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A HARDWARE SIFlULATION OF A LUNAR MIDCOURSE NAVIGATION 

SYSTEM USING STATISTICAL FILTER THEORY AND 

HAND-HELD SEXTANT OBSERVATIONS 

By Jay V .  Chris tensen and Leonard A .  F4cGee 

Ames Research Center 

SUMMARY 

A s imula t ion  i n v e s t i g a t i o n  i s  r epor t ed  t h a t  considers  t h e  a p p l i c a t i o n  of 
Kalman s t a t i s t i c a l  f i l t e r  theory and hand-held-sextant  observat ions t o  l una r  
midcourse guidance and naviga t ion .  The s p e c i f i c  system under i n v e s t i g a t i o n  
cons i s t ed  of on-board guidance and naviga t ion  computations, a  computer c o n t r o l  
and d i sp l ay  system, and a  hand-held s e x t a n t .  An on-board d i g i t a l  computer was 
s imula ted  us ing  a  ground-based d i g i t a l  computer, and t h e  guidance and naviga- 
t i o n  computations were based on s t a t i s t i c a l  f i l t e r  theory  and l i n e a r  p red ic -  
t i o n .  Symbolic abbrevia t ion  techniques were implemented i n  t h e  con t ro l  o f  t h e  
s imula ted  on-board computer and t o  i d e n t i f y  computer d a t a .  Observations of  a  
s imula ted  c e l e s t i a l  scene were taken with a  hand-held s e x t a n t  which had been 
flown on t h e  Gemini XI1 mission. The observer  was a  q u a l i f i e d  A i r  Force 
nav iga to r ,  and observa t ions  were taken under s t a t i c  condi t ions  and under 
moving-planet and moving- cab condi t ions  . 

Three s e t s  of e i g h t  t r a j e c t o r y  runs each were considered f o r  t h e  r e t u r n ,  
moon-to-earth,  po r t ion  of a  lunar  mission i n  which inbound observa t ions  were 
processed and inbound v e l o c i t y  co r r ec t ions  were s imula ted .  The r e s u l t i n g  
a c t u a l  t r a j e c t o r i e s  were compared wi th  t h e  on-board est imated t r a j e c t o r i e s ,  
with t he  d e s i r e d  re ference  t r a j e c t o r y ,  and wi th  t h e o r e t i c a l  re ference  d a t a  t o  
o b t a i n  systems guidance and naviga t ion  performance d a t a .  The a c t u a l  t r a j e c -  
t o r i e s  were a l s o  compared t o  acceptab le  r een t ry  c o r r i d o r  requirements .  

The r e s u l t s  f u r t h e r  confirm t h e o r e t i c a l  s t u d i e s  based on assumed-error 
models and i n d i c a t e  t h a t  an on-board sys  tem t h a t  u t i  li zes hand-held-sextant  
observa t ion  d a t a ,  processed by s t a t i s t i c a l  f i l t e r  techniques,  and l i n e a r  
p r e d i c t i o n ,  has  t h e  p o t e n t i a l  o f  providing acceptab le  guidance and naviga t ion  
performance. No se r ious  anomalies o r  d i s c o n t i n u i t i e s  were de tec ted  i n  t h e  use 
of  s t a t i s t i c a l  f i l t e r  p rocess ing .  Operat ional  r e s u l t s  ob ta ined  by a  symbolic- 
a lphabe t i c  abbrevia t ion  technique were s a t i s f a c t o r y .  

INTRODUCTION 

A number o f  t h e o r e t i c a l  s t u d i e s  have shown t h e  p o t e n t i a l  advantages of  
applying s t a t i s t i c a l  f i l t e r  theory t o  lunar  midcourse guidance and naviga t ion  
( r e f s .  1, 2 ,  and 3) . These s t u d i e s  were based on processing observa t iona l  



d a t a  t h a t  have an assumed t h e o r e t i c a l  e r r o r  d i s t r i b u t i o n .  Also, a  number of  
s t u d i e s  ( r e f s .  4 ,  5 ,  and 6) have i l l u s t r a t e d  t h e  p o t e n t i a l  .of u s ing  a  hand- 
h e l d  s e x t a n t  f o r  space naviga t ion  and guidance. 

To i n v e s t i g a t e  t h e  app l i ca t ion  of both t h e s e  concepts ,  and t o  f u r t h e r  
i n v e s t i g a t e  a c t u a l  hardware, t h e  present  s tudy considered system guidance and 
naviga t ion  performance of  a  s p e c i f i c  hardware-computational system. The 
s p e c i f i c  system i n v e s t i g a t e d  cons is ted  of a  s imula ted  on-board d i g i t a l  com- 
p u t e r ,  a  d i g i t a l  computer con t ro l  and d i sp l ay  pane l ,  and a  f l i g h t - q u a l i f i e d  
hand-held s e x t a n t  flown on t h e  Gemini XI1 mission ( r e f s .  7 and 8 ) .  On-board 
d i g i t a l  computations and d a t a  processing techniques were used. This i n v e s t i -  
ga t ion  i s  e s s e n t i a l l y  an extension of  t h e  research  r epor t ed  i n  r e f e rence  9 ,  
which i n v e s t i g a t e d  a  s i m i l a r  system bu t  used d a t a  from a  t h e o d o l i t e  opera ted  
manually from a  f i x e d  base .  

Performance was eva lua ted  f o r  two environmental condi t ions :  (1) i d e a l  
s t a t i c  condi t ions ,  where t h e r e  i s  no motion of t h e  cab o r  of  t h e  p l a n e t  simu- 
l a t o r ;  and (2) dynamic condi t ions ,  where t h e  observa t ions  a r e  taken when t h e  
cab and p l a n e t  s imu la to r  a r e  moving. Er rors  f o r  such a  system could a l s o  
come from a  number of o t h e r  sources ,  such as s i g h t i n g  through a  window, e a r t h -  
landmark t r ack ing  u n c e r t a i n t i e s ,  v e l o c i t y  co r r ec t ion  maneuver and measurement 
e r r o r s ,  shadow v a r i a t i o n s  on t h e  moon. However, such e r r o r  sources were not  
considered i n  t h i s  s tudy .  

This s tudy was conducted i n  t h r e e  phases.  Phase I considered performance 
s t a r t i n g  with t h e  l a s t  12 observa t ions ,  through t h e  l a s t  v e l o c i t y  co r r ec t ion  
t o  pe r igee .  The observa t ion  d a t a  u t i l i z e d  i n  t h i s  phase were taken by t h e  
observer  i n  a  s imula ted  mission sequence. There were no dynamic motions 
involving t h e  c e l e s t i a l  scene o r  t h e  s imulated cab. Phase I1 included t h e  
the  complete r e t u r n  t r a j e c t o r y  and u t i l i z e d  observa t ion  d a t a  obta ined  from t h e  
Phase I i n v e s t i g a t i o n s .  Phase I11 considered t h e  complete r e t u r n  t r a j e c t o r y  
b u t  u t i l i z e d  observa t ion  d a t a  taken when t h e  s imula ted  p l a n e t  was moving r e l a -  
t i v e  t o  t h e  s t a r  scene and t h e  s imulated cab was r o t a t i n g  about a l l  t h r e e  
axes.  For Phase 111, t h e  observa t ion  d a t a  were n o t  taken i n  a  s imula ted  
mission sequence as  i n  Phase I .  The observa t ion  d a t a  s e t  used i n  Phase I11 
were obta ined  over  a  two-week per iod  under dynamic p l a n e t  and cab condi t ions  
t y p i c a l  of  worst-case condi t ions  expected during t h e  midcourse phase.  This  
technique saved cons iderable  time and provided a  p r a c t i c a l  way of i n v e s t i -  
ga t ing  performance under moving l i n e - o f - s i g h t  and moving-cab cond i t i ons .  

Each s tudy phase cons i s t ed  of e i g h t  d a t a  runs i n  which s e x t a n t  observa- 
t i o n s  were processed,  v e l o c i t y  co r r ec t ions  were s imula ted ,  and t h e  r e s u l t i n g  
t r a j e c t o r i e s  were computed t o  vacuum per igee  t o  determine system performance. 
Guidance and naviga t ion  performance ana lys i s  considered accuracy of t h e  t r a -  
jec tory  s t a t e  e s t ima t ion ,  t h e  r e s u l t i n g  v e l o c i t y  co r r ec t ion ,  t h e  dev ia t ion  of 
t he  a c t u a l  t r a j e c t o r y  from t h e  re ference  t r a j e c t o r y ,  and t h e  a b i l i t y  of t h e  
system t o  meet r een t ry  t r a j e c t o r y  s t a t e  requirements a t  vacuum p e r i g e e .  The 
guidance and naviga t ion  of t h e  system was compared wi th  t h e o r e t i c a l  p e r f o r -  
mance of a  system which uses i d e n t i c a l  computations and assumes s e x t a n t  e r r o r s  
having s tandard  devia t ions  t h a t  bracke t  t h e  performance of  t h e  a c t u a l  s e x t a n t .  



SYMBOLS 

A ( t e , t l )  p r e d i c t i o n  ma t r ix  (6 x 6) r e l a t i n g  s t a t e  a t  t h e  end po in t  te 
t o  t h a t  a t  t l  

mat r ix  (6 x 6) of p a r t i a l  de r iva t ives  of t h e  equat ion of motion 
wi th  r e spec t  t o  t h e  s t a t e  va r i ab l e s  

G guidance matr ix (6 x 6) 

H mat r ix  (1  x 3) r e l a t i n g  observed sex tan t  angle  and v e h i c l e  s t a t e  

I i d e n t i t y  mat r ix  wi th  app ropr i a t e  dimens ions 

K Kalman weighting ma t r ix  (6 x 1) 

P covariance mat r ix  (6 x 6) of es t imat ion  e r r o r  

P  I new value of P a f t e r  a  s e x t a n t  observa t ion  

P1 , P 2 , P 3 , P 4  submatrices ( 3  x 3) o f  P  

Q covariance mat r ix  (1  x 1) of t h e  observa t iona l  e r r o r s  

r ac tua l  p o s i t i o n  dev ia t ion  from reference  (3  x 1 matr ix)  

- 
r e r r o r  i n  e s t ima te  of r (3  x 1 matrix) 

- 
r r m ~  rms value of t h e  e r r o r  i n  t h e  es t imate  of  r ( 3  x 1 matr ix)  

? es t ima te  of r ( 3  x 1 matr ix)  

A 

lrms rms value o f  t h e  e s t ima te  of r 

covariance mat r ix  (6 x 6) of  t he  devia t ions  between t h e  a c t u a l  
and re ference  s t a t e s  

R '  new va lue  of R (6 x 6) a f t e r  a  v e l o c i t y  co r r ec t ion  

A increment 

0 Gaussian no i se  with zero mean 

@ ( t k , t k - l )  t r a n s i t i o n  mat r ix  (6 x 6) r e l a t i n g  s t a t e  a t  tk t o  s t a t e  a t  

tk-l 



Notat ion Conventions 

( 1 - I  

E [  I 

t r a c e  [ 1 

t e  

k  

rms 

t ranspose  of mat r ix  ( ) 

i nve r se  of matr ix ( ) 

expected value of [ ] 

sum of  t h e  p r i n c i p a l  diagonal elements of [ ] 

rms value of t h e  ind ica t ed  v e l o c i t y  co r r ec t ion  

covariance matr ix (3  x 3) of  t h e  ind ica t ed  v e l o c i t y  c o r r e c t i o n  

ve loc i ty -vec to r  increment (3  x 1 matr ix)  t o  be  gained 

magnitude of AVG 

s ix -vec to r  (6 x 1) dev ia t ion  of  t h e  a c t u a l  p o s i t i o n  and 
v e l o c i t y  from a  re ference  t r a j e c t o r y  (2 + 2 )  

es t ima te  (6 x 1) of x  

e r r o r  (6 x 1) i n  t he  e s t ima te  of  x  

Ca r t e s i an  coordinates  of v e h i c l e ' s  p o s i t i o n  

Car tes ian  coordinates  of moon's p o s i t i o n  

Car t e s i an  coordinates  of s u n ' s  p o s i t i o n  

a c t u a l  s ex tan t  space angle 

e s t ima te  of  y  

Subscr ip ts  and Matr ix  Arguments 

end po in t  

a t  t h e  k th  observat ion 

general  time arguments 

end-point time 

time of  t h e  k th  observa t ions  

root-mean-square value 



SIMULATION DESCRIPTION 

S p e c i f i c  hardware and an on-board computer s imula t ion  were used t o  
i n v e s t i g a t e  on-board techniques f o r  naviga t ion  of manned s p a c e c r a f t .  The 
system evalua ted  i n  t h i s  i n v e s t i g a t i o n  i s  i l l u s t r a t e d  i n  f i g u r e  1. 

Hand-Held Sextant  

The s i g h t i n g  instrument ( f i g .  2) was a hand-held s e x t a n t  which had been 
flown on t h e  Gemini XI1 mission.  The general  c h a r a c t e r i s t i c s  of t h e  s e x t a n t  
fol low: 

S i z e :  7-1/4 x 6-1/16 i n .  
Weight: 6-1/2 oz 
Magnif icat ion:  8x 
Measurement range: 76" 
F ie ld  of  view: 7" 

Reference 7 descr ibes  t h e  s e x t a n t  design and s p a c e - f l i g h t  r a t i n g .  

Computer Control and Display 

The d i g i t a l  computer con t ro l  and d i sp l ay  panel  concept was based on 
symbolic abfireviat ions.  The d i sp l ay  panel  cons is ted  of t h e  fol lowing sub- 
assemblies as numbered i n  f i g u r e  3 : (1) e lec t ro luminescent  computer con t ro l  
mode lamps, (2) incandescent  s t a t u s  and warning l i g h t s ,  (3) time i n t e r r o g a t e  
pushbutton, (4) r ea l - t ime  clock d i sp l ay  and c o n t r o l ,  (5) e lec t ro luminescent  
symbolic and numeric d i sp l ay  panels ,  (6) s i n g l e  func t ion ,  p r i o r i t y  i n t e r r u p t  
pushbutton panel ,  (7) thumbwheel i npu t  pane l ,  and (8) keyboard inpu t  pane l .  

De ta i l s  regard ing  t h e  computer con t ro l  and d i sp l ay  panel  concept,  opera- 
t i o n ,  d a t a  format requirements ,  symbolic code s t r u c t u r e ,  computer memory 
requirements ,  and func t iona l  desc r ip t ions  of t h e  r equ i r ed  programs a r e  
d iscussed  i n  re ference  9 .  

On-Board D i g i t a l  Guidance and Navigation Computations 

The on-board d i g i t a l  computer was s imulated wi th  a general-purpos e ,  
ground-based computer. The mathematical formulas and techniques f o r  on-board 
guidance and naviga t ion  computations were e s s e n t i a l l y  those  used by Smith, 
McLean, Schmidt, and McGee ( r e f s .  1, 2 ,  and 3) , and a r e  d iscussed  f u r t h e r  i n  
t h e  s e c t i o n  on d i g i t a l  computations. The i n t e g r a t i o n  technique,  repor ted  i n  
re ference  10, was a Stormer-Cowell i n t e g r a t i o n  with a s t a r t e r  t h a t  b u i l d s  up 
the  t a b l e  of d i f f e r ences  backwards i n  time from t h e  p o i n t  of i n t e g r a t i o n .  
This p a r t i c u l a r  technique was chosen t o  reduce i n t e g r a t i o n  e r r o r  as much as  
p o s s i b l e .  Knowledge of t h e  p o s i t i o n  of t h e  sun and moon was requi red ,  and a 
Tchebycheff polynomial i n  time was f i t t e d  t o  each Car tes ian  coordinate  of t h e  



sun-moon d a t a  over a 17-day time pe r iod .  This  time span was chosen t o  allow 
f o r  t he  7-day round- t r ip ,  launch de lays ,  and s tay- t ime on t h e  moon. The 
polynomial c o e f f i c i e n t s  were computed from Naval Observatory d a t a .  

For t h e  on-board computer s imu la t ion ,  two s e t s  of non l inea r  equat ions of  
motion were computed and i n t e g r a t e d :  t h e  re ference  t r a j e c t o r y  s e t ,  which 
defined a nominal t r a j e c t o r y  around which t h e  equat ions of motion were 
l i n e a r i z e d  f o r  p r e d i c t i o n  and guidance; and t h e  es t imated  t r a j e c t o r y  s e t ,  
which was computed t o  ob ta in  the  b e s t  e s t ima te  of t h e  p o s i t i o n  and v e l o c i t y  
of the  v e h i c l e .  The equat ions of  motion included t h e  e f f e c t  of t h e  sun ,  t h e  
moon, and the  second harmonic of  t h e  e a r t h ' s  g r a v i t a t i o n a l  p o t e n t i a l ;  these  
a r e  summarized i n  appendix A .  The coord ina te  sys  tem used was a nonro ta t ing ,  
r ight-hand orthogonal  Car tes ian  frame with i t s  o r i g i n  a t  t h e  c e n t e r  of  t h e  
e a r t h ,  as  i l l u s t r a t e d  i n  appendix A.  

SIMULATION CONFIGURATION AND TECHNIQUES 

The s imula t ion  conf igura t ion  i s  i l l u s t r a t e d  i n  f i g u r e  4 .  The computer 
con t ro l  and d i sp l ay  panel was mounted i n  a moving-base cab s imu la to r ,  and 
observat ions of  t h e  s imulated scene were tkaen by t h e  observer  under dynamic 
and s t a t i c  cond i t i ons .  

D ig i t a l  Computer Simulat ion 

An SDS 920 computer was used t o  s imu la t e  t he  on-board computer and t o  
perform the  necessary c a l c u l a t i o n s ,  c a l i b r a t i o n s ,  and d a t a  process ing  a s soc i -  
a t ed  wi th  t h e  c e l e s t i a l  scene and t h e  computation of t h e  research  d a t a .  The 
computer system conf igura t ion  i s  shown i n  f i g u r e  5 .  The s imula t ion  was a 
complete d i g i t a l  s imula t ion .  The d i g i t a l  c e n t r a l  p rocessor  was a 2 4 - b i t ,  
general-purpose machine with 12,288 words of  random acces s ib l e  s t o r a g e .  
FORTRAN and symbolic programming techniques were used. The advantages of 
FORTRAN i n  meeting t h e  complexity and s c a l i n g  requirements of  t h e  guidance 
and nav iga t ion  equat ions outweighed t h e  problems of i n t e r f a c i n g  t h e  FORTRAN 
with t h e  machine language (symbolic) po r t ions  of t h e  program. The r ea l - t ime  
hardware systems, such as  t h e  computer con t ro l  and d i sp l ay  programs, rea l - t ime 
mission clock con t ro l  and d i sp l ay ,  and c e l e s t i a l  scene encoder i n t e r r o g a t i o n ,  
could only b e  con t ro l l ed  by symbolic machine language programs. They were 
w r i t t e n  i n  symbolic language and c a l l e d  through i n t e r r u p t s  o r  as  FORTRAN sub- 
r o u t i n e s .  S torage  of 24,000 words was r equ i r ed  f o r  t h e  s imulat ion;  of  t h i s  
amount, 12,000 were requi red  f o r  t h e  on-board system s imula t ion .  S ince  the  
t o t a l  program exceeded core  s to rage ,  i t  was necessary t o  f r a c t i o n a l i z e  t he  
program i n t o  l i n k s  on t h e  magnetic t ape  and c a l l  i n  po r t ions  a s  app ropr i a t e .  
Double-precision, f l oa t ing -po in t  programs having 11 s i g n i f i c a n t  decimal d i g i t s  
were used f o r  a l l  guidance and naviga t ion  computations. More d e t a i l s  regard-  
i ng  t h e  d i g i t a l  computer s imula t ion  techniques used a r e  discussed i n  
re ferences  9 and 11. 



D i g i t a l  Computations 

The d i g i t a l  computations used i n  t h i s  s tudy were a  modified vers ion  of 
those  used f o r  the  midcourse naviga t ion  s t u d i e s  r epo r t ed  i n  re ference  1. The 
r e fe rence  mission was t h e  r e t u r n  l eg  of a  circumlunar t r a j e c t o r y .  Imperfect 
i n j e c t i o n  condi t ions  f o r  t h e  space veh ic l e  a t  t he  p e r i l u n e  po in t  were assumed, 
and the  func t ion  of t h e  naviga t ion  and guidance system was t o  cause the  space  
veh ic l e  t o  a r r i v e  a t  t h e  r e f e rence  end p o i n t  (vacuum per igee)  with a minimum 
of  time and p o s i t i o n  e r r o r .  The naviga t ion  system processed s e x t a n t  observa- 
t i o n s  of t h e  angle between a  known landmark and a  known s t a r  a t  p re se l ec t ed  
t imes .  From t h e  r e s u l t i n g  d a t a ,  t h e  system generated an e s t ima te  of t h e  vehi- 
c l e  s t a t e  (pos i t i on  and v e l o c i t y )  by means of  a  Kalman s t a t i s t i c a l  f i l t e r .  
On the  b a s i s  of t h i s  e s t ima te ,  t he  guidance system executed exac t ly  t he  
es t imated  co r rec t ions  t o  t h e  veh ic l e  v e l o c i t y  t h a t  were requi red  i n  o rde r  f o r  
t h e  veh ic l e  t o  a r r i v e  a t  t h e  re ference  end p o i n t  (vacuum p e r i g e e ) .  

Twenty-seven, second-order ord inary  d i f f e r e n t i a l  equat ions,  comprising 
t h r e e  t r a j e c t o r i e s  and s i x  s e t s  of t h ree  p e r t u r b a t i o n  equat ions,  were i n t e -  
g ra t ed  s imultaneously.  A numerical i n t e g r a t i o n  subrout ine  descr ibed i n  
re ference  10 was used i n  t hese  computations. 

For t h i s  s imula t ion  s tudy ,  t h ree  t r a j e c t o r i e s  were computed: (1) a  
prev ious ly  determined reference t r a j e c t o r y ,  (2) an estimated t r a j e c t o r y  
g iv ing  the  cu r r en t  e s t ima te  of t he  veh ic l e  s t a t e ,  and (3) an actual t r a j e c -  
t o r y  g iv ing  the  t r u e  s t a t e  o f  t h e  space v e h i c l e .  The re ference  and est imated 
t r a j e c t o r i e s  were processed i n  the  on-board computer s imula t ion .  The a c t u a l  
t r a j e c t o r y  would not  be  a v a i l a b l e  on board an a c t u a l  s p a c e c r a f t ,  so  i t  was 
considered t o  have been computed ex te rna l  t o  t h e  s p a c e c r a f t .  Comparison of 
s t a t i s t i c a l  devia t ions  between t h e  s t a t e s  of t h e s e  t h r e e  t r a j e c t o r i e s  
permi t ted  eva lua t ions  of t he  performance of t h e  system with var ious  s e x t a n t  
e r r o r s .  

Figure 6 i s  a  block diagram i l l u s t r a t i n g  t h e  computational flow: t h e  
bracke ted  numbers i n  t he  fol lowing d iscuss ion  i d e n t i f y  t he  s t e p s  i n  the  
d i g i t a l  computation process ,  and correspond with numbered boxes i-n t h e  f i g u r e .  

In t h i s  s imula t ion  i n v e s t i g a t i o n ,  when a  s e x t a n t  observat ion made a t  
time t k  i s  t o  be  processed,  numerical i n t e g r a t i o n  of  t h e  equat ions of 
motion i s  i n i t i a t e d  s imultaneously [ I ] ,  f o r  t he  r e f e rence ,  a c t u a l ,  and e s t i -  
mated t r a j e c t o r i e s .  The equat ions of motion and t h e  coordinate  system used 
a r e  descr ibed i n  appendix A .  I n i t i a l  condi t ions  f o r  t h e  a c t u a l  and re ference  
t r a j e c t o r i e s  a r e  merely t h e  s t a t e s  t h a t  e x i s t e d  a t  t h e  time of t h e  l a s t  obser- 
v a t i o n ,  whereas t h e  es t imated  t r a j e c t o r y  uses  t h e  new es t imated  s t a t e  der ived  
from process ing  t h e  l a s t  s e x t a n t  observa t ion .  Simultaneously with t h e  i n t e -  
g r a t i o n  of t h e  equat ion of  motion by t h e  numerical technique of  re ference  10, 
t h e  s i x f o l d  pe r tu rba t ion  equat ions [2] a r e  a l s o  i n t e g r a t e d  numerically from 
t h e  time of  t h e  l a s t  observa t ion  tk-l .  This process  continues u n t i l  t h e  com- 
p u t e r  time equals t h e  time of  t he  observa t ion  t k .  The i n t e g r a t i o n  i s  then  
s topped,  and t h e  t r a n s i t i o n  mat r ix  @ ( t k , t k W 1 )  i s  c a l c u l a t e d  [3 ]  a s  desci-ibed 
i n  appendix B .  



A d iscuss ion  of t he  mathematics used i n  t he  computations descr ibed  i n  t he  
remainder of t h i s  s e c t i o n  i s  contained i n  appendix C .  

The covariance mat r ix  of t h e  e s t ima t ion  e r r o r  P( tk)  and t h e  covariance 
mat r ix  of  t he  devia t ions  between t h e  a c t u a l  and the  r e f e rence  s t a t e s  R(tk) 
a r e  updated [4] through l i n e a r  p r e d i c t i o n .  

Next, t h e  mat r ix  H ,  r e l a t i n g  t h e  observed s e x t a n t  angle  t o  t h e  veh ic l e  
s t a t e ,  i s  computed [S] s o  t h a t  the  Kalman weighting mat r ix  K(tk) may be  
obta ined .  The Kalman weighting mat r ix  i s  computed [6] f o r  t h i s  a p p l i c a t i o n  
i n  t he  form given i n  re ference  1. With K(tk) known, t h e  va lue  of  t h e  covari-  
ance mat r ix  of es t imat ion  e r r o r  a f t e r  a  s e x t a n t  observa t ion  P' ( t k )  i s  then 
computed [7 ] .  The delay u n i t  [8] represented  t h e  s to rage  of P ( t k )  u n t i l  t h e  
time of the  next  observa t ion  when i t  becomes P ( t k - l )  . 

The next  process  i s  t o  compute the  new est imated s t a t e  through a  s e r i e s  
of s t e p s .  In  t h i s  system, a  s e x t a n t  observa t ion  c o n s i s t s  of measuring t h e  
angle between a  chosen s t a r  and a  chosen landmark. F i r s t ,  t h e  es t imated  sex- 
t a n t  angle  i s  computed [9] from geometrical equat ions us ing  t h e  es t imated  
p o s i t i o n ;  then  t h e  a c t u a l  s e x t a n t  angle  i s  computed [ l o ]  u s ing  t h e  a c t u a l  
p o s i t i o n .  The es t imated  s e x t a n t  angle  i s  next  sub t r ac t ed  from t h e  a c t u a l  
s e x t a n t  angle ,  and observa t ion  e r r o r s  a r e  added, which a r e  based on t h e  
covariance mat r ix  of t h e  observa t iona l  e r r o r s ,  Q ,  o r  on e r r o r s  ob ta ined  by 
t ak ing  observat ions of  a  s imulated c e l e s t i a l  scene with an a c t u a l  s e x t a n t .  
F i n a l l y ,  t h e  r e s u l t  [ l l ]  m u l t i p l i e d  by K(tk) [12] i s  added t o  t h e  est imated 
s t a t e  [13] t o  produce a  new es t imated  s t a t e .  

Next, t he  i nd ica t ed  v e l o c i t y  co r r ec t ion  i s  computed by means of  a  
p r e d i c t i o n  mat r ix  A ( t e , t k ) ,  which p r e d i c t s  t he  end-point s t a t e  from t h e  
p re sen t  s t a t e  [14] .  Submatrices from A( te , t k )  a r e  used t o  compute a  mat r ix  
G which i s  needed i n  computing t h e  i n d i c a t e d  v e l o c i t y  c o r r e c t i o n .  The i n d i -  
ca ted  v e l o c i t y  co r r ec t ion ,  AVG,  i s  computed by mul t ip ly ing  t h e  d i f f e r e n c e  
between the  re ference  s t a t e  and t h e  es t imated  s t a t e ,  2 [ IS]  by G [16].  The 
s t a t i s t i c s  of t he  ind ica t ed  v e l o c i t y  co r r ec t ion  a r e  determined from a  
covariance mat r ix  A V  [17] . 

This concludes t h e  computation cyc le  a t  each observa t ion ,  and the  
computer i s  now ready t o  process  t h e  next  observa t ion  un le s s  a  v e l o c i t y  correc-  
t i o n  i s  t o  be  executed. In  t h i s  case ,  t h e  co r r ec t ion  i s  made a f t e r  a  time 
delay s imula t ing  t h e  time requi red  t o  o r i e n t  t h e  veh ic l e  a long  t h e  des i r ed  
t h r u s t  vec to r .  T ra j ec to ry  determinat ion processes  [ I ] ,  [ 2 ] ,  and [3]  a r e  con- 
t inued  u n t i l  t h e  computer time equals  t h e  time a t  which t h e  v e l o c i t y  co r r ec t ion  
i s  t o  b e  made. Processes [ 4 ] ,  [14] ,  [ I S ] ,  and [16] a r e  repea ted ,  and computa- 
t i o n a l  con t ro l  i s  passed t o  a  s epa ra t e  program s e c t i o n  f o r  t h e  performance of  
t he  v e l o c i t y  co r r ec t ion  maneuver. 

The flow l i n e s  t h a t  r ep re sen t  t h e  v e l o c i t y  co r r ec t ion  process  a r e  shown 
as dashed l i n e s  i n  f i g u r e  6 t o  emphasize t h e  occas iona l  na tu re  o f  t h e  veloc- 
i t y  co r r ec t ions .  Also, t hese  co r r ec t ions  a r e  assumed t o  occur  i n s t an t ane -  
ous ly  s o  t h a t  no posit . ion o r  time change need be  accounted f o r  dur ing  t h e  
maneuver. The v e l o c i t y  co r r ec t ion  r e s u l t s  i n  a  change i n  t h e  subsequent a c t u a l  



and t h e  es t imated  s t a t e s .  To complete t h e  v e l o c i t y  co r r ec t ion  cyc le ,  t h e  R 
mat r ix ,  which i s  t h e  covariance mat r ix  o f  t h e  e r r o r s  between t h e  a c t u a l  and 
t h e  es t imated  s t a t e s ,  must be cor rec ted  t o  r e f l e c t  t h e  e f f e c t s  of  t h e  v e l o c i t y  
c o r r e c t i o n  maneuver [18] .  The computation then  proceeds t o  process  t h e  next  
observa t ion .  

C e l e s t i a l  Scene Simulat ion 

Figure 7 i s  a  photograph of  a  s t a r  s imu la to r ,  which i s  a  co l l imated  
p o i n t  l i g h t  source  f i x e d  with r e spec t  t o  t h e  moon s imula tor  base  and t h e  
spacec ra f t  cab s imula tor  base .  The moon s imu la to r  ( f i g .  8) p r o j e c t e d  a  c o l l i -  
mated photograph of  t h e  moon which subtended an angle of 1/2"  from limb t o  
l imb. The co l l imated  image of t he  moon was e i t h e r  r epos i t i oned  between obser -  
va t ions  o r  dr iven  a t  a constant  angular  r a t e  with r e spec t  t o  t h e  f i x e d - s t a r  
source .  The moon s imu la to r  i n t e r f a c e d  wi th  t h e  computer through a  n a t u r a l  
b ina ry  d i g i t a l  encoder t h a t  provided an angle readout  r e s o l u t i o n  of 1 .25 sec -  
onds of a r c .  Figure 9 i s  a  view of  t h e  s imula ted  c e l e s t i a l  scene from t h e  
obse rve r ' s  s t a t i o n  i n  t h e  cab. I n  t h i s  s tudy ,  angular  t r a v e l  was r e s t r i c t e d  
under dynamic condi t ions  t o  l e s s  than 7 minutes of  a r c  t o  enhance accu ra t e  
angle  genera t ion .  

A s e t  o f  96  observat ions was taken o f  t he  moon and s t a r  s imu la to r  u s ing  
the  hand-held s e x t a n t  under i d e a l  s t a t i c  condi t ions  (Phase I d a t a ) .  The 
r e s u l t i n g  s e x t a n t  e r r o r  s e t  had a  mean of 2 .5  seconds of a r c  and a  s t anda rd  
dev ia t ion  about t h e  mean of 5 .9  seconds o f  a r c .  A comparison of t hese  
r e s u l t s  with those  of re ference  6 shows good c o r r e l a t i o n  (5 .9  s e c  e r r o r  as  
compared with 4 and 5 s e c ) .  One can conclude then  t h a t  very l i t t l e  random 
e r r o r  was genera ted  by t h e  s imula t ion  of t h e  c e l e s t i a l  scene ,  The 2.5 s ec -  
onds mean e r r o r  may b e  assumed s imula t ion  c a l i b r a t i o n  e r r o r  o r  instrument  
c a l i b r a t i o n  e r r o r .  In  both cases (random and mean e r r o r )  i t  was f e l t  t h a t  
t h i s  magnitude of t h e  s imula t ion  e r r o r  was n o t  l a rge  enough t o  compromise t h e  
r e s u l t s  of t h e  s tudy .  

Spacecraf t  Cab Simulat ion 

The s p a c e c r a f t  cab s imula tor  i s  shown i n  f i g u r e  10.  The computer 
con t ro l  and d i sp l ay  panel  was i n s t a l l e d  i n  t h e  cab s o  t h e  observer  could con- 
t r o l  t he  s imula ted  on-board computer ( f i g .  11) . The hand-held sex tan t  was 
suspended by a  cable  from t h e  top  of t h e  observa t ion  window t o  reduce t h e  
f a t i g u e  e f f e c t s  of  ho ld ing  the  instrument  i n  a  g r a v i t y  f i e l d .  P a r t i c u l a r  ca re  
was taken i n  t h i s  i n s t a l l a t i o n  t o  reduce t h e  p o s s i b i l i t y  of adversely s t r e s s -  
i n g  t h e  ins t rument .  When observat ions were taken ,  t h e  background l i g h t i n g  of 
t h e  scene which was requi red  t o  take  t h e  photographs of f i g u r e s  7-11, was 
e l imina ted .  The cab was mounted on an a i r -bea r ing  t o  reduce f r i c t i o n  and 
r o t a t e d  about a l l  t h r e e  axes t o  s imula te  a  l imi t - cyc l e  condit ion f o r  t h e  
dynamic phase of t h e  s imula t ion .  An analog computer was used t o  genera te  
appropr ia te  s i g n a l s  f o r  t h e  servo-dr ive  system t h a t  r o t a t e d  t h e  cab, 



INVESTIGATION PROCEDURES 

A r ep re sen ta t ive  moon-to-earth r e t u r n  mission and t r a j e c t o r y  was chosen. 
The s e l e c t e d  observa t ion  schedule,  i n i t i a l  condi t ions ,  and system e r r o r s  were 
t y p i c a l  of a  moon-to-earth r e t u r n  guidance and naviga t ion  problem; however, 
no at tempt  was made t o  s tudy o r  optimize these  f a c t o r s .  The re ference  t r a -  
jec tory  was t h e  r e t u r n  p o r t i o n  o f  a  f r e e  r e t u r n  circumlunar t r a j e c t o r y  of a  
spacec ra f t  launched from Cape Kennedy. Closes t  approach t o  t h e  moon (pe r i -  
lune) was 185.3 km (100.0 n a u t i c a l  mi les )  from the  s u r f a c e .  Vacuum per igee  
was 60.0 km above s e a  l e v e l  a t  l a t i t u d e  24.2" N ,  and longi tude  80.98' W ,  
which i s  approximately over Havana, Cuba. 

A l l  mission times were from t r a n s l u n a r  i n j e c t i o n .  The spacec ra f t  
i n j e c t i o n  a t  pe r i l une  takes  p l ace  a t  70.68 hours .  I n i t i a l  e r r o r s  were iden-  
t i f i e d  by adding i n i t i a l  condi t ion  e r r o r s  t o  t he  re ference  t r a j e c t o r y  a t  t h e  
p e r i l u n e  mission t ime.  A random number genera tor  computed t h e s e  i n i t i a l  con- 
d i t i o n  e r r o r s  on t h e  b a s i s  of a  normal e r r o r  d i s t r i b u t i o n  wi th  a  s tandard  
dev ia t ion  of  1  km and 0.001 km/sec i n  each Car tes ian  coord ina te .  The 
s p e c i f i c  e r r o r s  t h a t  r e s u l t e d  a r e  given i n  t a b l e  I .  

Observation Procedures 

Two types of observa t ion  s e t s  were taken .  One s e t  was taken under 
s t a t i c  condit ions where, p r i o r  t o  each observa t ion ,  t h e  moon s imu la to r  was 
pos i t i oned  t o  a  new angle unknown t o  t h e  observer;  motion of t h e  c e l e s t i a l  
scene o r  t he  cab was no t  introduced.  The o t h e r  observa t ion  s e t  was taken 
under dynamic condi t ions  where cab motion and p l ane t  motion were introduced 
during t h e  observa t ion .  During t h e s e  dynamic observa t ion  d a t a  runs ,  t h e  l i ne -  
o f - s i g h t  t o  t he  moon s imu la to r  was moving with r e spec t  t o  t h e  f i x e d  s t a r  
s imula tor  a t  5  seconds of a r c  p e r  second, which i s  considered a  maximum r a t e  
f o r  t h e  midcours e  phase.  

A l l  observat ions were taken with r e spec t  t o  t he  c e n t e r  o f  t h e  moon 
c r a t e r  Tycho ( f i g .  1 2 ) .  A l l  observat ions and v e l o c i t y  co r r ec t ions  were based 
on f i x e d  times as summarized i n  t a b l e  I 1  and i l l u s t r a t e d  i n  f i g u r e  13. An 
observa t ion  was taken by superimposing t h e  s t a r  source and t h e  c e n t e r  of t h e  
moon c r a t e r  as  seen through t h e  s e x t a n t .  I n  a l l  cases ,  observa t ions  were 
taken with respec t  t o  t he  moon s imula tor  even when t h e  schedule c a l l e d  f o r  an 
observa t ion  of t h e  e a r t h .  When t h e  observer  was s a t i s f i e d  with t h e  observa- 
t i o n  ( i . e . ,  when t h e  t a r g e t s  were superimposed i n  t h e  s e x t a n t  s i g h t i n g  t a s k ) ,  
he ac tua ted  a  mission t ime- in te r roga te  pushbutton mounted on t h e  s e x t a n t  a f t e r  
which t h e  s e x t a n t  angle  was not  modified. The a c t i v a t i o n  of  t h e  mission time- 
i n t e r r o g a t e  pushbutton i n i t i a t e d  a  computer program t h a t  s t o r e d  t h e  mission 
time of t he  observa t ion  t o  0 .01  second, i n t e r r o g a t e d  t h e  moon s imu la to r  
d i g i t a l  encoder t o  determine t h e  moon s imu la to r  angular  p o s i t i o n ,  and then 
computed t h e  s imulated c e l e s t i a l  scene angle t h a t  e x i s t e d  a t  t h e  t ime of t h e  
observa t ion .  The observer  read t h e  observed angle from t h e  index readings on 
the  s e x t a n t  and en tered  it  i n t o  t h e  computer through t h e  computer-control and 
d i sp l ay  pane l .  This s e x t a n t  observat ion angle was then  compared wi th  t h e  moon 



s imu la to r  angular  p o s i t i o n  and t h e  d i f f e r e n c e  was taken as  t h e  e r r o r  i n  t h e  
observa t ion .  When an e a r t h  observa t ion  was scheduled,  t he  on-board computa- 
t i o n s  processed t h e  observa t ions  of t h e  moon s imula tor  as i f  t h e  observa t ions  
had been taken of  t he  e a r t h .  

A l l  t h r e e  t r a j e c t o r i e s  (es t imated ,  r e f e rence ,  and ac tua l )  were then  
updated t o  t he  time of t h e  observa t ion ,  and the  "ac tua l"  angle t h a t  should 
have been observed a t  t h a t  p o i n t  from the  a c t u a l  t r a j e c t o r y  was computed f o r  
t h e  p a r t i c u l a r  s t a r  and p l a n e t .  The observa t ion  e r r o r  was then a l g e b r a i c a l l y  
added t o  t h e  "actual"  angle ,  and t h e  r e s u l t i n g  "observed" angle was then  
processed us ing  t h e  s t a t i s t i c a l  f i l t e r  theory .  This s imula t ion  technique i s  
d i scussed  f u r t h e r  i n  re ference  9 .  

Veloci ty Correc t ion  Procedures 

The v e l o c i t y  co r r ec t ion  maneuver was s imula ted .  The v e l o c i t y  c o r r e c t i o n  
magnitude and d i r e c t i o n ,  as es t imated  by t h e  on-board guidance and naviga t ion  
computations,  were used i n  t he  s imu la t ion .  Er rors  i n  c u t o f f ,  a l inement ,  and 
measurement were not in t roduced .  

Study Phases 

The t h r e e  s tudy phases a r e  summarized as fol lows:  

Mission segment 

Number of  observat ions 
Veloc i ty  co r r ec t ions  
Conditions under which 

t h e  observat ions 
were taken 

Number of  da t a  runs 

Phase I  
122.0 h r  
t o  pe r igee  

1 2  
Last  inbound 

S t a t i c  

Phase I1 
70.68 h r  

t o  pe r igee  
39 

A l l  3  inbound 
S t a t i c  

(processed 
Phase I  da ta )  

8  

Phase I11 
70.68 h r  

t o  pe r igee  
39 

A l l  3  inbound 
Plane t  and 
cab motion 

In  Phase I ,  the  observa t ions  were taken ,  and en te red ,  and a l l  guidance 
and nav iga t ion  computations were c a r r i e d  out  on- l ine ,  i n  a  r ea l - t ime  sequence 
t y p i c a l  of  t h a t  phase of t h e  mission.  Phase I  was r e s t r i c t e d  t o  t h e  observa- 
t i o n  sequence immediately preceding the  f i n a l  v e l o c i t y  c o r r e c t i o n .  I n  
Phases 11 and 111, observa t ion  e r r o r  s e t s  were processed o f f - l i n e  t o  allow an 
i n v e s t i g a t i o n  of a  number of complete r e t u r n  t r a j e c t o r i e s .  

Phase I . -  The Phase I  s tudy processed each of 12 observat ions as  they  
were taken f o r  t h e  l a s t  v e l o c i t y  c o r r e c t i o n  sequence, s t a r t i n g  with t h e  obser-  
va t ion  scheduled f o r  123.0 hours .  The t r a j e c t o r y  was divided i n t o  two p a r t s :  
(1) t he  genera t ion  of t h e  i n i t i a l  condi t ions  a t  t he  122.0 hour p o i n t ,  and 
(2) t he  s tudy  sequence covering t h e  l a s t  12 observat ions and t h e  f i n a l  r e t u r n  
v e l o c i t y  co r r ec t ion .  The i n i t i a l  condi t ions  a t  t h e  122.0 hour p o i n t  were 
obta ined  by s t a r t i n g  t h e  inbound t r a j e c t o r y  a t  t h e  moon-to-earth i n j e c t i o n  
po in t  (70.68 h r )  with i n j e c t i o n  e r r o r s  as prev ious ly  descr ibed.  A random 



number genera tor  was then  used t o  generate  instrument  s i g h t i n g  e r r o r s  based 
on a  gaussian d i s t r i b u t i o n  with 10 seconds o f  a r c  s t anda rd  dev ia t ion .  The 
f i r s t  27 inbound observa t ions  were computed and processed,  and bo th  v e l o c i t y  
co r r ec t ions  were s imulated through a  mission time of  122.0 hours ,  according 
t o  t he  observa t ion  and v e l o c i t y  co r r ec t ion  schedule o u t l i n e d  i n  t a b l e  I1 and 
i l l u s t r a t e d  i n  f i g u r e  13. The r e s u l t i n g  e r r o r s  i n  p o s i t i o n  and v e l o c i t y  
obtained a t  t h e  122.0 hour p o i n t ,  shown i n  t a b l e  111, c o n s t i t u t e  t h e  i n i t i a l  
condi t ion  e r r o r s  used i n  a l l  t h e  subsequent Phase I d a t a  runs .  

The rea l - t ime mission clock was i n i t i a l i z e d  appropr i a t e ly  s o  t h a t  a l l  
observa t ions  were taken i n  a  s imulated r ea l - t ime  mission s i t u a t i o n .  Prelim- 
ina ry  information t h a t  t h e  observer  had t o  e n t e r  p r i o r  t o  each observa t ion  
included:  observa t ion  number i d e n t i f i c a t i o n ,  s t a r  i d e n t i f i c a t i o n ,  and p l a n e t  
i d e n t i f i c a t i o n  (moon o r  e a r t h ) .  Af t e r  each observa t ion  of t he  c e l e s t i a l  
scene (as descr ibed  previous ly)  , t h e  a c t u a l  and on-board t r a j e c t o r i e s  were 
updated t o  t h e  time of t h e  observa t ion .  On t h e  b a s i s  of  t h e s e  observa t ions ,  
the  es t imated  v e l o c i t y  co r r ec t ions  were computed and then  s imulated.  Af t e r  
t h e  v e l o c i t y  co r r ec t ions  were executed, t h e  r e s u l t i n g  a c t u a l  t r a j e c t o r i e s  
were i n t e g r a t e d  t o  t he  t ime of  t h e  re ference  t r a j e c t o r y  vacuum pe r igee  and t o  
t he  a c t u a l  vacuum pe r igee .  Eight  missions were completed i n  t h i s  manner. 

Phase I1 .- The Phase I1 s tudy  used the  a c t u a l  observa t ion  s e t  p rev ious ly  
obta ined  from Phase I  i n  a  manner t h a t  would permit  system performance anal-  
yses covering the  e n t i r e  inbound t r a j e c t o r y .  The t r a j e c t o r y  condi t ions  were 
i n i t i a l i z e d  a t  t h e  moon-to-earth i n j e c t i o n  p o i n t  i d e n t i c a l  t o  Phase I 
( t a b l e  I ) .  The 96 observa t ion  e r r o r s  obtained i n  t h e  Phase I d a t a  runs were 
then used by sequen t i a l  cyc l ing  through the  s e t  t o  o b t a i n  a l l  t h e  observa t ion  
e r r o r s  requi red .  These observa t ions  were processed,  and a l l  scheduled veloc-  
i t y  co r r ec t ions  were s imula ted  a t  t he  times given i n  t a b l e  11. A f t e r  t h e  
f i n a l  v e l o c i t y  co r r ec t ion ,  t h e  r e s u l t i n g  t r a j e c t o r i e s  were i n t e g r a t e d  t o  t h e  
time of t h e  re ference  vacuum pe r igee  and t o  t h e  a c t u a l  pe r igee  t ime.  Eight  
missions from i n j e c t i o n  t o  pe r igee  were executed i n  t h i s  manner. 

Phase 111.- Phase I11 used observa t ion  d a t a  taken under dynamic condi- 
t i o n s .  The observer  took observa t ions  while  t h e  moon s imu la to r  was moving 
with r e spec t  t o  t h e  s t a r  background a t  5 seconds of a r c  p e r  second, consid- 
e r ed  a  maximum r a t e  f o r  t h e  midcourse phase. A t  t h e  same time, t h e  cab 
( f i g .  10) was dr iven  wi th  a  l i m i t  cycle  of 22" i n  a l l  t h r e e  axes a t  0.08 Hz. 
Sixty-seven observat ions were taken o f f - l i n e  over  a  two-week pe r iod  t o  reduce 
e f f e c t s  o f  f a t i g u e .  The r e s u l t i n g  observa t ion  e r r o r s  were used s e q u e n t i a l l y ,  
as  descr ibed f o r  Phase 11. Af t e r  t h e  f i n a l  v e l o c i t y  co r r ec t ion ,  each r e s u l t -  
i ng  t r a j e c t o r y  was computed t o  t he  time of t h e  r e f e rence  vacuum pe r igee  and 
t o  t h e  ac tua l  per igee  time. Eight  moon-to-earth r e t u r n  missions from 
i n j e c t i o n  t o  pe r igee  were executed i n  t h i s  manner. 

Theore t i ca l  Reference Data 

To compute t h e o r e t i c a l  re ference  da t a  t o  which t h e  experimental d a t a  can 
be  compared, var iances  of  t h e  i n j e c t i o n  e r r o r s  a r e  assumed known and normally 
d i s t r i b u t e d  with zero mean. This s t a t i s t i c a l  information i n  t h e  form of 



covariance matr ices  P and R allows t h e  computation o f  t h e  s t a t i s t i c s  of  
t h e  e n t i r e  ensemble of t r a j e c t o r i e s  from one time t o  t h e  next  time of  
i n t e r e s t .  The accuracy wi th  which these  covariance mat r ices  r ep re sen t  t h e  
e n t i r e  ensemble of t r a j e c t o r i e s  depends upon t h e  v a l i d i t y  of  t h e  l i n e a r  per -  
t u r b a t i o n  equat ions t h a t  a r e  used t o  compute the  t r a n s i t i o n  mat r ix  @; and 
t h e  v a l i d i t y  of t he  l i n e a r  p e r t u r b a t i o n  equat ions used i s  d i scussed  i n  
r e f e rence  1. 

The 6  x 6  covariance ma t r ix  P (see box 4 of  f i g .  6 ,  and appendix C )  
r ep re sen t s  s t a t i s t i c s  of t h e  e r r o r  between the  a c t u a l  t r a j e c t o r y  and t h e  
es t imated  t r a j e c t o r y ,  and i s  a  fundamental p a r t  of t h e  Kalman f i l t e r  used i n  
process ing  observat ions t o  o b t a i n  a  b e t t e r  es t imate  of  t h e  p o s i t i o n  and 
v e l o c i t y .  As such,  it i s  a f f e c t e d  by t h e  process ing  o f  each observa t ion  and 
depends on t h e  assumed s t a t i s t i c a l  performance, which i n  t u r n  i s  based on t h e  
covariance mat r ix  Q of s e x t a n t  s t a t i s t i c s ,  contained i n  t h e  covariance 
mat r ix  Q.  The P matrix i s  p a r t i t i o n e d  as  fol lows:  

and t h e  rms magnitude of t h e  p o s i t i o n  unce r t a in ty  of  t h e  es t imated  t r a j e c -  
t o r y  with r e spec t  t o  t h e  a c t u a l  t r a j e c t o r y  rrmS i s  computed as  fol lows : 

- 
= [ t r a c e  P1] 1 /2 r r m ~  ( 2 )  

The 6 x 6  covariance mat r ix  R ( see  box 4 of f i g .  6 ,  and appendix C ) ,  
which allows t h e  computation of t h e  s t a t i s t i c s  of t h e  e n t i r e  ensemble of 
a c t u a l  t r a j e c t o r i e s  with r e s p e c t  t o  t h e  re ference  t r a j e c t o r y ,  i s  i n d i r e c t l y  
a f f e c t e d  by t h e  observa t ion  through t h e  v e l o c i t y  c o r r e c t i o n .  The R ma t r ix  
i s  p a r t i t i o n e d  as fo l lows:  

and t h e  rms magnitude of  t h e  p o s i t i o n  unce r t a in ty  of t h e  a c t u a l  t r a j e c t o r y  
wi th  r e s p e c t  t o  t h e  re ference  t r a j e c t o r y  ?rms i s  computed from t h e  
fo l lowing:  

A 

- [ t r a c e  R1] r r m ~  - 1 /2 

The rms magnitude of  t h e  i n d i c a t e d  v e l o c i t y  co r r ec t ion  Avrms a t  any 
p a r t i c u l a r  t ime along the  t r a j e c t o r y  depends on both P and R ,  and i s  com- 
puted  from t h e  3 x 3 Av mat r ix  ( see  box 17 of f i g .  6  and appendix C ) .  The 
va lue  of  Avrm, i s  used t o  eva lua t e  t h e  e f f e c t  of s e x t a n t  observa t ion  e r r o r s  
on t h e  v e l o c i t y  co r r ec t ion ,  and i s  computed as fo l lows:  



Values of Irms, grms, and Avrms were computed f o r  s e x t a n t s  having  

e r r o r s  with a  s tandard  dev ia t ion  of 1,  10, and 50 seconds of a r c .  These 
values were computed with appropr ia te  i n i t i a l  condi t ions  f o r  each o f  t h e  
th ree  phases and were used as  base l i n e  da t a .  The experimental r e s u l t s  a r e  
compared t o  t h i s  t h e o r e t i c a l  d a t a  i n  t he  d iscuss ion  of t h e  r e s u l t s .  The 
s tandard  dev ia t ion  of t he  e r r o r s  i n  t h e  instrument  i s  i nd ica t ed  i n  seconds of 
a r c ;  f o r  example, rrmS(50) r e f e r s  t o  da t a  obta ined  assuming a  s e x t a n t  having 
e r r o r s  with a  s tandard  dev ia t ion  of 50 seconds of a r c .  

RESULTS 

System guidance and naviga t ion  performance was eva lua ted  on t h e  b a s i s  
of  t h e  fol lowing:  (1) t r a j e c t o r y  es t imat ion  accuracy by comparing t h e  e s t i -  
mated t r a j e c t o r i e s  wi th  t h e  a c t u a l  t r a j e c t o r i e s ;  (2 )  v e l o c i t y  c o r r e c t i o n  
con t ro l  by comparing t h e  v e l o c i t y  c o r r e c t i o n  magnitudes with t h e o r e t i c a l  
re ference  d a t a ;  ( 3 )  t r a j e c t o r y  con t ro l  by comparing t h e  r e s u l t i n g  a c t u a l  t r a -  
j e c t o r i e s  with t h e  on-board re ference  t r a j e c t o r y  through a c t u a l  t r a j e c t o r y  
vacuum pe r igee  p o i n t s ,  and by comparing d a t a  a t  t h e  a c t u a l  t r a j e c t o r y  vacuum 
per igee  with allowable l i m i t s .  

Each research phase cons i s t ed  of e i g h t  complete d a t a  runs .  For 
graphica l  p re sen ta t ion  t h e  experimental r e s u l t s  were reduced s t a t i s t i c a l l y  t o  
produce a  composite t r a j e c t o r y  envelope r ep re sen t ing  t h e  s tandard  d e v i a t i o n  
about the  mean. This  envelope, which i s  p l o t t e d  f o r  comparison wi th  t h e  
t h e o r e t i c a l  re ference  d a t a ,  cons i s t s  of a  "system performance 1 sigma upper 
boundary , I '  and a  "system performance 1 sigma lower boundary ." The upper 
boundary curves were computed by adding t h e  1 sigma va lue  computed f o r  t h e  
e i g h t  d a t a  runs t o  t h e  computed mean of t h e  e i g h t  d a t a  runs,  and t h e  lower 
boundary curves were computed by s u b t r a c t i n g  t h e  1 sigma value from t h e  mean. 

In a l l  t h e  d a t a  runs us ing  t h e  experimental da t a ,  t h e  Kalman f i l t e r  
equations assumed a  s tandard  dev ia t ion  of  t he  s e x t a n t  e r r o r  of 10 seconds of 
a r c .  The a c t u a l  instrument  d a t a  obtained were s l i g h t l y  b e t t e r  than  those  
modeled i n  t h e  Kalman f i l t e r .  Consequently, a  s l i g h t l y  mismatched s i t u a t i o n  
r e s u l t e d .  Also, a  s p e c i f i c ,  bu t  t y p i c a l ,  member of  t h e  ensemble was chosen 
t o  i n i t i a l i z e  t he  experimental d a t a ;  t h i s  r e s u l t e d  i n  s l i g h t l y  degraded i n i -  
t i a l  condi t ions  f o r  t h e  experimental d a t a  as  compared t o  t h e  s t a t i s t i c a l  
condi t ions  used i n  i n i t i a l i z i n g  t h e  t h e o r e t i c a l  re ference  da t a .  

T ra j ec to ry  Est imation Accuracy 

Tra j ec to ry  es t imat ion  accuracy ( 1  sigma envelope) obta ined  i n  Phase I i s  
i l l u s t r a t e d  i n  f i g u r e  14. The accuracy of t h e  system performance e s t ima t ion  
was gene ra l ly  equal t o  o r  b e t t e r  than t h a t  t h e o r e t i c a l l y  pred ic ted  f o r  a  sys -  
tem us ing  an instrument  wi th  a  s tandard  dev ia t ion  e r r o r  of 10 seconds of  a r c .  
This can be seen by comparing t h e  performance envelope with t h e  t h e o r e t i c a l  



re ference  curve rrms(lO). The system es t imate  a f t e r  t h e  l a s t  observa t ion  had 
an accuracy t h a t  an i n t e r p o l a t i o n  of t h e  re ference  d a t a  i n d i c a t e s  would r e s u l t  
from process ing  observat ion d a t a  having 7- 8 seconds-of-arc  e r r o r .  This t r a -  
j ec to ry  es t imat ion  performance i s  considered acceptab le  because t h e  r e s u l t i n g  
a c t u a l  t r a j e c t o r i e s  provide a  s a f e  r e e n t r y .  

As previous ly  mentioned, t h e  i n i t i a l  condi t ions were obtained assuming a  
s t anda rd  dev ia t ion  e r r o r  i n  t h e  instrument  of 10 seconds of a r c  and a  s t a t i s -  
t i c a l  es t imate  of t h e  instrument  i n  t h e  Kalman f i l t e r  of 10 seconds of a r c .  
Subsequent t o  t h e  i n i t i a l i z a t i o n  p o i n t  ( f i g .  14, p o i n t  A), t h e o r e t i c a l  d a t a  
were obta ined  f o r  t h r e e  r e f e rence  cases :  1 second of a r c ,  10 seconds of a r c ,  
and 50 seconds of a r c .  For t h e  1 second case r r m S ( l ) ,  t h e  subsequent d a t a  
process ing  was s e n s i t i v e  t o  t he  more accura te  measurements, as  i nd ica t ed  i n  
f i g u r e  14 by an immediate improvement i n  p o s i t i o n  e s t ima t ion  accuracy. 

For rrms ( l o ) ,  as would be expected, t h e r e  was no s i g n i f i c a n t  change i n  
t h e  es t imat ion  accuracy. lVhen t h e  s tandard  dev ia t ion  of t h e  e r r o r  i n  t h e  
instrument  was changed t o  50 seconds of a r c  ?rms (50) a  s i g n i f i c a n t  advantage 
o f  t h e  Kalman f i l t e r  was i l l u s t r a t e d ;  t h e  f i l t e r  gives l i t t l e  weight t o  t h e s e  
degraded observat ions s i n c e  t h e  unce r t a in ty  of t h e  es t imated  s t a t e  (due t o  t h e  
h ighe r  i n i t i a l i z a t i o n  accuracy) i s  low compared t o  t h e  new measurement 
unce r t a in ty .  

Phase I1 covered t h e  complete mission,  us ing  t h e  d a t a  of Phase I  as  
prev ious ly  descr ibed .  As i l l u s t r a t e d  i n  f i g u r e  15, t h e  system p o s i t i o n  e s t i -  
mation accuracy f o r  t h i s  phase was very s i m i l a r  t o  t h a t  ob ta ined  f o r  Phase I ,  
and i s  considered q u i t e  adequate.  An i n t e r p o l a t i o n  of  t h e  re ference  d a t a  
i nd ica t ed  t h a t  performance of  t h e  system was equiva len t  t o  t h a t  i nd ica t ed  by 
t h e  t h e o r e t i c a l  re ference  d a t a  f o r  an instrument wi th  about 5-6 seconds of 
e r r o r  ( s tandard  dev ia t ion ) .  In  t h i s  phase, the  t h e o r e t i c a l  re ference  d a t a  
f o r  rrms(50) had time t o  s e t t l e  ou t  and i l l u s t r a t e  t h a t  performance of t h i s  
type  of instrument  i s  unacceptable  . 

The Phase I11 d a t a  f o r  t h e  dynamic s i t u a t i o n ,  where moving l i n e - o f - s i g h t  
p l a n e t  motion and cab- l imi t  cyc le  motion a r e  in t roduced ,  a r e  i l l u s t r a t e d  i n  
f i g u r e  16, which compares system es t imat ion  performance d a t a  through t h e  
complete in-bound t r a j e c t o r y  with t h e o r e t i c a l  re ference  curves.  The system 
es t imat ion  performance s e t t l e d  out around 20 ki lometers  of p o s i t i o n  estima- 
t i o n  e r r o r .  An i n t e r p o l a t i o n  o f  t h e  t h e o r e t i c a l  r e f e rence  curves i nd ica t ed  
t h a t  t h i s  l e v e l  of performance would r e s u l t  from process ing  observat ion d a t a  
having 11-seconds-of-arc e r r o r ,  and thus  would provide a  s a f e ,  f ixed-t ime-of-  
a r r i v a l  r e e n t r y ,  which i s  c o n s i s t e n t  with t h e o r e t i c a l  p r e d i c t i o n s .  The 
r e s u l t s  a r e  a l s o  c o n s i s t e n t  with the  s t a t i s t i c s  of t h e  observa t ion  e r r o r  s e t  
ob ta ined  f o r  t h i s  phase which, f o r  t h e  67 observat ions t h a t  were taken, had a  
mean of  4 .7  seconds of a r c  and a  s tandard  devia t ion  of  8 .6  seconds of a r c  
g iv ing  an rms value of  9 . 8  seconds of a r c .  A comparison of  s t a t i s t i c a l  
e r r o r s  of t h e  observa t ion  s e t s  of Phases I and I11 i n d i c a t e s  t h a t  t h e  e r r o r  
i nc rease  due t o  t h e  dynamics of Phase I11 i s  about 2 . 2  seconds of mean e r r o r  
( 4 . 7  - 2.5) , and t h a t  t h e  s tandard  dev ia t ion  e r r o r  i nc reased  by 2 .7  seconds 
(8.6 - 5 . 9 ) .  



Veloci ty Correct ion 

Table I V  compares t h e  v e l o c i t y  co r r ec t ion  magnitudes obta ined  f o r  a l l  
t h r e e  phases with t h e o r e t i c a l  r e f e rence  d a t a .  The comparison of v e l o c i t y  
co r r ec t ion  magnitudes of Phase I  wi th  t h e o r e t i c a l  r e f e rence  d a t a  i n d i c a t e s  
s a t i s f a c t o r y  performance. There was a  t r end  i n  Phase I  f o r  t h e  v e l o c i t y  
co r r ec t ion  magnitude t o  be g r e a t e r  f o r  t he  more accura te  s e x t a n t  models, as  
i l l u s t r a t e d  by a  comparison of Avrms (50) with A ( 1  . This t r e n d  was an 
i n d i r e c t  r e s u l t  of t h e  Kalman computation technique .  An improvement i n  t h e  
knowledge of  es t imated  p o s i t i o n  and v e l o c i t y  r e s u l t s  i n  an inc rease  i n  t h e  
magnitude of t h e  v e l o c i t y  c o r r e c t i o n .  Wen a  s e r i e s  of co r r ec t ions  was made, 
as i n  Phases 11 and 111, t he  sum of t h e  v e l o c i t y  co r r ec t ions  showed t h a t  t h e  
more accu ra t e  instrument  not  only provided b e t t e r  a c t u a l  p o s i t i o n  con t ro l  
(discussed below) b u t  a l s o  minimized the  expenditure  of f u e l ,  a s  one would 
expec t .  

The t o t a l  v e l o c i t y  co r r ec t ion  magnitudes obta ined  i n  Phases I1 and I11 
( l i n e  5 ,  t a b l e  IV) a r e  cons i s t en t  with t h e  t h e o r e t i c a l  re ference  d a t a .  The 
magnitudes of Phase 111, f o r  example, a r e  s l i g h t l y  l a r g e r  than those  obta ined  
f o r  a  system having a  t h e o r e t i c a l  10-second s tandard  dev ia t ion  of  t h e  e r r o r  
i n  t h e  instrument  Avrms(lO), which i s  c o n s i s t e n t  wi th  t h e  p o s i t i o n  es t imat ion  
performance d iscussed  i n  t he  previous s e c t i o n .  

T ra j ec to ry  Control 

Er rors  between t h e  ac tua l  t r a j e c t o r y  and t h e  des i r ed  r e fe rence  t r a j e c t o r y  
a r e  shown f o r  Phases I ,  11, and 111, i n  f i g u r e s  17,  18, and 19, r e s p e c t i v e l y .  
Performance f o r  a l l  t h r e e  s tudy phases shows acceptab le  guidance and naviga- 
t i o n .  The inc rease  i n  t h e  upper e r r o r  envelope boundary as  t h e  a c t u a l  t r a j e c -  
t o r y  approaches the  per igee  p o i n t  i s  t o  be  expected because of t h e  propagat ion 
of t h e  u n c e r t a i n t i e s  i n  the  v e l o c i t y  c o r r e c t i o n .  This upper e r r o r  boundary 
s t i l l  r ep re sen t s  adequate systems performance; the  a c t u a l  t r a j e c t o r y  e r r o r s  
from t h e  re ference  t r a j e c t o r y  r e s u l t  i n  a  s a f e  r een t ry  s t a t e ,  as  d i scussed  i n  
the  fol lowing paragraph. Again, a  comparison with t h e o r e t i c a l  d a t a  shows t h e  
r e s u l t i n g  performance t o  be c o n s i s t e n t l y  b e t t e r  than  t h a t  expected f o r  a  
10-second-of-error instrument .  

Inasmuch as  t h e  a l t i t u d e  dev ia t ion  a t  t h e  a c t u a l  pe r igee  p o i n t  i s  
p a r t i c u l a r l y  c r i t i c a l  and the  e r r o r s  i n  downrange and crossrange a r e  a l s o  of  
i n t e r e s t  i n  eva lua t ing  f ixed  time of a r r i v a l  performance, t h e  a c t u a l  t r a j e c -  
t o r y  s t a t e  i s  eva lua ted  s p e c i f i c a l l y  a t  t h i s  p o i n t .  The d a t a  a r e  summarized 
i n  t a b l e  V .  Performance i n  p o s i t i o n  con t ro l  a t  t h e  a c t u a l  pe r igee  p o i n t  was 
acceptab le  i n  a l l  phases,  as i n d i c a t e d  by a  comparison with t h e  r e f e rence  
d a t a  and the  al lowable r een t ry  c o r r i d o r .  The allowable r een t ry  c o r r i d o r  d a t a  
f o r  t h i s  f i g u r e  were obtained from references  12 and 13. Most of  t h e  p o s i t i o n  
e r r o r  a t  t h e  a c t u a l  per igee  p o s i t i o n  i s  i n  t h e  downrange d i r e c t i o n  and r ep re -  
s e n t s  an e r r o r  i n  f ixed- t ime-of -ar r iva l  guidance of  b u t  a  few seconds ( t h e  
spacec ra f t  v e l o c i t y  a t  t h i s  po in t  i n  t he  downrange d i r e c t i o n  i s  approximately 
11 km/sec) . 



Observer Comments on t h e  Use of t he  Hand-Held Sextant  

The observer  was a  q u a l i f i e d  A i r  Force nav iga to r  (Capt.)  with 
cons iderable  experience with t h i s  type  of  instrument .  He f e l t  t h e  hand-held 
s e x t a n t  was ope ra t iona l ly  s a t i s f a c t o r y  f o r  s i g h t i n g s  of t h e  type requi red  i n  
t h i s  experiment.  The moon c r a t e r  Tycho, used f o r  t h e  landmark re ference ,  was 
easy t o - l o c a t e  b u t  t h e r e  was some d i f f i c u l t y  experienced by t h e  observer  i n  
c o n s i s t e n t l y  determining the  cen te r  accu ra t e ly .  He f e l t  t h a t  ac tua l  s i g h t i n g s  
on t h e  moon would b e  more d i f f i c u l t ,  mainly due t o  shadows of  t h e  c r a t e r s  
s h i f t i n g  each day. 

There were no s i g n i f i c a n t  problems during t h e  s t a t i c  observa t ions .  The 
observer  d id  f i n d  it  d e s i r a b l e  t o  in t roduce  a  small  amount of instrument r o t a -  
t i o n  motion during the  observa t ion .  This motion produced a  slow frequency 
motion of t h e  s t a r  r e l a t i v e  t o  t h e  landmark with a  magnitude as i l l u s t r a t e d  
between po in t s  A and B o f  f i g u r e  1 2 ,  and provided a  more p r e c i s e  method of 
superimposing t h e  s t a r  i n  t h e  c e n t e r  of t h e  landmark. During t h e  dynamic 
measurements, t h e  l i n e - o f - s i g h t  r a t e s  seemed very slow (5 seconds of a r c  p e r  
second).  He f e l t  t h a t  t ak ing  an observa t ion  was no t  any more d i f f i c u l t  due t o  
t h e  moving l i ne -o f - s igh t  v a r i a b l e  than  t ak ing  t h e  observa t ions  under s t a t i c  
cond i t i ons .  However, t h e  e f f e c t s  of t h e  moving cab were s i g n i f i c a n t ,  as t h i s  
motion made i t  d i f f i c u l t  t o  keep t h e  s t a r  and t h e  landmark superimposed. The 
motion of t he  cab coupled i n t o  the  s e x t a n t  and r e s u l t e d  i n  t h e  same k ind  of 
s tar- landmark motion t h a t  was introduced by the  observer  i n  t h e  s t a t i c  phase. 
However, t h i s  e f f e c t  was f a r  g r e a t e r  than des i r ed .  The observer  attempted t o  
reduce i t  by r o t a t i n g  t h e  hand-held s e x t a n t  i n  a  d i r e c t i o n  oppos i te  t o  t h e  
cab motion, bu t  t h e  r e s u l t i n g  motion of t h e  s t a r  and t h e  landmark could no t  b e  
reduced t o  l e s s  than  t h a t  i nd ica t ed  by po in t s  C and D o f  f i g u r e  1 2 .  I t  i s  
f e l t  t h a t  t h i s  motion was t h e  main source of  e r r o r  i n c r e a s e  i n  t h e  dynamic 
Phase I11 observa t ions  over  those obtained from t h e  s t a t i c  observat ions of 
Phases I and 11. 

The guidance and naviga t ion  performance obta ined  i n  t h i s  s tudy  were 
adequate,  even though t h e  cab motion used (2"  a t  0 . 0 8  Hz i n  a l l  axes) was con- 
s i d e r a b l y  i n  excess of t h a t  expected of an a c t u a l  con t ro l  system, and t h e  
coupling e f f e c t s  of t h i s  on t h e  hand-held s e x t a n t  were g r e a t e r  than des i r ed .  
I t  i s  expected t h a t  under g r a v i t y - f r e e  condi t ions  of space and i s o l a t i o n  of 
t h e  s e x t a n t  from phys ica l  attachment t o  t he  s h e l l  o f  t h e  veh ic l e ,  t h e  e r r o r  
due t o  cab motion w i l l  a c t u a l l y  be l e s s  than t h a t  experienced i n  t h i s  
experiment.  

Symbolic Computer Control and Display 

The symbolic abbrevia t ion  computer con t ro l  and d i sp l ay  concept used i n  
t h i s  s tudy was i d e n t i c a l  t o  t h a t  repor ted  i n  re ference  9 ,  except t h e  panel  
conf igura t ion  was modified f o r  g r e a t e r  compa t ib i l i t y  wi th  cab i n s t a l l a t i o n  
requirements .  Very s a t i s f a c t o r y  ope ra t iona l  r e s u l t s  were obtained through 
a p p l i c a t i o n  of t he  symbolic-alphabet ic  abbrevia t ion  technique f o r  e n t e r i n g  
and i n t e r p r e t i n g  computer d a t a .  No e r r o r s  were generated during input  t h a t  
were not  de t ec t ed  and co r rec t ed  by t h e  observer ,  and t h e r e  were no de t ec t ab le  
d i sp l ay  i n t e r p r e t a t i o n  e r r o r s .  The observer  became f a m i l i a r  very r ap id ly  
with the  abbrevia t ions  and t h e  sequencing. 



CONCLUSIONS 

A l l  t h r e e  phases of t h i s  s tudy  f u r t h e r  confirm through hardware 
s imula t ion  a n a l y s i s  t h a t  a  system us ing  a  f l i g h t - q u a l i f i e d  hand-held s e x t a n t  
and process ing  the  observat ion d a t a  us ing  s t a t i s t i c a l  f i l t e r  techniques have 
a  b a s i c  p o t e n t i a l  of providing acceptab le  guidance and naviga t ion  f o r  t h e  
midcourse phase.  Pos i t i on  es t imat ion  was c o n s i s t e n t l y  good f o r  a l l  phases of 
t h i s  s tudy ,  and t h e  r e s u l t i n g  v e l o c i t y  co r r ec t ion  parameters were computed 
q u i t e  accu ra t e ly  from t h e  p o s i t i o n  es t imat ion  da t a .  The r e s u l t i n g  c a p a b i l i t y  
of the  system t o  guide t h e  spacec ra f t  t o  an acceptab le  r een t ry  p o s i t i o n  and 
time was i n  a l l  phases cons i s t en t  with t h e  requirements f o r  a  s a f e  r e e n t r y .  
No anomalies o r  d i s c o n t i n u i t i e s  were de t ec t ed  i n  t he  s t a t i s t i c a l  f i l t e r  
processing of  t h e  hand-held s e x t a n t  observa t ion  d a t a .  Operat ional  r e s u l t s  of 
using symbolic-alphabet ic  abbrevia t ion  techniques f o r  computer con t ro l  and 
d isp lay  were very s a t i s f a c t o r y .  

The use of  a  hand-held s e x t a n t  should r e s u l t  i n  s i g n i f i c a n t  system 
r e l i a b i l i t y  advantages.  Problems due t o  add i t i ona l  e r r o r  sources ,  such as  t h e  
e f f e c t s  of s i g h t i n g  through a  window i n  t h e  space environment, v a r i a t i o n s  of 
t he  shadows on t h e  moon, e t c . ,  w i l l  have t o  be  considered be fo re  a c t u a l  imple- 
mentation of such a  system i n  a  s p a c e c r a f t .  However, t h e  r e s u l t s  of t h i s  
s tudy i l l u s t r a t e  t h e  b a s i c  c a p a b i l i t y  of  such a  system t o  provide acceptab le  
guidance and naviga t ion  information.  S t a t i s t i c a l  f i l t e r  theory process ing  of 
hand-held s e x t a n t  d a t a  looks p o t e n t i a l l y  good enough t o  warrant  cont inued 
cons idera t ion  f o r  use i n  f u t u r e  manned s p a c e c r a f t .  The r e s u l t i n g  hardware 
system conf igura t ion  would o f f e r  very important advantages i n  s i m p l i c i t y  and 
hence r e l i a b i l i t y .  

Ames Research Center 
Nat ional  Aeronautics and Space Administrat ion 

Moffet t  F i e ld ,  C a l i f . ,  94035, J u l y  7,  1969 



APPENDIX A 

NONLINEAR EQUATIONS OF MOTION FOR TRAJECTORY CALCULATIONS 

The equat ions of motion a r e  der ived  under t h e  fol lowing assumptions: 

Sketch (a) 

1. A r e s t r i c t e d  four-body system 
i s  s u f f i c i e n t l y  accu ra t e .  

2 .  The second harmonic term of t h e  
e a r t h ' s  g r a v i t a t i o n a l  f i e l d  i s  
s u f f i c i e n t .  

3 .  The sun and moon a r e  s p h e r i c a l  
and homogeneous. 

The coordinate  system i s  Ca r t e s i an  
and geocen t r i c .  The Z ax i s  l i e s  along 
the  e a r t h ' s  po la r  a x i s ,  p o s i t i v e  t o  t he  
n o r t h .  The X and Y axes l i e  i n  t h e  
equa to r i a l  plane with the  p o s i t i v e  X 
a x i s  i n  the  d i r e c t i o n  of t he  ve rna l  
equinox. The Y ax i s  i s  o r i en t ed  s o  as  
t o  form the  r ight-handed orthogonal  
system shown i n  ske tch  ( a ) .  

The equat ions of motion, der ived by methods given i n  re ference  14, a r e :  



where 

a  = equa to r i a l  r ad ius  o f  t h e  e a r t h  = 6 . 3 7 8 2 6 ~ 1 0 ~  m 

The u values a r e  computed by mul t ip ly ing  t h e  un ive r sa l  g r a v i t y  cons t an t  
times t h e  mass of t h e  body, and J is  t h e  c o e f f i c i e n t  of t h e  second su r f ace  
harmonic of t h e  e a r t h ' s  p o t e n t i a l  f i e l d .  

The terms involving only d i s t ances  between the  e a r t h  and moon, o r  e a r t h  
and sun, such as  p m ~ m / ~ m 3 ,  account f o r  t h e  acce l e ra t ions  of t h e  coord ina te  
system with r e spec t  t o  i n e r t i a l  space .  

The p o s i t i o n  of the  sun and moon a r e  obtained by i n t e r p o l a t i o n  of d a t a  
from magnetic t ape  ephemerides. Within t h e  sphere of in f luence  of t h e  moon, a  
lunar  r ad ius  of 66,000 km, t h e  o r i g i n  of  coordinates  i s  t r a n s l a t e d  t o  t he  
cen te r  of t h e  moon. Since no r o t a t i o n  i s  performed, t h e  d e f i n i t i o n s  of 
pe r tu rba t ions  from t h e  re ference  (see appendix B) remain t h e  same. 



APPENDIX B 

CALCULATION OF TRANSITION MATRICES 

The t r a n s i t i o n  mat r ices  used i n  t h e  naviga t ion  system a r e  obtained by 
so lv ing  l i n e a r  d i f f e r e n t i a l  equat ions t h a t  r ep re sen t  pe r tu rba t ions  of t h e  
a c t u a l  t r a j e c t o r y  from t h e  r e f e rence .  Derivat ion of t hese  p e r t u r b a t i o n  
d i f f e r e n t i a l  equat ions i s  ou t l i ned  below. 

The nonl inear  equat ions of motion given i n  appendix A can be w r i t t e n  i n  
t h e  form: 

I t  i s  des i r ed  t o  f i n d  l i n e a r  d i f f e r e n t i a l  equat ions f o r  small  dev ia t ions  from 
t h e  r e f e rence .  These equat ions may by found by expanding equat ions (Bl) about 
t h e  re ference  t r a j 6 c t o r y  i n  a  Taylor  s e r i e s  and dropping a l l  terms except t h e  
f i r s t  o rde r .  

I t  i s  convenient t o  dea l  with systems of l i n e a r  d i f f e r e n t i a l  equat ions 
i n  mu l t ip l e  va r i ab l e s  i n  mat r ix  form. For t h i s  purpose, it i s  gene ra l ly  
d e s i r a b l e  t o  reduce t h e  system t o  a  s e t  of f i r s t - o r d e r  equat ions a s  fo l lows .  
Define 



Then t h e  system of pe r tu rba t ion  equat ions can be w r i t t e n  i n  mat r ix  form as  

where F is a 6 x 6 matr ix of c o e f f i c i e n t s  and x i s  a 6 x 1 column vec to r  
of t he  x i  def ined above. From equat ions (B2) and (B3), equat ion (B4) can 
be w r i t t e n  a s  

Consider any system of homogeneous l i n e a r  f i r s t - o r d e r  d i f f e r e n t i a l  
equat ions w r i t t e n  i n  matr ix form 

where 3 i s  an n x n mat r ix  of time v a r i a n t  c o e f f i c i e n t s  and x i s  an 
n x 1 column vec to r  of dependent v a r i a b l e s .  I t  i s  shown i n  r e f e rence  13 t h a t  
i f  U is a nonsingular  mat r ix  having n columns of n l i n e a r l y  independent 
s o l u t i o n s  of (B6), then U (def ined as  a fundamental matr ix)  is  a s o l u t i o n  of 

where U(to) i s  a cons tan t  mat r ix .  A s  a s p e c i a l  case,  Q i s  def ined  as  being 
t h e  U obtained when U(to) i s  t he  u n i t  mat r ix .  Thus Q can be obta ined  
one column a t  a time i f  equat ion (B6) i s  solved n t imes ,  each wi th  a 
d i f f e r e n t  member of x ( t o )  s e t  equal t o  u n i t y  and a l l  t h e  o t h e r  members s e t  
equal t o  zero.  Once Q i s  obtained the  s o l u t i o n  of x ( t )  f o r  any given s e t  
of i n i t i a l  condi t ions xo i s  given by 



The matr ix @ ( t )  r ep re sen t s  t h e  " t r a n s i t i o n  i n  t h e  s t a t e s  of t h e  system of 
equat ions between time to and t and may be w r i t t e n  a s  @ ( t , t o )  t o  i n d i c a t e  
t h i s  f a c t .  I f  equat ion (B5)  is so lved  i n  t h i s  manner, t h e  r e s u l t i n g  t r a n s i -  
t i o n  mat r ix  r e l a t e s  dev ia t ions  from t h e  r e f e rence  t r a j e c t o r y  a t  t ime t t o  
t h e  i n i t i a l  dev ia t ions  a t  time to: The t r a n s i t i o n  mat r ix  @ ( t 2 , t l )  between 
any two times on t h e  re ference  t r a j e c t o r y  may be ca l cu la t ed  i n  t h e  same 
manner a s  @ ( t  , t o )  . 

The c a l c u l a t i o n  i s  performed on t h e  SDS 920 computer by so lv ing  s i x  s e t s  
of p e r t u r b a t i o n  equat ions,  each with a  u n i t  i n i t i a l  condi t ion  on one of t h e  
x i ,  between succeeding observa t ions .  Af t e r  each observa t ion ,  t h e  i n i t i a l  
condi t ions  a r e  r e s e t ,  t o  u n i t y  o r  zero,  and t h e  computation i s  c a r r i e d  out  
u n t i l  t h e  next  observa t ion .  Addit ional  d e t a i l s  of t h i s  development may be 
obtained from reference  1. 



APPENDIX C 

GUIDANCE, NAVIGATION, AND STATISTICAL DATA COMPUTATIONS 

LINEAR PREDICTION 

The l i n e a r  p r e d i c t i o n  used i s  covered i n  d e t a i l  i n  re ference  1. I t  
assumes t h a t  small  dev ia t ions  of t h e  s t a t e  a t  time t k  can be obta ined  from 
a  l i n e a r  combination of t h e  dev ia t ions  a t  t ime t k - l .  I n  p a r t i c u l a r ,  when 
dea l ing  with the  dev ia t ions  ? ( t k - l )  and ~ ( t k - I ) ,  t h e  r e l a t i o n s h i p s  may be 
w r i t t e n  i n  matr ix form as  fo l lows:  

where @ ( t k , t k - l )  i s  t h e  t r a n s i t i o n  matr ix from time tk-l t o  t ime t k .  
S u b s t i t u t i n g  (Cl) i n t o  t h e  d e f i n i t i o n  of t h e  covariance mat r ix  of e s t ima t ion  
e r r o r  P ( t k )  where 

y i e l d s  t h e  fol lowing equat ion r e l a t i n g  P ( tkml )  t o  P ( t k ) :  

S imi l a r ly ,  s u b s t i t u t i n g  (C2) i n t o  t h e  d e f i n i t i o n  of t h e  covariance ma t r ix  of  
t h e  dev ia t ions  between t h e  ac tua l  and the  re ference  s t a t e s  R(tk) where 

y i e l d s  t h e  fol lowing equat ion r e l a t i n g  R( tk- l )  t o  R ( t k ) :  

Thus, t h e  updating opera t ion  c o n s i s t s  of computing equat ions (C4) and (C6). 

H MATRIX 

The H matrix i s  computed from the  re ference  s t a t e  values i n  t h e  form 



where t h e  p a r t i a l  de r iva t ives  of t h e  s e x t a n t  angle  y  a r e  found from an 
express ion  f o r  y  i n  terms of p o s i t i o n  components ( X ,  Y ,  Z) and t h e  u n i t  
vec to r  t o  t h e  s e l e c t e d  s t a r .  

KALMAN WEIGHTING MATRIX 

The Kalman weighting matr ix K a t  t ime tk i s  computed f o r  t h i s  
a p p l i c a t i o n  i n  the  form given i n  r e f e rence  1, a s  fo l lows:  

where Q i s  a  covariance matr ix of t h e  observa t iona l  e r r o r s .  For t h i s  
p a r t i c u l a r  case Q i s  given as  

where a2  is  t h e  var iance  of t he  e r r o r  i n  t he  instrument i n  seconds of  a r c  
assuming zero mean e r r o r .  

COVARIANCE MATRIX OF THE ESTIMATION ERROR P 

The va lue  of t h e  covariance mat r ix  of es t imat ion  e r r o r  a f t e r  a  s e x t a n t  
observa t ion  P  ( tk )  i s  computed a s  f o l  lows : 

This  computation r e f l e c t s  t h e  change i n  t he  covariance mat r ix  of e s t ima t ion  
e r r o r s  P  due t o  t h e  observa t ion  j u s t  processed, and P t ( t k )  now becomes t h e  
updated P  ( t k )  and P ( t k )  i s  then  s t o r e d .  

THE END-POINT STATE PREDICTION MATRIX A 

A p r e d i c t i o n  mat r ix  A ( t e , t k ) ,  which p r e d i c t s  t h e  end-point s t a t e  from 
t h e  p re sen t  s t a t e ,  i s  computed from 

An i n i t i a l  p r e d i c t i o n  mat r ix  A( te , to)  i s  requi red  t o  s t a r t  t h e  above computa- 
t a t i o n  and i s  determined p r i o r  t o  t h e  i n i t i a l i z a t i o n  of  t h e  program. To 
ob ta in  t h i s  mat r ix ,  t h e  system was commanded, p r i o r  t o  any a c t u a l  d a t a  r u n s ,  
t o  run from t h e  re ference  t r a j e c t o r y  i n j e c t i o n  po in t  a t  to t o  t h e  end-point 
t, without  observa t ions  o r  v e l o c i t y  c o r r e c t i o n s .  T h i s  r e s u l t e d  i n  a  t r a n s i -  
t i o n  matr ix O( t e , t o ) ,  which was a l s o  t h e  des i r ed  i n i t i a l  p r e d i c t i o n  mat r ix  
A ( t e , t o ) .  Updating of t h e  p r e d i c t i o n  mat r ix  a t  each observa t ion  according t o  
equat ion (C11) requi red  f ind ing  O ( t k , t k -  1 ) -1  from @ ( t k ,  t k - l )  . Because 



Q ( t k , t k - ] )  i s  a symplect ic  mat r ix ,  it is  i n v e r t a b l e  merely by r ea r r ang ing  
terms and changing s i g n s .  Thus, i f  Q(tk,tk,l) i s  p a r t i t i o n e d  i n t o  3 x 3 
submatrices 

then 

INDICATED VELOCITY CORRECTION AVG 

With t h e  d i f f e r e n c e  between t h e  est imated and r e fe rence  s t a t e s  g iven  by ,. 
x and t h e  updated p r e d i c t i o n  matr ix from equat ion (C11) t he  i n d i c a t e d  veloc-  
i t y  c o r r e c t i o n  AVG t o  be gained is  computed from 

where G i s  given by 

and A l ( t $ , t k )  and Az( t e , t k )  a r e  3 x 3 submatrices r e s u l t i n g  from the  
p a r t i t i o n i n g  of A ( t e , t k ) .  

The magnitude of AVG i s  



COVARIANCE MATRIX AV 

The s t a t i s t i c s  of t h e  ind ica t ed  v e l o c i t y  co r r ec t ion  a r e  determined from 
a  covariance mat r ix  AV,  which is  computed from 

AAT T = GE [xx ]G 

In r e f e rence  1, it i s  shown t h a t  

so  t h a t  t h e  a c t u a l  computation i s  

COVARIANCE MATRIX R 

The covariance mat r ix  R of t he  e r r o r s  between the  a c t u a l  and t h e  
est imated s t a t e s  must be cor rec ted  t o  r e f l e c t  t h e  e f f e c t s  of t h e  v e l o c i t y  
co r r ec t ion  maneuver: The r equ i r ed  computation, developed i n  d e t a i l  i n  
re ference  1, i s  as  fol lows:  

where R t  i s  t he  updated R matr ix  and rep laces  R .  
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TABLE I.- INITIAL CONDITION ERRORS AT THE TRANSEARTH INJECTION POINT 
[Perilune : 70.68 h r l  



TABLE 11.- OBSERVATION AND VELOCITY CORRECTION SCHEDULE 



TABLE 111.- I N I T I A L  CONDITION ERRORS AT 1 2 2 . 0  HOURS 
A S  USED I N  PHASE I 
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Figure 1.- On-board hardware-computational system configuration. 
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Figure 2.- Sextant configuration and operating controls. 







Digital simulation Real time clock 

plus parity 

Add 16 psec 
multiply 32 psec 
12 k core memory 

Fortran I1 and 
symbol assembly 

language 

Figure 5.- Digital computer simulation configuration. 







A-40577 

Figure 8 . -  Moon simulator. 





A-37370 

Figure 1 0 . -  Lunar midcourse spacec ra f t  cab s imu la to r .  





Figure 12.- Moon photograph. 
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Figure 15.- Tra jec tory  es t imat ion  e r ro r s ,  Phase 11. 
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