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A 

B 

C 

D 

- 
Id 

D e f i n i t i o n  

beam A ,  ups t ream beam 

beam B ,  downstream beam 

a  c o n s t a n t  (C = 4 i  /XD) d  

d iamete r  of l a s e r  beam; p h o t o d e t e c t o r  

a b s o l u t e  t ime averaged c u r r e n t  s u p p l i e d  t o  photo- 
d e t e c t o r  w i t h  kn i fe -edge  removed 

a c - e l e c t r i c a l  s i g n a l  o u t p u t  of p h o t o d e t e c t o r  

s i m i l a r i t y  f u n c t i o n  

c r o s s - c o r r e l a t i o n  f u n c t i o n  o r  c r o s s - c o r r e l o g r a m  
of beam A 

s e n s i t i v i t y  of l a s e r  s c h l i e r e n  beam 

i n t e g r a t i o n  t ime f o r  computat ion of  c r o s s - c o r r e l a t i o n  

t ime 

t h e  most p robab le  speed of  d i s t u r b a n c e s  averaged over  
t h e  beam s e p a r a t i o n  d i s t a n c e  5 

c o o r d i n a t e s  i n  d i r e c t i o n  of f low,  p e r p e n d i c u l a r  t o  
f low d i r e c t i o n  ( i n  h o r i z o n t a l  p l a n e ) ,  and p e r p e n d i c u l a r  
t o  f low d i r e c t i o n  ( i n  v e r t i c a l  d i r e c t i o n ) ,  r e s p e c t i v e l y  

Gladstone-Dale  c o n s t a n t  

beam d e f l e c t i o n  v e c t o r  

beam s e p a r a t i o n  d i s t a n c e  

a i r  d e n s i t y  

t ime d e l a y  of downstream s i g n a l  

a n g l e  of r o t a t i o n  of A d u r i n g  t r a n s i t  t ime of d i s t u r b a n c e  - 
from beam A t o  B 
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t ime average 

v e c t o r  

u n i t  v e c t o r  
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beam A , B  
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A DIRECT MEASUREMENT OF THE MOST PROBABLE 

PREFERRED ANGULAR VELOCITY OF TURBULENT STRUCTURES 

BY OPTICAL CORRELATION OF LASER SCHLIEREN SIGNALS 

SUMMARY 

A method i s  in t roduced  which p rov ides  t h e  means f o r  s e p a r a t i n g  
t h e  t r a n s l a t i o n a l  and r o t a t i o n a l  mot ion of t u r b u l e n t '  s t r u c t u r e s .  Simple 
two-dimensional  models a r e  used t o  r e l a t e  t h e  skewness of c r o s s - c o r r e l o -  
grams computed from l a s e r  s c h l i e r e n  s i g n a l s  t o  t h e  r o t a t i o n  of f low 
d i s t u r b a n c e s .  The method, r e f e r r e d  t o  h e r e i n  a s  t h e  method of " fo rced  
s i m i l a r i t y , "  is  d i s c u s s e d  w i t h  r e s p e c t  t o  a p p l i c a t i o n  t o  t h e  t u r b u l e n t  
f r e e  s h e a r  l a y e r  of an  axisymmetr ic  s u p e r s o n i c  j e t .  Exper imenta l  r e s u l t s  
show t h a t  t h e  shape o f  t h e  c ross -cor re logram i n  t h e  neighborhood of t h e  
"peak" i s  s t r o n g l y  i n f l u e n c e d  by r o t a t i o n a l  mot ion,  and t h e r e f o r e ,  i t  
becomes n e c e s s a r y  t o  accoun t  f o r  t h e  e f f e c t  i n  o r d e r  t o  de te rmine  t h e  
c o r r e c t  s t a t i s t i c a l  p r o p e r t i e s  of t h e  t u r b u l e n c e .  

I. INTRODUCTION 

This  document c o n t a i n s  t h e  a u t h o r ' s  p r e l i m i n a r y  though t s  on t h e  
p o s s i b i l i t y  of making d i r e c t  measurements of t h e  most p robab le  p r e f e r r e d  
a n g u l a r  v e l o c i t y  a t  " l o c a l i z e d "  r e g i o n s  w i t h i n  t u r b u l e n t  f lows by o p t i c a l  
c o r r e l a t i o n  of l a s e r  s c h l i e r e n  s i g n a l s  [ 2 ] .  Although some exper imenta l  
r e s u l t s  a r e  p r e s e n t e d  which s a t i s f y  c e r t a i n  n e c e s s a r y  c o n d i t i o n s  r e q u i r e d  
of t h e  proposed t h e o r y ,  s u f f i c i e n t  d a t a  v e r i f y i n g  t h e  theory  do n o t  p r e -  
s e n t l y  e x i s t .  However, p lans  have been made t o  o b t a i n  t h e s e  d a t a  i n  
M a r s h a l l  Space F l i g h t  c e n t e r ' s  Cold Flow Thermal and A c o u s t i c  J e t  
F a c i l i t y .  

During t h e  f e a s i b i l i t y  t e s t  p r e s e n t e d  i n  r e f e r e n c e  2 ,  t h e r e  were 
unexpla ined v a r i a t i o n s  i n  t h e  shape of t h e  c ross -cor re lograms  computed 
from l a s e r  s  c h l i e r e n  s i g n a l s  r e t r i e v e d  from t h e  s u p e r s o n i c  t u r b u l e n t  
boundary l a y e r  on a  t h i n  p l a t e .  I n  A p r i l  1968, n e a r  t h e  conc lus ion  of 
t h i s  t e s t ,  t h e  connec t ion  between t h e  skewness of t h e  c ross -cor re lograms  
and t h e  a n g u l a r  r o t a t i o n  of t h e  d i s t u r b a n c e s  was cons ide red .  



P r e l i m i n a r y  exper imenta l  r e s u l t s  e v e n t u a l l y  l e d  t o  a  method f o r  
s e p a r a t i n g  r o t a t i o n a l  and t r a n s l a t i o n a l  c o n t r i b u t i o n s  t o  t h e  computed 
c r o s s - c o r r e l o g r a m s .  This  method i s  r e f e r r e d  t o  h e r e i n  a s  t h e  method 
of " fo rced  s i m i l a r i t y . "  The " fo rced  s i m i l a r i t y "  c o n d i t i o n  p rov ides  t h e  
means f o r  d i r e c t  measurement of t h e  most  probable  p r e f e r r e d '  a n g u l a r  
v e l o c i t y  of t h e  t u r b u l e n t  s t r u c t u r e s 2  a t  l o c a l i z e d  r e g i o n s  i n s i d e  tu rbu-  
l e n t  f lows .  The p o t e n t i a l  e x t e n s i o n  of  the  method t o  y i e l d  t h e  p r o b a b i l -  
i t y  d i s t r i b u t i o n  of t h e  angu la r  v e l o c i t y  and measurements of v o r t i c i t y  
a r e  v e r y  i n t e r e s t i n g ,  and may r e s u l t  a s  a  n a t u r a l  consequence of  t h e  
development of t h e  l a s e r  s c h l i e r e n  sys tem.  

11. THE LASER SCHLIEREN OPTICAL REMOTE SENSING SYSTEM 

For s i m p l i c i t y ,  l e t  us c o n s i d e r  t h e  model of a l a s e r  s c h l i e r e n  
o p t i c a l  remote s e n s i n g  sys tem shown i n  f i g u r e  l3 where two l a s e r  beams 
of l i g h t  a r e  d i r e c t e d  through t h e  t e s t  s e c t i o n  of a  wind t u n n e l .  The 
p a r a l l e l  beams a r e  p e r p e n d i c u l a r  t o  t h e  f low and s e p a r a t e d  by a  d i s -  
t a n c e  6 .  The p lane  formed by t h e  beams i s  such  t h a t  f low d i s t u r b a n c e s  
p a s s i n g  th rough  t h e  upst ream beam (beam A )  a t  t ime t ,  a l s o  pass  th rough  
the  downstream beam (beam B) a t  a  l a t e r  t ime t + T.  A kn i fe -edge  is  
p o s i t i o n e d  p e r p e n d i c u l a r  t o  each of t h e  beams s u c h  t h a t  50 p e r c e n t  of  
t h e  l i g h t  i s  p reven ted  from r e a c h i n g  t h e  r e s p e c t i v e  p h o t o d e t e c t o r s  when 
t h e  beams a r e  u n d i s t u r b e d .  

Reference  2 shows t h a t  a  d i s t u r b a n c e  c h a r a c t e r i z e d  by a  l o c a l  g r a -  
d i e n t  of  t h e  index  of r e f r a c t i o n  w i l l  d e f l e c t  each of t h e s e  beams a s  i t  
passes  through them. Each d e f l e c t i o n  i s  p r o p o r t i o n a l  t o  t h e  component 
of t h e  g r a d i e n t  which i s  p e r p e n d i c u l a r  t o  the  p a t h  of t h e  beam. When a  
d e f l e c t i o n  o c c u r s ,  t h e  amount of l i g h t  r e a c h i n g  t h e  p h o t o d e t e c t o r  i s  
changed. The p h o t o d e t e c t o r  c o n v e r t s  t h i s  change i n t o  an a c - e l e c t r i c a l  

 he word " p r e f e r r e d "  is  used s i n c e  t h e  s t a t i s t i c a l  p rocess  does  n o t  
y i e l d  t h e  a n g u l a r  v e l o c i t y  components based upon s t a t i s t i c a l  ave rages  
of a b s o l u t e  v a l u e s .  

2 ~ h r o u g h o u t  t h i s  r e p o r t  r e f e r e n c e  i s  made t o  " t u r b u l e n t  s t r u c t u r e s "  and 
" d i s t u r b a n c e s "  i n  o r d e r  t o  d i s t i n g u i s h  between t h e  motion of t h e  d e n s i t y  
g r a d i e n t  and t h e  mot ion of f l u i d  p a r t i c l e s  which r e p r e s e n t  a n  "eddy" a t  
a  p a r t i c u l a r  i n s t a n t .  The l a s e r  s c h l i e r e n  s i g n a l s  a r e  produced by t h e  
f l u c t u a t i n g  d e n s i t y  g r a d i e n t  component p e r p e n d i c u l a r  t o  t h e  p a t h  of  
t h e  beam [ 3 ] .  

3 ~ h i s  sys tem is d e s c r i b e d  i n  d e t a i l  i n  r e f e r e n c e  2 .  



Figure  1. A Schematic of A Lase r  S c h l i e r e n  System Using P a r a l l e l  Beams 



s i g n a l .  T h e r e f o r e ,  t h e  o u t p u t  s i g n a l  of t h e  p h o t o d e t e c t o r  i s  r e l a t e d  
t o  t h e  beam d e f l e c t i o n  which i s  caused by a  l o c a l  g r a d i e n t  c h a r a c t e r -  
i z i n g  a  p a r t i c u l a r  f low d i s t u r b a n c e  p a s s i n g  through t h e  l a s e r  beam, 

Because t h e  r e f r a c t i v e  index  of a i r  i s  p r o p o r t i o n a l  t o  t h e  d e n s i t y  
( t o  a  good approx imat ion) ,  t h e  o u t p u t  s i g n a l  of t h e  p h o t o d e t e c t o r  i s  
p r o p o r t i o n a l  t o  t h e  change i n  t h e  component of t h e  d e n s i t y  g r a d i e n t  
which i s  p e r p e n d i c u l a r  t o  t h e  beam and t o  t h e  kn i fe -edge .  

i ( t )  o? 
avg. 

I n  e q u a t i o n  ( I ) ,  s  i s  t h e  s e n s i t i v i t y  of t h e  beam, a i s  t h e  Glads tone-  
Dale c o n s t a n t  [ 3 ] ,  and i ( t )  i s  t h e  o u t p u t  s i g n a l  of t h e  p h o t o d e t e c t o r .  
Also ,  t h e  k n i f e - e d g e  was assumed t o  be p e r p e n d i c u l a r  t o  t h e  x - d i r e c t i o n  
a s  shown i n  f i g u r e  2 .  

F i g u r e  2 ,  a  v iew taken  a long t h e  c e n t e r l i n e  of t h e  l a s e r  beam 
( e i t h e r  beam A o r  B) from l a s e r  toward d e t e c t o r ,  shows t h e  k n i f e - e d g e ,  
t h e  eye of t h e  photodiode,  and t h e  l a s e r  beam c r o s s  s e c t i o n .  The beam 
i s  .shown i n  t h e  und i s tu rbed  p o s i t i o n  and i n  a  d e f l e c t e d  p o s i t i o n  
d e s c r i b e d  by t h e  beam d e f l e c t i o n  v e c t o r ,  - A. 

I n  t h e  f o l l o w i n g  l e t  A ( t )  and 8 ( t )  r e p r e s e n t  t h e  magnitude and 
d i r e c t i o n ' o f  A ( t ) ,  r e s p e c t i v e l y .  F u r t h e r ,  assume t h a t  t h e  eye of t h e  
photodiode has  a  l a r g e  a r e a  of c o n s t a n t  s e n s i t i v i t y  compared t o  t h e  
c r o s s  s e c t i o n a l  a r e a  of t h e  l a s e r  beam, and t h a t  no l a s e r  l i g h t  f a l l s  
o u t s i d e  of t h i s  a r e a  of c o n s t a n t  s e n s i t i v i t y .  I f  t h e  i n t e n s i t y  a c r o s s  
t h e  l a s e r  beam i s  assumed t o  be c o n s t a n t  over  t h e  beam c r o s s - s e c t i o n  
and t h a t  t h e  kn i fe -edge  i s  s t r a i g h t ,  t h e  r e l a t i o n s h i p  between t h e  t ime  
h i s t o r i e s  of t h e  beam d e f l e c t i o n  v e c t o r  and t h e  p h o t o d e t e c t o r  a c - e l e c -  
t r i c a l  o u t p u t  i s  s i m p l i f i e d  c o n s i d e r a b l y .  

Because t h e  a r e a  of s e n s i t i v i t y  of t h e  eye of the  photodiode 
moni to r ing  t h e  f l u c t u a t i n g  l a s e r  l i g h t  i s  c o n s t a n t ,  t h e  component o f  
t h e  beam d e f l e c t i o n  v e c t o r  which i s  p a r a l l e l  t o  t h e  kn i fe -edge  does n o t  
c o n t r i b u t e  t o  t h e  o u t p u t  s i g n a l  of t h e  p h o t o d e t e c t o r .  The component of 
n w h i c h  i s  p e r p e n d i c u l a r  t o  t h e  kn i fe -edge  w i l l  de te rmine  t h e  amount of - 
change i n  l i g h t  r e a c h i n g  t h e  photodiode.  I f  t h e  beam d e f l e c t i o n  i s  
s m a l l  compared t o  t h e  d iamete r  of t h e  l a s e r  beam, the  o u t p u t  s i g n a l ,  
i ( t ) ,  can b e  expressed  conven ien t ly  a s  a  f u n c t i o n  of t h e  component - A 
which i s  p e r p e n d i c u l a r  t o  t h e  kn i fe -edge :  



F i g u r e  2 .  A Schematic of A Cross S e c t i o n  Taken Across 
One Beam of A Laser  S c h l i e r e n  System. 



where t h e  f i r s t  group of terms i n  b r a c k e t s  on t h e  r i g h t - h a n d  s i d e  of  
e q u a t i o n  ( 2 )  i s  t h e  change i n  t h e  o u t p u t  s i g n a l  per u n i t  change i n  Ax 
and i s  assumed t o  be  a  c o n s t a n t ,  C .  

For t h i s  c a s e ,  t h e  p h o t o d e t e c t o r  o u t p u t  i s  a  l i n e a r  f u n c t i o n  of t h e  com- 
ponent of A w h i c h  i s  normal t o  t h e  kn i fe -edge .  Th i s  r e s u l t  i s  n o t  
u n r e a l i s t i c  and can be approximated v e r y  w e l l  i n  p r a c t i c e .  

S ince  

e q u a t i o n  ( 3 )  can be  expressed a s  

i ( i )  = C A ( t )  . cos e ( t ) .  ( 5 )  

Thus, we s e e  from e q u a t i o n  (5) t h a t  i ( t )  i s  a  f u n c t i o n  of t h e  d i r e c t i o n  
a s  w e l l  a s  t h e  magnitude of t h e  beam d e f l e c t i o n  v e c t o r .  

For t h e  l a s e r  s c h l i e r e n  sys tem shown i n  f i g u r e  1, t h e  s i g n a l s  from 
t h e  p h o t o d e t e c t o r s  moni to r ing  t h e  r e s p e c t i v e  beams a r e  

i a ( t )  = Ca . A a ( t )  . cos e a ( t )  

and 

i ( t )  = C . % ( t )  ' cos e b ( t ) .  b  b  (7 

L e t  us  assume t h a t  t h e  t u r b u l e n c e  i s  two-dimensional ;  i . e . ,  t h e  
t ime-averaged s t a t i s t i c a l  p r o p e r t i e s  do n o t  v a r y  a long  the  beams. 
Although t h i s  assumpt ion w i l l  r e s t r i c t  t h e  a n a l y s i s ,  i t  p rov ides  a  
b e t t e r  model f o r  t h e  purpose of d e s c r i b i n g  t h e  fundamental  concep t ,  
t h e  prime purpose  ;:ere, It w i l l  soon become e v i d e n t  t h a t  r e l a x i n g  
t h i s  assumpt ion w i l l  n o t  change t h e  fundamental  r e l a t i o n s h i p  between 
t h e  shape of  t h e  corre lograms and t h e  a n g u l a r  v e l o c i t y  of t h e  d e n s i t y  
g r a d i e n t  v e c t o r  component which i s  normal t o  t h e  r e s p e c t i v e  beams. 



The c r o s s - c o r r e l a t i o n  of t h e  s i g n a l s  i a ( t )  w i t h  i b ( t  + a )  i s  g i v e n  
by 

R(5 ,a )  = l i m  / i a ( t )  . i b ( t + i )  d t .  
T  J T+m 

L e t  us s u b s t i t u t e  e q u a t i o n s  (6) and ( 7 )  i n t o  (8) and assume t h a t  t h e  
i n t e g r a t i o n  t ime ,  T, i s  l a r g e  enough s o  t h a t  

Figure  3 shows t h e  kn i fe -edge  o r i e n t a t i o n  f o r  t h e  c r o s s - c o r r e l a t i o n  of 
e q u a t i o n  ( 9 ) .  This f i g u r e  a l s o  shows t h e  beam d e f l e c t i o n  v e c t o r  of beam 
A a t  t ime t when a  p a r t i c u l a r  d i s t u r b a n c e  i s  pass ing  through t h e  beam, 
and,  t h e  A of beam B when t h e  same d i s t u r b a n c e  i s  pass ing  through beam 
B a t  a  l a t e r  time t + T. When t h i s  d i s t u r b a n c e  passes  through beam A ,  
the.  beam i s  d e f l e c t e d  i n  a  d i r e c t i o n  ea ,  and by a  magnitude of Aa. 
This magnitude of t h e  d e f l e c t i o n  v e c t o r  i s  determined by t h e  magnitude 
of t h e  d e n s i t y  g r a d i e n t  component normal t o  t h e  beam c h a r a c t e r i z i n g  t h e  
d i s t u r b a n c e .  The d i r e c t i o n  of t h e  d e f l e c t i o n  i s  due t o  t h e  p a r t i c u l a r  
o r i e n t a t i o n  of t h e  same d e n s i t y  g r a d i e n t  component. I f  we make t h e  
r e a l i s  t i c  assumption t h a t  t h e  d i s t u r b a n c e  r o t a t e s  as  i t  t r a v e l s  down- 
s t ream,  i t s  o r i e n t a t i o n  w i l l  n o t  n e c e s s a r i l y  be t h e  same when i t  passes  
through beam B as i t  was when i t  passed through beam A.  This i s  r e p r e -  
sen ted  i n  f i g u r e  3 where t h e  beam d e f l e c t i o n  v e c t o r  caused by a  p a r t i c u -  
l a r  d i s t u r b a n c e  has r o t a t e d  dur ing  i t s  t r a n s i t  from beam A t o  beam B. 
~t fo l lows  t h a t  

This e q u a t i o n  d e f i n e s  t h e  ang le  j3 through which t h e  d i s t u r b a n c e  r o t a t e d  
dur ing  t r a n s i t  from beam A t o  B .  Thus, 





Solv ing  e q u a t i o n  (11) f o r  e b ( t + z )  and s u b s t i t u t i n g  i n t o  e q u a t i o n  (9 )  
g i v e s  

To examine t h e  e f fec t . 'wh ich  t h i s  a n g u l a r  r o t a t i o n  has  upon t h e  
c r o s s - c o r r e l a t i o n  f u n c t i o n  R ( e ,  z) , l e t  us c o n s i d e r  a  s i m p l i f i e d  two- 
d imensional  f low model where i t  i s  assumed t h a t  t h e  d i s t u r b a n c e s  a r e  
random and produce s t a t i s t i c a l l y  s t a t i o n a r y  s i g n a l s .  The c r o s s - c o r r e -  
l a t i o n  f u n c t i o n  ( e q u a t i o n  (12) )  w i l l  be  s t u d i e d  f o r  two c a s e s :  ( a )  where 
the  d i s t u r b a n c e s  do n o t  r o t a t e  and (b)  where each  d i s t u r b a n c e  r o t a t e s  
th rough  t h e  same a n g l e ,  @, dur ing  t r a n s i t  from beam A t o  beam B. Case 
( a )  w i l l  be d i s c u s s e d  f i r s t .  

F i g u r e  4  shows f o u r  kn i fe -edge  arrangements  where t h e  view i s  t aken  
a long  t h e  l a s e r  beams s i m i l a r  t o  t h a t  of f i g u r e  3 .  The d i f f e r e n c e s  
between t h e s e  f o u r  f i g u r e s  i s  t h e  o r i e n t a t i o n  of t h e  downstream k n i f e -  
edge.  I f  we assume t h a t  t h e  d i s t u r b a n c e s  do n o t  r o t a t e ,  then  

and from e q u a t i o n  ( l l ) ,  we s e e  t h a t  

The s i g n a l  from beam A w i l l  be 

i a ( t )  = Ca A a ( t )  . cos e a ( t )  

and i s  t h e  same f o r  a l l  f o u r  kn i fe -edge  arrangements .  

The s i g n a l  from beam B ,  f o r  f i g u r e s  4 a , b ,  c ,  and d  a r e  
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F i g u r e  4 .  A Schematic of Four Knife-Edge Arrangements of 
The Lase r  S c h l i e r e n  System Shown i n  F i g u r e  1. 



r e s p e c t i v e l y .  

When we s u b s t i t u t e  e q u a t i o n  (14) i n t o  e q u a t i o n  ( 1 6 ) ,  (17) ,  (18) 
and ( 1 9 ) ,  t h e  c r o s s - c o r r e l a t i o n  f u n c t i o n s  f o r  t h e  r e s p e c t i v e  k n i f e -  
edge arrangements  become 

R4(5,*) = - [+I f a a ( q  * Ab(t+T) cos e a ( t )  s i n  e a W  d t .  (23) 

The c ross -cor re lograms  f o r  t h e s e  ar rangements  a r e  shown i n  f i g u r e s  5 a ,  
5b,  5 c ,  and 5d,  r e s p e c t i v e l y .  An example of a  c ross -cor re logram,  r e p r e -  
s e n t e d  by e q u a t i o n  (20) ,  would be s i m i l a r  t o  t h a t  shown i n  f i g u r e  6a .  
A c ross -cor re logram s i m i l a r  t o  t h a t  r e p r e s e n t e d  by e q u a t i o n  (22) i s  
shown i n  f i g u r e  6b. 
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F i g u r e  5.  Schematic of  Cross-Correlograms Corresponding t o  the  
Knife-Edge Arrangements i n  F i g u r e  4 ,  R e s p e c t i v e l y .  
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Figure 6(a). Typical Cross-Correlogram for Knife-Edge 
Arrangement of Figure 4(a) (Equation 20). 

(b). Typical Cross-Correlogram for Knife-Edge 
Arrangement of Figure 4(c) (Equation 22). 



For c a s e  By i t  i s  assumed t h a t  each  d i s t u r b a n c e  r o t a t e s  through 
t h e  same ang le  dur ing  t r a n s i t  from beam A t o  B; then ,  

la'(t+T) = la'. ( 2 4 )  

Expanding e q u a t i o n  (12) and making t h e  s u b s t i t u t i o n  f r o m  e q u a t i o n  (24) ,  
we g e t  

* cos e a ( t )  s i n  e a ( t )  s i n  la' d t .  

0 
(25) 

S ince  i s  n o t  a  f u n c t i o n  of t ime ,  cos and s i n  can be t aken  o u t s i d e  
of t h e  i n t e g r a l s  on t h e  r i g h t - h a n d  s i d e  of e q u a t i o n  (25) ,  r e s p e c t i v e l y .  

+ [ s i n  f A a ( t )  h ( t + ~ )  C0.s s i n  e a ( t )  d t .  

I n  e q u a t i o n  (26) ,  t h e  i n t e g r a l s  r e p r e s e n t  t h e  c r o s s - c o r r e l a t i o n s  d e r i v e d  
f o r  c a s e  A .  S u b s t i t u t i o n  of e q u a t i o n s  (20) and (21) i n t o  (26) y i e l d s  

R ( E Y s )  = [cos @I R1(5,7) + [ s i n  @] R ~ ( ( , T ) .  (27 



Equa t ion  (27) r e l a t e s  t h e  c ross -cor re logram of case  B t o  those  of c a s e  
A.  We s e e  from e q u a t i o n  (27) t h a t  

R(E;,T) = RL(I ; ,T) ,  f o r  @ = o (28) 

R(E;,T) = R 2 ( E Y ~ ) ,  f o r  @ = 3112 (29) 

R(I;,T) = - R ~ ( I ; , T ) ,  f o r  @ = 31 (30) 

R(k,T) = -R2(ky7) ,  f o r  @(3/2)  31 (31 

a s  should be expected.  

I n  e q u a t i o n  (27) t h e  unknown q u a n t i t y  i s  t h e  a n g l e  @. A d i r e c t  
measurement of @ f o r  t h e  i d e a l i z e d  model i n  case  B can be made by com- 
b i n i n g  case  A w i t h  c a s e  B. This procedure  i s  r e f e r r e d  t o  h e r e  a s  t h e  
method of "forced s i m i l a r i t y "  and is  a s  f o l l o w s :  

(1 )  Compute t h e  c ross -cor re logram R(E,T) f o r  z e r o  beam s e p a r a t i o n  
w i t h  t h e  kn i fe -edges  a s  shown i n  f i g u r e  2  (I; = 0 ) .  S ince  @ = 0  f o r  

I; = 0 ,  

( 2 )  S e p a r a t e  t h e  two beams by moving beam B clownstream a  known 
d i s t a n c e  E; from beam A .  The p o s i t i o n  and kn i fe -edge  a n g l e ,  qa, of 
beam A a r e  n o t  changed (qa = 0 ) .  

(3)  R o t a t e  t h e  downstream kn i fe -edge ,  B,  t o  t h e  ang le  hm which 
produces t h e  same "shape" of t h e  c r o s s  -cor re logram a s  was computed f o r  
ze ro  beam s e p a r a t i o n .  For t h i s  s i m p l i f i e d  f low model, t h e  a n g l e  qbm 
corresponding t o  t h e  maximum "degree of s i m i l a r i t y "  between t h e  c r o s s -  
corre lograms i s  equa l  t o  the  ang le  @ through which t h e  d i s t u r b a n c e s  
r o t a t e  dur ing  t r a n s i t  from beam A t o  beam B.  The "forced s i m i l a r i t y "  
c o n d i t i o n  i s  

where K ( k ,  z ,qb)  i s  "optimum" when qb = qbm f o r  a  p a r t i c u l a r  r;. 

( 4 )  The most 'probable t r a n s i t  t ime .cm of t h e  d i s t u r b a n c e s  i s  
determined by t h e  time d e l a y  on t h e  c ross -cor re logram f o r  s e p a r a t e d  



beams corresponding t o  t h e  s i m i l a r  p o s i t i o n  a t  z e r o  t ime d e l a y  on t h e  
c ross -cor re logram f o r  z e r o  beam s e p a r a t i o n .  

(5) The most p robab le  speed of t h e  d i s t u r b a n c e s  i s  

(6)  The most p robab le  angu la r  v e l o c i t y  is  

These models have been used t o  r e l a t e  t h e  e x p e r i m e n t a l l y  observed skew- 
ness  of c ross -cor re lograms ,  computed from l a s e r  s c h l i e r e n  s i g n a l s ,  t o  
t h e  r o t a t i o n  of t h e  t u r b u l e n t  s t r u c t u r e s .  

111. PRACTICAL APPLICATION OF THE METHOD OF FORCED SIMILARITY 

I n  t h e  p rev ious  s e c t i o n  a  method of "forced s i m i l a r i t y "  was i n t r o -  
duced which p rov ides  t h e  means f o r  measuring t h e  most probable  p r e f e r r e d  
angu la r  v e l o c i t y  of t h e  s i m p l i f i e d  two-dimensional d i s t u r b a n c e s .  A s  a  
consequence of t h e  proposed r e l a t i o n  between t h e  skewness of the  c r o s s -  
corre logram and t h e  r o t a t i o n a l  motion of t h e  d i s t u r b a n c e s ,  t h e  "forced 
s i m i l a r i t y ' '  c o n d i t i o n ,  e q u a t i o n  (33) ,  must be imposed i n  o rder  t o  d e t e r -  
mine t h e  most p robab le  t r a n s i t  t ime,  -c,, as  w e l l  a s  a l l  o t h e r  s t a t i s -  
t i c a l  p r o p e r t i e s  which a r e  computed from t h e  shape of t h e  c ross -cor re logram 
i n  t h e  neighborhood of -cm. Imposing t h i s  c o n d i t i o n  a n a l y t i c a l l y  invo lves  
n o r m a l i z a t i o n  of t h e  c r o s s  -corre logram and o p t i m i z a t i o n  of t h e  s i m i l a r i t y  
f u n c t i o n ,  K(5,?,l)fb). These d e t a i l s  w i l l  n o t  be d i s c u s s e d  h e r e .  R a t h e r ,  
we w i l l  proceed t o  t h e  p r a c t i c a l  a p p l i c a t i o n .  

F igure  7 shows a  schemat ic  of t h e  f r e e  j e t  s h e a r  l a y e r  of a  s u p e r -  
s o n i c  axisymmetric a i r  j e t .  Two l a s e r  beams a r e  d i r e c t e d  through t h e  
flow perpend icu la r  t o  one ano ther  and i n  such a  manner t h a t  t h e  plane 
formed by t h e  beams i s  pe rpend icu la r  t o  t h e  c e n t e r l i n e  of t h e  j e t .  The 
h o r i z o n t a l  beam (beam A )  passes  through t h e  c e n t e r  of t h e  j e t .  The 
v e r t i c a l  beam (beam B) passes  through t h e  s h e a r  l a y e r  and i n t e r s e c t s  t h e  
h o r i z o n t a l  beam a s  shown i n  f i g u r e  7 .  

I n  r e f e r e n c e  4 i t  i s  t h e o r e t i c a l l y  shown t h a t  t h e  s t a t i s t i c a l  c r o s s -  
c o r r e l a t i o n  of t h e  s i g n a l s  from two such beams should r e s u l t  i n  a  c r o s s -  
corre logram r e p r e s e n t a t i v e  of t h e  components of t h e  s i g n a l s  which a r e  





caused by d is turbances  passing through the  l oca l i zed  r eg ion  about the  
beam i n t e r s e c t i o n .  That i s ,  f low d is turbances  passing through t h e  beams 
t h a t  a r e  no t  common t o  both beams do no t  con t r ibu t e  s i g n i f i c a n t l y  t o  
the cross-correlogram ( the  i n t e g r a t i o n  time being s u f f i c i e n t l y  long) .  
I n  r e f e r ence  2  the  experimental v e r i f i c a t i o n  of t h i s  "cross-beamff concept 
was s u c c e s s f u l l y  achieved i n  a  supersonic  (M = 2.0) t u r b u l e n t  wake of a  
t h i n  f l a t  p l a t e .  

Refer r ing  aga in  t o  the  axisymmetric j e t ,  the  "forced s i m i l a r i t y "  
cond i t i on  may be s a t i s f i e d  f o r  r e t r i e v i n g  a l l  t h r e e  components of the  
most probable p re fe r r ed  angular v e l o c i t y  < >, of the  d i s turbances  
passing through a  l oca l i zed  r-egion of the B e a r  l a y e r .  We may assume 
t h a t  t he  mean s t a t i s t i c a l  p rope r t i e s  of the turbulence a r e  a l s o  axisym- 
me t r i c ,  and thereby e l imina te  one component of <,wp>. However, t h i s  i s  
no t  necessary  and w i l l  no t  be done. 

The experimental procedure i s  a s  fol lows:  

(1) The beams a r e  d i r ec t ed  through the turbulence a s  shown i n  
f i g u r e  7 w i th  ze ro  beam i n t e r s e c t i o n  (6 = 0) .  The knife-edges a r e  
pos i t ioned  as  shown (qa = 0 and $l, = 0 ) .  

(2) The c ross  -correlogram R (0, T) i s  computed. 

(3) The v e r t i c a l  beam (beam B) i s  moved downstream a  d i s t a n c e  .!j 
as  shown i n  f i g u r e  8, and the  cross-correlogram R(E, a )  i s  computed which 
s a t i s f i e s  t h e  "forced s i m i l a r i t y "  condi t ion  

f o r  axisymmetric flows. K(S, T ,  qam, Qbm) is  determined t o  be the "weaknessff 
func t ion  necessary t o  s a t i s f y  equa t ion  (36) i n  the  neighborhood of T 

Experimental ly ,  t h i s  involves  r o t a t i o n  of bo th  of the knife-edges.  m: 

When t h i s  s t e p  i s  completed the  cond i t i on  should be s a t i s f i e d  f o r  t h i s  
p a r t i c u l a r  flow. 

(4) I f  necessary,  the  next  s t e p  would be t o  r o t a t e  the downstream 
beam i n  t he  plane perpendicular  t o  t he  c e n t e r l i n e  of the j e t .  This i s  
done i n  increments and s t e p  (3 )  i s  repeated f o r  each increment u n t i l  a l l  
t h r e e  angles  qa, &, and qC have been determined which s a t i s f y  the  t h r ee -  
dimensional s i m i l a r i t y  condi t ion  

where qc is  the  angle  of r o t a t i o n  of the  v e r t i c a l  beam. 





(5) The most p robab le  t r a n s i t  t ime of t h e  d i s t u r b a n c e s  i s  d e t e r -  
mined by e v a l u a t i n g  t h e  s i m i l a r i t y  c o n d i t i o n  (37) f o r  T = 0: 

Thus 

$bm 
c r o s  

T, i s  e q u a l  t o  the  time d e l a y  on t h e  c ross -cor re logram R ( E + , T , $ ~ ~ ,  
$,,) corresponding t o  t h e  s i m i l a r  p o s i t i o n  a t  z e r o  time d e l a y  on t h e  
s -cor re logram f o r  z e r o  beam s e p a r a t i o n .  

(6) The components of t h e  most probable  p r e f e r r e d  a n g u l a r  v e l o c i t y  
a r e  

and t h e  most p robab le  v e c t o r  i s  

( 7 )  The most probable  speed of t r a n s i t  i s  

F igures  9 and 10 show t h e  f i r s t  s u c c e s s f u l  cross-beam measurements 
made i n  t h e  s u p e r s o n i c  f r e e  s h e a r  l a y e r  of a n  axisymrnetric j e t .  The 
e x i t  Mach number of t h e  nozz le  was 2 . 5 ,  and t h e  expansion was optimum. 
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F i g u r e  9 .  Cross-Correlogram Computed from Lase r  S c h l i e r e n  S i g n a l s  
R e t r i e v e d  from Free  Shear Layer of Axisymmetric J e t  
(Me = 2 . 5 ) .  
( a )  P o s i t i v e  Time Delay Range 
(b )  Negat ive  Time Delay Range 
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T I M E  D E L A Y  ( m i l l i s e c o n d s )  

Figure  10.  Cross-Correlogram Computed f o r  Same Case a s  That of F i g u r e  9 
Except Beams a r e  Separa ted  by 1 .0  I n c h  a s  Shown i n  F i g u r e  8 
(qa = 0 ,  lfb = 0 ) .  



I n  f i g u r e s  9a and 9b, t h e  p o s i t i v e  and n e g a t i v e  t ime d e l a y  ranges  
of t h e  c ross -cor re logram a r e  shown. The beam geometry i s  shown i n  
f i g u r e  7 ( 5  = 0 ) .  It can be s e e n  t h a t  the  corre logram i s  n o t  symmetric 
about  t h e  o r i g i n  ( T  = O), b u t  t h a t  t h e r e  i s  a  dominant peak a t  ( T  = 0 ) .  
This c r o s s  -corre logram corresponds t o  R(0, z) i n  e q u a t i o n  (36) .  

F igure  1 0  shows t h e  c ross -cor re logram f o r  a  beam s e p a r a t i o n  of one 
inch  ( 5  = 1") w i t h  t h e  kn i fe -edges  i n  t h e  same p o s i t i o n s  a s  i n  f i g u r e  9  

(  = 0  = 0  The f a c t  t h a t  t h e r e  i s  a  c o n s i d e r a b l e  d i f f e r e n c e  i n  
t h e  shapes  of t h e s e  corre lograms s a t i s f i e s  one necessa ry  c o n d i t i o n  
r e q u i r e d  by t h e  theory  of "forced s i m i l a r i t y  . I 1  

F igure  11 shows f o u r  c r o s s - c o r r e l a t i o n s  computed from s i g n a l s  
r e t r i e v e d  w i t h  a  l a s e r  s c h l i e r e n  sys tem us ing  p a r a l l e l  beams a s  p re -  
v i o u s l y  d e s c r i b e d .  The datagc were r e t r i e v e d  from t h e  s u p e r s o n i c  
(M = 2 - 0 )  t u r b u l e n t  boundary l a y e r  on t h e  t h i n  p l a t e  shown i n  f i g u r e  12.  
The beams were s e p a r a t e d  by approximately  1 .5  inches  i n  t h e  d i r e c t i o n  of 
f low and were approximately  118 i n c h  above t h e  s u r f a c e  of t h e  p l a t e .  
These c ross -cor re lograms  were computed w i t h  t h e  downstream kn i fe -edge  
o r i e n t a t i o n s  shown and were t h e  f i r s t  exper imenta l  a t t e m p t  t o  r e l a t e  
t h e  shape of t h e  corre logram,  i n  t h e  neighborhood of t h e  most probable  
t r a n s i t  t ime ,  zm, t o  t h e  o r i e n t a t i o n  of t h e  kn i fe -edges  r e l a t i v e  t o  t h e  
f low and t o  each  o t h e r .  

These d a t a  show t h a t  t h e  r e l a t i v e  o r i e n t a t i o n  of t h e  kn i fe -edges  t o  
each o t h e r  does indeed i n f l u e n c e  t h e  shape of t h e  c ross -cor re logram.  
T h e r e f o r e ,  i t  i s  r easonab le  t o  cons ider  t h a t  the  c ross -cor re logram i s  
in f luenced  by a  change i n  t h e  r e l a t i v e  o r i e n t a t i o - n  of t h e  d i s t u r b a n c e s  
t o  t h e  kn i fe -edges  a s  t h e y  t r a n s l a t e  from one t o  t h e  o t h e r .  

I V .  CONCLUSIONS 

Based upon t h e  t h e o r e t i c a l  and exper imenta l  r e s u l t s  which have been 
p r e s e n t e d ,  t h e  fo l lowing  conc lus ions  a r e :  

(1 )  The r e l a t i v e  o r i e n t a t i o n  of t h e  kn i fe -edges  t o  each o t h e r  con- 
t r o l s  t h e  shape of t h e  c ross -cor re logram i n  t h e  neighborhood of t h e  time 
d e l a y ,  Tm, corresponding t o  t h e  most probable  t r a n s i t  t ime of d i s t u r b -  
ances between t h e  l a s e r  beams. 

-1. 

These measurements were made i n  MSFC' s  B i s o n i c  Wind Tunnel on June 3 ,  
1969 [ 2 ] .  





F i g u r e  12.  Shadowgraph of Flow F i e l d  Generated by t h e  Thin P l a t e  Model 



( 2 )  The method of " fo rced  s i m i l a r i t y "  in t roduced  h e r e  p rov ides  
t h e  means f o r  s e p a r a t i n g  t h e  t r a n s l a t i o n a l  and r o t a t i o n a l  c o n t r i b u t i o n s  
t o  t h e  shape of  t h e  c ross -cor re logram.  However, more exper imenta l  
r e s u l t s  a r e  needed f o r  v e r i f i c a t i o n .  

( 3 )  The " fo rced  s i m i l a r i t y ' '  c o n d i t i o n  i s  based upon t h e  assump- 
t i o n  t h a t  t h e  shape  of t h e  c r o s s - c o r r e l o g r a m  computed w i t h  beams 
s e p a r a t e d  i s  " s i m i l a r "  t o  t h a t  computed w i t h  z e r o  beam s e p a r a t i o n  when 
t h e  c o n t r i b u t i o n  due t o  r o t a t i o n  has  been e l i m i n a t e d  ( t h e  e f f e c t  of  
decay a c c e p t e d ) .  

(4) Because of  the  r o t a t i o n a l  i n f l u e n c e s ,  s i g n i f i c a n t  e r r o r  can 
r e s u l t  i n  t h e  f low p r o p e r t i e s  which a r e  computed from t h e  shape of t h e  
c r o s s  - cor re logram u n l e s s  t h e  i n £  luence  due t o  r o t a t i o n  i s  cons ide red  . 

(5) The c o n d i t i o n  of " fo rced  s i m i l a r i t y "  may be a p p l i e d  by 
r o t a t i o n  of e i t h e r  o r  b o t h  beams abou t  t h e  axes  of a  r e f e r e n c e  
c o o r d i n a t e  sys tem i n  combination w i t h  r o t a t i o n  of t h e  k n i f e - e d g e s .  
The p a r t i c u l a r  combinat ion used i s  p r i m a r i l y  dependent  upon t h e  f low.  
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