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HEAT TRANSFER !N A CHANNEL WITH RANDOM VARIATIONS IN FLUm VELOCITY 

MOrris Perlmutter 
NASA ~ew1s Research Center, Cleveland, Ohio 

Abstract 

Heat transfer results have been obtained for randomly varying laminar flow 
in a heated parallel plate channel. Two types of heat transfer boundary con
ditions are considered: (a) The channel walls are at constant temperature; 
or (b) a specified uniform heat flux is transferred at the walls. The heat 
t~ansfer behavior is obtained along the entire length of the channel. The 
t~mperatUl'e distributions are two-dimensional but a slug flow velocity pro
file is assumed. The results show significantly higher mean wall tempera
tur~s and, for short channels, lower wall heat fluxes when compared to the 
s'ceady flow cases. 

INTRODUCTION 

Although flows in internal flow systems are commonly assumed to be steady, 
velocity fluctuations are always present to some extent. These flow fluctua
tions may arise due to flow instabilities or from unsteadiness in the pumping 
system. It is of interest to determine the effect of the random velocity fluc
tuations on such things as wall heat transfer and wall temperatures which will 
also fluctuate and may be significantly different from the steady flow case. 

Practically no analytical papers have dealt with the problem of heat transfer 
in a parallel plate channel with randomly fluctuating velocities. In Ref. 1 
a~ analysis was carried out for a sinusoidally varying laminar slug flow in 
a channel. For the constant wall temperature boundary condition and constant 
properties the time average wall heat transfer was found not to change appre
ciably due to the oscillating flow velocity. These results were extended to 
the case for the two-dimensioaal velocity profile in Ref. 2 and similar re
sults were found. 

In Ref. 3 the heat conduction through a solid with randomly varying internal 
heat generation or randomly varying wall heat fluxes and wall temperature was 
analyzed. Since the heat conduction problem is linear a straightforward 
analysis yielded analytical solutions. 

The present analysis treats the problem of heat transfer to a fluid with ran
domly varJing velOCity. Since this problem is nonlinear, it is difficult to 
find analytical solutions as in the linear case. The present method of 
analysis depends par~jially on model sampling or the Monte Carlo technique to 
obtain the solution to the present problem. The randomly varying velocity
time history is generated by randomly choosing velOCity amplitudes and times 
between changes in velocity amplitude from the appropriate distributions. 
The velOCity function so generated can be used in obtaining the 'wall heat 
transfer or temperature as a function of time using standard analytical 
methods. B.y repeating this process so as to obtain ensemble averages the 
various characteristics of interest of the system can be obtained. 



.:, 

.. 
~.' 

f , 

" 
" 

'j 

2 

Random Velocity 

The fluid velocity is assumed t!onatant across the channel but varying in 
time. Nond1mensional1zing the velocity by the mean flow we can write 

U(8) • 1 + ru'(8) 

The U' is the fluctuating component of velocity \lith a lnean value of zero. 
The value of U' is constant for a time increment 8e and then U' changes 
to a new val'le. The amplitude factor r is a parameter of the problem and 
determines the magnitude of the velocity fluctuation. 

The times between changes of the velocity amplitude (8e) are assumed inde
pendent events randomly distributed along the time axis with an aver8f;a time 
of occurrence 8 a • The Poisson distr1,bution (Refs. 4. and 5) 

e -8/8a(8/8
a

)K 
f(8,K) = Kt (2) 

gives the distribution of K random events occurring independently during 
time 8 for a given average time per event of 8a • The occurrence of one 
event at the end of time 8e is given by first no event occurring during 
time 8e and then one event occurring during the incremental time d8. The 
probability of this occurrence is given by the product of the two probabili
ties 

The distribution of e5, the time between velocity changes, is thus given by 
f(eo). To pick a time between change in velocity eo from the distribution 
f(80) we proceed as shown in Ref. 4. Set H, the random number picked from 
a uniform distribution between zero and 1, equal to the cumulative distribu
tion of' f(e). 

~80 -80/ea 
R = ~O f(e)de = 1 - e (4) 

Thus by having the computer generate R using a uniform random number gen
erator we can solve for the random variable 80 , the time between changes in 
velocity from Eq. (4a). We can rewrite the above, using R = 1 - R, as 

9"" = -9 ln R v a (4b) 

After finding 90 the time to the change in value of U' a new value of 
U· must be randomly chosen from f(U'), the distribution of amplitudes of 
the fluctuating velocity component U'. In the present analysis we assume 
that U' takes the values of +1 or -1 with equal probability. The new 
value of U' is thus chosen at the end of time increment 90 by generating 
a new value of R. If R is less than 0.5, then U' is taken at +1 
otherwise it is -1. In this manner an entire history of U can be gener
ated (see F~g. 2). Using a similar procedure different distributions of 
amplitude of U' can be used as well as different distribution of time to 
change 90 to represent different randomly fluctuating velocities •. 

The value of r taken in the present analysis is always less than 1 so 
that the fluid velocity U is always positive. Since the average value of 

, 
,f 
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V' is zero, (U') • 1 X (1/2) - 1 X (1/2) • 0, then the mean value ot U is 
given by (U). 1 + r(U') • 1. The standard d~iation ~t the velocity is 
given by 

(5) 

Since 

The tinal term ot interest is the normaltzed autocovar1ance of the velocity 

Cu(~) -= (U(8)U(8 + ~» - (U(8) )2 (6) 
(U2(8» _ (U(8»2 

where ~ is a time incremeDt added to 8. 

If we let f(8,0) be the probability that an event has not occurred in time 
8 in Eq. (2), then since there are only two possibilities, either an event 
has not occurred or has occurred in time 8, we can write 

(U(8)U(8 + ~» -= (U2)r(A,0) + (U)2[1 - t(A,O)] 

Then Cu(~), the normalized autocovariance, becomes 
-8/8 

() 
e a( (U2) _ (U)2) -el8a Cu 8 -= 2 -= e 

aU 

(7) 

(8) 

It can be seen that in the present case the mean, (U) -= 1, the mean deviation, 
-8/8 

aU = r, and the normalized autocovariance, Cu • e a, contain all the pa-
rameters needed to describe the fluctuating velocity (Eqs. (1) and (3». 
Knowing these quantities allow the generation of randomly fluctuating veloci
ties by model sampling that have the correct statistical behavior as was done 
in the present case. 

AnalYsis for Uniform Wall TemPerature 

The unsteaqy energy equation for flow in a parallel plate channel is (Fig. 1) 

at + u(~) at = o2t 
&r dx a. ay2 (9a) 

Viscous diSSipation and axial conduction have been neglected and radial con
vection is assumed zero. Constant properties are assumed. The slug flow 
approximation has been made for the velocity. This equation for the uniform 
wall temperature case can be written in dimensionless form as 

aT + U(8) aT = o2T (9b) 
~ dx oy2 

USing as the ~imension1ess temperature T -= (t - to)/(tw - to) (see Fig. 1); 
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dimensionlefls axial distance from entrance of heated charmel X. (~)/(u..,a2) 
and dimensionless time 9. (~/a2) j where Um repr~sents the mean flow In 
the channel. 

Th~ boundary cond1tions on Eq. (9) are 

T • 0 at X. 0 for all 9 and I, conatan't enter ina temperature (lOa) 

T • 1 at I. ±l for all X and 9, ccmstant wall temperature (lOb) 

~ • 0 at Y III 0 for '\ll 1 &.nd (I, symmetry ( lOe ) 

The method of solution tollows the procedure given in Ret. 1. The solu'l.iioD 
for steady laminar slug flow in a channel with a constant wall temperature 
is given by 

(11) 

where ~ ~e the eigenvalues [n + (1/2)]n. 

For the case of randomly flu~tuating velocity we assume a solution, as in 
Ref; 1, of the form 

(_l)n G (X8)00s E Y 
~ n n 

(12) 

This form of the solution automatiCally satisfies the boundary conditions 
(lOb) and (lOc). Substitution of Eq. (12) into Eq. (9) gives 

OGn dan ~ 
T + U dx III -~Gn 

Using the method of characteristics we write the auxiliary equations as 

ax dGn 

dB = U = -~Gn 

(1:3) 

(14) 

The first two terms in Eq. (14) can be integrated to yield a set of curves 
or characteristic lines in the x - 8 plane. 

19 
U(8)d8 = lax dX = X 

8
0 

0 
(15) 

The characteristic lines of interest begin at X = 0 since it is at this 
point the boundary condition (lOa) must be satisfied. Equating the first 
and last terms of Eg. (14) yields a relationship for Gn as a function 
of 8 along the characteristic line. 
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(17) 

The boundary condition Gn - 1 at 9 - 9 t1xel the value of GD at 
X • 0 linee 9. 9 correlponds to the gecinniD8 of a character11tic line 
at X - O. '1b1s ruffilll boUlldal7 con41t1on (lOa). Subltitution of Eq. (17) 
into Eq. (12) S1ves 

~ n -~(9..e) 
T(8) _ 1 - 2 ~ ~ e aa 0 coa ~y (18) 

n-O 

In a fl1tuation where the wall temperature is speoified it is des3,rable to 
compute the heat trans ferred trom the wall to the fluid'. Thi. can be found 
trom t.he temperature distribution by applying Fourier's law 

q • ~~)y-a (19) 

Difterentiating Eq. (18) and evaluating it at Y - 1 yields the wall heat 
nux 00 2 

~ -~(9-8) 
Q(8) = k'(t q~ t ) = 2 ~ e 0 

w 0 n-O 
(20) 

To solve for Q(8) in Eq. (20) we have to find 8 - 80 tram Eq. (15). We 
can generate a random velocity U( 9) &8 discussed previously. This U( 9) 
can be used to gi,rp' values of X as B tunction of 9 where 

XeS) = ~8 U(9)d9 
o 

This is plotted in Fig. 3. We would like to obtain values of the wall heat 
flux Q at various values of time, Q(9), Q(8 + 6), ••• Q(8 +~) for a 
fixed position along the heated channel X. For Q(8) the value of (8 - 8

0
) 

needed in Eq. (20) is obtained as shown in Fig. 3. A value of 8 is picked. 
This defines a point along the X coordinate. MOving back along the X co
ordinate a distance X defines point 89 &8 shown graphically in Fig. 3. 
To find Q(8 + .6) we need the value of ((9 + 6) - 80 ,61 given by the follow
ing equation 

~8~ U(9)d9 = X (21) 
80 ,.6 

This is found as betore by finding a point along X in Fig. :3 corresponding 
to 8 +.6 moving back a distance X along X then tind1ng 8

0 
6.... In this 

manner we can obtain !Q(8) !Q(8 +.6), !Q(8 + 26) •• I based on''tbe randomly 
fluctuating velocity lU(9) where the 1 superscript denotes one member ot 
an ensemble. This same procedure is repeated using a newly generated func
tion of U( 8) tor the second member ot the ensemble by generating a new ran
dom velocity 2U(9) and finding 2Q(8), 2Q(8 + 6), •• II ~is is done K 
times W1d the tollowing ensemble averaged values are obtained; Q'( 8), the 
mean wall heat flux; the standard deviation ot the wall heat flux; 

(22) 
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and the normalized autocovariance ot the wall heat tlux 

CQ(~) • Q(8)Q(8 + ~) - [Q!i}]2 
SQ 

(23) 

These results have been evaluated and Ifill be given later. The value ot K 
was taken as 2000 atter comparisoo ot results tor a K ot '000 showed neg
ligible change. 

AnalYsis tor Uniform Wall Heat Flux Case 

For this case the energy equation is the same as given in Eq. (9) except the 
dimensionless temperature is now r" (t - to)k/qa. The boundary conditions 
remain the same but Eq. (lOc) becomes 

dT* 
~ - ±l at y. ±l tor all X and 8 

Followins the analysis in Ret. 1, the steady slug tlow solution tor constant 
wall heat nux is given by 

For the pre&ent analysis we assume 4 solution at the torm 
00 

T* - Fo (8Y.) + 3y2 e- 1 _ 2 ~ (-1>: Fn(8X)cos ~Y i:t' (M) 

Substitution into the energy equation gives 

oro oro 
dr+UdX"-l 

oFn dFn 2 as + U ox = .. (rut) Fn 

(25) 

(2S) 

(21&) 

(21b) 

Using the method ot characteristic~ the auxiliary equations are 

dX dB = 1i = dFo (2Sa) 

dX dFn d8 = --U = (2Sb) 
-(nn)2Fn 

These can be solved to give 

Fo = 8 - 80 (29a) 

(29b) 
where e - 80 is given by ~. (14). We can now write the solution tor the 
wall temperature by letting Y = 1 



" · · 
, .. 
i, 

f • 

7 

~ 1 -(nn)2(e-8o) 
~ • (6 • 60 ) + ~ • 2 ~ (1I'f)2' (30) 

Then following the prot'edure described e.rlier we can then find t..r:(B), 
l'l'!(e + A), IT*(e + ?A), ••• bued on the randomly fluctuating velocity 
lU(B). This procedure is repeated and the following ense~ble averages are 
obtained. The mean wall temperature, ~(e); the standard deviation of the 
wall temperature, 

These result~ have been evaluated and vill be given later. 

Lim1tipg Solutions for Large Times Between ChaD,ges in Veloci1:z, 

For very large values of ea , the average time between changes in veloCity, the 
problem reduces to the case of heat transfer in s~eady flow, half of the time 
at veloci'ty U. 1 + r and half the time at U. 1 - r. This means that the 
wall temperature and wall heat transfer l'esults will be given by the steady 
flow results half thp. time based on velocity U. 1 + r and the other half of 
the time based on U = 1 ~ r. In Fig. ( is a plot of the steady wall temper
ature verBUS X for the case of uniform wall heat flux. The wall temperature 
at the steady flow velocity U m 1 + r can be read off this curve at 

X = m. = X ( :3:3 ) 
l+r (1 + r)~a2 1 + r 

So that to find the wall temperature at X when the veloCity is U. 1 + r 
read the steady flow wall temperature at Xl+r which is equal to X divided 
by 1 + r. For the lim1 ting case of e a .. 00 the average wall temperature for 
the uniform W&l.l heat flux case is now given by 

~,oo • (~/l+r) (~) + (~,l-r) (~) •. ~ (~,l+r + ~,l-r) (:34) 

We can find the limiting case for the tully developed region as follows. In 
the tully developed region for the stea~ wall heat flux case the stea~ wall 
temperature is given by ~ s = X + (1/:3). We can then rewrite Eq. (:34) for 
the tully developed regions'as 

T!,.,d = l [(1 ! r + ~) + (,. ~ r + ~)] = 1 ~ r2 + ~ (35) 

We can see fram Eq. (:35) that in the limiting case of large times between 
velocity changes in the fully developed region that for zero value of, the 
fluctuating velOCity, r = 0 the mean wall temperature is the same as the 
steady state case, however, when the velocity fluctuation approaches the 
value of the mean flow, r.1 so that the velocity will be close to zero 
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part ot the time then the mean wall temperature becomes very larle and ap
proachea intin1 ty. 'Dle wall temperature ltaDdard deviation tor the couatant 
wall heat nux CaDe tor the lW tine cue ot very larse time between velocity 
chanses is liven tollowilJl Bq. (~l) .. 

s.r,. • ((~,1f1" - ~,.)2 f + (~,l-r - ~,00)2 i-]1/2 (:56) 

This reduces to 

S • ~,l-r - ~,l+r (37) 
T,GO 2 

We can find the limi tine resuJ. t ~,n the tuJ.lt developed region which is 

f3tr • XI (~8) ,oo,d 1 .. r2 

We can 8ee that the standard deviation of the wall temperature for every 
large in the fully developed region loee to zero £s the amplitude of theve
locity fluctuation r go to zero. However, as r ~ 1 then f3tr,oo,d ~ GO. 

A 8imilar tYr':3 of lim! ting argument would apply to the wall heat nux Q tor 
the constant wall temperature bouncla.ry condition. As in Eq. (M) we can write 
for the ca8e of very leng times between velocity changea, ea ~ 00, 

tt: 1 1 • -+ -, ~+r 2 ~-r 2 
(39) 

where ~+r and ~-r are evaluated from the stee.dy flow result as shown in 
Fig. 6 for Q at xl+r or xl_r as given by Eq. (33). We can similarly 
wi te the standard deviation of the wall. heat flux for tw':! .!.~.m1 ting Ca8f.'! a8 
in Eq. (37) 

, Ql+r - Ql-r 
SQ,GO • 2 

These limiting value8 are discus8ed in the 8ection on re8ults. 

Re8ul ts tor Uniform Wa.l.l Heat Flux Case 

The wall temperature results for the uniform wall heat flux case are shown :tn 
Fig. 4.. Tile solid line shows the 111111 ting solution of the wall t~mpE:rature 
for the steady flow case. Mean wall temperatures are shown for two different 
amplitudes of flow velocity fluctuations' r • 0.9 and r· 0.5. The r of 
0.5 means the fluctuating component of the velocity has a positive or negative 
amplitude 50 percent of the mean flow. These mean wall temperature results 
are considerably above the Btea~ flow values. The larger value of r g1vine 
results further above the stea~ flow case. The mean wall temperature results 
are also given for different values of ea , the average time between cl~es 
in the fluctuations in the velOCity. These resuJ.ts indicate that for large 
values of ea the average value of the mean wall temperature fall further 
above the steady flow result. The lim1ting result of ea ... GO are also 
shawn. This lim1 t1ng solution is the average ot the wall temperatures for 
the stea~ flow case when the velocities are taken at the maximum value 
1 + r, and the minimum value 1 - r. . 

Also shawn in Fig. 4. are the standard deviations of the wall temperature 8wr. 
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~ne~e results indicate the amplitude of' the variation of the instantaneous 
wall tempera.ture above and below the average wall temperatur". The standard 
deviat.ion ·1.S given in Fig. 4, as the difference in values between the open and 
the solid symbols. The standard deviation approaches zero as the averaae vall 
temperature approaches the steady now value. Very large values of' the stan
dard deviation ~hich indicate large fluctuations in amplitude of the vall tem
perature occur for large values of r and 6 a as can be seen in t,he figure. 

The wall temperature autocovariance reosul.ts are shown in Fig. 5. For compari
son the autocovariance for the velOCity fluctuations are shown as a sol1,d line. 
The slope of the autocovarie.nce curves are indic,·,tive of the average time be
tween changes in the wall t~mpp.rature, the steeper the slope the shorter the 
time between changes in wall tp.mperature. In Fig. 5 the slopes are smaller 
for the unsteady wall temperature then for the ~teadf velOCity, meaning that 
the average time between changes in wall temperat~e are somewhat longer than 
for the case of the nuid velOCity. Also for larger values of X the average 
time between changes in wall temperature increase as can be deduced from 
Fig. 5. 

Using the mean value, the standard deviation and the autocovariance results 
for the wall temperature, the wall temperature can be generated as a function 
of time in a silnilar manner as the velocity used in the present analysiS was 
generated as discussed earlier. 

Resul ts for the Uniform Wall Temperature Case 

The resulting mean wall heat flux for the constant wall temperature boundary 
C-.Jlldjtion is shown in Fig. 6. The solid line shows the resulting wall heat 
flux for the steady flow case. Mt:!an wall heat nuxes are shown for two differ
ent amplitudes of the velOCity fluctuations r = 0.9 and r = 0.5. The mean 
wall heat flux is significantly below the steady wall heat flux for heated 
channel lengt~ less than about X of 0.6. However, since the fluid must 
finally reach the temperature of the wall in the case of constant wall temper
ature bounaary condition the mean wall heat flux for values of X greater 
than 0.6 must be above the steady value. These results indicate that for 
short heated channels there can be a significant decrease in heat transfer for 
unsteady flow. The mean wal'. heat flux results are also shown for different 
values of 6a, the average time between changes in the velOCity fluctuations. 
The results indicate that for larger values of r and larger values of 6 
the mean wall heat flU~t falls further below the steady flow value for short 
channels. The limiting results for 6a ':'" 00 are also shown. Also shown 
in Fig. 6 are the standard deviations of the wall heat flux SQ' These 
results are given as the difference between the solid and the open voints. 
The standard deviCltion becomes smsJ.ler as the mean wall heat flux comes 
closer to the steady flow case, i.e., small values of r and ea' 

The wall heat nux autocovariance results are shown in Fig. 7. For comparison 
the autocovariance for the velocity is shown as a solid line. The slopes of 
the heat flux results are smaller than for the velocity indicating a larger 
average time between changes in wall heat flux compared to the average time 
between changes in the velocity nuctuations. The slope was smaller for 
larger values of X than tor smaller values of X. 
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Conclusion 
• 

Adding an unsteady axial component of' velocity with a mean value of' zero to 
slU8 now in a heated channel can result in sisnif'icantly higher mean wall 
temperature and, for sbort channels, lower wall heat nuxes. These ef'fects 
were f'ound to increase as the amplitude of' the velocity fluctuations were in
creased and also as the averaae time between velocity fluctuations were in
c;reased. 

The method of analysis consisted of' generating a randomly fluctuating velocity 
as a function of time by picking amplitudes and times to change in amplitudes 
randomly from the appropriate distributions'. These were used in the energy 
equation which were solved using standard methods of solution. This process 
was repeated so as to obtain ensemble averases. This method allows complex 
nonlinear stochastic problems to be readily solved that would be very difficult 
using more usual anal.y'tical procedures. The resulting Dll!an value, standard 
deviation and autocovarisnce results for wall temperature and wall heat flux 
given in the present report can be used as in the case of the randomly fluc
tuating velocity to generate an approximate time history for the wall temper
ature and wall heat flux that could be used in the analysis of other problema 
such as temperature stress in materials. 

The present method of analysis can be extended to different forms of the ran
do~y fluctuating velOCity. 

Several as~umptions were made that could have significant effects on the re
sults including: no random fluctuations in velOCity normal. to the mean now 
direction, no axial conduction and the slug now velocity profile. Further 
analysis removing these restrictions would be of interest • 
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Figure 4. - Wall temperature mear., Tw; and standard 
deviation, Sy; results for constant wall heat flux taSe. 
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wall temperature case. 
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