NASA TECHNICAL
MEMORANDUM

Report No. 53961

HOLOGRAPHIC OPTICAL DATA PROCESSING

By Rodney W. Jenkins
Space Sciences Laboratory

November 21, 1969

NASA

George C. Marshall Space Flight Center
Marshall Space Flight Center, Alabama

MSFC « Form 3190 (September 1968)




TECHNICA

. REPORT STANDARD TITLE PAGE’

1, REPORT NO.

TMX~53961

2. GOVERNMENT ACCESSION NO,

3. RECIPIENT’S CATALOG NO,

4, TITLE AND SUBTITLE

HOLOGRAPHIC OPTICAL DATA PROCESSING

5, REPORT DATE
November 21, 1969

6. PERFORMING ORGANIZATION CODE

7. AUTHOR(S)

8. PERFORMING ORGANIZATION REPORT #

S, PERFORMING ORGANIZATION NAME AND ADDRESS

George C. Marshall Space Flight Center
Marshall Space Flight Center, Alabama 35812

10. WORK UNIT, NO.

11, CONTRACT OR GRANT NO.

13, TYPE OF REPOR7T & PERIOD COVERED

12. SPONSORING AGENCY NAME AND ADDRESS

Technical Memorandum

14. SPONSORING. AGENCY CODE

15, SUPPLEMENTARY NOTES

Prepared by Space Sciences Laboratory, Science and Engineering Directorate

i6, ABSTRACT

To process optical data is to perform mathematical operations on optical inputs. This
paper describes the holographic technique and its application to optical subtraction and pattern
recognition (matched filtering). Also, experimental results that are presented verify the
theory and the appendixes show the Fourier transformation operator property of a lens and
input translation invariance of the matched filtered output,

17. KEY WORDS
Optical Data Processing
Holography
Pattern Recognition
Fourier Optics

18, DISTRIBUTION STATEMENT

19. SECURITY CLASSIF, (of this report)

Unclassified

20. SECURITY CLASSIF, (of this page)

Unclassified

21, NO. OF PAGES | 22, PRICE

34
$3. 00

MSFC - Form 3292 (May 1969)




TABLE OF CONTENTS

SUMMRY * @ © ¢ & & 2 8 O * & ° ¥ & 8 0 0 &

INTRODUCTION TO HOLOGRAPHY. . ..

Definition . . . .. ..o v v v vt
The Photographic Process. . .

Coherence. . . . o v o v v s v v v o

Stability v v v v v v e e e

Emulsion Resolving Power ...

APPLICATIONS .....0vceeeeess

Optical Subtraction......

Pattern Recognition . .......

®

. * o »
0

o ¢ o ®

ooooo

LI S )

* s . .

LI N S}

° o . . o o o
e ¢ @ & 0o o & o & o 8 » o
* ¥ ¢ & o & & 0 0 & 0 @ ° o
. . o s e o ° .
oooooo . LY .
. . . e o °
¢ v . . © & ¢ 0 0 s o
. e o 6 ¢ o @ e
* 9 o o @ & &6 & s 06 0 0 8 o 0

.

°

o o o o 0 5 8 6 8 & 0 € o

APPENDIX A: SHIFT INVARIANCE OF MATCHED FILTER OUTPUT.

APPENDIX B: FOURIER TRANSFORMATIONBY ALENS ........

REFERENCES. .. ..o ieenns.

BIBLIOGRAPHY. . v c v vttt v v vt nnnnoonens

iii

s & o6 » » o © & 0 & o

18

20

25

25




Figure

1.

i0.

11,

12,

LIST OF ILLUSTRATIONS

Title

Configuration for recording the wave front reflected from
a three~dimensional object . ......... B A

Configuration for reconstructing the wave front reflected
from the three-dimensional object. . . . ... .. .. ... ...

Graph of the typical emulsion response (measured in am-
plitude transmittance) to exposure . ....... e e

Configuration for optical subtraction by Fourier transform
holography . ... v v v vt it e et v ssasoosncneoaas

Photograph of the image reconstructed from a subtraction
hologram made by the configuration shown in Figure 6. ..

Configuration for optical subtraction of backscattered
signals.......

Basic optical system for pattern recognition. .........
Configuration for making a matched filter by holography. .

Schematic showing off-axis displacement of a holograph-
ically constructed matched filters output . . . . .. ......

Experimental pattern recognition configuration used to
obtain results plotted in Figures 11and12...........

Graph of the response of the matched filters output
(measured in units of power) to a rotation of the input
transparency about its vertical axis. ....... t e e e

Graph of the response of the matched filters output (meas-

ured in units of power) to a rotation of the input transpar-
ency about its longitudinal axis........... e .o

iv

Page

10

11
12

14

14

15

16

17




Figure

B-1.

LIST OF ILLUSTRATIONS (Concluded)

Title Page
Schematic of a wave front with complex amplitude U1 inci-
dent upon a lens and the complex amplitude Ui transmitted
bythelens., ... .......ccvev.n et e e e ‘e 20
Schematic for calculating the thickness function of a lens. . .. 21

Configuration for Fourier transformation of a plane object
amplitude transmittance byalens . ......... e et e e ‘o 23




TECHNICAL MEMORANDUM X-53961

HOLOGRAPHIC OPTICAL DATA PROCESSING

SUMMARY

To process optical data is to perform mathematical operations, such as
addition and multiplication on optical inputs. Using holography, these opera-
tions may be performed on optical inputs having complex amplitudes. This
report presents the theory and techniques necessary for the application of
holography to optical subtraction and pattern recognition.

“The parameters affecting the successful recording of a hologram are
discussed in detail. These include the photographic process, the coherence of
the light source, the vibrational stability of the optical system, and the resolv-
ing power of the recording medium.

In optical subtraction it is shown how, by double exposure and the intro-
duction of a 180-degree phase delay, a wave front may be subtracted from
another.

In pattern recognition, it is shown how a matched filter may be synthe-
sized by holographic methods. Graphs of the sensitivity of the filtered output
power to rotation of the input transparency are given. The appendixes show
mathematically that a lens displays the Fourier spectrum of an input in its
front focal plane on its back focal plane and how the filtered output is input
translation invariant,

INTRODUCTION TO HOLOGRAPHY
Definition

Holography is a method by which a highly complex wave front can be
recorded and later reconstructed with identical phase and amplitude from the
recording medium. The recording is accomplished by photographing the inter-
ference pattern created by a simple wave front, normally plane or spherical,




interfering with the wave front to be recorded (Fig. 1). The recorded inter-
ference pattern is unique in that only a wave front of identical phase and ampli-
tude could interfere with the same simple wave front to recreate this pattern.
This simple wave front is usually called the "reference wave front'; the wave

front to be recorded is spoken of as the ''signal wave front."

BEAM
SPLITTER

LASER )\

\ MIRROR

3 DIMENSIONAL
0BJECT

OBJECT BEAM

Figure 1. Configuration for recording the wave front
reflected from a three-dimensional object.

Reconstruction of the recorded wave front is accomplished by reillumin-
ation of the photographic plate with the same reference wave front used in the
recording process. The photographic plate behaves as a diffraction grating,

diffracting part of the reference wave front into a reconstruction of the stored
wave front (Fig. 2). A




{ BEAM SPLITTER MIRROR

LASER

3 DIMENS | ONAL
VIRTUAL

BLOCK

s =——— DEVELOPED PHOTOGRAPHIC
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Figure 2. Configuration for reconstructing the wave front
reflected from the three-dimensional object.

The Photographic Process

Exposure, development, and object beam to reference beam intensity
ratio must be such that the response of the emulsion, measured in amplitude
transmittance, is linearly proportional to the intensity being recorded. Unfor-
tunately, emulsions do not have an entirely linear response to energy. Shown
in Figure 3 is a typical transmittance versus exposure curve where amplitude
transmittance is defined as the ratio of the amplitude of the light incident upon
the plate to the amplitude of the light transmitted by the plate; the exposure is
in units of energy so that it is proportional to intensity. If the emulsion is to

have a linear response, the intensity modulation must be confined to the linear
section of this curve,
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Let the complex amplitude distribution (at the plate) of the reference
wave front and the signal wave front be represented by R(x,y) and S(x,y)
respectively. If these wave fronts interfere at the surface of a square-law
detector, such as a photographic plate, an intensity distribution, I(x,y), will
be recorded, where '

I(x,y) = |R(x,y) +S(x,y)%= [R(x,y){%+ |S(x,y)?
+ R* (x,y)S(x,y) + R(x,y) 5% (x,y).
If the real amplitudes of the reference and signal wave fronts are approximately
constant, we may regard the first two terms of the expression as constant.
Then, the last two terms are the only modulation terms.
Accordingly, the amplitude transmittance, Ta’ of the plate will also
have a constant part, To’ and a fluctuating part, f(x,y). Thus,

T{;l(x,y) = T0 +f(x,y).

To stay on the linear section of the curve, f(x,y) must be much less than To'

This is satisfied if we pick IS(x,y)! much less than [R(x,y)| so that the inten-
sity modulation terms are much less than the constant terms:

R* (x,y)S(x,y) + R(x,y)S* (x,y) << |IR(x,y) |2 + |S(x,y)|?

In addition, if we pick R{x,y) such that

1/2 E \i/2
['R(X’Y“z’fls(x,y)!z] ﬁlR(x,y)l=(€2> ,

where (EO, TO) is a point that falls in the middle of the linear section of the
curve (Eo being the desired exposure), then transmittance modulation function

f(x,y) will be linearly proportional to the intensity modulation. Therefore,

T, (x,y)=T_ +pt [R* (x,y)S(x,y) + R(x,y)S* (X,Y)] )

where § is the slope of the curve at (EO, TO) and t is the exposure time,




If the plate is reilluminated with the same reference wave front used in
the recording, the light transmitted will be

R(x,y)T, (x,y) =R(x,y)T_+ BtIR (x,y)1%8(x,y) + BtR? (x,y) S* (x,y).

The second term, St|R(x,y) | %S(x,y), is a reconstruction of the signal
wave front except for a simple constant (assuming the reference wave front has
a constant amplitude distribution in the x,y plate) multiplied times its ampli-
tude. This term creates the virtual image shown in Figure 2, The first and
third terms do not contribute to the reconstruction of the signal wave front
since they travel in a different direction. (Note that if we use R* (x,y)
instead of R(x,y) to reconstruct the hologram, the third term becomes
BtIR (x,y) |%*(x,y), which creates a real image. )

Coherence

Since no source of light emits an infinitely long wave train, even highly
monochromatic laser light has associated with it a temporal coherence length,
AL, which is proportional to the duration, At, of a single wave train [1].

A
AL = cAt = ¢/Av = Eo,

where Av is the effective frequency range of the Fourier spectrum and Ao is

the mean wavelength. This distance determines the maximum path difference
between two wave fronts from a common source that will give satisfactory
fringe contrast. If the path length difference between the reference and the
gignal wave fronts exceeds the coherence length of the laser, a hologram will
not be recorded. In practice, the coherence length must be experimentally
determined for each light source since laser cavity expansion because of heat-
ing will ultimately limit the theoretical value,

It is also important to have a spatially coherent reference wave front.
This can be accomplished by focusing the reference beam through a pinhole
before it strikes the plate., The diameter of the pinhole should be on the order
of the size of detail desired to be resolved in the image [2]. It is important
to note that the spot size of the beam at its focal point should be less than or




equal to the diameter of the pinhole if the system is to be diffraction limited.
d =SS =1, 22 A/D,

where d is the diameter of the pinhole, SS is the spot size, A is the wavelength,
f is the focal length of the focusing lens, and D is the effective diameter of the
lens. .

Stability

The relative phase of the two interfering beams must be held constant
during the exposure if the interference pattern is to be recorded. Hence the
path length difference between the reference wave front and the signal wave
front must be held constant to within a fraction of a wavelength of the light used
to record the hologram. This is usually accomplished by either rigidly mount-
ing all components of the optical system to a common heavy support which is
isolated from floor vibrations by air mounts (or some cushioning material) or
by using a high-powered pulse ruby laser to shorten the necessary exposure
time to nanoseconds.

Emulsion Resolving Power

If the spacing between the interference fringes becomes smaller than the
grain size of the emulsion, the fringes will not be recorded. Since the angle
between the signal and reference wave fronts determines the spacing, this angle
must not exceed a certain critical angle, O, determined by

© = 2 arc'sin (A\/2p),

where A is the wavelength of the recording light and p is the resolving power of
the emulsion,




APPLICATIONS

Optical Subtraction

Holography can be used to optically subtract one complex wave front
from another. If the wave fronts are identical except for an additional term in
one, the additional term can be emphasized by subtracting the two wave fronts.

The technique is to superimpose two holograms on the same photo-
graphic plate by double exposure. If the same reference wave front is used in
each exposure, the reconstruction of the signal wave front will be the sum of the
signal wave fronts used in each exposure. To make the wave fronts subtract
rather than add, a 180-degree phase delay is introduced into the signal wave
front to be subtracted.

If Sand S + AS are the complex amplitude distributions of the signal
wave fronts for the first and second exposures, respectively, and R is the
complex amplitude distribution of the reference wave fronts for both exposures
(omitting the coordinate notation for abbreviation), the light transmitted by the
doubly exposed hologram will be

RTa = RTO +Bt [R 2% + R%*] + B! [R 2(S+ AS) + R¥(S + AS)*].

(For multiple exposure holography, it is desirable to prebias the emulsion to
a transmittance To at the beginning of the linear section of the T-E curve. Then

the reference-to-signal amplitude ratio can be unity and the successive exposures
can be chosen such that Bty = Bty = Bsts. . . . o)

If a 180-degree phase delay is introduced into the wave front to be sub-
tracted and if St = B't', we can write

RT, = RTO + Bt E!R 1S exp (im) + R%S* exp (im) + RZ(S+AS)
+ RZ(S+AS)*] =RT_+ BtIR|2AS + BtR2AS*,

Effectively, S has been erased, leaving only a reconstruction of AS,




This was first done with Fourier transform holography [3] (Fig. 4).
Because the Fourier spectrum of a signal input created by backlighting of a
transparency is relatively insensitive to translation of the transparency (see
Appendix A), such a configuration is much easier to use than a system whose
signal wave front is the backscatter off an object. However, in principle, it
should be possible to subtract backscattered signals also. Figure 5 is a photo-
graph of the holographic image resulting from the subtraction of the signal
diffusely reflected by the right half of a small card from the signal diffusely
reflected from the entire card (the right half of the card is much dimmer than
the left half). The holographic configuration that was used.for this subtraction
is shown in Figure 6.

LASER

1
¢

? TRANSPARENCY WITH INPUT
4;( SIGNAL TRANSMITTANCE
f

f

+

Figure 4. Configuration for optical subtraction by Fourier transform holography.

HOLOGRAM
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Pattern Recognition

Pattern recognition can be
accomplished by optical spatial filter-
ing using holograms as matched filters.
The purpose of such a system is to de-
tect the presence of a given pattern by
enhancing its optical signal and sup-
pressing any extraneous signals caused
by other patterns. This is accomplished
by causing the desired signal to have a
higher energy density at the surface of
a detector than any of the extraneous
signals,

Figure 5. Photograph of the image
reconstructed from a subtraction plishing this task is shown in Figure 7.

The basic system for accom-

hologram made by the configuration pe pattern to be recognized is placed
shown in Figure 6 (The background g4 P, in the form of a transparency
for the number 69 was erased by (such as a photographic negative). A
optical subtraction.) plane parallel beam of coherent light is
incident upon the transparency at Py and
is transmitted with complex amplitude s(x4,y;). The lens L, displays a complex
amplitude distribution S(x,/Af, yo/Af), at P, which is the Fourier transform of
s (x4, y1). (See Appendix B: Fourier Transformation by A Lens,) Placing a

transparency at P, with complex amplitude transmittance Ta(xz/ M, yo/Af)
causes S(xy/Af, yo/Af) to be multiplied by T, (x9/Mf, yo/Af). Lens L, then dis-

plays the Fourier transform of this product at plane P,

If the signal s(x,y) is to be recognized, the transparency at P, should
have

Ta (Xg}\f, Yo }\f) = kS* (Xz/}\.f, Y2/7\f)
so that

T, (xo/AE, 7o/A)S(xp/AE, yo/N) = KIS (xo/A, yo/M)E.

10
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The curvature of the wave front incident at P, is thereby canceled, leaving a
plane wave which can be focused to an approximate point on P by lens Lgas in
Figure 7. Such a transparency is called a matched filter for input signal s (x,y).

However, until the invention of holography, it was not possible to make
a transparency with complex amplitude transmittance kS* (x,/Af, yo/Af). With
holography, a matched filter for any given input signal can be easily made.
Shown in Figure 8 is the system for making the matched filter. To make the
matched filter for an input signal, s(x,y), s(x,y) is Fourier transformed onto
plane P, Also incident on plane P, is a plane parallel beam that has complex
amplitude distribution R exp (izérayz) on Py, where o = sin ¢/A and R = constant.
If a photographic plate is placed at P,, a hologram can be recorded with com-
plex amplitude transmittance

Ta (X9 /M, yo/Af) = R%+ S% + RS exp (-i2rayy) + RS* exp (i2ray,).

The fourth term is the desired transmittance except for the linear phase term
exp (i2rays). However, this term is desirable since it separates the desired
transmittance from the other terms by inclining the desired transmittance at
an angle, 6, off axis (Figure 9). Multiplying Ta (x9/Af, yo/Af) by

S(xqe/Mf, yo/M) gives a reconstruction of the plane parallel wave front incident
upon P, except for the |S(xy/M, yo/Af)[2 multiplier. Then, lens L will take
the Fourier transform of this term which approximates a Dirac.delta function
centered at coordinates (O, aAf) on Py at which a light-sensitive detector can
be located (Appendix B).

To experimentally verify the theory, a matched filter was made for a
pattern of vertical slits by the configuration shown in Figure 10 on a 4-by 5-inch
Kadak 649-F photographic plate. To make the filter fairly selective, a stop
one-half inch in diameter was located at the center of signals Fourier spectrum
to act as a high-pass filter. This eliminated the dc term and the lower fre=
quency (spatial) diffraction. It was found that, as was expected mathemat~
ically, the effect of translation of the input transparency in the (x4, y;) plane
was only an equal shift of the output point in the (-xj3, -y3) output plane. How-
ever, the output was sensitive to rotation of the input transparency. Graphs of
the sensitivity of the matched filter to rotation of the input transparency are
plotted in Figures 11 and 12,

i3




INPUT

Figure 8. Configuration for making a matched filter by holography.

Figure 9. Schematic showing off-axis displacement
of a holographically constructed matched ﬁlters output, .
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used to obtain results plotted in Figures 11 and 12.

15




OUTPUT POWER

16

0 o

0
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Figure 11, Graph of the response of the matched filters output
(measured in units of power) to a rotation of the input
transparency about its vertical axis.
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Figure 12, Graph of the response of the matched filters output
(measured in units of power) to a rotation of the input
transparency about its longitudinal axis.
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APPENDIX A

~ SHIFT INVARIANCE OF MATCHED FILTER OUTPUT

To find the effect on the filtered output of a shift of the input, let the
input signal be shifted by an amount, a, such that s(x;) becomes s (x4~a).
Then, the Fourier transform of s(xy-a) will be

0

F [s(xi—a)] = f s(x4-a) exp (—Zﬂifxxi)dxi.

- OO
Let x4-a = x', then x4 = x' + a and dx, = dx' so that,

[2e]

F[s(xi-a) ] = f s (x') exp [(-—21rifx) (x' + a)]dx’

-0

Il

exp (~2wifxa) f s(x') exp (-27zifxx') dx! = exp (—27rifx‘a) F [s(x3)]

e OO

it

exp (—27r1fxa) S (fx).

Thus, the only effect in the frequency plane is a linear phase shift.

Multiplying by the amplitude transmittance of the matched filter,

Ta(fx) [exp (-27rifxa) S(fX)] = R!S(fx)l2 exp (—Znifxa) exp (2mioxy). p

18




To find the distribution on plane P;, we must take the Fourier transform of
this product:

F [Ta(fx) exp (—Zwifxa)S(fx)]

= f R!S(fx) 1% exp [(-—Zﬂ‘ifx) (a-arf)] exp (-21rifxx3)de

—00

where y, = fx Af. If RIS(fX)l2 = K, which is a constant, then

F [Ta(fx) exp (—Zwifxa)S(fX)] =K f exp [(—21r1'fx) '(x3+'a-oe>\f)]dfx

—00

=Kb6(xg +a - aif),

where §(x3+a-onf) is a Dirac delta function centered at coordinate (-a+af)
on the x5 axis of plane Pj.

Thus the only effect of a shift in the (x4,yy) plane is an equal shift in
the (-x3, -y3) plane.

19




APPENDIX B

FOUR IER TRANSFORMATION BY A LENS!

A thin lens acts as a phase transformation on an incident wave front,
Referring to Figure B-1, the total phase delay may be written

&(x,y) = kn A(x,y) +kla, - Alx,y)],

U, U where n is the index of refraction of the
L lens material and the index of the sur-
LAl rounding medium is unity. Hence, the
—"’5 == A(X,Y) transmitted wave front is related to the
incident wave front by

Ul'(x,y) %= GXP (;}tb(x,y))Ul(x,y).

| The thickness function, A(x,y),
may be written

Figure B-1, Schematic of a wave

A = +
front with complex amplitude U1 Gy) = A10x,3) + Ag(x,3),

incident upon a lens and the complex and, by reference to Figure B-2, it is

amplitude Ul' transmitted by the lens. seen that

’ 2 2
AI(X,y) = Ao - (R1 - R% - X2 - y2 = AO - Ri(j_ -]1 = LiL)
1 V j 1 : R}
' ‘ 2 4 2
Ay(x,y) =By - (‘RZ - VR - x* - y2> =g + R, (1 -\t “}L¥L>
2 : 2 2

i. This development follows the approach made by J. W. Goodman in his book,
Introduction to Fourier Optics.

20




Figure B-2, Schematic for calculating the thickness
function of a lens.

If only paraxial rays are considered, then the following approximations
can be made: ’

2 2 2

X* + — X® +
TR TR

2 2 2 2
_Z‘__“E_L_~.1__.,.___2L?§ +
Vi R$ . 2R§

Substitution of these approximations gives:

i 1
Ry Ry}’

2 2

A(x,y) = Ay - ZL:;..L(

21




With the substitution of this expression, the lens phase transformation term can
be written

exp (j(b(x,y)) =exp (jknd,) exp [_jé-fli (x2 +y2)] ,

where f, the focal length, is defined as

i
f

1

i (5,4

To find the distribution Uf (xf,yf) in the back focal plane of the lens, the

Fresnel diffraction formula can be applied:

Uf(xf, y.) = -el{Rg‘l—— ff U'(x1 yl) exp{;]zf !:(xf—xl)2

* g - vy) ]} dx) dy;.

Expanding the quadratic terms is the exponent

Uf(Xf’ f) _ exgj)(\fjlcf)_ exp [JEE- <x§ +y§> ] fo (xl,y1

exp [ - (Xi ] exp [—,jélg- (xfxl+yfy1) :l dx1 dyl.

The expression for U'l in terms of U1 is

Ui = exp (;@(xl y1)> U (x1 yl exp (jknA,) exp L -J"" (X yf) J

22




Substitution causes the quadratic phase terms within the integral to vanish
leaving

_ exp (jif) [,_15_ o ]

Upps¥p) =g P | T3, (Xf+yf,)

fo(x y)exp[-jgz(x-{- ) | dx,dy
1° 91 A % TV 1

8 e [ (so5;)] 7 [ ]

where the symbol F [ ] denotes the Fourier transform operation and the trans-
form is evaluated at frequencies

¥ . Y :
f ==, f == ’
x M7y M UO Ul U]
| OBJECT ! Ut
Consider a plane object with =

amplitude transmittance to(xo,yo) as

in Figure B-3. If a monochromatic
plane wave of amplitude A is incident
on the object, the disturbance trans-

mitted will be ot
|-<——— f ] s e

UO (Xé,yo) = A tO(XOsYO).
Figure B-3. Configuration for
Fourier transformation of a plane
object amplitude transmittance by
a lens.

Again, the Fresnel diffraction formu-
la can be used, this time to relate

U1 to Uo:

ex k
Uy xpyy) "_P;Tfl— JJ Uy txgey) exp { x [’

+ (yl - yo)z]} dxodyo.

23




The form of the formula is that of a convolution of Uo(x ,yo) with
o

h (xl—xo, ylsxo) , where

o) = exp (jkf) '._E . )2 JRY
)% Ly ¥, = =58 exp {JZf [(Xl X)) T+ v ,) ]}

Using the convolution theorem, we can write:

F [Ul(xl,yl)] =F [Uo(xo,yo)} F [h(xl,yl) ]
Recalling our expression for U_(x ,yf) and substituting for

F [Ul(xl,yl)] : o

U, (07, :exjgk(fjkw exp [J—z?k (x§+y§>]f [Uo(xo,yo)] P [hey)]

where
_ . ik 2 2
F [h(xl,yl)] exp (i) exp [ eGSR J

Substituting for F[ h(x ,y )] and dropping the constant phase delay
L 1 g
terms, it is found that

Uf(xf,yf) =F [Uo'(xo,yo) ]

It is therefore seen that a lens Fourier transforms an optical input in
its front focal plane onto its back focal plane.
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