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ESTIMATION AND PREDICTION OF THE ATTITUDE OF A PASSIVE 

GRAVITY-STABILIZED SATELLITE 

By Bruce E .  T in l ing  and Vernon K .  Merrick 

Ames Research Center  

SUMMARY 

For some missions of  ea r th -o r i en ted  s a t e l l i t e s  , advance ..nowledge o t h e  
a t t i t u d e  is  as use fu l  as p r e c i s e  a t t i t u d e  c o n t r o l .  P red ic t ion  o f  f u t u r e  a t t i ­
tude  i s  p o s s i b l e  if an accura t e  model i s  a v a i l a b l e  of  a l l  d i s turbances  t o  t h e  
s a t e l l i t e .  This paper  p re sen t s  a s tudy of  a technique f o r  p r e d i c t i n g  t h e  
a t t i t u d e  o f  a pas s ive ,  g r a v i t y - s t a b i l i z e d  s a t e l l i t e .  The s a t e l l i t e  was 
assumed t o  be i n  a p o l a r  o r b i t  a t  an a l t i t u d e  o f  1400 km such as might be  
used i n  a meteorological  mission.  

Essent ia l  t o  t h e  p r e d i c t i o n  technique i s  t h e  s e l e c t i o n  o f  a simple 
observable  s e t  o f  parameters which, if known, permits  t h e  d is turbance  torques 
t o  be  approximated. The va lues  of  t h e  parameters were e s t a b l i s h e d  by analyz­
i n g  a l a rge  number of  imperfect  observa t ions ,  and t h e  a t t i t u d e  was subse­
quent ly  ca l cu la t ed  by i n t e g r a t i o n  of  t h e  equat ions of  motion. For t h e  
p a r t i c u l a r  s a t e l l i t e  s imula ted ,  i t  was found t h a t  t h e  p a s t  a t t i t u d e  h i s t o r y  
could be est imated t o  wi th in  0 .1" .  Applied t o  long-range p r e d i c t i o n  t h e  
technique produced t h e  same e r r o r s  i n  e a r t h  po in t ing ,  b u t  t h e  yaw e r r o r s  were 
approximately doubled. 

The technique a f fo rds  t h e  p o s s i b i l i t y  o f  determining a t t i t u d e  with fewer 
ins t ruments .  The r e s u l t s  c i t e d  were determined e n t i r e l y  from measurements 
from the  s o l a r  aspec t  s enso r s  d i g i t i z e d  t o  have a s e n s i t i v i t y  o f  0.5" p e r  
d i g i t .  

INTRODUCTION 

Typical p a s t  and cu r ren t  missions of e a r t h  s a t e l l i t e s  inc lude  communica­
t i o n s ,  meteorology, and r a d i o  astronomy. Contemplated f u t u r e  missions 
inc lude  surveys o f  e a r t h  resources  and mapping t h a t  w i l l  encompass such broad 
endeavors as a g r i c u l t u r e ,  f o r e s t r y ,  geology, hydrology, and oceanography. 
For a l l  such missions,  a r e fe rence  from which t o  a i m  t h e  senso r s  can b e  pro­
vided equal ly  we l l  by con t ro l  of t he  e n t i r e  s a t e l l i t e  t o  wi th in  a s p e c i f i e d  
e r r o r ,  o r  by r e l a t i v e l y  loose  con t ro l  i f  t h e  a t t i t u d e  i s  known p r e c i s e l y .  I n  
t h e  l a t t e r ,  t h e  requirement f o r  a p r e c i s e  a c t i v e  s a t e l l i t e  con t ro l  system i s  
rep laced  by a t t i t u d e  information generated on t h e  ground by process ing  
a t t i t u d e  senso r  measurements from t h e  s a t e l l i t e .  



The accuracy o f  any a t t i t u d e  determinat ion scheme depends on t h e  
accuracy of t h e  s a t e l l i t e  a t t i t u d e  sensors  and on t h e  technique employed t o  
process  t h e i r  readings .  Measurements taken a t  a given i n s t a n t  conta in  random 
e r r o r s ,  and cons iderably  b e t t e r  accuracy can b e  achieved when some smoothing 
technique i s  app l i ed .  An e f f i c i e n t  smoothing, o r  a t t i t u d e  es t imat ion ,  scheme 
can be  based on t h e  premise t h a t  t h e  s t e a d y - s t a t e  motion can b e  computed when 
t h e  v a r i a t i o n  o f  t h e  e x t e r n a l  d i s turbance  torques with time i s  known. 
Successful  implementation r equ i r e s  t h a t  t h e  s a t e l l i t e  dynamics and environ­
ment be  known, and t h a t  s u f f i c i e n t  information b e  obta inable  from observ ing  
t h e  a t t i t u d e  motion t o  deduce those  remaining unknown q u a n t i t i e s ,  such as t h e  
r e s idua l  magnetic d ipo le ,  e s s e n t i a l  t o  t h e  c a l c u l a t i o n  of  t h e  d is turbance  
torques .  

The e s t ima t ion  scheme i s  r e a d i l y  app l i ed  t o  improving t h e  knowledge of  
t he  a t t i t u d e  motion of  pas s ive ly  c o n t r o l l e d  s a t e l l i t e s .  I n  theory ,  t h e  scheme 
can be app l i ed  r ega rd le s s  o f  t h e  type o f  c o n t r o l  system i n  use .  However, 
pass ive  systems are unique i n  t h a t  they are s u b j e c t  only t o  fo rces  caused by 
i n t e r a c t i o n  wi th  t h e  environment. In  c o n t r a s t ,  a c t i v e  systems a r e  s u b j e c t  t o  
forces  caused by less p r e d i c t a b l e  con t ro l  a c t i v i t y .  Furthermore, s i n c e  t h e  
d is turbances  t o  pas s ive  s a t e l l i t e s  a r e  almost exc lus ive ly  s teady  o r  p e r i o d i c ,  
i t  should b e  p o s s i b l e  t o  p r e d i c t  f u t u r e  a t t i t u d e  motion from t h e  a n a l y s i s  of  
p a s t  a t t i t u d e  h i s t o r y .  I f  i t  i s  requi red  t h a t  a s a t e l l i t e  d i r e c t  i t s  sensors  
earthward, t h e  n a t u r a l  choice of pass ive  a t t i t u d e  con t ro l  i s  g r a v i t y  s t a b i l i ­
za t ion .  I n  a d d i t i o n  t o  long l i f e ,  zero power consumption, and e x c e l l e n t  r e l i ­
a b i l i t y ,  t h i s  s t a b i l i z a t i o n  technique provides  a v i b r a t i o n - f r e e  senso r  
platform with angular  r a t e s  much lower than i t s  a c t i v e  counterpar t s .  

A t t i t u d e  e s t ima t ion  and p r e d i c t i o n  has  a l r eady  been demonstrated by 
S c o t t  and Rodden ( r e f .  1) who analyzed t h e  motion of  a g r a v i t y - s t a b i l i z e d  
s a t e l l i t e  which employed con t ro l  moment gyros t o  provide damping and yaw 
s t i f f n e s s .  The p resen t  s tudy was i n i t i a t e d  t o  determine t h e  f e a s i b i l i t y  o f  
applying e s t ima t ion  techniques t o  p r e d i c t  t h e  a t t i t u d e  of  a completely pass ive  
g r a v i t y - s t a b i l i z e d  s a t e l l i t e .  The aims o f  t h i s  s tudy  d i f f e r  somewhat from 
those  of  S c o t t  and Rodden. I n  p a r t i c u l a r ,  major ob jec t ives  of  t h e  p r e s e n t  
s tudy a r e  t o  compare t h e  es t imat ion  accuracy f o r  var ious  s e t s  o f  instruments  
and t o  determine t h e  s imples t  s e t  of instruments  s u f f i c i e n t  t o  y i e l d  t h e  
necessary informat ion .  

More s p e c i f i c a l l y ,  t h e  es t imat ion  technique was appl ied  t o  an i n e r t i a l l y  
coupled s a t e l l i t e  t h a t  r e l i e s  s o l e l y  on t h e  g r a v i t a t i o n a l  f i e l d  f o r  damping 
as wel l  as r e s t o r i n g  torque ( r e f .  2 ) .  In  t h e  absence of  s u i t a b l e  d a t a  from 
an a c t u a l  s a t e l l i t e ,  i t  was necessary t o  analyze s imulated a t t i t u d e  motions.  
The s imula t ion  assumed t h e  s a t e l l i t e  t o  b e  i n  a p o l a r  o r b i t  a t  an a l t i t u d e  o f  
1400 km such as might be  s p e c i f i e d  f o r  meteorological  o r  e a r t h  resources  
missions.  I t  i s ,  of  course,  not  poss ib l e  t o  determine i f  t h e  model of t h e  
s t e a d y - s t a t e  d i s turbances  used i n  t h e  s imula t ion  i s  adequate o r  i f  important 
e r r o r s  w i l l  b e  caused from those  nonsteady d is turbances  t h a t  a r e  encountered 
i n  o r b i t .  This type  of  s tudy  can, t h e r e f o r e ,  never  prove t h a t  a t t i t u d e  
es t imat ion  of  an a c t u a l  s a t e l l i t e  w i l l  b e  s u c c e s s f u l .  Conversely, i f  a t t i t u d e  
es t imat ion  i s  not  f e a s i b l e  f o r  a s imulated s a t e l l i t e ,  i t  is  c e r t a i n  not  t o  b e  
f e a s i b l e  f o r  an a c t u a l  s a t e l l i t e .  
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ESTIMATION AND PREDICTION TECHNIQUE 

The e s t ima t ion  technique i s  based on t h e  premise t h a t  t h e  dynamics of  a 
g r a v i t y - s t a b i l i z e d  s a t e l l i t e  and a l l  of  i t s  d is turbance  sources  a r e  under­
s tood .  The e s t ima t ion  technique seeks t o  e s t a b l i s h  t h e  h i t h e r t o  unknown 
values  of  c e r t a i n  q u a n t i t i e s  through t h e  ana lys i s  of  t h e  observed a t t i t u d e  
senso r  readings .  Once t h e  unknowns a r e  e s t a b l i s h e d ,  a complete model of t h e  
dynamics and d is turbance  sources  i s  a v a i l a b l e ,  and p a s t  and f u t u r e  a t t i t u d e  
motion can b e  s imula ted .  

The Model 

A l l  o f  t h e  information,  both known and unknown, t h a t  c o n s t i t u t e s  t h e  
complete model r equ i r ed  f o r  t h e  s imula t ion  can b e  p laced  i n  t h r e e  general  
ca t egor i e s  ; t h e  equat ions of  motion, t h e  phys ica l  c h a r a c t e r i s t i c s  of  t h e  
s a t e l l i t e ,  and t h e  environment. These a r e  d iscussed  i n  t h e  fol lowing 
s e c t i o n s .  

The equat ions of  motion.- The equat ions of  motion must inc lude  a l l  of  t h e  
s i g n i f i c a n t  dynamic e f f e c t s  i f  p r e c i s e  e s t ima t ion  of  f u t u r e  a t t i t u d e  motion 
i s  t o  be achieved. For t h i s  s tudy ,  t h e  dynamics were assumed t o  be  ade­
qua te ly  represented  by t h e  dynamics of  a p a i r  o f  connected r i g i d  bodies .  For 
some g r a v i t y - s t a b i l i z e d  s a t e l l i t e s ,  r i g i d  body dynamics a r e  no t  an adequate 
r ep resen ta t ion  because t h e  f l e x u r a l  modes of  boom motion couple s i g n i f i c a n t l y  
with t h e  l i b r a t i o n a l  motion. This  i s  t r u e ,  f o r  i n s t ance ,  i n  t h e  ana lys i s  of  
t h e  motion of t h e  Radio Astronomy Explorer  S a t e l l i t e  which has  boom lengths  
of  t h e  o r d e r  o f  200 m ( see  r e f .  3 ) .  In  o t h e r  i n s t ances ,  t h e  v a r i a t i o n  of t h e  
mass d i s t r i b u t i o n  with t i m e  caused by thermal d i s t o r t i o n  may i n v a l i d a t e  t h e  
assumption of  r i g i d  body dynamics (see r e f .  4 ) .  These e f f e c t s  w i l l  not  be 
p re sen t  i f  newly developed booms a r e  used which t h e o r e t i c a l l y  have no thermal 
d i s t o r t i o n  ( r e f .  S ) ,  o r  i f  t h e  booms a r e  arranged symmetr ical ly .  

I n  t h i s  s tudy  t h e  s a t e l l i t e  considered has  symmetrically o r i e n t e d  booms 
with n a t u r a l  f l e x u r a l  f requencies  t h a t  a r e  l a rge  compared with t h e  l i b r a t i o n  
f requencies .  For such a s a t e l l i t e  t h e  r i g i d  body equat ions  a r e  considered t o  
provide an adequate r e p r e s e n t a t i o n  of  t h e  s t e a d y - s t a t e  dynamics. This repre­
s e n t a t i o n  r equ i r e s  an eight-dimensional  s t a t e  space:  t h r e e  coordinates  each 
f o r  t he  a t t i t u d e  and angular  v e l o c i t y  of  t h e  main s a t e l l i t e  body, and two 
coord ina tes  t o  r ep resen t  t h e  r e l a t i v e  a t t i t u d e  and angu la r  v e l o c i t y  of t h e  
s ingle-degree-of-freedom damper body (see  re f .  2) . The s t a t e  equat ion is 

The form o f  f i s  known e x p l i c i t l y ;  p r ep resen t s  t h e  parameters def in ing  
t h e  p a r t i c u l a r  phys ica l  c h a r a c t e r i s t i c s  of  t h e  s a t e l l i t e ;  r r ep resen t s  t h e  
environment t h a t  r e a c t s  with t h e  s p a c e c r a f t  t o  produce t h e  e x t e r n a l  d i s t u r ­
bances.  The s o l u t i o n  o f  equat ion (1) f o r  i n i t i a l  condi t ions  z = zo and 
t = to w i l l  b e  denoted by 
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Equation (1) was used i n  genera t ing  t h e  var ious  q u a n t i t i e s  r equ i r ed  by estima­
t i o n  procedure and i n  s imula t ing  t h e  unknown motion t o  b e  analyzed. I t  i s  
obvious, t h e r e f o r e ,  t h a t  t h e  r e s u l t s  o f  t h e  s tudy  can provide no conclusions 
concerning whether o r  no t  t h e  r i g i d  body equat ions  are adequate f o r  u s e  i n  t h e  
e s t ima t ion  procedure.  Such conclusions must await a p p l i c a t i o n  t o  a real ,  
r a t h e r  than t o  a s imula ted ,  s a t e l l i t e .  

The environment.- The e s t ima t ion  procedure i s  based on a p e r f e c t  
knowledge o f  t h e  environment. E s s e n t i a l  t o  t h e  knowledge of  t h e  environment 
i s  knowledge o f  t h e  o r b i t a l  parameters .  This  permi ts  account t o  b e  taken of 
t he  e f f e c t s  of  e c c e n t r i c i t y  on t h e  a t t i t u d e  motion and e s t a b l i s h e s  t h e  r e l a ­
t i o n s h i p  between s a t e l l i t e ,  s o l a r ,  and ea r th -cen te red  coord ina tes .  This  
information,  p lus  t h e  known energy dens i ty  o f  s u n l i g h t  and a model of  t h e  
geomagnetic f i e l d ,  de f ines  t h e  s o l a r  p re s su re  and magnetic environment of t h e  
s a t e l l i t e .  For n e a r  e a r t h  o r b i t s ,  such as considered i n  t h i s  s tudy ,  t h e  
assumption t h a t  t h e  magnetic f i e l d  i s  known p e r f e c t l y  appears t o  b e  reason­
ab le .  For t h e  purpose o f  t h i s  s tudy  t h e  f i e l d  was assumed t o  be  t h a t  due t o  
a t i l t e d  d ipo le  although more accura te  models a r e  a v a i l a b l e .  

Physical  c h a r a c t e r i s t i c s  of  t h e  s a t e l l i t e .  - The a t t i t u d e  behavior  of t h e  
s a t e l l i t e  can b e  c a l c u l a t e d  only i f  t h e - s e t  o f  parameters  de f in ing  i t s  phys­
i ca l  c h a r a c t e r i s t i c s  i s  known accura t e ly .  Many o f  t h e s e  parameters ,  such as 
the  mass d i s t r i b u t i o n  and geometry of  t h e  s t a b i l i z e d  package, a r e  known i n  
the  sense  t h a t  they can be measured accu ra t e ly  p r i o r  t o  launch and a r e  c e r t a i n  
t o  remain cons tan t  t h e r e a f t e r .  Others ,  such as t h e  r e s i d u a l  magnetic d ipole ,  
although they may be  measured accu ra t e ly  p r i o r  t o  launch, vary unpredic tab ly  
during t h e  pe r iod  o f  launch and deployment. S t i l l  o t h e r s ,  such as s o l a r  
pressure  torques ,  cannot be measured adequately on t h e  ground and must be  
es t imated .  

Provided t h e  model of  t h e  s a t e l l i t e  system i s  adequate,  e r r o r s  i n  t h e  
ca l cu la t ed  a t t i t u d e  w i l l  r e s u l t  from dev ia t ions  i n  t h e  measured o r  es t imated  
values  of  t h e  unknown and poorly known parameters .  An obvious approach t o  
t h e  a t t i t u d e  e s t ima t ion  problem is  t o  s e l e c t  a l l  t h e  parameters with unce r t a in  
values  and t r y  t o  e s t ima te  b e t t e r  values  from measured d a t a .  One d i f f i c u l t y  
with t h i s  approach i s  t h a t  measurements may no t  permit  a l l  t h e  parameters t o  
be uniquely d i s t ingu i shed  from each o t h e r .  Another d i f f i c u l t y ,  of a more 
p r a c t i c a l  n a t u r e ,  i s  t h a t  t h e  amount of computation and numerical  round-off 
e r r o r s  i n c r e a s e  r a p i d l y  with t h e  number o f  parameters considered.  A more 
r e a l i s t i c  and c e r t a i n l y  more p r a c t i c a l  approach i s  t o  l i m i t  t h e  number of  
parameters t o  be es t imated .  The s e t  of parameters  s e l e c t e d  must have two 
p r o p e r t i e s .  F i r s t ,  t h e  e f f e c t  o f  each parameter  on t h e  a t t i t u d e  must b e  d i s ­
t i ngu i shab le  from t h e  e f f e c t  o f  a l l  t h e  o t h e r s .  Second, i t  must be poss ib l e  
t o  f i n d  a s e t  o f  values  f o r  t h e  parameters t h a t  w i l l  produce an approximation 
t o  a l l  the  expected d is turbance  torques .  Fo r  t h e  p a r t i c u l a r ,  low a l t i t u d e  
s a t e l l i t e  considered,  t h e  parameters s e l e c t e d  were t h e  misalinement angles  
between the  p r i n c i p a l  axes of  i n e r t i a  and t h e  r e fe rence  axes,  t h e  d i s t ance  
between t h e  c e n t e r  o f  mass and c e n t e r  o f  area, and t h e  magnitude and d i r e c t i o n  
o f  t h e  r e s i d u a l  magnetic d ipole .  A t o t a l  o f  n ine  q u a n t i t i e s  i s  needed t o  
def ine  t h e s e  e r r o r  sources .  
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The s e l e c t i o n  of  t h e  n ine  parameters t o  b e  es t imated  implies  t h a t  a l l  
o t h e r  parameters and t h e  environment a r e  assumed t o  b e  known p e r f e c t l y .  Let 
p = (x,  p o ) ,  where x denotes t h e  n ine  parameters t o  b e  es t imated ,  and p 
denotes a l l  those  assumed t o  be  known. The motion of  t h e  system then only 
depends upon t and t h e  unknown parameters x .  Thus, 

Instrument a t  ion 

A t t i t u d e  ins t rumenta t ion  f o r  e a r t h  o r i e n t e d  s a t e l l i t e s  i s  usua l ly  
s e l e c t e d  s o  t h a t  t h e  a t t i t u d e  can b e  reso lved  from a s e t  of  d a t a  taken a t  a 
given i n s t a n t .  Most e a r t h  o r i e n t e d  s a t e l l i t e s  have some combination of e a r t h  
sensors ,  magnetometers, and s o l a r  aspec t  s enso r s .  Each senso r  can determine 
t h e  coordinates  of  some l i n e  r e l a t i v e  t o  t h e  s a t e l l i t e  re ference  system; con­
sequent ly ,  two d i f f e r e n t  types a r e  r equ i r ed  t o  determine t h e  a t t i t u d e  a t  any 
given i n s t a n t .  With t h e  in t roduc t ion  of  t h e  e s t ima t ion  procedure,  t h e  
c r i t e r i o n  f o r  s e l e c t i n g  instruments  i s  d i f f e r e n t  and less s t r i n g e n t .  The 
only requirement i s  t h a t  i t  b e  p o s s i b l e  t o  so lve  f o r  t h e  unknown parameters 
from some s e t  o f  observa t ions  taken a t  s e l e c t e d  t imes .  The es t imat ion  pro­
cedure f o r  determining a t t i t u d e  the re fo re  a f fo rds  an oppor tuni ty  t o  s impl i fy  
the  instrument system. The i d e n t i f i c a t i o n  of  t h e  s imples t  s e t  of instruments  
t h a t  would y i e l d  s a t i s f a c t o r y  a t t i t u d e  information was one of  t h e  goals  of 
the  s tudy .  

The instruments  considered were combinations of s o l a r  aspec t  sensors ,  a 
horizon scanner ,  and a damper boom angle  i n d i c a t o r .  Five s o l a r  aspec t  sen­
s o r s  a r e  requi red  t o  g ive  s p h e r i c a l  coverage. Three were p laced  120" a p a r t  
i n  t he  plane t h a t  nominally co inc ides  wi th  t h e  o r b i t a l  p lane  and t h e  remain­
ing  two were d i r e c t e d  i n  e i t h e r  d i r e c t i o n  normal t o  t h e  o r b i t a l  p lane .  

The general  form o f  t h e  equat ions c h a r a c t e r i z i n g  t h e  s e t  of  instrument  
readings can be  expressed as:  

Y( t>  = g , ( t ,  z>  + e ( t >  (4 1 

where e r ep resen t s  instrument  e r r o r s .  Consequently, s enso r  outputs  are 
r e l a t e d  t o  t h e  unknown parameters by t h e  composite of  equat ions (3) and ( 4 ) ;  
t h a t  i s  , 

where 

Est imat ion of  Unknown Parameters 

The es t imat ion  procedure seeks t o  improve t h e  knowledge of  t h e  parameters  
assumed t o  be  imperfec t ly  known. The process  i s  s imi l a r  t o  q u a s i l i n e a r i z a t i o n  
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F i g u r e  1.- Block diagram of t h e  e s t i m a t i o n  procedure .  

descr ibed  i n  r e fe rence  6 .  As i l l u s t r a t e d  i n  t h e  block diagram i n  f i g u r e  1, 
t h e  process  s tar ts  with an i n i t i a l  guess o f  t h e  parameters x j .  From t h i s  
guess,  an i n i t i a l  e s t ima te  o f  t h e  subsequent instrument  readings i s  c a l c u l a t e d  
from t h e  dynamic model o f  t h e  s a t e l l i t e  and i t s  d is turbances ,  and compared 
with t h e  a c t u a l  instrument  readings from t h e  s a t e l l i t e .  The d i f f e r e n c e  
between t h e  a c t u a l  and es t imated  instrument  readings  i s  then used t o  improve 
t h e  knowledge o f  t h e  parameters x j .  The d e s i r e d  q u a n t i t i e s ,  t h e  a t t i t u d e  
angles ,  a r e  obta ined  from t h e  dynamic model of  t h e  s a t e l l i t e  and i t s  d i s t u r ­
bances.  Knowledge of  x j  t h e r e f o r e  impl ies  t h e  p o s s i b i l i t y  of f u t u r e  motion 
as we l l  as e s t ima t ion  o f  p a s t  motion. 

The e s t ima t ion  technique r e l i e s  upon making a l a r g e  number of  imperfec t  
observat ions t o  e s t a b l i s h  t h e  va lue  o f  t h e  unknown parameters .  S ince  t h e  
parameters a r e  assumed t o  b e  i n v a r i a n t  with time, t h e  problem i s  t r a c t a b l e  
and cons i s t s  i n  f i n d i n g  t h e  minimum var iance  s o l u t i o n  of  a system o f  l i n e a r  
equat ions .  The system of  equat ions can be  expressed as 

Ay = H Ax + 5- -

where 
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I 


and 

Ay(t) dev ia t ion  of  t h e  instrument  readings from those  corresponding t o  t h e  
a t t i t u d e  a t  time t given t h e  p r i o r  estimate of t h e  unknowns "p 

A X  j dev ia t ions  i n  t h e  unknown parameters from t h e  p r i o r  estimate "p 
H ( t )  mat r ix  of  p a r t i a l  de r iva t ions  r e l a t i n g  Ay(t) t o  Axj 

e ( t )  instrument  e r r o r s  a t  t i m e  t 

I t  was no t  f e a s i b l e  t o  c a l c u l a t e  t h e  elements o f  t h e  mat r ix  H(t)  
a n a l y t i c a l l y  from t h e  non l inea r  equat ions of  motion of  t h e  two-body s a t e l l i t e .  
In s t ead ,  t h e  elements o f  t h e  ma t r ix  were eva lua ted  through s imula t ion  of t h e  
a t t i t u d e  motion. A r e fe rence  motion based on a p r i o r  estimate o f  t h e  unknown 
parameters xp was f i r s t  obta ined .  A subsequent motion w a s  then  ca l cu la t ed  
with an increment i n  one o f  t h e  components of  x .  The magnitude of t h e  
increment was chosen t o  b e  equal t o  t h e  expected dev ia t ion .  The d e r i v a t i v e  
was then  eva lua ted  assuming t h e  v a r i a t i o n  of t h e  instrument  reading with t h e  
change i n  t h e  component of x t o  be l i n e a r .  Thus, 

The elements o f  t h e  ma t r ix  H(t)  t h e r e f o r e  depend on t h e  p r i o r  es t imate  xpand t h e  magnitude of  t h e  increment Ax?, as wel l  as t ime.  However, t h e  
primary dependence is  upon time which determines t h e  o r b i t a l  p o s i t i o n  and 
the re fo re  t h e  r e l a t i o n s h i p  of  t h e  s a t e l l i t e  t o  t h e  sun and t h e  magnetic f i e l d .  
The dependence upon x arises s o l e l y  from n o n l i n e a r i t i e s .  

The minimum var iance  s o l u t i o n  of  equat ion (6) f o r  t h e  devia t ions  of t h e  
unknown from t h e  p r i o r  e s t ima tes ,  Ax, i s  we l l  known ( see ,  e . g . ,  r e f .  7) and 
i s  given as 

where Q i s  t h e  covariance o f  t h e  instrument  e r r o r s  ( i . e . ,  Q = E ( e e T ) ) .  I t  
i s  assumed i n  t h e  d e r i v a t i o n  o f  equat ion (7) t h a t  t h e  instrument e r r o r s  a r e  
uncorre la ted ,  have zero mean, and are independent o f  t h e  measurements. 
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SIMULATION 

The unknown a t t i t u d e  motion and t h e  corresponding instrument  readings 
were generated by a d i g i t a l  computer s imula t ion .  The c h a r a c t e r i s t i c s  of t h e  
s imula ted  s a t e l l i t e  were obta ined  by assuming random dev ia t ions  o f  i t s  phys­
i ca l  c h a r a c t e r i s t i c s  from a known s a t e l l i t e .  The c h a r a c t e r i s t i c s  of  t h e  known 
and t h e  unknown s a t e l l i t e  are given i n  t a b l e  1. These dev ia t ions  were 
intended t o  s imula t e  t h e  unknown e r r o r  sources  t h a t  might b e  p re sen t  a f t e r  t h e  
spacec ra f t  has  been launched and t h e  boonis e r e c t e d .  The devia t ions  included 
the  angle  between t h e  ind iv idua l  booms and t h e  v e r t i c a l  re fe rence  ax i s ,  t h e  
r e f l e c t i v i t y  o f  t h e  booms, t he  r ad ius  of curva ture  due t o  thermal d i s t o r t i o n ,  
t h e  e r e c t e d  boom leng th ,  t h e  damper b i a s  angle ,  and t h e  r e s i d u a l  magnetic 
d ipo le .  

A complete s imula t ion  o f  a s a t e l l i t e  would r e q u i r e  t h a t  t h e  r e l a t i o n s h i p  
of t he  o r b i t  t o  t h e  s u n l i n e  change slowly wi th  t h e  seasons and with any motion 
of t he  l i n e  of  nodes. For purposes of s imula t ion ,  t h e  o r b i t  was assumed t o  b e  
p o l a r ,  and i t s  r e l a t i o n s h i p  t o  t h e  s u n l i n e  was assumed t o  b e  f i x e d  f o r  any 
one d a t a  sample. The e f f e c t  o f  changes i n  t h e  r e l a t i o n s h i p  o f  t h e  o r b i t  t o  
t he  sun l ine  on t h e  es t imat ion  procedure w a s  s t u d i e d  through s imula t ion  of 
s epa ra t e  cases .  These were achieved by a r b i t r a r y  changes i n  hb, t h e  angle  t h e  
l i n e  of  nodes o f  t h e  o r b i t  makes wi th  t h e  f i rs t  p o i n t  of  Ar ies ,  and A ,  t h e  
angle measured i n  t h e  e c l i p t i c  between t h e  s u n l i n e  t o  t h e  e a r t h  and t h e  f irst  
poin t  of  Ar ies .  The fol lowing cases  were s t u d i e d :  

Sun angle  r e l a t i v e  t o  o r b i t  

Orb i t  p l ane  conta ins  s u n l i n e  
Sunl ine  30" from o r b i t  normal 

I11 30 " Sunl ine  60" from o r b i t  normal 
Sunl ine  -60" from o r b i t  normal 

_. _ _  

A l l  o f  t h e  instruments  were assumed t o  be  r e p r e s e n t a t i v e  of those  
cu r ren t ly  a v a i l a b l e .  The i r  output  readings were assumed t o  b e  d i g i t a l  and 
were s imulated by c a l c u l a t i n g  t h e i r  exac t  va lue  and a s s ign ing  t h e  appropr ia te  
d i g i t a l  va lue .  Each instrument  was assumed t o  have random e r r o r s  i n  t h e  loca­
t i o n  of t h e  edges of  t h e  regions assigned t o  each d i g i t .  These e r r o r s  can 
a r i s e  from e r r o r s  i n  t h e  quan t i za t ion  ( i . e . ,  e r r o r s  i n  t h e  loca t ion  o f  t h e  
edge of  t h e  reg ion  assigned t o  each d i g i t ) ,  and from randomness i n  t h e  d i g i t  
ass igned by t h e  senso r  e l e c t r o n i c s  when t h e  exac t  reading  approaches t h e  edge. 
In  the  s imula t ion ,  t h e  e r r o r s  were considered t o  b e  o f  t h e  l a t t e r  type and 
were s imulated by adding a random number t o  t h e  exac t  reading p r i o r  t o  ass ign­
ing  the  d i g i t a l  va lue .  I f  quan t i za t ion  e r r o r s  a r e  p re sen t ,  t h e  assumptions 
inhe ren t  i n  t h e  s o l u t i o n  of equat ion (7) w i l l  b e  v i o l a t e d  because t h e  e r r o r  
d i s t r i b u t i o n  a s soc ia t ed  with a p a r t i c u l a r  d i g i t  w i l l  no t  have zero mean. Con­
sequent ly ,  t h e r e  w i l l  b e  a c o r r e l a t i o n  between t h e  senso r  reading and i t s  
e r r o r s .  
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TABLE 1. CHARACTERISTICS OF ACTUAL AND ASSUMED SATELLITE 


d v3 

A c t u a l  Assumed 

Boom 

T o t a l  m a s s ,  kg 
Moments o f  i n e r t i a ,  kg-m2 

223 2 2 3  

Main b o d y ,  r e l a t i v e  t o  V frame 
I 1 1  3 0 0 5 . 0  3 0 6 4 . 8  
I 2 2  3 7 7 4 . 0  3 7 5 4 . 7  
I 3 3  7 8 0 . 0  7 0 5 . 5  
I 1 2  6 5 . 0  5 8 . 8  
I 1 3  6 . 6  0 
I 2 3  - . 5  0 

Damper, a b o u t  h i n g e  a x i s  1 2 2 . 3  1 2 2 . 3  
s y s t e m s  

Main booms a b c l d 

Damper 

D i a m e t e r ,  cm 1 . 1 4  1 . 1 4  1 . 1 4  1 . 1 4  
T i p  mass, !ig 
L e n g t h ,  m 

. 7 2  
3 0 . 7  

. 7 2 ;  
3 0 . 1  

, 7 2 7  . 7 2  
3 0 . 6  2 9 . 7  

, 7 2 7  , 7 2 7  . 
3 0 . 0  3 0 . 0  30.1 

R e f l e c t i v i t y  .88 . 8 6  .90 . 8 6  . 9 2  . 9 2  . I  
Minimum r a d i u s  o f  c u r v a t u r e  

d u e  t o  s o l a r  r a d i a t i o n ,  m 105 26 1 166 261 57 4 5 7  457 
Angle  f rom v e r t i c a l  

r e f e r e n c e ,  5 ,  d e g  2 7 . 1  2 5 . 6  2 8 . 2  2 7 . 3  2 6 . 7  2 6 . 7  2 6 . '
booms 

L e n g t h ,  m 1 5 . 0  15  .O
T i p  mass, kg . 1 7 8  , 1 7 8
S p r i n g  c o n s t a n t ,  Newton-m r a d  
Damping c o n s t a n t ,  Newton-m 

r a d / s e c  
Bias, 'ad,, d e g  

C e n t e r  o f  mass  o f  s t a b i l i z e d  
p a c k a g e  r e l a t i v e  t o  c e n t e r  o f  
s p h e r e ,  m 

Axbody 
'Ybody 
A Z b o d y

Uncompensa ted  m a g n e t i c  d i p o l e ,  
Weber-m2 

Am1 
Am2 
Am 3 

- .000536 - , 0 0 0 5 3 6  

- . 1 1 9  - . 1 1 9  
.5  0 

. 1 6  0 
0 0 
- . 0 4  0 

- . 1 3 1 ~ 1 0 - ~  0 
. 0 6 6 ~ 1 0 - ~  0 

- .  2 2 7 ~ 1 0 - ~  0 
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The va r i ance  a s soc ia t ed  with q u a n t i z a t i o n  is developed i n  appendixes A 
and B .  Appendix A treats t h e  s p e c i a l  problem p e c u l i a r  t o  s o l a r  aspec t  sensors  
where t h e  quan t i za t ion  changes somewhat from t h e  nominal wi th  t h e  angles  
sensed.  Appendix B gives  t h e  method o f  c a l c u l a t i n g  t h e  t o t a l  var iance  due t o  
quan t i za t ion  and t h e  presence o f  t h e  edge e r r o r s .  

The c h a r a c t e r i s t i c s  of  each ins t rument  s imula ted  i s  given i n  t h e  ske tch  
and t a b l e  below. 

DIGITAL OUTPUTA+Ak E=me 

t- l-q+ 4 jiMDg;-
PROBABILITY DENSITY FUNCTION OF INSTRUMENTS 

RESULTS AND DISCUSSION 

Obs ervabilit y  

The f i r s t  r e s u l t  t o  be  e s t a b l i s h e d  i s  t h e  i d e n t i f i c a t i o n  o f  t hose  sets 
of instruments  t h a t  w i l l  permit  equat ion (7) t o  be  so lved  f o r  t h e  unknown 
parameters.  A necessary condi t ion  f o r  s o l v i n g  equat ion  (7 )  i s  t h a t  a l l  a t t i ­
tude angles must in f luence  t h e  readings o f  t h e  sensors  a t  some time during a 
given o r b i t .  A s  i n  t h e  case  of determining a t t i t u d e  a t  a given i n s t a n t ,  t h i s  
condi t ion  r u l e s  ou t  t h e  p o s s i b i l i t y  o f  u s ing  t h e  horizon scanner  a lone,  s i n c e  
yaw angle  cannot be sensed.  The add i t iona l  information poss ib ly  could be  
suppl ied  by a damper boom angle  i n d i c a t o r  i f  t h e  damper boom responds t o  
s teady  and o s c i l l a t o r y  yawing motion. I t  w i l l  s o  respond provided e i t h e r  t h e  
n e u t r a l  p o s i t i o n  of  t h e  damper o r  t h e  hinge a x i s  does no t  l i e  normal t o  t h e  
yaw a x i s .  However, t h e  damper boom and t h e  hinge ax i s  of  t h e  s a t e l l i t e  ana­
lyzed were loca ted  i n  t h e  ho r i zon ta l  p l ane .  For t h i s  p o s i t i o n ,  t h e  damper 
does not  respond t o  a s teady  yaw, thereby prevent ing  t h e  eva lua t ion  of t h e  
s teady  yaw o f f s e t ,  133. I t  fol lows t h a t  s o l a r  aspec t  sensors  must b e  included 
i n  any combination of  t he  a v a i l a b l e  ins t ruments  i f  equat ion (7) i s  t o  b e  
so lved .  

With t h e  except ion of a s i n g l e  o r i e n t a t i o n  o f  t h e  o r b i t  r e l a t i v e  t o  t h e  
sun l ine ,  t he  s o l a r  aspec t  s enso r  measurements are inf luenced  by a l l  t h e  
a t t i t u d e  e r r o r s  a t  some time during an o r b i t .  This i s  necessary ,  b u t  no t  
s u f f i c i e n t ,  t o  i n su re  t h a t  a s o l u t i o n  t o  equat ion  (7) e x i s t s .  To e s t a b l i s h  
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t h a t  a s o l u t i o n  ex i s t s  t h e  determinant  o f  HHT must b e  nonzero f o r  some 
series of  measurements. With t h e  except ion o f  one s i t u a t i o n  descr ibed  below, 
t h i s  condi t ion  was s a t i s f i e d  f o r  s o l a r  a spec t  measurements a lone .  Hence, 
except f o r  one condi t ion ,  s o l a r  a spec t  measurements w i l l  provide s u f f i c i e n t  
information t o  so lve  f o r  t h e  unknown increments i n  t h e  unknown parameters .  

This except ion occurs  when t h e  o r b i t  p lane  i s  normal t o  t h e  sun l ine .  
Then t h e  complete l i s t  o f  unknowns i s  unobservable by any combination of 
ins t ruments .  The reason is  t h a t  t h e  s o l a r  p re s su re  torques t h a t  r e s u l t  from 
t h e  c e n t e r  o f  mass s h i f t ,  d i ,  produce s teady  angular  o f f s e t s  t h a t  are i n d i s ­
t i ngu i shab le  from t h e  v a r i a b l e s ,  a i .  The es t imated  va lues  o f  e i t h e r  s e t  o f  
parameters w i l l  t h e r e f o r e  produce both e f f e c t s  and one s e t  could b e  e l imina ted  
i f  t h e  s a t e l l i t e  o r b i t  were t o  remain normal t o  the  s u n l i n e .  

This p a r t i c u l a r  o r b i t  i s  a l s o  unique i n  t h a t  s o l a r  aspec t  sensors  a lone 
do not  provide s u f f i c i e n t  information t o  so lve  f o r  even t h e  reduced l i s t  of 
unknowns. The reason i s  t h a t  a s a t e l l i t e  with a s teady  a t t i t u d e  e r r o r  w i l l  
have no change i n  i t s  o r i e n t a t i o n  r e l a t i v e  t o  t h e  sun as i t  moves along t h e  
o r b i t a l  pa th .  The sun sensors  w i l l  y i e l d  information on two angles  requi red  
t o  descr ibe  t h e  o r i e n t a t i o n  of  t h e  s a t e l l i t e  r e l a t i v e  t o  t h e  sun .  S ince  
t h r e e  v a r i a b l e s  must be  eva lua ted  t o  desc r ibe  the  s teady  a t t i t u d e  angle  o f f ­
s e t ,  no s o l u t i o n  i s  p o s s i b l e .  This d i f f i c u l t y  could be  reso lved  by us ing  t h e  
damper boom angle  f o r  a d d i t i o n a l  information i f  t h e  b i a s  of t h e  damper from 
i t s  nominal p o s i t i o n ,  Ods, i s  known. Otherwise,  t h e  b i a s  must be  included i n  
t h e  l i s t  of unknowns t o  be  determined. I n  t h i s  event ,  one more unique equa­
t i o n  and one more unknown are added t o  t h e  system of  equat ions and a s o l u t i o n  
does not  e x i s t  . 

Although t h e  t e s t  f o r  o b s e r v a b i l i t y  e s t a b l i s h e s  t h a t ,  wi th  t h e  above 
except ion,  s o l a r  aspec t  sensors  a lone y i e l d  a unique s o l u t i o n  f o r  t h e  
unknowns, i t  gives  l i t t l e  i n s i g h t  i n t o  t h e  accuracy of  t h e  es t imat ion  tech­
nique when a l imi t ed  number o f  imperfect  measurements a r e  processed.  There­
f o r e ,  es t imat ion  was attempted wi th  seve ra l  instrument  systems. These 
included s o l a r  aspec t  sensors  a lone ,  s o l a r  aspec t  sensors  i n  combination with 
a damper boom angle  i n d i c a t o r ,  and s o l a r  aspec t  s enso r s  i n  combination with a 
horizon scanner .  

Shor t  Te rm Est imat ion 

The unknown parameters were es t imated  from a d a t a  sample t h a t  covered 
about f i v e  o r b i t s .  Typical r e s u l t s  showing t h e  motion c a l c u l a t e d  given i n i ­
t i a l  estimates of t h e  unknowns are shown i n  f i g u r e  2 .  I n  t h i s  i n s t ance ,  t h e  
unknown parameters were i n i t i a l l y  es t imated  t o  be  zero (E= 0 ) .  The f i rs t  
i t e r a t i o n  then seeks t o  minimize t h e  var iance  o f  t h e  d i f f e r e n c e  between t h e  
a c t u a l  instrument  readings and t h e  exact instrument  readings corresponding t o  
motion when X = 0 .  As can b e  seen  from t h e  r e s u l t s ,  i n t e g r a t i o n  o f  t h e  
equat ions of  motion when t h e  d is turbances  are eva lua ted  from t h e  new es t imate  
o f  t h e  unknowns r e s u l t s  i n  reasonable  agreement between t h e  es t imated  and t h e  
a c t u a l  motion. Some improvement i n  t h e  es t imated  motion r e s u l t s  i f  a second 
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ure  3 ,  no improvement i n  t h e  e s t ima te  
based on s o l a r  aspec t  sensors  a lone 
r e s u l t e d  when horizon scanner  mea­
surements were included.  A s i m i l a r  
conclusion was reached concerning 
t h e  a d d i t i o n  of damper angle  measure­
ments t o  t h e  s o l a r  aspec t  s enso r  

measurements.An examination was made of  
var ious  sources  o f  e r r o r  t h a t  can 

I i n f luence  t h e  accuracy of t h e  estima­

n o n l i n e a r i t i e s  i n  t h e  v a r i a t i o n  o f  
t h e  instrument  readings with t h e  
unknowns, imperfect ions i n  t h e  model, 
and poor o b s e r v a b i l i t y .  These 
e r r o r s  sources  w i l l  b e  discussed i n  
t u r n .  

SOLAR ASPECT AND 
HORIZON SENSORS 

-__ SOLAR ASPECT SENSORS 

0 I 2 4 5 6 
ORBITS 

F i g u r e  3.- Typical errors in the estimation after two iterations over  the entire period of the 
data sample; db = 0, X = 0 .  
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Effec t  of  number o f  observa t ions  .- I d e a l l y ,  t h e  number of  observat ions 
should be s u f f i c i e n t  t o  reach t h e  po in t  where a d d i t i o n a l  observat ions cause 
l i t t l e  o r  no change i n  t h e  s o l u t i o n  f o r  t h e  unknowns. The observat ions were 
a r b i t r a r i l y  taken 0 . 3  o f  a rad ian  apa r t  along t h e  o r b i t a l  pa th ,  and t h e  maxi­
mum number of observat ions f o r  any s o l u t i o n  was l i m i t e d  t o  100.  For t h e  s e t  
o f  100 observa t ions ,  t h e  number o f  d i s c r e t e  d a t a  p o i n t s  va r i ed  with t h e  s e t  o f  
instruments  i n  use and with whether o r  not  t h e  s a t e l l i t e  passes  through t h e  
e a r t h ' s  shadow, thereby e l imina t ing  s o l a r  observa t ions .  

To t e s t  i f  100 observat ions were s u f f i c i e n t  t o  e s t ima te  the  s t a t e  
accu ra t e ly ,  es t imat ions  were made with fewer observa t ions  and the  s t a t e  noted 
as t h e  number o f  observa t ions  was increased .  To e l imina te  t h e  poss ib l e  
e f f e c t s  of  o t h e r  sources  o f  e r r o r ,  t he  d a t a  analyzed corresponded t o  a p e r f e c t  
l i n e a r  model. Exact instrument  readings were generated by mul t ip ly ing  t h e  
mat r ix  H by an a r b i t r a r y  s e t  o f  values f o r  unknowns. These readings were 
quant ized as o u t l i n e d  i n  t h e  s e c t i o n  on s imula t ion .  

The e r r o r  i n  e s t ima t ing  t h e  unknown parameters f o r  var ious  numbers of  
observa t ions  i s  shown i n  f i g u r e  4 .  When the  hor izon  scanner  was used, l i t t l e  
change i n  the  e s t ima te  of  t h e  unknowns occurred a f t e r  about 50 observa t ions .  

SOLAR ASPECT SENSOR SOLAR ASPECT SENSOR When t h e  s o l a r  aspec t  sen-
AND HORIZON SCANNER ALONE s o r s  a lone were used, 100 

.3 r observat ions appeared t o  b e  
marginal i n  t h a t  some of t h e  
unknowns were s t i l l  changing.E Note , however, t h a t  t h e  
e r r o r s  f o r  100 observa t ions  
were very nea r ly  t h e  same 
f o r  both ins t rumenta t ion21::!LI systems.  The add i t ion  of 
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�mi 1 

0 
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Figure 4.- The effect of the number of observa­
tions on the estimate of t h e  unknown parameters 
after one iteration. 

hor izon  scanner  measurements 
d i d  noth ing  t o  improve t h e  
know ledge o f  t h e  v a r i a b l e s  
a2 and a3 which correspond 
t o  s teady  r o l l  and yaw. The 
hor izon  scanner  would not  be  
expected t o  improve 12.3 
s i n c e  i t  does not  sense  yaw. 
The reason t h e  e s t ima te  o f  
a2 d i d  not  improve i s  t h a t  
t h e  r o  11 angle t y p i c a l  l y  
never  exceeded 0 .so. A l l  
readings of  t h e  d i g i t a l  
hor izon  scanner ,  accord ingly ,  
were zero .  Therefore ,  i n  
e f f e c t ,  t h e  horizon scanner  
con t r ibu ted  information only 
on t h e  p i t c h  motion. 
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Effec t  of  n o n 1 i n e a r i t i e s . - The ma t r ix ,  H ,  was ca l cu la t ed  with t h e  
assumption t h a t  t h e  v a r i a t i o n  o f  t h e  instrument  readings with each o f  t h e  
unknowns was l i n e a r .  The f a c t  t h a t  s e v e r a l  i t e r a t i o n s  a r e  necessary t o  g e t  
t h e  b e s t  f i t  t o  t h e  a c t u a l  motion i n d i c a t e s  t h a t  t h e  v a r i a t i o n  i s  not  l i n e a r .  
This n o n l i n e a r i t y  i s  c l e a r l y  demonstrated i n  f i g u r e  5, where a comparison i s  
made of t h e  e r r o r s  f o r  t h e  f i r s t  and second e s t ima tes .  Two curves a r e  shown 
f o r  each e s t ima te .  The curves designated as l i n e a r  a r e  t h e  es t imat ion  e r r o r s  
when t h e  a t t i t u d e  i s  assumed t o  vary l i n e a r l y  with Ax and i s  given by 
A(t)Ax summed with t h e  r e fe rence  motion upon which t h e  es t imate  was based .  
The curve des igna ted  as s imula ted  i s  t h e  e r r o r  i ncu r red  when the  es t imated  
unknowns are used as an input  t o  the  i n t e g r a t i o n  of  t h e  equat ions of motion. 
The n o n l i n e a r i t y  i s  ev ident  i n  t h e  f irst  e s t ima te  given i n  f i g u r e  5 ( a ) .  The 
second e s t ima te  e l imina ted  t h e  e r r o r s  from n o n l i n e a r i t y ,  f o r  a l l  p r a c t i c a l  
purposes,  as i l l u s t r a t e d  i n  f i g u r e  5 ( b ) .  Figure 6 shows t h e  expected r e s u l t ,  
t h a t  a t h i r d  e s t ima te  produced no f u r t h e r  change i n  t h e  unknowns. 

E f fec t  o f  model imperfec t ions . - The p r i n c i p a l  source of d i f f i c u l t y  i n  
applying- t he  est imat ion- technique appears t o  be  imperfect ions i n  t h e  model of

_ *  ~ 

t he  unknown d i s tu rbances .  Thes-e imperfect ions impai r  t h e  accuracy of  t h e  
s h o r t  term es t imat ion  and degrade the  p r e d i c t i o n  of  f u t u r e  motions, p a r t i c u ­
l a r l y  when seasonal  v a r i a t i o n s  and o r b i t a l  r eg res s ion  change t h e  r e l a t i o n s h i p  
of  t h e  o r b i t  t o  t h e  s u n l i n e .  

I f  t he  model i s  p e r f e c t  i t  should b e  p o s s i b l e  t o  es t imate  t h e  unknowns 
p r e c i s e l y ,  because t h e  e f f e c t s  o f  instrument  e r r o r s  can be e l imina ted  by 
tak ing  a s u f f i c i e n t l y  long d a t a  sample, and t h e  e f f e c t s  of  n o n l i n e a r i t i e s  
can be accounted f o r  through an i t e r a t i v e  procedure.  However, cons ider  t h e  
r e s u l t s  shown i n  f i g u r e  6 ,  which gives  the  es t imates  o f  t h e  unknown parameters 
corresponding t o  an unknown motion generated by t h e  s imula t ion  of  a s a t e l l i t e  
with phys ica l  c h a r a c t e r i s t i c s  l i s t e d  as "Actual" i n  t a b l e  1. For t h i s  s imula­
t i o n ,  t h e  magnetic d ipo le  i s  t h e  only v a r i a b l e  t h a t  e n t e r s  d i r e c t l y .  Other 
sources  o f  a t t i t u d e  e r r o r ,  represented  i n  t h e  es t imat ion  by t h e  va r i ab le s  a i  
and d i ,  a r e  unknown s o l a r  p re s su re  torques and r o t a t i o n s  o f  t he  p r i n c i p a l  axes 
r e l a t i v e  t o  t h e  instrument  package. These torques and r o t a t i o n s  a r e  generated 
by e r r o r s  i n  boom leng th ,  boom angles ,  s u r f a c e  r e f l e c t i v i t i e s ,  and s o  f o r t h ,  
r a t h e r  than d i r e c t l y  by changes i n  the  v a r i a b l e s  a i  and di, such as used i n  
computing the  H mat r ix .  The r e s u l t s  o f  t h e  e s t ima t ion  i n d i c a t e  t h a t  t h e  
est imated d ipole  i s  d i f f e r e n t  from t h a t  known t o  be  p re sen t  ( see  f i g .  6 ) .  The 
e r r o r  i n  the  es t imat ion  i s  not  small, t he  l a r g e s t  component be ing  unde res t i ­
mated by roughly 50 pe rcen t .  The corresponding e r r o r s  i n  t h e  a t t i t u d e  motion 
a r e  those shown i n  f i g u r e  3 .  These l a t t e r  e r r o r s ,  however, a r e  small ,  be ing  
almost always l e s s  than 0 . 1 " .  

The apparent ly  con t r ad ic to ry  r e s u l t s  ( i . e . ,  good es t imat ion  of  t h e  
a t t i t u d e  motion b u t  poor es t imat ion  o f  some of  t h e  unknowns) can have two 
sources .  One i s  t h e  p o s s i b l e  i n s e n s i t i v i t y  of  t h e  motion t o  change i n  a 
p a r t i c u l a r  unknown; t h e  o t h e r  i s  t h e  p o s s i b l e  imperfect  r ep resen ta t ion  of t h e  
a t t i t u d e  e r r o r  sources  by the  model. The model used i s  an attempt t o  repre­
s e n t  a l l  t h e  d is turbances  with a few d i s t i n c t  v a r i a b l e s  and i s  known t o  b e  an 
approximation. For in s t ance ,  inc luding  t h e  unknown d i s t ances ,  di , i s  an 
attempt t o  allow f o r  unknown v a r i a t i o n s  i n  t h e  s o l a r  pressure  torques .  These 
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Figure  5.- Comparison o f  t h e  e r r o r s  i n  t h e  f i rs t  and second l i n e a r  e s t i m a t e s  wi th  t h e  e r r o r s  
from s imula t ions .  
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v a r i a t i o n s  are a consequence of v a r i a t i o n s  i n  t h e  geometry and s u r f a c e  
p r o p e r t i e s  as we l l  as devia t ions  i n  t h e  c e n t e r  of mass from i t s  s t a t e d  pos i ­
t i o n .  Even though dev ia t ions  i n  t h e  c e n t e r  of  mass p o s i t i o n  w i l l  produce 
s o l a r  p re s su re  torques with t h e  same frequencies  t h a t  a c t u a l l y  occur ,  i t  is  
un l ike ly  t h a t  a combination of  t h e  d i s t ances ,  d i ,  w i l l  cause a s o l a r  p re s su re  
torque v a r i a t i o n  t h a t  would have t h e  c o r r e c t  Four i e r  s e r i e s  r ep resen ta t ion  
about a l l  axes .  Also,  t h e  use o f  a i ,  t o  allow f o r  v a r i a t i o n s  i n  t h e  r e l a ­
t i onsh ip  between t h e  p r i n c i p a l  axes of i n e r t i a  and t h e  instrument  axes,  does 
not  allow f o r  changes i n  t h e  magnitude o f  t h e  p r i n c i p a l  moments of  i n e r t i a .  
If t h e  moments o f  i n e r t i a  a r e  changed, t h e  response of  t h e  s a t e l l i t e  t o  
d is turbance  w i l l  b e  d i f f e r e n t  from t h a t  corresponding t o  t h e  c a l c u l a t e d  H 
matr ix .  

The es t imat ion  procedure w i l l  f i n d  t h e  b e s t  f i t  t o  t h e  d a t a  sample. I n  
the  example c i t e d ,  t h e  shortcomings of  t h e  model were compensated by e s t i ­
mating a d ipo le  d i f f e r e n t  than t h a t  known t o  b e  p r e s e n t .  For s h o r t  term 
es t imates  t h i s  compensation is  of l i t t l e  consequence. However, t h e  compensa­
t i o n  requi red  t o  y i e l d  t h e  b e s t  e s t ima te  of  t h e  motion would be  expected t o  be 
a l t e r e d  as t h e  r e l a t i o n s h i p  o f  t he  o r b i t  t o  t he  sun changes, thereby present ­
ing  some d i f f i c u l t y  i n  t h e  long term p r e d i c t i o n  o f  a t t i t u d e  motion. 

E f fec t  of poor o b s e r v a b i l i t y .  - A s  p rev ious ly  noted,  when t h e  o r i e n t a t i o n  
_I___

of  t h e - o r b i t  i s  such t h a t  t he  s u n l i n e  l i e s  along t h e  o r b i t  normal, t h r e e  com­
ponents of t h e  s t a t e  become unobservable by any s e t  of ins t ruments .  For 
o r b i t s  f o r  which t h e  s u n l i n e  l i e s  c lose  t o  t h e  o r b i t  normal, a l l  elements of 
t h e  s t a t e  a r e  observable  i n  t h a t  t h e  determinant of  HHT i s  nonzero. How­
eve r ,  equat ion (1) becomes poorly condi t ioned and t h e  s t a t e s  d i f f e r  wi ld ly  
from those es t imated  f o r  o t h e r  o r b i t s .  This condi t ion  was found t o  p r e v a i l  
even when the  o r b i t  normal was as f a r  as 30’ from t h e  s u n l i n e .  Typical 
r e s u l t s  of  t he  f i r s t  e s t ima te  a r e  shown i n  the  t a b l e  below. The d a t a  i n  t h e  
f i r s t  column f o r  es t imates  when t h e  sun l ine  was 30” from t h e  o r b i t  normal 
shows q u i t e  d i f f e r e n t  r e s u l t s  from those  obtained when t h e  s u n l i n e  was i n  t h e  
o r b i t a l  p lane .  This i s  p a r t i c u l a r l y  t r u e  of  t h e  values  o f  “ 3  and d l .  These 

__ ... . ~ ~ 

a =  6 0 ° ,  X = 0 d b =  0 ,  x = 0 
~ - ..- . -- --.  .-.-~ - . - ~ . _~. ~

Vari ab 1e j imulated s o l a r  Pe r fec t  s o l a r  j imulated s o l a r  j imulated s o l a r  
aspec t  s enso r  aspec t  d a t a  aspec t  s enso r  aspec t  s enso r  
9 v a r i a b l e s  9 v a r i a b l e s  6 v a r i a b l e s  9 va r i ab le s  

- .. . - -. . - - *  

“ 1  0 .OS4 0.072 0.030 0.067 
“2 - .219 - .254 - .230 - .210  
“ 3  -5.45 - 1 . 2 4  - .227 - .575 
dl  3.94 .73 Not es t imated  - .62 
d2 .07 . 04  Not es t imated  . .04 
d3 .32 .51 Not es t imated  - .66 
m l  -1.22x10-6 -1.21x10-6 - 1 . 2 8 ~ 1 0 - ~  - 1 . 6 7 ~ 1 0 - ~  
m2 . 6 7 ~ 1 0 - ~  .57x10e6 .58x10-6 .6 7x 
m 3  -2.02x10-6 - 3 . 4 2 ~ 1 0 - ~  - 3 . 4 9 ~ 1 0 - ~  - 3 . 2 8 ~ 1 0 - ~  

_.- . ~ . ~ . - - - . . .  
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v a r i a b l e s  produce s teady  motions which are compensating s o  t h a t  t h e  l i n e a r  
f i t  t o  t h e  unknown t r a j e c t o r y  obta ined  from t h e  product  IA(t) I 1 AT1 i s  compara­
b l e  t o  o t h e r  r e s u l t s  o f  a f i rs t  estimate of  t h e  unknowns. A b e t t e r  d e f i n i t i o n  
of  t h e  s t a t e  might b e  obta ined  i f  t h e  d a t a  sample were lengthened, thereby 
reducing t h e  effect  o f  instrument  e r r o r s ,  Evidence of  t h i s  type  of  improve-

!+ 

ment i s  given by t h e  r e s u l t s  shown f o r  p e r f e c t  s o l a r  a spec t  d a t a .  

The fact  t h a t  one unknown parameter is  poor ly  d i s t ingu i shed  from another ,  
o r  i s  poorly observable ,  can b e  viewed as evidence t h a t  each produces nea r ly  
t h e  same e f f e c t  on t h e  motion. I n s o f a r  as s h o r t  term es t ima t ion  i s  concerned, 
i t  is expedient  t o  e l imina te  one of t h e  unknowns. In  t h i s  i n s t ance ,  i t  was 
decided t o  e l imina te  a l l  t h r e e  o f  t h e  d i s t a n c e  elements ,  d i .  The r e s u l t i n g  
s h o r t  term es t ima te  ( see  column of t a b l e  f o r  e s t ima te  l imi t ed  t o  6 va r i ab le s )  
y i e lded  a t t i t u d e  e s t ima t ion  e r r o r s  comparable t o  those  shown i n  f i g u r e  2 f o r  
the  case  when t h e  sun was i n  t h e  o r b i t  p l ane  and a l l  n ine  unknown parameters 
were es t imated .  

P red ic t ion  

The goal of  t h e  e s t ima t ion  procedure i s  t o  be  a b l e  t o  p r e d i c t  a t t i t u d e  
motion wel l  i n t o  t h e  f u t u r e  s o  t h a t  t h e  u s e r  o f  t h e  s a t e l l i t e  w i l l  know, i n  
advance, t h e  geocen t r i c  coordinates  of t h e  c e n t e r  of  t h e  f i e l d  of  view of t h e  
senso r s .  The r e s u l t s  d i scussed  s o  f a r  i n d i c a t e  t h a t  t h e  unknown parameters 
can be eva lua ted  from ana lys i s  of  a s h o r t  d a t a  segment such t h a t  s imula t ion  
provides  a f i t  t o  t h e  a t t i t u d e  motion t o  w i t h i n  0 . 1 " .  However, i t  i s  c l e a r  
t h a t  t h e  model i s  not  p e r f e c t .  There i s ,  t h e r e f o r e ,  no assurance t h a t  t h e  
same s e t  o f  parameters w i l l  provide s a t i s f a c t o r y  s imula t ion  of t h e  motion f o r  
some f u t u r e  time when o r b i t a l  r eg res s ion  and seasonal  v a r i a t i o n s  have changed 
t h e  r e l a t i o n s h i p  between t h e  s o l a r ,  geomagnetic, and o r b i t a l  coordinate  
systems . 

The r e s u l t s  o f  t he  shor t - te rm es t ima t ion  were used i n  an at tempt  t o  
p r e d i c t  t he  motion f o r  o t h e r  o r b i t s  with a d i f f e r e n t  angle  of  t h e  o r b i t  normal 
r e l a t i v e  t o  t h e  s u n l i n e .  In  p a r t i c u l a r ,  i t  was at tempted t o  p r e d i c t  t h e  
motion f o r  t he  time o f  t h e  verna l  equinox (a  = 0) from t h e  parameters evalu­
a t ed  when hb = 60" and v ice -ve r sa .  The r e s u l t s  a r e  shown i n  f i g u r e  7 .  In  
each case ,  t h e  po in t ing  e r r o r  was p r e d i c t e d  t o  wi th in  nea r ly  0 .1" ,  b u t  t h e  
p r e d i c t i o n  of t he  yaw motion was poor .  Curiously,  t h e  p red ic t ions  of  yaw 
based on es t imat ions  when = 60" were somewhat t h e  b e t t e r  o f  t h e  two, even 
though t h r e e  of  t h e  unknown parameters were no t  es t imated .  

In  p r a c t i c e ,  s a t i s f a c t o r y  long-term p r e d i c t i o n  might be  achieved i n  a 
v a r i e t y  of ways. The most obvious i s  t o  determine t h e  time per iod  f o r  which 
an es t imate  of t h e  unknown parameters y i e l d s  s a t i s f a c t o r y  accuracy. The 
dura t ion  of t h i s  per iod  w i l l  depend on t h e  o r b i t  and i t s  r eg res s ion  r a t e .  
Af te r  a number o f  success ive  es t imates  o f  t h e  parameters have been made, t h e  
es t imat ion  frequency might be reduced through i n t e r p o l a t i o n  o r  ex t r apo la t ion ,  
depending upon whether one cycle  of  t h e  v a r i a t i o n  o f  t h e  s u n l i n e  r e l a t i v e  t o  
the  o r b i t  has been completed. An a l t e r n a t i v e  technique i s  t o  analyze d a t a  
t h a t  encompass t h e  e n t i r e  range o f  condi t ions  encountered i n  t h e  p a s t .  After 
one complete cyc le  of t h e s e  condi t ions has  been covered, t h e  es t imate  w i l l  
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F igure 7.- Errors when a s h o r t - t e r m  

I I I I
6 b 8  


ESTIMATE SIMULATION 

___  60" 0" 

I I I I 

2 3 4 5 
ORBITS 

e s t i m a t e  o f  t h e  unknown parameters  i s  used i n  t h e  
p r e d i c t i o n  of a t t i t u d e  f o r  a d i f f e r e n t  o r b i t - s u n  r e l a t i o n s h i p .  

-.I L I I I I I 

-.I L I I ' I I I 

-.3 
0 

I I I I I 

I 2 3 4 5 
ORBITS 

Figure  8 . - Errors when t h e  s o l a r  a s p e c t  measure­
ments f o r  two d i f f e r e n t  o r b i t - s u n  r e l a t i o n s h i p s  
are ana lyzed  as one d a t a  sample, h = 0 .  

y i e l d  a s e t  o f  parameters 
f o r  a b e s t  f i t  t o  a l l  t h e  
a t t i t u d e  motion. This 
p o s s i b i l i t y  was explored i n  
a rudimentary fash ion  by 
ana lyz ing  a d a t a  segment 
composed o f  50 observa t ions  
when L2 = 60" and 50 when 
L2 = 0 " .  The r e s u l t s  a r e  
shown i n  f i g u r e  8.  The 
e s t ima t ion  of  r o l l  and 
p i t c h  f o r  e i t h e r  condi t ion  
was equ iva len t  t o  t h e  e s t i ­
mate when a l l  100 p ieces  of 
d a t a  were taken from a 
s i n g l e  condi t ion .  The yaw 
e r r o r ,  though about doubled, 
w a s  cons iderab  l y  smaller 
than  t h e  e r r o r  encountered 
under t h e  condi t ion  of  
f i g u r e  7.  The parameters 
es t imated  from a combina­
t i o n  of  t h e  two d a t a  
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t i o n s  when t h e  o rb i t - sun  

ea, deg &-AvA" 
-. I L I I I I 

1 
I I 

I 
I 

r e l a t i o n s h i p  was midway 
between t h e  two d a t a  samples 
are shown i n  f i g u r e  9 f o r  

.I r 24-hour pe r iods .  Two cases  
a r e  shown, one corresponding 
t o  t h e  time of  t h e  equinox, 
and one a t  t h e  t i m e  of t h e  
s o l s t i c e .  In  each case, t h e  

0 2 4 6 8 IO 12 14 
e r r o r s  i n  p i t c h  and r o l l  are 

ORBITS t h e  same magnitude as e s t i -
I I I I I I I I mated f o r  a p a r t i c u l a r  d a t a  
0 4 8 12 16 20  24 28 sample. The e r r o r  i n  yaw is  

HOURS roughly twice t h a t  es t imated  
(a)  hb = 30° ,  X = 0" f o r  a s h o r t  term d a t a  sample 

and shows a 24-hour va r i a ­
_Ir t i o n  i n d i c a t i v e  of an e r r o r  

q M  deg q AA4JL\n i n  es t imat ion  of t h e  com­
w V I "  " I  

~ -~u4w~&pv*v* ponents of t h e  magnetic 

Eat deg The r e s u l t s  presented  
I I I I 1I a r e  l imi t ed  i n  t h a t  they a r e  

-.I based e n t i r e l y  on s imula t ion ,  
r a t h e r  than f l i g h t  r e s u l t s ,  
and i n  t h a t  a s i n g l e  example 

�9, deg 

-I p ~ ~ ~ . ~ - A " ~ " A " ~ " A ~ ~ ~ ~  

:;A&*-*L-- -2 s a t e l l i t e  confined t o  a 
-.I p a r t i c u l a r  o r b i t  was s tud ied .  
-.2 I I I I f  t h e  r e s u l t s  can be  con­

0 2 4 6 8 IO 12 l4 s i d e r e d  t y p i c a l ,  i n d i c a t i o n s
ORBITS 

I I I I I I I I a r e  t h a t  t h e  p i t c h  and r o l l  
0 4 8 12 16 2 0  24 28  a t t i t u d e  can be  p red ic t ed  

HOURS with an accuracy about f i v e  
times b e t t e r  than t h e  accu­

(b)  hb = go", X = 120" racy of  a s i n g l e  measurement 
F igure  9 . - Er ro r s  i n  a t t i t u d e  p r e d i c t i o n  when o f  an a t t i t u d e  senso r .  For 

y . 60" from parameters  e s t ima ted  from d a t a  t h e  p a r t i c u l a r  s a t e l l i t e
when y = 90" and y = 30". s t u d i e d ,  t h e  p r e d i c t i o n ,  

a long with an accu ra t e  
s a t e l l i t e  ephemeris, should y i e l d  t h e  geographic loca t ion  of  t h e  e a r t h -
o r i en ted  instrument  axes t o  wi th in  3 km. The e r r o r s  i n  t h e  long-term predic­
t i o n  of t he  yaw e r r o r s  was about twice t h a t  f o r  r o l l  and p i t c h .  B e t t e r  yaw 
information might be obtained through e s t ima t ion  with advance p r e d i c t i o n  
l imi t ed  t o  per iods  encompassing only a small change of  t h e  o r b i t  r e l a t i v e  t o  
the  sun l ine .  
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CONCLUSIONS 

The s t e a d y - s t a t e  motion of a pass ive  g r a v i t y - s t a b i l i z e d  s a t e l l i t e  i s  
determined s o l e l y  by environmental d i s turbances .  This f a c t  can b e  exp lo i t ed  
t o  p r e d i c t  f u t u r e  a t t i t u d e  motion. Simulat ion s t u d i e s  of  one p r e d i c t i o n  
technique have been made i n  which measurements of  t h e  a t t i t u d e  instruments  
were analyzed t o  eva lua te  unknown parameters i n  t h e  d is turbance  torque  model 
The p r e d i c t i o n  then  c o n s i s t s  i n  c a l c u l a t i n g  t h e  s t e a d y - s t a t e  a t t i t u d e  motion 
caused by t h e  d i s tu rbances .  The s t u d i e s  e s t a b l i s h e d  t h e  fol lowing:  

1 .  At t i tude  e s t ima t ion  and p r e d i c t i o n  are considerably more accu ra t e  
than the  a t t i t u d e  determined from a s i n g l e  s e t  o f  instrument  readings taken  
at  a given i n s t a n t .  

2 .  A t t i t ude  e s t ima t ion  and p r e d i c t i o n  f o r  a g r a v i t y - s t a b i l i z e d  s a t e l l i t e  
can be accomplished from s o l a r  aspec t  measurements a lone.  

3 .  A simple observable  s e t  of  parameters was found from which a good 
approximation t o  t h e  d is turbance  torques can b e  c a l c u l a t e d  t o  permit  estima­
t i o n  of t he  cu r ren t  a t t i t u d e  motion. However, t h e  s e t  o f  parameters does not  
model t h e  d is turbance  torques p e r f e c t l y  s o  t h a t  p r e d i c t i o n  of f u t u r e  a t t i t u d e  
d e t e r i o r a t e s  as  o r b i t a l  r eg res s ion  changes t h e  p lane  of  t h e  o r b i t .  

Ames Research Center 
Nat ional  Aeronautics and Space Adminis t ra t ion 

Moffet t  F i e ld ,  C a l i f . ,  94035, Sep t .  5 ,  1969 
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APPENDIX A 

VARIANCE DUE TO D I G I T I Z A T I O N  OF THE 

SOLAR ASPECT SENSOR 

The s o l a r  aspec t  s enso r  was chosen t o  be  i d e n t i c a l  wi th  t h e  D i g i t a l  
S o l a r  Aspect System i n s t a l l e d  i n  t h e  Appl ica t ions  Technology s a t e l l i t e s  
designed f o r  g rav i ty -g rad ien t  s t a b i l i z a t i o n .  Each senso r  has a 64" f i e l d  of  
view i n  any p lane  conta in ing  t h e  normal t o  t h e  s u r f a c e  upon which it  i s  

mounted. F u l l  s p h e r i c a l  coverage 
i s  provided by mounting t h r e e  
senso r s  120'  apa r t  i n  a plane nor­
mal t o  t h e  p i t c h  ax i s  and two 
senso r s  viewing i n  oppos i te  
d i r e c t i o n s  along t h e  p i t c h  a x i s .  
When t h e  sun i s  i n  view of  more 
than  one senso r ,  t h e  reading is  
s e l e c t e d  from t h e  sensor  f o r  which 
t h e  sun i s  more nea r ly  centered  i n  
t h e  f i e l d  of  view. 

The geometry of  an ind iv idua l  
s enso r  head is  shown schemati­
c a l l y  i n  f i g u r e  1 0 .  Each senso r  
has two u n i t s ,  each with a qua r t z  
r e t i c l e  wi th  a s l i t  on i t s  upper 
s u r f a c e  and a b inary  coded 
p a t t e r n  on t h e  lower s u r f a c e .  One 
o f  t h e  u n i t s  measures t h e  angle  
A ,  and t h e  o t h e r ,  t h e  angle  B .  
The measurements o f  angles A and 
B i n d i c a t e d  i n  the  f i g u r e  w i l l  
depend on t h e  d i s t ances  D 1  and D 2 ,  

F igure  10 . - Geometry o f  a s o l a r  a s p e c t  s e n s o r  head .  respectively.The distances 
depend on t h e  index o f  r e f r a c t i o n  

of t h e  qua r t z  r e t i c l e  and t h e  angle  t h a t  t h e  s u n l i n e  makes with i t s  s u r f a c e .  
Since the  l a t t e r  angle  depends on both angles  A and B ,  t h e  reading of  e i t h e r  
of  the  two u n i t s  depends on angles A and B .  

The instrument  senses  D 1  and D 2 .  These d i s t ances ,  and t h e  number of  
b i t s  i n  t he  instrument  output  def ine  two parameters ci and B which can b e  
r e l a t e d  t o  the  angles  A and B as fo l lows:  

128 D 1  
- - - L  cos A 

~~ -a =  
(D1)max - ~2 cos2 A + (1  - ~ 2 ) & 2  i s i n 2  A- 7  


(AI) 
B =  128 D2 -- - L  

_.L 

COS B 
- =  . ­

('2 )max 41 - R2 cos2 B + ( 1  - R2)cot2 A s i n 2  B 
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where 

L (12841 - R2 s i n 2  64O)/sin 64" 

R r ec ip roca l  o f  t h e  index o f  r e f r a c t i o n  of  t h e  r e t i c l e  

64' maximum view angle  o f  instrument 

The output  of  t h e  instrument  E l  and E 2  i s  d i g i t a l  and i s  r e l a t e d  t o  
t h e  parameters c1 and B 

~1 = n l  sgn c1 n l  2 [a1 < n l  + 1 

E 2  = n2 sgn B 112 I B I  < n2 + 1 

n l ,  n2 = 0 ,  1, 2 ,  3,  . . ., 128. 

In  terms o f  t h e  d i g i t a l  ou tpu t s ,  E l  and E 2 ,  t h e  angles  ind ica t ed  by th; 
instrument a r e  as fo l lows:  

A, = cot - 1 E l  

J L 2  - (1 - R2)(E12 + 

Bo = cot - '  E 2  

JL2 - (1 - R2)(E12 + 

The poss ib l e  dev ia t ion  of  t h e  t r u e  angles  A and B from t h e  i n d i c a t e d  
angle's A, and Bo i s  dependent upon A and B .  The var iance  of t h e  s o l a r  
aspec t  sensor  t h e r e f o r e  must be  ca l cu la t ed  f o r  each d a t a  p o i n t  f o r  use  i n  t h e  
minimum var iance  s o l u t i o n  o f  equat ion ( 1 ) .  The var iance  was c a l c u l a t e d  as 
follows : 

The ac tua l  va lue  of  t h e  angle A i s  dependent upon a and B .  

By d e f i n i t i o n  t h e  var iance  of the  angle  A i s :  

where f(a, B) i s  t h e  p r o b a b i l i t y  dens i ty  func t ion .  Since c1 and B are 
independent v a r i a b l e s ,  

A Maclaurin s e r i e s  expansion of  (A - A,) as a func t ion  of two v a r i a b l e s  
y i e l d s  : 

2 3  




(A - Ao) = 

+ t h i r d  and h ighe r  o rde r  terms i n  ( a  - E l )  and (6 - E2) 

and 

aA aA aA 
(A - = (%) ( a  - + (gr(8- E 2 l 2  + 2 -- (a - E l )  ( B  - E2)aa ai3 

+ t h i r d  and h igher  order  terms i n  ( a  - El)  and (6 - E2) (AS) 

By d e f i n i t i o n :  

For a given d i g i t a l  ou tpu t ,  E l  i s  considered t o  be  t h e  mean value of  a and 
the  d i s t r i b u t i o n  i s  assumed t o  be  symmetrical .  Therefore ,  

The d i s t r i b u t i o n  func t ions  can be  expressed as: 

f ( a )  = 1 j - E l ) j  < 1 

f ( a )  = 0 I (a - El) I > 71 

an d 

24 




- -  

Within t h e  reg ion  where f(a) = 1, t h e  d e r i v a t i v e s  a A / a a  and a A / a 6  are 
evaluated a t  t h e  p o i n t  A. and t r e a t e d  as cons t an t s .  Therefore ,  equa­
t i o n  (A5) when s u b s t i t u t e d  i n t o  (A9), u s ing  equat ions (A7) and (A8) y i e l d s  

S imi l a r ly ,  

A s imilar  c a l c u l a t i o n  w i l l  y i e l d  an express ion  f o r  GAB t h a t  r ep resen t s  t h e  
unknown d i s t o r t i o n  o f  t h e  i n t e r v a l  caused by t h e  v a r i a t i o n  of a and 6 w i t h i n  
the  i n t e r v a l .  This covariance i s  small and was ignored  i n  t h e  ana lys i s  of 
t h e  da t a .  

The p a r t i a l  d e r i v a t i v e s  i n  equat ions (A10) a r e  eva lua ted  a t  t h e  c e n t e r  
of  t h e  i n t e r v a l  froin equat ions 

aA ­- _  
aa 

a A- _  ­
a 6  

a B  ­
aa 

a B  ­- ­
a a  

(Al) as fo l lows:  

-
- ~ 2- (1 - N ~ ) B ~  ACOS^ 

a 3  s i n  A 

-8(1  - N2)cos3 A 
a2  s i n  A 

-a( l  - N2]cos3 B 
B~ s i n  B 

- ~ 2- (1 - ~ 2 ) ~ 2COS^ B 
.-

B~ s i n  B J 
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APPENDIX B 

VARIANCE OF A DIGITAL INSTRUMENT WITH 

BOUNDARY ERRORS 

Deviations between t h e  output  o f  a d i g i t a l  instrument  and t h e  t r u e  va lue  
of  t h e  quan t i ty  be ing  measured can arise from d i g i t i z a t i o n  and from uncer­
t a i n t i e s  i n  t h e  boundaries  s e p a r a t i n g  reg ions  corresponding t o  ad jacent  
d i g i t s .  In  t h e  fo l lowing ,  t h e  var iance  i s  c a l c u l a t e d  f o r  d i g i t a l  instruments  
f o r  which t h e  e r r o r s  a t  t h e  boundary a r e  normally d i s t r i b u t e d .  

The assumed d i s t r i b u t i o n  func t ion  f ( x )  i s  i l l u s t r a t e d  i n  t h e  ske tch .  

x 

By d e f i n i t i o n ,  f ( x ) d x  = 1; the re fo re ,  

where an i s  t h e  var iance  of  t he  normal d i s t r i b u t i o n .  The s o l u t i o n  of 
equat ion (Bl) y i e l d s  

z =  1 

p i-on& 

The var iance o f  t h e  d i s t r i b u t i o n  f (x )  i s  

26 



Substituting equation (B2) in equation ( B 3 )  yields 
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