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LONG PERIOD PERTURBATIONS IN THE ELEMENTS OF

ARTIFICIAL SATELLITES DUE TO HIGH ORDER ZONAL HARMONICS
David Fisher

ABSTRACT

General formulas for the long period perturbations in the elements of arti-
ficial satellites due to high order zonal harmonics are presented. The formulas
derived here are based on a more general determining function than Brouwer's
determining function in order to permit indirect gravitational effects such as
those due to the sun and the moon to be included in the perturbations.

The perturbations are given in the form of Fourier series in the argument
of perigee and are associated with each of the zonal harmonics of the earth's
gravitational field. The coefficients of the terms of the Fourier series are
separable into two functions, one a power series in eccentricity and the other
a power series in the inclination as shown by Kaula, Reference 1. The expres-
sion for each of these types of series is given.

In order to simplify the calculations, recursion formulas are presented.
These formulas show that the evaluation of the terms of the power series can be
made in cascade fashion, each successive term being a simple multiple of the
preceding one.

Finally the contributions to the Lagrange planetary equations due to the long
period even and odd zonal harmonics are given,
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LONG PERIOD PERTURBATIONS IN THE ELEMENTS OF
ARTIFICIAL SATELLITES DUE TO HIGH ORDER ZONAL HARMONICS

INTRODUCTION

In Reference 2, the force function for the zonal harmonics of the earth's
gravitational field is given by

© Lo )
v =& I-ZJHFPn(simﬁ) (1)

nx2

where p = k? m,, k is the Gaussian constant, m, the mass of the earth, r the
radius from the earth's center to the satellite, J, the zonal coefficient, ¢ the
latitude of the satellite in equatorial geocentric coordinates.

The definition of the Legendre Polynomials is given by

1 d(x?-1)"

Pa(®) = ol " axm @

Brouwer, Reference 2, expanded the force function up to order 5. He then
deduced the long period perturbations using a determining function by von Zeipel's
method. Kaula, Reference 1, and Giacaglia, Reference 3, extended the work of
Brouwer to include the effects of zonal harmonics of any arbitrary order.

It is shown in References 1 and 2 that the long period part of the Hamiltonian
derived from the force function (1) can be represented in the form

Z Z F(i) G(e) cos 2qg , (3)
n q




for even n, and

ZZ:F(i)G(e)sin (2q+1) g (4)
n o q

for n odd. F(1i) and G(e) are the inclination and eccentricity functions which
are described below.

In References 2 and 3 the corresponding determining functions are given by

F(1) G(e)sin 2qg

S 7 ZLz ( 3 u*J,b? (1“Scoszi)) (5)
. q -

) L3 Gg*

for even zonal harmonics, and

o s = _ZZ F(i) G(e)cos {2q+ 1) g
3 u*J,b% (1-5cos? i) (6)

(2q+1) ~z— L304

for odd zonal harmonics, where L and G are Delaunay variables with L = yua and

G=LV1- e?, a and e are the semimajor axis and eccentricity of the satellite
respectively.

In this report the results of References 2 and 3 are extended by introducing
more general determining functions than those given by Equations 5 and 6.

Thus we define

- F(i) G(e) sin 2qg
S Z Z 2qa (7
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v
(308 |
; for even n and ¢
:"ii.}
ZZF(i)G(c)cos(2q+ 1)g

s (247D & ®)

for n odd, where

4y & = -5 (9)
"3”" .
{* In Equation (9) the quantity F, represente the secular part of the Hamiltonian.
oy If it is desired to include indirect solar and lunar effects F, must include the
%' secular part of the solar and lunar gravitational potential. The expression for
ﬁvi a including solar and lunar effects as well as the zonal harmonics J 2 J 2’ and

J, is given in Appendix C. The quantity

3 14 J,b? (1~ 5cos? i)
'T L3 04

“"f';;' appearing in Equations 5 and 6 is a truncation of o and is valid for many of the
& artificial satellites which have been launched. However for satellites more
; than one or two earth radii from the surface of the earth the indirect solar and
i lunar effects may be quite significant. In such cases direct solar and lunar ef-
3’ fects (Reference 4) should also be included.
X In order to shorten calculations, recursion formulas are given so that simple
multiplications are involved in generating the required series.

The formulas given in Reference 1, are very compact and include not only
the formulations for the zonal harmonics but formulations for tesseral harmonics
as well, Consequently, in order to display the characteristics of the various

; compwnents of the disturbing function, the formulations of Reference 1 are modi-
BV fied and formulas are given describing separately the secular, the long period
Rl even, and the long period odd zonal harmonics.




THE HAMILTONIAN

The Hamiltonian, References 2 and 3, for the high order zonals, is in this
report divided into secular, long period even, and long period odd portions. The
contributions to the mean motion are derived from the secular part of the
Hamiltonian while the perturbations in the elements are derived from the long
period parts via a determining function,

Secular Part of the Hamiltonian

From the results of References 2 and 3 we find that the secular part of the
Hamiltonian is given by

I_Ln+2J L
- n
AF = - anL3 g2n-1 PT (10)
where
n=2
Z g [ro1 /2
= 2j T ee—
P L Koy, ;e Ko, ; 221
i=0 2j j
3 - 1)%-k n \ n+ 2k\ /2k
T = Z: By« sin?k j By ° —-———-—2” ,
k=0 n 2k k
2 - k

To illustrate this formula we note for n = 4

so that
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hence

T = 6~ 30sin?i +l%§'sin‘i.

and consequently

3 4
“K°J4b 3 .., 105 )
DyF = m(l+7e’)(ﬁ-sosxn’x+—rsm‘x

When we write

we find that this expression agrees with the result of Reference 2.

Periodic Part of Hamiltonian (n even)

The contribution to the periodic part of the Hamiltonian due to the n*" even
zonal harmonic J, is given by the Fourier series

LN

n*

../_Ln+2 ann —2

AF =

n on L3 GZn" 1 KB cos 2qg (11)

q=1

where
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Kq’i 225
2j i-q

and

(_1)-'§+q-k n n +2k\ / 2k
q.k - 22‘("1

n 2k /\k-q
2"k

for the case j = 4, the Fourier series (11) consists of the single term

_ 'ﬂ6J4b4
A4F = mKBcosu

where

and

- » 2 . . 4 .
B B:.xsm i+ Bl,z sin® i

B = 5sin2i(6-7sin?i)

making the substitutions for J,, e? and sin? i indicated in the example il-

lustrating the secular part of the Hamiltonian we obtain agreement with Refer-
ence 2,




Periodic Part of Hamiltonian (n odd)

Ay
y‘ : If we combine the reaults of the formulas given above, we find that the odd
zonal harmonics define the Fourler series
_#n"’z J b" _n_'{'_g
n > 3
BaF = T3 gan1 Z CDsin [(29+1) ¢] (12)
9 a*

where
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Cay = F77vt :

2j+1 n=q "

and

B-lig-k n n+1+2k\ /1+2%

- + -
n-1_ J\ 1+2% [\k-q

To illustrate Equation (12), we apply it to the case n = 5, For the fifth
zonal harmonic the Fourier series given by Equation 12 consists of the sum

T R e I

-u7 1 bS
»,:‘j; - PL Js . ]
AsF = —5aiT (D) ge o sing + (D)., sin3e} .




We find that for q = 0

C = Cyoe +Cy,ed = e(2 +%e2)
D = Dy gsini + Dy, sindi + Dy, sindi
= sini (60- 210 sin? i + -3-175 sin* i)
Therefore
(D) g=o ~ esini(Z +-g- ez)(ao- 210sin? i + %ﬁ sin* i)

For q = 1,

So that

3 gin? i 315
(@), = —F5— (70-Tsin2i

These results are in agreement with Reference 2.
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PERTURBATIONS IN THE ELEMENTS

The method of canonical variables is used in this report. Thus i{ S is a
determining function we find from Reference 2, that

2S
’ - GM 4 —
G og’
28
aL”

.o 35
aG"
38

aHII (13)

The determining function S is considered to be a function of the new variables
L", G", H" and the odd variable g’. The variables £’ and h’ do not appear in S
since we are dealing with long period effects in the zonal harmonics.

We also have from Reference 2 that the mean motions of £, g and h are given
by

¢r o 9F,
dt aLM
de” 9%,
t 9G"
dh" JF,
dt -~ ~ gH" (14)

where F, is the secular part of the Hamiltonian

4,%&‘53;;;4&%%#&%@@ ol R i L B T e R B EONCI




Long Period Perturbations - Even Zonal Harmonics

We first find the determining function S by applying the definitions of Equa-
tions (3), (4), (7) and (8) to Equations (11). Thus for n even the contribution of
the n*" harmonic to the determining function is given by

n=2
- ..}u,n+2ann & KBsin 2qg
An S = n L3 GZn" 1 Z Zq&. (15)

q=1

The quantity a is the mean motion of g. In Appendix C a formula for a is
given which includes solar and lunar effects. A more general definition of a
for zonal harmonics is given by the second of Equation 14,

The symbol § is introduced to denote the difference between an element
and its mean value. From Equations (13) and (15) we find

—Nn+2J b" nzz KB
S - n
6nG = TR —-g-cos 2qg (16)
q=1
Similarly we find
-2
n+2J bn n2 .
s g = 2 Jo kB [ _1aa)
n - 2nL3G2n"1 Z 2qa Ve &GL sin 2qg (17)
q=1

an expreseion for 3a/dL is given in Appendix C. The quantity v_ is given by

L9 (K
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An expression for &G is given in Appendix C.

e TR,
¢

]

-
]

™

5 = w < KB _1., .
h = n L3 G2n Z o U &a“ sin 2qg (21)

o

K-
L]

[

where

. PR i, nh LR ik s ” T T et of et e A
et 4@1«'2&‘%&5&%{ it **h, b L-g;.;»,,;%,-*&ﬁgﬁﬁﬁfﬁh G S s :

S T oy o 3 ik .
EE PN . .o : . T LT e

ni/
. _2cosi . 2k=2

a, is given in Appendix C.
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Long Period Perturbations - Odd Zonal Harmonics

The determining function for the odd zonal harmonics is found by applying
the definitions of Equations (3), (4), (7) and (8) to Equation (12). We then obtain,

for n odd, the contribution of the nth zonal harmonic

n~3

F’n+2 Jn " -7

| CD 2q + 1
As - Z: COS[(q )g]
e

n 2nL3 G2r-1 (2q+1)C.L

Again, by applying the formulas (13) to Equation (23) then results

n~3
-ur*23 b° I, CDsin [(2q+1)¢]

8nG = 2nL3G2n"l a
q=0
n~3
| -pnt?ybn E oD 194
5,4 = anp3 Gg2r-1 Z (2q*1)a\Yo ~ 3 dL) €08 [(2q+1)g]
Q=0
where
. Lo [c
VO - JL L3
_ 1 2(1-¢?) ) -
~ i=q
n-3
_#n+2ann -2 D 1
°n8 % pnpsge [ 2a+ya\o & %) s [2a*1)e]

12
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(24)

(25)

(26)




cos? i <
= 1= 2n+ =% Z (2k +1)D_ gsin?k~1j
k=q
n=3
1-e? ,
- ( ) (2j +1)cqje2]“1
1% q

_#n Jn bn CD 1 .
P T g Z (2q+1)ya\o & )" [(ar1)e] e@n
q=0 i
_ GID _ -cosi e :

y, Fo = DIH ~ D Z (k +1)D_ sin2k"1j
.z;g' k=q :
t’» b1
s THE MEAN MOTIONS ’
%‘ The mean motions of the angular elements are given by Equations (14) i
2 where F, is defined by Equation (10). We then find that ;
+2 n E‘_%Z
dtry | KT T,P , 3 ‘ i
b, (dt) T npegeei ¥ - 3P +2(1-e?) Z: iK,,; €177 (28) i
=1 5

z




n/2

dg"\ TLAE L : . 2k-2 4
A, © oTagen ((1TPTH2Pcosti ) kBy sinth
k=1

-
- 2T (1 - e?) Z i K, e*i"2y (29)

dh” ~ "/.Ln+2ann I ' n/2 Cpkes s
A, \Tdt S oa-1psgen (cos 1) P Z: kB, , sin i (30)
k=1

LONG PERIOD CONTRIBUTIONS TO LAGRANGE'S PLANETARY EQUATIONS

The long period contributions of the zonal harmonics are found by forming
the derivatives of Equations 10, 11, and 12. The derivatives of Equation (10)
are given by Equations (28) - (30), and should be added to the corresponding
derivatives below. It is convenient to use the following formulas for the ele-

ments e and i

d 1 (1-e? dG

s (%) - b, (dt) 31)
di d

8, (a%) = g oot i, (a%) (32)

The equations for the elements G, 4, g, and h are given by the theory of
canonical variables

at -~ 9g dt -~ ~ dL .
dg _ _9F dh _ _GF
dt 3G dt -~ T 9H (33)

14
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Long Period Contributions To Lagrange's Planetary Equations - Even
Zonal Harmonics

For n even we find

dG ’unWJ b" #
n ¢
An (E't') B 2:1-1L362n-1 Z qKBs"‘ 2qg (34)
qQ*1
n=2 n=2
d&) i ‘umzjnbn 2 . . -
An a-t— - 2nL462n-1 Z B _3K+2(1-e) ',Kq,je cos 2qg
9=1 iy
(35)
2 n=2 ,
2
dg) _ phrEy, e . 3 . -g .
A (3{) S onpigan Z (1-2n) KB+ 2Kcos? i ZkBq,ksm“ 23
q=1 k=q
n=2
-z
- 2B(1 - e?) Z i K, e*72| cos 2g
i®q (36)
dh prt2y, e T
A, (g;\) = 21n_ngGchosi Z; }mﬂkBﬁhk sin?k"2j cos2qg  (37)
y
q= k=q

The functions K, B, and the coefficients K., and B o,k 8re defined by Equa~-
tion (11).
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Long Period Contributions To Lagrange's Planetary Equations - Odd
Zonal Harmonics

For n odd we obtain

n-3
- +2 n "7
dg\ = ~H+"°I,b
By (dt) T anp3 g2t Z (29+1)CDcos [(2q+1)g] (38)
q=0
a4 Mn+2J Ho ﬁ;'é a2
 — o —-————-—'—‘——— — -~ . - » Fd
An(dt) B 2nL462n-1 Z D 3C + (l e2) i (2) + l)Cq’je“ 1 [Slh(2q+ l)g]
Q'O ’ﬂq
(39)
n_3 n=1
o (28) 2D S5y meceosts 3
a\dt/ ~ pny3g2n Z (1-2n)CD+Ccos®i Z: (2% +1) D, sin i
q= k=q
n=3
I
-p1-e?) ) @itne,, e““}sin [(2a+1) g]
i®q (40)
n=3 n=1
4h\ ~Ccosipu?y b T T
A = - +1 in2k ¢ ot +1
n\dt on 1,3 G20 (2k YD, sin“" 1 sin [(2(1 )g]
e (41)

The functions C and D, and the coefficients C_ , and D q.x are defined by Equa-
tion (12).
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" APPENDIX A ; .
1 NOMENCLATURE
B inclination function ;f
C eccentricity function
3
? D inclination function g
% F Hamiltonian %
i F, Secular part of Hamiltonian 3
F(i) inclination function ]
g G Delaunay variable G = LY1-e?
§ G(e) eccentricity function
? H Delaunay variable H = Gcos i
i J, the nt® zonal harmonic
g K eccentricity function
: ; L Delaunay variable L = yua
i P eccentricity function
4 P, zonal harmonic of n'" degree
; S determining function
T inclination function
U force function
F. a semimajor axis
4 b mean radius of earth
e eccentricity

19




g Delaunay variable - argument of perigee
h Delaunay variable - right ascension of the node of the satellite
i inclination of satellite orbit
) summation index
k summation index
n appears as an index of the degree of the zonal harmonic
£ the Delaunay mean anomaly
q summation index
i radius of the satellite
a mean motion of argument of perigee
pooF kiImg
k = Gaussian constant
m, = mass of earth
e eccentricity of moon's orbit (0.054900489)
i, inclination of moon's orbit plane to ecliptic ~5°1453964
m,' ratio of mass of sun to combined mass of sun and earth (0.999997)
m ccl ratio of mass of moon to combined mass of moon and earth (0.012150668)
ng mean motion 2’ sun 0.98560027 degrees per day
Ne mean motion of moon 13.064999 degrees per day
€ obliquity of the ecliptic
20
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APPENDIX B

RECURSION FORMULAS

When the Hamiltonian and perturbations in the elements for many zonal
harmonics are required it is convenient to use recursion formulas to compute
sequences of coefficients of the inclination and eccentricity functions,

In deriving the recursion formulas the indices n, q, j and k are varied. It
should be noted that although the coefficients in Equations 10, 11, and 12 depend
on n this index does not appear as a subscript in order to simplify the notation.
However when the index n is varied the additional subscript n is added to the
coefficient as in the formulas below,

The recursion formulas given below follow readily from the definitions in
Equations 10, 11, and 12,

Recursion Formulas For the Inclination and Eccentricity Functions (n even)

_ (n+1)n

Kejmt2z = (n*1-2))(n-27) Ka,i\n (B1)
- 4(n +1 +2k)

B“vktn*z - - n+ 2" 2k Bq.k.n (Bz)

1 (n;2j- 1)(n—-2j-2)

Kajrr = 3707 (57179 S (B3)
1 (n-2k)(n+2k+1)
Bq,k+1 4 (k+1-q) (k+1 +q) ak (B4)

The above four formulas also apply to the secular part of the functions by
settingq = 0,

. _i-q |
Kier,; ° J+q+qu.i (B5)

21
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- -k
Bierk 7 'E'g_q_JrT By, k

(B6)

Recursion Formulas For the Inclination and Eccentricity Functions (n odd)

_ n(n+1)
Caimtz = -2 (n-2j-1) Cq,jn

_ =4(n+2k+2)
Dq.k,n+2 - n-2k +1 Dq.k.n
c - _l_(n-{2j"2)(n-2j-3)
qQ.jt1 4 (j+1-q)(j+2+q)‘ Cq.i
5 _ _1(n-2%=-1)(n+2k+2)
akr 4 (k-qt1)(k+q+2) Tak

S Rk
Cq+1’j j+q+2CCl-i
. —(k-q)
Doyvrk 7 k+q+2Dq.k
22

(B7)

(B8)

(B9)

(B10)

(B11)

(B12)
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APPENDIX C

THE MEAN MOTION OF THE ARGUMENT OF PERIGEE
AND SOME USEFUL DERIVATIVES

The mean motion a of the argument of perigee is given by

. 3 #'J7b! G G?
a = n\7F Py (-1+S'E; t 128 ) -35+24 T+ 256 5

L2
G G2\ H? G G2\ H*
(90 192 7 - 126 L,) ol (385 +360 T+ 45 Lz) pr

ul 4
5 J b G2 GQ H2 GZ H4
128 g8 21-96F+(-270+126E; P + |385-189 G

L2 4

2 2 2m ! 2m '
__g_%(l_%smze)(%_b%) n@m@/ Ng Ma G-%sinzi)-
L G (l-e®2)32 (l-ec )3/2 . ec

The quantity G 96/0G and denoted by ag is

.. J3Jab?pe 3J’b" L® G? }

b = n4T T or (2715 cos? i)t I o (280 168 T - 150 75 :

G G2 G G2

+ 36 |-25+48 7+ 28;‘2‘ cos?i-30(154+132 7 + 15 12 cos? i

15 Jo b* 18 G? G? G? ,

- [38 4 o |\"168*54 7)*36 75 - 28'1:— cos? i + 30\~ 154+ 63 cos? i §

2. 2.,/ -?«

3 a2 ( ) Ng Mg ( 3 ) Ng Mg ‘(G2 2
-22-(1-5 sin?e) |T— i + [1-7 sin?i +15cos?i) .

8 G 2 (1 - e‘;)s/z 2 ec (1 - eez)a/z L2




The formula for G 94+ dH and denoted by a, is

4 J2b* s 2
: 15 J, b2 L Lotz L —op 8- 635 :
b, = n<3 2a2 ¥ cos i Y3 T g 45-96 T~ 63 L2 cos i

G2
+ (385 + 369 % + 45 :;\) cos? i

A Y

-

1 J b* (8 2 2 :
—'% 4’4 ‘Ié? 9("15+7%)cosi+7(55-27§;>cos3ij

a
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