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ABSTt ACT

A set of coefficients ha:4 been obtained by

fitting an empirical non-linear 1im1)--drrke;iinl;

law of the form

I (< ()	 1 - A,. (1.- -)-I3,	 1,r)gUT 
to values of	 computed from a grid of
hydrogen .tine-blanketed model atmospheres. In
addition, a set of e%,effic'.ents for the conventional
linear law has been calculated. Tho comparison
with previous theoretical values for tl^ linearized
law shows good agreement with Grybar's (1965) results
but systematically smaller vtat l , ►ets than t ► iose found
by Ilosokawn (1967) .

1. I NTIX)D UC T ION
A number of detailed modal atmospheres have been re - analyzed

by Gr,ygar (1965) to derive improved limb-darkening coefficients
for ea-ly type stars. Ile noted that, although models frora
several 611ferent authors were used, good internal consistency
existed amo:i- the separate determinations of the coefficients.
A tabulation of mean coefficients is given for wavelengths
ranging frog 1 10001 to 9000R. This tabulation is restricted
to surface gravities with log (g) = 4.0 but additional

coefficients from three of Strom's ( 1064) log(g) = 3.0 models
are also depicted. More recently, Iioso):awa (1967) has
determined the darkening coefficients for a wider range of
effective temperatures by analyzing the model. atmospheres of
Strcu and Av rett , t 1966) for early type stars and of Ginger. ich



I

( UGG) for cooler stf.i • s. 	' gain tho dctermi,nations area only

for log (g) = 4.0. This wort. diff(?rs from Grygar's in that
tho linenriied tiarl.olling coefficient is defi. ►►ed by n flux
equivalent relations rattier than a least sq ►► ares representation
with unequal weight y . We shall dtdopt lio. ohiwa's definition
fur u  and our results will be directly comparable.

It is well known that except for the case of the simple
gray atmosphere solution, the direct respre-:sentation of the
emergent intensity distribution is markedly non-linear. To
obtain observational confirmation of this relation by tho
study of eclipsing bi ► iaries is difficl ► lt. Nevertheless,
Grygar (196:3) found that the photometric solution for they
eclipsing system All Aurigao was i ►nproved, as indicated by
a reduction in the residuals, when a non-linear darkening
law was applied. This is not to say that solutions for all
types of eclipsing binaries can be improved by adopting a
ron- linear law. Most likely those systeras which exhibit

photometric (and spectrographic) complications, large outside
eclipse variations, or are comprised of t'.dally or
rotationally distorted components will not respond to this
elaboration. Conversely, it cannot be expected that these
systems will provide observational verification of the computed
coefficients.

In this present wort: a set of coefficients appropriate
to the linear law of darkenin g (Hosokawa, 1967) and a set
for an em pirical non-linear law are calculated for early
type stars. The latter set of coo-j is cients is suitable for
application in direct computer analysis of binary systems.
Finally, the newly computed coefficients are compared both
with previous theoretical values and with observed values.

II. MODEL CAI ITLATIONS
A grid of flux corrected radiative and hydrostatic

equilibrium model atmospheres with hydrogen line-blanketing
has been used to compute I ) GO at wavelengths of astrophysical

interest. The models cover the range 10000K s Teff s 40000K;

- 2 -
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2.5	 lug g	 4.5 anu l ► .ive a coaiputsi tton (by mass) of X - 2/39
Y - 1/3.	 lux is c onst:1ut to Within r few touths of a
percent. Tho opacity sources iac laded are the bound--free
and the fret.► -•free tr • ai ► sitio^nx of hydrogen, heli ► us and their
ions both lxisitivu acid aegjtivc^ (uihala-s, 1965; Vardya, 1963;

Gel tan a, 1962. Fisr. lie 1, 196:1 ano t(cl owe11, cat a 1 . , 1966) ,
electron scattering, ;end t110 botAnd-boiind transitions of the
Lyman and 1'a imc;r scrie-i of hydroguo n (Grieco, 1960 ant Underhill,
1962) . These models are currently ljoing nrelNired for publication.
No metal line blanketing tins been included in theso calculations
hence, the results ill tl1 'V far LIV roust he cora4idered of lower
weight thna those in the near UV and visible.

Tho emergent intensity no a f unc Lion of	 (Clinndrnsekhar,
1950) is def ined as

w
-t /. dt	

(1)

where	 is the cArection cc:sine of the line of sight to the
surface normal and 5. (t, ) is tho monochromatic source function
including the sc a ttering t©rm (?Cuurbnnoff, 1963). A ten ixAnt
Gauss Laguerve quadvature formula was used to evaluate
equation 1 in which x = t, . /,, was taken as the independent
variable. In order to verify the necuracy of the calculations:;,
values of : were chosen to lx'rmit i Gaussian integration of
the moment equation	 1

is (^	 s U ;^ 2 o	 I^ (:) d^	 (2)

which could than be compared With the net emergent flux, F-,
(Rourganoff, 196.1) computed directly from

OD

F,, 	U) - 2	 'S (t	 y(t )dt ' 	CO
0

In all cases the di f ferencse between the amergent flux as
computed b e ua tionn 2 and .1 is less tlinn 1/2',5,.P	 Y q

c '	 A linearized representation 7f the emergent intensity
as a function of	 is commonly assumed. ^'or this present
work s Hosokawa's (1967) relation defining the linear
coefficient u  is ac'opted. The coefficient is found from

8 w
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t l,ej equiva lento ref lit t ion
! I(t)	

v	
1

I(^	 (1 - u^ + t^l
U	 n

which .after integration yie l(ls

U	 ,3- V	 1 I (^ ^)	 cl1	
M0

) di	 (4)

(J)

In addition to the linearized form, Hio following eanpiric.il
oqu.,tionta which express the intriasle non-- linearity of the
canergecat icatensity with 	 we ve3 asst:uaed. The first can be
recognized as that due to vun 't Vee r (1960).

I: I ( )/I, (1)	 1 - :^, (1- ) _ 1; t (1_,1):3

II: I, ( )/I^ ( 1)	 ].	 ^, (:!.- )	 I!;	 log10

The coefficients, A, and B , !ere fotand by the method of

least squares. i'robable errors ranged from 0.001 to 0.01

with consistently smaller error-s obtaining with the seeond

empirical law. Tables 1 to 5 list the values of A, , B)

pertaining to the second law and the linear coefficients u 
for each wavelength and each model. Separate evaluations

were made at cacti surface gravity. ',Jfective temperature

varies across the table and wavelength varies clown the

table.

III. DISCUSSION

It can be seen fvom the tabula ted results that tile. limb

darkening coefficients decrease smoothly with increasing

surface gravity for all wave3longths.

The magnitude of the effect is rather small. On the other

hula!, the u 1 values vary xar;^edly with temperature And

wave length in a manner similar to thn t found by previous

invest igaatoxs. It shutild be noted that the values of u 

at ` - 33624,  devinte from a:a app arrant smooth wavelength relation.
At this particular wavelength, the livings of the Balmer hydrogen
lines alter the continutm opacity and peoduce tho nnamolous
result. At the present tisae, very few high quality limb,

. 4 --
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darkening determinations for early type stars are available

(e.g., refer to Hood (1963D. The generaltendency that the
observed limb darkening coefficients are larger than the
computed is strengthened by these present results.

Although the coefficients are not tabulated hare, several

models were solved to obtain linearized limb darkening

coefficients in the manner described by Grygar. %xcellent
agreement between the two sets of coefficients was found

Indicating an equivalence for the respective model atmouphores
used in the determination. however, a comparative study with
llosokawa's tabulation of noun limb darkening coefficients,
where identical definitions for the linearization law were
assumed, shows a systematic difference in the coefficients
nearly independent of wavelength. The sense of the difference
Is that the present coefficients are of the order of .04 units
smaller than Hosokawu's. This difference is probably not
significant for the inverse observational problem.
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