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The "finite ele.ient method" for solution of stress distribution in a
plane elastic continuum is studied in this report. This numerical method
of stress analysis can be used for obtaining a soiution to problems, which
heretofore relied upon apprcximate calculations of doubtful validity. The
" finite element analysis, when coupled with a high-speed computer, can pro-
vide quick solutions that converge to "exact method" answers.

0. C. Zienkiewicz and Y. K. C,‘he:ungl have presented the theory behind
the finite element method and a computer program which applies the plane
stress or strain finite element analysis to a plane elastic continua. The
theory of the finite element method and the computer program are included
in this report.

0 plane elastic continua is divided into a finite number of nodal
points which are interconnected to form triangular elements. Force-
displacement relationships are determined for these triangular elements.
"Displacement method" equations® in matrix notation are formed with the
displacements of the nodal points-as unknowns. Inversion of the force-
displacement matrix and mltiplication by the force matrix leads to a
solution for the unknown displacements. These displacements are used
to calculate the stressgs at the centroids of the triangular elements which
are then converted to principal stiresses and their angles of deviation from
the original X-Y coordinate system.

The finite element method computer program taken from reference 1 i
written in FORTRAN IV language and is intended for use cn an IBM 360 series
computer. Detailed flow charts of the main program and its subroutines are
included in the report, along with a listing of the operational program and

an explanation of the data preparation for the program.



The accuracy of the stress solutionz obtained using the finite element
method program is dependent upon the fineness of the triangular grid. An
infinite number of combinations of loading and support conditions can be
approximated wsing this method.

Two example problems are included in this report. One example shows
the solution of a simple problem based on a well-known ‘classical™ method
compared to the solution using the computer program. The other example shows
the solution of & complex problem, namely, the calculation of the stress

distribution around a rectangular hole in the webt of a wide-flange beam.
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SYNOPSIS

The "finite element method;' for solution of stress distribution in a
plane elastic continuum is studied in this report. This approximate method
of analysis cen be used for obtaining a solution to previously intractable
problems. An existing "finite element method" .computer program is made
operational as 8 requirement of the report; A simple problem will be solved
using a classical "exact method" and will then be analyzed using the "finite
elemenf method” to get an idea of the correspondence of the results of the
two methods. A problem for which a "classical method" does not exist will
then be analyzed using the "finite element method" to illustrate the power

of its application.




INTRODUCTION

Structural analysts are becoming increasingly aware of the power of
numerical methods in providing reasonably accurate solutions to complex
problems' which heretorore relied upon approximate calculations. of doubtful
validity. The plane stress or strain finite element analysis is one of these |
numerical methods which, when coupled with a high-speed ccmputer, cén provide
quick solutions that converge *o "exact method" answers.

0. C. Zienkiewicz and Y. K. Chewg™, in their book, have presented the
theory behind the finite element method and a computer program which applies
the plane stress or strain finite element analysis to a plane elastic continua.

The plane elastic continua is divided into a finite number of nodal
peints which are‘ interconnected to form triangular elements. Force-
displacement relationships are determined for these triangular elements.
"Displacement method" equza.t:lonbs2 in matrix: notation are formed with the dis-
placements of the nodal points as unknowns. Inversion of the force-
displacement ma.trixv and muiitiplication by the force ma.trvix lesds to & solution
‘for itne unknown displacements. These displacements are used to calcula.fe
the stresses at the centrolds of the triangular elements which are then con-
verted to principal stresses and their angle of deviation from the original
X-Y coordinate system. o

The general "displacement method" equation is given as

<

)= [9°()° + ) o

in which (F)e represents the force matrix composed of forces at the nodal

points, [kJe represents the force-displacement or stiffness matrix



determined from the element properties, (5)e represents the nodal dis-
placement for a particular elemen., and {F}g represents the nodal forces
due tc body'forces.

The general equation used to solve for the stresses is given as

@)= GF ) @

in which (c}e represents the stress matrix composed of the stress in the
X~ and Y-directions and the shear stress, and [SJe represenfs,the stress-
displacement matrix determined from the material properties. A further
axplanation of equations (1) and (2) will be given in the section on
derivations. |

The finite elément method computer program taken from feference 1 and
included in thié report is written in FORTRAN IV language and in its present
form is intended for use on an IBM 360-series computer.

Even though it is limited to the solution of problems which lie in the
X-X plane, the finite element program (FINELEM) has a wide range of a.pplica-'
tion. Eacu element can have one of_‘ up to 10 'different sets of elastic
rroperties for a given problem and any constant thickness.

T:l:xe program is not limited to isotropic materials. Anisotropic
materials, which are "stratified” and have rotational symmetry in the piane
of the strata, can also be solved. When the iirection of the strata in a
transversely isotropic material is inclined to the X-axis, a transformation
matrix included in the program relates the stresses back to the major A-Y

coordinates.



The accuracy of the stress solutions obtained using FINELEM is depen-
dent upon the fineness of the triangular grid. An ares of a certain problem
with an expected high stress or veriasble stress should be divided into a
finer grid than an area with an expected constant stress. An infinite
number of combinations of loeding conditions and support conditions can be
approximated using this method.

In this report, a simple problem with a solution based on a well-known
"classical” method is compared with the solution using FINELEM. The correct-
ness of the program and the accuracy of the methdd is studied using this
simple problem. Once the pfogram is judged to be perforping correctly, a
complex problem is solved to illustrate the method's usefulness and

versatility.



DERIVATIONS

The general equation

O ORORRON o)

containing the unknown displacements will now be presented in more detailed

mathematical form.

%’

- X
Fig. 1. A Plsne Stress Region Divided Into Finite Elements.

A typical finite element, e, is defined by nodes i, j, m, etc., and
straight-line boundaries. The displacements at any point within the element
will be defined as a column veator, {f(x,y)} or

54
_ e _ o
{f} '[NJ {5) '[Ni’NJ’Nm’ te J Sy (3)
in which [N] is a position matrix dependent upon the element geometry and

(6)"" is, as defined previously, a matrix composed of X and Y nodal point
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disvlacements for a certain elcment. In the case of plane stress

u(x,y)
(2} - ()
. v(x,y)
represents horizontal and vertical translocation of a typical rodal point
within the el=ment and
ug
Vi

tne corresponding displacements of a node i. The six components of element

displacements are listed as a vector

{S}ez 95 (€)

The displacements within an elemert are uniguely defined by these six values.

Two linear polynomiais

[<]
]

a.l + c.2x + c.jy

(1)

<
1

+

represent the relationship between the displacements. If the ncdal coordin-

ates are inserted =nd the displacements sguated to the sppropriate nodal
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displacements, two sets of three simultaneous equations will arise in which

the six constants o can be evaluated. For example,

i =0y *opXy *azyy

[
1]

]
!

j =% + cx.2x3 + °‘3yj (3)

Up = G F Xy * Gayp

We can solve for Qs Qo and a3 in terms of the nodal displacements uy,

uy, and u,. We would finally obtain for the horizontal displacement

u = :«%Eai + byX + ¥y + (a,j + byx + cjy)uj + (ay + byx + cmy)um]
: (9)

in which
8 T X3¥m - *m¥j
b1=YJ-ym
i Xy " *nm

8y = Xy - Xi¥p

bj=ym-yi (10)
Cj =% ~ %y

8y T X3¥3 - X3V

by = Vi - ¥y

Cm = X3 = Xy



and where

1 X3 ¥4
27 = det |l x5 y5l= 2(area of triangle ijm) (11)
1 x, T ' v

Similarly, the equation for vertical displacement would be

-1 +
v = EZ[Eai + byx + c;ylvy + (aj + byx + cjy)vj + (8 + byXx + oy vy
(12)
with the same coefficients as were given in equation (10).
We can represent the relaticnships in equations (9) and (12) in the

form of equation 3)

u
(e = { } -[3¢)° - o mmgJ63 © (1)
v
with I a two by two identity matrix and

_ (aj + bjx + cjy)

Ny 24

Nt = (8] *byx + ciy) (1k)
J oA 3
Nt = Lo * box + opy)

m 2A

The calculation of the coefficients can be simplified if the coordinsates are

taken frcm the centroia of the slement. The relationshipsl

- uﬁ‘M»zwww“.n;q‘,’ o




X3 ¥ Xyt X =Y5 Y Y5ty

and (15)

would result.

The displacement functions sbove automatically Mmtee continuity of
displacements with adjacent elements.

The strains, €, at any point can now be determined from the displace-
ments known at all points within the element. Written in matrix notation,

this relationship is

) - :10e)° ()

The total strain at any point within the element for the plane stress case

can be defined in terms of the displacements by well-known rela:l:ionszhips5

N

=\

(17)

()

[
A
—
[
——"

-+
¥y

‘ol 9y YI¥

7
LY
J

Taking the appropriate partial derivatives of equations (9) and (12), we have

bj, o, by, o, by, o
{e} z%o, cjs Oy cyr 9 Cm {B}e (18)

Cj_)A by S E b;j; Cps» by

which defines the matrix EBJ of equation (16).
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The relationship between stress and strain will be linear assuming

general elastic behavior; therefore,

¢} =3} (19)
where [DJ is an elasticity matrix containing the appropriate material

properties. For the plane stress case, three components of stress correspond

to the strains already defined

)= (% (20)
TX.V

The matrix {D] is now obtained from the usual isotropic stress-strain

relation shipz’.

x E % y

€ = -5 +1 21
v ExXTEY (21)
_2(1 + )

Txy 3 Xy

Solving for (o} in terms of (e} , we get the appropriate terms for the
matrix

1l M 0

[»]- - _Eua o1 0 (22)

0 0 a-p)
2
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A similar matrix can be formed for the plane strain case. Let
X
P} = (23)
(=} -, |

be the distributed load on the element in which X and Y are the "body
Torce" components and (p} is defined as the distributed loads acting on a
unit volume of material within the material with directions corresponding to
those of the displacements {f} at that point.
| The simplest method to make the nodal forces statically equivalent to
the actual boundary stresses and distributed loads is to impose an arbitrary
(virtual) nodal displacement and to equete the external and internal wérk
done by the various forces and stresses during that displacement.

Let the virtual displacement be {a*}e at the nodes. By equations (13)

and (16), the displacement strains within the element would be equal to

() <[00 s @) -BI)° @

respectively.
The work done by the nodal forces is equal to the sum of the products
of the individual force compon:uts and corresponding displacements; that is;,

in matrix language

T o
(ONIGY (25)
Similarly, the internal work per unit volume done by the stresses and dis-

tributed forces is

E) Y - ()0 (26)
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or

T/
(29" @ -0 6y) @)
Equating the external work with the total internal work obtained by inte-

grating over the volume of the element, we get

T
((s*} ) % ( (s%) ) ( [T (o) atwor) - [ 197 (2 d(vol))
' (28)
Since this relation is valid for any value of the virtual displacement, the
equality of the muitipliers must exist- Therefore, substituting equa-

tions (16) and (19), we have
7y = ( T ) 63 - [ ) st e
which is in the form of equation (1), the genersl equation with

[3° - [ B 0

| e--f EﬂjT(p)d<m> - (3)

The terms [k]e and {F}: cen be written in simpler forms by performing
the integrations indicated on a general triangular element.

fquation (30) can be written as

[3° - [ (T o & e)
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where t 1is the constant thickness of the element and the integration is

taken over the area of the triangular element. Since neither of the matrices

in equation (32) contains x nor ¥, we have

63° - BT » BCS

where A is the area of the triangle as defined by equation (11). The
matrix [k]e appears in the program FINELEM in this form. Equation (31)

can be written as

(F}§=-f[NJT{3§}dxdv - (34)

which, when further s:melifiedl, can be shown to be

r

(35)

<X K o M,
T’
wiD

~ J

This simply means tha£ t“.he total forces acting in x- and y-directions due
to the body forces are distributed to the nodes in three equa}. parts. A'I'ne
matrixl (F}; appea.rs in FINELEM in this form. .

General equation (1) is applicab): to any typical element in a con-
tinuum.‘ To obtain a complete solution for the entire continuum, twn

conditions - namely, displacement compatibility and equilibrium - have to

T
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be satisfied throughout. The requirement of displacement compatibility is

automatically satisfied for a system of nodal displacements (6}

ORIEN ")

in which all of the elements participate.

Since equation (1) ‘e"staﬁlishes equilidbrium within a typical element,
all that is neceSsé.ry for overall equilibrium is to establi_sh equilibrium
at the nodes of the structure.

Consider the structure to be lcaded by external forces (R}
()
Ry

{R)=é:> . e

\. J/

applied at the nodes in addition to the distributed loads applied to the
individual elements.

To establish equilibrium conditions for a typical node, 1, each com-
ponent of R; has, in %turn, to be equated to the sumlof the component forces
contributed by the elements meeting at the node. Thus, considering s.ll t.2

force components, we have

(8} = ) {m) e



R

BEFE &
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the summation being taken o-er all the elements. The stiffness matrices of

each element will clearly always be square and of the form

e

r-k:u kij  yn)
-1 O (39)
:‘m Ky Kem

in which k;y, etc., are suhmatrices‘which are square and of the size t X t,
where t 1s the npmber of force compcrents to be considered at the nodes.
Introducing the characteristics of the element giien by ’equation (1) and
takirg note only of the appropriate forces Fy» by ueing the submatrices

of equation (39), the above equa.tions become
a - '
(Rt} = L Z M) (%} Z (Fe) (k0)
- m=t
The inside summetion is taken over all the elements of the structure indi-
cated by the superscript' a. Once all elements have been considered, the

overall system of equa.tidns is established.

Equation (40) can be written in a simpler form as

(<16 = @ - ¢, o
[-)), Gual”
{F} p~ z (Fi} ;

(¥)
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with summations including all elements. The system of equationg resulting
from' equatiqn (41) can be solved once prescribed support displacements have
been substituted.

Once the solution of the unknown displacements has been obtained, the
stress and internal forces are obtained by applying equation (2) to each
element in turn.

The general equation

SO @

will now be presented in a more detailed mathematical form. Once the nodal

dispiacements (8} € have been determined by solution of equation (1), the

stresses at any point of the element can be found from the relationships in

‘equations (16) and (19) which give

) = EE() @)

(" -[303) @)

is the element stress matrix as it will be found in FINELEM. In FINELLM
the stresses are assigned to the centroid of each element and are corverted
to principal stresses and their directions._.w""““

In order to reduce the physical sizé of the stiffness matrix, equa-
tion (33), a partitioning scheme is used. The nodal points of the structure
are divided into a number of partitions. Only the elements concerned with

the nodal points in a particular partition are used in the calculations.
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The part?tioning system is known as & "tridiagonal" system. Physically,

this corresponds to the fact that the partitions are connected in series,

as illustrated in Figure 2.

—x

Elements nesded for
Partition I

I f 4 I F
-i- Elements needed
for Partition II

Partition
Lines

I II

n i

Fig. 2. Partitioning of a Structure.
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The partitioning system aliows the stiffness matrix to be written in

the following tridiagonalized form:

- N0 Y rY
Kr ¢ O 0 0 0 ol |&; Py
T
G %1 G O 0 0 Ol {311 P
T

¢ Crp ryr Core Y 0 Of 13111 Prmr
(Y e

o 0 0 o - - K G 5§-1 Pyl

0 o 0 o . . T 5 P

A G-1 & JC .y

This system of ejuations will be solved as follows: The first two matrix

equations can be written as

(<] {eyr) + [ed (or) = (»;)
(46)

[CI]T (o1} * Fr(®rx) * [Cred(errr) = (Pr)

The first equation will yield

(1) - [KJl (®1) - [KT_Tl[CIj {511} (47)

and substituting into the second yields

([KH] ) [CIJT[KI]-l[CIJ) (811} + [CIIJ {5111} (48)
- (7)) -[eJ 0 G0



By defining new symbols,

[En,] = ([Knj - [CI]T[KI].TCI])

(49)
(Pn) = (Pu1) - [CIJT[KLT l(P:)

equation (48) may be written as

(R d(err) * (oo (orrn) = (Fro) (50)

fiom which (511) can be obtained as in equation (47) and substituting
into the next row equation to give [EIIIJ and (FIII}'
This process of substitution and elimination goes en until the last

row is reached, that is,

[&J1(ex) = () (51)

where a direct inversion will yield (5N} .

. The process is then reversed and the_: known displacement values are
back-substituted into equations in the form of equation (47), giving solu-
tions for all of the unknowrs.

To check the errors introduced in the solution of equation (45), the

residuals are calculated as

® - (3 -[Ko) ()



NPROB
NPART
NPOIN

NELEM

NTM

NCOLN

NCARD

NCONC

NOD

NEP

THICK

NF(1)

NB

FINELEM PROGRAM NOTATION

number of problems to be done in one execution of program
total number of partitions

total number of nodal points

total numrer of elements

total number of nodal points with prescribed displacements
total number of different e.astic properties

total ni-Ler of load vectors to be read in

number of degrees of freedom per node

NP = O, plane strain case

NP

[}

1, plane stress case
mmber of cards read in for the previous set, u@ in checking
number of points with concentrated loads
X,Y cocrdinates of the nodal points
the three nodal numbers defining a triangular element, counting
anticlockwise
elastic property number relevant to the triangular element
angle which the X-axis of orthotropy of element made with
the global X-axis (in degrees)
thickness of each element
nodal point number 1 with prescribed displacements
NB(1,1) = O, displacement in X-direction is prescribed
NB(1,2) = 0, displacement in Y-direction is prescribed
NB(1,1) = 1, displacement in X-direction is not prescribed

NB(1,2) = 1, displacement in Y-direction is not prescribed

20
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BV

EARTH

DENSIT

NSTART

NFIRST

NLAST

El

j28

GE

21
BV(1,1) = prescribed value of displacement in X-direction
Bv(1,2) = prescribed value of displacement in Y-direction
force per unit vclume in X-direction
force per unit volume in Y-direction
first element in each partition
last element in each partition
first nodal point in each partition
last nodal point in each partition
loads in X- and Y-directions
Young's modulus in X-direction
Young's modulus in Y-direction
Poisson's ratio in X-direction
Poisgson's ratio in Y-direction

shear modulus



FLOW CHART SYMBOLS

OPERATIONAL STATEMENT OR
STATEMENTS

INPUT OR OUTIPUT STATEMENT [

g

P STATEMENT
LAST STATEMENT OF DO LOOP
1,M) = RANGE OF VARIABLE IN DO LOOP

=388

STATEMENT NUMBER

IF STATEMENT C

20

I=1,M

22
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FINELEM FLOW CHARTS

A detailed flow chart of the program FINELEM is shown on the left side

of the page and an explanation of tha

on the right side of the page.

MAIN PROGRAM

Start

LA = 1, NPROB
e

READ & WRITE,

NPART, NPOIN, NELEM,
NBOUN, NCOLX, NYM, KP,
NFREF, NCONC, DENSIT,
EARTH

~

4
|

|

|

|
+
| 30
|

|

|

|

|
+
|

l

£ I =1, NPOIN

¥

READ & WRITE
X(I_','l), X(I:'Q)

.<I=1,m)
5

adjacent flow chart operation is given

Indicate number of problems to
be worked.

Indicate varameters of a particular
problem; no. partitions,
noc. elements, etc.

Indicate X and Y coordinates of
each nodal point.



© 0 @

¢ READ & WRITE
NOD(I’J), J = 1,3
AN(T)

THICK(I)
NEP(I)

RS T A . TR JEAPTRLE Sl A
-7~ "-ﬁf"‘l L LR AR R S N .

24

Indicate nodal yoints, angle of
deviation, thickness and material
property number for each elemunt.

Indicate nodal points with
prescribed displacements.

Indicate nodal points and elements
in each partition in order.
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©0

' ’ Indicate different sets of
Elgl) elastic properties.
B2(I)
P1(I)
P2(1)
GE(T)

__

<J = 1, NCOLN >‘ Indicate number of points with

concentrated loads. The first

' + option allows only load vectors
1\ NCONC )} >0, <0 at specific nodes to oe read in.

=0
N
ra %
( I=1, NFOIN /
I h A~
+ READ & WRITE,
H U(2#1-1,J)
| U(2*I,J)
g
= +§
N
The second option requires that
the load vectors at &11 nodes
be read in.




All data is now in the computer.

If uniform body loads are present,
the subroutine LOAD is called to
calculate the body forces due to
these loads.

26 -
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\
@ (p) 880 (682)
; N\ N
NCOLN = NCOLN+1
kS 4
LOAD '
(X, XE, NOD, NCOLN, The subroutine LOAD is called.
NPOIN,THICK,U,
L ]

70 '
II = 1, NPART The appropriate matrices sre

A <4 ' formed taking the partitions
one at a time.

The overall stiffness matrix
for a particular partition is
initialized. ST(50,100)

[ s7(1,5) = 0]

R . : -
LIRS 2 U0 I PIEE DES L S

NS‘I‘ = NSTART(II) The first and . -3t nodes and
= NEND(II) elements in the partition are

K = NFIRST(II) specified to be sure the

L = NLAST(II) proper partition is used.

MINUS = K-1 ’

OO ©

S,
e
.
N
b1
Lt
=
‘.
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- 80
LK = NST,NEN
-

’
L’

(MM = LK-INTER|

a4

T A ,

85
(-*<:;_I =1,3

N

A | 97 = ROD(1K,T)
Xe(I,1) = x(JJ,1)
' XE(I,2) = x(37,2)

A N __ @

/k :
ANG = AN(LK)
TH = THICK(LK)
J = NEP(1LK)
™1 = E1(J)
™2 = E2(J)
PRl = P1(J)
PR2 = P2(J)
G = GE(J)

g

/r\+/\ [cALLX

PR2,G

FEM
(xE, ™1,¥YM2,PR1,

»ANG, C, NP,

TH,MM)

-

80

28

The appropriate matrices for the
individual elements are formulated

- one at a time.

/The X and Y compohents of the

element being considered are
retrieved. '

The properties of the element being
considered are retrieved.

The subroutine FEM is called to
formulate the stress and stiffness
matrices for the particular element
being considered.
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<<\‘KK‘= 1,3
S~
<o NOD(LK,KK)-KD

= 0, >0

>0 4( NOD (7K, KK j~L )

NFREE* (NOD(LK,LL)-K )

SRR~ 4
nononon

NFREE* (NOD (LK, KX )-K )|

5
<N l,NFREF \
5 >r
(m |

/)
-

NFREE*(KK-1)
NFREE*(LL-1)
s ¥4
<0 N
(5

4556

29

Checks are made to determine
which partition the ncdal points
of the element are in. Nodal
points in the partition form the
K terms of equation (45) and
nodal points out of the partition
form the C terms of equation (45).

These coefficients specify the
location of the element stiffness
matrix in the overall partition
matrix. The K and C terms of
equation (45) are being formed.
The subrcript on the terms of
equation (45) indicate the
pertition being considered.



8c @ ee@ 80

WI - M+ M
NNJ = N + KJ \\
IMI = I +MI
JRS = J + NJ \
\
ST(MMI, N8 ) =

< |ST(MMI,NNJ) + C(IMI,JN

__J
A
A
<7180 _J J
ot o €™
I =1, NBOUN
~-

30

The individual elem-t
stiffness is inserted
in the overall partition
matrix.

The prescribed displace-
ments are introduced.

Only prescribed dis-
placements at the nodal
points in the partition
being considered are
introduced.




' 233
A 4 A
JJ = 1, NCOLN

Y

'\L A| INJ = NFREE-MM+J
U(JINT,JT) =
ST (NMI,NMI )*BV(I,J)| -

L__L____} 530

—=0 |

31

The prescribed dis-
piacements are multiplied
by a large number.

The known displacements
are inserted in the dis-
plecement matrix.

A check 1s made to see
if the last partition
was being considered.
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(3

A

NA = NFREE*(NLAST(II+10))
- MINUS
N
van )
N = NA-M
MM = M+l
\4’
WRITE, 13, e [ K], [c] and known ais-
M,N((ST(I1,J),T 1,M),J 1,M),{ placement terms of the tri-
(sr(1,J),I 1,M),J MM,NA), . disgonalized stiffness matrix,
A ((u(1,J),I MI,NJ),J 1, equation (45), are stored for
N [ _NCOLN) 7 future use.
REWIND 10
REWIND 11
REWIND 12
The subroutine SOLVE calculstes
the unknown digplacements by
following the theory g. en in
equations (45) through (51).
An error check is made according
to equatica (52). All of the
q terns of equation 41) are
- known; therefore, all terms are
defined.
STRESS The stresses are calculated at
(NPART, NFIRST, the centroid of each element and
NLAST,NCOLN,NELEM, are resolved into principal
NOD, NFREE,NPOIN stresses and their engle of

deviation from the original
coordinate system.

- O
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SUBROUTINE LOAD

LOAD,
(X, XE,NOD, NCOIN, THICK,
U,DENSIT,EARTH, NELEM )

hd
NPOIN*2 |

Y
710

K}<I = l,NPOIN2>
L”

|

+ { u(1,Nc0IX) = o]

| NPOIN2

l JJ = NOD(II,I)

XB(1,1) = X(3J,1)

’i* XE(I,2) = X(JJ3,2)
\

=

VOL = .16666T*THICK(IT)*
(XE(2,1)*(XE(3,2, - XE(1,2))
+XE(1,k }*(XE(2,2) - XE(3,2))
+XE(3,1)*(XE(1,2) - XE(2,2)))
VT = VOL * DENSIT
UT = VOL * EARTH

The load vector due to the body
forces is initialized.

The nodal points of the alement
being considered are retrieved.

This operation is equation (11)
times the element thickness
divided by 6, which when multi-
plied by the sppropriate body
force per unit volume yielde
the terms that make up
equation (35).




JJ = NOD(II,I)

AN | U(2*JJ-1,NCOIN) =

U(2*JJ-1,NCOLN )+UT
U(2*JJ,NCOLN) =
U(2%JJ,NCOLN )4V

-

Z
<20

RETURN

,

The terms thet make up
equation {35) are arranged
in the sppropriste places
to yield equation (35).
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SUBROUTINE FEM

FEM
(xE,YM1,YM2,PR1,PR2,
G,ANG,C,NP, TH,MM)

~N-
20
J = 1,6
1 \/
L3
\C

A -

B(I,s) =0 Initialize matrices.
DB(I,J) = 0
DBA(I),J) = 0

Initialize matirices.

A

;
3
-
4
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.
Y
N
év.
AN
£
..
-
>

5
r‘“{m

F—

ORX = (X£(1,1) + x2(2,1)
+ XE(3,1))*.333333

ORY = (xE(1,2) + XE(2,2)
+ XE(3,2))*.333333

f

B
~

(1,1) = XE(I,1) - ORX
(1,2) = xE(1,2) - ORY

XE(2,2) - XE(3,2)
XE(3,2) - XE(1,2)
XE(1,2) - XE(2,2)

L N e

é nowonu o

Xe(2,1) - xB(1,1)
(2,1)*xE(3,2) -

(3,1)%xE(2,2)

N

xE(3,1) - XE(2,1)]

N

>

| I3
i

7K/2
Zx(1)/z
zy(1)/z
A(1,1)
A(2,1)
A(3,1)

wononowonou

Locate the centroid of a
particular element relative to
the original X,Y coordinate
systen.

Locate nodal points relative to
an X,Y coordinate system through
the element centrold.

The terms of equation (10) are

formed in the following crder:

by;D3sbpsCisCj5Cm, 81585, and ap
where a4 = aj = ap.

The relationships of
equation (15) are made use of

The term K! of equations (13)
and (14) is formed.




2
w3

A(1:3) = ZK/Z
A(2,3) = zx(2)/2
A(3,3) = Zy(2)/2
A(h,4) = A(1,3)
“~(5:h) = A(2,3)
A(6,)+) = A(E:i)
A(1,5) = ZK/2
A(2,5) = 2x(3)/z
A(3,5) = Z¥(3)/2
A("":6) = A(l,5)
A(5:6) = A(295)
A(6,6) = A(3,5)
N
B(1,2) = 1
B(3,3) =1
B(3,5) = 1
B(2,6) = 1

EE = yM2/¥Ml

DEN = 1 - PR2 - 2*EE*PR1*¥2

D(1,1) = YMI*(1-PR2)/DEN

D(2,1) = YM2*PR1/DEN

D(1,2) = D(2,1) ‘

D(2,2) = YM2*(1-EE#PR1**2)/
((1 PR2)*DEN)

D(B:}) =G

75

[oew (1 - PRI*FR2)
r(1,1) -~ YM1/DEN
D(2.1)  PRL*¥YM2/DEN

5 &

The term Nj of equations (13)
and (14) is"formed.

The term Nj of equations (13)
and (14%) is formed.

The relationships of equa-

tions (9) and (12) are forumed.

This is an intermediate step
in the formation of the matrix
of equation (16).

The formstion of *he plane stress
or plane strain matrix is
specified.

The elgsticity matrix for the
plane straln case is formed.

The elasticity matrix for the

" plane stress case is formed,

equation (22)




()

%
.
5

W

nonon
‘OE
=~
B

CS = COS(ANG*.017453)
SS = SIN(ANG*.017453)
R(1,1) = Co*#*2

R(2,1) = Sor*2

3(3, ) = SS*CS

R(-L:B) = R<2:l)

R(2, ) = R(l)l)

R(B: ) = 'R(E:l)
R(lyﬁ) = 2*R(5:2)
R(2,3) = 2*Rr(3,1)
R(j’ ) R(lyl) he R(E,l)

v

38

A matrix for transforming

a transversely isotropic
material from an axis
inclined to the major axis
back to the major is formed.
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Tz
J
~

'

l T

D(I.J) = D(I,J) + The axis transformaticn
» /t R(I,K) * R1(K,J) matrix is formed.
AN ’
A &

l;gand B matrices are
i

DB(I,J) = DB(I,J) + ed together as a step
| D(I,K) * B(K,J)v in the formation of the stress

\F and stiffness matrices.
- |
\-:J—*E@




DB(I,K) * A(K,J)

,L - {DBA(I,J) = DBA(IL,J) +
\+ A

A g

= o

>0

Y WRITE, 10, .
((DBA(I:J):I = 1)3),

J = 1,6),0FX,0RY

Lo

The [bBA] matrix is formed.

The [?B@] matrix in the program
notation is the stress matrix
of equation (i4).

EP] in program notation is [Q]'
in the report notation.

[ﬁ][g] in program notation is
[B] in the report notation.

The element stress matrix is
stored on a disc for use later
in calculating the stresses at
the centroid of the ~lement.

The A and t of equation (33)
are formed.



BIDBA(:,J) = BTDBA(I,J)
ML + B(k,I*DBA(K,J)*VOL

c(1,J) = o(I,J) + A(K,I)
/VL * BTDBA(X,J)
N ,
A
N\ —Fko
\
RETURN

41

This is a preliminary step
in the formation of the
element stiffness matrix.

The element stiffness
matrix, equation (33), is
formed.

L I R R R .,
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SUBROUTINE SOLVE

SOLVE.
(NPART,NCOLR)

Y
\I

1L0

\_T__= 1,50

.

11

J = 1, NCOLN
N~

7(1,J) =
RS(1,J) =

SN

-t

50

im(I J)

LL=1,NPART>

h

/°m, 13,
M,L,((AM(I J),T = 1,M)

Sy o

(']

fl

l:v}) ((B"<I)J): & = L:M)y
i,N), ((F(L:d):l = 1,M),
1,1 OLN)

Initialize matrices.

The terms of the fridiagonalizea
stiftness matrix, equation (45),
for each partition are read in

one at a time. Thease terms are

[EE], [CJ, and [PJ of equation (&5).



peiE

4 < J=1, NCOIN>

Y

F(1,J} = F(1,J} - TF(1,J)
DIS(I,J) = F(1,J)

L2y

J = 1,M

e o

AM(1,7) = M(Z,J) - ™(T1,J)

MATINV
(aM,M,DIS,
NCO™LN)

~-

WRITE, 2,

M)N)((M(I:J))I = l;M)’J" l:M)
((BM(I.J),I=1,M),J=1,N),
((F(I)J):I=1:M):J= 1,NCOLN)

: 0,<0 A o

NPART - LL )

>0

437

43

The [P ] matrix of equation (46)
is formed.

The [KJ matrizx of equation (L6)
is formed.

Tuls subroutine inverts the [K]
matrix and mltiplies it by the
[P} metrix to furm the first

term to the right of the cqual
gign in equation (47).

"he term formed above is sto-ed
for fature use.



1hh

L37

A
4

(AM,F,DIS,
M, M, NCOLN)

\

MATTM
(m,D1S,TF,
N,M,NCOLN)

Y

[ ™(1,3) = 0}
V

110

X =-l,M
A

YM(I,J) = ™(I,J5) +
AM(I,R) * BM(K,J)

H

\A
\_\::"

LL

This subroutine multiplies the
inverted [K ] matrix by the [C]
matrix to form part of the second
term to the right of the equal sign
in equation (47).

This subroutine transposes the EC
matrix of equation (46) and mulitiplies
it by the first term to the right of
the equal sign in equation (47) to
form the second term to the right of
the equal sign in equation (48).

The inverted [K matrix is multi-
plied by the J C | matrix to foa part
of the second term of the Iirst two
terms enclosed in the first paren-
thesis of equation (48).



L5

00 O
N \r /‘\
N
-
.
N N % 11
(, K=1,M
s
M{I,J) = AM(I,J) + The term formed in the last
‘{L (K, I) * YM(K,J) operation is maltiplied by the
h trarsposed [C_] matrix to form

the second term of the two terms
enclosed in the first parenthesis
of equation (48).

™ v + YM(I,J) = AM(I,J)
N

"

112\
\_Q_:;_Q____ ()
- (7
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REWIND 13
N

WRITE, 12,
((DIS(I’J),I = l:M):
J =1,NCOLN)

Y

= 0,<0

a4

N

>0 -

S

READ, 1i, -
M:N:((M(I)J):I=1:M):

: J=1:M):(_(B’4(I’J))I=1:M)x
J-‘-l,N),((F\I,J),I-‘-l,M),

! J =1,NKCOLN) J

|

Ve

MATM
(@M, DIS, TF,
M, N, NCOLN)

L6

Store the inverted [K]
matrix times the Pj matrix
for future use.

EF:an. the second line of
equation (45) which includes
some of the terms in
equation (46).

This subroutine multiplies
[C:] times {8 to form the
second term of equation (L6).



b7

The second term of 2qua-
2 tion (46) is subtracted
from the third term of
equation (46) and set equal
to the first term of
equation (46).
A . Multiply the term formed
(aM,F,DIs, above by the inverted K
{ M,M,NCOLN) mstrix to form {8}. This
process is repeated until
p N [8y) of equation (51) is
daltulated.
‘ WRITE, 12,
) ((prs(1,J),1=1,M), A1l the displacements of
=1 NCOLN) equation (45) are stored. .
- s
" } ) A N
: WRITE
- "RESTDUALS"
iy 7 ~
: A =00
: [ IL = 1, NPART /
v A v _
rREAD, 13, The known {5} are back
¢ -
((AQQ\I’J)’I',J"M)’ substituted into equa-
J=1,M), ((BM(I,J), tion (45) to maike an
| I"'],"M)’J"‘l’l\”’ order of error check.
((F{I,J),I=1,M),
J=1, NCOLN
) {
“N

&) G

2



I I P

A

.4
<
b
K3
&
3.

@
| BACK<PACE 12
| =
Y
/READ, 12,

((DIS(I:J):I = 1:M))
J=1, NCOLN)

<

- L
BACKSPACE 12
BACKSPACE 12

o

READ, 12,
((TF(I:J):],:‘]-:N):
J=1, NCOLN)

3

510
J = 1, RCOLN

r 1= 1M

~N
F(1,J).= F(1,J) - RR(I..T)

~§~

512 \

K=1M /
-

~

F(1,J7) = F(1,J) - AM(I,K)*DIS(K,J)




49

@

1,J3) = F(1,T) - The R term of
B(I,L) * TF(L,J) V. equation (52) is
] formed.
~ MATT™M
-/ (BM,DIS,RS,
N,M,NCOLN)
-
WRITE, 12, The residuals of
{(P(1,9),I=1,M),]| equation (52) are
J = 1,NCOLN) printed out. If the

magnitude of the
residuals is too great
they can be used as a

load vector and the
problem can b=
rewruci.

I “Sal




SUBROUTINE STRESS

| STRESS,

(NPART,NFIRST, NLAST, NCOLN,
NELEM, NOD, NFREE,NPOIN)

I
600

II = 1, NPART
b

JJ NPART 1 * II
NFREE * (NFIRST(JJ)-1) + 1

NFREE * NLAST(JJ)

T
READ, 12,

(U(I,J),I M,N),
J=1, NCOLK

]

WEIIE,
"X - DISP, Y ~ DISP"

WRITE, 12,
((1,u(2*1-1,J),U(2*1,J),
I=1,NPOIN),J =1,NCOLN)

~-

/WRITE,

"ELEMENT NUMBER, FIRST
NODE, SECOND NODE,

THIRD NODE, X & Y
COORDINATES OF CENTROID"

ad

/WRJ.TE,

-~ STRESS, Y - STRESS,
sr STRESS, STRESS - 1,
STRESS - 2, PRINCIPAL
ANGLE"

50

‘The nodal displacements.
are recalled from storage.

The node number and its X
and Y Adisplacements are
printed out.
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C T Zh. ’

y

%

| 20 >
4 <LL=11NELEM

READ, 10, .
((DBA(I)J):I = 115):
J=1,6),0RX,0RY

< 620. >
— _
A J = 1, NCOLIt

\

JJ = NOD{1L,TI)

C(2*1,.1) = U(2*J7,J)

C(2*1-1,J) = U(2*3J-1,J)|

51

The element :itress matrices

. r=2 recalled from storage.



52

S @
. : ' ‘ The stress matrix is multi-
! DB(I,J) = DB(I,J) + plied by the displacerent
t ' 1 DBA(1,K) * C(K,J) to form the stress matrix
I \\ . N of equation (2).
: —_—
\ , \,+—_—_ 50
T .
WRITE, 12, The element number, its
1L, (NOD(LL,J)J =1,3),| nodal points, and the X and
ORX,ORY Y coordinates of the centroid
N of the element are printed
- out. '
The principal stresses are
™ calculated. ’
-
WRITE, 12,
1 ((pB(1,.),I=1,3),(A(I,J),| The principal stresses ara
I=1,3),T=1,NCOLN) printed out.
- T <0,50

o WRTTE, 12,
+ ((-A(I,l)):[:l)})

o

J =2 NCOLN/
g’ :

5
v
k3
%
WF
w

L

20 20

O TR AT T

R



LY AR

OO O §

DPA(I,J) = O \
~

_»_(—610 7
( K=1,7 |

N~

J\ DBA\IﬁJ) = DBA(I,J) +
\

W’A

WRITE, 12,
E(DM(LJ):( =1,3);(a(1,7),

I 1) ) o = 2,NC0LT

T T ey qm—

ey P

VRITE, 17 ,
(A(I NCOLN,.I 1,3)

53
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SUBROUTINE PRIN

PRIN
(D,C,N)

650

J = 1,N
A

c(1,3) = (D(1,J3) + p(2,J))
%,5 + SQRT((D(1,J) - D(2,J))
##2/h. + D(3,J)%*2)

\/

C(I)J) = (D(1,J) + D(2:J))
*.5 - SQBT((D(]-,J) - D(2,J))
#*2/h, + D(3,J)**2)

<

C(3:J) = 57.3 * ATAN((C(]-:J)

-D(2,J))/D(3,))

|

The maximum principal stress

is calculated from
= D(2,J), and T

using Mohr's circle.

= D(B:J)

The minimum principal stress
is calculated from oy, Oy

and Txy’

The angle of deviation in
(degrees) of the maximum
principal stress from the
X-axis is calculated.

Ox = D(1,J),



SUBROUTINES MATTM, MATM, AND MATINV

SUBROUTINE MATM™ (D,B,DB,L,M,N)
MATTM is a standard IBM subroutine which transposes the matrix
D(L,M), multiplies it by the matrix B(M,N), and assigns the

product to the matrix DB(L,N).

SUBROUTINE MATM (D,B,DB,L,M,N)
MATM is a standard IBM subroutine which multiplies vhe matrix
D(L,M) by the matrix B(M,N) and assigns the product to the

matrix DB(L,N).

SUBROUTINE MATINV (A,N,B,M)
MATINV is a standard IBM -ubroutine which inverts the matrix
A(N,N), miltiplies it by the matrix B(N,M), and assigns the

product to the matrix B(N,M).

55
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FINFLEM PROGRAM LISTING

.

The control cards, main program, subroutines, and data location are
shown in this section. The Fortran statements listed in this section in
the order they are listed form the program FINFLEM, which will run on the

IEM 360 cumputer at Kansas State University.

c THESET At CONTROL CARDS
/77 TINELEM gt (OFK&GOZENG001 91002009200 teiSuLeVEL=L
/7 ZXEC FTGOLGKS,PAPM,FORT=MAPY ,PARM LKLL="LIST, L Towdp?

//FORTLSYSIN no *

c MAIN PRUGRA{
c THESE ART CONTROL CARDS
;:GO.FTIZFOOl DD DSNAME=EDSKSETC,UNIT=(SYSLALSEPSFTLIF 1),
DCB=(RECFM=V,LRICL=293,bLKSI2E=297) 4 SPAC "=
//60.FT137001 0D DSNANE=EDSKSE Ty UNI To (SYSDA, Sepet T12F ooy o Tt 10rt0M
DCB=(RECFM=V,LRECL=293,kLK = -
276045 YSIN heo=(% ’ VELKSTZE=297),SPACE=(CYLy(10,10))

C DATA CARDS GN HERF

56

X

X



C MAIN PROGRAM
DIMENSTUN X{35042) o XE(392),MF(3D)oNEB(30,2)98BVLI3542),N30L450,3),
INFPL4SU) f ANLASU) , THICKLAEDY 41 (10),,E2(10),PLE10),22(10),
2GEL1I0) o HOSTARTULSIJNENMLS)GHFIRSTULIS) JNLASTILS)
COMMON Cl6,6) 3 DBRAI3,E130B (3,613 A1636)eBL390)eSTIB0,100),ULTUOW4)
READ (1,1%) NPRCB
10 FORMAT (14,27 16a8)
DO 2C LA=1,NPROD
REWIMG 1
REWIME 13
c READING AND PRINMTING OF DATA
READ (1o 10INPART G HPCTINGNELENM gNFUUNGNCULN g NVA NP o NFREEZDZHS Ty EAKTH
WRITEC(3410INPART yNPOTNGNELEMyMRGUN g NCOLN g NY Ao NP o NFRIE G DINSI T EARTH
00 30 I=1,NPOIN :
READ (1+35) X(I,1),X(1,2)
30 WRITF(3,3T7)1X1,1),%(1,?)
37 FORMAT(I4,4X42F16.8)
35 FORMAT(4F16e.8,F3e4)
REAG (1,10) NCARD
IF (NCAKD-NPOIN) 110,111,110
110 STOP
111 CONTING-
DO 40 1=],NELEM
READ(Le46INUM(NDD(T 4013 Jd=1s3),MIPIT)4ANC]), THICKI(])
40 WRITE(3,66 NUMa (NOD(T9J)yJ=1s3 ) ,NEPLT ) ARNCTY, THICKLT)
46 FORMATI(5T4,2F16,F)
45 FORMAT(314,2F16,8,14)
READ (1,10) NCARD
IF (NCARD=-NZLEM) 12C,121,12¢
12¢ STOP
121 CONTINU:
DO S50 [=1,NBOUN
READ (1945) NFUI)ZNRUT 1) NE(T92)oBVILI41),4BVUL,42)
S0 WRITE(3,45) NFIT),NO(T41),MA(T1,2),8V(1,1)4BVII,2)
NO 6C [=1,NPART
READ (1510) NSTARTUI)oNcNDUT) o NFIRSTUI)oNLASTILI
60 WRITC(3,10) NSTART(I)NENDUI)ZNFIRST(I)JNLAST(T)
DO 64 [=1,NYM
READ (1,36) EL(I),z2(1),P1L1),P2(1)},51
64 WRITE(3,36) EXLI),E2(1},PLL1),P2(1),
36 FORMAT(/F16.892F8,4,F16e4)
READ(1,10)NCONC
00 65 J=1,NCOLN
IF (INCONC) 64746
T DO 66 I=1,NPOIN

'Mﬁ!%ffﬁwﬁ S
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66

68

69
33

65
882
880

88l

75

&5

131
132

READ (1,3.) UL2¥1-1400,Ut2%1,J)
WRITE (3,35) UlZ*I=-14J)UlC%0,d)
GO TO 65

NPOIN2=NMPUOIN%2

0N 68 I=isNPOIN2

Ullsl)=3e

DO 69 1=1,NCONC

READ (1,33) K ULC¥K-191)4Ulc%K,])
WRITF (3,533) KoyU(2#%K=-1,1,,Ul2%K,1)
FORVMAT(14,4,2EL1648)

NCONC=J

CONT IMUS

CALCULATION NF LCALS NDUF TN CLLY FORCES
If (CENLIT) R8D,EH2,8AC

IF (FARTi!) £80,881,3R0
NCOLN=NCOLN+1

CALL LUADUK)XEoNOD s NCOLN o NPUTN THICK yU DINSTT, LARTH,

CONTINU-
FORMATION OF MATRICES
INTER=0

DO 70 II=1,NPART
BN 715 1=1,50

Do 75 J=1,100
ST(1,41=0.
NST=NSTARTI(II)
NEN=NEND(I])
K=NFIRST(I])
L=NLAST(IL)
MINUS=K-]

DO 80 LK=NST,NEN
MM={ K-IMTER

DO 8% I-1,3
JJI=NODILK, 1)
XE(I,1)=X(JJ,1)
XF.|I'2"—'X(JJ'2)
ANG=AN(LK)
TH=THICK (LK)
J=NEP (LK)
YM1=F1(J)
YM2=t2(J)}
PR1=P1(J)
PR2z=P2(J)
6=GE(J)

CALCULATION OF CLEMENT STIFFNSSS AND STR:ISS MATKICES
CALL FoMUY o YMLYM2,PRL,PR2,GyAMGINP,,THyMM)

DD 80 LL=1,3

DO B0 KK=1,3

IF (NDD{LK,KK)}=K} 80,131,131
IF(NCDILK,KK)~L)132,132,80
MaNFRECEF(NOD(LK)KK)-K])
N=NFREE*(NOD(LKyLL)=-K)

L

LMD

58
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242
243

345

233
230
290

115

116
117

10

20

59

I=NFREEL(KK=~1)
J=NFREE®(LL=-1)

1FINIRDL 900,900

DN 5 NJ=1,NFREF

DO 5 MI=1,MFREE

MMI=MeM]

NNJ=NeNJ

IMI=T4M1

INJ=J+NY

STIMMT M) =STIMMT GNNYI4CLTIMT, JMY)
CONT INY=

INTRODUGCTION OF P2ESCRIBED DISPLACEMENTS
D0 290 1=1,NBCUN

M=NF{1)-K

MM=MT{T)=]

IF (M)290u,.2424247
1F(M-24)243,243,290

DN 230 J=1,NFREE
IF(HBUT,J))230,345,230
NMI=NFR<EEMe

STUNMT T ) =STIAMT G T 4, 10412

DN 233 JJ=1,NCOLM

INJ=NFREr MYy

UMY JJ)=STINMT MY 2BV (1, J)
CONTINUL

CONTINUT

INTER=NN

MI=NFRZEFRMINUS+]

NJ=NFRF: %L

M=NJ-ME+1

IF(TI-NPARTILI1IS, 116,116
NA=NFRZE*UINLASTLIIT+1)=-MINUS)

60 10 117

NA=M+]

N=NA-M

MM=M+]

WRITE(LIIMy Ny ((STU T sT=lyMhyJd=ioMl  (ISTUIodYeI=dym),yJ=MM,yNAY,
LOGUGT o) o I=MIoNJ) 9y J=1 4N OLN)
REWIND 10

REWIND 11

PEWIND 12

REWIND 13

SOLUTING OF TRIDIAGONAL MATRICES AMD CALCULATIOM NF 22S{UUALS
CALL SOLVI(NPART,NCOLN)

REWIND 2

CALCULATION OF STRESSFS

CALLL STHFESS (NPART JMFIRST yNLASTONCOLMNNELEMyMUDNFREE yNPUIN)
CONT INUF

sTOP

END




g m e T _;;.-:ww:wéyg:;u O

&%WWF}%&'{{ 53?’3?&}%&4;@}"&1@mugwwwm:f"*r S

10

85

86

60

SUBROUTINE FOR CALCULATION OF LNOADS DUE TO vQDY FORC:S
SUBROUTINE LOADIX ¢ XS 4MNOD ¢ MCOLNGNPOIN  THICK gU e RENSI T ARl N~L~AM)
DIMENSTUN XU35U002) 9 XE(3,2),NODLGS02) y THICKI&SO) 4 UL I00y4)
NPOINZ2sNPOIN®2

NO 10 [=1,NPOIN2

UCT(NCOLN)=0,

DO 2C Ti=1,NELEV

DO 85 I=1,43

JJI=NODCTL, 1)

XE(TL1)=00Ju,sl)

XE(1420=K0Jd4,2)

VOL=o 166L6T*THICKATTII#{XE(2, L)% UXF(3,2)=XELL 2 )eXT 10102
LUXEE242)-XE(3,2) )X 03,13 %(XE(Ly2)=X1-(242)))
VT=VOL*LINSIT

UT=VOL*c-ARTH

N0 86 I=1,3

JJ=n0DLETL 1)

UE2%JJ=1 +NCOLN)=U(2% JJ-1 4 NCOLNI 4 UT

UL2%JJ o NCOLN)I UL ZRJIZNCOLN) ¢ VT

CONTINUF

RETURN °

END
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SUBRNUTING FOR FORMATINN NF CLEMEMT STIFFNESS AND STRILSS MATRICES
SUBRnUTl”F FEN(KF'Y"IQYM2'PR1'PR2|G’AN(O'NP' "H'M”)

DIMONSTON DI343)9RTORALO &) 4 XEL342) oRU3+3)32KU3), 13)ynll3,3)
COMMON C(b.h).DRA(3.6)'DB(3o6).A(6.6l.E(5.6).ST(; 1 oG UL T o)
0N 20 J=1,6

NO 21 1=1,3

BllyJ)=i,

DE(I4J)=D,

DRPALELJY=D,

no 20 1=1,6

At J)d= 0
RTORALL,J)=0e
Cll,Jd)=0,

0N 22 J=1,3

DO 22 1=1,3

R‘XQJ"-'UO

Dty d)=su,
ORXz(XFI1,1)+XELZ,1)¢XE(3,1)0%,333333
NRY=(XE(14214XE(2,2)4XE(3,2))%,333333
NO & I=1,3
XE(Told=XTlls1)=-0RX
XE(le2)=XE(]e2)-DRY
IR(YIIsXEC2,42)=XE(3,2)
IX(2)=XS(3,2)=-XEl1,42)
IXL3)sN(1y2)=XE(2,92)
IV (1)=eXF (3,1 )1=XE(2,1)
IVE2)=Xc(1y1)=XE(3,1)
IV(3)=Xi{2,1)-XE(1,41)
IKsXF {241 VEXE(342)=XE(3,10%XF(2,4¢)
1=3,¥2K

Ally1)sZK /1
Al2,1)=7Xx{1)s?
Al3,1)=2Y(1)/7
Al4,2)=401,41)
AlS,2)1=8(2,1)
Albe2)=A(3,1)
All.3)s2K/1
Al2,31=22K{2)/12
Al3,3)=2¥(2)/1
Al4,4)=A(1,3)
AlS,4)=0(2,3)
Al6,;4)=4A03,3)
All,5)s7k/1
Al2+5)=IX{3)/1
A{3,5)=2Y13})/7
Al4,6)=/(1,5)
A(S,6)=h12,45,
Alb,6)s4113,5)
Blle2)=1,

B(3,3)=],

8(3,5)=1,
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Bl2y6)sl,
IF (NP) T%,81,75
C ELASTICITY MATRIX FOR PLANE STRAIN CASE
81 EEsyYM2/YM]
DEN= o =PR2=2,*EE*PR]#%2.
Dile)isyYM)%(]4=PRZ)/DEN
D(2¢1)aYM2%PR]/DEN
D(1,2)=D12,1)
DI(2¢2)aYM2R( ) 4=BE&FPR 022 )/ ({1 +PR2)®LEN)
D(3,31s6
GO O 73
C ELASTICITY MATRIX FOR PLAHE STRFSS CASF
75 DENs(]1,-PR1*PRZ)
D(l,1)=YM1/DEN
Di2,1)aPRYISYM2/DEN
ND{1:,2)2012,1)
D(2+2)=YM2/DEN
£ 013,316
4 T3 IF (ANG)T0,72470
T0 CSsCOSIANG*,017453)
SS=SINIANG*,017453)
R{l,1)=2CS5%%2
P(2y1)=55%%2
R{3,1)=55¢(S
R{192)3x(241)
R{2+2)15R(1,1)
R{3,2)==R(3,1)
R{ly3)=2.%R(3,2)
RE2,3)1=2,¢R(3,1)
R{3,3)1=2R(1s1)=R(2,1)
00 100 J=1,2
00 106 Is1,3
R1(I4J)=0,
D0 100 K=1,3
100 RI(IHI)I=RI(T,I)I+DUIKI®R(J,K)
DO 110 J=1,23
DO 110 I=}1,3
D("J"Oo
DO 110 Kk=1,3
110 DL o J)2D{L o J)+RITJKIPRI(K, I}
T2 00 30 JU=l,6
DO 30 I=1,3
DO 30 K=1,3
30 IR(L4J)=DRITJ)+DITKI*R{K,yJ)
00 40 J=1,46
0N 40 I=1,3
00 40 K=1,6
40 DBALTJ)=DBALTJ)+DE(TKI*A(K,JI)
C STRESS MATRIX IS FORMECD
IF (MM) 12641064127
127 WRITECLOICCDBALL 4 J) o 1=103040%],46),,0KA,0DRY

i BT B it

b

S S

g

i RS RO i g A

R L A RN

RLT PR
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126 CNNTINUC
VL= S&TH®2
DO 50 Jsly6
DN 850 =146
NO SO Kel,y3
50 RTDBACT,J)sHTDBA(T 4 J}4B(K, 11XDBAIK,J)RVOL
DN 60 Jsleb
0N 6C 1x1,6
00 60 K=l,6
6C ClL V=G T o d)eA(K,IIRPTDRAIK W J)
STIFFMESLS MATRIX € 15 FORMED
RETURM
END

63




C SUBROUTIANE FOR SOLUTIOM OF LQUATIONS.CALCULATION AND PRIMTING OF RESID
- SURRNUTIME SOLVE(MPARTNCALN)
W DIMENSTION AMIS0950)sBMIS045C e YMUS0,50) s TFLS0.G)4RSI5G,4),F(50G,4),
s 1D1S150,4)
COMMON C(6.634DBALI46),DET396) 9810961483460 eS5TLSD41CONLITUD4)
EQUIVALENCE(AMIL o1 oSTUL L))o (BMULo ) ySTULeS10)otTFIL,))Ul1l1)),
1(OISE1s105U192) )0 tRSELG1DI4UCL o2 )9 lFlLle))oulle4))
DO 140 1=1,50
DO 141 J=1,NCOLN
TF{1,J)=0,
141 RSUI,J)=C,
D3 140 J=1,50
1‘0 YH(!,J’-‘-O.

DO 144 LL=1,NPART
READII3 MM Ny (LAMIT U)o 121 4M)d=1, M), LLIEMIT 4 ) el=14M)9d=1,N),
l((F‘l'J"I=1'M‘0J-=1.NCDL"|’
15C DO 424 (=1,M
DO 425 J=1,NCOLN
Fllod)=Fll,J)-TF(1,J)
425 DIS(ILJ)=FlI,J)
DO 424 J=1,4
424 AMUTJ)=AMIT,J)-YM{I,1)
CALL RATIMV(AM,M,DIS,NCOLN)
C - MATINY - STANDARD IBM INVERSION PRUGRAM
WRITECLLIIMgNG LIANIT o ) o 1=1oM)pJ=loeM) o tUIBiI{Tld)e1=1,4),y0=1,N),
LUIF(T3d) s I=14M)yJ=1,NCOLN)
IFINPART-LL)437,43T,432
632 CALL MATMUAMF,,DIS MM NCOLN)
CALL MATTHMIBM,DIS,TFNy*NCOLM)
DO 110 J=1,N
DO 110 I=1,M
Y¥(1,3)=0.
DO 110 K=1,M
110 YMUT,3)=YMNIT,J)+AMLT,K)&BMLIK,J)
DO 111 J=1,N
00 111 I=1,M
AM{T44)=0.
DO 111 K=1,M
111 AMUT 2 J)=AMUT,J)+4E (K, 1)EYM(K,J)
DO 112 1=1,N
DO 112 J=1,N
112 YMUT,J)=AM{1,4J)
144 CONTINUL
437 REWIND 13
WRITC (i2)4(DIS{T,J0),1=1,4M),J=1,NCOLN)
IFINPART-1)600,600,601
601 NA=NPART-1
DN 441 LL=1,NA
BACKSPACF 11
BACKSPACF 11
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500

31

600

65

READULILIIMgNg LUAMIT J) g T=1 oMY o Uzl o M) ({BMLTJ )y Izl M) od=l N},

LUGFUI d)eI=ioM)yd=1,HCOLMNY

CALL MATM(BN,DIS,TFyMy Ny NCOLN)

DN 444 =1 ,NCOLN

D0 444 I=1,M

FUl4d)=1-(T,4,d)=-TF(T,J)

CALL MATMUAMGF,CIS oMy M NCNLMY)

WRITE (12)00(DIS(I o)1= 4M}),d=1NCOLN)

WRITF (3,515)

FORMAT(LI0H RESICUALS)

DN S00 LL=1,NPART

READ (1300 Ng (LAMUT 3 U 121 oM)od=l oMl LEMITId)sl=1,M),d=1N},

LUGFUT4d)eI=19M)pd=1,NCOLNY

RACKSPACT 12

READ (12)UUBIS(UI ) I=1,M)yJ=1,NCOLN)
BACKSPALF 12

RACKSPACK 12

READ (1Z2VC0UTF(14J),40=14N),d=1,NCOLN)
DN 810 J=1.NCOLN

DO €10 1=1,M

FlloJ)=F(T1,J)=-RS(Z,J)

DO 512 K=1,M
FUIoJ)I=F T4 3 -AM(T ) 2DIS(K, J)

NN 510 L=1.N
FULoJI=FUT 3} -BMUTL)ETF L, J)

CALL MATTM{3M DISsRS,NyM,NCOLN)

ARITFE 13431) ((FtleJ)el=1eM),yJ=1,MCOLN)
FORMAT(IH 412F942)

CONTINUC

RETURM

END
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SUBROUTINE FNR CALCULATION GF STRESSLS

SUBROUTINE STRESSINPARTyNFIRSToNLASTyNCOLNGNELEN, NOU yHFREL o NPIIN)

DIMFNSTON NOD(450G,3)yMEIRSTULS)yMLAST(1Y)

COMMON CU&46) yDBALB46)4DBI346)0A1646)oBI346)4S5TI(ST,1C0)4ulTULC,4)

00 600 [1=1,NPART
JJ=NPART+1-11
MeNFREC®(NFIRST(JI)-1)+]
Nx=NFREC*NLAST(JJ)
600G READ (Ll2)C(UCT4J)y I=MgN), J=14NCOLN)
WRITE (3,615)
615 FORMAT(5H NODE.16H X-DISPLACEMENTS 100 Y-DISOLACLMERTS)
WRITE (3,32) ((1,Ut2%T=1,J0),U02%]13d)sI=1,NPUTUYyJ=]1NCOLN)
32 FORMAT(IH ,14,2F1648)
WRITE(3,625)
625 FORMAT(16R ELEMONT MUMBER L1600 FIRST NDUc W10 SISO
1,164 THIRD NNDE e36H X aND ¥ CO-URDIJATES OF CHIRO1L
WRITE (3,635)
PRIMCIPLE AMGLFE IS THFE ANGL: BITWCEN Y AXIS AND STRELS-1
635 FORMAT(1l6H X-STRESS ¢ VOHY=STREISS ’
116H XY-STRESS p16H  STRESS-1 e 16l STRZISS-?
216H PRINCIPLE ANCLF)
PO 20 LL=1,NFLEM
READ (1) ((DBA(I4J)s0=1493)9d=1460IRKe0IKY |
DO 620G J=1,NCOLN
DO 620 i=1,3
JJ=NOOILL,I)
Cl2xI-1,J)=U(2%JJ-1,J)
620 C(2%T,J)=U(2%3J,J)
DO 620 J=1,NCOLN
D0 630 1=1,3
DB{I+J)¥=0,
DO 630 K=1,6
630 DB(]4J)=DR(I4J)+DPA(T,K)*C{K,J) )
WRITE (3,10) LL,(MOGUILL,J)yJ3=1493),0RX,CPY
CALL PRIN(DB,AZNCALMN)
WRITE (3431) ((DBUY,d)ol=1g3) g (A1 gd)yI=1y3),d=1NCOLY)
IF (NCOLN=-11110,25,110
25 WRITE(3,33) (A(I,1),1=1,3)
GO TO 20
110 NO 640 J=2,HCOLN
DO 640 [=1,3
DBAt1,J)=0,
DO 640 K=1,J
64C DBA(T2J)=DBA([J)+DRLT,HK)
CALL PRIN(ODBA,A,NCOLN)
WRITE (3431) (CPA(T 4 3)yI=1y3)elalTyd)yI=1435)ed=2,NCOLY)
WRITE (34533) (AlTNCOLN),,I[=1,3)

HODL
}

66



pr

CONTINUL

FORMATUIH 45E16484F1648)
FORMAT(IHP45E1245 )
FOPMATHIH ,414,2F1668)

RETURN
£ND

67
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SUBROUTINF PRINID,C4N)

DIMENSION D(346)4Cl6E46)

NO 650 J=1,N

Ciled) = (D(1,5J140(24J)0%65 ¢+ SORTUIO(1,J)=D(2,J))%%2/4,

1 ¢+ D(3,d)%%2)

Cl24Jd) = (D14 J)4D(2,0)1%,5 = SQRTI{D(1,J)=-D(2,J))%%2/¢,
1 ¢ D(3,J)%%2)

Cl3sJd) = S5T3*ATANIICILyJV=0(2,3))/D1(3,4))

RETURN

END

SUBROUTINT MATTHM {DyPyDPyLsMyN)
DIMENSINN DI5G450),BI50,4),08(50,44)
DO 110 J=1,N

DO 110 I=1,L

DB‘I'J’=G.

D0 110 K=1,M
DBUL4J)I=DBR(T 4 J)+L(K, I)AB(K,yJ)
RETURN

END

SUBROUTINE MATM (DyF,DF,L,M,N)
DIMENSION DU(50450)48(5004),08(50,4)
DO 110 J=1,N

DO 110 i=1,L

DBUI,J)=0,

DO 110 K=1,M

11C DBUT4J)=DBII,J)4DUI4K)*B(K,yJ)

RETURN
END
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23¢C
25C
260
27¢C
310

330
340
350
355
36C
370

320
39¢C
400
420
430
«50
455
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SUBROUTING MATINVIAGN,C, M)

MATRIX INVIRSICN WITH ACCOMPANYING SULUTICN OF LINEAR CQUATINNS
INITIALIZATION

DIMENSINN IPIVAT(503,A(50,450)¢B(50,4),IMDEA(S0,2),PIVUT(50)
no 20 JzlyN

[1PIVOT(J)=0

NN 550 T=1,M

SEARCH +OR PIVOT ELEMENT

AMAX=060

N0 105 J=1,N

IF LIPIVOT{U)-1) 60, 105, 60

DO 100 K=1,4N

IF (IPIVNT(K)}=-1) ARC,1920,740

IF ( ABSUAMAX)- ARS(ALJ,K))) 85, 100, 100
1ROW=J

ICOLUM=K

AMAX=A(J,4K)

CONT INUE

CONTINUL
IPIVOTLICOLUMI=TPIVOTLICOLUM)#]
INTEFRCHANGE ROWS TN PUT PIVOT ELEMENT ON DIAGONAL
IF (IROwW-ICOLUM) 150, 260, 150

00 200 L=1,N

SWAP=A{IR(IW,L)
ALTROW,LI=ALICOLUM, L)

ALICOLUNM,L) =SHAP

IF{M) 260, 260, 210

0N 250 L=1, M

SWAP=P (IROW,L)

BIIRDOW,L)=R{ ICGLUM, L)}
BLACOLUN oL ) =SWAP

INDEXC(T,1)=1RNW

INDEX(I,2)=1CULUM
PIVOTLLI=ALICOLUM, TCOLUM)

DIVINE PIVOT ROW BY PIVCT ELEMEMT
ACICOLUM, ICOLUMI=1,0

DO 350 L=1,1

ACTCOLU“, L)=ACICOLUM,LY/PIVOTLI)
IF(M) 350, 380, 360

DO 370 L=1l.M
BIICOLUN,L)=B(ICOLUM,LY/PIVOT(T)
REDUCE MON=-PIVOT P0OWS

00 556 Ll=1,N

IFLLLI-ICCLUM) 400, 550, 400
T=A(L1,1C0LUM)

A(LL1,ICOLUM) =040

DO 450 L=]1,N

A{LL,L)=A(LL, L)-ATTICOLUM,L)*T
IF{M) 550, 550, 460
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460
500
550

600
610
620
630
640
650
660
670
700
705
710
740

PO SCC L=1,M

BALY L=t (L1l L)=-TLICOLUM,L)%T
CONT I MUF

INTERCHANGE COLUMNS

00 T10 [=1,N

L=N+1-~]

IF (INDEX{L,1)=INDEX{L,2)) 630,
JROW=INDEX({Ly 1)
JCOLUM=INDEX(Ly2)

00 705 K=14N

SWAP=A(K, JROW)

ALKy JROWI=A (K JTOLUM)
A(K,JCOLUM)=SWA?

CONTINYT

CONTINUE

RETURN

END

110,

630

T0
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L.,

1 Card
Columns

1-14

17 - 20

25 - 28

33 - 48
kg - 64
1 Card
Columns
1-16
17 - 32
1 Card
Columns

1-4

DATA PREPARATION FOR FINELEM

Number of problems t¢ be run in one execution
of program

Number of partitions (< 15)
Number of nodal points (< 350)
Number of elements (< 450)

Number of nodal points with prescribed
displacements (< 45)

Number of load vectors (< 4)

Number of different elastic properties (< 10)
O: plane strain l: plane stress

Number of degrees of freedom per node

Force per unit volume in y-direction

Force per unit volume in x-direction

for each nodal point (in ascending order)

x=-coordinate of nodal point
y-coordinate of nodal point

Number of nodal point cards to be read in

T1

Format

Ik

e
4

I

Ih

F 16.8
F 16.8

F 16,8
F 16.8
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5.

1 Card for each element (in ascending order)

Columns

1~ Element number

5«8 Nodal points in anticlockw!ise rotation
9 -12 Nodal points in anticlockwise rotation
13 - 16 Nodal points in anticlockwise rotation
17 - 20 Elastic property number

21 - 36 Angle which the x-axis of orthotropy makes

with the global x-axis

37 - 52 Thickness of element

1 Card

Columns

1-4 Number of element cards to be read in

1 Card for each nodal point with prescribed displacement

Columns
l1-14 Nodal point number
5«8 Displacement in x-direction
0: fixed l: free
9 -12 Displacement in y-direction
0: fixed 1l: free
13 - 28 Prescribed value of displacement in x-direction
29 - 4y Prescribed value of displacement in y-direction
1 Card for each partition (in ascending orde: '
Columns
l-4 First element in partition

5-8 Last element in partition
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Format
9 - 12 First nodal point in partition I4
13 - 16 Last nodal point in partition piis
NOTE: A partition cannot contain mcre than
24 nodal points numbered in consecutive
order.

1l Card for each elastic property

Columns

1-16 Young's modulus in x-direction F 16.8
17 - 32 Young's modulus in y-direction F 16.8
33 - 40 Poisson's ratio in x-direction F 8.4
41 - 48 Poisson's ratio in y-direction F 8.4
kg - 64 Shear modulus F 16.8
1 Card

Columns

1-4 Number vof nodal points with concentrated loads Iy

1 Card for each nodal point with concentrated load

columns

l1-4 Nodal point number e}

5 « 20 Load in x-direction F 16.8
21 - 36 Load in y-direction F 16.8

NOTE: If there are no points with concentrated loads,
omit Set 11 cards. A blank card (or card with
a zero punch in column 4) must still be included
(8et 10).

If points with concentrated loads are present,
they together form one load vector (regardless
of the number of points) which must be included
in the count in columns 17 - 20 of the second
data card. (Set 2.)
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Format
12. 1 Card for every point (in a;scending order)
Columns
l1-16 Load in x-direction F 16.8
17 - 32 Load in y-direction F 16.8

NOTE: One card must be included for every point
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even if the load is zero. If only concern-
trated load exists, however, omit Set 12

completely.
Repeat Set 12 for every separate load vector.

Set 11 and Set 12 cards are alternatives. If
only & single load vector of a relatively amall
nutber of arbitrarily specified loads is to be
dealt with, use Set 1ll. If more than one load
vector of arbitrarily specified loads 13 to be
dealt with, then Set 12 should be used and one
card must be included for every nodal point,
even if the loed is zero.

For a combined loading, arbitrarily specified
loads,and computer output, the cards for the
nodeg with combined loads should be abstracted
from the output deck and replaced by cards with
the total load.
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NUMFRICAL EXAMPLES

EXAMPIE 1: DEFLECTION AND STRESSES, SIMPLY SUPPORTED BEAM

Determine the centerline deflection, the flexural stresses at sec-
tions A and B, and the horizontal shear stresses at section A of the simply
supported beam shown in Fig. 3(a) on page 76. Calculate the deflection and
stressas using "classical methods” of analysis and then the computer program,
FINELEM. For this exsmple, u = 0.3 and E = 30 X 107 ksi.

Solution:

The centerline deflection or maximum vertical deflection of a simply
supported besm with & concentrated load at midspen is calculated using the
following formula from "classical” beam theory,

= "BET (53)

in which Dvax represents the deflection, P represents the concentrated
load, L represents the beam length, E represents Young's modulus, and
I represents the moment of inertia of the section.

The moment of inertia “or this section is

3 )
. bl 5(10) - 4
I ® e = ol = J16.7 in”.

Substituting the appropriate values into equation (53) gives the
following:

10(60)°

- = 0,00 in.
48(30 % 100)416.7 %

o, e A S s
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The centerlin-. deflection calculated by FINELEM is found in Appendix A

as the y-displacement of nodal point 68 and equals the following:

By = 0-0034 in.

The FINELEM deflection is smaller than the “"classical method" deflection

by approximately 5.5 percent.
The "classical method" for calculating the flexural stresses at a given

point along the beam makes use of the flexural formula

o = X ' (54)

in which Oy represents the flexural stress in the x-direction, Mx repre-

sents the moment at the point where the stress is to be determined, ¥y
represents the distance fram the neutral axis of the section, and I repre-
sents the moment of inertia of the beam.

At section A,
x = 14 in.

and

Similarly, at section B,

X = 2907 in.
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and
M, = .123 X = .(.12_0.2 29.7 = 148.5 in-~kips

The flexural stress distributions for sections A and B are linear and
vary from & maximm value in compression on the top of the beam to the same
maximum value in tension on the bottom of the beam and are calculated using
equation (54) in which y varies from O inches at the neutral axis to
15 inches at the outer fiber of the beam.

The maximm flexural stress at section A is

Y 10(5) L+ 2
% T *0.84 kip/in

The maximum flexural stress at section B is

=M=Mﬂ8° :=+]_.8ki ina
‘29.7 " 71 816.7 78 kip/

Te "classical method" flexural stress distributions for sections A

R SO

and B are shown in Fig. 4(a) and Fig. 4(b), respectively.
The "classical method" used for calculating the horizontal shear stresses

at a given point along the beam makes use of the horizontal shear formula

T =

Xy (55)

=P

in which 7 Xy represents the horizontal shear stress, V represents the
shear force at the point where the stress is to be determined, Q represents
the area above the point where the stress is to be determined multiplied by

the distance from the centroid of the area to the neutral axis, I represents
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the moment of inertia of the beam, and D represents the width of the beam

vhere the stress is being calculated.
Using equation (55), the horizontal shear stresses are calculated at

the neutral axis and 2.5 inches above the neutral axis. These points are
assumed to be enough to show the general shape of the shear distribution

curve.
The horizontal shear stress at the neutral axis is

2 5(5)5(2.5) _ 2
L TETC 0.15 kip/in®

The horizontal shear stress 2.5 inches above the neutral axis is

_ 5(5)2.5(3.75) _ 2
2.5 416.7(5) 0-1125 kip/in

The "classical method" horizontal shear stresses are shown in Fig. 5.
The shear distribution curve is drawn through these points.

To solve the problem using the computer program, FINELEM, the beam was
divided into 200 triangular elements with 127 nodal points as shown in
Fig. 3_(b). Smaller triangular elements were used near the center of the
beam in order to place the centroids of rome of the elements near the outer
edge of the beam, where the flexural stresses are largest. The triangular
elements were numbered with larger numerals than the nodal points in Fig. 3(b)
in order to distinguish between the twc. The elements and nodal points were
numbered consecutively and in an orderly manner. An order similar to thisb
should alweys be used in numbering the elements and nodal points for a

problem.
There are only two nodal points with prescribed displacements: nodal

point 1. which was fixed against displacement in the X- and Y-directions,
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and nodal point 123, which was fixed against displecement in the Y-direction.
These displacements correspond tv & hinge at nodal point 1 and a roller at
nodal point 123. In order to fix a nodal point, & displacement of 0.0 inches
is assigned in the direction required.

The plane stress case is specified, which causes the strain in the
Z-direction to be eliminated from the calcul:tions.

The concentrated load of 10 kips was divided into three concentrated
loads of 3.33 kips, 3.34 kips, and 3.33 kips, and applied in the negative
Y-direction at nodal points 59, 68, and 77, respectively, in an attempt to
distribute the concentrated load and minimize the compression effect of a
point concentrated loed.

The nodal points were assigned consecutively to seven partitions with
no more than 2i consecutive nodal points in one partition. The partitions
of the partitioning scheme were indicated in Fig. 3(b) by Roman numerals.

The form of the data required for use in the program is shown in the
section entitled "Data Preparation for FINELEM" starting on page T1.

The input data and significent parts of the output information for
Example 1 were included in Appendix A for reference. All of the output
information used to construct the graphs of Figs. 4 and 5 has been under-
lined in Appendix A.

The flexural stresses for the elements are found under the heading
"X-STRESS" in Appendix A. The flexural stresses at section A, x = 1k in;,
were output as the X-stresses at the centroids of elements 33, 35, 38, and L4O.
The flexurai stresses at section B, x = 29.7 in., were output as the
X-stresses at the centroids of elements 85, 87, 90, 91, 9%, 95, 98, and 100.
These stresses are shown in Fig. 4(a) and Fig. 4(b) along with the "classical

method" stresses.
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(a) Stress Distribution at (v) Stress Distribution at
Section A Section B

"Classical Method"
4  Finite Element Method

Fig. 4. Flexural Stress Distributions for Example 1.

In Fig. 4(a) the stresses calculated for section A using the finite element
method approximate the "classical method" stresscs very well. However, in
Fig. 4(b) the stresses calculated for section B using the finite element
method show a deviation of more than 20 percent from the "classical method"
stresses near the top of the beam. This difference is attributed to the
fact that the axial compression deformation due to the concentrated loadirig
is ignored in the "classical method,"” but not in the finite element method.
Dividing the concentrated load into three smaller loads had some effect in
reducing the difference between the two methods, but the axial compression
effect will always be present in the finite element method making it a more
'realistic" method than the "classical method." |
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The horizontal shear stresses, which ere also equal to the vertical
shear stresses, for the elements should be found under the heading "XY-STRESS"
in Appendix A. However, it was discovered that these shear stresses do not
necessarily equal the expected shear stress calculated by equation (55).
For example, the FINELEM shear stress from Appendix A for element 33,
whose centroid is on section A, is 0.141 ksi. The horizonal shear stress

calculated using equation (55) is

T _ Ve _ 5(5)0.833(k.583)
L.167 1 416.7(5)

Th.167 = 0.046 ksi

The FINELEM shear stress is grester then the calculated horizontal shear
stress by over 200 percent; therefore, this is an incorrect interpretation of
the meaning of the FINELEM shear stress.

Since the "classical method" horizontal shear stress is constant at
sections where V, the shear force, is constant, it was assumed that the
correct interpretation of the "XY-STRESS" could be found by averaging the
stresses at adjacent elements. For example, the FINELEM shear stress for
element 34, which is adjacent to element 33, is 0.007 ksi. The average of

the stresses of elements 33 and 34 is

- 0.141 + 0.007
ave. 2

T

= 0.072 ksi.

The horizontal shear stress calculated using equation (55) for a point

midway between the centroids of elements 33 and 34 is
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. oY _ 5(5)1.25(5.38)
L7 1o 416.7(5)
T = 0.080 ksi
4.75
The FINELEM shear stress is smaller than the calculated shear stress by
? about 10 percent; therefore, this is a more correct interpretation of the
% meening of the "XY-STRESS." The FINELEM shear stresses for the elements on
1 section A, 33, 35, 38, and 40, and the elements adjacent to section A, have

been shown in Fig. 5. The curve of the average of adjacent elements approxi-

i

mates the "classical method" shear distribution curve.

10 , !
9 — P~
8 < 354
(-7 v
6 SN N
o 5
R | a3 |
354¢--
’ 34
: ::t -
: B \&
E—T =15 «.10 =-.05
kip/in?
) "Classical Method" Shears

——  "Classical Method" Shear Distribution Curve
+ Finite Element Method "XY-STRESS"

n Average of Adjacent Element Stresses

Fig. 5. Horizontal Shear Distritutions Near Section A.
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The total shear force was calculated by multiplying the average shear
force of adjacent elements by the height of the elements by their width and
then adding the results as follows:

FINELEM Average Area of Shear

332 8:&2 0.074 x 2.5(5) = 0.93
gg 3253;‘ 0.129 x 2.5(5) = 1..61
gg 0r296 0.132 x 2.5(5) = 1.65
To 0L ooz x 2.5(5) = 0.90

Total shear force = 5.00 kips

This total shear is within less than 2 percent of the "classical method"
total shear, 5 kips.
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EXAMPLE 2: STRESSES NEAR RECTANGULAR HOLE, SIMPLY SUPPORTED BEAM

Determine the stresses near the rectangular hole in the simply supported
12WF45 beam, shown in Fig. 6, using the computer program, FINELEM. For this

example p = 0.3 and E = 30 % 107 kei.

€ lole
P
p—————a>p X 2% :
" - +
] 125
P|lx= . | &b- P
L=120" >
Fig. 6. Simply Supported Beam.
Solution:

A section A-B was cut out of the beam as shown in Fig. 7 with a constant
cross section as shown in Fig. 8 in order to make a more accurate analysis
of the section around the area of the rectangular hole. This procedure
allowed a finer element mesh to be used in the area of the beam, where
"eclassical methods" for claculating flexural and horizontal shear stresses
were questionable. Section A-B was assumed to extend far enough past the
hole on either side that the actual stress condition in the section as it
existed in the beam would be approximated by applying the end moments and

shears to the section as a free body.
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Fig. 8. Section Through 12WF45 Beam.

Section A-B shown in Fig. 9 was divided into a finite element mesh
using 39% triangular elements and 238 nodal points. Smaller triangular
elements were used near the perimeter of the hole in order %o give a better
plcture of the stresses near the hole. &mall triangular elements were used
along both flanges in order to try to reduce the adverse effect, which
night be caused by the great difference in thickness between the elements
in the flange and in the web. The triangular elements were numbereu with
larger numerais than the nodal points in Fig. 9 in order to distinguish
between the two. The elements and nodal points were again numbered con- '
secutively and in an orderly manner as in Example 1.

The nodal points were assignid, consecuti' oly, to 12 partitions with
no more than 24 consecutive nodal points in one partition. The partitions
of the partitioning scheme were indicated in Fig. 9 by Roman numerals and
dashed lines, which indicate the nodal points and elements 1n each partition.
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The plane stress case was specified, which caused the strain in the
Z-direction to be eliminated from the calculations. The effect of the strain
in the Z-direction was not introduced into the solution of the problem
because it is normally ignored in "classical method" calculations.

The moments and shears forces on the free body, section A-B, cannot
be used as such. These moments and forces must be put into the form of
concentrated loads to be used in the finite element method analysis.

The momenté and shears on the free body, section A-B, were approximated
by a series of concentrated loads applied at the nodal points on either end
of the section. The series of concentrated loads were to approximate the
actual stress conditions at sections A and B as closely as possible. In
order to do this the flexural stress and horizontal shear stress distribu-
tions at sections A and B were calculated with P assumed to be 1 kip.

The meximum flexural stress at section A, calculated by equation (5%),

is

M
_oh.s _ 1(24.5)6
%o4.5 T 250. 8

=+ 3 2
.5 T0.4190 kip/in

and the flexural stress distribution for section A Is shown in Fig. 10.
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Fig. 10. Flexural Stress Distribution, Section A.

This stress distribution was resolved into a series of x-direction concen-
trated loads by multiplying the stress at a nodal point by the sum of half
the distance between the adjacent nodal points and then multiplying this
value by the flange or web thiclkness at the nodal point. 'The sum of the
moments produced by these concentrated forces applied at nodal points about
the neutral axis was checked to see if it equaled the statical moment at the
section, which was 24.5 in-kip. The small difference between the sum of the
moments and the statical moment was proportionately resolved into a series of
small concentrated loads, which were then added to the previous concentrated
loads meking the sum of the moments produced by .the concentrated loads equal

to the statical moment, 24.5 in-kip. These concentrated loads are shown

in Fig. 7‘
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The maximum flexural stress at section A calculated by equation (54) is

o a5 1(55.5)6
555 I 350.8

Os5.5 = +0.9493 kip/in2

The stress distribution at section B was resolved into a series of
concentrated loads by the same method used in section A. The resultant con-
centrated loads are shown in Fig. T.

The horizontal shear stress distributions at sections A and B, and the
stress distributions ebove and below the neutral axis of the sections were
identical, respectively; therefore, the horizontal stresses at nodal points 1
through 7 calculated using equation (55) were used to plot the horizontal
stress distribution. The horizontal shear stress for nodeal point 7 on the
neutral axis, using equation (55) and referring to Fig. 11, was calculated
as follows:

The distance, ¥, from the neutral axis to the centroid of the section

in Fig. 11 is
- _ LAY _ 8.042(0.576)5.712 + 0.336(5.424 )2.712 - 31.402
M 8.042(0.576) + 0.336(5.52% ) 6.155

v = 4.865 in.

_ H(ZA)Y _ 1(6.455)4.865
n.a. b 350.8(0.336)

-
[

= 0.2664 kip/in?
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3 .| 0.576"
1r_—_
6" - 5.4k24"
y = 4,865"
S | N.A.
o 0.336"
12WFhS
& Fig. 11. Section for Calculating Horizontal Shear Stress
% &t the Neutral Axis.
,?: The horizontal shear stress for nodal points 1 through 6 were calcu-
E lated by the same method used for nodal point 7. The horizontal si.ear
E‘ stresses at the nodal points were resolved into a serles cf concentrated
% loads in the y-direction by multiplying them by the sum of half the distance
‘%; between adjacent nodal points and then multiplying this value by the flange
¥

or web thickness at the nodal point. The small difference between the sum

it

of the concentrated loads at section A and the shear force at section A,
1 kip, was proportionately resolved into a serles of small concentrated
loads which were added to the previous concentrated loads, making the sum of
the new concentrated loads equal to the shear force, 1 kip. These concen-
trated loads are shown in Fig. 7 in the appropriate directions.

The input data and significant parts of the output information for
Example 2 were included in Appendix B for reference.

The flexural and horizontal shear stresses at sections C, D, and E in
Fig. 7 are shown in Figs. 12 and 13 as a sampling of the stresses in

section A-B.
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All of the output information used to construct the graphs of Figs. 12

and 13 were underlined in Appendix B.

The flexural stresses for the elements are found under the heading
"X-STRESS" in Appendix B. The flexural stresses at section C, x = 8.83 in.,
were output as the X-stresses at the centroids of elements 86, 89, 91, 93,
95, 97, 99, 101, and 10:. The flexural stresses at section D, x = 14.83 in.,
were output as the X-stresses at the centroids of elements 178, 180, 181,
183, 185, 187, 188, 190, 192, 194, 195, and 197. The flexural stresses at
section E, x = 22.17 in., were output as the X-stresses at the centroids
of elements 291, 294, 296, 298, 300, 302, 304, 306, and 309. The flexural
stresses were shown in Fig. 12.

The maximum flexural stress on section C, x = 33.33 in., calculated

using equation (54) is

1 6

953.33 = “350.8

The maximum flexural stress on section E, x = 46.67 in., calculated
using equation (54) is
1(46.67)6
d =
h6o67 550.8

Uh6o67 = ‘.'.’0.73& kip/in2

The FINELEM stresses at sections C and E vary from the stresses calcu-

lated above by less than 3 percent.
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The horizontal shear stresses for the elements are found under the
heading "XY-STRESS" in Appendix B. Shear stresses of elements adjacent to
the elements, whose centroids are on the required section, were used to graph
the horizontal shear distributions at sections C. D, and E. The shear
stresses at section C were output as the XY-stresses of elements 85 through
105. The shear stresses at section D were output as the XY=-stresses of
elements 178 through 197. The shear stresses at section E were output as
the XY-stresses of elements 290 through 310. The horizontal shear stresses

were shown in Fig. 13.
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CONCLUSIONS

The computer program, FINELEM, can be used as listed in the section

g 02

titled "FINELEM Program Listing" on the IBM 360-50 Computer at Kansas State
University. An important point to note in using the program 1s that control
cards providing additional temporary disc storage must be used. These

control cards are shown on page 56.

A liniz rgihennt o Ao g iy g e gttt e

. :,:I"
. v
3
&
£
K
= A
i
i
3
i
4

o T R iy e




98

REFERENCES

The Finite Element Method in Structural and Continuwm Mechanics,

0. C. Zienkiewicz and Y. K. Cheung, McGraw-Hill Publishing Company

Limited, Berkshire, England, 1967.

Elementary Structural Analysis, C. H. Norris and J. B. Wilbur,
McGraw-Hill Book Compsny, New York, 1960.

Theory of Elasticity, S. Timoshenko and J. H. Goodier, McGraw-Hill
Book Company, New York, 1951 (2nd ed.).

Computer Methods in Solid Mechanics, J. J. Gennaro, Macmillan

Compeny, 1965.

i i

1

i




APPENDIX B - EXAMPLE 2, DATA AND OUTPUT

DATA
1
7 127 200 2 1 1 1 2 c.0 040
0.00 040G
0400 2.5
) 0,00 5.0
0.00 Te5
0,00 1Ge
3.00 0.0
3.00 245
3.00 5.0
3.00 TeS
3.00 10.
64C0 Ce0
6.00 2e¢5
6400 5.0
64,00 Te5
6,00 10.
9.00 0.0
9000 2.5
9.00 540
9,06 Te5
9.00 10,
1240 Qed
12.0 2e5
12.0 S5¢0
12.0 Te5
12,0 10,
15,0 0.0
15.0 2.5
15,0 5.0
150 Te5
15,0 10.
18,0 Oe.C
= 15.0 25
?ﬁ"i‘ 18,0 540
= 18,0 Te5
- 18,0 1Ce
21.0 OeC
21.0 2¢5
2le0 5e¢0
2140 Te5
21.0 1Ge
24,40 0e0
2449 o5
2440 5.C
26440 Te5
2440 10,
27, C 0eC
27.0 245
27.9 S0
27.0 Te5
27.0 10.
29,0 0eC
29,0 1.0
29,0 245
299 44C
29.0 5.C
2949 6e0
29,0 Te5
29,0 960

)
k"
i
e
g
H

L e L

u
o
¢



TR By

29.0
30.0
30.¢
39%.0
30,0
30,0
30,0
3C.0
3%.0
3%0
31.0
31.0
31.0
31.0
31.0
31.0
31.0
3leC
31.0
33.0
33,0
33,0
33.0
33,0
36,0
3660
3640
3600
3640
39,0
39.0
39,0
39,0
39,0
4240
42,0
420
4240
4240
4540
4540
4546
4540
4540
48,0
48,0
4860
48,0
4Re 0
51.0
51e0
S5le0
51e90
5140
5440
5440
5440
S4e0
540
57.0

10,
(1794}
1.¢C
25
40
58
660
Te5
10
0.C
1e0
245
SeC
64C
745

10,
0.
245
540
7.5
10,
Ce0
245
5e0
Te5
10.
0.0
2.5
50
TeS
10.
0.C
245
5¢6C
7.5
10.
Ce0
245
5«0
7.5
10
0eC
245
5.0
Te5
10,
OQC
245
50
TeS
1.
0.0
245
5S¢0
Te5
10.
0«0

100
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DN NS W

57.0
57.0
57.0
57,0
60.0
62.0
60,0
60,0
60.0

O D NNPIPOCOH DWNN -

-
OX~w~wNVS P wN~

2.5
54C
Te5
10a

~N O
L)
(VR e)

540
5

-
3

r-.—--r-.-—u-wr-owwv—-r—ww»wwr-.—-—r-o—-»—-—-v-‘.-r-ww-—-n—-r—-pnr-—op—n-wwu-wr‘v—r—-o—v—o-v-r-w —
(=]
.

ootncnou-aoocico0.0...'00'-00.loo.....oo.l..tlouoo

Se
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N P 5 R

102

51 32 37 3¢ i . Se
$2 23 32 34 1 . Se
853 34 33 34 1 . Se
S4 34 238 39 1 . Se
§6 35 34 139 1 . Se
; 56 35 39 40 1 . Se
. 57 36 41 42 1 . 5
- 58 37 36 42 1 - Se
59 37 42 43 1 . Se
¢ 60 38 37 43 1 . Se
; 61 38 43 139 1 . Se
5 62 39 43 44 1 . Se
& 63 40 39 44 1 . 5e
= HG L0 44 45 1 s Se
i § 65 &1 46 47 1 . Se
66 42 41 a7 1 . 5.
£ 61 42 &7 48 1 . 5,
Tog 68 43 42 48 1 ° Se
49 44 43 48 1 . Se
70 44 48 49 1 . Se
71 4% 44 49 1 . Se
772 45 49 50 1 - Se
73 46 51 52 1 . Se

T4 47 46 52 1 [ Se .
75 47 52 53 1 » Se
76 47 52 54 1 - Se
77T 48 &7 54 1 » S
78 48 54 55 1 . Se
79 48 55 56 1 - Se
80 49 48 56 1 - Se
81 49 56 57 1 . Se
82 49 57 58 1 . Se
83 5C 49 =8 1 . Se
g4 S50 58 59 1 . Se
25 51 60 61 1 . Se
8¢ 52 51 61 1 . Se
87 %2 61 &2 1 . Se
88 53 52 62 1 . S
P9 54 53 62 1 » Se
9L 54 62 63 1 . Se
91 54 63 64 1 . 5e
92 55 54 64 1 . S5e
93 56 55 64 1 - Se
94 56 64 65 1 . Se
95 56 65 66 1 . Se
96 56 66 57 1 ? Se
97 58 57 66 1 . Se
98 &8 66 67 1 . Se
x 99 59 58 &7 1 . Se
: 106 59 67 68 1 . Se
1¢1 61 60 63 1 . Se
132 61 69 19 1 . Se
103 62 61 170 1 . Se
164 62 10 71 1 . 5e
108 62 71 72 1 . Se
106 63 62 72 1 . Se
197 64 63 72 1 . Se
138 64 72 13 1 . Se
109 64 73 T4 1 . Se
110 65 64 T4 1 . Se




149
15¢C
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169
170

1G1
101
1C¢2
102

93
104
104
1G5
106
106
167
107
124
109

Pt s et et e et gt el S s Pt Bt S et Bt e e et Pt et s Pt Bt et et P et s et B pand bt e P ek Bt B s Gd gt D s e Ped Pt Pt et Pt Gt et B o it b Pt Pad ar et

LR B AR S I 2 I T I I IR A N IR I N BN Y T JEY I B I I N R I I R N I R I N R T N B T TR SO S S S S SR
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I
¥
F

B e T

ﬂz‘?ft""ﬁ{ll%::gfﬁ 3 :"*"m %

17
172
173
174
175
176
177
178
179
180
181
182
183
144
188
186
187
188
189
190
191
192
193
194
1485
196
197

169

119
144
176
200

2GCC0.

3
59
68
717

104
109
110
1¢5
111
106
1c8
113
169
114
115
11¢
116
111
113
118
114
119
120
115
121
116
118
123
119
124
125
120

109
1i0
11t
111
i12
112
113
114
il4
115
116
116
117
117
118
il9
117
1290
i2l
21
i22
122
123
124
124
125
126
126
127
i21

L e e e e e il e el e e e e N N o

Je0
0e U

30007,

* O & & " 5 9 0 % o P " " 9 B O 5 & 9 b s e S 8 S e e e

'3.33
~34.34
=333

‘o
D0

3

«3

12000,
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OUTPUT
T127200 2 1 1 1 2 0.0 0.0
1 040 0.0
2 0.0 2450000000
3 0.0 $.00000000
4 0.0 7.50060000
s 0.0 10.06000C00

.

X and Y coordinates for nodal
have been el iminated,

.

points 6 through |24

12% 60400000000 500000000

126 60, 000000C0 T+ 50000000

127 60.000000C0 10.€0C00000
1 1 6 7 1 0.0 5400000000
2 1 T2 1 0,0 5400000000
3 2 1 8 1 0.0 5.0000C000
4 2 8 3 1 0.0 5400000000

information for elements 5 through 196 has been

eliminated,

197 120 125 126 1 0.0

198 121 120 126 1 0.0

199 121 126 127 1 0.0

200 122 121 127 1 0.0
1 e 0 0.0

123 1 [} 0.0

1 32 1 20
25 64 21 40
57 84 &1 SO
73 119 51 70
106 144 71 87
137 176 88 107
169 200 108 127
300€0,0000C000 3000C, 00000100

59 0.0 -C+33299999E
68 0.0 =0433399992€
77 040 -0 33299999€
RESICUALS

5.00000000
500000000
5.00€0CCCC
5.000000C0
0e0
Q.0

0,3000 0©.3000 12000,00CC0C0C
o1
133
01

0s46E-04-0412E-03~0029E-03-0s61E-04-0432E-03 0421E-03-GC481E-03
0e26E~03-0440E-03 0e5BE=03-0e44E-03 04 79E-03-0463IE~03~0431E-04
04 39E=04~04 78E~03 0o17E-02 0o 46E~04=-00 34E~03 04 TOE-03-0427E~03
0410E-02-0414E=02 0.55FE~03 04 70E-03

Oe14E+03 0498E-03 0443E-03=0s14E~03 0462E-03-0414€~03 0016E-02-0e49E-03-C,61E~03 Lel85-02
0¢31E-04-0e L1E~02 Ce40E-03-0419E~02 CoT5E-03-0014E~02 044TE~03 0412E-02 Go15€-C4 Celbc-02
~0e10E-03-0,19€-02 0el14E-02-0+16E-02 Ca11E-03 0022E-02-Cel7€-03 04135-02 Je11F~02-vs2bE-0¢
Cel3E-12-0429E-02 0437€-03 0s16E~02
04 26F-03 0y JGE~03 04S0F=-03-0s14E~02 0e26E-03-0e43E-03-0411E-03-04138-02 €, 15603 Cellz-02
0s56E-03~0,32E~03 0s79E~03-0025€~02 0416€~02-0420E~03 0e26E~03 0+92E~03

0a76E~04 0425F~02 0¢52E~03~0s34E~02-005TE-03-0420E~0" Ce92E-046-0499E-03 0,59C-03~0429E~C2
e 11E-02-0434E-02-04355-03-0431€-02 Co21E-03 Co366-02 0s4CE-03 0415E-02 L, 60E~03~0.22¢~02
0e15E~02-0428E~02 0o 76E-03~0s 18E~02 00 14E~C2-0025E-02 0eT6E-03-0411E-02 0e21F-02-0e27E-C2
~0s14E-03 0.33E-02 0.,15€-02-0,67E-02
~0e 18E-03 0o15E-02 0¢58E=03-0s72E-03 0454E-03-0p196-02-0424E-03 0o 10E-02 0, 69E~03-0s 15605
“0e863E-03 0,28E-02-04586-03 0, 20E=02 0414E~02-0012E~02 0423E-03-04295-02-0s 44F-03-0499E-03
0450E=-03 0412E-02-00446E-03~-04 30E~02 04 15E-02-0418E~02 00 1TE~02-0428E-02-0a17E-03 ColBE~0Z

Qe eb6E-04-0413F-02 0493%-04
0,53F-03-3s 7T6E-00 wellE-0c¢
0e295-03 0420E-03-0495E-03

105

Oe3lE-ua=0,46E~Us
Uebli=is-0,63F-03
Vedle=0:5-0e698-0u3

G,3ii=c& 0oB2E-v3
Go I8 -02=-04 L 1E=-02
Q433E-03-u,aT3E-u3

Qe l2E~G3 QabUE-U3
QeBUE=-U3I=U.44E=C3
Cal5E=32= 14 26E-03
GebbE~il Gorlf-02

Va23E-03-0Ge22E-02
Ve27E~03 Ge26E-C2




106

0012603 0420E~02 0o TOE~03=00 16E~02 0¢12E~02-0479E~03 0432E~03-0e21E~02=0029E~03 Ue28E=02 0+92E=-Vé Qs53E-03
06 72€-03-00 19E-02 0s 2TE€E~03-0s L4E-02 0sITE-03-0s19E~02-0446E-04 0e15E-02 0e1TE~03 0e22E~02 0420F-02-0,35€-03
0930E-03-041TE-02~0.58E«03~04 T6E~03-0s61E-06 0422E-02 0418E~03 0,13€-02 0e92E-04-Co14E~02 (472E-03-0,10€-02
00 12€-02-0s 264E~02-042TE=03 04 17€-02
«0e31E~04 0,136-02 0,41E-03-0. 11E-02
0s93E=03-04 58E-03~0s 21E-03-0s 41E~03
0096€-03-0,90€-03-0,T8€~04 0461E~04

=0 23E-03-0, 136-03 0,0

NODE

OB WN -

X=0DISPLACEMENTS
~0029423807E~17
0, 38915873€£-03
0. 75649587€-03
0011234044E-02
0s 14938426€-02
0,79227611E-05
0, 39647708E~-03
0sT6343887E~03
O0e11214777E-02
0414894083E-02
0+ 36253070£-04
0, 40745432E-03
0. 76251477€-02
0s11116681€-02
Qe 14720948E-02
0e75456119€-04
0.424168316-03
0 T6040486E-03
0610839997¢-02
0e14387334€-02
0412681015£-03
0e44873706E-03
06 75924327€-03
0,10689320E-02
00 13896511€-02
0.19161095€~03
0.48071798€-03
0 75872126£-03
0.103€6326£-02
0613255%5933¢-02
0427056853E-03
0+ 51993341E-03
0. 75838901E-03
0+99706301€~03
Qs 12470975E-02
0436423653E-03
0+56637265E-03
0o 75795478E~03
00 950C 4006E-03
0e11545876E-02
Qe 47364179E-03
06 62060030£-03
00 75730938£~03
00094971089E~03
00 104844T1E-02
0«60013148E-03
04 68T734726E-03
00 T56288679E~-03
0. 82869013E~03
0e928641033E-~03
04 T0449454E-03

-0s 76€~05
Y~DISPLACEMENTS
~0s40228157E-15
«0440890009€~04
=0, 657434 726-04
~0,78853351E~04
~0s61002%09E-04
=0.51768473E~03
=0.52201516£-03
=0,529%1532€-03
~0.53323270€-03
=0e53292233E~03
=0.98608052E-03
-0,99141337€-03
=00 99169044E-03
=0+99108624E-03
~00 98 T446 40E-03
=0, 14298C04E-02
-0s14371402E~02
~0e14379008E-02
=0.14357055€-02
-0,14289075€E-02
=04 18463540€-02
~0+18561389€-02
~0s18581909€~-02
~0.168532223€~02
=00 18455309€-02
=0,22284635E-02
=0 224084 T71€-02
~0022440240E~02
=0,22402806E-02
=0.22271902€-02
~0425677332€6-02
~0425827934E-02
~0e25069242€-02
-0425822627€-02
=00 256069569€-02
~0s28551186E-02
=0428731928€-02
=~0e28784184E-02
=00 28727890€-02
=0¢28544946E~-02
=0¢ 30794896E-02
~0431027193E-02
-0031105822€-02
=0.31041235€~02
~0e30818814€-02
=043222%181€-02
=0032%91512€-02
~0e32797894€-02
~0e32699381E-02
~0432392645€-02
=0032795753€~-02

0e11€-02-06¢34E~03 0.15E-03-0s86E-04=0e31E~04 0o11E-02 04455-03 0,52E-03
Ce35E~03-00 6TE~03~00 26E~04 0,69E~03 0s55€-03 0+53E~03 0¢73E-03-0434E=-03
0eb0E~04 043IHE~03~0e78E~03 0el7E-03~0s57E~03-0446E~-04-0458E-03 0,17€-03

E
Z
5




0+ 71977079€-03
Qs T3754089E-03
0475236071€-03
0. T6076877E~02
0+ 76785497€-03
04765325198-03
0080334162€-03
0482792062€~03
0476327100€-03
0e76330337€-03
0476334830E-03
076339766€-03
0676342956£~03
0e76346309E~03
0e76351454E-03
0 76356856E~-03
0s T6361327E-03
0.822040640E-02
0e80683688E-03
0a70917085€-03
0o 77443244E~03
0.76609617€-03
00 75907679E~03
0e74170437E~03
0472379992E-03
0e69930777€-03
0.926424T5E-03
0.83938730£-03
0076999492€-03
006983461 8E~03
0.590876967€-03
0410529992€~02
0,90618501E-03
0 76960004E-03
0.63207094£-03
0s47875103E~03
0011625036€-02
0.96047367E~03
0eT6899026E-03
CeSTTCO579E~03
0,37258049€~03
0.12562915€-02
04100699258-02
0sT6859817E-0)
0.52990122€-03
0,28002611€-03
0,1335392%E~02
0.10462988€-02
0. 76830806€-03
04 49040955E-03
0.20147146E-02
0e14003566€-02
0,10723856E~-02
00 76782960€~03
0.45809755E~03
0e13735513E-03
0414518937€~02
0.11030668E-02
Oe T66T1923E~03
04433025¢5€E-03

=0032956356€~02
~0e3307014%€~02
-0033244595E~02
~0433277860€-02
=0+333%50314€-02
=06433336496E€-02
=0433406354£-02
=06 33384394€-02
=0,32820541£-02
=043300%660€-02
=0.33198239€-02
~0433276263€-02
~0,33356836€-02
=0,33392250€~02
<0433502160€-02

~0433%30316€-02

-0.%!‘9.7;.5-02
~0e327964%18-02
=04329%7294€-02
~0433071043E-02
=0033245529€-02
~0,33278026€-02
~0, 33351318€-02
~0033337504E-02
~033407323E-02
~0,33385316E-02
=0432227489E-02
=0s32593932E-02
=0432000462€-02
=0.32701979€~02
~0¢ 32395269€-02
=-0,30799245€-02
=0.31031708€-02
~0.31110465E-02
=0431045934E-02
=0.30823%39E-02
~0,2853740%5€-02
«0,268738372€-02
~0428790797€-02
=0,28734577E~02
=0,28551590€-02
=0.25684710€-02
~042583%5617E~02
=0, 250771 40€-02
~0,2%830567€-02
=002%5677613E-02
=0,22292808E~02
-0,22416930€-02
~0,22448883E-02
~0e22611672E-02
-0,22286526E-02
=~0,184T71573E-02
~0,18569769€~02
=-0,18590461€-02
=0,18560791€-02
~0s18463787E~02
=0s16305378E~-02
=0414379127€~02
-0414386906E-02
=0e14364989E-02
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Vi ey

112 0,882062060€-04
113 0,16912949E-02
114 0,11168989¢-02
113 0.764¢6077E-03
116 0,41535380E-03
117 0.54789009E-0¢
116 0,15166698E-02
119 0,11279932€-02
120 0,76376903E-03
0s40534511€-03
122 0437436404E~-04
123 0,15281320€-02
124 0.11383833£-02
125 0.770750697E-03
126 0440362729€-03
127 0,32997923E-04

el
-
~
L4

X-STHESS
1 1 7

7 8

ELEMENT NUMBER FIRST NODE
V=STRESS

=0.142969268-02
=0,90666037€-03
=0499203829€-03
~0499232700€-03
=0.99172001€-03
-0, 98807411E-03
~04518035084E-03
=0,52321656€-03
«0452991253E-03
=0, 83363340€6-0)
~053332257€~03
“0040215790E€-15
=0s 408984 34E-04
0. 65R12492E-04
=~0s 78972298E-04
~0s 81136051604

149999971 4

0499999887

1499999714

SECOND NODE
XY-STRESS

0083333236

0.&67667395-01 =06 41536331E-01 ~0419127655¢€ 00
0s21142E oc 0018618E 00-0,52907€ 02

lab6666412

2 1 2
-0.‘0!139305 01 -045051914%5E 00 ~0459739470€-01
-O-QCGOIE 01-0,51287€ 00-0.82677€ 02

3433332920

2
0.!6!0163!5 01 -0454338435E-01 -0.18068314€ 00
0. 21026E 0C‘0.l1772§ 00-0,5%677€ 02
4 2 8 0499999087 4016666126
-0.22026909E—01 ~0e 30484T18E 00 -0,91868997E-01
0451966E-02-0,33207€ 00-0, 735C0E 02
5 3 8 & 099999887 5,83332634
04 24433136E-01 -0 1499862T7E 00 -0493925476E-01
0.6!3935 ~01-04 19095€ CO0-0.,66443E 02
a8 9 & 1499999714 e 646665840
-0.356772285-01 ~0e55372238E-01 ~0,98930397E-01
0e%53783€-01-04 14503E 00-0,47817€ 02
T 4 9 s 0699595887 8433332348
~04296744T0E-01 -04234691811E-01 -0,39415359€-01
00 73120€E~-02-0, TL6TBE-01-0, 46824€ 02
a8 9 10 s 1.99959714 9016665554
~0e47515869E-01 ~0410524750€-01 ~0.41612029E~01
0s14517€-01-0, T4558E-01-0,33020€ 02
9 6 11 12 4. 95999428 0e 833233226
0429022312 00 0.23073196€-01 -0.91816902€E-01
0e3ITOTAE 00-0,54401E-02-0,72783E 02
10 6 12 7 3499999523 1066666412
0ebT385646E-01 ~0.413551336-01 0.50668716E-02
0e67601E-01-0,41591E-01 0.8T7I44E 02
11 12 13 7 4099999428 3433332920
0e865859T1E-0L 0422644997E-01 -0417010403€ 00
0e22769E 00-0,1184TE 00-0,50324E 02
12 T 13 8 3499999523 4016666126
~0036660194E=0]1 ~0.91399193€-01 -0.10168362€ 00
0e41273E-01-0,16933€ 00~0452536€ 02
13 8 13 9 3499999523 5483332634
~0024860382E-01 -0.52066603€-01 -0,13011360F 00
0692359€-01-Co 16929€ 00-0,47988E 02
14 % 13 14 4099999428 6466665840
=00 10540676 00 -0,24373055€-01 -0,15547848E 00
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<04 34027934E 00 -0420420194€-01
0,145186-01-0,37522¢€ 00 0,17423E
185 114 113 118 54,99592371
0e29273987E 00 0423296356€-01
0.32104€ 00-0,50073E-02 0, 72870E
186 114 118 119 5599992371

hel66646126
0e 80307007601
02

5083332634
0.10877514€ 00
02

6066663840
0. 17737770E 00
o2

8433332348
0e48403025E-01
02

9,16665554
0e11133671E Q0
02

0.83333236
091800690E-~01
02

1.66666412

0e6844806TE-0L -044162883LE-01 -0,57191849E-02

Oo 6ETA4E-O1-00 41925E-01-0, 8T040E
187 115 114 119 54499992371
0.87810516E-01 0.22883415€-01
0022856 C0-0411787E 00 0.50405E
168 115 1i9 120 55.99992371
-0e36286354E-01 -0491231346E-01
0s41272E-01-041687SE 00 0452585¢
189 115 120 121 5599992371
-002451P013E-01 -0452001953E-01
0092637E-01-0416916E 00 0.48017E
190 116 115 121 54499992371
~0610538006E 00 -0424330139E-01
0.95998€E-01-0422571E 00 G.37707E
191 116 121 122 £5,99992371
-Ce10655022E 00 -0428234482€-01
0.B8525E-02-0414364F 00 0,29551€
192 117 116 122 54499992371
-0e17625058€ 00 -0,91273785E-02
0e28874E-01-0421425E CO 0423290E
193 119 118 123 57.99992371
e 70312500E-01 -0,41079521€-01
0.21370E 0C-0,18447E 00 0,53127€
194 119 123 124 58499992371
~0e 47615349E~-01 -0, 5C5020849€ 00
~0.40258E~01-0,51239€ 00 0,82835E

02

3433332940
0. 17C14503E 0OC
02

4e 16666126
0. 10137463E CC
02

5,83332634
0.13017368€ 0C
02

6466665840
0s15566444F 00
02

Be33332348
0. 65421283€-01
02

Fe 16605554
0, 88289261€-01
02

0483333236
0e19113541E€ 00
02

1:66666412
0. 58475137€-01
02

Ce91811419€~-02

-0s17488C03E-02

0a42956948E 00

Ca16368645E 00

0.29588908E 00

0e 63400209£-01

0.99802315E-01

0.88371243E-01

04266236CT7E-02

Col451T6465E-01

0.32104355¢ 00

0.68744361E-01

0e22856128€ 00

Ce#41272283E-01

04926370C2€~01

0e95997870£-01

C.88524818€-02

0.28873861£-01

0.21370131E 00

-0,40258348€-01

~0425C660G6€E 00

«0e33404832E 00

0,68871975€-02

-0415430152€-01

-0e68746T46E-0L

-0.97752512€~01

~Co11880141€ 00

-0,30123693E 90

-0,1926C472E 00

-0e437521720€E 0C

~0e50073266E-02

-0s41925184E-C]

-0e11786T35E 00

-0.16878998E 0C

~0e16915697E

[4Y]

~0e2257080TF 00

~0e14363718F

~0e21425182¢

~0elble46d33E 0

-0e51238543E 00

541405897}

14427300167

T5. 70973206

89,75390027

56400874329

42,659T74426

42.18928528

33412249756

1448610486170

1742330933

12486985773

-87,04010010

50s404T75464

52458529663

“B.,Ul658030

37.7ubb3452

29.550827u3

23420959656

53412661580

82.83502197
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195 120 119 124 5799992371 3.,33332920
0o 87688446E-01 -0,34045677E-01 0,18C99755F 00

0e21120€ 0C~-0.17756E 00 005569% 02

196 120 124 125 58,99992371 416666126
~0e21767793E-01 -0,30%4T66L1E 00 0,91787753€~01

0453383E-02-0.,33258E 00 0.73353E 02

197 120 12% 126 58.99992371 5483332634
0e24 T20298E-01 -0,15048748E 00 0,94171524€-01

00 65742E-01-0,19150E 00 0, 66471€ 02

198 121 120 126 57.99992371 6066665840

=0s35793304E-01 -04553846346E-01 0,99164128E-01

0eS4059E-01-0.14524E 00 0,47824E 02

i99 121 126 127 58.99992371 8433332348

~0e29632568E-01 -0,348%52028E-01 0.39621055€E-01

0o T4646E-02-0, TL949E-01 0,46888E 02

200 122 121 127 57.9999"371 9 16465554

—0.47542572E-0" -0.105339291~01 0,41821599E-C1

0e1£694E-01-04T4TT1E-01 0033069 02

0.21119791€ 00
0e53382516€-02
0.65741599€-01
0.?‘0571775-01
Qe T6646063E-v2

Celb6694184E-01

-0e1775%5514€ 00

-0 33258265E€ 00

~J41915C072E 00

~0e14523572E 00

~0s471949184E-01

~0.74770629E-01

5569512939

73.55276489

664 67387L97

47,082453901

Lb.08763428

33.06371033
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APPENDIX A - EXAMPLE 1, DATA AND OUTPUT 119

DATA
238 394 2 1 1 1 2 0.0 Oe0
8. CO 0,€000
0.00 02000
0.00 045760
0000 143000
GeCO 25000
0.00 4,(C00
0400 64000
0.00 84C000
0.C0 945000
C.CO 10, 700
0.00 11.424
0.00 11.700
0.00 12,000
1.50 0.CCO00
1.50 0.5760
150 148000
150 Je2C00
1.50 4.5C00
150 Tel
150 848000
150 104200
150 1le%24
1.50 12.000
3.50 0.0000
3,50 Ge 2C00
3.50 05760
3450 13000
3.50 245000
3.50 4,CCO0
3450 6.C000
3450 8.C000
3,50 945000
3.50 10. 700
3,50 11e424
3.50 11700
3.50 12.000
5450 0.C000
5450 0.5760
Se50 18000
550 3,2000
5050 4.5C00
5450 7.1000
5450 848000
550 106 200 :
5.50 11e424 :
5450 12,000 :
T.50 04C000
7450 0. 3000
7.50 05760
Te50 13000 :
Te50 245C00 E
T.50 4.(CO0 ;
T.50 64000
7450 8.C000
T¢50 94 5C0C
7.50 10. 700 !
T7.50 11424 :

7450 11,700




7450
9.50
9450
9.50
9.%0
9.50
9450
9.50
9.50
9.50
9.50
10.5
10.4
10.4
iCet
10.4
1044
10s4
10.4
10.5
10.9
11,2
11.05%
11.0
11.0
11.0
11.0
11,05
11.2
10.9
1165
11,5
11.5
11.5
11.5
11.5
11.5
11.5
11.5
11.5
115
115

1.5
13.5
13.5
13.5
l’
~e5
13.5
13.5
13.5
13¢5
13,5
15.5
1545
155
15,5
15.5
1545

12,300
0.(CO0
0.5760
1.8000
3,2000
449C00
T.1000
8408000
10.200
1le424
12,000
208

3.2C00
3.%5000
442000
64CCOO
7.8000
845000
8,8C00
9.2C00
2+4000
3.1000
3.3000
3. 7000
449000
7.1000
843000
8, 7000
8+9C00
9.6000
0,C000
0.3C00
05760
143000
2,000
205000
2.€000
9,000
94 5000
10,600
10,700
11ls424
11, 700
12,000
0.C000
045760
1.5000
204000
3.0000
9,000
Se

10.500
1le424
12,000
0.,CCOO
0.3C00
05760
143000
2.CC00
207



155
155
1%5.5
15.5
15.5
15.5
155
155
175
175
17.5
175
17.5
175
1745
175
17.5
175
1945
195
195
19,5
19.5
19,5
195
19.5
19,5
19,5
195
19,5
195
195
20e1
19,8
19495
2000
20.0
20,0
2000
19.9%
19,8
2001
2065
2066
2046
2046
20,46
2066
2066
29.6
2065
215
21e5
21,5
2145
21e5
21e5
21.5
215
21e5

3.C000
9,000
9.3C00
10,000
10,700
1labh24
11,700
12,000
0,000
0,5760
1.5C00
244000
3,000
9.€000
10.500
11,424
12,C00
0.CCO0
0.3000
045760
13000
2,CC00
245000
3,0000
9.CC00
G,5020
10000
10,700
lle424
11,700
12,000
244000
3,iC00
3.3000
3.7000
449C00
T.1C00
843000
847000
8.9C00
G.&CCO
342000
3,5000
442000
6,000
7.8000
805000
8,8C00
9,2000
0,000
0e 5760
1.8C00
3,2000
449C00
7.1000
8,8C00
10.200
11,424

121



215
235
23,5
2345
23,5
23,5
23.5
23,5
23,5
23,5
23.5
235
23.5
23.%
25.5
25.5
2545
255
254%
255
2545
25,5
25.5
2545
2745
27.5
27.5
275
275
27.5
27.5
27.%
27.5
27.5
2745
275
27.5
29.5
29,5
29.%
295
29.5
29.5
295
29,5
29.5
29.%
31.0
31.0
31.0
31.0
3.0
31.0
31.0
3140
31.0
31.0
31.0
31.0
31.0

12,000
0.CC00
043000
05760
13000
2+5C00
44000
&£.C000
8000
G.5C00
10,700
11424
11.700
12,000
0.CCO0
045760
1.8C00
3,200
449000
71000
8,800
10,200
11,424
12,000
0,000
Ge2C00
05760
13000
25000
4. 000
6000
8.C000
$.5000
10,700
114424
11,700
12.€00
0.CCO0
05760
18000
3,2000
445C00
7.1000
8,8000
10,200
ll.424
12.070
0,C0C0
0,3000
0. 5760
12000
245000
4o C000
64CCO0
8,000
9.5000
106 700
114424
11700
12,000
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29
18
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19
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33
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3s
24
37
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39
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40
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&1
30
42
31
43
32
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15
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19
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84062
03360
«336¢0
«3360
e3360
«336C
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03360
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+3360
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84042
84042
Be 042
84042
B4 042
84042
«3360
«3340
+«3360
23360
3360
3360
03360
03360
03360
«3360C
+3360
e3360
¢336¢C
«3360
#3250
8,042
8,042
80042
84042
8e042
Be 042
o336y
03360
«3346C
¢3346¢C
«3360
«3360
«3360
«3360
23360
¢336¢0
«336C
«33560
¢3360
0 336¢C
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60
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65
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T2
73
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76
17
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87
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935

96
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101
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103
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110
111
112
113
114
118
116
117
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48
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39
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43
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56
57
«5

47
60
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188
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203
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