l lows .   Express   the   angle ,  

@ j y  as 

w h e r e  << 1. Expand the v e l o c i t y  V o  ( @  j) i n  a Taylor series 
about = 0,  and eva lua te  V i  ( @  j) a t  yj = 0 .  

3 
yj 

Thus , 

(A-10) 

(A-11) 
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and 

+ iwae J - ae  J 

=[eo - (-1)’ $1 
j ( A - 1 2 )  

S u b s t i t u t i n g   e q u a t i o n s  (A-11)  and (A-12) i n t o  equat ion (A-6)  and 

subsequent ly   in to   equat ion  ( A - 5 )  and t h e n   s e p a r a t i n g   i n t o   r e a l  and 

imaginary   par t s ,  y i e l d s  from the r e a l   p a r t ,  

(A-13) 

where 

and 

Then,  from the imaginary   par t ,  

( A - 1 4 )  
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where 0 
VR; , V1 R,, V:;, Vi; a r e   t h e   r e a l  and imaginary   par t s  of Vo and 

j 
J J J J 

V; It can be shown from  equation (A-14) t h a t  when E = 0, then 

E = 0. Thus,   each  vortex  feeding  point  i s  an uns t ab le   s add le   po in t  

w i th  a s ing le   i n t eg ra l   cu rve   pas s ing   t h rough  it, given  by  equat ions (A-10) 

and (A-13) . 

3 '  j 

j 

It i s  o f   i n t e r e s t   t o  compare  equation (A-13) w i t h   t h e   r e s u l t s  of 

Bryson   for   the   case  of (u = A = 0. Equation (A-13) becomes 

which,   for  j = 1, gives B r y s o n ' s   r e s u l t  

cos (; -I- Bo) 

fi cos Bo 
y =  E 
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Figure 1.- Sketch of t h e  motion of the body 
through the f l u i d .  
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Figure 2.-  Flow f i e l d   i n  the p l a n e  
f i x e d   i n   t h e   f l u i d .  
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Resu l t an t  crossflow v e c t o r ,  

iva(1 + 5 2 )  a2 - cuVa(tcg - t) (1 - 7+] a2 
\ 

Figure 3 . -  Coordinates  for computer  program  input  data.  
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Figure 4.- Linearized  solution for  non-dimensional  vortex 
displacement, a = 26O, ulCg/v = 0.24. 
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(a)  Vortex  trajectories. 
Figure 5.- Vortex  motion  on a cylindrical body 

in planar  motion  for  different  initial 
conditions, a = 26O, colcg/V = 0.0. 
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Figure 5.- Concluded. 
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(a)  Vortex  trajectories. 
Figure 6.- Vortex  motion  on  a  cylindrical  body  in  coning 

motion  for  symmetrical  initial  conditions, 
E~ = E~ = 0.05, u\& = 0.12. 
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(b) Vor t ex   d i sp l acemen t   and   d i sp l acemen t   r a t e .  
F i g u r e  6.- Concluded. 
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(a)  Vortex  trajectories. 
Figure 7.- Vortex motion on a cylindrical  body  in  coning 

motion for unsymmetrical  initial  displacements, 
= 0.05, E~ = 0.054, a * 26O, o l c d V  0.12. 
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(b) Vortex  displacement and displacement rate. 
Figure 7 .- Concluded. 
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(a)  Vortex  trajectories. 
Figure 8.- Vortex  motion on a cylindrical  body  in coning 

motion  for  unsymmetrical  initial  displacements; 
= 0.05, E~ = 0.05320325, 

i  i 
%g  /V = 0.12, a = 26O. 
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(b) Vortex  displacement and displacement rate. 
Figure 8.- Concluded 
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Figure 9.- Theoretical  vortex-induced  side  forces  on a 
cylindrical  body €or three  different 

initial conditions. 
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F i g u r e  11.- V a r i a t i o n  of v o r t e x   s t r e n g t h s   f o r   p l a n a r  and 
coning  motion of a l o o  h a l f - a n g l e   c o n e   a t  34O 

ang le  of a t t a c k ;   f e e d i n g   p o i n t s  34O from 
r e s u l t a n t   c r o s s f l o w   v e c t o r .  
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Figure 12.- Comparison of theoretical and experimental 
vortex  trajectories  on  a loo half-angle  cone, 

u)lC9/V = 0.042  at 30° angle of attack. 
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Figure 15.- Comparison of theoretical and experimental  vortex 
trajectories on an ogive-cylinder body in coning motion; 

9/V = 0.12, c1 = 26O. 
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Figure 16.- Side-moment  coefficient 
on a slender ogive-cylinder. 
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Figure 1 7 . -  Sketches of v o r t i c e s  on ogive-cylinder 
i n  coning  motion  from  vapor  screen  photographs, 

w% d v  = 0.12, a = 25O. 

5 9  



6 0  

0 0.2 0.4 0.6  0.8 1.0 

F/v, f t / s ec .  

Figure 18.- Variation  of  rate  of  change of vortex 
s t r eng th  on ogive  cyl inder ,  .-llcaV = 0 . 1 2 ,  Q = 26O. 
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