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SYMBOLS 

a panel dimension in streamwise direction, in. 


aij see equations (All) 


b panel dimension in cross-stream direction, in. 


bij see equations (All) 


C speed of sound, ft/sec 
P - P,

cP pressure coefficient, 
9, 

D flexural rigidity of plate, Eh 
12(1 - v2) 

E modulus of elasticity, lb/in.2. 


f frequency, Hz 


H wall displacement, in. 


h panel thickness, in. 


K supersonic reduced frequency,	tZM-
P2 

k stiffness parameter,/ T2E (measured E, assuming clamped 
Cm2PsU - v2> 

edges, see p.8) 


k* stiffness parameter using handbook value of E 

ula 
kl stiffness parameter, -=V 

W 

k reduced frequency, -
Vm 

L differential operator (see eq. (A3)) 

M Mach number 

m mass per unit area of panel, slugs/ft2 

P static pressure, lb/ft2 
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..... - .. . 

pt total pressure, lb/ft2 


AP differential pressure, pc - p,, lb/ft2 
2 

p,v,
9 dynamic pressure, 3, lb/ft2

.G a6 xo 
q50 dimensionless rotational restraint parameter, __D 
T static temperature, O R  

Tt total temperature, O R  

AT panel-frame differential temperature, (Tpanel- Tframe1 ,  OF 

t time, sec 


U spatial part o f  displacement (see p. 12) 

V velocity, ft/sec 


W dimensionless panel displacement (see p. 11) 


W" peak panel displacement at transducer location, in. 

W transverse panel displacement, in. 


X,Y rectangular coordinates 


a coefficient of thermal expansion, in./in./"F 

a S  , see equations (A13) 

B K l 

�i boundary-layer geometric thickness, distance from wall to point 

where -V = 0.98, in. 
VoO 

�i* boundary-layer displacement thickness, 6"(1 - %)dY, in. 

'M=1. o distance from wall to point in boundary layer where M = 1.0, in. 

rl dimensionless coordinate, -Y 
b 

e boundary-layermomentum thickness,Sd$(1 - $)dy, in. 
0 

i v  



8x,8y 	 s e e  page 4 

r o t a t i o n a l  s p r i n g  cons tan t  p e r  u n i t  l ength  along x = 0 edge of 
p l a t e ,  l b - f t / f t  

x dynamic p res su re  parameter,  

An n th  eigenvalue of  p l a t e  

p 2u mass r a t i o  parameter,  ­
pSh 

UC 
c a v i t y  mass r a t i o  parameter,  

V Po isson ' s  r a t i o  

5 dimensionless coord ina te ,  -X 
a 

P dens i ty ,  s l u g s / f t  

zqa3 
BD 


ca -
pSh 


T panel th ickness- to- length  r a t i o ,  a '  a l s o  dimensionless  t i m e  


$n,Ym s e e  equat ions (A13) 


w c i r c u l a r  frequency, r ad / sec  


On n th  n a t u r a l  frequency of  p l a t e ,  rad /sec  


Subscr ip ts  

cav i ty  

f l u t t e r  

s t r u c t u r e  (pane 1) 

f ree  stream 
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FURTHER EXPERIMENTAL RESULTS ON THE INFLUENCE OF THE 


TURBULENT BOUNDARY LAYER ON PANEL FLUTTER 


Peter A. Gaspers, Jr., Lado Muhlstein, Jr. ,  
and Daniel N. Petroff 

Ames Research Center 


SUMMARY 


Flutter boundaries were obtained for a flat rectangular panel for ratios 

of boundary-layer thickness to panel length of 0.036 to 0.128 at Mach numbers 

of 1.2 to 1.4. The panel was isotropic and unstressed with a length-to-width

ratio of 0.5 and the edges were rotationally restrained to approximate a 

clamped condition. The results show that the turbulent boundary layer has a 

large stabilizing influence. The effect is most pronounced at a Mach number 

of 1.2 and decreases rapidly as the Mach number increases. The experimental 

results, extrapolated to zero boundary-layer thickness, are compared with the 

available theoretical predictions. A theoretical analysis of the vibration of 
plates with variable rotational edge restraint is given and, within its 
framework, the edge restraint parameters for the experimental panels are 
determined. 

INTRODUCTION 


Experimental data in a previous report (ref. 1) showed that the 

turbulent boundary layer has a large stabilizing influence on panel flutter at 

low supersonic Mach numbers. In that study the Mach numbers ranged from 1.05 
to 1.4, the stiffness parameter was about 0.072, and the mass ratio parameter
ranged from 0.06 to 0.11. In the present study additional experimental
results have been obtained for Mach numbers from 1.2 to 1.4 but for a stiff­
ness parameter of about 0.025 and mass ratios of 0.009 to 0.017. The panel
made of Invar was flat, rectangular (length-to-width ratio 0.5), and 
unstressed with rotationally restrained, approximately clamped, edges. Exten­
sive precautions, discussed in detail in reference 1, were taken to eliminate 
as many as possible of the usual sources of experimental inaccuracy. The 
results from reference 1 and from the present investigation, including extrap­
olations to zero boundary-layer thickness, are compared with theoretical pre­
dictions based on three-dimensional unsteady potential flow. The present
results support the findings of reference 1 and show that the influence of the 
boundary layer can account for a substantial portion of the disagreement
between theoretical and experimental panel flutter results in the low 
supersonic Mach number range (refs. 1-4), 
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APPARATUS 

Pane 1 Conf igura t  ion 

Dimensions and mounting d e t a i l s  o f  t h e  panel  and frame used i n  t h i s  
experiment a r e  shown i n  f i g u r e  1. The 9.00-inch by 18.00-inch by 0.0192-inch­
t h i c k  panel  was made from Invar ,  an i ron -n icke l  a l l o y  (64-percent i r o n ,  36­
percent  n i c k e l )  wi th  a very low c o e f f i c i e n t  o f  thermal expansion. The panel  
was a t t ached  t o  an Invar  frame, 11.00 inch by 20.00 inch by 0.340 inch t h i c k ,  
with an adhesive (Eastman 910).  

Closely spaced roundhead screws were threaded  i n t o  t h e  panel  shee t  from 
t h e  cav i ty  s i d e  ( a i r  stream s i d e  smooth) t o  provide a d d i t i o n a l  clamping a c t i o n  
and t o  prevent  l o s s  o f  t h e  panel i n  case o f  bond f a i l u r e  dur ing  f l u t t e r .  Com­
par i son  of  panel  n a t u r a l  f requencies  before  and a f t e r  t h e  f l u t t e r  t e s t  
d i sc losed  no d e t e r i o r a t i o n  of  t i le adhesive bond. 

The panel  frame was a t tached  t o  t h e  t e s t  f i x t u r e  by one h i g h - s t i f f n e s s  
and two low-s t i f fnes s  f l exures  as shown i n  f i g u r e  1. This th ree-poin t  mount­
i n g  was designed t o  minimize t h e  in t roduc t ion  o f  e x t e r n a l  stresses i n t o  t h e  
panel  frame. 

Wind Tunnel 

The experiments were conducted i n  t h e  Ames 2- by 2-Foot Transonic Wind 
Tunnel, which i s  o f  t h e  continuous flow type  with porous t e s t  s e c t i o n  walls 
surrounded by a plenum chamber (see re f .  5 ) .  Mach n m b e r  i s  continuously 
va r i ab le  from 0.60 t o  1.40 and dynamic p res su re  is cont inuously v a r i a b l e  from 
200 t o  1500 p s f .  

Variable  Boundary-Layer Test F ix tu re  

The f i x t u r e  f o r  varying t h e  boundary-layer t h i ckness  cons i s t ed  o f  a 
s p l i t t e r  p l a t e  with a sharp  leading  edge i n s t a l l e d  i n  one s i d e  wall o f  t h e  
wind tunne l .  This  s p l i t t e r  p l a t e  could be pos i t i oned  by remote con t ro l  t o  be 
f l u s h  with t h e  wall o r  t o  p r o j e c t  up t o  1 .0  inch i n t o  t h e  a i r s t r eam.  Dimen­
s i o n s  o f  t h e  t e s t  f i x t u r e  are shown i n  f i g u r e  2 .  When t h e  s p l i t t e r  p l a t e  was 
f l u s h  with t h e  tunnel  wall, t h e  boundary-layer t h i ckness  i n  t h e  t e s t  region 
was maximum. When t h e  s p l i t t e r  p l a t e  was moved i n t o  t h e  a i r s t ream,  a po r t ion  
of  t h e  tunnel-wal l  boundary l a y e r  was d i r e c t e d  i n t o  t h e  plenum chamber su r ­
rounding t h e  t es t  s e c t i o n  and a t h i n n e r  boundary l a y e r  was e s t a b l i s h e d  on t h e  
s p l i t t e r  p l a t e .  The boundary-layer th ickness  i n  t h e  panel  t e s t  region i s  var­
i a b l e  by t h i s  means between t h e  approximate l i m i t s  o f  0 .25  and 1.00 inch .  
Boundary- l a y e r  t h i ckness  was measured by f o u r  r e t r a c t a b l e  boundary-layer 
t o t  a1-pressure  probes loca t ed  as shown i n  f i g u r e  2. Figures  3 and 4 a r e  f r o n t  
and r e a r  views and show tunnel  i n s t a l l a t i o n  of  t h e  v a r i a b l e  boundary-layer 
t e s t  f i x t u r e .  
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Other Equipment 

The panel was backed by a s e a l e d  r ec t angu la r  c a v i t y  ( i d e n t i c a l  t o  t h a t  
used i n  r e f .  1 )  with t h e  same dimensions as t h e  panel  and with an effect ive 
depth o f  7 .5  inches (where e f f e c t i v e  depth i s  def ined  as t h e  a c t u a l  cav i ty  
volume minus volume occupied by ins t rumenta t ion  a l l  d iv ided  by panel  a r e a ) .  
The panel  frame was s e a l e d  t o  t h e  cav i ty  with adhesive p l a s t i c  t ape  t o  minimize 
t h e  p o s s i b i l i t y  of  in t roducing  s t r e s s e s  i n t o  t h e  panel  frame. 

The d i f f e r e n t i a l  p re s su re  between t h e  c a v i t y  and f r e e  stream was 
con t ro l l ed  manually t o  wi th in  k0.25 p s f  by a system similar t o  t h a t  descr ibed  
i n  reference 2 .  

Panel Natural  Frequencies,  Material P r o p e r t i e s ,  
and Boundary Conditions 

In o rde r  t o  c a l c u l a t e  t h e  n a t u r a l  f requencies  of  a p l a t e  accura te ly ,  t h e  
p l a t e  dimensions, e l a s t i c  cons t an t s ,  dens i ty ,  and boundary con'ditions must be 
known accura t e ly .  The p l a t e  dimensions and dens i ty  can be measured t o  almost 
an a r b i t r a r y  degree of  accuracy and so  p re sen t  no problem. Determining t h e  
e l a s t i c  cons tan ts  and boundary condi t ions ,  however, p re sen t s  d i f f i c u l t i e s  
s i n c e  t h e  two e f f e c t s  are not  e a s i l y  separa ted .  One method ( r e f .  6)  o f  de t e r ­
mining t h e  e l a s t i c  cons tan ts  o f  t h i n  i s o t r o p i c  p l a t e s  depends on t h e  f a c t  t h a t  
t h e  normalized frequency spectrum o f  a p l a t e  with f r e e  edges i s  a func t ion  o f  
Poisson ' s  r a t i o .  Therefore ,  f o r  t h e  f r e e  p l a t e  t h e  experimental ly  obtained 
r a t i o  of any two n a t u r a l  f requencies  toge the r  with t h e  value of any n a t u r a l  
frequency determines Poisson ' s  r a t i o  and Young's modulus. The f r e e  c i r c u l a r  
p l a t e  i s  most convenient f o r  t h i s  purpose because i t s  eigenvalues  can be 
ca l cu la t ed  exac t ly .  

This method was used he re  t o  redetermine t h e  e l a s t i c  cons tan ts  of  t h e  
magnesium a l l o y  shee t  m a t e r i a l  used i n  re ference  1 and t h e  r e s u l t s  a r e  shown i n  
t a b l e  1. The r e s u l t i n g  Young's modulus of 6 . 2 ~ 1 0 ~p s i  l i e s  between ou r  pre­

p s i  and t h e  handbook value of  6 . 5 ~ 1 0 ~vious measured value o f  5 . 6 ~ 1 0 ~  p s i .  
The va lue  o f  Poisson ' s  r a t i o  co inc ides  with t h e  handbook value.  When t h e  same 
method was appl ied  t o  t h e  Invar  shee t  m a t e r i a l ,  an unacceptably l a rge  amount 
of  d a t a  s c a t t e r  was obta ined  and s o ,  f o r  t h a t  case ,  t h e  handbook values  a r e  
used. The f a i l u r e  of  t h i s  method f o r  t h e  Invar  s h e e t  ma te r i a l  may be due t o  
r e s i d u a l  s t r e s s e s  o r  small v a r i a t i o n s  i n  th ickness  o r  f l a t n e s s .  The eigen­
values  o f  a f r e e  p l a t e  depend r a t h e r  weakly on Poisson ' s  r a t i o  and any v a r i a ­
t i o n s  between t h e  experimental  specimen and t h e  t h e o r e t i c a l  model can be 
expected t o  cause d i f f i c u l t y .  

The boundary condi t ions  of t h e  magnesium panel  and of  t h e  Invar panel  
were determined wi th in  t h e  framework of  an a n a l y t i c a l  model t h a t  p re sc r ibed  
zero t r ansve r se  edge displacement b u t  a r b i t r a r y  r o t a t i o n a l  edge r e s t r a in t .  A 
t h e o r e t i c a l  a n a l y s i s  o f  t h i s  model t oge the r  with some t y p i c a l  numerical r e s u l t s  
i s  presented  i n  t h e  appendix. The same t h e o r e t i c a l  model i s  analyzed i n  ref-

-erence 7 by a d i f f e r e n t  method. I t  was assumed t h a t  
q5 0 - qcl  = 96 and 

9 0 0  -- qn1 = q
r7 

(equal r o t a t i o n a l  r e s t r a i n t s  on oppos i t e  panel  edges);  then  

qc  and q, were determined t o  g ive  a least  squares  f i t  t o  t h e  experimental  
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n a t u r a l  f requencies .  The r e s u l t i n g  va lues  o f  qc and q, (see t a b l e  1)  show 
t h a t  t h e  magnesium panel  was considerably c l o s e r  t o  t h e  clamped condi t ion  than  
t h e  Invar  pane l .  The lower values  of  t h e  r e s t r a i n t  parameter  f o r  t h e  Invar  
panel  a r e  probably a s soc ia t ed  with t h e  adhesive bonded j o i n t  between panel  and 
frame ( the  magnesium panel  o f  re f .  1 was an i n t e g r a l  p a r t  o f  t h e  frame),  bu t  
t h e  d e t a i l e d  mechanism o f  declamping i s  not  c l e a r .  The r a t i o  o f  q, t o  qc
f o r  both pane ls  i s  much l a r g e r  than  t h e  t h e o r e t i c a l  va lue  of 2 which r e s u l t s  
i f  t h e  dimensional r o t a t i o n a l  sp r ing  cons t an t s  B X  and By on a l l  f o u r  s i d e s  
are equal .  This  may be due t o  t h e  v a r i a t i o n  o f  8, and eY along t h e  edge 
caused by t h e  t o r s i o n a l  and bending s t i f f n e s s  o f  the frame. I t  should be 
noted,  however, t h a t  as both qc and qrl become l a r g e ,  t h e  pane l  approaches 
t h e  clamped condi t ion  and t h e  r a t i o  o f  q, t o  q5 becomes less s i g n i f i c a n t .  

The values  of  95 and qn given i n  t a b l e  1 r e s u l t  i n  a root-mean-square 
e r r o r  between t h e o r e t i c a l  and experimental  n a t u r a l  f requencies  ( the  first 5)  
of 1 . 3  percent  f o r  t h e  magnesium panel  and 2.4 percent  f o r  t h e  Invar  pane l .  
I f  clamped edges are assumed t h e  RMS e r r o r s  become 3 .6  percent  f o r  t h e  
magnesium panel  and 11.9 percent  f o r  t h e  Invar  pane l .  

Thermal E f f e c t s  

As discussed  i n  some d e t a i l  i n  r e fe rence  1, a r e l a t i v e l y  small 
temperature d i f f e r e n c e  between t h e  pane l  and frame can have a l a r g e  e f f e c t  on 
t h e  n a t u r a l  f requencies  and consequently on t h e  f l u t t e r  boundary o f  t h i n  
pane ls .  To prevent  excess ive  temperature  s e n s i t i v i t y  of  t h e  low s t i f f n e s s  
panel  des i r ed  f o r  t h i s  t e s t ,  it was cons t ruc ted  of Invar  which has  a c o e f f i ­
c i e n t  of  thermal expansion approximately 1/20th t h a t  of aluminum o r  magnesium. 

The t h e o r e t i c a l  temperature d i f f e r e n t i a l  (assuming a clamped panel )  
between t h e  panel  and frame t h a t  would buckle  t h i s  pane l  i s  17.5" F .  An 
experiment descr ibed  i n  r e fe rence  1 was unable  t o  produce buckl ing and t h e  
change i n  n a t u r a l  frequency observed was only a f r a c t i o n  of a h e r t z  p e r  O F .  

The maximum temperature  d i f f e r e n t i a l  between panel  and frame was l imi t ed  t o  
0.5"  F during a c q u i s i t i o n  of  f l u t t e r  d a t a .  Therefore ,  t h e  inf luence  of 
temperature d i f f e r e n t i a l  can be assumed n e g l i g i b l e .  

INSTRUMENTATION 

The instruments  used and measurements made dur ing  t h i s  t e s t  a r e  i d e n t i c a l  
t o  those  repor ted  i n  r e fe rence  1. The panel  displacement was measured with a 
noncontacting capaci tance- type t ransducer  l oca t ed  as shown i n  f i g u r e  2 .  The 
su r face  s t a t i c  p re s su res  and t h e  t o t a l  p re s su res  from t h e  boundary-layer 
probes were measured with convent ional  s t r a in -gage  d i f f e r e n t i a l - p r e s s u r e  
t ransducers  connected t o  t h e  o r i f i c e s  by s h o r t  l engths  of tub ing  and r e f e r ­
enced t o  free-stream s t a t i c  p re s su re .  Panel and frame temperatures  were mea­
sured  with i ron-constantan thermocouples i n  t h e  c e n t e r  o f  t h e  panel  and a t  two 
p o i n t s  on t h e  frame. The thermocouple i n  t h e  c e n t e r  of t h e  panel  was con­
s t r u c t e d  o f  wire 0.005 inch i n  diameter and was t h e  only ob jec t  con tac t ing  t h e  

4 



panel .  Steady q u a n t i t i e s  such as temperatures and p res su res  were recorded 
d i g i t a l l y .  Unsteady o r  slowly var ing  q u a n t i t i e s  such as f l u c t u a t i n g  s t a t i c  
p res su re ,  panel  response,  and p res su re  d i f f e r e n t i a l  between t h e  c a v i t y  and 
free s t ream were recorded by a frequency modulated magnetic t ape  r eco rde r  with 
a f l a t  frequency response ( t 0 . 5  dB) from dc t o  1250 Hz. 

TEST PROCEDURE 

Flow Conditions i n  Panel Test Region 

The flow condi t ions  i n  t h e  panel t es t  reg ion  are an important 
cons idera t ion  i n  pane l  f l u t t e r  t e s t i n g ,  as discussed i n  re ference  1. Both t h e  
su r face  s t a t i c - p r e s s u r e  d i s t r i b u t i o n  and t h e  f l u c t u a t i n g  p res su re  were mea­
sured.  The maximum v a r i a t i o n  of  su r face  s t a t i c - p r e s s u r e  c o e f f i c i e n t  (Cp) is  
t0 .02 ,  with most v a r i a t i o n s  be ing  l e s s  than  tO.01. The power s p e c t r a  of t h e  
f l u c t u a t i n g  p res su res  i n d i c a t e  t h a t  t h e r e  are no dominant f requencies  i n  t h e  
range of i n t e r e s t  f o r  t h i s  i n v e s t i g a t i o n .  P l o t s  of t y p i c a l  s t a t i c - p r e s s u r e  
d i s t r i b u t i o n s ,  f l u c t u a t i n g  p res su re  c o e f f i c i e n t s ,  power s p e c t r a  of t h e  f l u c t u ­
a t i n g  p res su res ,  and boundary-layer v e l o c i t y  p r o f i l e s  f o r  var ious  s p l i t t e r  
p l a t e  displacements a r e  presented  i n  re ference  1. 

Determination of t h e  F l u t t e r  Boundary 

The many problems involved i n  accu ra t e ly  de f in ing  an experimental  f l u t t e r  
boundary a r e  d iscussed  i n  d e t a i l  i n  r e fe rence  1. In  t h e  p re sen t  s tudy ,  t h e  
f l u t t e r  boundary i s  determined i n  t h e  same manner as i n  r e fe rence  1, namely, 
which is  as fol lows:  A t  dynamic p res su res  wel l  below t h a t  f o r  f l u t t e r ,  t h e  
panel  response t o  p re s su re  d is turbances  from t h e  tu rbu len t  boundary l a y e r  
i nc reases  approximately l i n e a r l y  with dynamic p res su re ,  as ind ica t ed  i n  f i g ­
u r e  5 .  In  t h i s  f i g u r e ,  panel  amplitude i n  t h e  mode which becomes t h e  f l u t t e r  
mode i s  shown as a func t ion  of dynamic p res su re .  This  " s u b f l u t t e r  response" 
i s  used as a r e fe rence  l e v e l  t o  de f ine  t h e  f l u t t e r  p o i n t  sys t ema t i ca l ly .  The 
s t r a i g h t  l i n e s  labe led  2x, 3x, e t c . ,  i n  f i g u r e  5 a r e  mul t ip l e s  of t h e  s u b f l u t ­
t e r  response.  Thei r  i n t e r s e c t i o n s  with t h e  amplitude response curve de f ine  
values  of dynamic p res su re  necessary t o  produce panel  amplitudes which a r e  
these  mul t ip l e s  of  t h e  s u b f l u t t e r  response.  Figure 6 shows dynamic p res su re  
as a func t ion  of  t h e  mul t ip l e s  of t h e  s u b f l u t t e r  response f o r  t h e  same condi­
t i o n s  as shown i n  f i g u r e  5 .  A s  t h e  mul t ip l e  i n c r e a s e s ,  t h e  d i f f e r e n c e  i n  
dynamic p res su re  between success ive  mul t ip l e s  decreases ;  t h a t  i s ,  t h e  dynamic 
p res su re  appears t o  be converging t o  a l i m i t .  Furthermore it appears  t h a t  t h e  
6x mul t ip l e  r e s u l t s  i n  a dynamic p res su re  very c l o s e  t o  t h i s  l i m i t i n g  dynamic 
p res su re  and i s  t h e r e f o r e  a r b i t r a r i l y  def ined  he re in  as t h e  f l u t t e r  p o i n t .  

The following t e s t  procedure was adhered t o  throughout t h e  program. Mach 
number and s p l i t t e r  p l a t e  p o s i t i o n  were he ld  cons tan t  while  dynamic p res su re  
was increased  i n  small increments beginning a t  a va lue  wel l  below t h e  f l u t t e r  
boundary. Af t e r  each inc rease  i n  dynamic p res su re ,  t h e  panel-frame tempera­
t u r e  d i f f e r e n t i a l  was allowed t o  s t a b i l i z e  t o  t0.5" F t o  minimize thermal 
s t r e s s  effects .  The i n d i c a t e d  d i f f e r e n t i a l  p re s su re  between t h e  c a v i t y  and 
free stream was then  v a r i e d  slowly from -50 t o  +50 p s f  while  t h e  pane l  
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response was recorded.  I t  i s  assumed t h a t  t h e  maximum response s o  measured 
corresponds t o  zero average d i f f e r e n t i a l  p re s su re  ac ross  t h e  pane l .  Next t h e  
i n d i c a t e d  d i f f e r e n t i a l  p re s su re  was se t  t o  t h e  va lue  a t  which maximum response 
occurred. This  response was recorded so t h a t  amplitude s p e c t r a  could be 
obtained with a l l  t e s t  condi t ions  f ixed .  The above procedure was repea ted  f o r  
each inc rease  i n  dynamic p res su re  u n t i l  t h e  maximum response was a l a rge -
amplitude,  e s s e n t i a l l y  s inuso ida l  motion i n d i c a t i n g  t h a t  t h e  f l u t t e r  boundary 
had been pene t r a t ed .  Boundary-layer v e l o c i t y  p r o f i l e s  were obtained a t  
dynamic p res su res  n e a r  t h e  f l u t t e r  boundary. The forward probe was r e t r a c t e d  
while  d a t a  were be ing  recorded from t h e  rear probes,  and a l l  probes were 
r e t r a c t e d  when boundary-layer d a t a  were no t  be ing  recorded. 

The maximum response amplitude of  t h e  pane l  mode which becomes t h e  f l u t t e r  
mode was determined from p l o t s  of  response amplitude versus  d i f f e r e n t i a l  p re s ­
s u r e  f o r  each dynamic p res su re  with t h e  s p e c i a l  d a t a  reduct ion  system descr ibed  
i n  re ference  1. 

RESULTS AND DISCUSSION 

Influence o f  t h e  Turbulent Boundary Layer 
on F l u t t e r  Dynamic Pressure  

The dynamic p res su res  f o r  var ious  mul t ip l e s  of  s u b f l u t t e r  response f o r  a 
s e r i e s  o f  boundary-layer th icknesses  are shown i n  f i g u r e  7 f o r  Mach numbers of 
1 . 2 0 ,  1.30, and 1 . 4 0 .  The geometric boundary-layer th ickness  used i s  t h e  
th ickness  i n  t h e  c e n t e r  of t h e  panel ,  es t imated  by assuming l i n e a r  growth 
between t h e  upstream and downstream probes.  The curve f o r  6x s u b f l u t t e r  
response i s  considered t h e  f l u t t e r  boundary. The f l u t t e r  dynamic p res su re  i n  
f igu re  7 i s  approximately a l i n e a r  func t ion  of t h e  geometric boundary-layer 
t h i ckness ,  thus  al lowing reasonable  ex t r apo la t ion  t o  zero boundary-layer 
t h i ckness .  

In f i g u r e  8 t h e  f l u t t e r  dynamic p res su re  normalized by t h e  ex t r apo la t ed  
f l u t t e r  dynamic p res su re  f o r  zero boundary-layer th ickness  a t  t h a t  Mach number 
(q/q = o )  i s  p l o t t e d  as a func t ion  of t he  r a t i o  of  boundary-layer th ickness  t o  
pane9 length  (6 /a ) .  The s lopes  of t h e  curves i n  f i g u r e  8 d(q/q6,0)/d(6/a) 
are p l o t t e d  as a func t ion  of Mach number i n  f i g u r e  9 ,  which shows t h e  s t rong  
dependence of boundary-layer e f f e c t s  on Mach number. The maximum e f f e c t  
occurs  below M = 1.20, t h e  minimum Mach number i n  t h i s  experiment, and i s  
similar t o  t h e  r e s u l t  r epor t ed  i n  re ference  1. 

Inf luence of  t h e  Turbulent Boundary Layer on F l u t t e r  Frequency 

The f l u t t e r  frequency normalized by t h e  f l u t t e r  frequency f o r  zero 
boundary-layer t h i ckness  ( f / f s = o ) ,  obtained by l i n e a r  ex t r apo la t ion  i n  t h e  
manner of  re ference  1, i s  p l o t t e d  versus  t h e  normalized boundary-layer t h i ck ­
ness  i n  f i g u r e  10. Note t h a t  an inc rease  i n  boundary-layer th ickness  causes  a 
decrease i n  f l u t t e r  frequency. 
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The slopes of the curves in figure 10, d(f/fg,O)/d(&/a), are presented
in figure 11 as a function of Mach number and indicate that the minimum effect 
of boundary-layer thickness on flutter frequency f o r  this panel occurs near 
M = 1.30. 

The results shown in figure 10 are replotted in figure 12 where the 

reduced frequency of flutter is presented as a function of Mach number for 

various normalized boundary-layer thicknesses. 


Generalized Panel Flutter Boundaries 


A natural set of dimensionless parameters for the flutter of flat 
isotropic panels exposed to linearized three-dimensional unsteady potential
flow (ref. 8) is the mass ratio parameter, 1.1 = pma/psh, the stiffness param­
eter, k = &2E/C,2ps(1 - v2), the panel length-to-width ratio, a/b, the Mach 
number M, and the reduced frequency h. Flutter boundaries, along which the 
reduced frequency varies, may be plotted in the k-u plane for each combina­

tion of Mach number and length-to-widthratio. Various authors have replaced

k and u with other sets of dimensionless parameters (see refs. 2, 9, 10)
but all of these alternate sets depend on Mach number, length-to-width ratio, 
or panel edge conditions and so, as pointed out in reference 8, plots for dif­
ferent Mach numbers, etc., cannot be directly compared. For this reason all 
flutter boundaries presented herein are plotted in the k-1.I plane. If 
boundary-layer effects are to be considered, the ratio of boundary-layer
thickness to panel length, &/a, and the ooundary-layer profile must also be 

considered. In figure 13, the flutter mass ratio parameter p is plotted as 

a function of boundary-layer thickness to panel length ratio 6/a, for the 

three test Mach numbers. Since these data fall approximately on a straight

line, they can reasonably be extrapolated to zero boundary-layer thickness 

(&/a = 0 )  to give a value of 1-1 for comparison with results predicted by
potential flow theory. 

Comparison With Theoretical Predictions 


For the panel length-to-width ratio (a/b) and Mach number range of this 

test, valid panel flutter predictions can be obtained only by three-dimensional 

unsteady aerodynamic theory. Theoretical results based on such theory for 

clamped rectangular panels for the length-to-width ratio and Mach number range

of interest are presented in references 2 and 10. These results are used for 

comparison with the experimental data presented in this report and in 

reference 1. 


In reference 2, a four-mode analysis was performed for a clamped
rectangular panel with a/b = 0.46. Results are presented for M = 1.10, 1.20, 
1.30, and fi and structural damping coefficients of 0 and 0.05 in the dynamic 
pressure parameter-density ratio (A,p) plane where the relation between A, k, 
and 1.1 is given by 



I t  should be  noted t h a t  t h e  adequacy of  t h e  four-mode a n a l y s i s  was based on 
convergence s t u d i e s  us ing  quas i - s teady  aerodynamics. No convergence s t u d i e s  
were performed us ing  three-dimensional  unsteady aerodynamics. Although t h e s e  
r e s u l t s  are f o r  a /b  = 0.46, they  are expected t o  d i f f e r  very l i t t l e  from 
those  f o r  a/b = 0.5 and thus  are used f o r  comparison without  c o r r e c t i o n .  In  
another  approximation i n  r e fe rence  2 t h e  of f -d iagonal  elements of t h e  st iff­
ness  matrix are neglec ted ,  b u t  i n  r e fe rence  11 it is  shown t h a t  f o r  length- to­
width r a t i o s  i n  t h e  v i c i n i t y  o f  0.5, t h e  effect  on t h e  f l u t t e r  boundary i s  
n e g l i g i b l e .  For use  i n  t h i s  comparison, t h e  A,p p l o t s  of r e fe rence  2 were 
converted t o  t h e  k,p p lane .  A t h e o r e t i c a l  boundary f o r  M = 1.40 was 
obtained by p l o t t i n g  p versus  M f o r  va r ious  va lues  of k and ob ta in ing  t h e  
des i r ed  p,k p l o t  by i n t e r p o l a t i o n .  Since M = 1.40 i s  no t  s i g n i f i c a n t l y  
d i f f e r e n t  from M = fi, t h e  e r r o r s  r e s u l t i n g  from i n t e r p o l a t i o n  are small. 

Reference 10 p r e s e n t s  f l u t t e r  boundaries f o r  clamped panels  of  a/b = 0.5 
f o r  M = 1.30 only.  A s  i n  r e fe rence  2 ,  t h e  of f -d iagonal  elements of  t h e  
s t i f f n e s s  mat r ix  were neglec ted .  The parameters employed a r e  p1 = l / p ,  where 
u is  t h e  usua l  mass r a t i o  parameter (however, 1/1-11 i s  p l o t t e d ) ,  and a s t i f f ­
ness  parameter 

where a1 and A 1  are t h e  lowest n a t u r a l  frequency and eigenvalue,  respec­
t i v e l y ,  of t h e  p l a t e .  Resul t s  of a six-mode a n a l y s i s  a r e  presented  f o r  coef­
f i c i e n t s  of s t r u c t u r a l  damping of  0 and 0.01 i n  t h e  k l  - 1/p1 plane .  These 
r e s u l t s  have been converted t o  t h e  k-p p lane  f o r  use he re in .  The va lue  o f  
A1 = 604.05835 used i n  t h e  conversions was computed by Galerk in ' s  method us ing  
14 clamped beam modes i n  both t h e  chordwise and spanwise d i r e c t i o n s .  

In  t h e  fol lowing comparisons o f  t h e  experimental  r e s u l t s  from re fe rence  1 
and t h e  p re sen t  s tudy  with t h e  t h e o r e t i c a l  p r e d i c t i o n s  of  r e fe rences  2 and 10, 
t h e  Young's modulus used i n  t h e  s t i f f n e s s  parameter k would r e s u l t  i n  a 
f i r s t -mode  n a t u r a l  frequency f o r  a clamped panel  t h a t  matches t h e  experimen­
t a l l y  determined f irst  n a t u r a l  frequency. Since t h e  t h e o r e t i c a l  r e s u l t s  are 
f o r  p e r f e c t l y  clamped panels ,  t h i s  choice of  E compensates, a t  least  p a r t l y ,  
f o r  t h e  less than clamped edge condi t ions  of t h e  experimental  pane ls .  

In  add i t ion ,  t h e  s t i f f n e s s  parameter k*, based on t h e  handbook va lue  of 
E ,  i s  included i n  t a b l e  2 where t h e  var ious  pane l  f l u t t e r  parameters ,  
boundary-layer t h i cknesses ,  f requencies ,  and o t h e r  p e r t i n e n t  q u a n t i t i e s  a r e  
t abu la t ed .  

In  f i g u r e  14(a)  t h e  experimental  d a t a  f o r  M = 1.3  i n  t h e  k-p p lane  
from re fe rence  1 and t h e  p re sen t  s tudy are compared with t h e o r e t i c a l  s t a b i l i t y  
boundaries from re fe rences  2 and 10. The s t a b i l i t y  boundaries  from re fe rence  
10 are more accu ra t e  than those  of r e fe rence  2 s i n c e  a six-mode a n a l y s i s  was 
used i n  t h e  former case whereas fou r  modes were used i n  t h e  l a t t e r .  Theory 
p r e d i c t s  t h e  ex i s t ence  of  s e v e r a l  s t a b i l i t y  boundaries - t h a t  g iv ing  t h e  
l a r g e s t  value of  k ,  f o r  a given 1-1, being  t h e  c r i t i c a l  o r  f l u t t e r  boundary. 
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For l.~ corresponding to the experimental results, the theoretical flutter 
boundary is that labeled mode 2 which is predominately composed of the second 
natural, in vacuo, mode. However, the experimental points corresponding to 

zero boundary-layer thickness for both sets of experimental data fall between 

the reference 10 mode 1 boundaries for g = 0 and 0.01. The mode 1 boundary 
is predominately composed of the first natural, in vacuo, mode but contains a 
significant amount of the second natural mode and so it is sometimes called a 
coupled mode instability. The mode 2 boundary is associated with a very weak 
instability that completely disappears for a value of g of about 0.02 (ref. 
2) and was not observed in the present study or in reference 1. The values of 

g for the experimental cases were not measured, but, because of the method of 

panel fabrication, are expected to be in the neighborhood of 0.01 or less. In 

addition, we note from qualitative observations that the damping of the Invar 

panel of the present study is considerably less than that of the magnesium

panel of reference 1. This is to be expected from thermoelastic considera­

tions (ref. 12) since the thermal expansion coefficient of Invar is very low. 


The agreement between experimental and theoretical reduced frequencies

for the mode 1 boundary is considered to be only fair. Since the theoretical 

reduced frequencies associated with the mode 2 boundary are much higher, it is 
clear that the observed flutter is first mode. 

In figure 14(b) the experimental data from reference 1 at M = 1.1 is 
compared to the first-mode theoretical k-u boundaries from reference 2. As 
at M = 1.3, the agreement between theory and experiment improves as the 
boundary-layer thickness approaches zero. However, the difference between 
theoretical and experimental k-p points for zero boundary-layer thickness is 
considerably larger than at M = 1.3. On the other hand, the experimental and 
theoretical reduced frequencies are in good agreement. 

In figure 14(c) the experimental data from reference 1 and the present
study, for M = 1.2, are compared with the first-mode theoretical boundary
from reference 2. The effect of the boundary layer is very similar to that 
at M = 1.1 and 1.3. 

In figure 14(d) the experimental data at M = 1.4 are compared with the 
theoretical boundaries from reference 2. However, in contrast to the lower 
Mach numbers, as the boundary-layer thickness decreases, the difference 

between theory and experiment increases for both sets of experimental data. 

This behavior is difficult to explain since both the boundary layer and 
structural damping have less effect at M = 1.4 than at lower Mach numbers. 
On the other hand, except at M = 1.3, the agreement between theory and 
experiment for zero boundary-layer thickness is better at M = 1.4 than at the 
lower Mach numbers. 

It is interesting to note that the disagreement between theory and 

experiment is similar for both panels at all Mach numbers, indicating that the 

disagreement results from some systematic inaccuracy or omission in either 

theory or experiment rather than random errors in the experimental results. 

It is possible that a combination of errors, usually considered small individ­

ually, such as unconverged solutions, neglect of cavity, omission of off-

diagonal terms in stiffness matrix and imprecise matching of boundary 
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conditions could, taken together, cause an appreciable error in some of the 

theoretical predictions. It should also be remembered that we have used an 

arbitrary, though systematic, definition of the flutter boundary and this 

could cause an error, depending on the strength of the instability. 


Finally, it should be noted that Dowel1 (ref. 13) previously compared the 
experimental results of reference 1 with the theory from reference 2 and con­
cluded that experimental data from reference 1 for zero boundary-layer thick­
ness agree well with the theory. His conclusion is somewhat stronger than 

those made herein and it bears repeating that detailed comparisons at these 

Mach numbers depend strongly on the structural damping. 


CONCLUSIONS 


For the configuration tested the following conclusions can be noted. 


1. The turbulent boundary layer has a large stabilizing influence on 

the flutter of flat isotropic panels at low supersonic Mach numbers. 


2 .  The effect of the turbulent boundary layer on flutter dynamic 
pressure decreases rapidly with increasing Mach number above M = 1.20 for 
the configuration tested. 

3 .  The agreement between the experimental results and theoretical 
predictions based on unsteady, three-dimensional, potential flow is consider­
ably improved when the experimental results are extrapolated to zero boundary-
layer thickness except at M = 1.4 where the effect of  the boundary layer is 
much smaller than at the lower Mach numbers. 

4. The experimental results indicate that flutter occurs as a 

predominantly first-mode instability rather than the predominantly second-mode 

instability predicted by theory. 


Ames Research Center 

National Aeronautics and Space Administration 


Moffett Field, Calif., 94035, Jan. 15, 1970 
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APPENDIX A 

NATURAL FREQUENCIES OF RECTANGULAR PLATES WITH 

ROTATIONALLY RESTRAINED EDGES 

The d i f f e r e n t i a l  equat ion  and boundary condi t ions  for a rec t angu la r  
i s o t r o p i c  p l a t e  wi th  a r b i t r a r y  r o t a t i o n a l  edge r e s t r a i n t  and zero edge 
t r a n s l a t j o n  are as fol lows : 

(wxxxx 
+ 2w 

XXYY 
+ w

YYYY
) + m wtt = O  

DWxx- e  xo w x = o ,  w = o  on x = o  1 

DWxx+ e  xawx = O ,  w = O  on x = a  


Dww - 0  
YO 

w
Y 

= O ,  w = O  on y = O  


DWw + e
YbWY 

= O ,  w = O  on y = b  J 

where exO, e tc . ,  a r e  t h e  r o t a t i o n a l  s p r i n g  cons t an t s  p e r  u n i t  l ength  along 
t h e  edges of t h e  p l a t e  and t h e  s u b s c r i p t s  on w i n d i c a t e  p a r t i a l
d i f f e r e n t i a t i o n  wi th  r e spec t  t o  t h e  s u b s c r i p t .  

Making t h e  t ransformat ion:  

x = a S  y = b q  w = a W  t = t T  
0 

w e  ob ta in  t h e  fol lowing dimensionless  form of t h e  equat ions :  

WEE, - qSoWE,= O , w = o on 5 = o 

W E E  + qslWS = 0 , W = 0 on E, = 1 

Wrln - q n 0 W n = O ,  W = O  on n = o  

Wn n  + qrl,Wn = 0 , W = 0 on q = 1 

where 
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a0 xo a0xa bey 0 beyb
= - = - = ­q50 D q51 D qn0 D q,, = ~ D 

a r e  t h e  dimensionless  r o t a t i o n a l  edge r e s t r a i n t  parameters  and to2= ma4/D.  
S u b s t i t u t i n g  W ( � , , ~ , T )  = U(<,q)g(.r) i n t o  equat ion (A3) w e  ob ta in :  

Since t h e  l e f t  s i d e  is  a func t ion  only of �, and n while  t h e  r i g h t  s i d e  i s  a 
func t ion  of T ,  they  must both be equal  t o  t h e  same cons tan t  X and t h e  
eigenvalue problem i s :  

U E 5  -

U 55 + 

U n n  ­

unn  + 

LU - xu = 0 (A51 

q E 0 U E  = 0 , 

q51
U 5 = O ,  

qnoUn = 0 , 

qrI1U n = O ,  

U = 0 on 5 = 0 

U = O  on 5 = 1  

U = 0 on n = 0 

U = O  on n = l  

From equat ion (A7) t h e  c i r c u l a r  f requencies  a r e  given by q, = ( l / t o )  K n .  An 
approximate s o l u t i o n  of  t h e  eigenvalue problem can be obtained by Galerk in ' s  
method as fo l lows:  

Assume a s o l u t i o n  i n  t h e  form: 

where each U j  sa t i s f ies  t h e  boundary cond i t ions .  

S u b s t i t u t i n g  i n  equat ion (AS) w e  ob ta in :  

J c (LUj - X U j ) C j  = 0 

j =i 

1 2  



Now multiply by Ui and integrate over the panel to obtain: 


(UiLUj - AUiUj)dE dq Cj = 0 , i = 1, 2, . . . U 
j=i o o (A91 

o r ,  in matrix form: 

(A - AB)C = 0 

where 

Let 


where 

Y,(S) = sin(aEE + 6 5)sin m-rrt 

+n(,,) = sin(a,,n + @,,)sin n-rrn I 
Y, and +n satisfy the displacement boundary conditions and a(, B E ,  a,,, 6, 
are chosen to satisfy the remaining boundary conditions. 

Substituting equations (A12) and (A13) into (A6) we find that a t ,  BE 
must satisfy the following equations: 

2a5 cos B5 - q50 sin 5 = O 

(A141 


(2a5 cos a s  + qE1 sin “+x Bg + Cqc1 cos as -2aE sin aE)sin 6 = 0 
5 (A151 

with corresponding equations for a,,, e,,. 
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Equation (A16) has one nontrivial root in the interval 0 to T (note that 
a s  = 0 gives a function that satisfies simple support boundary conditions 
(950 -- 951 = 0), and as = T satisfies clamped conditions (q5 0  = qE1 = m)), 

which may be calculated numerically for arbitrary values of q5 0 '  951' 

From equation (A14), tan B5 = 2a5/q5o which determines 65 once a5 is 
known. 

Substituting equations (A12) into (All) we have 


s n  dq + 2 2 f 1  d E . 11 $s4naij = 1'Yr'j'r d5 1 4 4 
b2 

ii dn 

0 0 0 0 

The integrals are straightforward, resulting in 
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where 
0 i f  r # m  

1 i f  r = m  

i s  t h e  Kronecker d e l t a  and 

with corresponding i n t e g r a l s  f o r  $m. A t  

Tr 

a E  = +(r k m) -2 

D, con ta ins  removable s i n g u l a r i t i e s .  If a5 i s  t o o  c l o s e  t o  a s i n g u l a r i t y ,  
numerical  accuracy w i l l  be impaired i n  eva lua t ing  D r m ;  however, i n  t h a t  case  
t h e  s i n g u l a r i t y  may be removed a n a l y t i c a l l y  by expanding t h e  numerator of 
D, i n  a Taylor series about f (r + m)(Tr/Z). The r e s u l t  w i l l  be:  

The mat r ix  e igenvalue problem (A - XB)C = 0 (eq. (A10)) can be placed i n  
s tandard  form i n  a numerical ly  s t a b l e  way u t i l i z i n g  a method given i n  r e f e r ­
ence 14. Factor  B i n t o  t h e  product  TTT of  a lower t r i a n g u l a r  mat r ix  T 
and i t s  t ranspose  TT. L e t  C = (TT)-lY and we have (A - XTTT) (TT)-lY. Mul­
t i p l y  by T - l  t o  g ive  [T-lA(TT)-l - XI]Y = 0 and t h e  problem i s  i n  s tandard  
form . 

NUMERICAL CALCULATIONS 

Eigenvalues and e igenvec tors  have been c a l c u l a t e d  by programs a v a i l a b l e  
from SHARE, N U E I G  5 ,  and GIVHO ( r e f s .  15, 16) .  In  t h e  computations,  10 modes 
were used i n  t h e  long d i r e c t i o n  of t h e  pane l  and 5 modes i n  t h e  s h o r t  
d i r e c t i o n .  

In  f i g u r e  15 6 n  is  p l o t t e d  versus  f o r  a/b = 0.5 and 
= e ge=condi t ion  from simplyqrl = 2qg t o  i n d i c a t e  t h e  effect  of  vary ingqEt h e  q51 
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supported to clamped. Note that q, = 2qg corresponds to the case of equal 
dimensional spring constants O x  = eY for a/b = 0.5. 

The eigenvalues for perfectly clamped edges as shown in figure 15 were 

calculated by Galerkin's method using 14 clamped beam modes in both the 

spanwise and chordwise directions. 


16 




REFERENCES 


1. 	 Muhlstein, Lado, Jr.; Gaspers, Peter A., Jr.; and Riddle, Dennis W.: An 
Experimental Study of the Influence of the Turbulent Boundary Layer on 
Panel Flutter. NASA TN D-4486, 1968. 

2. 	 Dowell, E. H.; and Voss, H. M.: Experimental and Theoretical Panel 
Flutter Studies in the Mach Number Range of 1.0 to 5.0. ASD-TDR-63­
449, The Boeing Co., Seattle, Washington, Dec. 1963. Also, Theoretical 
and Experimental Panel Flutter Studies in the Mach Number Range 1.0 to 
5.0. AIAA J., vol. 3, no. 12, Dec. 1965, pp. 2292-2304. 

3. 	 Lock, M. H.; and Fung, Y. C.: Comparative Experimental and Theoretical 

Studies of the Flutter of Flat Panels in a Low Supersonic Flow. 

GALCIT 95 or AFOSR TN 670, Guggenheim Aero. Lab., Calif. Inst. Tech., 

Pasadena, Calif., May 1961. 


4. 	 Dixon, Sidney C.: Comparison of Panel Flutter Results From Approximate
Aerodynamic Theory With Results From Exact Inviscid Theory and 
Experiment. NASA TN D-3649, 1966. 

5. Spiegel, Joseph M.; and Lawrence, Leslie F.: A Description of the Ames 

2- by 2-Foot Transonic Wind Tunnel and Preliminary Evaluation of Wall 

Interference. NACA RM A55121, 1956. 


6. Waller, Mary D.: A Simple Method of Finding Poisson's Ratio. Proc. 

Phys. SOC. (London), vol. 52, Sept. 1940, pp. 710-713. 


7. 	 Weeks, George E.; and Shideler, John L.: Effect of Edge Loadings on the 

Vibration of Rectangular Plates With Various Boundary Conditions. NASA 

TN D-2815, 1965. 


8. 	 Zeydel, Edmond F. E.: Large Deflection Panel Flutter. AFOSR Tech. Note 

1952, Jan. 1962. 


9. 	 Zeydel, E. F. E.; and Kobett, D. R.: Flutter of Flat Plates With 

Partially Clamped Edges in the Low Supersonic Region. AIAA J., vol. 3, 

no. 1, Jan. 1965, pp. 17-22. 


10. 	 Cunningham, Herbert J.: Flutter Analysis of Flat Rectangular Panels 

Based on Three-Dimensional Supersonic Unsteady Potential Flow. NASA 

TR R-256, 1967. 


11. 	 Ketter, D. J.: Flutter of Flat, Rectangular, Orthotropic Panels. AIAA 
J., vol. 5, no. 1, Jan. 1967, pp. 116-124. 

12. 	 Zener, C.: Elasticity and Anelasticity of Metals. Univ. of Chicago

Press, 1948. 


17 




13. 	 Dowell, E. H.: Theoretical-Experimental Correlation of Plate Flutter 
Boundaries at Low Supersonic Speeds. AIAA J., vol. 6, no. 9, Sept. 
1968, pp. 1810-1811. 

14. 	 Wilkinson, J. H.: The Algebraic Eigenvalue Problem. Clarendon Press, 
Oxford, 1965, p. 337. 

15. 	 Parlett, B. N.: NUEIGS Ei.genvalues of Real Matrices. SHARE Program, 
SDA 309801, 1964. 

16. 	 Ortega, J. M.: GIVHO Eigenvalues and Eigenvectors of Real Symmetric 
Matrices. SHARE Program, SDA 160A, 1965. 

18 




TABLE 1.- PANEL NATURAL FREQUENCIES, LOCATIONS OF NODE LINES, 

EDGE CONDITIONS, AND MATERIAL CONSTANTS 

(a) Invar  lane1 

Location of  node l i n e s  -1E l  m 
-

deasured n a t u r a l  f requencies ,  Hz 38.0 52.0 79.0 106.0 116.0 

rheo re t i ca l  n a t u r a l  f requencies  f o r  38.9 53.1 77.9 102.9 112.9:dge r e s t r a i n t s ,  q5 = 14, q, = 110.0, Hz 
l ev i a t ion  of measured f requencies  from -2.3 - 2 . 1  1 .4  3.0 2.8:heore t ica l  va lues ,  pe rcen t  

rheo re t i ca l  n a t u r a l  f requencies  f o r  46.4 60.1 84.4 120.9 119.6:lamped edges, q -- 9, = m, HZ 
l ev i a t ion  of  measured f requencies  from 18.1 13.5 6.4 1 2 . 3  3.0:heo re t i ca l  va lues ,  pe rcen t

-

Panel c h a r a c t e r i s t i c s  

Panel dimensions: 9.00x18.00x0.0192 i n .  

Edge cond i t ions :  qx = 14, qy = 110.0 

Material : Invar ,  64 Dercent F e .  36 Dercent N i  

E:  2 1 . 0 x i 0 6  16/in. '  

V :  	 0.29 

P,  : 507.9 l b / f t 3  

a: 0 . 7 ~ 1 0 - ~in./in./OF 

(b) Magnesium panel  

Location of node l i n e s  0171 m 
deasured n a t u r a l  f requencies ,  Hz 110.0 143.0 212.0 287.0 298.0 

rheo re t i ca l  n a t u r a l  f requencies  f o r  110.1 144.9 207.0 287.7 295.5?dge r e s t r a i n t s ,  q5 = 62, q, = m, Hz 
l ev i a t ion  o f  measured f requencies  from -.l -1.3 2.4 - . 2  .9:heore t ica l  va lues ,  pe rcen t  

rheo re t i ca l  
:lamped edges, q -- 9, = QJ, 
l ev i a t ion  of measured f requencies  from -4.9 -4.5:heore t ica l  va lues ,  pe rcen t  .8 -4.7 .03 

Panel c h a r a c t e r i s t i c s  

Panel dimensions: 9.00x18.00x0.0401 i n .  
Edge cond i t ions :  qx = 62, q,, -- m 

Material : Magnesium a l l o y  AZ 31B-H24 

n a t u r a l  f requencies  f o r  115.7 149.8 210.3 301.2 297.9HZ 


E: 6*2x106 1b/in'2) Measured, see p. 3 
V :  	 0.35 

Ps: 110.0 l b / f t 3  

a: 1 4 . 2 ~ 1 0 - ~i n .  / i n .  / O F  
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t3 

0 TABLE 2.- TABULATED PANEL FLUTTER DATA INVAR PANEL 


Dynamic pressure f o r  
Wall Free-stream mul t ip l e s  of  

number lisplacemenl temperature s u b f l u t t e r  response,  
PSf 

1 .20 0 416.4 
I 

1.20 .30 412.5 

1.20 .50 415.2 
I 

1.20 .80 411.4 2081215 217  2191 221i 
, 1.30 0 396.8 423 1443,451i458 I 464 

, 1.30 .80 397.0 267 ,275 12771279 1 280 
I I 

1.00 396.6 261 1263 264 I265 1 265 

1.40 1 .60 381.3 

1.40 ' .80 381.0 

Jpersonic  Mass CavityF l u t t e r  Reduced reducedBoundary-layer requency , f l u t t e r  f l u t t e r  r a t i o  densi tyth i ckness ,  i n .  Hz requency requency arameter r a t i o  

m = i . o(6*18 f F k K u VC 

'0.52 0.228 0.110 37 0.145 0.396 0.0166 0.0133 0.0309 0.0252 

42 .166 .452 .0135 .0107 .0310 .0253 

.26 .134 .058 45 . I77 .483 .0106 ,0084 .0309 ! .0252 ' 

.46 .25 1 . l o8  .045 46 .182 .496 .0092 .0073 .0311 ' .0254 

1.15 .54 1 .262 . 1 1 2  47 .175 .329 .0171 .0131 .0316 .OX8 

.38 

.32 

.16 j . lo2 .038 

:14 1 .038 

52 

53 ' .193 

. I97 

.364 

.371 

.0103 

.0098 

.0078 

.0074 ' 

.0316 .0258 

.0316 , .0258 

12 .042 48 .I69 .246 .0129 .0095 .0323 .0263 

.12 .094 .033 52 i .183 .267 .OX3 .0090 
I 

.0323 .0263 ! 
I .  - -LLL 

?E = 2 1 . 0 ~ 1 0 ~lb/ in . '  (Handbook). 

2E = 14.1~10~l b / in . '  (See p.  8) .  
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Figure 1.-Invar panel dimensions and construction details. 
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Figure 2.-Layout of variable boundary-layer test fixture. 




(a) Three-fourths front view of airstream side A-39842 

N 
w Figure 3.- Variable boundary-layer t e s t  fixture. I 



(b) Three-fourths rear view of plenum chamber s ide  A-39841 

Figure 3.- Concluded. 



? 

A-35851.1
Figure 4.- Panel with var iab le  boundary-layer f i x t u r e  i n s t a l l e d  i n  the  2-by 2-foot 

N t ransonic  wind tunnel.  
cn 
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Figure 5.- Typical  v a r i a t i o n  of maximum panel  response with dynamic pressure .  
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Figure 6.-Typical convergence of multiples of subflutter response with 
dynamic pressure. 
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Figure 7.-Dynamic pressure for multiples of subflutter response as a 

function of boundary-layer thickness. 
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Figure 8. - Normalized flutter dynamic pressure as a function of normalized 
boundary-layer thickness. 
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Figure 9.- Rate of change of normalized flutter dynamic pressure with 

respect to normalized boundary-layer thickness as a function of 

Mach number. 
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Figure 10.-Normalized flutter frequency as a function of the normalized boundary-layer thickness. 
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Figure 11.-Rate of change of normalized flutter frequency with respect 

to normalized boundary-layer thickness as a function of Mach number. 
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Figure 12.- Reduced frequency of f l u t t e r  as a func t ion  of Mach number. 
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Figure 13.- Flutter mass ratio parameter as a function of the normalized boundary-layer thickness. 
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Figure 14.-Comparison of experimental flutter points with theoretical 
stability boundaries in the stiffness parameter-mass ratio (k, p )  
plane. 
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(b) Comparison at M, = 1.10 

Figure 14.- Continued. 
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(c) Comparison at M, = 1.20 

Figure 14.-Continued. 


I 



IIIIII I1 IIIII 


.1( 


.14 


.12 


.10 


p .08 

.06 


.04 


.02 

0 

0 


Theoretical flutter 

boundaries 


g a/b 
0.0 0.46)Ref.- - - ~0.05 0.46 


4 mode analysis 


I 1 5 5  

Experimental data 0 6 0 i  I 
from this report 5mental data\-a/b = 0.5 

.02 

CL 

0 


I I I I I I 
.02 .04. .06 .08 .10 .12 

k 


( a )  Comparison at M, = 1.40 

Figure 14.- Concluded. 
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