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THE SENSITIVITY OF BUCKLING OF AXTATLY COMPRESSED
FIBER~-REINFORCED CYLINDRICAL SHELLS TO
SMALL "'GEQOMETRIC IMPERFECTIONS
by

Michael F. Card
ABSTRACT

An index of imperfection sensitivity is obtained by investigabting
the character of the initial postbuckling region for a geonmetrically
perfect cylindrical shell. Uslng techniques of perturbztion theory,
equations governing pdgtbuckling behavior of a multilayered, orthotropic
cylinder are developed. The theory considers the effects of nonlinear
deformations induced by loading priof to buckling. Solutions for post-
buckling displacements are obtained by converting the governing equations
and boundary conditions to a system of second-order differential egua-
tions, which are then written in terms of finite differences at stations
along the length of the cylinder. The resulting algebralc equations are
solved by nmatrix algebra exploiting Gaussian elimination. A computer
program was developed to solve the resulting large systems of simitan-
eous equations and to perform the numerical differentiation and integra-
tion necessary to calculate the imperfection sensitivity index.

Relative values of the imperfection sensitivity index are investi-
gated for three types of fiber-reinforced cylinders: helically wrapped
glass-epoxy and boron-epoxy cylinders, and aluminum cylinders overwrgpped
with boron-epoxy. The helical wrap angle was varied in cylinders of

fixed geometry to identify wrapping configurations of minimum imperfection



sensitivity. Sensitivity indices were obtained from the present theory
as well as from an extension of existing theory. Agreement between
sensitivity indices predicted by the two theories was reasonably good.
Computed results for buckling of the three types of cylinders suggest
that substaﬁtial differences (up to 27 percent) can exist between classi-
cal and consistent theory predictions for buckling, depending on the
wrapping configuration. The differences are g result of load-induced
prebuckling deformations which are retained in consistent buckling
theories but are omitted in classical theories.

Sensitivity indices computed for the three types of cylinders
sugegest that h5o wraps in helically wound glass-epoxy and horon-epoxy
shells are desirable. For wraps possessing small imperfection sensi-
tivity, boron-epoxy cylinders are less imperfection-sensitive than glass-
epoxy cylinders. The most attractive configuration identified in the
study was a circumferentially overwound boron-alvmimum shell which was
found to have a positive postbuckling slope.

The behavior of fiber-reinforced cylinders was investigated experi-
mentally by conducting compressive buckling tests on twelve 30-inch-
diameter glass-epoxy shells with variable wrap configurations. Elastic
constants computed from test data were in good agreement with analytical
predictions. Depending on wrap configuration, compressive buckling loads
varied from 50 to 90 percent of consistent theory predictions. Combari-
sons of Imperfection sensitivity indices with test data show that the
indices are in fair agreement with eiperimental buckling data trends.

The theoretical and experimental studies reported herein suggest that



certain fiber  orientations can enhance the compressive buckling strength
of geometrically similar cylinders due to the fiber configuration's

reduced sensitivity to geometric imperfections in the cylinder wall.
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IV. TWTRODUCTION

The purpose of the dissertation is to investigate the sensitivity
of fiber-reinforced cylinders to small imperfections in the geometry of
the wall of the cylinder. The development of boron and high-modulus
glass fibers as reinforcement suggests that fiber-wound or fiber-
reinforced shells possess great technological potential. Recent experi-
ence at NASA (refs. 1 to 4) and elsewhere has indicated that the state
of the art of these new materials is such that their elastic behavior
can be predicted with reasongble engineering sccuracy. Furthermore,
effieciency studies of cylindrical shells lcaded in axiasl compression
(ref. 5) have shown that they are competitive with the best metallic
shells as lightweight load-carrying members. Thus, studies of filamen-
tary shells are of current technological interest.

If fibrous shells are ever to be accepted as reliable load-bearing
elements, their strucbural hehavior must be thoroughly understood. One
of the most important factors in the buckling behavior of a shell is its
sengitivity to small deviations from perfect geometry. The sensitivity
of axially loaded cylindrical shells to initial imperfections has long
been suspected to be a major cause of lack of agreement between theoret-
ical predictions and experimental buckling data for shells loaded in
axial compression. Recent tests on carefully manufactured cylindrical
specimens (refs. 6 to 8) indicate that shells of near-perfect geometry
can develop loads which spproach predictions for idealized shells. The
problem, however, still remains to find some method of making practical

shell structures more predictable and, hence, more reliable.

1



By the nature of_their construction, Fiber-reinforced shells usually
possess orthotropic material characteristics. In studies of the behavior
of orthotropic shells, there is some evidence that, given the proper
orthotropy and geometry, orthotropih shells can behave with relatively
low sensitivity to amall initial imperfections. For example, buckling
data for axially loaded longitudinally stiffened cylindrical shells
(which can be considered to be a class of ortho%ropic shells) have been
shown by the author to be in good agreement with theoretical predictions
for ideal cylinders (ref. 9). Purthermore, postbuckling studies {refs. 10

to 1% ) have indicated that minimum postbuckling loads for orthotropic

cylinders can be much higher than isotropic cylinders with similar radius-
thickness ratics. These observations have been used in attempts to
predict "knockdown factors" (reductions in theoretical predictions) to
correlate buckling £heory and experiment (ref. 15). The insensitivity

of orthotropic shells has not been established in general and, in fact,
Imperfection sensitivity of stiffened shells in cexrtalin geometric ranges
has been noted in references 16 and 17.

An interesting peculiaxrity of fiber-reinforced shells is the fact
that by suitable layering, two-dimensional isotropic relations for the
elastic constants of the shell wall can be obtained. Thus, by varying
the orientation of fibers in a shell of fixed geometry, one cam encounter
for a shell with specified length, radius, and total thickness, asn iso-
tropic configuration among configurations of varying degrees of crtho-
tropy. Hence, the designer of fiber-reinforce& shells, as opposed to

metallic shells, has at his disposal an additional degree-of-freedom=

orthotropy.



Based on the limited evidence of the reduced sensitivity of certain
orthotropic shells to initial imperfections, we are confronted with the
following interesting possibility in design. It is conceivable that for
certvain geometries we can find two fiber-reinforced shells, one possess-
ing orthotropy, the other isotfopy, suéh that the isotropic shell will
buckle at a higher load theoretically. However, because of the grester
sensitivity of the isotropic shell to initial imperfections, the ortho-
tropic shell practically will cﬁrry a higher load and, even more important,
may be more predictable in its behavior.

The goal of the present research is to étﬁdy”the relative imperfec-
tion sensitivity of fiber-reinforced cylinders iﬁ order to identify which
fiber configurations are least!sensitive to iniﬁial geometric lmperfec-
tions. The investigation is accomplished by s%udying the behavior of a
perfect shell in its initial postbuckling region. An index of imperfec-
tion sensitivity as suggested by Koiter (refs. 16 to 24) is determined
by perturbing the shell displacements in the neighborhood of the bifur-
cation point. The effects of nonlinear displacements induced by loading
prior Lo buckling are considered. The theory is derived by employing
principles of perturbation theory and represents an extension‘to cylin-
drical shells of the plate postbuckling theory developed by Stein
(ref. 25). Relative values of the sensitivity index are found for
helically wrapped cylinders of glass-epoxy, boron-epoxy, and boron-
aluminum loaded in axial compression. Wrapping configurations were

varied to discover configurations of minimum imperfection sensitivity.



A series of compression tests was conducted on twelve glass-epoxy,
filement-wound cylinders to investigate experimental buckling behawvior.
Theoretical imperfection sensitivity trends are compared with the

experimental results.
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V. TLIST OF SYMBOLS

cylinder length
square mabtrices associated with left-hand side of
equations (31) and (40), respectively
coefficient in load-displacement expansion (eq. (9))
imperfection sensitivity index
extensional stiffness of cylinder wall (see eq. (5))
constants in homogeneous solutions (see egs. (27) and (36))
postbuckling displacement vector defined in equation (45)
bending stiffness of cylinder wall (see eg. (5))
column vecbors associated with right-hand sides of
secular equations (see egs. (31), (40), and (71) to (74))
equivalent Young's moduli for helically wrapped layer
of cylinder wall
effective Young's modulus for contraction of composite
cylinder wall
constants associated with axisymmetric prebuckling

solution for w (eq. (18))

equivalent shear modulus for helically wrapped layer
of cylinder wall

stiffness of cylinder wall associated with coupling
between extension and bending (see eq. (5))

moment resultants

stress resultants



number of full waves in cylinder buckle pattern in

circumferential direction
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Er‘a.dius of cylinder measured to arbitrary reference
surface

total wall thickness of cylindrical shell

displacement functions of x associated with first
perturbation (eigenvector components)

normalized eigenvector components

displacements of shell wall in x-, y-, and z-directions,
respectively

column vector formed from w, v, w, and M, evaluated
at each finite difference station

surface and normal coordinates for shell

helical wrap angle

cylinder prestress parameters (see eq. (18))

shear strain in shell at reference surface

distance between adjacent finite difference stations

virtual work for an axially loaded cylinder

normal strain

curvatures

structural constants defined in equation (51)

magnitude of appl:i:ed compressive load at ends of

cylinder



Mmoo Poisson's ratio for isotropic material

ux’“y equivalent Poisson's ratios for helically wrapped,
orthotropic lgyer

Ex effective Poisson's ratio for composite cylinder wall

£ perturbation parameter, measure of amplitude of initial
postbuckling displacements

3 anplitude of initial imperfection

o] normal stress

T ' shear stress

Superscripts:

i ith layer of cylinder wall

* evaluated at A = A..

T transpose of a colum vector

Subscripts:

0,1,2,3 prebuckling, first,; second, or third pertufbation,
respectively (when used on load, strain, or displacement
variasbles)

5 imperfect cylinder buckling

X, ¥ longitudinal and circumferential directions, respectively

cr at buckling

iso isotropic j

exp experimental

Primes are used to denote ordinary differentiation with.respect to
the variable x. A subscript preceded by a comma, denotes partial

differentiation with respect to the subscript.



V1. IMFERFECTION SENSITIVITY INDEX

There are several studies of the sensitivity of shells to initial
imperfections available in the literature (see, e.g., refs. 26 and 27).
The majority of these studies are restricted by the adoption of an
initial imperfection of specified geometry. Practically speaking,
however, real Inltial imperfectioms have a somewhat random character.

An example of this fact is shown in figure L. Meassured radial displace-
ments from perfect geometry are shown for a l0-foot diameter ring-
stiffened cylindrical shell (ref. 28). The initiel radial displacement
wi divided by the shell thickness +t is plotted ag%inst length for
various circumferential shtations about’6rinches apart. It is evident
that considerable judgment and ingenuity is regquired to represent such
initial imperfections analytically. Thus, in the present state of the
art, it seems impractical to hope for an analysis which will yield the
exact reduction in buckling load for a wide range ?f realistic imperfect-
ion geometries. However, a method of‘assessing‘relaéivé’sensitivities '
of shells to initial imperfeétions does exist. T

In hic doctoral dissertation, Koiter (ref. le proﬁqsed a theoretical
method of obtaining an estimate of the sensitivit& of a broad class of
shells to initial imperfections. In the Koiter theory, it is postulated
that the sensitivity of a structure to smell initisl imperfections can
be assessed by a knowledge of the perfect structure'’s behavior in the
initial postbuckling region. In his thesis, Koiter demonstrates that

for imperfections having the shape of the perfect shell buckling mode,
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Flgure l.- Real geometry of measured imperfections in a large cylinder (ref. 28).
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the sensitivibty of the shell could be investigated with a knowledge of
either of two fundamental parameters.

These parameters were identified by expanding the applied load A
as a function of a scalar perturbation parameter £. The parameter ¢
is arbitrary and physically can be considered to he any convenient,
sultably small measure of the growth of displacements in the shell just
after buckling. The expansion of.load in terms of this scalar measure

of postbuckling displacement can be writbten as

where AL, 1is the bifurcation or buckling load. Koiter has demonstrated
that when small initial imperfections are taken into account, the
relationship between the buckling load of the shell in the presence of
the imperfection and the buckling load for a perfect shell is related

to the parameters a and b. For example, Koiter has shown for a shell
governed by "cubic" behavior (a = 0), the relationship between the
buekling load Ag in the presence of an inftial imperfection of

magnitude t and the buckling losd for a perfect shell A, 1s given by
2 35 - As
1-2 ) =22 B VR
Aa 2. Aoy

The above relationship is restricted to the so-called "classical" theory
of buckling in which the effects of deformations prior to buckling are

ignored. Recent results (refs. 23 and 2&),%i£-wh;ch these effects are
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considered, alsc conclude that b dis a measure number of the reduction
in buckling load due to imperfections.

Thus, depending on the type of shell, either a or b is a
fundamental parameter in assessing relative sensitiviﬁy t0 small imper-
fections, that is, the imperfection sensitivity in&ex. Henee, the goal
of employing Koiter 's theory to assess imper?ection sensitivity is to
understand the character of the poéfbuckling behavior'of the structure
in the neighborhood of a singularity, namei&,:the point of bugkling.

This typé of consideration is somewhat anal@éo;s porstudies in the theory
of nonlinear vibrations where one‘e;amipes %ﬁe character of singﬁlarities
in vibrating systems (e.g., refs. 20 and 30).. In fact, -in this field
there is even Poincard's "index of singularity." Koiter's work relates

the character of the singularity occurring at buckling (bifurcation) to

the structure’s sensitivity to initial imperfections.



ViI. DERIVATION OF GOVERNING EQUATIONS

Assumptions

In developing the theoretical estimate of imperfection sensitivity
of the cylinder, several basic assumpbtions are wmade. The cylinder is
assumed to be composed of several orthotroplc layers, each with one of
its prinecipal axes of orithotropy alined with the cylinder axis. The
effects of transverse shear are ignored. At the onset of loading, the
cylinder is assumed to be perfectly cylindrical so that its shape is
changed only by deformations induced by load. The cylinder is assumed
to buckle into a unigue buckling mode, so that the behavior of the shell
can be investigated in the neighborhood of a bifurcation ﬁoint. For a
cylinder, this restriction precludes ponsideration‘of‘cyiinders that
"buckle" in an axisymmetriéimode. Axisympetric "puckling” in a cylinder
Is simply unchecked growth of the axisymmetfic'deférmations‘induced by
loading and is often described as ‘collapse rathér than buckling. Since
no bifurcation occurs, the ﬁresent theory:caﬁno£ asses; relative
imperfection sensitivity for this phenoﬁeﬁon. i

The theory is developed by.adopting|ﬁhe Kbifer parameters to obtain
the sensitivity index of a perfect cylinder. The development of the
theory differs from that existing in the literature (refs. 16 to 24) in
that the index is identified by employing perturbation techniques similar
to those of reference 25. Nonlinear eqguilibrium eguations formulated
from Donnell-von Karman strain displacement relations are perturbed aboutb

the bifurcation point to find equations governing the behavior of the

12
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shell in the initial postbuckling region. The perturbation is shown to

produce secular terms which are constralined to vanish. The constraint
conditions yield relationships bebtween the sensitivity index and the
buckling mode. ‘The sensitivity index is then computed by using the
constraint condition together with a suitable definition of the

perturbation parameter.

Bguilibrium Equations
Nonlinear equilibrium equations are formulated using the Donnell=
von Karmen strain displacement relations. Unfer the assumptions, the
virtual work expression for a multilayered orthotropic cylinder loaded

in axial compression can be wribtten as follows:

A p2mR
8 = f (N 8, + N_Be_+ N 87 + M_Bk_ + M Bk_ + Bk_. )ax ay
. M+ By + My By

0 X X ¥y ¥
25R A
+f Mulay =0 (1)
o 0]
where
N, =

x = C116x + Cioey + Kypky + Kpoky )

=
[

Ny = Ce67%y * K66&xy . o > (2)

My = Kyj€x + Kyo€y + Dryky + Diphty

M«y- = Kyoty + Keeey + Dioky + Dpgky

Mey = Kge¥ey * DoGRay J



with

- WL
Sy =y ¥ R + 2 W?Y
Yrr =00V __+ W

In equations (2), Csgr

the multilayered wall associated with exﬁension, bending and coupling

between bending and extension, respectively.

1k

XY xy

Q?
I

<

3

* . 2W:}.W)

Dij’ and. Kij are structural stiffnesses of

relations for the ith cylinder layer are written as

T
, By ;. {w
i _ i AN

o - sl i)

o=
ol ‘

A A ¢ iJL:i.E:L)>
¥ 1 - piyd s XX

xy

A oogh ot
Xy Xy J

then, the structural stiffnesses can be defined by the following

integrals:

Tf the stress-strain

(3)

(4)
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C11 = ——— 4 Cip = - dz Cos — dz
wall 1 - p§u§ _ wall 1 - u;u; wall 1 - u§u§
. Ei i i n Ei
Kll =f __X_.__ z dz Kle =f *—-#“y-i z dz K22 =f "'-—y—"—*;- % dZ> (5)
wall 1 - p;u;: wall 1 - plpl wall 1 - plpl

EL igl , gl
Dy = f 2%z Dyp = f —:ﬂc—— 254z Dpp = f —L— 2%z
wall 1 - ppt wall 1 - plpt ‘
Xy Xy Xy

The integrals appearing in equations (5) can bé evaluated for an arbitrary reference surface by
using equations (83) and (85) of reference 31. The elastic constants for fiber~-reinforced structures o
appearing in equations (4) can be pfedictédLanalytically from the constituent properties of the >
Piber and matrix. The constants for a‘léyeﬁ in,which the fibers are unidirectional can be cbtained
from any of reférences 32 %o 35. -Fér iayé?g Wwith fibers orientéd-at angles X, (see fig. 2),
an "equlvalent" orthotropic layer 1s Qefiﬁedlﬁﬂféﬁéh qpmpatiﬁility corislderations and the trans-
formation equations of crthotropicléiés?icity (see refs, 35 to 57).'_The formulae employed herein
are summavized in appendix B of reference 1. - - .

Equation (1) can be exp£eséed ag é function of the.disﬁlaéemeﬁt variebles u, v, and w.
_Integration by parts yields the fbllcwiné equiliﬁiium equations which are valid in the postbuckling

region:
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Figure 2.- Geometry of fiber-reinforced cylinders.
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=0
¥ ¥y )

'The boundary conditions resulting.from the‘variations, vith the loaﬁ

specified and the cylinder supported at the ends, can be written as

]

N + A= 0. Al

Nky =0 or w =§2 >
My =0 jér W;X =0 |

Perturbation Procedure

(7

Following the Koiter procedure, the displacements sre expanded as

u

I

M)

uy(8) + wt +utf . L

2
vb(g) +'Vi§ + Vég e e e e

VolE) + wmt + upts . L. L

(8)

where the subseript O -denotes-the axisymetric state of deformation

induced by load and £ dis the perturbation parameter.

-The applied compressive load M 1s expanded as

A= Agp + BApE + DALLED . . .

(9)
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where A, is the applied load é.t buckling. At this point, it should °
be observed that Koiter's work was based t;n“classical" buckling ang.l;Arsis
so that the dependence of the axisymmetric deformations (u(-3 3 Vou 1}0) on
£ is not clearly noted. Fitch (ref. 24) has recently ge’né:t::al:i,'zed
Koiter's work to include the effects of defomaiti‘oﬁs prior to bu.ckliné.
In Fitch's work, the dependence of the axisymmetric deformations on

can be found by expanding these deformations in a Taylor seriés about

+the buckling load Xcr. Thus,

= 1 2
1% - ’ll’aof' + (»?\ - hcr)ug’A + E(‘A - 7\01.) 11')06’70\ + - . -

<
]

<
%k

1 2 :
o = VE+ (A - kcr)v(%;m + S0 = Aep) vgm\ ARRCIRIR! (10)

o
W = W* -+ (?\ - ?\ )W* + '];(A - 7\ ) W* + * e = @
o] o crs o ,?\. 2 cI (o] ,M )

where the ¥ denotes guantities evaluated at A = Aep. _For example,

« 2%y

W R

©,xA A
= Aep

Using equations (9) and (10)

- 1 o0 ‘ 2
a = u¥ . * + + [-= g * + b u* + 1 F o e
u = u¥ + (a?xcruo,_)\ ul)E. (2 hcruo’-m\ 7\cr E)E

1l _ 2.2 2
- a5 % % +.¢.o
v Vo"'(a?\ v5 +Vl)§+( a N Vg 7\?\+b7\crx‘ro7\+v2)§ >
3 ;
L 2,2 2 4
w=wX+ (ah w +w)§+(—a7\w* + bA__w¥ +w)g S
0] 0’7\ 1 2 cr 0’7\?\ foky O,?\ 2
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Zeroth Perturbation

If equations (11) are substituted into the equilibrium equations (6)

and the boundary conditions (7), a series of equations corresponding to

powers of & are obbtained. The equations corresponding to the zeroth

power of £ can be‘writﬁen as follows

with

il

H

%t

.

%o Y

*1
Nkyo =0

(12a)

(12b)

(12¢)

(13a)

(13).

(chﬂ

(13d)
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* % - 1 v*”)gj
o o T3\
*
* _ Vo i
5o = = ) (14)
Ky = -wo!
> 3N ) y

where the prime denotes ordinary differentiatlion with respegct‘ to X.
The stress resultants of equations (12) and (13) are defined by substi-

tuting equations (14) into the constitutive relations of equations (2).

Equations (12) apd (13) can be identified as equations determining
the axisymmetric deformations ocecuring in the cylinder pricr to buckling.
The asterisk indicates that the deformations resulting from these '
equations must be evaluaited at the inceptlon of buckling, that is, at
A = Ry

Solutions to equations (12) ccan be obtained by integrating

equation (12a) and applying boundary condition (13a) so that

Ngc(‘O == 7\c:r (15)

From the definition of N;c"o » it fellows that

*
e: = uZ:T + L{wzf')z = K1 w:;” -Gl2 ¥ _ Acx (16)
(o) 2 Ci1 Ci1y R C11 '

Integration of equation (12b) together with either of boundary conditions

13b) imply that both v¥ and I are zero everywhere. Substitution
o XY, ; :



21

of equation (16) into equation (12¢) yields the Pollowing ordinary

differential equation in W%,

K2\ 2
te KqC tt il C
EA e P I P12
11 C11 o) R cll 2 CI'J fo) R2 20 C]_'L o
C
1 e :
=§E7\cr (17)

For simply supported shells (M%‘&O: 0) with boundary conditions applied

at T =% A2 when A" is the eylinder length, the solution of (17) cen

be written as

wg = F, sinh pX sin X + F. cosh BX cos X + A (18)

2 L

where

: .. Aer
2~ Kuli2 - %pbyh + 7= R

1{ [Ci1 C22 - (32 2
Sl 2 2
[ Dyy Cp - Ky B3l - K
cr
5 KGip = Kiplyy * 500k
L{ {C1z Co2 - Co2 N
7= 2 2 ‘
Py G - En D% K ‘



on

CoR
Pl = >
1180 - C1p
Gl‘cosh % cos\ Zé% = G_2 éinh‘ % #in Z&
P = <2\ — ) iR
- L 2 BA . 2 7A o BA o YA
2(2Ll Cil>ﬁy(51nh, ?; sin 2;-+ cosh 2; cos 7;'
Go cosh £A cos A + Gl sinh B4 sin 28
_ ) 2 2 2 2
Fy = ) : ,
- K
2 Dll - otk By sinh? Ba sin® 78 + cosh® BA cos? 283
C1 2 2 2 2
with
| K11 C12/D11Cyy, - K2\ o ay
Gl =Agp[— + R - (B "7)
C]_'I. ¢ 2

11 011022 - Cl

: C1;2/]311011 - K:iz

G, = 287R =
2 c 5

For clamped boundary conditions, the radial displacement Wg is given

by (18) with
.+ BA 7A BA _. wﬂ
B sinh 5 cos 5 -7 cosh = sin -
Fy = AerP1

Bsiny—p‘-cosﬁ-!-ysinh Eé-cosh BA
2 2 2 2
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) (19)

7 sinh BA cos -Z-&+ B cosh BA 5in 2A
2 2 2 2

Fo = = AorPy

B sin % cos %A-—l- ¥ sinh -% coch %

/

Note, in general, that quantitlies such as W§,7\ can be found from

equations (18) and (19) by replacing A,. by 2, performing the
indicated partial differentiation and evaluating the result at X = Aope

For the-quantity Wg,xh’ the result can be written as
Wg,x?\ = cosh X sin 7X(FyB - Fo7)  + sinh X cos 7x(Fy7 + FEB),-‘};
+ x sinh X sin ﬁ&s’?‘@lﬁ - Fp7) =~ 7, \(F17 + FQBE]
+ X cosh .ﬁz‘_cvcos ﬁE?:’?\(Flﬁ; + FoB) 7,7\(1?‘1]3 - F2‘7i] (205
with - | .

1

, C11
7 =
N By Gy = K

ot :

R k]
.BB(bilcu - Kil);:

“ll ainea

Bx

Por simple support boundary cohd:itiops‘, s if .



G
Fl,?\ - LA cosh % cos Zé% - —-20:7\ sinh -Bzé gin Z—A
A . A A . YA -
* o ginh —Bé- cos %{GIB,% - G27’7\) - —2% cosh -B—é@- sin %(Gl'y,?\ + G2[3’7\)
26
- -—E(?’B) 7\(r:*.:?.nhe BA cin2 2B 4 cosn? PR cog2 s
ae s 2 2 o 2
12 BA BA 7A A
- — inh = h B2 in Lo Phit
GE 7B 6,7\ gsin 3 cos > 7,7\ sin 5 cos 5 ) -
G G
Fpp = - LA ainh .B_‘& ain A _ _—-.-2’?\ cosh BA cos Z-é
? 2 2 G 2 2

A BA . 7A A PA 7A .
55 cosh = sin —é-(Ggy,?\ - @18, - 55 Sink — cos —B—(Gly,y\ + GoB, )

2oy 2 BA .2 7A o BA 2 A
———— 3 ] LAt
o (76)’7\(smh 5 sin® 5 cosh = cos= 5

2G
-—G'-—% 7%(5,7\ sinh B_2A, cosh % - 7,7\ sin -7:2-‘9'- cos %)

> (21)

2



with

i}

K11
Pl[Ba - 72+ 2n (BB o, - 77,) - :l
D130y - Ky

e
n
-
>
i

= Py [27xcr(ﬁ7),7\ + EVI;J

For clamped boundary conditions, if

NerF1Gao AerF1l21
Fl = crrae————— 8130 F2 S e reme——
G G

Prl1o  AerPif BA 7A BA .. YA
B m + G \[3 A sinh = cos 5 7\ cosh = sin ry

A
+ B ._..._-cr-PlEzosh BA s ZA(BB 5= 77 7\) - sinb BA sin ZA(B?’) 7\]
2 G 2 2 ’ 4 2 2 ?

PG
AerPl 12(13 A sin 7A + ARy ,\ cos YA + ¥ JA sinh BA + AYB A cosh BA)

¢z



|

PG A
Fop = - 1921 chl/B A eosh E_ sin %% + 7\ sinh %% cos %%)

¢ \

A
- 2 C;‘Pl[ inh %p: sin -%%(BB’-)\ - 'ny7\) + cosh % cos %B')’))}J

ﬂ:’ﬂ

(B ) sin 7A + AB',V A cos YA + ¥ A gink pA + A:VB , cosh BA))
262

It should be noted that equations (18) through(22) iveré developed .-'by exploiting symmetry of the
boundary conditions using a coordinate X Wlth orlgin at the mlddle of the cylinder., For subsequent
developments, a more convenient coordinate is % whose*origln is at the end of the cylinder.

Bquetions (18) through (20) may be written for this Goordinate by using the transformation

X=X—A/2. ‘ - S

First Perturbation

Thé equations corresponding to the first power of ¢ _can be written as follows:

le)x * NXYJ_:Y =0 M
ey % + Nyp,y = O ) (23)
)

¥l * * *
- Mxlyxx - %]_:xy - MY]_:W + R Nxo LARY's S le Yo,xx ~ Nyo Yi,yy = O)

gc
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with boundary conditions

le =0

(24)

Wl =0
Mxl =0 or Wi,x = OJ
In equations (23) and (2k) and subsequent perturbations
0
ex:'. = ui,X + O,X Wi’x
Wi
eyl = Vi’.y. + -§~
7 =u + v W
Xy; 1Y 1,X 0,X L,y
[1=1,23, . ... (25) .
Rys = ~ Wi:l]?
= - Os ) , .
Rx‘-y'i ‘. l’?q r _

‘and the correszaonding stress resultants are cbtained by substituting
equations (25) into the.constitutive relations (2).. (

To obtain equations (23), the equilibrium equations resulting
from the zeroth perturbation (egs.. _(1;'2)_.),;we're- used,to eliminate terms
: * SRR o e s .
such as az\crNxO,x. obtai}:led from It.he, peix"turbain-,:.on. Also in cbtalning

the boundary condiﬁibns',‘gﬁgpiditatiop was made of jclie fact that terms

PR
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having the functional form a?\crfé‘".h vanish at the boundary if fg" is
zero there. Equations (23) and (24) are similar to the usual equations
governing buckling of a prestressed cylinder except for the absence of

a free buckling parameter. The buckling parameter is gbsent since, in
the present problem, the displacements of the shell have been expanded
about a single, known point of bifurcation. Thus, as opposed 4o the
usual buckling problem in which a-multitude of eigenvectors are possible
solutions, only one eigenvector is an admissible solution of {23) - namely
that corresponding to N§6 = = Agp+ LT both;the buckling load A

as well as the number of circumferential waves n in the buckle pattern
are established by a conventional buckling analysis (e.g., ref. 38)
equations {(23) and (24) can be converted into a set of ordinary
similtaneons differential equations and boundary conditions by the

following substitubion:

~
u; = Uy(x) cos %%

vy = vl(]{) sin E:E.{X > (26)

Wy = Wy (x) cos %?
) e

As was done in reference 38, the eigenvector corresponding to N¥ = - hcr

*o
can be found by the method of finite differences and determinant plotting.

The components of the résultlng eigenvector can be exp}essed as
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v ny
1. oy
ey l(x) cos = W

uy =
I
vy = ¢3Vy(x) sin Ey \ (27
n
W = ClWl(X) cos -RlJ

where c¢; 1s an arbitrary constant and Uy, Vi, and W3 are suitably

normalized components.

Second Perturbation
The equations corresponding to the second power of £ can be

written as follows:

Nxe,x + ny2,x =- a?‘cr(}ll(wéoe_,x?\ Wl,x) x * Capvs,xA Wl,y,y]
Pl

Lo .2 2
- 501 Wik * Cr2 W,y - Gesli o y) o (288)

NXYE’X * Nyg,'y = - ahcr[c66(waoe,x?\ ""l,y)JX + C12 W& A Wl,x:gl

L 2 2 ,
- 5(C1p ¥ x * Cop Wl,y)’y - Cgg (W, v ,y) x (28b)



Ny

T ng,x.x: - %EJW MYQ:W + N XQ v2,xx Nxa WO, Nyo 2,9y

- c
12
= 8‘7‘@{ W5 xxh t Nﬁb, AV, T Nﬁb,% V1 oyy T G218, Y8,k Y1,x T vE,xn Y1,x

' ' w2
=(x
* Ky (W o 1) e T R2E, Yy T K6 (W o\ wl,y),xy] ( 11 V1,x

o 2 1 2 2
tEp ) 5 Vet Kee viy) o+ gl x v y)

r e

-.-—(012 Wi, x + Cao v y) F (011 v 5+ Ol W5 00,

+ I

+ le Wl,x:x + 2N Y1 Wl;w

xy1 VL,xy

{28c)

0¢



31

with boundary conditions.

~
1 2 1 2
N, *30 ",x " 3C2%,y=0
ng + 066 Wl,x Wl,y =0 or V2 = .
) (29)
We =0 .
1 2 o o
Mo, ¥ oK VIx F D X2 VI,y =0 or Vo
J

Equations (28) and {29) can be converted into a set of ordinary
" similbaneous differential equations and boundary conditions by the
following substitutions

v

Unn(x) + Un(x) cos 2L + Unn(x) cos 20y
20 21 R 22 R

il

Up

I

Vo = Vg (%) sin %? + Vool(x) sin‘gﬁx (30)

- ny ony
W, = Wéo(x) + Wél(x) cos —= + Wée(x) cos —=

S

Since the differential equations of (28) are linear, solutions
corresponding to each set of Uy, Vpy, and Wo; (i =0,1,2) can be
superposed. However, if the particular solution for TUyy, Vop, and Woy
is sought by algebraic means from equations (28) and (29), certain
difficulties are encountered. If equations (28) and a set of boundary

Eonditions from equation (29) are cast in finite-difference form after
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substitution of '(30), the resulting simultaneous algebraic equatidns

can be written in matrix notation as

Ap1Zpy = @lgpey Doy (31)

where Zy; 1s a column vector whose components are Ué;, Vors Vot
and M21 evaluated at each difference station and D21 is 'a column
vector containing elements corresponding to the terms multiplied by a
on the right-hand side of equations (28) and (29). Because the
trigonometric function asscclated with Uy, Vél’ and Wy, has thg
argument ny/R‘, the determinant of Ay has a form identical to that

used in determining the buckling load 7\cr‘ Hence,

det App =0 (32)

which demonstrates that the particular solution resulting from (31) is
a secular term which must be removed from the perturbation. A condition

for removal of the secular term is the requirement that

AgiZpy = @hgp Doy = 0 (33)

If Zpy is identified as the eigenvector Zj corresponding to the
solution of eguations (23) and (24), then the desired conditlon for

removal of the secular terms is
A1Zq = AxmZp1 = 0 = &l Doy
or

P T
ZyApZy = 8hg L2y Dy =0 (3h)
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T T '
where Z; 1is the transpose of Zi. Since Zj Dy is finite and A,y and

cp must be finite for buckling to occur, it follows that

a =20 (35)

Thus the only admissible solution corresponding to the functions Uél’

V21’ and W21 is the solution to the homogeneous system

AnZoy =0
Hence, the general solution to equations (28) and (29) with a =0
heecomes

\

n 2
Upp(x) + egly(x) cos E% + Upp(x) cos —%z

]

Uo

VE = szl (X) sin -n-g- + V22(X) Sin g-g—z F (56)

= ny 2oy

W, = WEO(X) + céwl(g) cos + Wyn(x) cos Y

where c, 1s an arbitrary constant end Uy, V¢, and Wy are the
normalized components of the buckling eigenvector {see eq. (27)).

Third Perturbation
If a = 0, the equations corresponding to the third power of &

can be written as follows



- * *
Nx},x ® ny5,y = b-)‘crE:ll(WO,x?\ Wl,x),x * Co6 ¥0,xA Wl,w]

"1}11("1,:: We,x)Jx + Cyolwy 4 Vo, y) x Coe(Wy,x W,y + W1 g w2,x)’.‘J

- * *
nyS,x + Ny}.y == b-}‘cr[:c66(“’0,x?\ Wl,y)JK + C1o W50 Wl,xy]
- [066(“’1,:{ Vo, ¥ Vv We,x)’x * C1p(vy x Vo x) - * Coplvy WE,y),y]
- - oM - " _;yz Wk % '
3 2 XK 50Xy MV5:W R N Wﬁ: " X3 Y0, xx N Yo 3,5y
= bAn. N¥ W + N, w§ + N W + C1p W W W —ﬁéwg W
er| Xy, A Lyxx %y 2XHA 0,7\ l,yy 11 Y0,xx YO,xA\ Yl,x R SN Y1,x

* 3 | *
51 (W5 ) Wl,ac),m * (Vo ey Y1y -

+ X (0 0,5\ l,x :} Ky Vo y)
+ KIE[(Wl,y We,y),m + (vy Wa,x),w] + Kooy We,y),w + Fegg(wy x V2

* L
Ty W2,x)’xy + (C1 Wy x Wo,x * Cip Wy ¢ Vo o)Wg o - E(clE W1,x Vo,x

r (37)

4¢



W1 ,%x 2 2 Y1,yy 2
* Opp Wy Wp ) + —SE{Opy Wy o+ Cop WY ) + EEHCyp v

2
+ Cop Wl,y) + 20g6 W1 ,x W1,y W1 ,xy le W, xxt Nx2 W1 ,xx

+ N

Y1 w2

sy Ty, gy By Vo ¥ By Wy Y,

with boundary conditions
*
Nx,j +Cyp Wy Wo x FCo Wy Vot PAerl1y ¥o,xn Wi,x = © )

%
ny5 + 066(Wl,x Vp,y ¥ WLy We,x) + DAerCs6 WO, ¥\ ¥,y =0 or v3 =0

> (38)

W3=0

+*
Moy + Kpp Wy x Vo Kip Wy y Vo, + DAy Woxp Wi,x =0 OF W x =0

49
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Equations (37) and (38) can be converted into a set of ordinary
simiitaneous differential equations and boundary condibions by the

following substitutions:

3

Uz = U3O(x) + U51(x) cos % + U32(x) cos -2—11_\1.1 + Uzz(x) cos Q%X

vy = V35(x) sin Pﬁz + V52(x) gin -2-31 + Vi3 sin i;.'i > (39)

2
Wy = T"TBO(X) + W5l(x) cos _n% + WBE(X) cos —;ll + WBB(X) cos-%&
J
Paralleling the second perturbation,, UBZL P V'j;l » and WBl can be
shown to be secular terms which must be eliminated. The resulting

i

algebraic equation in this case can be written as:

Az 731 = PACy Dgy * °:5LE51 (k0)

where Djl is a column vector corresponding to the terms multiplied
by b on the right-hand sides of (37) and 1(38) and Bz is a colum
metrix generated from the terms that are independent of b. In
contrast to equation (31), the additionel term multiplied by cg
occurs in (40) because, when the general solutions (egs. (27) and (36))
are substitubed into the right-hand sides of (37) and (38), terms such

as cos ny/R cos 2ny/R result which can be expanded as

COoS oy cos ____2ny = E cos E + cos o
R R 2 R R
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thereby yielding additional secular terms that are dindependent of b.
The condition for removal of the secular terms that is the analogue of

equation (34) can be written as

T 5T
ZyAg %) = BA, 0 07 Doy + GiZGEs = (k1)

which has the solution

2T
%y Bz

L3 (42)
chl D3y

Equation (42) together with consideration of the equilibrium equations
and boundary conditions corresponding to the first, second and third

perturbations can be shown to imply the following proportionalities:

\
1/2}

s Moy Moy Ty o D 5 (13)
N, , N N, « p3/2}
V3r Pxzr xyzr Sy ,

3

It is interesting to note that the counterpart of equation (42) was found
by Stein in a study of the postbuckling bebavior of plates. (See
equation (19) of reference 25.)

The proportionalities indicatbed in equations (43) have also been
found in existing applications of the Koiter theory. For example, Fitch
and Cohen in references 23 and 24 have cbtained an explicit expressién
for b Zfrom energy considerations. In terms of the present notation,

the results of references 23 and 24 can be expressed as:
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fanxdmeffBaxdy

b= - surface surface (1)
Aop f f C dx dy
surface
where
T =u 2 2 1 L o

2
ko YLk ¥ Ny, Y1,y t Ay, V1,x Y1y F 3 Cnn i,k F Cla Ik Iy

1 Ly 2. 2
+ 3 Coo Wi,y * 2Cs5 WI,x Y1,y

&I}
1

le Yi,x V2,x * Nyl Yi,y 2,y *t leFWlJXWEJY L,y WE,}C)

4

[ 2 2 1
* ¥ b ;
¢ Nxo,k Wl,x * Nyo,?\ Wl,y + Q(N WO,x?\ 3., nyl w0,;%:7\ Wl‘,y)

]

i
Using the propor;siona.lities indicated in eq_ua:“bion"(l@) s i';, ‘can be seen
that equation (44) becomes independent of b and hence egufation (bh)

mist be the counterpart of (42). The general theory of references 23

and 2% can be specialized to a "classical" buckling theory by taking pre-
buckling deformations consistent with a mewbrane state of stress. The
index b has been cbtained under these assumptions by Budiansky in
references 20 to 22. For the cylinder, the use of classical buckling
theory requires derivatives of Wg to vanish. Inspection of equation (k)

with this assumption reveals again that the equation is independent of .



39

Determination of b
To determine b explicitly, the perturbation parameter £ must
be defined appropriately. If the parameler £ is considered to be é.r
scalar measure of the growth of the displacements in the shell just after
buckling, then £ must be related to the magnitude of these displacements.

. -3
The displacement vector D is defined to be the following:
D= (u - u§)§?+ v:]?+ (w - Wg)f (45)

so that to the second approximation using (11) with a =0

D = Ealg + (bkcrug,k + up) E%F*' (v & + Veﬁa)?*’ [}‘TJ.g + (bAerp,\

The parameter £ din the present theory is taken to be such that the
square of the perturbation paremeter is equal to the square of the
magnitude of the vector ﬁ, (ﬁ . 5))., averaged over the cylinder surface

and nondimensionalized by the square of the cylinder thickness +. Hence

- -
fffD-Ddxdy
surface

£2 = I (&7)
24t

Using equation (L46)

O7RALOES = §2f f (ui + vi + wi)dx dy + o(£3) (48) -

surface
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Using the general solution for the Pirst perturbation (eq. (27)) and
expressing ¢; in terms of b from eguation (4#2), b can be written as
- 2nRALPZIEz)
b = (49)
KCI.ZE:?_ Djl-/r;f (U:% cosa 9‘% + Vﬁ sin2 ERX + W% cos'2 Eﬁ“’:)dx dy
ace

su

Thus, %o within 0(52), the expression for T becomes

2.7
- 2867727
b = ol C(50)

A
otk o3, [ 6 8




VIIT. NUMERICAL SOLUTION OF POSTBUCKLING EQUATIONS

The solution for the state of axisymmetric prestress at buckiing
has already been presented in closed form (eqgs. (18) and (19)). The
sclution %o the eguilibrium equations and boundary conditions resulting
from the first and second perturbations (egs. (23), (24), (28), and (29))
were found for simply supported and clamped shells by using numerical
methods. Following the finite-difference technigue suggested by refexr-
ences 38 and 39, the system of ordinary differential equations resulting
from substitution of the general solutions (egs. (27) and (36)) are cast
into a set of simuitaneous second-order differentiszl equations and
boundary conditions involving the fundamental displacement variables
U, V, and W and an auxiliary variable ﬂg- éy employing central
differences, the equations are converted into simultanecus algebraic
equations which are then solwved on a digital computer by mabrix methods.
Becaunse the resulting algebraic eguations contain banded matrices, it is

expedient to employ Gaussian elimination in the solution.

General Solution

In formulating the postbuckling solution, it is convenient to con-
gider the left-hand sides of the equilibrium_eqnatioﬂs in general. When
the genersl solutions for the first and second perturbations are substi-
tuted into the egquilibrium equations and the definition of the moment
resultant ﬁ% is introduced, the following set of gsecond-order differen-

tial equations and boundary conditions are obtained:

N}



where

e

AllU" + AU + A15v' + Aluw"

Ao U" + DoV + ApzV + Ay W

A

) KleKll)@
Diy R

Dl O,X

K
%

mm\ 2
= "066W3,x(§")

K1
Dqy

= -(Cyp + Cgg) E;‘
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o -

Lo

+ sl + Mg = Dy
1 - L) -
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K713,
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Bl

Il

Pyg

X371

~ *
Ay = Kpywp x

X

m\2 12
= - —_ )
IDIE(R) R:‘

i
R
{

with

m=0 ————3 Uy Vo Wogs Mpg

=4
1

l —""-"'""9 Ul, Vl, Wl, Ml

m=2 ———3 Usy, Voo, Woos Moo

and D; (i =1 to 4) the corresponding loading terms.

If the central difference formulae

er 2w~ %5
t 24

(52)
f" = fi'i'l - Efi + fi-l

i A2
are employed, equations (51) can be written at the ith station as

AjZi.3 + B3Zj + CiZ441 = D5 (1 = 1,2,...,N) (53)
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with
p- & .A -
A1 “zf53 A mFhs o o Ehy
T 0
Ay = N R
"z M Mu-Ff3s L
A, : A g
Szf - O Az -G A o
B 2 P =] T
—21\11 + A A12 0 -2[\11]. + A 'A'l6 0
2 2 |
0 Rhpy + LAy Ry + MMy O
By =
2 2
2 2 2
i 0 i 2yz + ANy A
" A LA Ay + 2 A Ap ]
11 5 13 AL & 2717t
A A
zh1 P2 Ay T35 Ay O
Ci = )
éAA : A, + 4 -1
S8 A 3t 5 B35
A AN
2 M 0 Mzt 7 Dy o

where A 1is the width of a finite-difference space and 1 is numbered

so that i =1, W corresponds to the boundaries of the cylinder.
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Boundary Conditions

For the present investigation, the so-called 'classical' simple

support and clamped boundary conditions were employed, thet is, for simple

support
N, = -A )
v=20
& (54)
w=20
My =0

at the boundaries, while for clamped support

N
Nk = =A
=0
> (55)
w=20
V. x =0 )

at the boundaries.
Using the results of the first and second perturbations (egs. (27)
and (36)) and the finite-difference approximations, the boundary conditions

can be written as

(56)
Byfy.y * By + Oyl = Dy

where for simple support
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A X% A
-C11 3 0 “Kyq - Cllwo’,x(l) 3 0
0 0 0. o
A =
0 0 0 0
0 0 0 0
o Mmoo 22 oLk 2™ o7
= G2 <= 11+ KoAlg
0 1 0 0
il =
0 0 1 0
0 0 0 1
[+ A * A i
C;p1 5 O Ky *Cyig i)z 0
0 0 0 o
c, =
0 0 0 0
o 0 0 0

and A ; B » and ¢ are given by similar expressions differing only
y .

in that WZ; x is evaluated at station N rather than station 1.
LE
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- For clamped support, the last row of equations (56) is modified

s0 that
— i A n -— N ‘
Al()"“::).) =10 ‘0 ) O]= AN(””:J)
B, ={o 0 0 of=TL,i) ) (57)
Qg =jo o 2 0 | = Cylt3) )i

The contribution by points extérior to the boundary {denoted by the
subscripts O and WN+l) introduced by the finite-difference scheme is
eliminated by writing the equilibrium equation at the boundary (see, for
example, ref. 38), thereby obtaining two simultaneous equations in three
unknowns at each boundary. If the exterior points are algebraically
eliminated, the equilibrium eguations and boundary conditions take the

following form:

B ﬁl 81 T‘Zl 7 —51 ]
B By Cp 2o Do
&, B G Zs Dy
e e =l ... | (58)
A2 By-z  Cy-2 Zyoo Dy
Ay Bya Cy-af| Zwer| | Dwex
] KN ﬁN oy 51\1
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and.

7, (1)
¥1(4)

Z11(1) =] W(1) | where 1 denotes the ith station
i= (1,2,...,N)

| My (1) |

Since All is a banded matrix, it is convenient to triangnlsrize All

by Gaussian elimination so that equation (59) becomes

>
i

19297 =0 (60)
where
B G
Ry Cp
All = . . « ® & a2 (61)
By1 Cya
and
By =B
Ri = Bi - Aipi"l i = 2,3,---’N
with
_ 'A_lA‘
Pp =BG

"
]
|_I

Rilc;  i=2,3,...,N



where

N
|

zlb
]

D, =

50

w7 -l

—_ - .
Cp - BATMG
- =
Dy - 84D
. . E -li
By - Oyl Ay
= _ = _1’
By - CxCy By
Dy - CyCy Dy

Solutions to equations (58) for each of the perturbations are discussed

in the following sections.

Seolution for First Perturbation

For the first perturbation, the right-hand side of equation (58)

becomes a null vector so that the equation becomes

where
Bim G
Az By Gy
b3 B3
A = ’ .

£11%97 = O
Ayo By
Ay,

Cy—2
By-1

Ciy-1

ﬁj>
L

with m

1

(59)
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A condition for solution of eguation (6C) is that

det All =0

so that

det(RyRp.--Ry) = O

Using Potters' method (ref. 42) applied to a general eigenvalue problem,
it can be shown that det By = 0 1is a sufficient condition for solution.
This de'bérminant, however, contains spurious poles which can be removed

conveniently by the method outlined in reference 40 using the condition

det Ry det R2
|ast R |ast Ro| '

. . det By =0 (62)

For the first perturba.tifm solution, ?\cr must be such that
equation (62) is satisfied. For the present study, the buckling load was
determined from a compubter program developed in reference 41 by using the
techniques of reference 38, and equation (62) was used to verify the.
accuracy of the present equations. The buckling solution of reference 41
differs from the present solution for the zZeroth and Ffirst perturbation
only in that deformations prior to buckling are found from a numerical
rather than closed-form solution, and that provisioﬁ is made to: investigate
various values of n and the applied load in crder ‘to find the buckling
load A, by determinant plotting (see also ref. 38). Once the buckling

load ‘has been determined, its corresponding eigenvector can be found by

a method suggested by reference 30.
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it can be shown that the components of the eigenvector at the boundary

are given by

—
811

421

Ul(N) = det

52

&2
80

Byp

12
22

o

Tfl(l\T) = - det|any

W1 () = det

My(W) = - det

823

833

3..45

%13

23

210
8on

8o

&2
8oo

%o

ao)

14
24
Bl

Ay
as),

By

(63)
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With the components of the vector Ell(N) known, the eigenvectors at

other stations are found from the recurrence relation
7, (3)= P3Z31 (1 + 1) 1=1,2,...,81 (64)

After obtaining Eil at all stabions, the resulting vector was normalized

for the present computations so that

7y = F% (65)

with
K'Ul( i )“\

V(1)

Z1- (1) =
) ﬁwl(i)

(4, ()

This normelization was used as a convenience to compare results from

conventional Koiter theory (e.g., eq. (44)) with the present theory.

Solution for Second Perburbation

For the second perturbation, the equilibrium equations can be

written as

Ay o = Doy m= 0,2 (66)



with

_ﬁl 61 i

A B 0o
4 Bz O3

Aam = . . .
Ay By Cyoo
Ayl By Gy

L KN gN o
Upy (1) (a5, (1)]
Vor, (1) (1)

T (1) = 2u’ and Doy (i) = &% “22

Wop (1) dp5(1)
Mo (1) Aoy (1)

5l

where m takes on the value O to evaluete the axisymmetric part of the

general solution (eq. (36)), for example,.

for the asymmetric part, for example,

Wog, and m has the value

Wooe

nents of the vector Do, can be written at the ith station as

dp (1) = = 3 O W{W] + = 1(3> CioW Wy + g(R)2 CopWa W1

dpp(i) = %Eénﬁ(cla + C66)(Wi)2 - %(EF Cpohy + R Céswlwij]

dps(1) = Kll[w{ + wlw"z} ( + mK66)( ) Wy
K——;—— Kip - mKeg ( (CllWO xx - El-%)](wi)g ,
[ " l(c - Crawp, xx):] W:2L |

L1y
+ 5 lei+(m-1

oy (1) =

5"1

— f v l n
nylwl 2(3)

) B
R

I J ‘

2

In equation (66), the compo-

\(67)
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where the bar over the stress resultants indicates the part of the stress

resultant that is independent of y (viz., Nil

_F oy
= le cos = ).
Following the development used to eliminate exterior points in the

general solution (see section entitled :Boundary Conditions)

Do, (1) = Dy, (1) - KlAilngmﬁl)
‘ (68)
5 -5 - Tl
Dy, (W) = D,y (W) - CyCy Dzm(N)
where Kl’ Ay, El’ and C; are evaluated for m =0 or m=2.
For simple support boundary conditions
' b -~ )
2k "
1 1(s .
1y G Wi (1) ,
- 0 T
Doy = -0° . y d= LW (69)
1 G
g i), [ (1]
J.

and for clamped boundary conditions, Bém becomes a mull vector. It
should also be noted that rigid body displacements will occur in TUgy
if Nkeo is prescribed at both ends of the ‘cylinder. To suppress these
deformations, the boundary conditions of equations (68) and (69) were
modified so that the axial displacement was fixed at one end (i.e.,
U20(N) = 0).

Thus, the solution for displacements resulting from the second

perturbation requires solutions to two sets of simultaneous algebraic

equations having the form
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B G Nay) | [
A, By Co Zop(2) D, (2)
a3 B3 Cs Zon(3) | | Dop(3)
=1. .. {70)
Ay.p By-z Cyep Zop(M-2)[ | Doy (N-2)
Byl Byaa Cyaf| Zom(™-1)| | Dop(W-1)
= EN ' ﬁN Zoy () Doy (10)

with m = 0,2.

To solve these equations, Gaussian elimination (sometimes referred to as

Potters' method, ref. 42) was employed on a digital computer.

Evaluation of b
As mentioned in the derivation of the governing equations, the
determination of b requires identification Of the ‘secular texms occurring

in the general solution of the third perturbation. To accomplish. this,

the general solutions of equations (39) are substituted into the equilib-
ny

rium equations, and terms whose coefficients are either cos - ©°r
sin %{3—{ are collected. The resulting equilibrium eguations associated
only with secular terms can be written as
in which

a5y (4)

dzo (1)

2
D31_A2 5 i=1,2,...,N
d33(l)
Lo
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2

o 1 .. = 13 n
+ le(W50 + 5 we'e) + (NXEO + 5 NXQQ)W]'

where

o

Ry = s [¥1 (o + Wég)wac(ewgow;z) cwifosgr + 3 wg)|

&
&)

I\J

u n
K2 E*‘lwee W Weo ¥ —é Wee) * W1W22J + 9(@;)5 KooWy Voo

R

Keg [6W51W22 + Wi (2Whg + Who) + Wy (2W5, + 3W§2;l

DUI!-"-‘

p 1l/n\2 1
C33 = 'f{[(ﬁ) CopWiWop - Clewi(wéo 3 Wéa)]
W2 c (wi) t 3 ¢ wz
lig V11 R 12¥]
e w12 ¢ (w4 ) +g N2 o e
iR 11y “12\vL B\R 221
L/n\o -~
+ "é('ﬁ) G ()7 Wy
Following the procedure for development of boundary conditions
1331(1) = D31(l) - AlAllDBl(l.)

(722)

ﬁBl(l\I) = Dyy (W) - Elcf'j)al(m)
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and

51 (1) = gy (1) - ApAT ez (1)

1

Ez1 (M) = Ez (N) - ElcilE51(N)

where Ki, Al, Ei, and Gy are evaluated for m = 1.

For simple support boundaxry conditions

Cllwg,xk(i)wi(i)
0

0

K19%0, 0 (391 (1)

- -
Cllwi(i)[%éo(i) +3 Wée(ii]

2

Eﬁl(i) = N i=1,N

Kllwi(i)'Eqée(i) + ;Ié: Wég(iﬂ

L et

For clamped boundary conditions, 551 and EBl become null vectors.

Thus the vectors D51 and E31 can be written as

D) | B, (1)
[p5(2) | B3 (2)
Dg; = : snd By = -
D3i(N—1),. ' EBA(N—l)
b,y ) By (1)

(T2b)

(73a)

(73b)

(78)
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Finally, using the equation for b (eq. (50)) previously developed

2.7
-2% AZT.R
11731
b = > (75)

n
T 2, 2
AerZ11D31 L/; (U5 + vE + w5 )ax

Program SICK

The numerical computations to.determine the sensitivity index b
were performed on a (DC 6600 series computer using a Fortran program
entitled-SICK (Sensitivity Tndex for Cylinders ex Koiter). A listing
of this prograsm is contained in appendix A. In the program, four key
subroutines were employed: MATRIX, P¢TTER, DIF, and SIMP, MATRIX is a
CDC general purpose program which permits addition, subtraction, multipli-
cation and inversion of matrices. P¢TTER is a Langley Research Center
program which solves banded matrix equations with a three-vector bandwidth
by Gaussian elimination (Potters' method, ref. 42 ). DIF is a Langley
program which numerically differentiates a function wsing a 10-point
Gauss quadrature method. SIMﬁ is an elementary program which integrates
a function by Simpson's rule.

The mumerical resulis éere?founé to converge with about 40 finite-
difference elements. The resulis present;d herein were obtained with
60 elements. In the numerical approach employed, a major consideration
was computer storage required %o éol%elthe,équations resulting from the
s2cond perturbation (éqs. (70)) usipg ;he subroutine P¢TTER. The choice
of 60 elements was largely dictated by the fact that it led to a require-

ment of 70,000 octal storage units by program SICK. This storage was the
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maximum obtainable on the Langley remote terminal system. Rumning times
for a typical problem were quite excellent with the solution reguiring

about 25 seconds' computing time.



IX. INVESTIGATION OF RELATIVE IMPERFECTTON SENSITIVITY

OF FIBER-REINFORCED CYLINDERS

The imperfection sensitivity of certain fiber-reinforced cylinders
was lnvestigated with the Koiter index b determined from both the
present theory (eq. (75)) as well as the theory of references 23 and 2L4.
To employ the latter theory, equation (4k) was employed together with
the normalization deseribed in equation (65). Three types of cylinders
were considered: glass-epoxy, boron-epoxy, and aluminum reinforced with
an overlay of horon-epoxy. The cylinders considered had a fixed radius-
thickness ratio R/t of 100 and a length-radius ratio A/R of 0.7.

The helical wrap angle of the cylinders was varied in an attempt to
identify configurations of minimim imperfection sensitivity.

The Investigation of the sensitivity index was limited to a few
specific configurations because of the tedious and expensive nature of
the calculations. It was found that‘buckling loads using the theory of
reference 41 could be extracted by cémputgr with only moderate difficulty.
However, many additional computations were required in certain instances
to obtain a buckling mode shspe sufficiently accurate to pursue post-
buckling calculations.

The elastic constants for the single fiber-reinforced layer in each
ecylinder were estimated by the p;ocedure summgrized in an appendix of
reference 1. In thié-procedure.elastic constants along principal axes
of unidirectionally reinforced matéfial were obtained from the theoretical
study by Hashin and Rosen (ref. 33). The upper bound of the random

fiber array model described therein was employed in the present study.

62
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Elastic constants for the helically vrapped layers with filaments
oriented at g from the cylinder axis were estimated using transforma-
tion eguations of orthotropic elasticity together with the concept of
effective stiffness of cross-plied laminates (refs. 35, 36). This
technique has been shown to give predictions in reasonable agreement
with experiments to determine elastic constants of glass-epoxy (ref. 1)
or boron-epoxy (ref. &) cylindersl Constituent material properties and

layer properties are summarized in table I.

(lass-Epoxy Cylinders

The eylinders investigated were composed of a single helically
wrapped layer (fa). The constituent properties and fiber volume fraction
vy selected for the investigabion are typical of well-made filament-
wound cylinders. Buckling predictions for cylinders whose wrap angle
varies from O to 90° are shown in figure 3. The predictions are based

on boundary conditions of simple support in which

The solid curves of figure 3 labeled “consistept theory" were obtained
from reference %1 from a theory which considers nonlinear effects of
change in shape of the cylinder due to load prior to buckling. Thé dash-
dot curves of figure 3 labeled "classical theory" were obtained from the .

theory of reference 2 which assumes a membrane state of stress in the
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Figure 3.- Buckling loads for glass-epoxy cylinders (R/t = 100, " A/R= 0.7, vp = 0.65).
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cylinder prior to buckling and ignores changes in shaps due to loading.
The dashed. curve labeled "axisymmetric collapse" can be obtained from
either classical theory with n equal to zero (ref. 2)-or by a limiting
solution of equations governing'axisymmetric deformations priorrto
buckling|(e.g.) eq. (17))-

From figure 3 it 'can be seen that on the basis of classical theory,
eylinders with helical wrap angleé from 30 to 60° are expected to collapse
axisymmetrically. Consistent theory predictions, however, do not suggest
“this mode,ibut rather gives loads bésed on asymmetric modes which are
substantially lower than axisymmetric collapse predictions. The relative
position of axisymmetric collapse predictions t0 consistent theory
buckling predictions is extremely important in the preseﬁtvcoﬁsiderations
of imperfection sensitivity, because the sensitivity inde% b is
undefined Whennaxisyﬁmetric collapse‘is.the predictéd’mode‘of faiiﬁrew
Thus, because consistent theory predictiong are less than akis?mmet?ic
collapse predictions for all values of the helical Wfépfanglé? tﬁe .
sensitivity index can be defined everywhege. f ' ' ‘

Substantial differences between cqnéiétent tﬁéory»gn&'claséical

theory predictions are indicated in figure 3., The différenées dre

functions of the helical wrap angle and are greéﬁest.fof & eapal %Q
45°, At this angle, consistent theory predictions are about 80 percent’
of classical thedry. For isobrople cylinders with the same raddius- |
thickness ratio, length-radius ratio and boundary conditions, éonsistent
theory predictions are also sbout 80 percent of classical theory

(ref. 43). The results suggest that prebuckling deformations in
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filamentary shells possessing high shear gtiffness are an important
consideration for accurate buckling predictions.

Imperfection sensitivity indices for the simply supported glass-
epoxy cylinders are shown in figure 4. Galeulations of the index b
were made using the present theory (solid curve), as well as the theory
of references 23 and 24 (dashed -curve). The results for the sensitivity
index b have been normalized by the index bigo Ffor an isotropic
cylinder having the same R/t and A/R .as the present cylinders. The
values of bji., obtained from the tﬁeory of references 23 and 24 agreed
well with unpublished data (ref. M) by J. W. Hutchinson. In plotting
results on figure 4. computed data have been linked by ‘straight -Iine

1!

* segments to indicate the pointé at which discrete caleculations wexe made.
The results shown in figure 4 indicate similaretrenﬂs’iﬁhielapive

0 3 ¥ ) » .

imperfection sensitivity predictions based on the two theories, considered.

The differences in magnitude of the imperféction sensitivity indices

L LA
are attributed to dlfferences in deflnltlon of the perturbatlon parameter

tE. In figure 4, the normelized sensitivity 1ndex b/biso takes on’ 1ts‘,
smallest values for helical wrap angles fraﬁ 30 to 60°. Thus, both
theories suggest that glass-epoxy cylinders with these ﬁraﬁraégles are

' desirable configurations since they have a relatively low index. Because
of the high index values for a equal to 75%, this configuration is
presumed to be undesirable.

‘ The results of a recent imperfection  study by Khot (ref. 1b) using

a classical approach which ignores load-induced deformations prior to

buckling but considers an initial. imperfection of specified shape, should
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also be noted. TFor three-layer glass-epoxy cylinders possessing 0,

-a, +a, or 90, -a, +u, degree configurations, Khot found that maximum
compressive buckling loads for small amplitude imperfections occur for
shells where o is h50. This result coupled with the present results
suggests that the use of wrap angles near 45° in glass Pilsment-wound
cylinders may ilmprove their buckling strength due fto reduced sensitivity

to initisl imperfections.

Boron~Epoxy Cylinders

Buckling predictions for single layer, simply supported, boron-
epoxy cylinders are presented in figure 5. In contrast to the glass-
epoxy cylinders, consistent theory predictions for boron-spoxy cylinders
indicate that axisymmetric collapse will occur for some wrap angles. As
mentioned previously, the Kolter sensitivity index is undefined for
these wrap angles. Note frowm figure 5 that consistent theory’and
classical theory predictions do not yield identical wrap angles for
axisymmetric collapse. For consistent theory, collapse is predicted
for wrap angles from 15 to 3’)5O whereas for classical theory, collapse
is predicted from 30 to 60°. ,

As wae the case in glass-epoxy cylinders, agrgemeqt between |,
consistent and classical theory for boron-epoxy cylinders is a function
of the hellcal wrap angle. Maximum diféerences between the two theories
occur for wrap angles of 45 and 75°. TFor these wrap.angles, consistent
theory yields predictions which are roughly 85 percent of classical .

theory. Both classical and consistent thebry buckling loads are
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relatively high for cylinders with a wrap angle of 15°. The megnitude
of load is believed to be a consegquence of the high axial extensional
and axial bending stiffness of boron filaments in this coafiguration,
coupled with unpsually large values of the product of Poisson's ratios
HaycHy (see table I). Since most of the structural stiffnesses of the
shell are proportional to 141 - Hyiy) large values of gy result in
inereased stiffness. -

Imperfection sensitivity indices for boron-epoxy cylinders are
presented in fisure 6. Again, agreement in trend between the present
theory and the theory in references 23 and 24 is good. Because of
axisymmetric collapse, the sensitivity index is undefined for helical
wrap angles where 15 § m'§ 35. Note from the figure that values of
sensitivity indices adjacent to the zone of axiasymmetric collapse may
be quite different. For o equal Lo 100, the sensitivity index (as well
as the buckling load) is relatively high. On the other hand, for «
equal to 409, both the sensitivity index and the buckling load are low.
These results demonstrate that cylinders which buckle near sxisymmetric
collapse loads are not necessarily desirable from the standpoint of
reduced lmperfection sensitivity.

A comparison of the magnitude of the sensitivity index for glass-
epoxy cylinders (fig. 4) with boron-epoxy cylinders (fig. 6) in regions
of minimum imperfection sensitivity reveals that boron-epoxy shells -are
less sensitive. Thus, shells Witq wrap angle§ around 450 Woﬁld appear
to be an attractive configuration iﬁ‘boron—epéxy ¢ylinders. Khot's

imperfection study (ref. 114) indicated that the 45° wraps in 0, -a, o,
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and 90, -a, -, configurétions gave higher buckling loads for small
amplitude imperfections. He also concluded that boron-epoxy cylinders

were less sensgitive to initial imperfections than glass-epoxy cyiinders.

Boron-Aluminum Cylinders

In the studies of glass-epoxy and boron-epoxy cylinders, it was
concluded that cylinders with wrap angles of U5° had- reduced imperfection
sensitivity. A shortecoming of this wrap angle in the simple configuration
investigated (¥ a) is its relatively low buckling load compared to gther
angles, especially in the case of boronw-epoxy cylinders (see fig. 5). It
seemed -desirable to investigate more complex configurations, perhaps
with other materials, which might possess both reduced imperfection
sensitivity while still retaining relatively large buckiiﬁg strengths.

An interesting concept in fiber—reinfo;ced structures now being
pursued by the NASA is that of employing a metal %ﬁbétratg and overlaying

on it boron-epoxy tapes.. This concept of selective reinforcement is

L
L .

attractive in that it reduces practical atbachment pfoblems and costs in

using expensive Pilamentary material, yet at the same time provides good -

possibilities for structural weight saviqgs. A recent study of Qﬁbular .

\

¥

columns {ref. 45) in which metal tubes were overlayed with axially

oriented boron filaments has produced some spectacular results for . ‘

.

I
H

compressive buckling.
Because of current interest in the selective reinfortement concept,
boron-aluminum cylinders were investigated. The cylinders were composed

of two layers of equal thickness, one of aluminum, the other of boron-
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epoxy with filaments at . Based on tctal thickness, the cylinderé
had the same radius-thickness ratios as the glass and boron cylinders
already mentioned. The boron-epoxy layer was located on the outer
surface of the alumlinum. Preliminary calculations using classical
buckling theory indicated that subsbantisl differences in buckling load
occurred depending on whether the boron layer was located on the inner
or outer surface of tﬁe aluminum.. The highest buckling leads were
developed for the .configuration chosen. This effect of layer sequence

is the counterpart of the stiffener eccentricity effects discussed in

references 9 and 38.

Buckling predictions for the boron-aluminum cyl%nders are presented

in figure 7. Although classical theor§'preaictions suggest;axisymmetric '

'

collapse for 30 S a T 45, consistent theory predictions yield only

i

asymmetric modes sc that the imperfection sensitivity index'exisﬁs ,

everywhere. Note from figure T that substantial differences exist between

.

consistent and classical theory pre&ictionf.:;Thé Targest diffprences'

.
v

occur for .o equal to zero where the consiétent theory prediction 1s

about 73 peircent of the classical prediction. The maxiﬁum load carried

2 "
Y

by the bhoron-aluminum cylinders occurs for a wrap anéié of 60°, The
reason why cylinders with this wrap angle perform so well is not obvious,
since the effects of prebuckling deformations and eccentriéity in
multilayered shells have not been thoroughly investigated. The only
unique feabture of the 60° wrap ié its large value of py (see table I).
Tmperfection sensitivity indices for boron-aluminum eylinders are

presented in figure 8. Again, reasonable agreement in trends occur for



7000 -

6000
5000
4000
Acr,
lbs. / in.
3000 - - . —— Consistent theory.
—— (lassical theory
= Adisymmetric collapse
2000 E
1000 F
{ 1 L | ! J
0 15 30 45 60 75 20

g, degrees

Tigure 7.~ Buckling loads for boron-alumimm cylinders (R/t = 100, A/R = 0.7, Vg = 0.50).



[P

a, degrees

- 2 F —— Present theory
bisp ' -«~~ Theory-cf refs, 23 and 24

..10 .

Figure 8.- Tmperfection sensitivity indices for boron-aluminum cylinders.



76

the two versions of the Koiter theéry. An interesting and encourééing
o
result is the negative values of the normalized iﬁperfection sensitivity.
index which occur for o equal to 900. Negative vélues iﬁaicate,az
positive slope of the load-shortening curve for the cylinapr in the Post—
buckling region. While this result is somewha£ unexﬁected, it ma&‘fe;
explained by obserxving that for o equal to 900, the cylinder ?ehéves
as a ring-stiffened shell with veéy closely spacéé, s£if§ k%éréﬁ-epoxy)l
rings located on the ouber aluminum surface. There is~some’ev£&énce :
in the literature that ring-stiffened shells have unusual postbgckliﬁg
behavior. In postbuckling studies, both Thielemann (ref. 10) and
Shang {ref. 12) have Tound relatively large minimum postbuckling loads
for ring-stiffened cylinders, thereby suggesting that they possess little
imperfection sensitivity.

Relatively small imperfectlion sensitivity is also indicated for +the
459 configuration. The magnitude of the normalized index, however, is
much closer to unity than that for boron and glass cylinders with the
same wrap angle. Thus imperfect boron-~aluminum shells in this config-
uration would be expected to perform about the same as imperfect
isotroplc shells,

A somevbat frustrating law appears to evolve from the present
inveéstigation. As the compressive-load carrying capability of fiber-
reinforeced ;yiinders is improved by varying the filament oxientation,
the structure's sensitiviity to imperfections becomes larger. An

attractive fiber-reinforced cylinder configuratlion hss been ildentified,

however. Because of a positive slope in its postbuckling load-shortening



T

curve and its reasonably good load-carrying sbility, the 90° or circum-
ferentially wrapped boron-aluminum cylinder appears to be the most
desirable of the configurations investigated herein. Whether its
rerformance will be superior to configurations with greatel:c; poténtial |
load-carrying capability but greater i.tﬂperJ‘:'ectﬁ'_on sensitivity can only

be determined by experiment.



X, EXPERIMENTAL TWVESTIGATION

Test Specimens

To investigate the buckling behavior of fiber-reinforced cylindrical
shells, compression tests were conducted on 12 filament-wound, glass-
epoxy cylinders. The test specimens had an inside diameter of 30 inches,
were 30 inches long, and had a nominal thickness of 0.072 inch. The
cylinders_%ere wrapped in helical layers composed of two half layers,
wiﬁh filaments oriented at angles +a or -oa measured from the cylinder
axis. The variables in tThe test program were the helical wrap angle «
and' the cylinder wall configuration.

8ix of the cylinders had walls composed entirely of five helically
wrapped layers in the sequence X, *u, o, fx, *x. The walls of the other
six eylinders were composed of four helical layers and four circumferen-
tially wrapped layers in the sequence f, 90, ., 90, fw, 90, i, 90, where
the last circumferential wrap (+90) formed the external surface of the
cylinder. Photomicrographs of the two cylinder wall configurations are
shown in figure 9. For cylinders containing circumferential wraps, the
helical layers at *x can be seen to be roughly twice the th;ckness of
the circumferentially wrapped layers.

2 5,

Table IT contains material data for the'cylinder constituents. The

properties shown for glass fibers are t&ﬁical of those ubua%Ly employed

for type E glass filament. Values of modulus and density showyn'for the
iy o L

1

ERL-2256 epoxy resin were obtained from compression teé%é of‘four’B-inch-

diameter, sclid resin cylinders about 6 inches long. The cylinders were
cured with the same curing cycle as the test specimens; that is, 250° F

L} i

for 2 hours. The solid cylinders were instrumented w;@@ both~Tuckerm%n
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optical strain gages and differential transformer ggges. , The féur'cyiin-
ders were tested in compression at a loading rate of é0,000 pounds per
minute. A typical stress-strain curve generated on an X-Y plotter by.the
transformer gages is reproduced in figure 10. All cylinders appeared ta
be capable of straining indefinitely at maximum load so that the tests
were terminated when about 6 percent compressive strain had been experi-
enced by the cylinder. No apparént damage could be observed at the
conclusion of the test. Based on the test results, ERL-2256 appears to
have a‘proportional limit of about 10 ksi in compressich.

The dimensions and helical wrap angles of the glass-epoxy test
specimens are presented in table TITI. The values of total wall thickness
t shown are the average of several measurements taken at random loca-

"tions. The scatter in individual measureménts was *h percent of the
value tabulated and is attributed to the irregular outer surface of the
specimens. It should also be noted that the ;uter surface of ecach
specimen was reiﬁforced-at each end with circumferentially wrapped
layers about 1-1.3% inches wide with thickness equal to that of the shell.
The purpose of this reinforcement was to prevent local crippling due to
the end loads. ‘

The fiber volume.fraction vy, the resin. volume fractién Ty and

'

the void volume fraction v, expressed as percenﬁage§? are also

presented in table III. The fiber volume fractions were determined by

elevated temperature exposures of two or three coupons cut fromltﬁe wall

of each specimen. The coupons were subjeqted to a temperaturé of 1100° F

.

for a period of 3 hours to permit virtuallylaiiuof the résin in-%he*
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coupon to decompose. The remaining glass was weighed and the equivalent

: 4

fiver volume fraction was caleulated using the valués of densgity -
presented in table II. Prior to heating, the volume of each coupon was

determined using Archimedes! principle. The resin andrvoid’cégtents
1 ! H

were then caleulated using the glass volume fraction together with the -

total volume and the density of resin quoted in table IT. Altﬁough*

5

widely used, this method of detefmining‘voidtcontént is not é¥tremely

[ 3

R .
accurate, so that the true void content probably can be determined only

to the nearest half a percent. It should be noted that the volume

T '

fractions of table III together with studies of photomiéroéraphs of « ¢
specimen walls suggest that the quality of the test specimens was only
fair. Well-made glagss-epoxy, filament-wound cylinders usually possess
fiber volume fractions of about 65 percent while those of the present

specinens are about 51 percent.

Test Procedure

Each of the 12 cylinders was instrumented with 16 wire-resistance
strain gages with a gage length of 6 inches. The gages were bonded in
back-to-back pairs on the surfaces of the cylinder and oriented in the
axial and circumferential direc%ions at the middle of the cylinder about
90O apart. The purpése of the axial gages was to measure initial strains
from which the axial extensional modulus could be calculated, and to
detect any bending deformations which might suggest buckling of the
cylinder wall, The circumferential gages were present to megsure‘strains
frbm which Poisson's ratio {iy, associated with loading in the axial

direction, could be determined. Additional instrumentation consisted of



85

two linear differéntial transformers which were used fp»tréek the
relative mobtion of the testing machine platens.

For testing purposes, a 3/8-inch plywood bulkhead was inserted at
each end of the cylinder to ensure that the ends of the specimen would
remain circular. .The cylinders were tested flaﬁ—ended in compression in
éhe Langley Research Center's 1,200 kip-capacity testing machine. The
loading head of ‘the testing machine was carefully alined to promote
uniform loading of the cylinders by checking strain distributions in:the
axial strain gages under small loads. The buckling test consisted of a
single load cycle to failure at a loading rate of 5,000 pounds per
minute. During the test, data were reco£ded at a virtually continuous

rate on the Langley Central Digital Data Recording System.

Test Results

Elastic constants.- The data obtained during the tests were reduced

by computer and presented in the foxm of lcad-strain or load-displacement
curves for each specimen. A sample plot of data for cylinder 10 is shown
in figure 11. Data from the axial and circumferential gages have been
plotted so that back-to-back pairs of gages have the same origin. For
convenience, only the magnitudes of strain ﬁave been plotted. The average
slope of the axial strain data was linear over a wide range of the loading
history, and values of slopes determined from individual pairs of gages
were in good agreement. The average of the linear slopes of the axial
cages expressed as a Young's Modulus is presented in table IIT as E;:'

Values of Ey deduced from the transforﬁer‘measurements of overall
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shortening after corrections for the cyiinder end reinforcement were in
reasonable agreement with the axlal strain-gage data.

Data from the circumferential gagés were somewhat more nonlinear,
and in some cases, subsbtantial differences in individual gage slopes
existed. The initial slopes of the circumferential gages were used to
determine Poisson's ratio of each cylinder by dividing Ek by the
average of the circumferential slopes. The Poisson's ratio associated
with circumferential strain induced by axial load My is also shown in
tablé iII. The underlined values in the table are values in which large
variations in individual circumferential gage slopes Were present.

3

The test data for elastic constants are’ compared in figures 12 to 15

i

with theoreftical predictions for total extgnsionél étiffness of*ﬁhé
cylinder wall based on references 3% and 35. It can be seen that theory
and experiment are in good agreement for the extens1onal modulus of the‘
cylinder wall and in fair agreement for P@lsson_s ratios in splte of ‘the
scatter in data. The results suggest that the tecﬁniqueélemgloﬁed' ¢
herein for predicting elastic constants yield‘good_engineeringxésfimates
of structural stiffnesses. | 2

Buckling.- Failure of most of the test specimens was accompanied by
a loud report and the appearance of two tiers of large, diamond-shaped
buckles uniformly distributed around the cylinder. As suggested in the
}oad-strain curves of figure 11 which are plotied up to maximum load, no
strain reversal was apparent prior to failure. The maximum load carried
by the cylinder Aexp is presenteé in table IITI. A photograph of a

buckled cylinder is presented as figure 16. An observation associated
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with the two specimens having 30° helical and cifcumferential wraps
(cylinders 3 and 4) should be noted. On both these specimens, buckles
appeared only on roughly one-half of the. shell surface. As a matterxof
routine, before unloading, the specimens were prepared for photography
by removing instrumentation wiring. In both cylinders, during this time
period, a uniform buckle pattern suddenly deyeloped, replacing the
original, nonuniform pattern ﬁiﬁﬁ no large éhanggs in load or platen
shortening. Since all specimené were tésted with the same*précedure, it

} -
appears that nonuniform buckle patterns might be an intrinsie charac-

3

teristic of that wrap configuration, 'The particular configuration

(30, 90) happens to possess tébsdiménsioqal iéotfopy with regard to
bendiné and extensional stiffﬁess fbﬁt not‘cémplete isotropy due to lack
of symmetry about the shell midsurface). It seemé, experimentally, that

less isotroplc wrap configurations possess more uniform postbuckling

patterns.

Comparison of Theory and Experiment

The experimentally obtained buckling loads for the test cylinders
with alternating helical and circumferential wraps are compared with
theoretical predictions in figure 17 and table ITI. The theoretical
loads A, were based on the simple support boundary conditions
previously mentioned. The computations were performed using the con-
sistent theory taking into account nonlinear prebuckling deformations

(ref. 41). A few calculations using the clamped boundary conditions
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suggested that differences between clamped and simple support calcula-
tions were small bécause of the length of the test specimens.

The trends shown in figure 17 indicate that the greatest difference
between theory and experiment occurs for a wrap angle of 30° in
eylinders 3 and 4. As mentioned previously, these cylinders possess
two-dimensional isotfopy with respect to bending and extensional stiff-
ness, and behaved somewhat differently at buckling than the othér, less
isotropic cylinders in the test program. = If the data in figure 17 for
wrap angles of 30° and h5°‘are compared, it is evident that, for
cylinders with nearly identical radius—thickpesg rabios, agreement between
theory and experiment is mch better for the less isotropic configura-
tion (that is, 45°). Moreover, from tablé ITT it c;n be seen that
analytically, the BOo'configurations were expected to‘cafry more load
than the 450 configurations; whereas expe?imentglly the réverééxwas true.
Presumably, the reason for this wnusual phénamenqn is associated with the

ﬁ5°-configuration being less ﬁﬁgerfectiph-sensitive than the nearly
isotropic configuration. Thus, the ﬁreseqt‘§e§ﬁ§,offeriexperimental

evidence that certain filament orieptatioﬁs,qaﬁ enthance the buckling

strength of a cylinder due to their decreased imperfection sensitivity.

Direct comparisons between the 15° and BOd'configuration$ are complicated

due to the differences in radius-thickness ratios.
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Imperfection sengitivity indices for cylinders 1 to 6 are presented
in figure 18. The indices have been normalized by the index b3ge FTOr
isotropic cylinders of the same geometry. Results are shown for both the
present theory and the theory of references 23 and 24k. Agreement between
the two theories is fair except for a wrap angle of 15°. The large value
obtained for the sensitivity index at this angle from the referenced
theory is not presently understood. ;

The trend of data from.the present théoryj however, 1s quite
encouraging in that maximm values of the sensitivity index occur at 30°.
Thus the Koiter theory predicts that cylinders 3 and % should be most
imperfection sensitive. This result 1s in agreement with the experimental
data, if it is hypothesized that the nore sensitive buckling of a struc-
ture is to geometric imperfections, the lower is its wvalue of Kexp/ﬁcr'
it was expected that the sensitivity index for wrap angles of 30° would
be about the same as an isotropic cylinder so that b/bj_SO &~ 1, The
lower value of the normalized index shown in figure 18 is believed to be
a consequence of the antisymmetry of the wall of the cylinder.

The experimentally obtained buckling loads for the test cylinders
with helical wraps are compared with theoretical predictions for simply
supported cylinders in figure 19 and table III. From figure 19, the only
obvious trend in the data is the lack of reduction in values of lexp/kcr
as R/t is increased from 160 to 225. In isotropic cylinders, of course,
some reduction would have been expected even in this relatively small

change of R/t.
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For the 15° configuration, the data for cylinders 7 and 8 are
inconsistent. From table III it can be seen that even though
eylinder 7 was thimner than cylinder 8, it carried more load. Volume
fractions and thicknesses were carefully reinvestigated, but no reasons
were apparent to explain the discrepancies in the data.

Imperfection sensitivity indices for cylinders 7 Lo 12 are presented
in figure 20. Agreement between the two theories presented is fair
except for large disegreement for a helical wrap angle of 45°. This
anamoly was unexpected, since the agreement for this wrap angle for
glass-epoxy cylinders with' R/t = 100 was ﬁuch better (see fig. 4). In
Tigure 20, variations in R/t make comparisons between wrap angles
difficult. However, the trend of the indices for the preéent theory
suggests that cylinders with wrap angles of 30° and 45° should perform
better than isotropic cylinders of the samé‘radius—thickness ratioc. The
high values of Aexp/hcr shown in figure 19, especially for the largest
B/t (cylinders 11 and 12), %end to guppbrt this prediction. The
sensitivity indices for cylinders with the lowest radius-thickness ratio
suggest that their buckling behavior should be about the same as isotropic
cylinders. The values of }exp/“cr for cylinders 7 and 8, and the scatter
in data seem to support this prediction also. Thus the trends in buckling
data suggested by the sensivitity indices of the present theory are in

fair agreement with experimental buckling data.



XI. CONCLUDING REMARKS

A theory has been developed to assess the sensitivity of buckling
of axially compressed, fiber-reinforced cylindrical shells to smgll
geometric imperfections in the shell wall. Following the work of Koiter
(ref. 19), an index of imperfection sensitivitj is obtained by investi-
gating the character of the initial postbuckling region for a geometric-
ally perfect cylindrical ghell. The theory presented herein differs from
existing applications of XKoiter theory in that it is developed by using
techniques of perturbation theory. The theory represents an extension to
eylindrical shells of the plate postbuckling theory derived by Stein
(ref. 25). Using Donnell-von Karman strain-displacement relations, the
postbuckling equations are obbtained for a muiltilayered, orthobropie
cylinder in which the principal axes of orthotropy in each layer are
alined with the longitudinal and circumferential coordinates of the shell.
The imperfection sensitivity index is identified by suppressing secular
terms in the perturbation and employing a suitable definition of the
perturbation parameter. The governing equations were solved by finite
difference techniques and by exploiting Gaussian elimingbtion. A computer
program to solve the large systems of simultanecus equations resulting
was developed for the CDC 6600 series computer.

The results of an investigation of the imperfection sensitivity
index for fiber-reinforced shells have been presented. Glass-epoxy,
boron-epoxy, and boron-aluminum shells having verious helical wrap angles
were studied in order to identify wrapping configurations of minimum

imperfection sensitivity. In conducting the investigation, both the

971
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present theory and an extension of existing theory to multilayered,

orthotropic shells were employed. Agreement between predicted sensitivity
indices based on the two theories was reasonably good. Computed results
for buckling in this investigation suggest that substantial differences
(up to 27 percent) can exist between classical and consistent theory
predictions for buckling, depending on the wrapping configuration. The
differences are abttributed to the neglect of lecad-induced prebuckling
deformations in classical theory.

The studies of helically wraﬁped.cylinders indicated that hSO was a
desirable wrap angle in both glass-epoxy and boron-epoxy cylinders. For
wraps with small ijwperfection sensitiviby, bor?n—epoxy shells appeared to
be more desirable than glass-epoxy shells. Th; most desirable shell con-
figuration uncovered in the investigation was that of an aluminum shell
overwrapped with a circumferentially wound béronéépoxy layer. This con-
figuration was found to possess a positive postbuckling slope and appears
to behave much like a ring-stiffened cylinder.

The results of an experimental program to investigate the buckling
behavior of fiber-reinforced, glass-epoxy cylinders have been presented.
Compressive buckling tests were conducted on twelve 30-inch-diametexr
filament-wound cylinders with various wrap angles. Elastic constants
derived from data prior to buckling were compared with analytical pre-
dictions. The agreement between theory and experiment suggests that the
approximations employed to estimate structural stiffnesses of the cylin-
der wall are valid. Cylinder buckling loads varied from 50 to 90 percent
of consistent theory predictions, depending on wrap angle. Comparisons

of calculated sensitivity indices with the cylinder buckling data show



99

that the indices are in fair agreement with the experimental data trends.
Both the theoretical and experimental results reported herein demonstrate
that, certain fiber orientations can enhance the buckling strength of
geometrically similar cylinders. These configurations appear to possess
reduced sensitivity to geometric imperfections present in the cylinder
wall prior to loading. The present results suggest the desirability of
further experimental investigations into the buckling behavior of config-

urations such as the circumferentially wrapped borcn-aluminum cylinder.
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XV. APPENDIX A

In this section program SICK is described in detail. A flow diagram

for the program is presented as figure 21. The input data required are as

follows:
R radius of cylindrical shell to reference surface
A length of cylindrical shell
DELBAR distance from inner surface of shell o reference surface
(for the present calculations t/2)
BC boundary condition code BE =1 smmple support
BC =3 clamped
Wy, = vy = =Wp,x = 0)
l H
WXB applied axial compression load at buckling, Aqsp
N number of full waves in circumferential buckle pattern, =n
EX(TI) elastic modulus for shell layer in axial direction, E%
EY(T) elastic modulus for shell layer in circumferential direction,
i
Ey
NUX (T} Poisson's ratio of shell layer sssociated with load applied in
axial direction, ug
NUY(T) Poisson's ratio of shell layer associated with load applied in
circumferential direction, u%
GXY(I) shear modwlus of shell layer, G%Y
H(T) thickness of shell layer
LAYER total number of layers in shell wall
ST code to detect stiffening ST = 0 cylinder is unstiffened
ST = 1 eylinder is stiffened
NSTAT nmmber of finite difference stations, N
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N@RM

IPRINT

i 8T
ER
AR
IR

ZR

GRJR
RS
ES
AS
135

Z8

GSJIS

. BS
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code to specify normalization NQRM

0 |§1| is normalizing
factor

1 Wy /t is
normalizing factor

N¢RM

I

code to specify type of output printed
IPRTNT = O gives minimum output
TPRWT = 1 gives maximum output
the following additional input is required:
modulus of ring
area of ring

moment of inertia of ring about its centroid

distance from reference surface to ring centroid (+ only if
ring is external)

torsional stiffness of ring

ring spacing

modulus of stringer

area of stringer

moment of inertia of stringer about its centroid

distance from reference surface to stiffener centroid (+ only
if stringer is external)

torsional stiffness of stringer

stringer spacing

Some conversions between the program notation and the notation of

the paper which may not be self-evident are:

WOX
WOXX
WOXL,

WOL

w¥
O,%
*

W
0,xx

+*
WO,xk

*
YO,A
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MPDRES modified residual resulting from taking determinant of left-
hand side of buckling equations (see left-hand side of
equation (62))
A listing of the program together with a sample case for the circum-

ferentially overwrapped boron-aluminum cylinder follows.



READ TNEUT

COMPUTE PREBUCKLING GUANTITIES

Vg w.(’S‘,x’ W(;S,}Qc’ W(’S,x?\

SET m=17

4 0B 250

——

Y

1
AgZ5.1 * ByZy + CiZi4

¢ D.-D. 300
TEST mn ]
* m B

SET UP A, B, C; MATRICES TN ‘

COMPUTE DETERMINANT COMEUTE D5 AND SOLVE COMPUTE Dj AND SOLVE
OMFOE gF AgZy_q F B2 ¥ Cifyyq = Dy AjZs 7 * Byl + C5Z4544 = Dy
BgZg o + B3Zs + C3Z5. USING PATTER TO GET USING PATTER TO GET
(MPDRES ) ‘ Uoos Vops Wan, ETC, _ ’_UEO’ Vags Wpgs EIC.
AND EIGENVECIOR TO - g - B
GET Uy, Vy, Wy, ETC. :

SET m =27

IVIEGRATE TO FIND b BY

SET m = O PRESENT THEORY AWD BY EXTENSION
—_— : OF REFERENCES 23 AND 2h

Figure 21.- Flow diagiram for program SICK.
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PROGRAM SICK (SENSITIVITY INDEX FOR CYLINDERS EX KOITER)

PROGRAM SICK (INPUT,OUTPUT)

10 FORMAT(///% IMPERFECTION SENSITIVITY OF AXIALLY COMPRESSED CYLINDE
1R/ *
1 CARD~SYKES A2338 RDF367 OCTOBER,1968)

11 FORMAT(//% LAYER®,6X*EX*,9XHEY#y GXENUXHs BXENUY %4 BXRGXY %y GXFHE )

12 FORMAT{15,3X46E1143}

13 FORMAT{//13X%11%,1TX#12%, 1TX#22%, 1T X*66%/)

14 FORMAT(1X¥B%yI134E1648,3{3XE1648))

15 FORMAT(1X%C%,4(3XE16.8) )

16 FORMAT(1X%D%*44 (3XF1648) )

17 FORMAT (1X%K%y4 (3XE16.8))

18 FORMAT (%1%, 4X% STATION®, OX*H0% ; 1 TXFHOX* 5 1T XHWOXX* 5 16 XHWT XL ¥,
116 X#WOL*) .

19 FORMAT(18,4E20.8)

20 FORMAT(////+% MODRES=%*E16.8)

21 FORMAT{//SX%W1 VALUES®/)

22 FORMAT(I5,E20.8)

DIMENSION WO 611 ,HOX{ 61)4WCXX{ 61 )4WOXL{ 611, EX(20)4EY(20),NUX{2
10) ,NUY(20) 5 GXY {20}, H(20),B11(20)4B12(20),822(201,5{20),55{20) 4555¢
22004866201, NYOL( 61}, WOL( 61)

DIMENSION AA{ 6134940 9B{ 6ls4y4)9Cl €10%+4) 3ABL21444)9BB( 29494},
1CB{2+434) s DUMA (49 4) s DUMB {494 ) s DUMC{ 494 s DUMAB(4,4)  DUMBB( 44 4) 4
20UMCB(494) 3 B1{474) 1C1 (4 14) s ANC494) s BNU414) 9P 619444)9R1( 619444),
3RIMLE434) s RI(4+4) 3P 104141 ,UL{ 61),V1( 61)4W1( 61)4M1( 61),21( 81,4
4)52{4) yPD{414)y Z15Q(1)y ZD(4)

DIMENSION X( 61),UIX( 61),VIX{ 61),WIX{ 61} 4sWIXX{ 611,W02L{ 617,
AIW13X( 61)4WO3LL 61)4NXI{ 61)4NYL( 61)4NXYL{ 613,00 61,41,
2SMAT( 6Ly4s4YDMAT( 6154),PP( 61+494) Q20 61:4),220( 61,4),

32220 61,4),U20( 61),V20( 61),W20{ 611,M20{ 611,U22( 61),V22( 61),
46220 61},M22( 61)sW20X{ 611,U20X{ 611,U22X( 61),V22X( 61},H22X( 61
513 H20XXT 61),W22XX[ 619,NX20( 61),NY20( 61),NX22( 61},NY22( 61),
6NXY22{ 6115 DBl4}, DUMD{4), W20XXX{ 61), W22XXX({ 61}

DIMENSION DP3( 61,4),EP3( 61,4),DUMDE(244),21T{244) +FOFX( 61),
IXTE(1),XTD(1) "4Z1V(244), DPB3(244)y EPB3(2,4)

REAL M1,NYOL )

REAL TR, IS NUX,NUY-1K11sK124K224K66s NXB

REAL NX1, NYL, NXYl, M20, ¥22, NX28, NY20, NX22, NY22, NXY22

INTEGER BC,ST . -

REAL M, LAM1l, LAM12, LAMI3, LAM17, LAM21, LAM22, LAM23, LAM24,

1 LAM32, LAM41, LAM42, LAM43, LAM45, LAMl4, LAM15, LAML6,
2 LAM25, LAM26, LAM31, LAM33, LAM34, LAM35, LAM36, LAM&4&4,



1000

50

CALCU

&0
CALCU

3 MODRES
INTEGER- SUBTRAC s TRANSPO

111

NAMELIST/INPUT/Ry Ay DELBARyBCyNXBy Ny EXsEY s NUXsNUY 1 GXYsHs LAYER) STH NS

1TAT+NORMy IPRINT

NAMELIST/STIFF/ER+ARs IR+ZRyGRIR+RSIESsAS,15575,6535485

READ INPUT
PRINT INPUT
PRINT 10

PRINT 11

DO 50 L=1.LAYER

PRINT 125 Ly EX{L}s EY({L), NUX{L}y NUY{L),y GXY({L],¢ H(L)

LATE B VALUES

TEST3=C.

DD 60 L=14LAYER
BILILI=EX{L I/ {1.—-NUX{L}*=NUY{L}}
BlZ(L }=NUY{L)*BL1{L)

B22 (LY=EY(E I/ ( L~NUX(L)*NUY{L))
B66{LY=GXY (L)

LATE Cy Ks AND D VALUES

L=LAYER

CALL SUM(1,4L,811,H,C1l1)

CALL SUM(l,L.B12,H,C12}

CALL SUM{l,+L+B22,H,C22)

CALL SUMIl,L4yB6&6,HC66)

S(1)=H{1Y

S1=S{1)%k2~-2,.%DELBAR*S(1)

Kll=.5%B11{ 1}#%51

Ki2=,5%B12 (1}%51

K22=.5%B22(1)%*51

K66=,54R66{ 1) %51 ;
§2=S(l)**3-3.*DELBAR*Sj1)**2+3.*DELBAR**2*S(1’
D11=B11(1l)*S2/3.

Di2=B12{1)1*S2/3.

D22=B22(1)*52/73.

DE6=B66( 1) %52/ 3.

IF{LAYER.EQ.14 GO TO 80

DO 70 I=2,LAYER

S(I)=S{I=-11+H(I)}
SS{E)=StI}#%2=S(1~1)#%%2-2,%¥DELBAR*(S{I}~-S5(I-1})


http:IF(LAYER.EQ.11

TO SSS{I)=S(1}#*%x3-5{1- 1)**3-3.*DELBAR*(S(I)**2“5(I 13**2|+3 *DEDBAR**
12%(S(1)=-S{I-1})
CALL SUM{2,L,B11,55,ANS)
K11=KI1l+.5%ANS
CALL SUM(2,L.B12,SSsANS}
K12=K12+.5%ANS
CALL SUM(Z2,L+822,557ANS)
K22=K22+.5%ANS
CALL SUM(2+L2B66ySS+ANS)
KE66=K&66+45%ANS
CALL SUM(24L,Bl1+555+ANS)
D11=D11+ANS/3.
‘CALL SUM{(2,L+B1l2+SSSsANSY
D12=D12+ANS /3,
CALL SUM(2yL,B22,555,ANS}
D22=D22+ANS/3.
CALL SUM({2,L,B66yS555+ANS)
D&66=D66+ANS /3.

80 IF{ST—-1}51,51,52

52 READ STIFF
PRINT STIFF
D1l= Dll*ES*IS/BS+ES*AS*ZS**2/BS
D22=D22+ER* IR/ RS+ER*AR¥ZR*=®2/RS
K11l=K11+ES*AS*ZS/BS
K22=K22+ER% AR¥*ZR/RS.
C11=C1l1+ES*AS/BS
C22=C22+ER*AR/RS

51 PRINT 13
DO 53 iL=1,LAYER

53 PRINT 144 L, B11(L}, Bl2(CL}y B22(L), B&& L)
PRINT 15, C1l1, Cl2, C22, Cé6
PRINT 16, D11, D12, D22, DG6
PRINT 17, K1ll, K12, K22, K&6&
PREBUCKLING -QUANTITIES
RGL=(C11%C22~C12%¥2} /(D11%CI11-K11%*2]
RG2={K11%C12-K12%C11}/{D11%C11~K11l%%2}
RG3={R*C1L} /{2 .%¥D11%*C11-2,%K11%*k2]
RGB={SQRTIRGL) ~RG2-NXB*RG3} /{2.%R)
RGG=({SQRT(RG1) +RG2+NXB*RG3}/(2.*R}
BETA=SQRT(RGB}
GAMA=SQRT(RGG)
BETAL=-C11/ (8, %BETA*{D11%CL1-K11%%2]1}
GAMAL=C11/ (8. *GAMA* (D11#LC1L-K11%%2)}
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P1={R*C22) /(C11%C22~C12%*2)
SS=SINH[BETA*A/2.}*SIN{GAMA®A/2,)
SC=SINH(BETA®A /2. )Y%COS{GAMA%*A/2.)
CC=COSHI{BETA®*A/2 . }=COSLGAMARA/ 2.
CS=COSH(BETA%A/2,)*SIN(GAMA®ASZ.)
SHCH=SINHIBETA*A/2. )*COSH{BETA%*A/ 2.
SNCN=SIN(GAMAZA/ 2,1 %C0OS {GAMASAS2.}
GO TO(1,2,2)4BC
1 GLl=NXB*P1¥(BETA*#2~GAMA®#*2)—({K11*NXB)/{D11%C1l1l-K11%*2)
G2=2.=NXB*P 1%#BETA%GAMA
DBAR=DI1#CL 1~K11%%2 .
GlL=Pl#(BET A%x%2-GAMA®#2+ 2, #=NXB* (BETA*BETAL=GAMAXGAMAL) }-K11/DBAR
GZ2L=P1l*{2. #*NXB*( BETA*GAMAL+GAMA*BETAL)+2.*BETAXGAMA}
G12=G1*(CC-G2*SS
G21=61%S55+G2%LC
G=Z2.*BETA*GAMA*{ SS¥%2+CC%%#2)
Fl=Gl12/G
F2==G21/G
PRINT 999y BETA, GAMA, Fl, F2
999 FORMAT(//% BETA=%El6.8:s 0X*¥GAMA=%F16,8sBX*F1l=%E16.8,5X%F2=%E16,8)
FOL=24%G12* (BETARGAMAL+GAMASBETAL ) (SS*%2+CC%%2 )/ G%%2+2, %G1 2¥GAMAX
1BETA*®A¥{ BETAL*SHCH-GAMAL%SNCN) /G%%2
FLL=GIL*CC/G~GZL%SS5/G+AESCH{GI*BETAL~G2%GAMAL} /1 {2. %G ) ~AKCS*{G1*GAM
IAL+GZ*BETALY/ [ 2.%GY~FOL
F2L=—GlL*S55/G-G2L* CC/G+A*CS#{G2=GAMAL-G1*BETAL) /{2.*G ) -A%SCH(G1*GA
IMAL+G2*BETALY /(2. %G ) +FOL%G21/G12
GO TO 3
2 G=BETA%*SNCN+GAMA%*SHCH
F1=NXB*P1E(BETA*SC~-GAMA®CS) /G
F2=—NXB*Pl#* (BETAXCS+GAMA®SC)/G
Gl2=F1%G
G2l=—F2%*G
FOL=NXB*P1%G12*%(BETAL*SIN{GAMA*A)+A*BETA*GAMAL¥*COS (GAMA®A}+GAMALK(
LEXP(BETA%A) ~EXP{-BETA#A) ) /2 +AEGAMA*BETAL*{EXP{BETA®A}+EXP(—BETARA
2V 724V /{24%GE%2)
FiL=P1l*G1l2/GH+NXB*PL¥{BETAL*SC-GAMAL*CS )} /G+A*NXB*P1*CC* [ BETA*BETAL~
1G
LAMARGAMAL) f (2. G —-ARNXB*P 1% SS*{ BETA*GAMAL+GAMA*BETAL) f{ 2. %G }~FOL
F2L==P1#%G21 /G-NXB%P1# (BETAL*CS+GAMAL#SC) /G~ AXNKXB*P1*SS* {BETA*BETAL
1-
1GAMARXGAMALY £(2 oG ) A#NXB#P1*CCH* ( BETAXGAMAL+GAMAXBETAL ) /(2.%GY+FOL*
2G21/G12
3 PRINT 18



55

250

11k

00 4 I=1,NSTAT

J=I-1

IF{I-1154546

XB==ArFZ.

GO 10O 7

X=FLOAT{J)*A/FLOATINSTAT-1}

XB=X~A/2. _

SXSX=SINH{BETA*XBI*SIN{GAMA*XB)

CXCX=COSH(BETA®XR)*#COS{GAMA#®XB)

"SXCX=SINH(BETA*XB)*COS(GAMA*XB)

CXSX=COSH(BETAZXXB)*SIN(GAMA*XB}

WOLI)=Fl*SKSX+F2HCXCX+PLH+NKB
WOX(I)=(FL*BETA-F2*%GAMA}*CXSX+{F1*GAMA+F2*BETA) *5XCX
WOXXCI)=(F1#¢BETA%¥2~-GAMA®%2 =2  %*GAMA*BETA*F2) #SXSK+( 2. *CAMA®BETA*
1F1+(BETA®RZ2~GAMARX2)¥F2 ) *CXCX .
FLLL=F1lL*{BETA*CXSX+GAMA®SXCX )} +F2L* (BETA*SXCX~GAMA®CXS5X}
BLLL=BETAL® (FL1#CXSX+F2 SXCX+XB*{F1*BETA-F2*GAMA }#5XSX+XB* (F1*GAMA+
1F2%BETAYFCXCX)

GLLL=GAMAL*(FL#SXCX=F2%CXSX+XBE{F1*BETA~F22GAMA }X¥CXCX-XB¥*{F1*GAMA+
IFZ2¥BETA)ESXSXK}

WOXL{TI)=FlL L+B1LL+GLLL
WOL{I)=FlL*SXSX+F 2L ¥CXCX+XB*(FLHBETAL~F2%GAMAL ) #CXSX+XB#{ FL¥GAMAL
1+F2%BETAL) *SXCX+P1 :

IF(IPRINT.£Q.0) 6O TO 4 _

PRINT 502, I, WO(I), WOX{T), WOXX{I): WOXLEI)s, WOL(I}

CONTINUE

T=0.

DO 55 L=14L AYER

T=H(L}+T

M=1.

FORM L.H.S. OF EQUILIBRIUM EQUATIONS AFZ(I-1}+B*Z{TY+CHZ(I+1)
CONTINUE

DEL=A/FLOAT (NSTAT-1)

LAM11=C11-K11*%2/D11

LAM1Z2==C66% { ME=N/R}*#*2

LAMIS=({C12+C66-K12*K11/D11}*M*N/R

LAM17=K11/D11

LAM21==(C12+CH66)xMEN/R

LAM22=C66

LAM23==C22% {MEN/R}*%2

LAMZ24={K12+2.%K66 }=MEN/ R

LAM32==2 (% K-66% MEN/R

‘LAM&1=-K11l



99

115

LAMGZ==K12%M=N/R

LAM43=D11

LAM4S5== (DL 2% { MEN/R) =%2+K12/R)

NEND=NSTAT+1

IF{ST.NE.O) GO TO 99

GSJ5=0.

GRIR=0.

B8=1.

RS=1.

DO 100 I=1,NSTAT

LAM14=(Cll-K11*%2/D11}*WOX(I)

LAM1S=(C11~K11%#2/DIL}*WOXX (I )+ (C12-K22%K11/D11)/R+(K12+2,.%Kb66~K11
1#D12/D11 )% { MEN/R) %% 2

LAM16=—Co6%WOX{I )% ( M&N/ RY=x%2

LAMZ25==TC1l2+CH63I=NOX{ T} xMEN/E

LAM2'6=—CEo6%WOXX{ I yEM=N/ R-C22%#MEN/RE# 2K 22 { MEN/R) %%3
LAM31=Cla2/R+(KI12+2. #KEEIF{M*N/R) %% 2-C11*#HOXX(1) .
LAM33=C22%M%N/ R&=%24+K22% ( MEN/R ) %=%3-C 1 2%WOXX{ LI=M=N/R
LAM34=NXB~K12/R—{ 4. *¥D66+GSJS/BS+GRIR/RS+DIZIF{MENIR YF#2 +K 11 *WOXX (1

1)

LAM3S=(Cl2 /R+(K12+2: . %K66E ) # [ MEN/RY %52 Y XWOX (I ) ~C115=WOX{ T ISWOXX( 1)
LAM36=({ (C12%K1 1/CYI+2. % (K&6~K12) 1¥{ MEN/RY #%2-C12/R)*WDXX{ T) +1 . FR¥(
1c '
122~C1l2%%2/C11L b RIMEN/RI%HH2%WO(T} +D22% {MENR)FHG+2 , %K22 /R (M=EN/ R #t
224022 /R&%2-C12%{ MEN/RI*%2%NXB/C1 3,

LAMA44=~KI1%WOX (I}

AALT 41,1)=LAM11

AAUT41,2)=-DEL*LAM13/2.

AACT1+3)=LAM14-DEL*LAMIS/2.

AACT+124)=—DEL*LAMLT/2,

AALT 424 1) ==DEL¥LAM21./2.

AACL3.2+2)=L AM22

AA(T 4243 =LAM24-DEL®LAM25/2,

AA(I+244)=0.

AA(I,3,1i=—-DEL%*LAM31/2.

AA{T43,2)=LAM32

AA(T,3,3)=LAM34-DEL*LAM35/2,

AAMI 3,4)=—1.

AA{T+441)=—DEL*LAMG1/2,

AA(T444+2¥=0.

AA(T 3 44+3)=LAMS3-DEL*LAMSSE/ 2,

ARLI 5 444)=0,

BUTels1i5-2.%LAML1+DEL %% 2% AM12



100
101

B{I,1,23=0.
B{I41:3)==2.%LAMY4+DEL**2% AM16
B(I’l’é)=01
B{I+2:1)=0C.
B(I142:+2)=~2 %L AM22+DEL%F2%L AMZ23
B{T142¢3)==2 HLAM24+DEL*%2% AM26
B{Iy+2,4)=0.
B(1+3:1)=0.
B{I1,3,2)=-2 %L AM32+DEL*# 2% AM33

BLI4343)=~2 %LAM34+DEL % 2% AM36

8(113,4)=2-

BlI+4+11=0.
B{Is&,2V=LAM4G2%DEL*%2
BOIs493)==2 *LAMEI+DEL**2%_ AM45
B{Is+4e4)=DEL®*%2

ClIsy1l,1)=LAMI]

C{I41,2)=DEL*LAML3/2.

ClILs1,3)=LAM1I4+DEL*LAM15/ 2.
Cll.1,4)=DEL*LAM1T7/2.
C{I+2+1}=DEL*¥LAMZ1/2.
CtIs2,2)=LAMZ22
ClY,2,3)=LAM24+DEL*LAMZ5/2,
ClIs294)=0.
Cil+3,1)=DEL*LAM3L/Z.
Cli+3,21=LAM32
C(1,43,3)1=LAM344+DEL*LAM35/2.
ClIy3+4)=-1, ;
C({I+491)=DEL*LAMG1/2.
ClIs4,2)=0.
Cily493 ) =LAMG3+DEL®LAMESG /2,
C(Is4v§}=0-

GO TO(101,102,103),8C
AB(141,1)=~Cl1%*DEL/2.
AB{(1,1.2)=0.
AB(14143)==K11-C1lI*DEL*HOX{1) /2.
AB({141+41=0.

BB{1l+1411=0.
BB{ls1,2}=CLl2%MeN*DEL**2/R
BBl1+1,3)= ClZ*DEL**Z/R+2.*K11+K12*DEL**2*(M*N/R)**Z
BB{1+1+41=0.

BBils2:1)=0.

BB(14242)=1.0

BB({1+s2+3)=0.

116



110

BB{1+2:4)=0.
BB{1s3,1)=0.
BB{1,s34+2)=0.
BB(1l+3,3)=1.0

BB{1s3+41=0.

BB{1ly441)=0%
BB(l+4+2)=0.
8B{1,4,3)=0.
BB{ls+4s4)=1.0
CB8(1ly1,1)=C1l1%DEL/2
CB(l:1,2)=0.
CB{141+3)==KL1+CLli%DEL*HWOX(1l}/2.
CB{1s1+4)=0Q.

DO 110 J=2+4

DO 110 K=1,:4%
AB({1,yJ4K)=0.
CB{lsJsK}=0.

DO 111 J=1l+4

DO 111 K=1%4

STATION "2 CORRESPCNDS TO THE NSTAT BOUNDARY IN AB

111

510

102

112

AB(2,JsK)=AB{1l,yJ4K)
BB{2:+JsKI=BB{1l,J4K}

CBIL2+J+K)=CB(1,J,K)

AB{24143)==~K1l1~CI1*DELEWOX{NSTAT) /2.
CBE24143)==KY1+C1l1*DELEWOX{NSTAT) /2,
IFIM.GT.0. 160 TO 105

DO. 510 J=1,4

AB(2414J0=0,

BB(Z2+s1:d)=0.

CB{2+s1,4)=0.

BB(2,1,1%=1.

GO TO 105

DQ 112 J=1:+4

-D0 112 K=1. 4

AB{1,4,K)=0.
BB{lsJsK)=0.
CB(].:‘J‘; K’l=0.

AB(2 2 J e K)=0.
BBl 2 12 K1=0,
cst(z2 rd e K)=0.
AB{1l.,4,3}=—DEL/2.
ABl244+¢3V=—DEL/2.
BB({ls1.,1)=1.

BB

AND CB

17



103

113

511

BB{1sy2+2)=1,

B3(1+3s30=1.

BB(2 21+.10=1.

BB(2 12221=1.

BR(2 13¢3)=1.
CB8{1l+%+3)=DEL/2.
CB{2+4+3)=DEL/2.

GO TO 105

D0 113 J=1¢4

DO 113 K=l,4%

AB(1:J+K)=0.

BB{Yl+JsKI=0,

CB{l+JsK)=0.

AB(2 vJrK)=0.

BB(2 13+ K)=0,

CB(2 13 K1=0.
AB(1,1,1)=-C1l1%DEL/Z.
AB(1+1,+3)=~K11=C1l1*DEL#WCX{1)/2.
BB{1s1,2}=Cl2&MENEDELE®2 /R

BB8(1+1+3}= CIZ*DEL**2/R+2.*K11+K12*DEL#*2*(M*N/Rl**Z

CB(1+1,1)=CLIi%*DEL/2.
CB(11113’—"K11+C11*DEL*NUX(11/2.
AB{1+4+3)=-DEL. /2.
AB{2+1:1)=AB(1l+1,1)

AB{Z2+143)=-K1l1l- CII*DEL*NOX(NSTAT)IZ-

‘BB{2+1:21=BB{1,41+2)

BB(2:1+3)=BB(1+1+3)
CB{2+1+11=CB{1,+1+1)
CB(2!113)”-K11+C11*DEL*HUX(NSTAT}/Z-
AB(2+4+43)Y=—DEL/2. -
BB(1ls2+2)=1.

BB(1l+3+3)=1.

BB(2 12:2)=1.

BB(2 13+3)=1,
CBilas4s3)=DEL/Z.
CBl2+4+3)=DEL/2,
IF(MaGT0.3GO TG 105

DD 511 J=1.4
AB{241+J}=0a

BB{Z2s1leJ)1=0a
CB(2111J)=0-

BB(2+1,1)=1.

GO TO 1C5
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(2R e} OO 0 On o0 OO0

FORM B1,Cl,AM, BN AT BOUNCARIES
105 DO 120 J=1,4%
0N 120 K=l.4%
DUMA(J:KI=AA{l +J+K) ‘
DUMBI{J s K)=B(1yJ4K)
DUMC{J +KI=C (1 5 J4K)
DUMAB(J,K}=AB(1sJ+K)
DUMBB € JsKi=BB(1sJ4K)
120 DUMCBUJ+KY=CB{1yJ,+K)
INVERT=10
MULTIPL =20
SUBTRAC =22
CALL MAIRIX'{INVERT!‘I'?‘HOQDUMA"HDETERMI,-
. -1
DUMA=AL
CALL MATRIX(MULTIPL +49%¢%9 DUMABy 4y DUMA, 4+ DUMA, 4 )
-1
DUMA=ABL * Al
CALL MATRIX(MULTIPL 444%9%¢0UMA+%4+DUMBy4+DUMBr4)
-1 .,
DUMBE=ABY * Al * Bl
CALL MATRIX(SUBTRAC14,4’01DUMBB:410UM3 418174’

-1 .
B1=BBl~ABL*Al *B1 : C :
CALL MATRIX (MULTIPL 24ybo%s DUMAs 42 DUMGy 4y DUMCy4)

-1

'DUHC=ABL*ALl *C] o .
CALL MATRIX(SUBTRAC +4+%4+0+DUMCB; 4y DUMC944+CLle4) "
..1 - £
C1=CB1-ABl1*Al *C1 < ) Cos
DO 121 J=1.4 : :
DO 1217 K=144 .
DUMA(J s KI=AAINSTAT+J4K) : : . )
DUMB [J s K)=B {NSTATsJ ¢+K)} . ‘
DUMC{JyK)=C (NSTATJ+K) ’ -
DUMAB{ J,Ky=AB(2 s JoK)
DUMBB{J,X)=BB(2 2 Je K}
121 DUMCB{J+K)=CBI(2 adeK)
GALL HATRIX(INVERT,4,4,0,Dunc,4,DETERM1)
‘CALL MATRIX{MULTIPL ,4,4,4.DUMCB,4,ounc,4,0umc,4)
CALL MATRIX{MULTIPL s4y4y4%sDUMCs4yDUMA+44DUMAs4)
CALL MATRIX {SUBTRAC 14 44,0, DUMAB, &, DUMA, 4,AN,41
-1



122
300
211

oo OO0 OO0

130

136

137

« 120

AN=ABN-CBN#CN #*AN . K
CALL MATRIX(MULTIPL 9+49%942DUMC+4+DUMBy440UMBs4}

-CALL MATRIX(SUBTRACg4,4101DUMBB:430UMB,4,BN@4!

=1
BN=BBN~CBN*CN *BN
DO 122 J=1.+4
DO 122 K=l44 )
B{ledsKI=BL{JsK)
CllydrKI=CL{JsK)
AAUNSTAT+J s K) =ANCJ,K)
BINSTAT,JsK)=BN{J4K)
TEST M AND ROUTE TO 1ST OR 2ND PERTURBATION EQUATIONS
MT=IFIX(M)
IF (MT-1)210,211,212
GCONTINUE
IF (TEST3.6T.0.)G0 TO 4C7
TRIANGULATICN OF A B AND € MATRICES FOR BUCKLING FQUATIONS

'FIRST PERTURBATION

CALL MATRIX{INVERT+4+4+0,48144+MODRES}

B1=(B1)INV

MODRES=DET(:B1}

CALL MATRIX{MULTIPL +4+%+49BLls4sCLls%sPIMLy4}
=1

P(I-1)=B1l%C1

DO 130 J=1,4

DO 130 K=1.4

P{lsdoKI=PIML{J,K)}

RI{1yJsKI=B(1y JsK}

SCALE=ABS{MODRES?}

MODRES=MODRES/SCALE

DO 135 T=2,NSTAT

‘DO 136 J=1l,4

DO 136 K=1l,4
PIMIC(JKI=P({I=1,J,K])
DUMA(JsKI=AA(L 1JeK)
DUMB(J+K)=B(1,5J4K}

DUMC(JKI=C{T4d,K)

CALL MATRIX{MULTIPL +4y44%,DUMA+4+P IML,4,DUMA+4)
CALL MATRIX{SUBTRAC 141440y DUMBs4+DUMA 4RI +4)
R{I)=8B~A%P {I~-1)

DO 137 J=1,4

DO 137 K=1.4

RL{I+JsK}=RI{J 4K}



138

135

160

171

172

121

CALL MATRIX{INVERT+4+4+0,RL+4,DETRI)

CALL MATRIX{MULTIPL s4:y4+4»RI+44DUMC+44+P1,4)

DO 138 J=1l:+4%

DO 138 K=l+4&

P{I4JKI=PI{J4K)

SCALE=ABSIDETRI)

IF{I.EQ.NSTAT) SCALE=1.

DETRI=DETRI/SCALE

MODRES=MODR ES*DETRI

PRINT 20, MODRES

EIGENVECTBR CALCULATICN

GO 160 J=1,4%

DO 160 K=l,4

DUMA(JsK)=RI{NSTAT, J.K) )
UL(NSTAT)=DUMA(1,+2) #DUMA{ 24 2)=DUMA( 4+4)+DUMA{L1 43 )%DUMA({ 24 4) *DUL
1+2)4DUMA(L 3 4 Y *DUMA({ 2,42} #¥DUMAL 44 31-DUMA( 4, 2) ¥DUMA( 2, 31 %DUMA( L +4)
2MA{ 443 )4DUMA(2 44 )*¥DUMA(L 4 2)-DUMA{ 4+ 4 )*DUMAL 2, 2} *DUMA( L, 3)
VLINSTAT)=DUMA{4,1)%DUMA(2,31*DUMA{1,4)+DUMAL 4, 3)%DUMA( 2, 4) *DUN
151140UMALSG ¢ 4} %0UMAL 2, 21 #DUMAC(L 43 1-DUMA{L+1 }*DUMA(Z2,3)%DUMAL 44 4]
ZMA(L 431 *DUMA{ 204 1 ¥DUMAL 4,1 ) ~DUMA{ 1, 4 1%DUMAL 2, 1 I XDUMA (44 3]
WL{NSTATI=DUMA(1,1)*DUMA(2,2)%DUMA{ 4,4} +DUMATL, 2)%DUMA( 2, &) *DUN
151)+DUMA(L 4 4)%DUMAL 2, 1) *DUMA{ 4+ 21 -DUMA( 4,1 )*DUMA{2,2)*DUMA(1,4]
2MAL 49 2V %DUMAL 2 y4 ) %DUMA( 141 )~DUMA (4,4 )%DUMA{ 2+ 1) #DUMA(L,2)
MLENSTAT)ISDUMA (4,21 %DUMA{ 2, 2 )%¥DUMA{L1+3)+DUMA{ 4, 2)*DUMAL 2, 3) *DUR
1,1) +DUMA(4 s 3)%DUMA{ 2,1 }*DUMA{1,2)-DUMA( 141 )%DUMA(2, 2)%DUMA( 4,3]
2MA(L 4 2)*DUMALZ2 431 EDUMA( 441 )-DUMALL,3)5#DUMA{ 24 LY *DUMA{ &, 2)
Z1ENSTAT.1)=UL (NSTAT}

Z1{NSTAT,21=V1(NSTAT)

ZI{NSTAT+3) =M1 (NSTAT)

ZL(NSTAT+4) =M1({NSTAT}

WMAX=W1(NSTAT} ’

NSI=NSTAT-1

PO 170 II=1,4NS1

I=NSTAT-II

DO 171 J=1l+4

00 171 K=14+4

PD{J+Ki=—P{1s+d.K)

ZIKY=Z1(1+1,4K}

CALL MATRIX(MULTIPL +4y4¢1:PDs49Z+4+2Z04%)

DO 172 K=1l4+4%

Z1(I.K}=ZD{ K}

ZICI)=—PLI)*ZI(I+1}).

ULIT)=21(L,1)



170

23

24
173

30

189

31
181

200
921

122

VI(I)=Z1(1,2)

W1(I)=Z1{I,3)

IF{ABS(WL(I)).GT<WMAX) WMAX=ABS({WI{I))
M1{I)=Z1l1,+4)

PRINT 23

FORMAT(#1% 44X STATION# 3 OXHUL1x, 1 TXEV 1%y LTXFWLH)
PO 173 I=14NSTAT

WL{II=W1(1) ZWMAX

FORMAT(I8,3E20.8)

PRINT 24,0y UL{T),V1(I),WI(I)

NORMALIZE Z VECTOR BY ITS MAGNITUDE

PRINT 30
FORMAT{///4X*STATION®, OX*ULH 9 L TXEV L%, 1T XHFWLIH, 1T X*ML¥)
IMAGZ2=0.

DO 180 I=1,NSTAT

W1{I)=WMAX®WL(T)

IMAG2=UL (T ) 2+ VI(I)#%2+W1{ 1) =L2+ML (1) #%2+IMAG2
ZNORM=SQRT ( ZMAG2}

IF(NORM.GT.0) ZNORM=WMAX/T

DO 181 I=1,NSTAT

UL(T)=UL(I) F/ZNORM

V1(E)=V1{I}/ZNCRM

W1 {I)=W1¢I)/ZNORM

ML{I)=M1{I)/ZNORM

Z10I,11=U1{I} -

Z1{I+2)=V1{])

Z3(I43)=WL{I}

2 {1,4)=ML{ D)

IF{IPRINT.EQ.0) GO TO 181

PRINT 31, I, UL(I), VI(I), WL{I), M1(I)
FORMAT(18+4E20.8) -

CONT.INUE . J

CALCULATE WIXyWIXXeWIXXXWOXXL, WOXXXL
DEL=A/FLOAT(NSTAT-1)

X{11=0

DO 200 1=2,NSTAT

X{1)1=X{I-1}+DEL

PRINY 921 o
FORMAT(/// 74X STATION® s OXFWIK# 9 1 TXRDLX% LTKHEVI K%, 16 XEWL XX* )
DG 201 I=LyNSTAY .
WLIX(T}=DIF{ T+ 14NSTAT»XsH1) .

UIX{1)=DIF{ I+1+NSTAT,X,UL)
VIX(I}=DIF{ I+ L+ NSTAT,X,V1}



"

922
201

923

924
202

2190

225

226

WIXX(T}=KP13(UIX(IY+WOXCII2WIX{TI})/DE1+K1L2H(N.VI(I}/R+HILCTI)/RY/
1+D12%(N/RY%+%2%W1{ 1} /D1I-M1(I)} /D11
WO2L(I)=DIF(I[+1,NSTAT+X+WOXL}

NYOL(I)=(C12%KI11/Cl1-K12)#UWC2L (I)+(C22-C1l2%*%2/C11)*WOL{I}/R~-C1
1cll

IF{IPRINT.EQ.O0) GO TO 201

PRINT 922, I, HIX(I}, U1X{I}y VIX(I), WIXX{I}
FORMAT(I844FE20.8})

CONTINUE

PRINT ©23

FORMAT(/// 74X STATION,; X ENX1H, L 7XKNYI%e LTHRNXY 1%, 1TXENYOL*)
DD 202 [=1,NSTAT

WIBX(I}=DIF(I 1sNSTAT,X,HLXX)

WOSL(I)=DIF(I,1,NSTAT,X,WO2L)

CALCULATE NXI NY1,NXY1

EPSX=ULX{IT)+WOX{T)*WIX(I)

EPSY=N*=VI{I)/R+WI{I} /R

EPSXY==N*UL{I) /R+VIX{TI}=HOX(I)=N=WL1(I)/R
NXL(T}=Cl1*EPSX+C1Z2FEPSY-K11#WIXX({I J+(N/R)*¥2%WI(T)%HK12
NYL{T}=Cl2*EPSX+C22%EPSY-KL12%WIXX{TI Y+ {N/R)*E2EHL(I)*K22
NXYL(I)}=COHOEEPSXY+2 . ¥KE6ENFWIX(I) /R

IF{IPRINT.EQ.O0) GO TO 2CG2 .

PRINT "924y I, NXL{I)y NYL(I)sy NXYL(I) +NYDL{I)}
FORMAT(18,4E20.8)

CONTINUE

M=0.

GO TO 250

CONTINUE

SECOND PERTURBATION TO OBTAIN U20:V20+W20

DO 226 I=14NSTAT .
DCE))==CLlisWIX(T PEWIXX{T)#DELE#2/2 =~ (DEL#N/RY#%2ECL12%W1I( T} FUHIY
1/2.

D{lI,2)=0C.

DLZ2=DEL%%2

E1=DL2#KI1k (WEXX(I)*%k2 +WIX(I}*W13X(T))/2.

E2=DL2 *{N/R}F®2%(K12/2. V*WI(I)EW1XX(I) .

E3=DL 2% (KL2%{N/RY*%2/2.+ (CLLEWOXX(L)-CL2/ RV G PEUL X (T ) %2
E4=DL2%(N/R)¥%2 /L4 % (CL2%WOXX{I)-C22/R I %WL (T %2

ES=DL2HNXL (L) *WIXX{I)/2.~N/RENXYL(I)FWIX(I)=DL2~-({N/R)®x*2%DL2/2.,
11{IV*Wi{I)

D{I43)=E1+E2+E3+E4+ED

D(Is4)=0.

G0 TG (220, 221, 221).8BC
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220

700

701

702

FORM D1 AND DN AT BOUNDARIES
DB{1y==DEL*4¥2%C112WIX (1 }x%2/4.

bB(2)=0.

DB(3}=C.

DB{4)=—DEL**2+K11*W1X (1} *%*2/4,

DO 700 J=1,4

DO 700 K=1,4

DUMA(J+KI=AA(L +J+K)

DUMC(J+K)=C {NSTAT +d K]

DUMAB{J:Ki=AB(14+d4K)

DUMCB(JsK)=CB{2+J.K)

CALL MATRIXAINVERT 3141440, DUMA+4,DETERMY)

CALL MATRIX{INVERTy%44+0+DUMCy4,DETERMI)

CALL MATRIX(MULTIPL +4+4+4+DUMAB+4+DUMAS4,DUMAL &)
CALL MATRIX{MULTIPL +4+4+4+sDUMCB,4+DUMCy44DUMCy4)
DO 701 J=1:4

DUMD(J)1=D{1 44}

CALL MATRIX(MULTIPL +4+4+19DUNA+4+DUMD,4,DUMD 4 )
'CALL MATRIX{SUBTRAC +44+14+0,DB44+4DUMD,4,DUMD,4)
DO 702, =134

D(1.,4)=DUMDI(J)

DB(1)=04

DB{2)=0.

DB(3)=0.

fDB{4l=1DEL**2*K}$*HYX(NSTAT]**Z/#.

703

704
221
223

227

212

235

DO 703 J=1.4 i

DUMDI{JI=D(NSTAT,J) " -

'CALL MATRIX (MULTIPL y444414DUMC+4sDUMEs4,DUMD4)
CALE MATRIX (SUBTRAC 3431 +0,0B4y4+4DUMD34.4DUMD, %)
DG 704 J=144-
D{NSTAT ., J¥=DUMOL J)
GO ¥O 227

DO 223 J=1,4
DLLsd)=0,
P(NSTAT1J1=0-
CALCULATE Z20 BY GAUSSIAN ELIMINATION

v

CALL POTTER (AAsB4+CsDsNSTAT+4,SMAT,DMAT,PP,QQ,220, £1,44)

M=2.

60 T0.250

DL2=DEL*%2.

SECOND PERTURBATION TO OBTAIN U22,V22,W22
DO 236 I=1,NSTAT

12k

DLy 1)==DL2%CII*WIX (T }*WIXXAT) /2. 4DL 2% (N/R)%¥¥2% (CL2/2 4066 P FHIC



236
230

800

801

802

803

804

125

TWIX(I)
E1=DL2EN/{2 FR)YF(CL2+COHH6 IEWI X[ ) ¥%2
E2=—DL2/2. ¥(N/R)&FEIHC22EHIL{ 1) %2
E3=DLZH*N/{2 « R IFCEEE{WIXA{ T IHWI(T]))
D{I+2)Y=E1+E2+E3
E4=K11/2%{WIXX(T )222+WIX(TI)EW13X(T))
ES={N/RIFX2HF(K12/2+2.,FKO6OGIFHWI( T IHWLIXXII)
E6=({{CI1¥WOXX{ I1—C12/R) 4.~ {N/R}I¥H2% [ 3, %K12/2,. +2.%¥KE6) I &W1IX(T) *
E7={{N/RYE*4GFK22H+IN/R)IF*2/4 ¥ [C22/R-CI2FHOXX (I} ) ) HWL(T}%%2
E8=NXL{I JEWIXX(I) /24 +N/RENXYL{T WL X (I )=(N/RYF*2/2,#NYI(I)*H1(]
D{Il+3)=DL2*{E4-ES+EL+ET+EB}
D(Ls4)=0.
GO TO (2320+231+231),.BC
DB{1)=~DEL#*¥2%CLlI*xWIK{1I**¥2/4,
DB{21=C.
DR(2)=C.
DB{4 ) =-DEL# %2 %K1l IX( 1) ¥%2 f4,
DO 800 J=1.,4%
DO 800 K=1,4%
DUMA(JsKI=AA(L +J4K])
DIMCA,KI=C(NSTAT J+K)
DUMAB(J+KY=AB(14d+K)
DUMCB(J+K}I=CB( 254K}
CALL MATRIXCINVERT y44+4%+04,DUMA,4,DETERMI}
CALL MATRIX{INVERT y44%4+0Q4DUMCy4,DETERMI)
CALL MATRIX({MULTIPL y&4%+4+DUMABy4+DUMA, 4y DUMA4)
CALL MﬂTRIX(MULTIPL14'494,DUMCB:410QMC;4,DUMC’4’
DO 801 J=1,4
DUMD{(J}=D{1,J}
CALL MATRIX{MULTIPL +4+4+]14DUMA+44DUMD 44+ DUMD +4)
CALL MATRIX({SUBTRAC +441+0+DBs4+DUMD+4+DUMD, 4}
DO 8C2 J=1:4 :
D{1yJ¥=0UMDLS)
DB(1l)=—DEL**2HCL1IHWIX(NSTATI*%2/4,
bD8(2}=0.
DB{3)=¢C.
DBE{4)==-DEL %2 ¥ K11 FWIX{NSTAT ) #%2/ 4,
DO 803 J=l+4
DUMD{ J}=D(NSTAT+J)
CALL MATRIXSMULTIPL 369441 4DUMCy4, DUMD+4,DUMD 4}
CALL: MATRIX(SUBTRAC %31 +04DB+44DUMD+4+DUMDy4)
DO "B04& J=1.4
DINSTAT,JJ}=0UMD(J)



231
232
237

25

249

26

899
500

251

GO0 10O 237

DO 232 J=1.4

D{1l,3)=0.

DINSTAT»J}=0.

CALCULATE Z22 BY GAUSSIAN ELIMINATION

CALE POTTER (AA+B,sC+DsNSTAT4,SMAT, DMAT,PP,Q0Q,Z22, 51,4}
CALCULATE W20X JW20X X s W20XXNsW22Xy W22X X W22XXX

PRINT 25

FORMAT (A/7%L 4 4 XESTATION®GX*FUZ0* 3 L1 TXFV20%, 1 TXHW20%, 1 TXEM20%}
DO 249 I=1,NSTAT

U20{I)1=220{(1,1)

V20(I1=720{1,2)

HW20(TI)=Z2G( 1,+3)

M20(1)=Z220( 1,4} - ,

IF(IPRINT.EQ.O0) GO TO 249

PRINT 31,1, U20(I9y V20(T1), W20(I)s M20(I)

CONTINUE .

PRINT 26 .

FORMATL//*L ¥y 4 X¥STATION® OXHY22% 5 LTXFYZ22% 3 1 TXHW22% 4, 1T XEM22% )
DO 899 I=1,NSTAT

U22(1Y=722{1i+1)}

V22{T1=722(1.2}

W22(11=222(1+3)

M22(13=222(]1+4)

IF(IPRINT.EQ.Q) GO TO 8¢9 )

PRINT 31,1+ U22{I}s V22{I), W22{(1)y M22(I}

CONTINUE

PRINT 500

FORMATE/// /46X STATIONZ s OXSH20 X%y T TXHW220 Ry LTXHW20 XX, L7 XEW22XX*
DO 251 I=1+NSTAT

W20X(I)=DIF(I414NSTAT.X,H20)

U20X{I)=DIF({I+1,NSTAT+X,U20)

W22X{ I )=DIF{I,1sNSTAT,X,HWH22)

U22X{I)Y=DIF(I,+1,NSTAT.X,U22)

V22X(1)=DIF(I41sNSTAT+X,V22}

W2OXX (I ¥=K1 1% (U20X{ T Y+WOX (I IFW20X(1)) /DI1+K12%W20{T) /(R*D11)-M2
1y/D11
W22XX{T)=K11x(U22X{ I Y+WOXT DI RN2Z2X{ D) /D11 +K12%{ 2. *N*V22 (1} /R+W2
1}/RY/DII4DL 2% 2. #N/RY*:22W22{1) /D11 -M22(1) /D11
IF(IPRINT.EQ.O0) GO TO 251

PRINT 924, I, W20X{I},y WZ22XEI), HWH20XX(I), HWZ22XX(I1)

CONT INUE

CALCULATE NX20+NY204NX22,NY22,NXY22

*
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501

502
302

PRINT 501

FORMAT (/7 /-4 XESTATION® y I XENX20% 4 1 5XENYZ20% 3 15X NX22% 9 1 SXENY22%,
L15X&#NXY22%)

DO 302.1=1,NSTAT

WZOXXXLT)=DIF{I41,NSTAT X, WZ0XX)
W22XXX(I)=DIF{ 142 NSTAT,X,sH22XX)

EPSX=UZ0X{ 1 )+HOX{ 1) +W20X (1)

EPSY=W2Q1T } /R

NX20( I1=ClL*EPSX+C12*%EPSY-KI1&WZ0XX{I)
NY20.0I}=CL2*EPSX+C22%EPSY-K12%+W20XX (I}
EPSX=U22X{ I 1+WOX{T)*W22X(I)

EPSY=2.%NxV22{I1}/R+W22{I)/R
EPSXY==2.%N*¥U22{ 1} /R4V22X( T }-HOX{ T} #2 AN®W22{ 11 /R

NXZ2Z {1} =ClI*EPSX+CI2*EPSY-KI1#W22XX (I} +{ 2., #N/R) %% 2%W22( 1) *K12
NYZ22{L)=Cl2*EPSX+C22%EPSY-K12¥W22XX{ 11+ (2. #N/R) #%2XW22 (1) *K22
NXY22 (T }=COE6FEPSXY+2.¥KE66%2 s N*H22X (T} /R

IF{TPRINT.EQ.D) GO TO 302

PRINT 502y Is» NX20(I}s NY20(I}aNX22(I)eNY22(I¥,NXYZ22(I)
FORMAT{1I8,5E20.8}

CONTINUE

CALCULATION OF SENSITIVITY INDEX BY PRESENT THEORY

DO 400 T=1,NSTAT
OP3(I+1)1=-CLll*(WIXX{I)HWOXL(I)+WIX{IIHWO2L{ 1))+ (N/RY=X2EWOXL(T)
IWIEI)*C66
DP3{T42)=N/RECEESXHDZL (T VHENI () +N/RF(CHEH+CL2)EWOXL (T IFWIX(T )
DP3{I+3)=~WIXX(II+NXL{TIHHO2L (L }~{N/R)**2ENYOLLI)%WL(T)
L+CILRWOXKOT Y *WOXLIT 1 5WLIX (1) =CL2/R¥WOXL( TIHW1XET)
2HKILI* (WOXL ( IV #WIBXT T 142 #WO2L ( LI#WLIXX (T 1 +WOBL( I)*W1X(I))
32 % (N/RI*¥* 2K EEFWOZL (E YW (T }=( N/R }%2% (2. %K66+K12 ) =WOXLA{I)
4EWIX(T)

DP3{1+4)=0.
EP3(I,y1)=—Cli#{WIXX(IIR{W20X{I}+a5%UZ2X(I)IEWIXITIH{W20XX{I)+,.5
IW22XXL L)) )+ (N/R)*%2%C12% (WIX( T)#W22 (T ) +WL (I ) %H22X (1))
ZFHIN/RIFH2HCOH6F (B FWIX(I I XW22{ I 1 +1 SHWL( I ) *W22X( L) +HI1 (T} FH20X( 1)
EP3{I+2)= N/R*(CL24CE6)*(WIX(TIHE(H20X(I)+.5%W22X(I)})
1T+N/RFZCOGF(WIXX (T EW22TT I +HI (T I (W20 XX{ T I —-o5%W22XX(1})}
24 (N/RYFEIHC22HUI( T 2UZ22( 1) -

AK1= KI1#(WI3X (I)%{W20X(I)+ 5%W22X{ T 1) +HIXX(I}*{2.FW20XX(I)
I+W22XX(IFI#HIX LT 2 (H20XXX{T )+ 5%H22 XXXLI 1))

AKZ==EN/R) *#2%KI2F{WIXX(T) =W22{ T +W1X (1) (H20X(T)+13./2 FW22X(]
IHWL LT VW22 XX(T V)49 F (N/R)Hk3HK22%WL( T ) XW22( T}
AK3=={N/R)FH2HKEEH[ 6 RWIXK (T ) HWZ2(T V+WIX(IV (2. 5W20X( I ) +9.FH22X
1)
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128

2HHL{TI ) #{ 2. W20XX{ 1) +3.2W22XX(1I} )
AK4= WOXXII )% (CLI=WIX{I)*x(W2CX{I)+.5%H22X(1))
L{N/RY&H2EC 126WI{ T} xW22(T))
AKS=1, /RE[C22% {N/R) FF2W L (I 1XW22 (1) =CLl2%WIX{I)*#(W20X( I ) +.5%W422X
21})
AKO6= WIXX({I)#{3./8,%CLLENIX{I)**2+L o/ 84F{N/R}FH2%CL2HWI (T Joleske2}
AKT=—(N/R)#%2%WI{ T} (3. /8. %CLI2¥WI X[ T b#%241 o /B & {N/R}#F2FC22% WL (
1%2}
AKB= LS5%(N/R}*¥2%CHEFWIX(T}+*2%WI(]]}
AK9= NXL{T)={WZ20XX[I)+.5%W22XX(1) )+ (NX20{ 1)+ 5%NX22(1) ) +WiXX
AKLIC==(N/R} #2232 4 =NYL{ I)2W22( E3+WL (1) ={NY20( 1) +.5%NY22(I}))}
AK1l= (N/R) #(2HNXYL{II*W22XITII+NXY22(I)*WLX{1})
EP3(T+31=AK 1+AK2+AK3+AKA+AKS+AK 6+ AK T+AKBHAKSG+AK10+AKLL
400 EP3(1.41=0.
PO 41G J=l+4%
DPB3(1,J)=0.
EPB3(1,J1=0.
DPB3{2+J)=0.
410 EPB3{2,41=0.
GO TO{401,402,403},8BC

401 DOPB3{1,1)==CLl1#*W1IX(1)*WOXL()

DPB3{1l+4)=—K1l1¥WIX{1)*WOXL(LY¥
DPB2(2+1)==ClI1%WIXINSTATI=WCXL{NSTAT}
DPB3(2+4)=—KII#*WIX{NSTAT)I=WOXL{NSTAT)
EPB3{1+1)==CLl1%WIX(1I=(W20X{1 )+ 5%W22X{1})
EPB3{T+4)=-KI1#*WIX( 1R {W20X{11+,5%H22X{1))
EPB3({2,1)=~Cll*WIXINSTATI®{WZOX (NSTAT)+.5*H22X{NSTAT))
EPB3(2,4) ==Kl EWIX{ NSTATIH{ W20X {NSTAT)+.5%W22X{NSTAT)}
GO 70 402 . E—

403 DPB3{1411=—Cli*WIX{1)2WOXL({1)
EPB3{1,1)=~Cll1%®WIX(1 )1 %(W20X(1)+.5%H22X(1)}
DPB3({2+1)=—ClIl*WIX{ NSTAT IWOXL (NSTAT)
EPB3(Z2+11==Cl1*WIXINSTATY=(W20XINSTAT . 5*¥W22X{NSTAT} )

GO TO 402

402 CONTINUE
TEST3=1.

M=1.
G0 TOo 250

407 CONTINUE
00 480 J=l,4%

DO 480 K=l,4
DUMALJSKI=AA(] +J4K}
DUMCL{J+K)=CINSTATJ K}



480

481

483

484

485

486

487

488

489

420

DUMAB{J+KI=AB({ 14J+K}

DUMCB{J+K)=CB(2,JsK]}

CALL MATRIX (INVERT4+43440,0UMA+4,DETERMI}

CALL MATRIX{INVERT4+4+0+DUMC,»4+DETERMI}

CALL NATRIX(MULT;PLg4:41410UMABq410UMA14gDUMA’4}
CALL MATRIX(MULTIPL 14+%3s%+DUNCBs4+DUMC+4+DUMC4)
DO 481 J=l.:4

DUMD( J)=DP3{1,J)

DB(J)=DPB3{1.,d)

CALL MATRIX (MULTIPL 94 944+1+0UMA,4+s0UMD»44DUMD,4)
CALL MATRIX{SUBTRAC 1441 +409DBy %y DUMDy 4, DUMDy &)

DO 483 J=l.4

DP3(1,J)1=0UMD( J)

DD 484 J=l+4

DUMD( JY=EP3(1,J)}

DB{J)Y=EPB3{1l+J)} .

CALL MATRIX{MULTIPL y4+4+1sDUMA+4&yDUMDy4&4DUMD+4&)
CAEL MATRIX(SUBTRAC 411 +0:0Bs4+DUMD, 4, DUMD, 4}

DG 485 J=1+4

EP3{1,4¥=DUMD(J)

DO 486 J=1:14

DUMD(J)}=DP3{NSTAT+J}

DB{J)=DPB3{(2+J)

CALL MATRIX{MULTIPL y%4+4y1+DUMCy4+DUMDs4%4DUMD, 4}
CALL MATRIX{SUBTRAC 3441 +0308+4+DUMD,44DUMD4)

DD 487 J=l+4
DP3(NSTAT,J )=DUMD(J)}
DO 488 J=l+4

DUMD{ J)=EP3 (NSTAT »J}
DB(J)=EPB3{2+J}
CALL MATRIX(MULTIPL 949441 40UMCs4sDUMCy4sDUMD 41}
CALL MATRIX{SUBTRAC y4+1+0y0B»4yDUMD,4,DUMD+4)
D0 489 J=l+4

EP3{NSTAT,: JI=DUMD(J)

DO 420 J=1.+NSTAT

00 420 K=l.+4

I=K+4%{J=1)

ZIVITI=Z10J4KY

CUMDE{I}=EP3(J K}

CONTINUE

XTE=(.

XTD=D.

NVAR=4*NSTAT
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DO 425 I=l4+NVAR

425 XTE=Z1IV(I)*DUMDE(]I) +XTE
DO 430 J=1sNSTAT
DO 430 K=1.,4
I=K+4%¥(J-1}
DUMDE(I}=DP3(J.+K)

430 CONTINUE
DO 435 I=1,NVAR

435 XTD=Z1V(I}#*DUMDE(I)+XTD
DO 460 I=1,NSTAT

460 FOFX{IY=UL{ TH%%2+VI{I)a¥2+WL(T)¥*2

CALL SIMPIDEL sNSTAT,FOFXsAREA)
637 FORMAT (2X*AREA{ Uly V1, w1l}=*El6.8)
PRINT 637, AREA
638 FORMAT(/2X*XTE=*E16.8)
PRINT 638y °'XTE
639 FORMAT(/2X*XTD=%E16.8)
PRINT 639, XTD
BCARD=—2.¥T#*%#2*xAEXTE/A(NXB*XTC®AREA)
PRINT 635, BCARD
. 635 FORMAT(2X*SENSITIVITY INDEX BY PRESENT THEODRY B=*1E20.8)
CALCULATION OF SENSITIVITY INDEX BY BUDIANSKY THEORY
DO 470 I=1+NSTAT
470 FOFX{I)= WIX{I}E2%{NX20(T}+ SHNX22(I})+(NARXWL(T ] I3*2x{NYZ2Q(T)
1~ SENYZ22{T} ) ~(N/RIENXYZ2{TI*HIX( [ )=HILT)
243 /BHCLLEWEX (T )k hd] o f4 R (NFRYFR2HCL2HWIX (T ) Z2H W] (T) dx2
343, /8 IN/RVFHRGRC22EWI{ T 254+ 5F{N/RVEXZHCEO® (WIX{ T IFWL (L)) **2
CALL SIMP(DEL,NSTAT.,FOFXsAREAL) ’
PRINT &40, AREA]
640 FORMAT(2X*AREA1=%E16.8)
DO 471 I=14NSTAT
471 FOEX{ D)= NXLOI}:WIXTT)*{W20X{I)+.5%W22X{1I})
T+H(N/RY#H2ENYI(T)*WI{T)=W22( 1)
2-N/RENKYLLI }EWIXC D) =W22( T)—N/RENXYL (LI =W1 (1) = {W20X{ I )=, 5%W22X (1
‘CALL SIMP(DEL,NSTAT,FOFX,AREAZ)}
PRINT 641, AREA2
&41 FORMAT{2X*AREA2=*El6.8}
DO 472 I=1,NSTAT
472 FOFX{ T1=—W] X{ L1424+ (N/AR Pk 2NYOL{ T *¥W1 (1) ¥%2
T+HOXL (V{2 =NXTCT Y HWIX (I )24 N/ RENXYLL T *WI{ 1))
CALL SIMP(DEL.NSTAT,FOFX,AREA3}
PRINT 642, AREAZ
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642 FORMAT({2X*AREA3=%El6,8)
BBUD=-(AREA1+2.%AREA2) F{NXB*AREA3)
PRINT 6364 BBUD
636 FORMAT({/2X*SENSITIVITY INDEX BY BUDIANSKY THEGRY B=%1E20.8}
60 TO 1000
END



PROGRAM LENGTH INCLUDING I/0
045532 -

FUNCTION ASSIGNMENTS

STATEMENT ASSIGNMENTS

1 000632 2 -
5 ~ 00l22¢ 6 -
Ii - 007356 12 -
5 - 007401 16 -
19 = 007423 20 -
23 - 007475 24 -
30 - 007506 31 -
55 - 001457 80 -
102 - 002322 103 -
138 - ©03253 160 -
181 - 003633 20C -
210 - 004107 211 -
221 - 064467 225 -
231 - 005137 235 -
250 ~ Q01464 251 -
401 - 006216 402 -
425 -~ 006647 435 -
485 - 066500 487 -
501 - 007601 502 -
£37 - 007627 638 -
641 - 007654 642 -
763 -~ 004424 704 -
803 - 005074 804 -
922 - 067526 223 -
16CO - 000003

BLOCK NAMES AND LENGTHS

VARIABLE ASSIGNMENTS
A - 041304 AA -~

AK1G - 041455 AK11 -
AK& -~ 041447 AKS -
AK8 - 041453 AKS -
AR - Q41314 AREA -
AREA3Z - 041464 AS -

BUFFERS

001027
001223
007365
007404
007426
007593
007514
Q00267
002364
003312
003644
003052
004107
004521
005402
006276
006674
006545
007612
007634
007657
004460
005130
007531

011401
041456
041450
041454
041460
041321

AB
AK2Z
AK6
Afl
AREAL

[ T O B B

11

[ T T T I

[ I B |

|

0c1207
001232
cor370
007407
0067432
007554
800341
9C1554
002507
003515
0C3T64
0C4517
004500
005150
003045
0C6255
0ceTG2
006612
007642
007637
0C4350
0C5015
065255
007540

017161
041445
041451
017521
041462
013321

AK1
AK3
AK7
ANS
AREA2
BB

[ I I B |

132

001451
007334
007378
007412
007435
Q07563
060272
002163
003213
003474
004103
DG4237
004704
005220
005553
006301
006434
807572
207662
007651
004404
005051
007517
007451

041444
041446
041452
041342
041463
017221



BBUD
BETAL
‘BiLL
866
cS
€11

D
DELBAR
DLZ2
DUMA
DUMC
D11
EPB3
EP3
EY

E#%

E8
F1L

G
GS5J4S
G1liL
G21
INVERT
d

K22
LAM1Z
LAM16
LAMZ23
LAM31
LAM3S
LAM&3
M

M1
NEND
NUX
NXY1
NX22
NY22
PIML
R

RG2
R1
SHCH

[

[ | '

1

[ I B |

1

041465
041352
041406
011163
041357
941327
025741

041305

041432
017321
017361
041335
041226
037177
010627
041436
041443
041375
041371
041323
041407
041370
041414
041377
041242
041251
041267
041256
041272
041275
041263
041247
023770
041412
010653
025644
036122
036217
023421
041303
Q41344
021501
041360

B8C
BN
B11
c
CXCX
€l2

‘DB

DETERMI
DMAT
DUMAB

DUMCB

IPRINT
K

K&é
LAM13
LAM1T
LAM24
LAM32
LAM36
LAMa4
MODRES
M20
NORM
NDY
NXY22
NYOL
p

PP
RGB
RG3

S
SMAT

| I T T T O T S I N |

{

LI I R O I I I D I A B B |

i

041245
017541

- 010773

015241
041402
C41330
036411
041440
030245
017401
017441
041336
041427
041313
¢41433
041437
040533
441405
041351
010723
041367
010747
041312
041413
041243
041252
041253
041257
041260
C41276
041277
041300
034374
041311
210677
036314
011207
017561
030631
041346

T 041345

011067
026325

BCARD:
BS
Bl2
cB
CXsSX
czz
DBAR

11111t

DETERM1~

DpPB3
QUMB
DUMD

i

[N I |

LI T T S S A T I A I I B I

1

041461
041324
011017
017261
041404
041331
041364
041416
041216
017341
036415
041337
041431
041320
041434
041441
041374
041373
041353
041362
641363
041341
041236
641240
041325
041265
041254
041270
041273
041261
041264
41417
034760
041310
041457
025452
025547
024455
041354
041347
Q23441
041355
C41361
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041350
017461
011043
041356
017501
041332
941411
041421
036613
017421
037563
241340
041430
010603
041435
041442
041372
041376
041316
041365
041366
041424
041237
041241
041250
041266
041255
041271
041274
041262 -
041307
041415
041306
041423
041244
035730
036025
023461
032551
041343
041317
041420
011113



SSS - 011137
SXSX =~ 041401
TEST3 -~ 041326
u2¢ - 034105
vl -~ 023576
V22X = 035344
WOX - 010314
NO3L - 025355
W13X - 025260
W20XXX - 036421
W22XXX = 036516
XTE - 040630
INORM - 041426
21SQ - 024475
122 -~ 033521

START OF CONSTANTS
007326

START OF TEMPORARIES
007671

START OF INDIRECTS
010053

UNUSED COMPILER SPAC
003400

ST
S1

TRANSPO-

uzox
V1X
WMAX
HOXL
Wl
W20
W2z
X

z

IR
Z1T

E

-—

LI I |

[ I T I N §

1

041246
041333
041302
035152
024674
041422
C10505
023673
034277
034663
024502
024451
041315
040147

SUBTRAC-

52
Ul
uz2
V20
WO
HOXX
W1X
W20X
W22X
XB
70
zs
71V

-

—

1 % 51

t

041301
041334
023501
034471
034202
010217
010411
024771
035055
0325441
€41400
024476
Q41322
040632

SXCX

Ulx
uzz2x
va2z
WoL
WozaL
W1 XX
W20XX
W22XX
XTD
IMAG2

29

1

[

13h4

041403
041410
024577
035247
034566
011304
Q25163
0925066
035536
035633
040631
041425
024065
033135



0060056
000006
60c007
000010
000015

Q00016

SUBROUTINE SUM (I.L+X:YsANS)
DIMENSION X(L), Y(L)

ANS=C.

DO 1 J=I.L

ANS=ANS+XT J-}*Y (J)

RETURN

END
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SUBPROGRAM LENGTH
0000246

FUNCTION ASSIGNMENTS

STATEMENT ASSIGNMENTS
1 - 060010

BLOCK NAMES AND LENGTHS

YARTABLE ASSIGNMENTS
J - 0GDO25

START OF CONSTANTS
000020

START OF TEMPORARIES
00c021

START OF INDIRECTS
0Qo023

UNUSED COMPILER SPACE
033100

136



000008
0g00Cs
006010
C00011
gooeiz
000023
000030
000030

480

SUBROUTINE SIMP (DEL,NSTAT,FCFX,AREA)
DIMENSICN FOFX (NSTAT)

MS=(NSTAT-11)/2

TOT=0.

DO 480 K=1,MS
TOT=TOT+4. *FOF X{2%K ) +2. ¥*FOFX{2%K+1}
AREA=DEL/3.*{FCFX(1}+TOT-FOFX(2%MS+1))
RETURN

END
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SUBPROGRAM. .LENGTH
000051

FUNCTIGN ASSIGNMENTS

STATEMENT ASSIGNMENTS
480 - 000013

BLOCK NAMES AND LENGTHS

VARIABLE ASS.IGNMENTS
K ~ 000050 MS -~  G00046 70T

START OF 'CONSTANTS
¢Goo32

START OF TEMPORARIES
00036

START OF INDIRECTS
C00C42

UNUSED COMPILER SPACE
0331C0

DC004T
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&

$INPUT
R

A
DELBAR
8¢

‘NXB

EX
EY
NUX
NUY

GXY

LAYER
ST
NSTAT
.NORM
IPRINT

SEND

139

0.1E+024

0. 7€+01,

0.5E~01,

1,

0.43T4E+04,

T

0.1055+08, 0.203E+GTs Iy Iy Iy -Iy Iy Iy Ty Iy J9 Iy Iy Iy Is Is I+ Is Is I
0.105E+08y 0.3025E+08y Iy I4 Iy I Iy Ty Ty Iy Iy Tg Iy Ty Iy By Iy Is Iy I,
0.3E+00, 6.23E-011 Iy Is 1s Ie Iy Is Ts Iy 14 19 I4 Iy Iy Iy 14 1, }s Iy
0.3E+00, O0.346E+00, Iy I, Iy 14 Iy 19 Iy Iy Iy 3¢ Iy Is Iy Iy Iy I Is I
0.4038E407,; 0.5249E+06, I, 1y Iy 14 Ty Iy Iy Ie Ie Is I, I, I, I: Iy Iy 14 1,y
0.5E~0ly G.5E=-01y I, 1s 1y 1, I4 I, Iy Iy 14 E7 09 Iy Iy I+ I, Iy Is I

21

Qs

N
© 61y

1,
1,

IMPERFECTION SENSITIVITY OF .AXIALLY COMPRESSED CYLINDER
CARD-SYKES A2338 RDF367 OCTOBER,.1968)

LAYER
1
2

EX ’ EY NUX NUY GXY H

1.050E+07 1.050E+07 3.000E-01 3.000E-01 4.038E+06 S.000E~C2
2.030E+406 3.025E+07 2.300E-02 3.46CE-01 5.249E+05 5.000E-02

L]

11 ' 12 22 66



B 1
B 2
C
D
K

BETA=

1.15384615E+07
2.04628433E+06
6.T79237293E+05
5.66031078E+02
—1.18652215E+04

8.64861327E~01

3.46153846E+06
T+08014378E+05
2.08477642E+05
1.73731368E+02

~3.44190510E+03

GAMA= 2,60541762E+00

1.15384615E+07
30492 E6CHE+OT
2.10155611E+06
1.75129676E+03
2.36927488E+04

Fi= —-3.73726721E-03

4.03800000E+06
5. 2490C000E+05
242B145000E+05
1.90120833E+02
=4.39137500E+03

F2= ~5,06316344E-04

. OHT



STATION

WO
2. 7T7585T56E-17

-9.4347T662E~03

=1.56591006E~02
~1.86B74509E-02
-1.88273106E~02
~1.65973320E-02
-1.26408642E-02
»Te64363528E-03

~-2.26240539E-03

2.93082541E~03
7.48675307E-03
1.10984861E-02
1.36046C71E-02
1.49781298E~02
1.53049163E-02
1.47553472E-02
1.3553G000E-02
1.19437024E-02
1.01677135E-02
B.43704093E-03
6.91911945E-03
5.72732590E-03
4.918147556-03
4. 49429144E-03
4.41263876E-03
4.59571219E~03
4.94522392E-03
5.35628760E-03
5.73098460E-03
5.99014918E-03
5.08245709E=03
5.99014918E~03
5.73098460E-03
5.35628760E-03
4,94522392E-03
4,59571219E-03
4.41263876E-03
4.49429144E-03
4.91814755E-03
5.727225906-03
6,591911945€~03
B443704093E-03
1.01677135E~02
1.19437024E-02
1.35530000€~02
1.47553472E6-02
1.53049163E~02
1.49781298E~02
1.36046071E-02

WaXx
~9.3920€292E~02
-6.73307433E~02
~3.94024296E-02
-1.29633109E~02

9.81224581E-03
2.74845851E-02
3.93502793E-02
4.53TC2557E-C2
44 60568413E-02
4.23253691E~02
3.5337404GE-02
24 63490£&35E-02
1.65776227E~C2
7.09526524E~03
-1.24526635E~03
—T.852C4416E~03
~1.24044245E-02

-1.48370413E-02,

~1.530327356~02
-1.412485556-02
-1.17342985E~02
~8.61621869E~03
-5,25270695E=03
~2.07666385E~03
5.64257145E8-04
2.4316T610E~03
3.408154496-03
3.49706533E-03
2.8119G6581E-03
1.556769316-03
0.
~1.55676921E-03
-2.8119C581E-03
-3 . 49T7C&6533E-03
-3.,40815449E-03
~2.43167610E~03
~5,64257145E~04
2.07666385E-03
5.,252706956-03
8.61621869E-03
1.1734268$E~02
1.41248559E-02
1.530327356-02
1.483T70413E-02
1.24044245E-02
7.85204416E-03
1.24526635E~03
~T7.09526524E-03
~1+65T76227E-02

WOX X
~2+412972811E-01
2.38094963E~01
2.36612173E-01
2.13512103E-01
1. 74870363E-01
1.27094306E-01
7.62737380E~02
2.76784827E-02

-1.45780364€6-02

-4.7708746TE~02

-7.02712393E-02

~8.20603689E-02

~8.39077159E-02

-7 74229136E~02

—6.47106142E~02

-4.80927827E-02

-2.98600010E-02

=1.20684495E-02
3.607924356-03
1.59671612E-02
2.43136233E-02
2+84437569E-02
2.85928363E-02
2.53535307E-02
1.95772032E-02
1.22679684E-02
404780421 26-03

~2.78888593E-03
~8.66133500E-03
~1.24674719E-02

—1.37842948F02
~1.24674719E-02
~8.66133500E-03
~2.78888593E-03
4.4780421 2E-03
1.22679684E-02
1.957720326-02
2.53535307E~02
2.85928363E-02
2.84437569E-02
2.43136233E6-02
1.59671612E~02
3,60792435E~03

-1.206844 96E-02

-2.98600010E-02

~4.80927827E-02

~6.47106142E-02
=T, T4229136E-02

-8.39677159E-02

WOXL
-6.38340345E-05
-5,45861168E-05
~3.96694748E-05
-2.15387267E~05
~2,70999409E-06
1.45444992E-05
2.84273546E-05
3.77581480E-05
4,20246368E-05
4,13511954E=05

3:64003894E~05 -

2.82283635E~05
1.81165075E~05
7.40099734E-06
-2.68118246E-06
~1,11155839E-05
~1.71940708E~0Q5
~2.05554152E-05
-2.11839876E~05
<1,93718532E~05
-1.56525128E-05
~1.07162548E-05
~5.31763699E-06
~1.85131595E-07
4,0583469TE-06
6.95722096E~06
8.26277345E-06
7.94822892E-06
6.19950036E-06
3.38379209E~06
0.
-3.38379209E-06
-6,19950036E-06
-7.94822892E-06
-8.26277345E6-06
~6.95722096E-06
-4,05834697E~06
1.85131595E~07
5,31763699E-06
1.07162548E-05
1.56525]28E-05
1.93718532E-05
2.11839876E-05
2.05554152E-05
1.71940708E-05
1.11155839E~05
2.68118246E-06
~7.40999734E~06
~1.81165075E~05

WOL
—2.16840434E~19
—6.97393851E~06
=1.251577T47E~05
-1.61050842E-05
-1.751446617E-05
-1.67992660E-05

~1.42528785E-05

~1.G3441204E-05
~5,64042483E~06
-7.31185017E-07
3.84133164E-06
7.63667T27E-06
1.63524436E~05
1.18405203E-05
1.21042672E-05
1.12793952E-05
9.60270610E-06
7.37356574E-06
4,91312030E~06
2.52586750E=06
4467394 T90E-07
-1,07897797E-06
~2.01511955E~06
~2.33024837E-06

-2.09311060E-06

~1.43586290E~C6
=5.320613051E-07
4.28834628E-07
1,26656202E-06
1.83371833E-06
2.G3393063E-06
1.83371833E-06
1.26656202E~06
4.28834628E-07
-5.32013051E~07
~1.43586290E-06
~2.,09311060E-06
-2.33024837E-06
-2.01511955E-06
-1.07897797E-06
4.6T7394790E=CT
2.52586750E~06
4.91312030E-C6
T+3T356574E~06
9.60270610E~G6
1.12793952E-05
1.21042672E~05
1.18405203E~05
1.63524436E-05

™I



50
51
52
53
54
55
56
57
58
59
&0
&1

1.10984861E~02
7.48675307E~03
2.930829416~03
-2.26240539E~03
-7, 64363528603
~1.26408642E-02
~1.65973320E~02
~1.88273106E-02
-1.868745096-02
-1.56591006E~02
-9, 43477662E-03+
2.TT555756E-17

"MODRES= +8.57902481E-03

~2.,63490635E-02
~3.533T4049E=02
—4,23253691FE~02
—4,60568413E-02
-4,5370255TE~02
~3.93502793E-02
-2+ 7484585 1E-02
~9,81224%81E-03

1.2963310GE-02

3.94024296E-02

6£.733074336~02

" 9.352082926-02

~8.20603689E-02
=7.02712393€E~02
-4.7708T46TE-D2
=1.4578C364E-02
2.76784827E-02
T.62737380E-02
1.27094306E-01
1.74870363E~01
2.125121G3E-01
2.36612173E-01
2.3B8024963E~01
2.12972811E~01

-2.82283635E~05

~3.64003894E-05
~4.13511954E-05
-4 42024636BE-05
~3.77581480E-05
-2.84273546E-05
~1.45444992E-05
2.T7T0999409E~06
2.15387267E-05
3.96694T43E~05
5.45861168E-05
4.38340345E05

7.63667727E+06

3.84133164E-06
-7.31185017E-07
~5,64042483E-06
-1.03441204E~C5
~1.42528785E-05
-1.67992660E-05
-1.75146617E~05
»1.61050842E=-05
-1.25157747E~05
-6,97393851E-06
-2.16840434E-19

ZHT



STATION

Ul
44,2T8T45TTEHD2
3. 68884410E+02
3.24059859E+02
2.92892596E+02
2.71058914E+02
2.530366G3E+02
2.34543440E+02
2.13883040E+02
1.91937299E+02
1.71158918E+02
1.54198476E+02
1.42793904E+02
1.37235502E+02
1.36449068E+02
1.3849838B5E+02
1.41231000E+02
1.42827650E+02
1.42118431E+02
1.38641740E+02
1.32506789E+02
1.24160756E+02
1.14158859E+02
1.03002921E+02
F«10698621E+01
T.86136552E+01
6.58042848E+01
5.27678145E+01
3.96068892E+01
2.640C3884E+01
1.31945510E+01
5.79721572E-04

~1.31934056E+01
-2.63992831E+0C1
—3.96058450E+01
—5.2766844TE+D]
—6.58033942E+01
—7.86128400E+01
—%.10691097E+01
-1.03002210E+02
~1.14158159E+02
=1.24160022E+02
~1.32505966E+02
~1.38640762E+02
—~1.42117232E+02
~1.4282618BCE+02
=1.41229253E+02
—=1.38496422E+02
~1.36447044E+02
-1.37233671E+02

vl

o.

6.3299ST795E+01
1.232C8761E+02
1.76618281E+02
2.2130522CE+02
2.56227654E+D2
2+481514890E+02
2.98232210E+02
3.08040818E+02
3.12863031E4+02
3.146216056+02
3.15074002E+02
3.15726283E+02
3.17795660E+02
3422193415E+02
3.29512718E+02
3.4001696€6E402
3.53657475E+02
3. T7006T262E402
3.88641394E4+02
4.08596884E+02
44 29065796E+02
4.49186738E+02
4.68183456E+02
44 85419537E+02
5.00423956E+02
5.12888345E+02
5.2264205CE+02
5.29613556E+02
5.33790900E+02
5.35181365E+02
5.33791041E+02
5.29614238E+02
5422642474E402
5412888915E+02
5.00424681E+02
4+ 85420436E+02
4. 68l 84558E+02
4.49]188C92E+02
4.2906T465E+02
4.08598952E+02
3.88643962E+02
3.T0070443E+02
3.53606139CE+02
3.40024T34E+02
3.,29518447E+C2
3.22200193E+02
3.17803542E+02
3.15735282E+02

KWL
0.
-1.79131629E-01
~3445844320E-01
—4.,89135773E-01
-6.00786467E~01
~6.76296108E-01
~T«.15200574E~01
=T.20765051E-01
~6.99192072E-01
-6,58553378E-01
-6.076576T72E-01
-5.55025237E-01
-5.08079383E-01
4, 72603199E-01
~4,52460365E-01
~44493546951E-01
-4.63926709E-01
—4«94100912E-01
—5.37368404E-01
—-5.90236538E-01
-6.4884618BE-01
-7.09374473E-01
~7T+6B379678E~01
-8.23057218E-01
~8.71384739E-01
-9.12148347E-01
-9,44858207E~0Q1
~9.69577181E~01
-9.866G8008E-01
~9.96710530E-01
~1.000009C0E+0G
—9.96710842E-01
~9.86698591E-01
~9.69577954E-01
~9.44859065E-01
~9.12149174E-01
~8.71385425E~01
~8.23G57685E-01
-T7.68379901E-01
~T7.09374502E-01
—6.48846169E-01
—-5.90236728E=01
»5.37369177E-01
~4494LC2T57E-01
~4+63930215E-01
—4.495827T8E~01
~4.52469197TE~01
~4,72615684E-01
—5.08096054E~01

143



50
51
S2
53
54
55
56
57
58
59
&6
&1

STATION

1. 427926C1E+02

~1.54198064E+02
=1.71159717€402
-1.91940210E+02
—-2.13886599E+02
—2+34548436E%02
—2.53042773E2+02
~2+.T1066189E4+02
—2.92901156E+02
~3.24070207E+02
-3.68897304E+02
—4,27890803E+02

-

Ul
1.131299296-02
9. 75329445E=03
8.56813445E~03
7. T440T280E-03
7.16679081E~03
6.69028137E~03
6.201322360E-03
5.65506215E~03
5.07483583E~03
4.52543744E-03
44,07T700378E-03
3.77546T21E~03
3.62850318E-03
3. 6077T0990E-03
3.66189379E-03
3.,73414406E-03
3. T7635943E~03
3.T75T6GTTOE-D3
3.66568409E=03
3.50347613E-03
3.28280734E-03
3.01835734E-03
2.72339461E-03
2,40788484E-03
2.078543C5E-03
1.739863626-03
1+39517967E=03
1.04720515E-03
6.98025599E-04
3,48B635%94E-04%
1.53278237E-08

—3.4883330%E-04
~64,97996375E-04
-1.04717754E-03
=1.39515403E~-03

P ot
3.15084076E+02
3.14622649E+02
3.12874866E402
3.08053175E402
2.98244129E+02
2.81527127E+02
2.56239074E+02
2.21315241E+02
1.76626352E+02
1.23214404€+02
6.33028653E+01
0.

V1

" G.

1.67364%$85E-02
3.25763651E-0C3
4.66978285E~-03
5.85130441€-03
6.77465294E~-03
T« 44324675E-03
7.88525203E-03
8.14459139E-03
B.272C9061E-G3
8.3185E723E-03
8.33054861E-C3
8.3477S491FE~03
B8.4025C517€-03
B8.518T8570QE-03
8.7123C789E-03
8.99011527E~G3
9. 35G69467E-02
9.78456%C1E~-03
1.02756686E-02
1.08032912E-02
1.13444887E-D2
1.18764860E~02
1.23787587E-02
1. 2834480 2E~02
1.32311%67E~02
1.35607548E~-02
1.38186425E~C2
1.4002S795E-02
1.41134178E-C2
1.415C1817E~C2
1.41134216E-G2
1.40025870E-Q2
l.38186537E-02

1.35607699E-02 -

-~5.55046419E-01
~6.07683396E~01
~6.58583293E~01

-6.99225388E~01

-7.20800513E~01
~T7+15236500E-01
~6.76330484E-01
~6.'G0817102E~01
—4,89160506E-01
~3,45861254E-01
~1.79139344E~01
+ 2.26829198E-06

Wl
0.
-1.79131629E-02
—-3.458443208~-02
—-4.89135773E-02
=6.C07T8646TE-G2
—~5.76296108E-02
—7.15200574E~02
-7.2CG7€35051E~Q2
~8.99192072E-02
—6.58553378E~02
-6.07657672E~02
~5.55025237E-02
-5.080679383E-02
~4.72603199E-02
~4.52460365E-02
—4.49546951E-02
—4.63926T09E-02
—4.941G0912E-02
~5.37368404E~02
~5.9023653 8E-02
-6.48846188E-02
=T«093T744T3E~02
—T.68379678E-02
-8.23057218E~02
~8.71384739E-02
~9.12148347TE~Q2
-9,44858207E-02
-9.69577181E-Q2
-9.86698008E-02
~9.96T1C530E-02
-1.0G0000000E-D1
—9.567T1C842E~02
~3.86698591E-02
—-9.6957T7954E-02
~S.44859065E-02

14k

M1
C.
~2.98697318E+01
~5.62318563E+01
-7.5706577T0E+0Q1
-8.59047813E+0L
-8.59423329E+01
~T7.65125451E+01
~5.9590044TE4+01
—3.79239207E+01
-1.44844699E+01
8.01080816E+00
2.74201653E+01
4.23300436E+01
5.20594359E+01
5.65638317TE+01
5.62919935E+01
5.20375922E+01
4,4B8079726E+G1
3.5T137642E+01
2.58725518E+01
1.,63190273E+01
7.92006583E+00
1.. 3009661 GE+00
—3.20585198E+00
~5.57837291E+00
—=6.0821427TTE+Q0
-5.20791T69E+00
-3,.,57828578E+00
—-1.83750192E+00
-5.41600312E-01
-6,55972735E-02
—~5.41709583E-01
-1.83770581E+00
—3.57855561E+00
-5.20821202E+00



36
37
38
39
49
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61

STATION

-1.73984007E~03
~2.07852149E~03
~2.40786495E-03
-2.72337582E-03
-3.01833E82E-03
—3.28278784E-03
-3.50345437E-03
-3.66565823E-03
~3. T5T5T600GE-C3
-3. 77632058603
-3.73409786E-03
~3.66184189E-03
~3.60T65639E-03
-3.62845478E-03
—3.77543275E~03
—4.07699289E-C3
~4.52545856E-03
~5.07489428E-03
-5.65515888E-03

-6,20145470E-03

~6469044448E-03
-7.16698315E~03
~T.74429912E-03
-8.56840804E-03
-9, 75363534E~03
~1.13134220E-02

WiX
-1.58863798E-01
-1.48218994E-01
+~1.32858919E-01
-1.09260920E-01
—-8.02115725E-02
—449034617GE-02
~1.90581181E-02

6.86078625E-03
2. 66621454E-02
3.92290287TE-02
4. 43692034E-02
44 26T764094E-02
3.,532373C6E~-02
2.38367223E-02
9.88124905E-03
—-4.91424732E-03
-1.9094554TE-02
-3.147501256-C2
-4.1200982E5E-02
—4, TI76193GE-02

1.32312158€E-02
1.2834504CE-02
1.23787878E-02
1.18765218E-02
1.1344532%E-02
1.0803345%E-02
1.02757365E-02
9.78465311E~03
9.35079817E-03
8.99024533E~03
8,71245938E-02
8,5189&492E-03
8.402T1758E-02
8.34803284E-03
8.33081497E-0Q2
8.31887526E-032
8.27240351E~03
8.144S1811E-C2
T.88558307E~03
T+44357CC9E-03
6. T7495462E-02
5.85156934E-03
44 66955626E-G3
3.25778572E-03
1.67372615E~03
0. -

S
- 1
®

4ot

ULX
-1.,4974CGC93E-02
=-1.176367T93E-0Q2
~8,61094991E-0G3
~5.00575845E-03
~4.516248G8E-C3

44 13772C91E-C3

=44 43665381E-C3
~4482780045E<03
—4,B84124876E-03
-4, 27642309E-03
~3.21415814F-03
-1.92214544E-03
—7.1895¢8TGE~C4

1.43102627E-04

5.4186066CE-04

4.,90567033E-C4

1.005584T1E-G4
~4 4 T4322885E-04
-1.08913528E~C3
-1.6409C0TSE-03

—9.12149174E-02
—8.71385425F-02
-8.230576856-02
~7.68379201E-02
~7.0937450 26-02
—6.4884616 9E~02
-5.9023672B8E=~02
-5,37369177E-02
~4.941G2737E-02
~4.6393021 5E=02
—~4.4955277BE-02
~4.52469197E~02
—4,726156 84E~02
-5.08096054E-02
—5.5504641 9E~02
-5.07683396E=02
-6,58583293E-02
-6.99225388E~02
—7.2080C513E~02
~7,15236500E-02
-6.76330484E-02
-~6.00817102E~02
—4,89160506E-02
~3.45661254E=-02
-1.79139344E-02
,2.26829158E-07

. VIX
1.47298410E~02
1.3%9612993E-02
1.28405700E-02
1.11157196E~02
9.02087179E-03
6.82261004E-03
4.75971050E-03
3.C05762T6E~03
1.65787951E-03
T+ 45696464E~04
2.50534286E-04
1.25175766E-04
2,08402421E-04
T+32817662E+04
1.32770878E-03
2.G2000102E-03
2.735C4334E-03
2.4047T8460E~03
3.96417356E-03
4.36595239E-03

145

-56.08240945E+00
—-5.57855196E+0G
~3.20587938E+00
1.30115385E+00
T7.92052636E+00
1.63198065E+01
2.58T736773E+01
3.5T152387E+01
4.48097666E+01
5.20396372E+01
5.62941760E+01
5.65659903E+01
5.20613637E+01
4 423314989E+01
2.74208924E+01
8.01057054E+00
~1.44858485E+01
-3,79265118E+01
-5.95937764E+01
~7.65171808E+01
—=8.59474759E+01
~8.59099117E+01
-7.57111183E+01
-5.62352613E+01
—2.987T15665E+01
a.

WLXX
1411916155E-03
9.12411761E~02
1.72074401E-01
24324627T15E-01
2.65526106E-01
2+68935987E-01
2 «44946853E-01
1.99377221E-01
1.40074651E-01
T.53576338E~02
1.27596463E-02

-4.17789723E-02
~8.42669499E-02
-1.12653192E-01
-1.26583493E-01
-1.27051874E-01
-1.156040824E-01
—9461955957E-02
-7.05353182E-02
-4.21825761E-02



21
22
23
24
25
26
27
28
29
30
21
32
33
34
35
36
37
3s
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
53
59
60
&1

STATION

Ul W

—-5.105911508-02
-5.12286385E-02
~4,87211768E-02
~4.41450261E-02
—3.81819123E-02
—3.14886292E-02
~2+46123573E~02
~1.79313434E~0G2
~1.16285781E~02
~5.70085373E~03
-1.340125576-07
5.70060391E-03
1.162838C6E-02
1.79312252E-02
Z.46123346E-02
3.14887031E~-02
3.81820664E-02
4.41452246E-02
4.87213645E-02
5.12287419E-02
5.10590459E-02
4. TTT58537€E-02
4,12002733E-02
3.14738412E~02
1.909284816-02
4.91186450E-03
—9.88410270E~-03
~2.38400812E-02
=3.53274576E~02
—~4.26802896E-02
4. 43729464E-02
~3.92322823E=-02
—2.66645226E-02
—6.86190528E-03
1.90585836E~02
4.90368851E~-02
8.02157C48E-02
L.09266792E-01
1.32866212E-01
1.48227224E-01
1.58872683E~01

NX1
~2+29851527TE+01
—2.28147C90E+02
—~4.38673734E+02
~6.14815772E+02
~T.48950954E+02

~2+.07908055E-C3
—2+39T4E26TE-C3
—2.6163107GE-C3
—2.76364557E=-03
=2.862948({GE-03
—249287TQCLTE-03
~2+96853632E-G3
-2.98760318E-03
~2.99285236E~-C32
—~2499147259E~G2
—2.9901295%E-02
~2+99147873E~03
~2.9929C383E~-03
—~2498781E52E-C3
—2.96855373E~03
~2.9287T1T68E~C3
~2.8629£376E-03
—2.76366142E-03
~2.61631E58E-C3
-2.39748006E-G3
—2.079C6668E~-C3

. —1.64087313E~03

~1.08909268E-C3
=4 o T4267201E~C4
1.0062C59%E-04

© 4.90622972E-C4

5.41892008E~04

1.430876208-C4
~7.19041545E~04
-1.92230618E-03
~3.21439633E~C3
~4.27672026E~03
-4,84157279E-03
~4.82811608E-03
~4+43653829E~03
-4.13797508E~C3
-4.51651987E-03
~6.0061C670E~03
~8.61144095E~C3
=1.17643454E~02
~1e49T4E540E~Q2

NY1
-T7.27850388BE+0C
—~1.5683C261E+03
—2+.9888G820E+03
—4.,13432232E+03

~4.90725825E+03

4.58065780E~03
4459940 594E~-03
444325854 2E-032
4.1056898B1E-03
3.65330574E-03
3.11260537E~-032
2.51762505E-03
1.89524876E~03
1.26332277E-03
6.30866394E~04
1.59941271E-08
—6&.30834415E-04
~1.26329070E~-03
—=1.89521618E-02
=2.51759097E-03
=-3.11256814E-03
~3.65326291E-03
—4.10563819E-02
~4e 43252119603
—~4459932496E-02
~4+58055602E-03
—~4.365826356~03
»3.96402135E-03
~3.40460476E-03
—2.T3573767TE-03
—2.01977318E-03
~1.32746484E-03
—~7.32566083E-04
—3.08154059E-04
=)« 24943930E-0¢4
~2+50334830E-C4
=T 4554774904

—=1465780190E-903 |

=3.00577726E-03
—4.75983619E-03
—6.82286034E-03
-~9,02125011E-02
-1.11162155E-02
~1.28411576E-02
-1.39619388E-02
=1.4T305095E-02

NXYL
2.53052Q34E+03
2434620711E+03
2.16034T66E+Q3
1.86971991E+23
1.50079939E+03

146

-1.409608758~02
1.11899711E~-02
3.17950871E~02
4.66532105E-02
5.557T15968E~02
5.917C3990E-02
5.87085480E-02
5.,58231191E~02
5.22242850E-02
4.93938478E~02
4.83327760E-02
4,93941597E-02
5.22248689E-02
5.58238967E-02
5.87094064E-02
5.91711972E~-02
5.55721736E-02
4,66533959E-02
3.1794715TE~02
1.11888976E-02

~1.40979714E~02

-4.21853242E-02

-7.05389113E-02

~9.61959244E-02

=1.16045672E-01
=1.270569Q5E~01

-1.26588248E~01

~1.12657099E-01

—B.42693537E~02

~44,17791948E-02
1.27622210E~02
T.53634493E-02
1.40083860E-01
1.99389580E-01
2444961658E~01
2.68952081€-01
2.65541973E-01
2432476666E-01
1.72084825E-01
F412467946E-02
1.11927182E~-03

NYOL
~3.17916866E~01
-1.74861622E+0G
-2.88541230E+00
~3.62010975E+00
-3.905657018E+00



—B.42140079E+02
~3.00T6TTS52E+02
=9.32482617E+02
9. 43416484E+02
~9.37464050E+02
-9.17188248E+02
-8.85302018E+02
~8. 457528568402
~8,03927T663E+02
=T« 66033376E+02
~7.328040382E+02
—7.24638397E+02
~7.285293216+02
~7.501919Z1£+02
—~7.88088504E+02
-8.39179903E+02
~8.99572954E+02
—~9.65133732E+02
-1.03194735€E+03
~LeQ965T446E+03
~1.15612420E+03
=1.20821L159E+03
—1.25088126E+03
—1.,28256052E+02
«1.302C6656E+03
-1.3G865394E+03
-1.302C6682E+03
~1.28256104E+03
~1.25088202E+03
~1.20821262E+03
=1.15612553E+02
~-1.00657616E4+03
=-1.03194956E+03
=9.65136661E+02
~8,99576929E+02
—B.39185370E+02
—7.88096C34E+02
—T7.50202195E+02
—T7+28542091E4+02
—Te24656414E+02
—~T«380063310E+G2
—T7.66061684E+02
~B8.03961530E+02
~8.4%457T92107TE+D 2
~8.85346112E+02
-3.17236325E+02
~9.37515018E+02
—9.43469102E+02
—9.32535524E+02
-9.00819418E+02
—8.42188665E+02

~T7+48994272E+02
—6.14851329E+02
—%4.3B699(44E+02
—2.28160185E+02
—2+29864352E+01

=5.24970402E+03
—5414917468E+02
—%e 6394STS54ET03
=3.79537928E+03
=2.72144103E+(3
~1.5376314SE+G3
—~3463633603E402
6495081348E4+02
1.55750505E+03
2.172616585+403
2.52021825E+4+03
2.607S3678BE+Q3
2.46565133E4C3
2.13863200F+03
1.68044968E403
1l.14641334E4C3
5.88023364E+02
4.B7413382E+01
-4.387T45186E+02
~8.53682478E+GC2
-1.18568€432E+03
-1.43886435E+(03
-1.6172C243E+C3
~1.73285805E+03
=1 . 7969556 3E+032
~1.81734356E+03
-1.79695720E+03
~1.73290027E+03
=1.61720353E+03
—=1.4388618SE+03
-1.1868554CE+03
—8.53664050E+02
—4.38714395E+02
4.87867629E+01
5.8808469TE+D2
1.14649045E+03
1.680540565E+03
2.13873284E+03
2+ 46575576E+03
2.608C3634E+03
245203025CE+G3
24172673 T9E+03
1.557E2315E+03
6.95049255E+02
~3.63T24462E+02
-1.53778559E+03
~2.721€5737€E+03
~3.7956505CE+C3
—4.6398CSTCE+03
=5.14950791E+03
-5.25003397E+03

—4.90755819E+03
—4.413456559E+02
~2.989C6C8CE+Q3
-1.56836548E+03
=T+22995CTTE+OC

1.08641051E403
64621 64909E+G2
2.6269281 BE+D2
-8.18588385E+01
—3.4B625141E+02
~5.23796256E+02
~b5.032C7130E+02
~5.,91772022E402
-5,01962552E4+02
—3.51647109E+D2
-1.61655900E+02
4,65892958E+01
2.53117913E+02
4,40961311E+02
5,97141028E+02
7.13099734E+02
7.84633538E+02
8.11419440E+02
7.96253699E+02
T.44128812E+02
6.61278834E402
5.5431364TE+02
4429541435E+02
2.92545875E+02
1.48043452E+02
2.02500284E-03
-1.48039465E+062
-2.92542038E4+G2
~4,29537727TE+02
~5,54309875E+02
~6.61274587E+02
~ T+ 4412343 TE+0Q2
-7.96246304E+02
~8.11408923E+02
~7.84618653E+02
-7.13079196E+02
-5.%$7113618E+02
T4, 409260 T4E+02
-2.53074309E+02
-4,65373901E+01
1.6171526TE+02
3.51712193E+52
5.0203063 86402
5.91839455E+02
6.G3269462E+02
5.23848516E+02
3.48662225E+02
8.18759885E+01
~2.62699493E+02
~6.62197928E+02
-1.0864TG40E+D3

-1.50088519E+G3
-1.8698278%E+03
~2.16G4T221E+03
-2434634087TE+03
~2+53066237E+03

17

~3.75656675E400
~3,23093538E+00
—2+%4262617T5E+00
-1,45928193E+00
-4,5109517TE~01
4,87009673E~01
1.26475826E+00
1.82029297E+00
2.1234T7334E+00
2.17525954E+00
2.00375664E+00
1.657T77415E+00
1.19890313E+00
6.93138923E-01
2.02995399E~01
~2.191086256-01
+5.35631119E-01
~7426544464E-01
~7.89764608E~01
=-7.39532814F~0]
—-6.03097453E-01
~4,16179227€-01
~2.17783623E-01
4. 49484240E-02
7.20141581E-02
1.13295408E01
7.20141581E-02.
—4.49484240E-02
~2.17783623E-01
-4.16179227TE-01
~6.03097453E-01
—T439532816E-01
-7.897646085-01
—7.26544464E-01
-5,35631119€-01
-2,19108625E-01
2.02995399E-01
6.93138923E~01
1.19890313E+00
1.65T77415E+00
2.00375664E+00
2.17525954E+00
2.12347334E+00
1.82029297E+00
1.26475826E+00
4,87009673E-01
-4,51095177E-01
-1.45928193E+00
~2.42626175E+00
~3,23093538E+00
=3.75656675E+Q0

-3.9065701 8E+00
-3,62010975E+00
-2.88541230E+00
-1.74861622E+00
~3.17916866E-01



STATION

uz2e
2.41273601E-02
2.13269831E-02
1.93071340E-02
1.79693584E-02
1. 76953699E-02
1.64421698E-02
1.58235981E-02
1.51554210E-02
1.44552341E-02
1.38060730E-02
1.33046449E-02
1.30165558E~02
1.29530808E-02
1.30723643E-02
1.32984847TE-02
1.35469518E-02
1.37473104E~02
1.38562412E-02
1.38603356E-02
1.37706268E-02
1.36127682E-02
1.34167499E-02
1.32089918E-92
1.30081215E-02
1.282427713E-02
1.26607T44E-02
1.25166408E-02
1.23888272E-02
1.2273534TE~D2
1.21667257E-02
1.20642)36E-02
1.196169%5E~02
1.18548845E-02
1.17395827E~02
1.1&61175738-02
1.14676102E-02
1.13040930E~02
1.11202342E-02
1.09192494E-02
1.CG7115781E-02
1.05155490E-02
1.03576838E-02
1.026T79749E-02
1.02720775E~02
1.03810258E-02
1.05814(95E-02
1.08299(56E-02
1.10560321E-02
1.11753506E-02

0.
0.
0.
0.
0.
0.
00
0.
0.
0.

o.
0.
.
C.
0.
0.

0.
0-
0.
0.

0.
G.
0.

0. -

0.
0.
Ol
C.
0.
0.
0-
0.
0.

0.
0.
0.
0.
0.
0.
OI
o'
o.
0.
0.
0.

W20
.
~1.97657114E~02
=3.56372344E<02
~4.,68868029E~02
-5.31752511E-02
-5.45586954E-02
-5414701927E-02
~4.46668458E-02
=3.5143C195E~02
~-2.4019847T3E-02
~1.24271216E-02
~1.39489205E~02
8.23092779E~02
1.58405432E-02
2.10783089E-02
2.328311879E-02
2.41956T42E~-02
2.24322239E-02
1.89151310E~02
1.40835843E~02
8.39741455E-03
2+429945202E-03
-3.81436439E-03
—-9,616215706E-03
=1 +.48581851E-02
~1.93742183E-02
~-2.30727241E-02
-2.59214261E-92
~2.792T2468E-02
~2+91148460E-02
—-2.950769T1E-02
-2.91151449E-02
—2.79278128E-02
—2459221977E-02
—2.30736150E-G2
-1.93751238E-02
~1.48589203E-02
-~9.61680552E-03
-3,81463400E-03
2.29958606E-02
8.39800382E-03
1.40846392E-02
1,89166137E-02
242434044 2E~02
2.41976901E~-02
2.38332111E-02
2.10801155€-02
1.58418914E-02
8.23158018E-03

148

MZ0
1.01896513E+00
~3.,20432184E+01
-6435451996E+01
~8.925656410E4+01
-1.04189883E+02
=1 .04903861E+02
—=9.11309865E+01
—6.58459794E+01
-3.41547830E+01
-1.64196988E+0C
2.70780646E+01
4.91651691E+01
6.36445928E401
T.09840125E+01
T.24552172E+01
6.95426326E+01
6.35542572E+01
5.54T44536E+0]
4,.60091938E+01
3.57274431E+01
2.51978658E+01
1.50497556E+01
5.93590994E+00
-1.57654950E+00
=T.13179143E+00
~1.06698764E+01
-1.24350281E+01
-1.29046665E+01
+~1.26635390E+01
~1.22600221E+0]
=1,20796955E+01
-1.22608780E+01
~1.26651858E+01
=1.29069768E+01
=1.24378182E+01L
-1.06729160E+01
~T.12481736E+00
~1.57928304E+00
5.93374460E+00
1.50484133E+01
2.519T7564TE+01
3.57283518E+01
4,60114189E+01
5.54780252E+01
6.35591085E+01
6.95485724E+01
T+24618991E+01
7.09909102E+01
5.36509993E+01



590
51
52
53
54
55
56
57
58
59
60
61

1.11118726E-02
1.08237583E~92
1.803222844E-02
9.67306355E~03
8.97281262E-03
8430457539E-03
7.68594871E-03
7.03268932E-03
6.15861785E~03
4.82071072E-03
2.BODE59E0E-03
0.

+1.39514209E-03
«1.24284224E-02
=2.40222635E~02
-3.51465125E-02
—4 46712635602
~5.14752709E-G2
—-5.45640712E-02
—-5.31804874E~02
~4.68914202E~02
—3.5640746BE-02
—-1,97676631E-02
0.

1kg

4,91702391E+01

2.T0809163E+01
~1.64208996E+00
~3.41582972E+01
~6.58527922E+01
~5.11'403898E+01
-1.04914601E+02
+1.04200410E+02
—~B.92744838E+01
~6,35513219E+01
~3.20461907E+01

1.01907911E+00



STATION

vz2
-8.90431061E-02
-7.30274709E~02
~5.98268948E-02
+4494258779E-02
=4.07019003E-02
-3.22518435E-02
—2.31462475E~-02
—1.328849G8E-02
~3.31278379E=03
5.81176682E-03
1.32167244E-02
1.84165903E-02
2.13749670E-02
2.24033374E~02
2.19890953E-02
2.06377118E-02
1.877296T4E-02

1l.66994393E-02"

1.46087670E-02
1.260643975-02
1.07417548E-02
9.03222625E-03
T 48022923E-03
6.08279775E-03
4.83618762E-03
3.73657465E-03
2. T77808997E~-03
1.94954076E-03
1. 23136027E-03
5.94214910E-04
1419329737E~-07
—5.93990977E-04
-1.23118019E-03

-1.94943272E~03, .

-2.77808065E-03
-3.73668885E-03
~4.83644820E-03
-6.08322599E-03
-7+48084544E~03
~9.03305C65E-03
~1.07428C80E-02
-1.26077426E-02
-1.461G3387E-02
-1.67012921E-02
~1.87751033E-02
~2.06401051E-02
~2.199146824E-02
—2.24060007E-Q2
-2.13775249E-92

vzz
0.
~1.4T70564B8E~02
+2.81948330E-02
~3,93821705E=-02
~4,T7522311ZE~02
-5,23278785E-02
-5.39431811E-02
-5,28227558E~02
~4,95TTS861E~C2
—4.48436T64E-02
—-3.91906742E-02
~3.3088126£E~G2
~2,68956694E~-02
-2.08792292E-Q2
~1.52271703E-02
~1,0066547T1E~02
-5.47563787E-03
-1.49364345E-03
1.8714668%E-03
4,63638191E-03
65.B36G5614E~(3
8.52369422E~03
9.757$8056E-03
1.06086897E-02
1.11488153E-02
1.14519095E~02
1.15883464E-02
1.1621£106E-02
. 1.1604857TBE-02
1.15782889E-02
1.15666698E-02
1.15784734E~02
1.16052811E-02
1.16221408E-02
1.15890252E-02
1.14527109E~-02
1411497051602
1.06096249E~-02
9.7585G899E-03
8.52455469E-03
6.83767S07E-03
4,63689042E-03
1.87167846E-03
—1.49381483E~03
-5,47627903E-03
~1.00677423E~02
~1.52289675E-02
-2.08817551E-02
~2.68986433E-02

W22
0.
1.90802936E-01
3.68258957E-C1
5.17653284E-01
6.27833896E-01
6.92788854E~01
7.12166139E-01
6.90661604E-01
6.365617T11E-01
5.59912293E-01
4,707805635E-01
3.77941921E-01
2.88135857E~01
2.05B65908E~01
1.33607926E-01
T.22493148E-02
2.15960230E-02
-1.91696766E-02
-5411428886E-02
—T«54764994E-02
-9,32717798E-02
-1,05546956E-01
-1.13248665E-01
=1.17276T20E-01
-1.18502191E-01
-F.1T776897T3E-01
~1.15877499E-01
-1.13554875E-01
=1.11418357E~01
=1.06939291E~01
-1.09413405E-0Y
-1.09941485E-01
-1.11422694E-01
-1.13561249E-01
~1.158857T39E-01
-1.17778836E-01
-1,.18513354E~01
-1.17288769E-01

T -1.13261091E-01

=1.,05559152E~01
~9.32830363E-02
-7.54860001E-02
-5.11497029E-02
~-1.91727513E-02
2.15978683E-02
T.22573T798BE-02
1.33623595E-01
2.05890574E-01
2.88170792E-01

150

Mz22
1.01896513E+00
4.,00389061E+02
7.56210448E+02
1.01719279E+03
1.146T3573E+03
1.13440683E+03
9,973773T1E+(G2
7.733828B1E+02
5.09255811E+02
2.4+49383911E+02
2.72955045E+01
-=1.38195068E+02
~2.42526636E+02
-2.91979372E+02
~2.9905459TE+02
-2.781306T4E+02
—242279200E+02
-2.01502490E+02
-1.62214313E+02
~1.27584730E+02
-9.83517507E+01
=7 .37778267E+0L
~5.25283102E+01
~3.33394079E+Q1
-1.54188429E+01

1.41458219E+00

1.6T979706E+01

3.00159444E+01

4.02329592E+01

4.6T022969E+01]

4,891 79500E+01

4.67019157E+01

4,02320725E+01

3.,00143279E+01

1.567953403E+01

1.41063903E+00
=1.54243809E+01
~3.3346T9T4E+01
—5,25378040E+01
~7.37897183E+01
~9,83664228E+01
—-1.,27602676E+02
-1.62236093E+02
-2.01528586E+02
-2s42309751E+02
-2,.78165092E+02
~2.99091122E+02
~2.920146T2E+02
«2.42585611E+02



50
51
52
53
54
5%

57
58
59
&0
61

STATION

O =0 U B

i0

12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32

34

-1,84187998E-02
~1432183037E~-02
~5.8l243829E-03
3.31323694E~-03
1.32901772E-02
2.31491552E-02
3.22558814E-02
4.07069894E-02
4.94320548E-02
5.983437Q5E-02
T.30365966E~02

8:90542355E~02 |

W20X
~1.861C9762E~01
-1.527310056-01
-1.16233249E-01
=T.51629285E-02
~3.28795391E-02

7.30739294E~03
4,239364116-02
6.99735994E~02
8.84871362E~02
9.73538482E~02
G4 69640241E-02
8. 85344 974E~02
7.38661510E-02
5.506C2G4TE-02
3.42456203E-02
1.33601369E-02
~5.89556017E-03
~2.26308991E-02
-3,57798838E-02
~4,50T59278E-02
-5.05034242E-02
-5,23361554E-02
~5.10671474E-02
-4,733066016-02
-4,18200111E~-02
~3.52051670E-02
~2.80594619E-02
~2,0805G975E~02
~1.2686CG855E-02
-6.77335827E-03
~14,28099$58E~06
6. TTO93272E~Q3
1.36840594E~02
2.08037045E-02

=3.30921733£-02

~3.91957848E-02

—4,48491961€E-02

~4.95841015€E~02

~5.28292821E~02
—5.39498540E-02
-5.23343576£-02
—~4.75281994E-02
—-3.93870525E-02
-2.81983293E-02
=1+4T07T4726E-02
~T+18922196E-17

W2ZX "
1.69265480E+00
1.57825267E+00Q
1.4Q078721E+00
1.1124€402E4+00
7.50581015E-01
3.61423901E-01
-9.11678781E~03
=3.240185681E-01
-5, 60354187E-01
-T7+10450625E-01
=T« T9873023E~01
-7.827630336-01
~T+3T46E63CE-Q1
-6,62262560E-01
-5.72642541E-01
—4.80051015E-01
=3.917956T78E-01
—3.11738192E-C1
~2441314955E-01
-1.80552391E-01
-1.28873387E-01
-B.56152245E-02
-5.02704172€E-02
—=2.25151C95E-02
~2.10965406E~03

1.124868Q07E+02

1.80604187E-02

1.91106084E-02

1.5495361CE~02

8.59264914E-03
-9.4047853 8E-C6

—8,.6112386GE-03-

-1.5513272CE-02
~1.9127322CE~02

3.7798B0T78E-01
4.70838332E-01
5.59981218E-01
6.36640249E-01
6.90746958E-01
T«12254264E-01
6.92B74670E~01
6.2T7911734E-01
5.17717513E-01
3.68304684E-01
1.90826646E-01
0.

.

W20XX
2.05070256E~01
2.86103633E~01
3.39572170E-01
3.6449C476E-01
3.60367627E-01
3+28551207E~01
2.72827332E-01
1.99871953E-01
1.17502964E~01
3.44978124E-02
=4« 11793106E-02
~1.03328061E-01
~1.48129306E-01
~1.74258345E-01
~1.82563101E-01
—1.75473758E-01
—-1.56338191E~01
-1.28839047E-01
-9.65721197E-02
~-6.27886350E~02
-3.02541605E-02
=1.16477463E-03
2.29198844E-02
4.11341829E-02
5.33340850F-02
6.00632429E-02
6.24345594E-02
6.19259728E-02
6.01142322E-02
5.83896638E-02
5.77030893E-02
5.839200306-02
6.0118T7408E-02
6.19323180E-02

151

-1.33211053E+02
2.72999944E+01
2.49415844E+02
5.09319862E+02
T«T3479591LE+02
9,975017T6E+02
1.13454815E+03
1.14687849E+03
1.01731937E+03
T.56304544E+02
4.00438889E+02
1.01907911E+00

W22 XX
2.00151799E-01
-9.805895652E~01
~2.06167554E+00
=2+881C0T59E+00
-3.32270110E+00
-3.34856371E+00
-3.00356238E400
-2.39476093E+00
-1.656699T4E+00
-9,17067761E-01
~2.T2344T80E-01
2.22801749E~01
5.53673738E~01
7.35573166E~01
8.06770026E-01
7.86513279E-01
T+26435355E-01
6.45978678E-01
5.61276822E-01
4.80367134E-01
4.05558644E-01
3.36009854E-01
2.69901129€-01
2.05904145E-01
1.43903662E-01
8.50963624E-02
3.16762890E-02
~1.36730378E-02
-4.83026303E-02
-7.00295739E-02
~7.74342077E-02
~7.00258005E-~02
~4.82047T24E02
~1.36605409E~02



35
36
37
38
39
40 .
41
42
43
44
45
46
47
48 °
49
5¢
51
52
53
54
55
56
57
58
59
60
61

STATION

2.80588881E~02
3.520553456-02
4.18213642E-02
4.73329557E~02
5,10702496E-02
5.23398764E~02
5.05073708En0 2
4.50797566E-07
3.578316416~02
2.2633184TE~02
5499642944 En0 3
-1.33610343E~02
-3.42485130E~02
-5.50651512E~02
-7.38730005E~02
-8,85428682E-02
~9,697337766-02
-9.T73632433E-02
-8, 84957142E-02
-6.99803933E-02
~4423977475E-02
-7.30807043E-03
3.28827903E~02
74517031656-02
1.16244673E~01
1.52746C58E-01
1.86128167E~01

NX20
—4«2T003039E+03
~4,06421640E+03
—3.37714006E+03
—~2.42938575E+03
~1.49755248E+03
-B8.048226TTE+D2
44 4T337874E+02
~3+86621531€E+02
-4.98240165E+02
~6.4L99T7THZE+D 2
—-7.18598211E+02
~6.939T74291E+02
-5,91729934E+02
—4.66542021E+02
~3. 7420791 7E+02
=3.,49923TTOE+02
-3.99698834E+02
-5.03952428E+02
—6.28820562E+02

-1.80753739€E-02
~1.12612072E~C2
2.10028%27E-03
2.25096%962E~02
5.02657852E-02
8456202352E-02
1.28884537E~01
1.8057142%E~01
2441342495E~01
3.11775305E-01
3.91843419E-01
4.8011G25%E-01
5.72713691E-01
6462345129E-01
7.37560732E~01
T.8286C88&E~-01
T.79970600E~01
7.10579€42E~01
5.60424600E-C1
3.24060C67E~C1

9.11876390E-03

~3.614679866-01
-7.50673529E-01
~1.1126G164E+00
~1.,4C056086E+00
~1.57844E65E+00
~1.69286528E+00

NYZ0Q
~1.3515648€6E+03
=~5.3320C581E+03
~8.36574437E+Q3
-1.03720080E+04%
~1.13664915E+04
~1a14293695E+04
=-1.06792557E+04
~9.2597856GE+03
=T.337C4050E+03
-5.09815C89E+03
~2+ T44438TTE+CG3
4, T6566854E+02

1.525(9€10E+G3
3.11925355E+03
44 2164B400E+03
4. TB343B42E+03
4.8386C283E+03
44441TG293E+03
3.68038622E+03

6424422576E~02
6.00716800E-02
5.33425443E-02
4,11418809E~02
2.29260154E-02
-1.16G98558E-02
~3402533963E-02
~6.27914184E-02
~9.65787385E-02
~1.28849480£~-01
-1.56352039E-01
~1.75490196E~01
~1.82580868E-01
~1.74275786E-01
~1,48144488€E-01
-1.03338959E-01
~4411840591E-02
3.450064T79E~-Q2
1.17514136E-01
1.99891365E8-01
2.729539928-01
3.28583329E~01
3.60402854E-01
3.64526167E-01
3:39605659E-01
2.86132367E~-01
2.05091820E-01

NX22
~4416901593E+03
~3.66613286E+02

3.71615523E+03
T.49929425E+03
1.05550344E+04
1.26172957E+04
1.36194109E+04
1.36579782E+04
1.29205064E+04
1,16178044E+04
©.94268943E+03
8.05526466E+03
6.08413171E+03
4,13284049E+03
2.285661T6E+03
6.10979102E+02
~8.37596680E+02
-2.02199172E+03
~2.92173154E+03

3.16941071E-02
8.51201798€E~02
1.43934045E-01
2.05941502E~01
2+.69945740E-01
3.36061974E-01
4.05618630E-01
4.80435511E-01
5+61354200E-01
6.46065401E-01
T.26530831E-01
T«86614998E~01
8.00872407E~01
T7+35666528E-01
5.53743813E-01
2.22830264E-01
~2.72378036E-01
—-9.17181240E~-01
-1.656%0520E+00
~2.39505821E+00
-3.00393556E+00
-3.34898016E+00
—3.32311486E+00
~2.88136T09E+00
—2.06193380E+00
—9480713967E~01
2.00174153E-01

NY22
—~1431959751€+03
6.2671437TE+03
1+40231381E+04
2.11220980E+04
2.6T7224818E+04
‘3.00381546E+04
3.05571851E+04
24821 86119E+04
2.34532354E+04
1.70746541E+04
1.00716883E+04
3.3824]232E+03
-2.27908768E+03
~6450572736E+03
=9.19084712E+03
—1.04594TTTE+04
-1.05741349E+04
~9.84632641E+03
~8457198265E+03

NXY22
—~2423187264E+04
-1.95453261E+04
-1.7608168TE+04
—=1le46462810E+D4
-1.08542438E+04
~6.50262129E+03
~1.92972325E+03

2.487T953T2E+03
6.38553889E+03
G 46646939E+03
1.15482566E+04
1.25835B4TE+04
1.26523361E+04
1.19298862E+04
1.06431397E+04
S.02678721E+03
T+28916144E+03
R.59212668E+03
4.04482643E+03

gaT



2.63517210E+03
1.46799596E+03
2.12480308E+02
-1.03189937E+C3
~2.20256351E+03
—3.25422568E+03
—4.15758172E+03
-4, 8968837TE+C3
~5.466T6731E+Q3
-5.856862541F+032
-641068S814E+03
—6.18578545E+03
-6.1069553ZE+03
=5.868T4132E+03
=5.46692548E+03
~44 B9TCEL6TEFD2
—4.157T6801E+03
—3.25439189E+03
~2.20268593E+03
~1.03195622E+03
2.12506610E+02
1a468BL2C5E6E+03
2.65538955E+03
2.68065279E+03
be 4421655T7TE+Q3
4.83901912E+03
4.T78385390E+G3
4.21685088E+03
3.11982C95E+03
1.52521542E+03
—4.T6636093E+02
~2+ T44T2340E+03
~5.09866035E+03
=T«337TTO436E+03
~9.26065792E+03
+1.06803C03E+404
~1.143C5170E+Q4
~1s13676044E+04
~1.03730272E+04
—8.26657151E+03
=5.33254283E+(03
-1.3517271CE+Q3

20 -T7.39598614E+02
21 ~8.115154726+02
22 -8, 34986350F+02
23 ~8.148967C1LE+02
24 -7.65558684E+02
25 -7.04100385E+02
26 ~6,4492853TE+02
27 -5.96814115E+02
28 ~5.62T43410E+0 2
29 -5.41632867E+02
30 -5,30672591E+02
31 -5.27344328E+02
3z -5.306T1976E+02
33 -5,41631839E+02
34 -5.62742352E+02
35 -5.96813516E+02
36 ~6.4492885Q0E+02
37 -7.04101819E+02
38 ~7.65560975E+02
39 -8.148989T0E+02
40 —8.34987174E+02
41 ~B8.11513255E+02
42 ~7.39592261E+02
43 ~65,28810306E+02
44 ~5.03940539E+02
45 -3.99689844E+02
46 —3.49923886E+02
47 =3, 742234 T0E+D 2
48 —4,665TT14TE+O2
49 -5.91784143E+02
50 -6.94040987E+02
51 -7.18665421E+02
52 —6.%420518665+02
53 —4.98272441E+02
54 -3.86635251E402
55 =4 4TA52913E+02
56 ~8,04873731E+02
57 +1.4976T934E4+03
58 —2.42961784E+03
59 ~3.3TT48139E+03
60 —4,06463862E+03 .
51 ~4.2T04TSTIEHD 3
AREA{ Uly V1, W1)= 3.32926879E-02
XTE= —~1.37353058E+04
XTD= 1.40413805E+00
SENSITIVITY INDEX BY PRESENT THEORY 8=
AREAl= 4.18255826E+01
AREAZ= 1.97430955E+02
AREA3= 1,97430955E+02

—3.53615986E+03
-3.8B517453E+03
—4.Q07C5004E+03
~3,95298490E+03
-3.77944156E+03
-3.54033885E+03
~3.,28117130E403
~3.03621699E+03
-2.82872040E+03
~2.6T25766 26403
—2.5769T6TBE+03
—2.54462006E+03
~24577C5998E+03
~2467314167E+03
~2.82896457E+03
-3.03653595E+03
«3.28155890E+03
—3,54078664E+03
~3.,77993815E+03
~3.95351536E+03
-4.,00759535E+03
~3.88571137E+03
~3,53666070E+032
~2.92216522E+03
-2.022324428+03
~8.37793265E+02
6.109532208+02
2.28583840E+03
4,1332460G1E+03
6.08478409E+03
B+05617046E+03
9¢943840T9E+03
1.16191T760E+04
1.2922C523E+04
1.36596286E+04
1.362107C6E+04
1.261884T0E+04
1.055634T1E+04
7.50024509E+03
3.T71665178E+G2
~3.6661245TE+02
—4,16948156E+03

9.40435257E+00

-6.99573546E403
~5,29968743E+03
~2,60821173E+03
-2.00035T46E+03
~5.23709516E+02
7.93686732E+02
1.93455763E+03
2.88677090E+03
3.64032816E+03
4.18634649E+03
4.51736682E+03
4,62829596E403
4,51731329E+03
4.18623641E+03
3.64015558E+03
2.88652720E+03
1.93423176E+03
7.932655026+02
-5,242410T0E+02
~2,00101533E+03
-3.60901151E+03
-5,30064155E+03
~6.99684899E+03
~8.57324672E+03
~9.847T1039E+03
-1.,05755778E+04
-1.,04608810E+04
-9.19207295E+03
-6.50660414E+03
-2.27942751E+03
3.38278478E+03
1.00728985E+04
1.707673 9TE+04
2.34561186E+04
2.82220931E+04
3.05609648E+04
3.00418799E+04
2.67258067E+04
2.11247382E+04
1.40249042E+04
6.26794T50E+03
~1,31974489E+03

2.7080T7466E+03
1.460495442E+03
7.233295067E+02
T«75432299E+01
~3.83901715E+02
=6.72925490E+02
-8.10558067E+02

-8.17329540E+02

~7414649243E+02
-5.26118866E+02
~2.78160077E+02
2.579395386-01
2.78671261E+02
5.26615773E+02
7.15121731E+02
8.17766538E+02
8.10947198E+02
T 6.73252689E+02
3.84150822E+02
=7.73908428E401
-7.33360719E+02
~1.60506197E+03
n2.,70834972E+03
-4,04529453E+03
-5.59281010E+03
-7.29007469E+03
-9.02793115E+03
~1,06444954E+04
-1.19314093E+04
~1.26539537€404
~1.25851962€+04
»1.15497401E+04
»9.46769355E+03
~6.38637825E+03
-2.48830576E+03
1.92992391E+03
6+ 50339429E+03
1.08555614E+04
1.46480731E+04
1.76103309E+04
1.95477294E+04
2.23214739E+04
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05722769 LRC CM SCOPE 3.0 6600D-131K 04/16/69

16.34.32.5RD6698. - 0%22 1325

16.34,32. LRC COMPUTER COMPLEX
16.34,32,J0B+1,040C,70000. A2338, 24
16.34,32. MICHAEL CARD, ROF3567,1148,2011,
16.34.33.RUN{(S)

164344 50.NOMAP,

16434450, SETINDF,

16434.52.L604 ’

16.35.06.MEMORY 062000 CM

16.35.10.E0F ENCOUNTERED BY NAMELIST
16.35.10.EXIT

16.35.11.5PPRINT{OUTPUT,:5)

16%.35.13.C0U 13.111505 SEC.
146.35.13.PPU 41.054208 SEC.
16.35.13.,DATE 05/22/69%9

16.55.15. SRD6698,. PRINT-PP 01723, LINES,LP

26


http:16.55.15
http:16.34.32
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TABLE I.- ELASTIC CONSTANTS FOR MATERIALS USED IN

IMPERFECTION SEWSITIVITY STUDY

Constituent Young's Polsson's
material modulus, ksi ratio
Glass fiber 10,500 0.25
Boron fiber 60,000 0.30
Aluminum 10,500 0.30
Epoxy 500 0.40

" Properties of Helically Wrapped Layers (see refs. 33 and 35)
Material Ve o By, ksl Ey, ksl Py My ny, ksi

Glass-epoxy 0.65 0O 7,000 2,52 0.28% 0.10% 709
’ 15 6,102 2,419 0.420 0.167 1,054

30 3,878 2,117 0.649 0.35k 1,74h

- L5 2,270 2,270  0.600 0.600 2,089

: 60 2,117 3,878  0.354% 0.6k49 1, Thh

75 2,419 6,102 0.167 0.420 1,054

90 2,562 7,000 0.104 0.283 709

Boron-epoxy  0.50 0 30,250 2,030 0.34  0.023 525
15 23,800 1,900 1.179 0.09% 2,339
20 7,762 1,608 1.655 0.3k2 5,967
b5 1,977 1,977 0.844  0.884% 7,782 "
60 1,608 7,762 0.343 1.655 5.967
5 1.,900 25,800 0.09% 1.179 2,339
90 2,030 30,250 0.02% 0.346 525
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* TABLE II.- TEST CYLINWDER CONSTITUENT PROPERTIES

Material

ERL-2256
epoxy

TYPE E
glass fiber

Young's Polsson's Density
modulus, ksi ratio 1b/cu. in.
635 0.4o 0.0k4k5
10,500 0.23 0.0930

*Cured at 2509 F for 2 hours.
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TABLE IIIL.-~ TEST CYLINDER DIMENSIONS AND EXPERIMENIAL RESULTS

(Ihside diameter, 30 in.; length 30 in.)

. &, .t, - ) - . hjgp 7\c_:r
Cylinder Type¥* deg in. Ve Vo vy Exexp’ ksi uxexp) ksi 1b/in. 1b /in.
1 H+C 15 0.0796 53.8 42,1 4.1 4,780 0.165 567 711
2 H+C 15 0.0948 55.1  kho.2 k.7 4,540 0.233 8ok 1043
3 H+C 30 0.0722 47.8 50.4 1.8 3,310 0.26% 360 511
b H+¢C: 3 . 0.0717 7.2 50.3 2.5 3,210 0.289 322 511
5 H+0 L5 0.0720 53.1 L43.6 3.3 2,560 0.268" 430 501
) H+C L5 0.0697 55.0 LL.k 3.6 2,750 0.229 4oh 501
T H 15  0.09435 45.9 50,k 3.7 5,060 0.163 TLT 789

8 H 15 0.0974 54.5 .6 3.9 5,620 0.484 711 1037
"9 H 30 0.0765 U43.0 U8.6 8.k 3,280 0.562 386 46k
10 H 30 0.0704% 51.9 4k, k.o 3,500 0.605 341 Ly
1l B k5 0.0670 57.2 36.3 6.5 2,780 0.427 3h1 386
H 45 0.0669 52.7 hi.1 6.2 2,180 0.512 311 386

*I + C =" hellcally and circumferentially wrapped.
.H - helically wrapped.

~



