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ABSTRACT

The solar vector orientation relative to an earth
orbit varies with time due to the earth's motion about the
sun and motion of the orbital plane due to earth oblateness.
In this report a detailed description of this variation is
given in terms of two pointing angles: B, the minimum angle
between the solar vector and the orbital plane and ¢, the
location of orbital noon relative to the ascending node.
Typical time variations are shown and various properties of
the pointing angles are expressed as a function of orbital
parameters for both posigrade and retrograde orbits. Specific
results are included for 35° and 50°, 230 NM circular orbits,
which have been considered for AAP Workshop missions.

The solar pointing angles help define important
spacecraft systems requirements, such as experiment gimbaling
and solar array articulation in orbit-oriented modes and
spacecraft maneuvers in a solar-inertial mode, They are also
significant from a mission design standpoint, since the solar
vector orientation is related to factors affecting spacecraft
system performance. This includes, for example, the incident
thermal energy per orbit on spacecraft and electrical energy
output from fixed solar arrays on spacecraft in orbit-oriented
modes. Although related to both B and ¢ in arbitrary elliptical
orbits, performance factors are usually a function only of 8 in
circular and slightly elliptical orbits. A number of factors
are considered in this work and the relationship with B is
determined. Spacecraft models and attitude modes are chosen
to illustrate typical properties and effects of the g variation,
as they may affect AAP and future space station missions. All
results are given in normalized form to facilitate appllcatlon
to particular spacecraft configurations.

System designs are often based on worst case 8
conditions. Since these occur only at discrete times in a
mission, such designs may impose excessive reqguirements or
may not utilize available performance margins. Consequently
mission averages of system performance factors are relevant
to mission planning and are developed in this report as a
means of assessing the overall impact of the B variation and
arbitrary launch time and date.
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SOLAR POINTING VARIATIONS IN EARTH
ORBIT AND THE IMPACT ON MISSTON DESIGN

1.0 INTRODUCTION

Sclar pointing is a prime concern in manned space-
flight mission planning because of interrelated requirements
for earth and solar viewing experiments, electrical power from
solar arrays, and spacecraft thermal control. Specific point-
ing requirements are governed by the choice of flight attitude.
For AAP and future space stationmissions flight attitudes have

peen considered 1™%) for holding:

(1) spacecraft including experiments and solar
arrays in a "solar-inertial" mode,* or

(2) experiments and solar arrays in a solar
orientation and the spacecraft in an orbit-
oriented mode such as: LV, LH or POP.**

Of interest in these modes are the solar pointing
angles which describe the orientation of the solar vector
relative to an earth orbit. These vary with time because of the
earth's motion about the sun and continuous motion of the orbi-
tal plane due to earth oblateness. The pointing angles are
significant since they are related to certain spacecraft system
requirements, such as experiment gimbaling and array articula-
tion in orbit-oriented modes and spacecraft maneuvers in a solar-
inertial mode. The pointing angles are also useful from a mis~
sion design standpoint, since the solar vector orientation is
related to various system performance aspects (e.g., the incident
thermal energy per orbit on spacecraft and the degradation in
electrical energy output from fixed solar arrays in LV, LH and
POP modes).

*The "solar-inertial" mode is depicted in Fig. (1-1) for the
AAP cluster configuration (Saturn-V Workshop; ATM/CSM/OWS). As

in the original concept(l}, the ATM telescope is pointed at the
sun with the CSM/OWS roll axis maintained essentially in the
orbital plane and normal to the sun line.

**The attitude modes LV, LH and POP are defined by the orien-
tation of the spacecraft roll axis which is: parallel to the
Local Vertical in LV, in the orbital plane and parallel to the
Local Horizontal in LH, and Egrpendicular-to-the-gpbital—glane in
POP.
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The objective of this report is to describe the
behavior of solaxr pointing variations and to examine the effect
on pointing requirements as well as the impact on various sys—
tem performance factors affecting mission design. In the
remainder of this section the pointing angles are defined and
system performance factors considered in subsequent work are
stated.

Noon Meridian
Plane L

g
X

SC

L1
=}
AN
sM

ATM

Ascending f 250 B8
MNode

= Saturn-V Workshop Configuration

Figure (1-1) - Solar Pointing Geometry in Solar-Inertial Mode

1.1 Sclar Pointing Angles {B8,V)

Pointing in an arbitrary direction is usually
achieved by two rotations (pointing angles) about two ortho-—
gonal axes. In this report two pointing angles (8,¢)* are
defined relative to the orbital plane, specifically the geocen-
tric coordinate system (xn,yn,zn) shown in Fig.(1-1). In this

coordinate system, Yo is normal to the orbital plane, Z. is
directed to the orbit ascending node and X, (not shown) com-

pletes the right hand system., The angle ¢ is a rotation in the

*The angles B8 and ¢ are synonymous with the pointing
angles Ny and nY used in Reference 5.



BELLCOMM, INC. -3 -

erbital plane about Y, and B is a rotation out of the orbital
plane about the axis ey which lies in the orbital plane, but

normal to the sun line. Geometrically, B represents the angle
between the orbital plane and the sun line as measured in the
noon meridian plane*, whereas y represents the angle between
the ascending node (zn) and the noon meridian plane as measured

in the orbital plane.

Due to the earth's motion about the sun and motion of-
the orbit ascending node (z ) in the earth's equatorial plane,

B and ¥ vary with time. In subsequent work this varlatldn is
examined in detail and various properties- of 8 and ¥ are evalu-
ated as a_ function of orbital parameters. Properties such as

Islmax IB[max ¢max and ¢ are directly related to space~
r

craft maneuver requirements in the solar-inertial mode and to
experiment gimbaling and array articulation requirements in
non-sun-oriented modes.

1.2 BSystem Performance Factors

The solar vector orientation relative to the orbital
plane has an effect on the design of many spacecraft systems
(attitude control, electrical power, and thermal control) as
well as many earth and solar viewing experiments. Specific
factors affecting system performance can be related to the
solar pointing angles. Significant performance factors include:

(1) Bias gravity gradient torgue which contributes
to angular momentum dumping requirements for

spacecraft controlled by CMGs in a solar-
inertial mode,

(2) Duration of an orbital day which affects
experiment operations and solar viewing time,

(3) Incident solar energy per orbit which affects
the electrical energy available from solar
arrays, and

(4) Incident thermal energy per orbit which
affects spacecraft thermal control require-
ments.

*The definition of noon is discussed in Appendix A in
connection with Fig. (A-1). !
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For elliptical orbits these particular factors are a function

of both B and ¥, although ¢ has negligible effect for slightly
elliptical orbits* and no effect for circular orbits. In
subsequent sections the factors, (1-4) above, are examined in
detail for circular orbits and a functional relationship with

B is determined. In addition, mission average effects of the

B variation and arbitrary mission launch time and date are
studied with a view toward assessing certain system requirements
and performance margins, as discussed in Section 6. Results are
plotted as functions of mission duration and orbital inclination.

*A slightly elliptical orbit is interpreted here as having
an eccentricity <0.0l(e.g., a 260 x 200 NM orbit, which is
within launch capability for the Saturn-v Workshop mission).
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2.0 DEFINITIONS AND NOTATION

In the following subsections mathematical and geometri-
cal definitiong and notational conventions uged in deriving
pointing angles and in subsequent analysis are given.

2.1 Matrix Transformations

Different cocordinate systems are related by transform-
ations of the form

Xl Xj \
LY 0 £1 =T Yj = T Hj (2-1)
Z 2
L J

where T is an orthogonal matrix (i.e., T—1=T+)* and ¥y and u.

represent a vector expressed in the i and 3 systems.** The
matrix T is an elementary transformation if two coordinate
systems differ by a single Euler angle rotation about a common
axis.

The three possible forms are***

0 0
T’g= 0 cE st (2-2)
0 ~sEt ct
—CE 0 “SE“
Té’: o 1 0 (2-3)
sEg 0 C
_ -
cE sE§ 0
Tg = {-s£ cg 0 (2-4)
0 o0 1 -

*The superscripts -1 and + correspond to the matrix inverse
and transpose operations.

**Subscripts on a vector denote the system in which it is
expressed. Frequently abbreviations are used (e.g., u for a
vector in spacecraft coordinates). S¢

***Superscripts on transformations indicate axis of rotation
and subscripts denote the corresponding angles of rotation. For
brevity the notation ¢ and si is always used for the
trigoncmetric operations cos(£) and sin(g).
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The matrix T may be formed from the product of any number of
elementary transformations corresponding to Euler angles
B Ny Ere... with the property that

+ I omk nyt
T = (...
( T T, Tu)
= (Ti)*(th'(Tg)T... = T_ﬁ T_f T_%... (,ks0=x,y or z}

(2-5)

2.2 Definition of Sun Line and Inertial Reference System

To account for the earth's annual rotation about the
sun it is convenient to define the sun line with respect to the
geocentric 1inertial reference system (XY'YY'ZY)' henceforth

called the equinox system shown in Fig. {(2-1). Here YY is posi-
tive toward the ecliptic north pole, ZY 1s the direction toward
the sun at autumnal equinox and XY completes the right-hand
system.

Earth Location Xy
{Autumnal Equinox)

Earth's Path
About Sun

=Q° — Autumnal Equinox

Ecliptic
Plane

=180% ~ Vernal Equinox

v
¥ = 90% - Winter Solstice
¥
Y

= 270% — Summer Solstice

Figure (2 - 1} - Location of Sun Line Relative to Autumnal Equinox

The sun line is defined as the vector §s=(0,0,l)+ in
the (X ,Y_,% ) system shown in Fig.(2-1) where Y_ is parallel to
YY and ZS is directed toward the sun. The axes ZS and ZY are

displaced by the angle y which is related to the time of year
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with y=0° corresponding to the autumnal equinox. In the equinox
system the sun line is given by

0 sy
=m ¥ =mnY
S =T s . =T = 2-6
s, =1¥s =t¥lo)=]0 (2-6)
1 cy

Although the earth's orbit about the sun is slightly elliptical,
the angle y is evaluated here on the basis of a circular orbit
approximation,*

+ ¥t (2-7)

where *#*

¥ = 360/365.26 = 0.9856 deg/day (2-8)

is the mean sun line rotation rate, t is current time and Yo is

the sun line location at t=0.

*The actual sun line location (ya) can be determined from
the orbit angular velocity equation

. 2,3/2
)32

. 2
Y, = v{l-e

1+ ESC(Ya'YaP)]

where es=0.016 is the earth's orbital eccentricity and yap=282.38°

is the earth's perihelion(lz) (relative to autumnal equinox). To
a first approximation in €q it can be shown that

AY

T=Ya = ~“2vege v vyy)

e p

Ay, = y-v 2€s[l“s(va-Y )1

ap

e’'max
maximum occurring a few days after vernal eguinox (when ya=192.38°).

Thus, 0$|A&e|max<o.03 deg/day and 0s{Avy_ ) <3.8 deg with the

For the purposes of this analysis the circular orbit approximation
is sufficient.
¥
**The earth's period about the sun is 365.2563835 mean solar
days.


http:0SIAelmax<0.03
http:360/365.26
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2.3 Orientation of Orbital Reference System

The relative orientation of the orbital and equatorial
planes and their relationship to the ecliptic plane and sun line
is shown in Fig.(2-2) for a particular location of the orbit
ascending node (zn). As previously discussed, the nodal system

(Xn,yn,zn) is considered as the reference system for determining
the solar pointing angles. The Euler angles e, and i define

the orientation of the nodal system relative to the equinox
system (XY'YY'ZY)° The angle e is fixed at 23.45° and defines

the inclination of the equatorial plane relative to the ecliptic
plane., The angle Qr defines the location of the orbit ascending

node relative to ZY' The angle i represents the inclination
of the orbital plane relative to the equatorial plane.

As given in Eqg. (A-13) of Appendix A, i can be deter-
mined from

T

ci = sapcl 0<i<180° (2-9)

where . is the launch azimuth measured positively from geograph-

ical north and % is the latitude of the launch site. Evaluation
of Qr is discussed in the next subsection.

Orbital Plane (xn 7 zn]
Equatorial Plane (X, Y, Z,)

Ecliptic Plane (X,r Y’!" Z.?

" Xy
N
s —0O—

F:gure {2 - 2} - Relative Orientation of Orbital, Equatorial and Ecliptic Planes
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2.4 Earth Oblateness Effect

Two variations in orbital motion produced by earth
oblateness are: 1) rotation of the ascending node about the
equatorial plane and 2) rotation of the line-of-apsides in the
orbital plane. Motion of the ascending node can be described
by *

Q =8+ 0t (2-10)

where ﬁr is the rotation rate, t is current time and Q4 is the

ascending node location at t=0. Similarly, motion of the line-
of-apsides is described by¥*

Q =9 + 80t (2-11)
a po a

where éa iz the rotation rate and on is the location of perigee

relative to the ascending node at t=0 as shown in Fig. (2-3) .%%

North Pole

Perigee

Equatonal Plane

Orbital Plane

Figure {2 - 3} - Description of Orbital Motion Due to Earth Oblateness

*This model represents the secular variation due to earth

oblatenesss. Periodic variations due to third and higher harmonic
terms in the earth's gravitational potential function are small
and may be neglected in this work.

*%*Although the line-of-apsides is undefined in circular orbits,
the orbital plane may be viewed as rotating (in-plane) at the
rate, Q..

a
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The rotation rates ﬁr and éa are given by6

Qr = —Qrmc1 (2-12)
and
QO = 9 Elé_izi (2-13)
a rm 2
where
S e % = 9.996 ®/2) "2 geg (2-14)
rm a7/2(l—52)2 (1“82 2 day
and

J = 1.624 x 10“3, dimensionless constant in second

harmonic term 6f oblate spheroid
model of earth's gravitational
potential function

4

u = 4.6843 x 10l NMS/dayz, earth's gravitational

constant
R = 3443.9 NM, earth radius
e = orbit eccentricity
a = orbit semi-major axis (NM)
= R+H for circular orbits (e=0)

H = circular orbit altitude {NM)

Motion of the ascending node is westward (regressive)
for 0°<i<90° and eastward (progressive) for 90°<i¢l180°. Apsidal
motion is such that perigee advances relative to the ascending
node for 0°<1<63.45° or 116.55°<ig1806° and-reverses for
63.45°<i<116.55°.
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3.0 DERIVATION OF SOLAR POINTING ANGLES

The pointing axis (P) to be aligned with the sun line
can be defined relative to the nodal coordinate system (xn,yn,zn)

by the pointing angles (8,y¢) described in Section 1.1. To derive
(8,%) it is only necessary to equate elements of P with corre-
sponding elements of the solar vector § also expressed in nodal

coordinates.

To determine Bn consider the spacecraft coordinate
system (xsc,ysc,zsc) shown- in Fig. (1-1} which is related to the
(xn,yn,zn) system by the transformation

= = Y -
Ugo = Tp Bp = TE Ty En (3-1)

Since B, _=(0,0,1)7, it follows that

Pl 0 s CcB
= = pt = 3-2)
-1 - P2 - TP 0 - SB (
P3 1 cy cB

To determine the solar vector §n consider the trans-
formation between the (xn,yn,zn) and (Xy,Yy,ZY) coordinate
systems shown in Fig. (2-2).

_ _ m2 Y m2 -
¥, = Tn EY = Ti Tgr Te HY {3-3)

From Egs. (2-6) and (3-1) it follows that §n is given by

Sl' sy{ci ce cnr-si sei—ci cy snr
Sh ={Sy4= T, §Y = |-sy(si ce ca_+ci se)+si cy sQ
83 ) cy cﬂr+sY snr ce

(3-4)
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Equating P, and S, yields the trigonometric functions
specifying the pointing angles (B,¢).*

SB = —82 = sy{si ce e, + ci se) - si cy sQ.. (3-5)
] sy(ci ce cQ_. - si se) - ci cy s@
tany = El = c cz + sy sQ_ ce = (3-6)
3 Y SNy Y S¥p

or in alternate form

c¢i se sy + si [(l+2ce)s(y-szr) "(l_zce)S(Y*'Qrii (3-7)

n

s B

-si se sy + ci[Klzfe)S(Y—ﬂr) -(life)SﬁY+9rﬂ 3-8
[(l+2ce) cly-0,) + (1—2ce) o (y+ Qrﬂ .

As discussed previously, the angles e and i are fixed whereas
v and Q. vary with time. The effect of this variation will now

tany =

be examined.

*In general, two solution pairs (8,y) eiist, one pair
corresponding to -90°<8<90° and the other for 90°<B8<270°. 1In

subsequent analysis the pair corresponding to —-90°<8<90° is

used which implies that B always represents the minimum angle
between the sun line and the orbital plane.
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4.0 GENERAL CHARACTERISTICS OF B AND ¢

The time variation of B and ¢ is affected by the

initial values of y and Qr'

function of launch conditions are given in Appendix A.
Egs. (A-3) and (A-5) the initial values of y and 2. are*

where

ae

and

YdL

[lS(tL+tN)—180°] + Q9 = 9

D + (t-t_ )/24

launch time measured from autumnal
equinox in days (non-integer)

number of calendar days {(integer)
at launch since September 23

(0000 U.T.#¥)

launch site Universal Time** s+t
launch (0<t;<24.0 hours)

launch site Universal Time** at
autumnal equinox (Oitae524°0 hours)

Derivations for Yo and e

as a

From

(4-1)

(4-2)

*The expression for Yo is based on a circular orbit approxi-

mation to the earth's motion about the sun.

See Footnote *, p.7.

For more accurate results Y, can be evaluated from ephermeris

table523, once dL is determined.

*fSee Footnote *, Appendix A, p.A-2 for definition of Univer-
sal Time (U.T.) at launch site.
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ty = difference between true noon* and
apparent (clock) noon at Greenwich
(Oi|tN|<0.27 hours)

As illustrated in Fig. (A-1) of Appendix A, 2 is the launch site

longitude relative to the orbit ascending node and Qg is the

longitude of the equatorial noon meridian plane¥* relative to
the autumnal equinox. The expressions given in Eqgqs. (A-9) and
(A-15) for obtaining ©,, and Q. are

N L
tan QN = tanyO ce (4-3)
tan @, = tana; s2 (4-4)

where op and 2 represent the launch azimuth and launch site

latitude. The angles 0 and e lie in the same guadrants as Yo

and ar respectively. '

Although these definitions for Qro and Yo are based on

instantaneous orbit injection above the launch site, they are
also applicable for arbitrary orbit injection points or for
previously established orbits. Only appropriate interpretation

of parameters is necessary, specifically: op is the current

heading relative to geographical north; % is the current local
latitude; DL’tL’tae and tN are times (as defined above) corre-

sponding to the current local longitude.

To illustrate the nature of B and ¢ as a function of
time, the solutions of Egs. (3-5) and (3-6) for B and y are
plotted in Fig.(4-1l) for a specific set of orbit and launch
conditions.** These results are based on a noon launch at autumnal

equinox (YO=0°: tL=tae=12'0’ DL=tN=0). The orbit and launch

*See discussion in Appendix A regarding the definition of noon.
In this formulation true noon corresponds to tL+tN=12.O.

**Expressions for evaluating the initial pointing angles (Bo,wo)

for arbitrary launch conditions are given in Appendix A.3.
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A

parameters are based on a 35°, 230 NM circular orbit (i=35°,
H=230 NM, e¢=0) which corresponds to Qr=—6,51 deg/day. The

effect of launch time on B8 and ¢ is shown in Fig. (4—2) where
the curves correspond to four different launch times
(tL=6,12,18,24) with the other parameters the same as those

used for Fig. (4-1).

The results shown in Figs. (4-1)} and (4-2) indicate
that ¢ increases monotonically with time, in fact, almost
linearly. The curves also indicate that 8 varies harmonically
within an envelope whose maximum magnitude occurs at the two
solstices (y_ =90°,270°) with the value IBlmax=(i+e). It is of

interest to examine these properties in general. Other charac-
teristics of B and ¢ are also of interest, namely lBlmax’ ol
f

and Iilmax’

are obtained which relate these various characteristics to vy, Rr

ave’
In the following subsections analytical expressions

and 1i.

4,1 B Envelope

The g envelope defines the possible extremes of g
which may exist at any time of year (y). At any particular time
(v fixed) extreme values of 8 can be determined by differentiat-
ing sf in Eg. {3-5) with respect to Qs since

3 SB _ 3 SB 9B _ 508
80 TN 3%,

Hence, it follows that

9 SB _ __. _ _
Y si(sy snr ce + Cvy cﬂr} =0 (4-5)

r

which implies that
tanQ, = -1/ (tany ce) (4-6)

The two possible solutions for Q. give rise to the upper and

lower boundaries of the envelope. Using Eq. (4-6) with Eq. (3-5)
vields the boundary equations in terms of s8.

SB = sag ci + si Cay = S(Udii) = sBgy, (4-7)


http:Qr=-6.51
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where

sag = sy se (4-8)
The + and - algebraic signs correspond respectively to the upper
and lower envelope boundaries. The angle —ag can be interpreted

physically as the sun declination relative to the egquatorial
plane,

The time of year (y) corresponding to the maximum
points on the envelope, namely |Bg| can be determined from

max’
asB osB do
eb _ eb " d_ . Y S€ _ -
3y Bag 3y =clagki) cay 0 (4-9)

The solutions for vy obtained from c(adﬁi)=0 vield

~

sy = + ci/se = + ci/c(90°~e) = sy (4-10)

However, these apply only if (90°-e)<ixg (90°+e). The other
solutions for y follow from cy=0 which yields

m

y = 90°,270° = v (4-11)

This case applies for 0<i<(90°-e) and (90°+e)<i<180°.

The values of |B| and the values y=¢% and Qr=§r*

max
yielding IBImax are summarized in Table 4-~1 for the four appli-

cable ranges of orbital inclination.

TABLE 4-1 — g Envelope Parameters as a Function of Orbital Inclination

Inclination®*
(A) {B) {C) (D)
Envelope Range
Parameters 0°<Ci1<C(90° — €} [[90° —e}<< i << 80°190° <1 << (90° + ¢) | {20° + ) < i=C 180°
1B] rmax i+e 90° 90° 180° —i+e
5 90°, 270° + sin =7 (cifse) | * sin —7 (cifse) 90°, 270°
A Lo f\' ‘el '\I {e]
Qr*** 0 ‘Q‘r 180 +ﬂr 180

*ﬁr is obtained by solving Eg. (4-6) with y=9%.

**g = 23,45°

—_ ~ y
***ar = tan l[—l/(tany ce)l; -90°59r590°.



BELLCOMM, INC. - 19 -

Plots indicating the form of the 8 envelope for the
four ranges of inclination (A,B,C,D) in Table 4-1 and two special
cases (i=0°,180°) ake shown in Fig. (4-3). The upper and lower
boundaries are inverted images of each other about y=0° or 180°.
For ranges A and D the upper and lower boundaries are separated
by a constant angle, 2i and 360°~2i regpectively, as may be
deduced from Eg. (4~7). For ranges B and C this is true only for
the values of y between successive peaks of opposite sign. The
The minimum boundary separation in ranges B and C ig (180°-2e)
which occurs at y=90° and 270°,

% 1=0° 8 Jr 1= 180°
[
S8, =575 SBemSTSe

; ; 4 4 1
90 180 270 0 7 80 180 70 380
' — TR .-

Y

021 5190° ) (Cast A) 54 1909 ¢el < 1 $180°°  (Cme D)

{90°a} <2 S90°  (Cese B} 'y S0°Za S0P+ (Case O

a0

/
=
vl e
P A e g B o % O _

AR e T L Ly 180° - (1 ol o

-0 J

Figure {4 - 3} - Effect of Orbital Inclination on Envelope.

4.2 Bl

The angle g varies harmonically within the 3 envelope
except for i=0°,180° when the envelope collapses to a median
curve defined by

8_ = sin T(sy se) (i=0°) (4-12)

sin Y(-sy se)  (i=180°) (4-13)

w
I
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which is the sun declination profile relative to the equatorial

plane.
corresponding to a sun—synchronous orbit#*,

Unless i=0°,180° or a particular inclination (1

)

s8

8 crosses the median

curve between successive intersections with the upper and lower
boundaries as illustrated in Fig. (4-4) for ranges A and B of
Table 4-1.

orxr

d{sB)

fa)1= 35“

-'?j- Upper Envelope Boundal
\\.! P pe Yy

\ % i

EwQN/Aw:

——

W AVAY

AE - Autumnal Equinox
WS ~ Winter Solstice

VE ~ Vernal Eguinax
55 =~ Symmer Solstice

¥ oo
=2 ~— e
2 VAR /=N -
B " l.nw:r Ernvalope Boundary A / s St b st
- 30/ o, y "]
\--. ‘/“
— - -
-0 — S
AE s VE 55 AE
Tumn -
230 NM Cireistar Orbit
Launch Doy Sept 23
Launch Time Noon [AE}
(b} 1=80% [
s g e
| ~—— ] __,-___/ - J Upper Envelope Boyndary ]
1/ N\ / | \ T/
30
N &
- et S
& o ~
3 o= = —
) / \\\\ —/ sl
- \/ \ /
- 50 il W m—y
|- Lower Envelope Boundary /- \""‘--..__ __’XI{ _____
s M — o]

AE

Time

Frgure {4 - 4) - Typical § Variation for Orbital Inelination in Ranges A and B.

The time rate of change of g can be calculated by
differentiating Eq. (3~5) which yields

dt

cp

-

B

we

(2%

*See Section 4.4.

(a ss)Y

(4-14)

(4-15)



BELLCOMM. INC. -2 -

where

b
il

1 ~gi(sy ce sﬂr + Cy ch) (4-16)

K,y

cy(si ce cq + ci se) + sy sQ. si (4-17)

The B variation shown in Fig. (4-4a) suggests that || reaches a
local maximum as B crosses the median curve. A formal solution

for all lé[max obtained by differentiating B with respect to
y and @_ in Eg. (4-15) is a tedious exercise. One solution is

[é = |(—ér)si + ys(ite) | = lérmgi ci + ¥s(i+e) | ~ (4-18)

and the corresponding y and Qr are

. = 0°; y = 0°,180° 0° < i 90° (4-19)

r —

1A

Q i80° (4-20)

r

180°; y = 0°,180° 90° < i

1A

In Fig. (4-5) the dashed curve represents ]é] plotted versus

inclination. The solid curve is a numerical solution for |g]

max

Orbit 230 NM, Circular

5 Legend 1Al pax

/‘\ P—
4

2
B l Range A Range Range CF | Range D \

Vi ' i \

= {gn° = (80P
{ =807 | | ) | |1 = (807} }
0 V

0 30 60 a0 120 150 180°
Orbital Inchination {deg)

Figure {4 - B} 'lélmax vs- Orbstal Inchination
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obtained by scanning all vy, Q.. From the figure it is evident
that |8] is indeed the upper limit of || when i is in the range
A or D of Fig.(4-3). For i in the range B or C, ]é[ is also the

upper limit of |é[ except in the vicinity of the inclination, i__.

ss
The upper limit on lélmax cccurs at an inclination in
range A. Differentiating |é| with respect to i leads to the
equation
c2i = (-}/érmy ¢ (it+e) (4=21)

Applicable solutions for i lie in the range 45°<i<(20°-e) and
depend on érm*' A plot of the corresponding upper limit on

|é|max

lar orbits. For 230 NM the absolute upper limit is ]élmax max =
4

4,90 deg/day at an inclination of 46.3°. This compares with
| 8] = 4.60 deg/day for i=35° at 230 NM as shown in Fig. (4-5).

is shown in Fig. (4-6) as a function of altitude for circu-

max

18)max, max = 4 9°/day

n | max,max
{deg/day}

[
1 {deg)

40

4 430
wl max max

o L PR | P SR B L L A TET VS W Sy

100 200 | 400 800 1000 2000 4600 8000
Alstude [NM)

Figure {4 - 6} - Upper Limits of [ ,6’] max @nd Corresponding Orintal Inclination
vs Altitude (Circular Orbits}.

*Qrm_is a function of the orbit semi-major axis and eccentri-

city in elliptical orbits and a function of orbital altitude alone
in circular orbits. See Eq. (2-14}.
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4.3 Properties of ¢

The monotonic variation of V¥ for the case shown in
Fig. (4-1) indicates that i remains positive and fluctuates about

some average rate, wave' General conditions under which these

properties hold can be determined from an expression for v.
Differentiating tan ¢ in Eq. (3-6) with respect to time yields

(4-22)

a%(tanzp) = 9 secztp a=

where Sl and S3 are defined by Eq. (3-4). Subétituting for

Sqs 83, él’ and é3 and using Eq. (2-12) vyields

. F & +6 y
V= rmz = _9__2 (4-23)
™R c 8B
where
F = ci{ci - sy se sg) (4-24)
G = (ci ce ~ ch si se) (4-25)

The coefficient F is positive for all (Y,ﬂr) when the

orbital inclination i is in ranges A and D defined in Table (4-1)
and Fig.(4—3)*. In range A the coefficient 6 is positive for
all 2. but in range D it is negative for all Qr L¥*  Since 9

and & are p931tlve, $ is always positive in range A and w1ll be
positive for all i in range D provided that Q — ig sufficiently

large. For circular orbits this is the case for orbital

*Since the extreme value of sysf is s(i+e) in range A and
-s(i-e) in range D, it follows that Fmin=cicec(i+e)>0 in range A

and Fmin=cicec(i*e)>0 in range D.

**BExtreme values of G occur for Qr=0° in range A where

=¢ (i-e)<0.

— 4 e [ 2
G . _=c{ite)>0 and for Qr—lSO in range D where Gmax

Hin
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altitudes less than 690 NM.* Since coefficients F and G may be
positive or negative for i in ranges B and C, the monotonic
variation of ¢ will not prevail, but may occur at intervals.

4,3a ®ave

Although § is positive for i in ranges A and D it

fluctuates about an average rate Yoyer 29 observed previously.

This average rate can be calculated by observing the number of
revolutions of ¢ over a particular time .interval. Revolutions
of ¢ can be referenced to a point where ¢=%/2, which occurs when
S3=0 in Eq. {3-6) and implies that

tang . = -1/ (tany ce) (4-26)

the same condition, Eq.(4-5), for B to intersect the B envelope.**
1

Let ﬂr' vy' and wobe values of ﬂr’ vy and ¢ at time, t=0. Suppose

the ratio |ﬁr|/§ is rational; then at some time t=r=27k/y, 2. and

x
v become

Q. =0_+ f.T=9_ F 2mm
r r Ir ks (4_27)
1

- ' - L]
Yy +yr =y + 27k (m,k integers)

1l

Y

where (+) signs account for the sign of ér.***lnspection of

solutions to Eq. (4-26) reveals that in the same interval 7, V¢
makes exactly mtk revolutions so that

plr) = 2m(mik) + ¢ (4-28)
Thus, -

) p(t)-v 27 (mtk) e

Vave = T = = = T(%iﬂ) (4-29)

27k/y

*The altitude limit for $>0 is a minimum at i=90°+e. At
inclinations above 90°+e the altitude range for y¥>0 expands
considerably (e.g., altitude limits at i=80°+2e and i=180° are
2206 NM and 3075 NM). This limit is found from Eq. (2-14) after
minimizing g in Eq. (4-23) with respect to y and 2. and evaluating
Qrm such that gmin=0.

**Hence, revolutions of ¢ (relative to n®/2, n=1,3,...) are
synonymous with successive intersections of B8 with either the
upper or lower envelope boundary.

***In what follows, the upper sign in (+) or () applies to
range A and the lower sign to range D.
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But m/k = + ér/% from Eg. (4-27) so that*

(Qrm ci + v)., Range A

(4-30)

=
Il
—
o}
e
I+
i
I

ave r
—(Qrm ci + ¥), Range D

Although based on a rational ratio for |ﬁr|/§, this

result is approached in general for t sufficiently large. To
show this, let

1 1

Qr = Qr + QrT = Qr + Qre + 2mw
1 . ' (4-31)
y=v + vy 1=y + 2kn
at time 1, so that
gt} = 27 (mtk) + Ve T Y, (4-32)
where —ﬁ<(9re,we)<w represent the residue in Qr and ¢ for
|hr|/§ not rational., Thus
v (T)=¢ v
i = 2 = l._E -
Yave = T Y( l) k 27 (4-33)

Solving for m/k from Eg. (4-31) and substituting into Eq. (4-33)
vields

. - . Y-' lpe i Qre
Vave = (T 8 & ¥) + gl—=pp— (4-34)
which approaches the result in Eq. (4-30) as k (i.e., 1) increases.

A plot of @ave for a 230 NM circular orbit and orbital

inclination in ranges A and D is shown in Fig. (4-7). Since ¥
may be either positive or negative for i in ranges B and C,
|¢ I generally will be less than the result given in Eqg. (4-30).

Extrapolatlon of the wave curves for ranges A and D into ranges

B and C is also shown in Fig. (4-7) for comparison.

*Hence, successive intersections of B with either the upper
or lower envelope boundary occur at intervals of 2n/¢ , on the

average. ave
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Figure (4-7) - tpavg-and ¥ max V8 Orbit Inchination (Circular Orbits).
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4.3b
max

The ripple on the curve of.i vs t shown in Fig. (4-1}
reflects the fluctuation of ¢ about ¢ave' At orbital inclina-

tions where 8 may approach 90°, ¥ can be large at times, in fact
infinite when B=90°. These aspects are illustrated in Fig. (4-8)
where typical g and ¢ variations are plotted versus time for two
orbital inclinations: one in range B and one in range A near

(90°-e} . *

As is apparent from Fig. (4-8) local maxima of } occur
as B8 reaches the f envelope. The upper bounds on ¥ can be
shown to be

( érm ci ce + y
S(ite) (+) Range A, (-) Range D
wmax = (4-34)

+ @ Ranges B and C

\
The corresponding y and 2 for each range of inclination are as

given in Table(4~1)., For comparison with iave these results are

plotted versus i in Fig. (4-7) for a 230 NM circular oxbit.

*Having §+~ is not a serious problem since it merely repre-
sents an instantaneous condition for satisfying the solar point-
ing requirement as the orbital plane passes through an orientation
where it is normal to the sun line (B=90°}. As a practical matter,
the "jump" in ¥ can be accomplished in finite time with spacecraft
maneuvers or experiment gimbaling without significant time inter-
ruption of a solar pointing mode.
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4.4 B Variation in Sun-Synchronous Orbits

A sun-synchronous orbit has been defined7 as "an earth
orbit whose plane rotates about the earth's axis just one revolu-
tion per year and remains in step with the earth's rotation about
the sun."* This implies that 9r=y or in view of Eq. {(2-12) that

ci = -&/érm = ci_, (4-35)

Since y and érm are positive, sun-synchronous orbits are
necessarily retrograde orbits (9Q°<i555180°). The relationship

between orbital inclination and altitude for attaining sun-—
synchronous circular orbits based on Egs. (2-14) and (4-35) is
plotted in Fig.(4-9). For a 230 NM circular orbit the required
inclination is 97.13°.

180

150

155 {deg)

120

H=3225NM
Maximum Altitude for
Sun-Synchronous Circular Orbit

90

I
I
1
|
I
]
i
I
I
|
7
100 200 400 800 1000 2000 4000 8000
230 Altitude {NM)

Figure {4 - 9) - Orbital Inclination and Altitude Requirements for Sun-Synchronous Cireular Orbits .

The B variation in a sun-synchronous orbit can be
determined from Egs. (2-7), {(2-10) and (3-7) where the nodal
rotation is given by

9r=€2ro+yti-y =0 + v (4-36)

and

Q (4~37)

m
1
-2

2
¥ ro

is a.constant depending upon initial conditions. From Egs. (3-7)
and (4-36) it follows that

s8 = § + g sy + h s{2y+R) (4-38)

*Since the earth's orbit is slightly elliptical, "remains
in step" is not true exactly, only on the average. However, the
deviation is small.
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where
§ = -si( 1;";")s'ﬁr (4-39)
g = ci se (4-40})
h = —si(l';ce) (4-41)

Hence, in sun-synchronous orbits g varies about a constant,
Bs=sin_l(—sisQrL with two dominant frequency components, v and
2}. Curves of 8 vs t are plotted in Fig. (4-10) for various

values of ﬁr.

g0

97 19 Inchnguon
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l 230 NM Altitude
=—ap
i
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30 "]
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= . / \

Figure (4 - 10} - § Profiles in Sun-Synchronous Qrbits ,

These results indicate that B8 does not make successive
intersections with the B envelope as in non-sun-—-synchronous
orbits. Since the constants g and £ in Eq. (4-38) are small, B
remains in the vicinity of —ﬁi except near §r=igoo where it

follows the envelope variation.* The results are similar

*For R, =+90°, it follows from Egs.(3-5) and (4-6) that

sg = ci(syse) ¥ sil[l-s?y(l-ce)l

which is nearly equivalent to the B envelope equations. The first
term in this equation and that in Eq. (4-7) are equal and the.second
terms are identical through the first two terms of a series
expansion in e.
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for 90°<|§r|5180° with B varying about zero for §r=t180°‘ Sun-

synchronous orbits may he of particular interest for long dura-—
tion missions where a relatively flat g profile is of importance
in certain photographic or-earth viewing experiments.

4.5 Summary of 8,y Properties

General properties of the solar pointing angles {g,)
have been evaluated as a function of time of year {(sun line
location, y), ascending node location (Qr), orbital inclination

(1} and the sun line and nodal rotation rates (;,ﬁr). Specific

properties depend on the range of orbital inclination (A,B,C, or
D) defined in Table(4-1). In general R varies harmonically within
an envelope which depends on both y and i. UTper limits for the

envelope are given in Table(4-1), Limits on Blmax within the 8

envelope are shown in Figs. (4-5) and (4-6} and may be evaluated
from Eq. {4-18).

The angle ¥ increases monotonically for i in ranges .A
and D, but not necessarily in ranges C and D where the orbital
plane may pass through an orientation normal to the sun line
(lg] =90°). In all cases where |8| approaches 90°, |§| increases

sharply with |¢|max=m, theoretically. A summary of properties of

(B,¥) for typical AAP Workshop missions is given in Table (4-2).

TABLE (4-2) Summary of {8, y/} Properties for Two 230 NM Circular Orbits)

i 'Qr ‘Q'a [BI max |ﬁl max ‘l’ave l'Dma:n(
359 | -6.5° / day 9.3° /day 58.450 4579 /day | 7.59/day | 13.2°/day
50° | -5.19 / day 4.2° /day 73.450 486° /day | 6.1°/day | 19.9°/day

As noted in Section 4.3a, B intersects the B envelope
when y=nr/2 (n=1,3,...). Although this does not occur uniformly
in time, successive intersections with either the upper or lower

envelope boundary occur at intervals of 360°/iave, on the aver-

age. Hence, the "average period" of the B variation is 48 days
in a 35°, 230 NM orbit and 59 days in a 50°, 230 NM orbit.
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In sun-~synchronous orbits (ér = v), B does not make
successive intersections with the B envelope, but varies slightly
about a constant, BS = —sin_l[sis(ﬂro—yo)] as shown in Fig. (4-10}.
Since Bs can be selected by appropriate choice of launch condi-
tions (Qro' YO), sun—-synchronous orbits may be of interest where

a relatively flat B profile is of importance for photographic and
earth-viewing experiments, electrical power from solar arrays and
spacecraft thermal control considerations.

Physically, ¢ represents the angle between orbital
noon and the ascending node as shown in Fig. (1-1). Hence, noon
may advance relative to the ascending node by as much as 13.2°/
day in a 35°, 230 NM orbit and 19.9°/day in a 50°, 230 NM oxrbit.
This is of interest in the Saturn-V Workshop (SVWS) mission
where the ascending node will be located by ground tracking and
orbital noon by calculating 9.

In maintaining the solar-inertial mode spacecraft
motion can be described in terms of azimuth and elevation maneu-
vers relative to the nodal coordinate system (xn,yn,zn) in

Fig.(1-1). The elevation maneuver rate (éa) is simply 8, but
because of orbital plane motion (éa)*, the azimuth maneuver rate
(tba) is

by = b - 8 (4-42)

Hence, the maximum azimuth maneuver rate, (ia)max’ is 3.9°/day

in a 35°, 230 NM orbit and 15.7°/day in a 50°, 230 NM orbit.

The maximum required angular momentum of the SVWS (including
the effect of Qr with Ba and wa) can be shown to be** 3.0 £t lb

sec in the 35° orbit and ~10.0 £t lb sec in the 50° orbit, which
is well within the angular momentum capacity of the CMG system.

Pointing angles for maintaining solar arrays and experi-
ments in a solar orientation with spacecraft in orbit-oriented
modeg are related to . This relationship is developed in Appendix
D for spacecraft in LV, LH and POP modes.

*See Footnote **, p. 9.

**Calculations are based on mass data in Reference 8.
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5.0 EVALUATION QOF SYSTEM PERFORMANCE FACTORS FOR CIRCULAR ORBITS¥

Earth orbital mission design is influenced by a
variety of conflicting constraints, some due to mission objec—
tives and others due to orbit environmental aspects. Of
importance in the latter category, for example, are the effects
on attitude control, electrical power and thermal control system
performance requirements imposed by motion of the orbital plane
due to earth oblateness and motion of the earth about the sun.
These effects on system performance can be related to the solar
pointing angles, B and ¥, although in circular orbits only B may
be involved. .

The objective of this section is to examine various
system performance factors which are related to 8. Specifically,
this includes evaluation of:

(1) the bias gravity gradient torque-impulse on
spacecraft in a solar-inertial mode,

(2} the orbital sunlight-interval,

(3) the electrical energy per orbit available from
solar arrays in LV, LH and POP attitude modes*¥
with incrementally articulated solar arrays,
and

(4) The incident thermal energy per orbit on space-
craft in LV, LH and POP modes** and on a flat
solar panel in sun-oriented modes.

In this work spacecraft and solar array models are
chosen primarily to illustrate general properties and the
influence of the R variation. All results are given in norma-
lized form which permits simple application or approximation to
particular spacecraft configurations or changes in orbital
altitude.

*Results in this section for circular orbits are essentially

the same for slightly elliptical orbits of equal period.(See
Footnote *, p. 4)

**Sae Footnote **, p. 1.
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5.1 Gravity Gradient Torque-Impulse in Solar-Inertial Mode

An asymmetric* spacecraft in orbit experiences a
torque due to the earth's gravitational field unless one princi-
pal axis remains parallel to the local vertical. In the solar
inertial mode the orientation of the spacecraft geometric axes
(xsc'ysc'zsc) relative to the sun line and the orbital plane is

defined by the solar pointing angles (B,¢) as illustrated previ-
ously in Fig. (l-1). For the Saturn-V Workshop (SVWS) model shown in
Fig. (5-1) the spacecraft principal axes are assumed to be dis-
placed from the geometrical axes by a single rotation (§) about

the roll axis (xsc).**

Saturn V Warkshop Configuration
{ATM Solar Arrays Omitted)

Sun

Figure {5 - 1) - Spacecraft Orientation in Solar - inertial Mode .

*Here asymmetry implies unegqual principal moments of inertia
i.e. I I I .
(i.e -~ Yp# zp)

**Coincidence of the principal axis of minimum moment of
inertia (Xp) and the roll axis (xsc) is a reasonable assumption

for this analysis. In a current dry-workshop configuration8 the
actual displacement is only 3.6°. However, the rotation of
transverse principal axes is 23°,
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As given in Eq. (B~5) of Appendix B the gravity
gradient torque for this orientation is

Py 2 ~
TgX Tgmx 82 (B+¢)c” (y—n)
T =T =|T +6)s2 (¢-1 51
Ta, gy gy c{B+¢}s2(¢—n) ( }
ng Tgm2 s (B+¢)s2 (y-n)
where T , T , T represent the maximum values of torque

gmx’ —gmy gmz .
along the respective spacecraft principal axes and i is the angle
between local vertical and the nodal axis, z2,+ The torque

components Tgy and ng are purely periodic whereas Tgx is
periodic about a bias value of*

Consequently, the magnitude of the gravity gradient torgue-
impulse (or bias momentum} over an orbit is*

T
T T N
el = 1 [ mae) = P2y | = anis2ceebr | (50

where T is the orbital period. This result applies for both
circular and elliptical orbits. Over a mission |AH| will vary
depending on B. In Fig.(5-2) a typical variation of ]AH[/AH =

max
Is2(g+¢) | is shown for ¢ 0° and 23° with the same orbit and
launch conditions given previously in Fig. (4-1}.

With momentum storage devices such as control moment
gyros (CMGs) employed for attitude control, the periodic compo-
nent of the gravity gradient torque-impulse is easily removed.
However, the bias component of the torque-impulse causes an
accumulation of angular momentum. In order to avoid eventual
saturation, this bias momentum must be removed periodically.
Three approaches for momentum dumping are based on:

*This result is based on keeping B and ¢ constant which is a
reasonable approximation over an orbital period.
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reaction thrust

nagnetic control9

gravity field

10,11

large torques
reaction jets
desaturation;

produced by
provide rapid

interaction of a control magnetic
dipole and the earth's magnetic
field produces a bias torque for
continuous gravity gradient bias
torque cancellation or short
period momentum desaturation;

- orbit dark-side maneuver and

attitude hold operations produce
gravity gradient torgues which
reverse angular momentum
accumulation.
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In the first two approaches |AH| given in Eq. (5-3) is
the bias momentum dump requirement. In the third approach the
dumping requirement will vary between [AH|/2 and |AH|, since
the spacecraft is not held fixed in the solar-inertial mode
during part of the orbit dark-side interval. For the first
SVWS mission the gravity gradient dump procedure is superior.
However, the other methods are useful alternatives when opera-
ting, for example, with only two CMGs or during high g phases
of a mission in which the dark-side time interval is small or
non-existent.* Momentum dumping with magnetic control is also
an attractive possibility for the second workshop and in
future space stations where orbit dark-side maneuvers or reac-
tion jet firings might upset critical telescope alignment
during stellar astronomy experiments.

5.2 Orbital Sunlight Interval

The period during an orbit in which the sun is
unocculted by the earth is referred to as the earth sunlight
interval. In general, this interval depends on the proximity
of the orbit path to the earth and its orientation with respect
to the earth and sun line. Geometry for determining the shadow
interval in circular orbits is shown in Fig. (5-3) where R is
the earth's radius and H is the orbital altitude. Points Pl and

P2 are the locations in orbit where an observer's line-of-sight

to the sun's center just becomes occulted by the earth.** The

earth shadow terminator corresponds to the great circle ABC which
is normal to the sun line for a given 8.

The orbit angle corresponding to the shadow interval
is defined as 201. The corresponding angle for the sunlight -

interval is Znes where

feg = 180° - o (5-4)

*Spacecraft maneuvers during sunlight periods may interfere
with solar experiments. As shown in Fig. (5-4) for circular

orbits, the dark-side interval wvanishes for Bzc=sin-l(R/R+H)
where R is the earth's radius and H the orbital altitude.

**Umbra and penumbra effects of the earth-sun geometry are
not included in this analysis. See footnote in Appendix E,
p.E=~3,



BELLCOMM, INC. - 38 -

{a} (o)
Normal to
Crbital Plane

Earth

Orbit Path

Earth Shadow
Terminater

Orbital
Noon

Midnsght

Figure (5 - 3} - Geometry for Determining Earth Shadow Interval.

as shown in Fig. (5-3b). The relation between oy and B8 is

obtained from a solution of the tetrahedron DEOPl in Fig. (5-3a).

This yields*

Coy = co/c8B (Bzo) (5-5)
where
so = R/ (R+H) (5-6)
Hence, Nag is given by
cos_l(—co/cB) B<o
Tes = (5-7)
180° B=go

*In circular orbits coy is only a function of 8, which is

assumed constant over an orbit. In elliptical orbits the shadow
interval is a function of both B and ¥. Analytical results for
this case are derived in Reference 13 and summarized in Appendix E.
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Since the orbital angular velocity is constant in a
circular orbit the fraction of an orbit in sunlight is

TSL = (Znes/360°) = nes/180° (5-8)

A plot of TSL

various orbital altitudes. When 820, the orbit is in total sun-
light. For a 230 NM circular orbit this occurs for B269.6°.

as a function of 8 is shown in Fig. {5-4) for

o=241° 508° 608° 669° 709° 763°

o / [ [/ [/

/
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>
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, P // /)
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Figure (5 - 4) - Fraction of a Circular Orbit in Sunlight vs;gB
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5.3 Electrical Energy from Solar Arrays

Electrical energy from solar arrays is a function of
the array orientation relative to the sun line and the duration
of the sunlight interval. In a solar orientation, such as the
solar-inertial mode illustrated in Fig. (1-1), the incident solar
energy on the arrays is a maximum. In orbit-oriented modes,
such as LV, LH and POP,* the maximum is obtainable only with an
independent array pointing capability. This may be achieved by
two~degree-of-freedom (TDOF) articulation of the array or by
combining single-degree~of-~freedom (SDOF) array artic¢ulation
with spacecraft rotation about the roll axis. Howevexr, contin-
uous articulation of large solar arrays at orbital rates in
long duration missions may be undesirable from a reliability
standpoint. Nevertheless, an improvement over fixed arrays can
still be achieved with SDOF arrays which need only be articulated
intermittently to account for the relatively slow (daily) varia-
tion in B. '

In the following subsections the effect of B on the
electrical energy available from fixed and incrementally articu-
lated (SDOF) solar arrays is examined for LV, LH and POP attitude
modes and various spacecraft roll profiles. In each case optimum
panel articulation for maximum utilization of the incident solar
energy is evaluated as a function of B. The subsequent analysis
is based on the following assumptions:

(1) secondary effects on array output such as fluctua-
tions in panel temperature and loss of incident

14

energy due to cover glass reflection are ignored,

(2) the solar panels are mounted such that shadowing
by the spacecraft is negligible,

(3) the panel articulation axis is normal to the space-
craft roll axis, and

{4) the solar panels may be rotated only intermittently
(e.g. daily).

*LV, LH and POP modes are defined in Footnote **, p. 1.
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5.3.1 Bvaluation of Electrical Energy

The electrical power (P) generated by a planar solar
array for an arbitrary array orientation is expressed as a
fraction of the maximum electrical power (PM) which is generated

when the array is pointed directly at the sun. This relationship
is given by

P = P ) [x]<90° (5-9)

where c) is the cosine of the angle between the sun line and the
outward normal to the active side of the solar array. Generally,
ci 18 a function of four angles: 8, n, ¢, and up. As illustrated

in Fig. (5-5), n is the current location in orbit relative to noon,
¢ is the spacecraft roll angle and ap is the array articulation

angle.*

Noon
Merichan Plane £ -

Spacecraft

Orbital Plane

Spacecraft

Sun

Figure {5 - b) - Spacecraft Location and Solar Array Orientation Angles.

*The reference for ap=0° and ¢=0° will be defined subsequent-
1y for each attitude mode.
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The array power output is zero whenever the space-
craft 1s within the earth shadow interval Inl>nes* or whenever

cA<0, which represents panel self-shadowing. The respective

points in the orbit (n=nssz, n=nssl) corresponding to entry into

and exit from the self-shadow region can be obtained by solving
the equation, cA=0, for n. Array self-shadowing is of interest

whenever Nes2<Nag and/or nssl>—nes.** In that event the self-

shadow region includes part of the sunlight region, as shown in
Fig. (5-6) for two possible cases, and thus reduces the total
electrical energy obtainable from the solar array.

Legend
Earth Shadow Region

N =1y <
un

n=0 N =My RE 7 =0 {Noon)

{Noon) BN Panel Self Shadow Region
Orbit - ’751‘\ Orbit Path
Path

1=+l

(a7 ]| st (6) |7 ool | 51}

Figure (5 - 6) - Earth Shadow and Array Self-Shadow Regions in Circular Orbits

The electrical energy (E) available per orbit from
the solar array is egual to the integral of the output power
(P) over the period in the orbit when the panels are exposed to
sunlight. This integral can be written as

ty 2p)
E = Pdt = j Pdn/4 (5-10)

=1 ny

where (nz,tz) correspond to the point of array entry into shadow,

(nl,tl) corresponds to the point of exit from shadow and 4 is

*See Section 5-2 and Fig. (5-3).

**In general, Inss2| # lnssll’ since the solutions of ci=0

for n are not necessarily symmetric about n=0°. However, for
many cases considered in subsequent work, Tge2™ “Mgg1Mgs*
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the instantaneous angular velocity in orbit. The average power
supplied during the period (t2—t1) is simply

t
P = L j ZPdt - _E_ (5-11)
ave tz—tl t2—tl
t
Por circular orbits, ﬁsmo is constant and mo(tz—tl) = (nz—nl):

so that the expressions for the electrical energy and average

power become
n n
pel [ Cean -t 7 (5-12)
] mo n

and

Pave = "'("-"'"_—"'—— E = -(——?"'—- Cldn (5—13)
UPYUTY n,-ny) Tny

where Eq. (5-9) has been substituted intc Eq.(5-12) for P.

The maximum electrical energy (Es) is obtained with

the panels pointed continuously at the sun, which means that
ci=1. Since panel self-shadowing is precluded in that case,
Ny=Nygr N1% ~Ngg and Eq. (5-12) yields

d
g

= M - =M -

E, =5 (n2 nl) = = (2nes) (5-14}
[¢] o

Hence, the maximum electrical energy obtainable from solar

arrays varies with B and orbital altitude as shown by the curves

in Fig. (5~4) for Mo

For an arbitrary panel orientation the available
electrical energy given by Eq. (5-12) can be expressed in terms
of the sun-oriented array energy output (ES) by substituting for

PM/w0 from Eqg. (5-14). This yields

B i)
E = o f cxdn (5-15)
es T]l
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or in normalized form

1 "2
E = (E/ES) = 7 Jﬂ cidn {5-16)

Thus, E represents the fraction of ES obtainable for a given
attitude mode and array orientation.*
In view of Eg. (5-13) the maximum average power

obtainable with the array pointed continuously at the sun is
just PM' Consequently the normalized average power is given by

Mo
P=1(.__ /P) = 1 cAdn = “Nes B (5-17)
ave’ *M fn2~n1) n (nz-nl)
n
1

This indicates that the normalized electrical energy, E and the

normalized average power P are identical, if self-shadowing
occurs only during the earth shadow region (i.e., nz—nl=2nes).

*An alternate normalization of the array energy output (E)
could be made relative to the sun-oriented array output (ESO) at

g=0°. In view of Eq. (5-14) it follows that ESO=(Pm/m0)2neSO
where 2nesO corresponds to the sunlight interval at 8=0°.
Accordingly Nes in Egs. {5-15) and (5-16) is replaced by Neso and
the normalized array output is designated E, . Also, if E, in
Eqg. (5-14) i1s normalized to Eso' the sun-~oriented array output

can be expressed as

ES:ES/Eso=nes/neso

which varies with B analogous to the curves for nes/lso0 in
Fig. (4-4). Normalization relative to E is preferred in this

section however, since this approach will indicate directly the
array output relative to the sun-oriented array for all 8.

Nevertheless, the two approaches are simply related, since

E =R B.
Q s
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*
5.3.2 Electrical Energy in ILiocal Vertical Modes

The solar array orientation in the LV mode is illustrated
in Fig. (5-7), where the panel coordinate axes, yp and Zp' define

the articulation axis and the normal to the active side of the
array. When the panel angle (ap) and the spacecraft roll angle

(¢) are zero, the array lies in the orbital plane with xp parallel
to the spacecraft roll axis (xpo). For arbitrary ap and ¢ the
expression for ci given in Eq. (D-19) of Appendix D is

Chry = cap sB co + soy cB ¢n - cap cB s¢ sn (5-18}

In the following subsections E is evaluated as a function of 8

from Egs. (5-16}) and (5-18) for various panel angles and several
spacecraft roll profiles.*%*

A

Upward Local Vertcal

Noon
Mendizn Plane

Orbital Plane

Spacecraft

Figure {5 - 7) - Solar Array Onentation in Local Vertical Mode . |

*The results in this section were contributed previously to
Reference 15.

**As may be surmised from Fig. (5-7) it is really only
necessary to consider 0°<B<90°, since redefining the spacecraft
roll such that ¢+180°-¢, when -90°<B8<0°, yields exactly the same
expression for ci;, in Eq.(5-18). Also, in view of Fig. (5-7) it

is sufficient to consider 0°iap§90°, since o in the range,
—90°iup§p°, serves only to orient the outward normal to the array

(zp) further away from the sun line.
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5.3.2.1 Solar Arrays Operated with Spacecraft Roll (4#0)

The angles ap and ¢ corresponding to a solar oriented

array (ci..,=1) are defined by Egs.(D-11) and (D-12), namely

v

sap = ¢n cB {(5-19)

tan¢ = —-sn/tang {5-20)

Although variation of ap at orbital rates is precluded by

assumption, the variation of ¢ according to Eg. (5-20) represents
the optimum spacecraft roll in the sense that this maximizes the
instantaneous array power output.* A plot of ¢opt as a function

of n is illustrated by the solid curves in Fig. (5-8a) for various
values of 8.

L] ib)

\ ¢ A
Legend

B -0 5 —-—  Opumum Rolt 3600
\ 90 — — Contmnuous Rall

{8 Cyclec Roll

=4 A°< 7 <4909
==== Cyclic Roll ¢
{ 7] =>90°%

190° - e

cyc

180° - / {Gychc Roll}
- //’\-

! - o -

1 0 — ! //Tl; L {i‘ -
- 180° e P

- e
e
- 180° |- = -~
Y
~—
e
[} cont *— 7 ""'-..\
- 80° J {Conuinuous Roll} -~
%0 ~3° ~

Figure {5 - 8) - Spacecraft Roll Angle vs Orbital Position: Angle for Three Roll Modes.

Although theoretically possible, the wariation of
¢ according to Eq. (5-20) imposes some adverse conditions on the
spacecraft attitude control system. One practical aspect is that
the spacecraft must follow a rather complex roll command, which
varies with g. The primary disadvantage, however, is that the
spacecraft must execute an abrupt roll maneuver twice per orbit,
when g is small.*

*Since P=P_c), it follows that 3/9%¢ (cr, ., )=0 yields Eq. (5-20}.
. ™ Lv

. *In view of Figure (5-8a) the theoretical maximum roll rate,
|¢|max' which occurs at n=0° and *180° approaches infinity as

=wo/tan B.

B>0°, since l$|max
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Two easily implemented suboptimal alternatives to the
optimum roll are represented by the dashed curves in Fig. (5~8a).

In one case the roll motion (¢cont) is continuous with

=u . In the other case the roll motion (¢cyc) is cyclic

¢cont
about zero such that

n+180° ~180° < n < — 90°
¢cyé S -n - 90° < n < 90° (5-21)
n-180° 90° < n < 180°

r

As is evident from Fig. (5-8a) both cases closely approximate
=% —AB©C
¢opt near n=0° and B=45°.
These two alternatives will be compared with the

optimum roll case in terms of the electrical energy (ﬁ) available
from the array as expressed in Eqg. (5-16). The boundaries of the

array sunlight interval (nlfngnz) needed for evaluating E. can be
determined by comparing the earth shadow boundary (ines) with the
panel self-shadow boundary (nssl,nssz) described previously. In

Appendix C the self-shadow boundary is shown to be symmetrical
about n=0° for all three cases so that Ngg2™ -nsslsnss' Conse-

quently the array sunlight interval is determined by
n if n <n

es es 58

Ny = ~ng = ong, = (5-22)

i <
rlSS if nSS nes

The relationship between Mg and Moo for various values of «

and 8 is shown by the curves in Fig. (C-1), (C-2) and (C~3) in
‘Appendix C for the optimum roll, continucus roll and cyclic roll
cases respectively.

With these data the normalized electrical energy (ﬁ)
can be evaluated after integration of Eq. (5-16) with Eq. (5-18)

substituted for ci. The normalized average power (ﬁ) available
during the sunlight interval is then obtained by using Eq. (5-17).

The expressions for E as given in Egs. (C-12), (C-19) and (C-30)
are listed below.
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Optimum Roll¥*

E = t sa, o8 sng, + co [E(k) + E(k,e)]} (5-23)

P = (nes/nsz)é (5-24)
where

k = ¢ (5-25)
and

o = ”sg'goo (5-26)

Continuous Roll

- 1 cao_CB

E = _Znes [25 (ap-l-B)Sﬂsz + “"Lz (21']52—327152)] (5__27)

P = (nes/nsz)E (5-28)
Cyclic Roll

- 1 ca_cB

E = 2neS{}CaP58 + 2s(ap—8)snsg + ——%——(Znszﬂsznsmq (5-29)

7 (nes/”sﬂ)E , (5-30)

In Figs. (5-9), (5-10) and (5-11), E is plotted as a
function of B and the panel angle (up) for the various roll

modes. The corresponding results for P differ significantly
from those of E only in the continuous roll mode. The curves of
P vs B for this case are shown in Fig. (5-12). The knee in the

curves of E vs B near B=70° is due to the rapid decrease in the
earth shadow interval.** In each case the upper envelope boundary

on the curves for E represents the maximum electrical energy
(Emax) avalilable from the array with optimum variation of o with

B. A comparison of optimum results for these cases and optimum
results in other attitude modes are given in Section 5.3.5.

*The function E(k,0) in Eq. (5-23) is an elliptic integral of

the second ¥ind which is available in tabulated form16 as a func-
tion of the modulus k and argument 6. The function E(k) is the
complete elliptic integral of the second kind (6=%0°).

**See Fig. (5-4).
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5.3.2.2 Solar Arrays Operated with Fixed Spacecraft Roll (¢=0)

If the spacecraft is roll stabilized, the roll degree-
of-freedom for pointing the solar array is not available on a
continuous basis. Unless otherwise constrained however, the
spacecraft roll angle is arbitrary and can be fixed at some
desired value (¢=constant).* It is of interest therefore to

evaluate the electrical energy (ﬁ) available from the array for
various fixed values of ¢ and to determine as a function of g
the optimum combination of fixed roll angle (4¢) and panel angle

(ap) which maximizes E.

As in previous work the sunlight interval must be

determined in order to evaluate E according to Eq. (5-16). In the
fixed roll mode the panel self-shadow boundaries (nssl’nssz) are

not symmetrical about n=0° except when ¢=0°. Consequently, the
self-shadow and earth shadow intervals may assume any one of four

possible arrangements, as shown in Fig. (5-13).

A} Cl

Orbnt Path

P Sun

Legend

% Earth Shadow Region

B}

/% Panel Seif-Shadow Region

-
-‘;'o:o

Orbit Path Mo Must Orbit Path

Figure {5 - 13) - Possible Earth Shadow and Solar Panel Self-Shadow Regions (LV - Fixed Roll Mode).

*Lf the spacecraft is roll stabilized by reaction thrust
methods, ¢ will normally drift within a limit cvcle deadband. If
the deadband’is sufficiently small however, ¢ can be considered
essentially constant. If momentum exchange devices are used for
control, a precisely fixed value of ¢ can be maintained.
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In general the self-shadow boundaries (qssl,nssz) vary

with B. 1In Figs.(C-5), (C-6a) and (C-6b) of Appendix C.4 the vari-
ation of nssl and nssZ as a function of B and ap is shown for

p=-45°, 0° and -90° respectively. Also shown are the earth shadow
boundaries (ines) corresponding to a 230 NM circular orbit. The

various shaded regions (A, B, C or D) in Figs.{(C-5) and (C-6)
correspond to the respective shadow boundary arrangements in

With this information the electrical energy (E) can be
evaluated after integration of Eqg.(5-16). In order to include
the effect of distinct earth shadow and panel self-shadow inter-
vals as in Fig.(5-13d), it is necessary to modify this expression

so that
. 1 N2 N3
B = 7 CALVdn - ' clLvdn {(5-31)

] 1
where the limits (nz,nl; n2'n12 corresponding to the wvarious

cases in Fig.(5-13) are defined as

Nge2 Case: A (5-32a)
‘n =
2 les Case: B,C,D

Neg1 Case: A,C (5-32Db)
n =
t -1 Case: B,D

es

i

", Nea1 Case: D {(5~33a)
"2
0° Case: A,B,C
{YE52"3600 Case: D (5-33b)

0° Case: A,B,C



BELLCOMM, INC. - 53 -

Substitution for ci from Eq. (5~18) and integration of Eq. (5-31)
yields

E = éﬁt; [A(nz"nl) + B(snz-snl) + C(cnz—cnl)]
1 1 1 1 ] 1
[A(nz—nl) + B(snz—snz) + C(cng-cnl] (5-34)

where

A= ca, c¢ sB (5-35)

B = sap cB (5-36)
and

C = +caP cB s¢ (5-37)

In Fig.(5-15a,b,c) ﬁ ig plotted as a function of 8 and the panel
angle (ap) for three different roll angles: ¢=0°%, ¢= —-45° and

¢= -90°,
Three particular cases are of interest, since they
represent possible orientations of a spacecraft in a local verti-

cal storage mode. The three panel orientations and the associated
ap and ¢ are shown in Fig.(5-14}). The corresponding shadow bound-

aries for each case are given in Fig.(C-6) in Appendix C.4.

Consequently, the respective expressions for E cbtained from
BEg.(5-34) are as follows:

- - 1
E = 5——I[sB(n,~n,)] = sB (5-38)
2neS 2 1
2) ap=0°, p= -90° (n2= +nes,nl=0°):
~ 1 )
E = —znes I—CB(cnz_crll)] = (CB/nes) (l_cnes)/z (5—39)

-

*This case was studied in Reference 17.
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3) ocp=90°, $p=Q ° (_112= —nl=90°) :
E = w—t—fcB(sn,-sn,)] = c8/n (5-40)
2n 2 1 es
es
ab ap=o°,¢ =0° ] ap=90° & = g0
Local Vertical Local Vertical

[N / ‘ Orbital
b} a p= ot ¢ = _?0" l Plane
T — ‘

Local Verucal

Qrbia!
Plane

Figure (5 - 14} - Three Possible Panel Orientations for Spacecraft In a l.ocal Vertical Storage Mode,

The curves in Fig. (5-15) indicate the electrical

energy (E) available for other panel orientations as a function
of 8. The upper envelope boundary on each family of curves
represents the maximum electrical energy (Emax) available from

the array with optimum variation of ¢ with 8. Plots of Emax and

ap(opt) vs B obtained numerically for several fixed roll angles (¢)

are shown in Figs.(5-16) and (5-17) respectively. These results
indicate that ¢=0° apparently yields the largest émax for all 8.
As discussed in Appendix C.4, however, other combinations of «

and ¢ exist, which yield the same émax as with ¢=0° for B in the

range 0°<g<23°., Bounds on a for other possible values of ¢

p (opt)
are shown in Fig.(C-8) in Appendix C.4. From an attitude control
standpoint however, the simplest scheme would be to use ¢Opt=0°

for all g.
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Figure {5 - 16) - Maximum Electrical Energy from Solar Array as a

Function of f. (ap = ap {opt) ; LV - Fixed Roll Mode).
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Figure {5 - 17} - Optimum Panel Angle vs. 8 (LV - Fixed Rall Mode) .
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5.3.3 Electrical Energy in Local Horizontal Modes

The solar array orientation in the LH mode is illustrated
in Fig.(5-18) with the same panel coordinates (xp,yp,zp) as used
in the LV mode. When the panel angle (up) and the spacecraft roll
angle (¢) are zero, the array lies in the orbital plane with yp,

the articulation axis, directed along the upward local vertical
(Zn)' For arbitrary o and ¢ the expression for ci given in

Eq. (D-20) of Appendix D is

CALH = cap Sp co - sap cB sn - capcs 8¢ Cm {5-41)

A vy

Noon o~
Meridian Plane /= o
b e

Local Harizongal
Orbutal Plane

Spacecraft

Figure (5 - 18) - Solar Array Orientation in Local Horizontal Mode

In the following subsections ﬁ is evaluated as a function of B8
from Egs.(5-16) and (5-41) for various panel angles and several
spacecraft roll profiles.*

*As in the LV mode it is only necessary to consider
0<g<90° and Oiapi90°' See Footnote**, p.45.
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5.3.3.1 Solar Arrays Operated With Spacecraft Roll ($#0)

The angles up and ¢ corresponding to a solar oriented

array (ci..=1) are defined by Egs. (D-13} and (D-14}, namely,

LH

= — (5-42
Sap sn CB )

tan ¢ = -cn/tan B (5-43)

Although o is restricted to incremental variation, spacecraft

roll according to Eq.(5-43) is optimum in the sense of maximizing
instantaneous array power output.* A plot of ¢opt as a function

of n is illustrated by the solid curves in Fig.(5-19) for various B.

15°

450
60°:

-180°

Legend

Opumum Roli

—_— Cyclic Rolf

Figure (5 - 19) - Spacecraft Roll Angle vs' Orbital Position Angle for Two Roll Modes.

*Analogous to the local vertical case a/a¢(clLH)=0 yvields
Eqg. (5-43).
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The variation of ¢ according Eg.(5-43) leads to abrupt
roll maneuvers twice per orbit when B is small, just as in the
LV mode. A practical suboptimal alternative* to optimum roll is
the cyclic roll profile shown in Fig. (5-19) and defined by

-90°%-n ~180°<n<0°
b e = (5-44)
Y -90°4n 0°<n<180°

This approximates ¢0p closely near n=:90° and 8=45°.

t

As found in Appendices C.5 and C.6 for the LH optimum
and cyclic roll modes, the panel self-shadow boundaries
(nssl'nssz) are symmetrical about n=+90° rather than n=180°.

Consequently Eq. (5-16) for evaluating E must be modified slightly
to accommodate the possibility of distinct earth shadow and self-

shadow regions as illustrated in Fig. (5-20). ‘fThus,
Ll
~ 1 nes )
E = En—e-; C)\LHdTI - CKLHdT} (5"45)
Nesg Nss2
where
Nes Nes<Mss1 (Case C)
ng = (5-46)
= o
Nggl (180 nssz) Nes”Nasl (Case D)

The relationship between Nag and Ngg2 for various values of %

and B is shown by the curves in Figs.{C-9) and (C-10) for the
optimum roll and cycliec roll cases.

*In the LH mode a continuous roll profile analogous to that
used for the LV mode does not yield a sufficiently close approxi-
mation to ¢opt and is therefore not considered.
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7= 500 M et T2

Legend

n=9 m Earth Shadow Region
R s m Panel Self Shadow Reg:gn

Orbit Path

Orbit Path

(A) Tes € Mgy = 1180%-9.5) {8) Mgg > g1 = (180° - o)

Figure (5 - 20} - Pssible Earth Shadow and Panel Self-Shadow Regions in
Local Horizontal Optimum and Cyclic Roll :Modes.

The corresponding evaluation of E for cases C and D as given by
Egs.(C-93) and (C-100) of Appendix C yields

Optimum Roll*

A

C) E = 2n1 {%ap[E(k,nes) + Elkyn o)1 + Sapcs(cnssz—CnES{}

es
(5-47)
~ 1 -
D) E = o {}ap[f(k) + Ekongg) - Elkin )] + s“pcscnssz}
where k=cg,
Cyclic Roll
R | _ -
C} E = znes{%capss s(ap+s)cneS + s(ap B)Cnssz
CapCB
+ 4 {2(”e5+“ssz) + (52"e5+52“ss2)]}
(5-48)
~ 1
D) E = H;; {capsﬁ(l—cnesl + S(ap-B)CHSSZ +
. Co <8
+ P

4 [2(nes+nssz_“/2) + (sznes+32nssz){}

*See Footnote *, p.48.
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Figure {5 - 21} - Normalized Electrical Energy frorm Solar Array as a Function of ap and {3
{LLH - Optimum Roll Mode).
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Figure {5 - 22) - Normalized Electrical Energy from Solar Array as a Function of a, and f3
(LH - Cyclic Roll Mode)
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In Figs. (5-21) and (5-22), E is plotted as a function of B and
% for the optimum roll and cyclic roll modes. In each case

the upper envelope boundary on the curves for ﬁ represents the
maximum electrical energy {émax) available from the array with
optimum variation of o with . A comparison of the optimum
results is given in Section 5.3.5.

5.3.3.2 8olar Arrays Operated with Pixed Spacecraft Roll ($=0)

The local horizontal fixed roll mode is of importance
because it is suitable for earth pointing experiments, it is
easily acquired from the solar-inertial mode and external
disturbance torques acting on the spacecraft tend to be small.
It is of interest therefore to evaluate the electrical energy

(E) available from a solar array for varicus panel and fixed
roll angles (ap'¢) and to determine a combination which maxi-

mizes E,

As in previous work the array sunlight interval must

be determined in order to evaluate E. Analogous to the local
vertical fixed roll mode the array self-shadow boundaries

(nssl’ nssz) are not symmetrical about n=180°. Consequently,_

the self-shadow and earth shadow interval may assume any one

of four possible arrangements shown in Fig. (5-23). In

Fige. (C~11), (C-12a) and (C-12b} of Appendix C the variation

of Mool and Ngg2 with B and o_ is shown for ¢= -45°, 0° and -90°

respectively.* Also shown'are the earth shadow boundaries
corresponding to a 230 NM orbit. The various shaded regions
(A,B,C or D) in Figs. (C~11l) and (C-12) correspond to the
regpective shadow boundary arrangements in Fig. (5-23).

]

*For a given ¢,ap and g8 the self-shadow boundaries in the

LH mode are rotated 90° back {(clockwize) toward noon (n=0°)
from corresponding boundaries in the LV mode. This follows
because substituting n=n-90° into Eq. (5-41) for CALH yields

CALV in Eq. (5-18).
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Orbtt Path

- 63 -

Legend

/4 Earth Shadow Region

Ay Panel Self-Shadow Region

Sun

Orit Path

Figure (5 - 23) - Posstble Earth Shadow and Array Self-Shadow Regions (LH - Fixed Roll Mode}

In order to include the effect of distinct earth
shadow and self-shadow intervals it is again necessary to
modify Eq. (5-16} for E so that

f:=2l

Nes
where
= Nsg2
N2

Nes
N, = Nss1

1 -n

es

1

il

Case:

Case:

Case:

Case:

My

i)
j CPLLHdn - J
1 3

cALHdn (5-49)
B,D

A {(5~50b}
B,C,D
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' Mas1 Case: D {5-50c)
T'I2=
0° Case: A,B,C
' Neg? Case: D (5=-504)
Tll=
0° Case: A,B,C

Substitutions for CALH from Eq. (5-41) and integration of
Eqg. (5-49) yields

B = 2“25 [A(ny=ny) + Blcny-cnq) = C(sny~sng)]
[A(ny=ny) + B(cn,=cny) = Clsn,=sny)] (5-51)

where A, B and C are as defined in Egs. (5-35), (5-36) and
(5-37) for the local vertical mode. In Fig.(5-24a,b,c) E is
plotted vs B for various panel angles (ap) and three different

roll angles: ¢=0°, ¢= -45° and ¢= -90°. The upper envelope
boundary on each family of curves represents the maximum

electrical energy (Emax) available from the array with optimum

variation of ap with 8. Plots of Emax and ap(opt)

several fixed roll angles are shown in Figs. (5-25) and (5-26).

vs B for

The upper boundary on the curves in Fig. (5-25)

represents the largest Emax obtainable with optimum variation

of both o and ¢. As discussed in Appendix C.7 this can be

achieved with o_=0° and ¢= -a for the LV-Fixed Roll mode
P p (opt)

as shown in Fig. (5-26). As in the local vertical case however,
the optimum combination of ap and ¢ is not unique for 0<px23°,

and ¢

~

p (opt) opt which yield the same Emax are shown

in Fig.(C-13). From an array design standpoint the simplest
scheme would be to use a fixed array (ap=0°).

Bounds on o
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Figure {5 - 24) - Normalized Electrical Energy from Solar Array as a Function of a, and §
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5.3.4 Electrical Energy in Perpendicular-to-Orbital-Plane Modes

The solar array orientation in the POP mocde is illu-
strated in Fig. (5-27) with the panel coordinates (xp'ypfzp)
defined as in the LV and POP modes. When the panel angle (ap)
and the spacecraft roll angle (¢) are zero, the array is normal
to the orbital plane with zp directed along the upward local

vertical. Xy
po* ¥

Noon
Meridian Plane

Loca!
Vertrcal

Orbital Plane

Spacecrafy

Figure (5 - 27) - Solar Array Orientation in POP Mode

For arbitrary oy and ¢ the expression for ci given

in Eq. (D~21) of Appendix D is

CAPOP = cap cg c(o+n) - Sap S8 (5-52)

Two POP modes of interest are based on a solar oriented array
(s/POP} and a local vertical oriented spacecraft .(LV/POP) for
accommodating earth pointing experiments.

S/POP Mode

The angles o_ and ¢ corresponding to a solar oriented

array (ci =1) are simply

POP
o = =B (5-53)

6 = =n (5-54)
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so that E in Eqg. (5-16) is just E=1.0. This mode was to be used
for AAP-1/BRAP-2/AAP-3A missions with the “"Wet Workshop" config-
uration.

LV/POP Mode

In a LV/POP mode ¢=0° is the spacecraft roll angle
for accommodating earth pointing experiments with a line-of-
sight normal to the array articulation axis (yp). Hence,

CAPOP = cap cB cn - Sap SB = Sap cB cn + cap sB8 (5~55)

which is equivalent to ci;, in Eg. {(5-18) for ¢=0°, if the

angle &p=90°+ap shown in Fig. (5-27) is interpreted as the

panel angle. Thus, all results in Section 5.3.2.2 for the LV-
Fixed Roll mode (¢=0°) are applicable to the LV/POP mode.

Specifically this includes curves for £, Emax and “p(opt)

given in Figs. (5-15a), (5-16}) and (5~17).

vs B

5.3.5 Summary and Comparison of Optimum Solar Array Performance

Solar array energy output (£) normalized to the output
from a sun-oriented array at the same g has been evaluated for
LV, LH and POP spacecraft attitudes and various roll profiles.
In each case E is formulated as .a function of g and the panel
angle (up) For 230 NM orbits E is plotted vs g for various

values of o in Figs. (5-9,10,11,15,21,22 and 24). The upper

envelope boundary on these curves represents the maximum electrical
enerqy (E ) available from the array with optimum variation of

O with B. Plots of E max and the corresponding optimum panel

angle and roll angle (fixed roll modes) are shown in Figs. (5-28)-

{5-31). Analytical expressions for E max’ p (opt) and ¢o £ (fixed

roll modes) are given in Appendix C. For comparlson, the maximum

electrical energy (Eo maX) normalized to the sun-oriented array

output at g=0°* is shown in Fig. (5-32).

Solar array performance in the LV-Optimum Roll mode is
up to 50% higher than in the LH-Optimum Roll mode and at worst
is only 15% less than the sun-oriented array performance. In
the LV and LH-Cyclic Roll modes performance approaches 85% of
that for the sun-oriented array in the intermediate range of g
(30°<g<60°) with the LV-Cyclic Roll mode significantly better than
the LH-Cyclic Roll mode for g<30°,.

*See Footnote *, p. 44.
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In fixed roll cases optimum array performance is the
same in all three attitude modes: LV, LH and POP. The results
indicate that the maximum array output is only 52% of the sun-
oriented array output at g=0°, but increases steadily with
increasing RB. Maximum output is achieved in LV and POP modes
with array articulation only (¢Opt=0°, ap(opt)zgopt)* whereas

in the LH mode, only incremental spacecraft roll is necessary

($opt="2opt’ %p(opt)=07)

These results represent the maximum which can be
achieved with array peinting using only spacecraft roll and/or

incremental SDOF array articulation.,** The curves of Emax vs 8

permit a direct assessment of the minimum possible performance
degradation in several orbit-oriented modes from the performance
of solar—~oriented arrays.*** Additional degradation for
particular configurations where spacecraft shadowing of arrays
is a significant factor must be evaluated separately. Changes
in orbital altitude of perhaps #*30 NM from the 230 NM altitude
used in this analysis will tend to have only slight effect.
Altitude affects Nag? which in view of Fig. (5-4) varies only

slightly with a #30 NM altitude change. For larger altitude
changes the analytical results in previous sections and in

Appendix C can be used to evaluate E and ﬁmax vs B.

*See Appendices C.4 and C.7 for derivation of EoPt and

evaluation of ¢0Pt and up(opt)

**Results in Section 4 for lBlmax and |8] may be used

max

with curves of o vs B in assessing maximum articulation and

p (opt)
articulation rate requirements.

*%*%The solar array model used in this analysis, Eq.(5-9), in-
cludes the primary effect (ciA) on array output. When the sun
incidence angle (i) is large (e.g. A>70°), temperature fluctuations

and cover glass reflection14 may have a significant effect on the
instantaneous power output. However, unless 2 is large over an
appreciable portion of the array sunlight interval, the impact of
these effects on energy output per orbit is relatively small.
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Figure (5 - 29) - Maxtmum Electrical Energy from Solar Array vs
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5.4 Incident Thermal Energy on Spacecraft

Thermal energy-incident on spacecraft surfaces in
earth orbit is derived primarily from three external sources:
direct solar radiation, earth reflected sclar radiation and
earth~emitted thermal radiation. In solar-oriented attitudes
the direct solar component isg constant during sunlight intervals
whereas the reflected solar and earth thermal components vary
with location in orbit and R. In earth-oriented attitudes
the direct and reflected solar components vary with location
in orbit and B while the earth thermal component is constant
for circular orbits and varies only with altitude for elllptl-
cal orbits.

The incident radiation from each energy source can
be evaluated in terms of view factors which account for the
surface conflguratlon and other parameters such as orbit
altitude and the orientation of the surface with respect to

the sun and the earth. View factors are normally derived on
the basis of the following assumptions:

1. direct solar radiation impinges with parallel
rays,

2. earth emitted radiation is diffuse and con-
stant for all points on the earth (earth
assumed in state of thermal equilibrium),

3. earth is a diffuse reflector with constant
albedo over the entire surface, and

4. atmospheric scattering effects of direct
solar radiation on spacecraft surfaces
are negligible.

In terms of view factors the incident thermal radia-
tion from each energy source can be expressed as

QD = SA-FDS. (Direct Solar) - {5-56)
QR = SA-EFRS (Reflected Solar) {5-57)
0. = sa.1-3g (Earth Thermal) (5-58)
ET 4 BET

Here 8 represents the solar constant (443 Btu/hr/ftz)lz, A is

the maximum projected surface and d is the earth albedo con-

stant (0.36)‘.12 The various view factors are represented by
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% .
FDS’ FRS and FET' Since the spectral content of earth thermal

radiation is wide, it normally is treated separately whereas
direct and reflected solar radiation frequently are combined.*%*

The incident thermal energy per orbit upon a surface
is obtained by integrating each component of the incident
thermal radiation over an orbital period (T):

T/2 T

W, = j Q;dt = fQidn/ﬁ (i = DS,RS or ET)

-T/2 -7 (5-59)
where n is the instantaneous orbital angular velocity. In the
follow1ng work only circular orbits are considered so that
n s w -Zn/T It 1s convenient to normalize W with respect to

the dlrect solar component for B=0° with the area A normal to
the sun line {i.e., FDS=1.O during the sunlight interval

- <n< L*¥*¥%  Tn normalized form
Nego ™" neso)

m 0.

S _ 1 i -
Wi = Wi/Wh = wimﬂ—n"[ SA dn {+ = DS,RS or ET)

e380 - (5-60)

*As a consequence of the paraliel ray assumption for
direct solar radiation, Fpg is merely the direction cosine

between the sun line and the positive normal to area A. Evalu-
ation of FRS and FET entails integration over the surface of

the earth which can reflect or radiate thermal energy to area

A. Heretofore, FRS and FET have been evaluated numeric-
18,19,20 :

ally " "=7* and tabulated for certain ranges of parameters.

Recent analytical resultszl have led to closed form expressions

which cover geveral geometrical shapes and a wide range of

parameters exactly and approximate well the exact case in other

ranges.

18

*%An equivalent view factor corresponding to the sum of
direct and reflected solar radiation is given by

Fg = Fpg + aFpg = Q /SR
***Here Naso

represents the orbital terminator at B=0°.
See Fig. (5-3b).
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where

W =

1 .2 _
=== | Qudn = & Sadn = m—o-(zneso) (5-61)

o o

Specification of a particular attitude mode and
surface configuration leads to particular expressions for the
view factors FDS’ FRS and FET which are functions of B8, orbital

position n and orbital altitude H.21 Integration of Eqg. (5-60)

for each radiation component yields the normalized incident
thermal energy.

5.4.1 Cylindrical Surface Configurations in Earth-Oriented Modes

The incident thermal energy is evaluated first for
LV, LH and POP attitude modes* and a cylindrical spacecraft
model with hemispherical ends shown in Fig. (5-33a). View
factors FDS' FRS' FET and the corresponding components of the

incident thermal energy per orbit are given in Table 5-1. The
first term in each block of Table 5-la corresponds to the
lateral surface of the cylinder, while the second term is

Normat 10 Orbital Plane
Py
7/

{a) {b} fe}

A \
P }
/ ~—7
!/ /
Lo
. i Ja Y
e : 7/ //I“ :\ F
U I A ’; s “'
Lol / i \:\
/ / \ -
( / / Sun
\ /
/.. 7
Cylinder + Hema spherical Ends Cyhinder + Flat Erds Sun-Ortented Solar Panels

Figure (5 - 33) - Flat, Hemispherical and Cylindrical Spacecraft Surface Configurations.

*See Footnote **, p.l.
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TABLEG -1
{a) View Factors and Normahzed Incident Thermal Energy Per Orbit
For a Cylinder/Hemuspherical-End Spacecraft Configuration
View F Fra* F
Attrtud~ Factor Ds RS ET
Mode — Tlgs <N < Tgs 0< 9 <YW — 0 0 =90° —180° < < 180°

Lv Vi = e25c2 42 Toc ©8s+ATcs ¢8| Tsc +2 15 Feo +AFs

LH V1T oZssZ 4 Joe ©O5+ AT €05 2Weop+Al Feso *AFs

poP cf +1 Joc COs+AIgs O Jsp +ALy Fgso tAFs

W A WRs(2n¢s0/3) 8
Attrtud Wps (21g50) ** Wer Beso.
Mode 0<p<90° B =90° h

Lv 2[ER +E(O, K] +1(2ng) | A o+ A (2L g of) | 2r T +A(2r 1) |20 F ey +A (20F,)

LH 2 £{k, 1gg) + A (2155} 2] CO+R (A of) | 2m Jgnp A (27} 20 F g T2 {20F )

POP 21 SpFA(210) Yoo+ A (2 ©f) | 2w g +A(2r 1 ) |27 Fogg #2(20F )
Definittons 6s = cos =1 (cgen) , 0< 8 5= 180°

r=¢f,=R/{R+H), R = earthradius; H = localaititude
k=c¢cf
Maso = 900+ 04 5= 1800 -cos1 (S o/CH) ; ©=ngs-90°

{b) View Factor Coefficients »¥

Coefficient H Arbitrary H= 230 NM
Fe 2004i—rd) 0.326
Feo (an="Tr=r\1-r2) 0889
Fewo | [sm—Tr+¥1— 1201 +r+12/2) - (2/V1 - 2 E(R)] 1113
Ies (2/30) 112+ 3) — 2+ 2V1 — 2] 1.295
I (2/3rm) {24121 — 1} Kk} — F (g, k)] — (2= r2)(1 + 1) [Ell) — Eldy, k)] 0038

—2(1-)); k= 41+02, 6 = sn—10fi+02)
Tee w38+ (340 [ sin—T r v (1+ 20231 - 2] 0881
) (1/am {{1/20(3+ 21 =) In [+ 1 -] — (8- r2 — 2%} 0031
Yoo | W=t VISR + (352200 sin T+ (VT a0 (250141 462)

+(6/2) = (UrHA + 7) E () + (2/m)(1 — ) K ()] o
Jso 0.028*%*
Jss0 S 0.033%%+

*The exprassions given for Fg are exact far the range of g gstated. Except for values of n and § approaching a0°
however, the expressions far 0°<0 ; < 90° — 6 also approximate wall the exact case whan 90° — 0,a<8s< a0°.
When gg > 90°, Fg 1s neghgibly small For typ:r.:al low sarth orbits . 180 < H << 240 NM, note also that 18.13°

<8, < 20 80°.

"Complete Elliptic Integrals are designated by. K{k}, K{r} (1st kind); E{k), E(k,} or E(r} (2nd kind)
Incomplete Elliptic Integrals are designated by F{gy, k) (1st kind);E(® , k} or E{¢,, k,) (2nd kind)

***Data obtammed numerically, no analytica! expression avarable




BELLCOMM, INC. - 77 -

associated with the hemispherical ends.* Since the cylinder
lateral cross-sectional area (DL) is used as the reference area
(A), the factor, A = aD/4L, accounts for the maximum projected
area ratio between the ends and the lateral surface. In Table
5-1b coefficients of the view factors in Tabkle 5-1la are tabu-
lated: (a) as functions of the altitude parameter, r=R/(R+H),
and (b) for a specific altitude, H=230 NM.

The variation in incident thermal radiation
(FS=QS/SA** and FET=QET/SA) is shown in Fig. (5-34a} as a

function of B8 and orbital position n for the POP mode at an
orbital altitude of 230 NM and D/L=0.2. The relationship
between incident radiation in LV, LH and POP attitude modes is
shown in Figs. (5-34b) and (5-34c) for 8=0° and 60°. The,
corresponding incident thermal energy per orbit (WS and WET)

is shown in Fig. (5-35a) as a function of B for all three modes.
These results show that the incident energy obtained in POP
exceeds that in LV and LH for |g] < 36°. However, the incident
energy obtained in LV and LH increases markedly as the earth
shadow interval disappears (8z269.6°).

The effect of the hemispherical-end surfaces can be
assessed by comparing the incident thermal energy data with
that shown in Fig. (5-35b) for a cylinder/flat-end configuration.
See Fig. (5-33b).*** Although the incident thermal energy level
is somewhat higher due to the larger surface area of the hemi-
spherical ends, the basic trend is the same for all three atti-
tude modes. Results for other end surface configurations lying
inside the hemispheric volume should fall within the data for
hemispherical and flat-end cylinders.

*In this example only the total incident thermal energy on
the configuration is considered. Consequently, the hemispheri-
cal ends are equivalent to a single sphere of the same diameter
insofar as evaluation of view factors is concerned. In other
analyses, because of different surface coatings for heat load
modification, the incident radiation on elemental areas of the
spacecraft may be of interest. This can be achieved by approxi-
mating the actual surface with an appropriate number of flat
plates for which the view factors and incident thermal energy

can be evaluated separately.Zl

**3ee Footnote ** on page 74.

***Jiew factors F

given in Ref. 21.

DS’ FRS aanFET for this configuration are
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5.4.2 Flat Surface Configuration in Solar Oriented Attitude Mode

An attitude mode and flat surface configuration of
interest is one with a sun-oriented solar panel as encountered,
for example, in the solar-inertial mode and in the POP mode
shown in Fig. (5-33c). Here direct solar radiation impinges only
on one side whereas reflected solar and earth thermal radiation
may impinge on both sides, but varies with B and n. The normal-
ized incident radiation for the sun-oriented panel is shown in
Fig. (5-36) as a function of B and n.*¥ The incident thermal
energy per orbit vs. B is given in Fig. (5~37).

*View factors FDS' F and FET for this configuration are

RS
given in Ref. 21.
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6.0 AVERAGE EFFECTS OF THE 8 VARIATION

For a particular mission the B profile in circular
orbits is influenced by five parameters: +time (), time of
day of launch (tL), launch date (DL)*, orbit inclination (i)

and orbit altitude (H). In previous sections a number of
system performance factors have been described and related to 8.
From a mission design standpoint it is of interest to examine
mission averages of these factors** and the effect of mission
duration (TM), launch time uncertainty (tL,DL} and orbit inclin-

ation and altitude. Before discussing averages of specific
performance factors, mission averages are defined in general
and several properties are described.

6.1 Mission Averages

The mission average of a function £(8) can be
expressed as

fav = fav(TM’tL'DL'l'H)
TM TM
= & | £(g)dat = = | £(t,t. ,D_,i,H)dt (6-1)
TM T L'L
M
0 0
where TM is the mission duration. The extremes on fav with
respect to launch conditions (tL,DL) are defined as
TM
~ _ 1 . _
<<fav>> e tMa§ fav = tMag Ti f(t,tL,DL,l,H)dt {(6—-2)
L' L L'°L ¢]
TM
- . » . 1 .
<fav> = tMlg fav = tMlg TE f(t,tL,DL,l,H)dt (6-3)
L'YL T.'ML 0

*See Section 4.0 or Appendix A.l for discussion of launch
time.

**The relevance of mission averages to mission design is
discussed in Section 6.2.
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Frequently launch time and date are uncertain at early stages
of mission planning. If tL and D, are regarded as independent,

uniformly distributed random variables, the mean of fav is

given by

— 1 Dim oM
fav = Mean fav > I fav [TM' tL,DL,l,H) dtLMdDLM
LM LM 0 o

tnPy
(6-4)
where
try = 24 hours (6-5)
and
DLM = 365 days (6~6)
A particular function of interest is £(8) = |g|. 1In

Fig.(6-la) the mean and limits of |g]__ obtained numerically
by scanning tL and DL are shown for a 35°, 230 NM circular

orbit and mission durations up to one year. The mission aver-—
age of |8| for all possible launch times and dates lies within
the envelope formed by <<|8|av>> and <|B|av>. The |B|av envel-

ope converges to |B|av=23.53° which is independent of mission dura-

tion and altitude.* Oscillatory behavior of the envelope is due to
the multiperiodic nature of B. The rate of envelope convergence to

TET;; is a function of altitude, although the effect is only
slight in low altitude orbits. Hence, mission average charac-
teristics for iBlav' as in Fig. (6-1l) will apply in near earth
orbits even with altitude decay.

*In calculating [8|__ all possible B for a given orbit

inclination are weighted equally, since tL and D_ are assumed

L
to be uniformly distributed. Conseguently only orbit inclina-

tion, which determines the maximum range of B, has any effect

on |B|av. (See section 4.1 for discussion on the B envelope.)
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The variation of the mean and limits of |B|av with

orbit inclination is shown in Fig. (6-1b)* for a 28 day mission.
As mission duration increases, the [B[av envelope converges to

|B|av, although the rate of convergence decreases continuously

as i approaches iss' the inclination for a sun-synchronous orbit.

(See Section 4.4). At i=i,  the |B|av envelope does not converge

to |B|av, since B no longer oscillates between the upper and

lower boundaries of the B envelope, as shown in Fig. (4-10).

*The curves are plotted for 0°<i<180°, although only certain
inclinations are achievable with a direct launch from a given
latitude and launch corridor (azimuth constraint) without yaw
steering during launch or subsequent plane change maneuvers.

See Eqg. (2-9).



BELLCOMM, INC. - 85 -

a}
860
Inchnation 35°
Altitude 230 NM
50
' a”
40
3
=
_r=e‘ 30
= ]
«a /l | av 23 6
Ny Y N b o

AR AR S S O
‘ \MW

20

e
i0 5
LY
" <iBlg,>
0
0 a0 180 270 360
TMldays)
b}
90 -
Altm.ide 230 NM / i
7 t
® * Mission -
Duration 28 days ¥
60 -

181,

A%

y
s

=

. v

L]

,

.

:

181, ideg)

.2 L -
!‘\}

o
30
RN
SV ™My
B v a - :
H
»

)
» '
IO
15 . ' 1 1 - >
* T - N L / -
S <ipl>*

1 {deg}

Figure {6 - 1) - Mean and Limuts of | §} 5, vs Mission Duration {Tpy) and Orbrt Inclination (i)



BELLCOMM, INC. 86 -

6.2 Mission Average of System Performance Factors

Mission averages of -system performance factors are often
relevant to mission planning, since system designs based solely
on worst case g conditions, which occur only at discrete times,
may impose excessive requirements or may not utilize available
performance margins. The system performance factors evaluated in
Section 5 included:

1. |aH|/aH ~ the normalized bias gravity
= nax . .
gradient torque—impulse on space-
craft in a solar—inertial mode
(Section 5.1),

2. TSL - the fraction of an orbit in sun-
light (Section 5.2),
3. Emax* - the normalized maximum electrical

energy available from a planar
solar array, optimally articulated
(SDOF) with B, in LV and LH opti-
mum roll modes, LV and LH cyclic
roll mcdes and LV, LH and POP
fixed roll modes (Section 5.3),

4., W _*% - the normalized direct and
reflected solar component of
incident thermal energy per orbit
on a cylindrical/hemispherical—
end spacecraft configuration in
LV, LH and POP attitude modes
(Section 5.4).

*The normalization inherent in émax represents the maximum
array energy output (Emax) available i1n a particular attitude
mode relative to the output from a sun-oriented array (ES).
Since Es varies with B, it is more appropriate in evaluating

mission averages of the array energy output to normalize rela-
tive to the sun-oriented array output at some particular B, say
g=0°, 1In view of Footnote *, p.44,

=E JE _=E_E
C max max S0 S max

Curves of EO nax VS B are shown in Fig.(5-32).

~

**WET, the earth thermal component, is not considered here

since it is constant for all g in these attitude modes.
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The results cbtained from evaluating the mean and limits of
mission averages of these functions, £(B8), are presented in
Figs. {6—-2) through (6~7). These results are based on a 230 NM
circular orbit, although altitude changes of *30 NM or more
(in many cases) have only slight effect. The various averages
are plotted versus mission duration for i=35° and versus orbit
inclination* for a 28 day mission. As was the case for Islav’

the envelope on the functions (fav) converges to the mean
(fav).r which is independent of mission duration, although not
necessarily independent of orbit altitude.**

Mission averages of system performance factors are
relevant to mission design in assessing certain systems

requirements and/or performance margins, as will now be
discussed for the performance factors described above.

4B | /08 o

For bias momentum dumping via reaction thrust,

|52(B+$)]av is directly proporticnal to the propellant

requirement,

Wy = W (Ty/T) - [s2(8+8) [

where me is the maximum propellant consumption per orbit,**%*

T is the orbital period and T,, 1s the mission duration. The

M

*See Footnote *, p. 84.

*¥**Generally fav
on altitude (H) explicitly, e.qg., f(8)=ne
whereas f(g)=|s2(B+§)| does not.

is a function of altitude, if f£(B8) depends

s depends on H explicitly

*%*Since the maximum reaction thrust impulse requirement per

‘orblt for dumping |£§[ is AH o

W = (2AHm

pm ) /I L =T T/I L

ax sp gmx sp

where Isp is the propellant specific impulse, L 1is the distance
between a pair of thrusters fired as a couple and ﬁHmax is
defined in Eq. (5-3).
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limits on |52(5+@)[av shown in Fig. (6-2) indicate the possible

variation in the propellant requirement due to launch time
uncertainty for short duration missions (e.g.TM<90 days} and

in early phases of long duration missions. Angular displace-
ment (9$=23°) of the spacecraft principal and geometric axes

has relatively little effect on ls2(8+$)|av vs i except at low
or high inclinations where |s2(8+$)|av is up to 40% more for
$=23° than for $=0°,

TSL

For solar observation experiments {TSL)av is of inter-

est, since it is proportional to the total~solar-viewing—time

(TSVT)3’13 for long duration missions (TM>90 days, sayl}. In
fact* .

TSVT = (TSL)aV.TM (6-8)

The limits on (Tg )__ shown in Fig.(6-3) indicate the possible

variation in TSVT due to launch time uncertainty for short
missions.

A

E
O max

Solar array sizing is usually based on a worst-case
analysis to insure that basic system power requirements are
always accommodated. In the absence of constraints a designer
may be able to afford the luxury of adding all subsystems to
the basic system requirement without regard to intermittent
operating requirements of many accessory systems (e.g. experi-
ments, centrifuge operations, etec.). Since the worst-case
condition corresponding to certain B angles exists only at
discrete times however, some margin is availasble at other times
to accommodate accessory systems on a scheduling basis. From
a power availability standpoint the best on-time for accessory
systems could be selected during a mission by an on-board
scheduler monitoring the B profile and electrical power margins.
or prior to launch by time-line analysis, when system design

*The viewing time for experiments affected by earth's
atmosphere is less. Atmospheric effects on solar viewing time
are considered in References 13 and 22.
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and launch time are firm. In the interest of utilizing this
additional capacity a question for mission desgsigners is: What
is the mean margin available during a mission for accommodating
accessory system requirements and the effect on array size? If
this margin exceeds these reguirements, on-time scheduling of
all accessory systems is a possible design option. If not,
certain accessory system requirements must be added to basic
system requirements and array size correspondingly increased.

The curves in Fig. (5-32) indicate that the worst-case

condition for all modes considered is 8=0°, where EO max is a

minimum. To obtain the same energy output at B=0° 1in a parti-
cular mode, the required array size relative to the sun-oriented
array size is given by the factor¥*

/ (E ) = 1/ (E )

p = (B ) . .
O mnax min C hmaXx min

s’min (6-9)

Thus, in Figs. (6—-4) and (6-5) the corresponding mean and limits

of (B ) can be scaled by p so that the mean energy margin
_ O max’ av
(Emar) in each mode becomes
mar - p[(Eo max)av B (Eo max)min]
= p(é ) - 1.0 (6—10)

O maxX’ av

This expresses the margin available for accessory systems as a
fraction of the array energy output at B=0°. Similarly for the

sun-oriented array the mean energy margin (Eé)mar’ is

(B ) .= (B, - E) . = (B - 1.0 (6-11)

Mean enerqgy margins and array size factors for the various
modes are given in Table (6-1) for 35° and 50°, 230 NM orbits.

*As defined in Footnote *, p. 44: Es = q

/n .

es eso
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Table 6-1 Mean Electrical Energy Marains and Array Size Factors
in 352 and 502, 230 NM Orbits
] E rar oy
Mode (Eq maxdmin P
i=350 j=b0o0 i=35° i=560°
LV-Optimum Roll 0.85 0.08 0.15 1.17 1.11 1.08
LV-Cyclic Roll 0.76 0156 019 1.31 1.18 1.18
LH- Optimum Roll 0.55 0.28 044 1.81 145 1.33
LH-Cyclic Roll 0.46 042 0.58 2.16 1566 143
LV, LH & POP
Fixed Roll 0.5b2 0.22 039 1.93 1.63 1.47
A (Es)mar
(ES}TI'HI'I
Sun- i=350 | =509
Oriented
Array 1.0 0.03 008

While the array size is minimum for the sun—oriented
array, the energy margin is also the least. Hence, comparison
of other modes with a sun-oriented mode solely on the basis of
array size* is misleading since the mean array output over a
mission is higher in the other modes. To obtain array capacity
comparable to that of any particular mode, the sun-oriented
array size should be increased by the factor

p, = 1.0 + (ﬁmar - (Es)mar) (6-12)

Therefore, the array size for that mode relative to the sun-
oriented array size is

Py = p/pg (6-13)

Values of P for the various modes are given in Table (6-1).

*i.,e., array size as determined by array output at g=0°
(worst case).
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In short duration missions and early phases of long
missions, launch time has an effect on the energy margins.
This can be observed in Fig. (6-4a)} as the difference between

the limits of (EO maxlav and (Eo max)min' As mission duration

increases, however, these converge to the mean. The effect of
orbit inclination on the mean margin is shown in Fig. (6-4b).

=

5

Thermal control system design for spacecraft is
frequently based on a worst-case analysis in which the incident
thermal energy per orbit is either a minimum (cold case) or a
maximum (hot case). This establishes maximum internal heating
or cooling requirements for maintaining spacecraft modules at
desired temperature levels. Since the worst-case condition
corresponding to certain 8 angles occurs only at discrete times,
some margin on heating or cooling requirements exists at other

times. Because thermal control requirements are directly related
to electrical energy requirements, any incident thermal energy
margins are translatable into electrical energy margins, which
may assist in accommodating accessory system requirements on an
on-time scheduling basis as described previously.

As an example, the relative thermal energy margins
obtainable in LV, LH and POP attitude modes will be compared
on the basis of a cold-case design for the cylinder/hemispheri-
cal-end spacecraft configuration shown in Fig. (5-33a). The
curves in Fig. (5-35a) indicate that WS is a minimum at R=0° for
the LV and LH modes, but in the POP mode the minimum for WS
depends on lBlmax’ which varies with orbital inclination.* In
ng.(G—G) (WS)min
(WS)av for the LV mode. The mean incident energy margin is
defined as

is plotted along with the mean and limits. of

(W_) = (W.)_. - (W.)

s’ mar s’av s‘min (6-14)

Due to the normalization inherent in ﬁs’ Eq. (6-14) expresses

the mean energy margin as a fraction of the direct solar com-
ponent of incident thermal energy per orbit on the lateral

*See Section 4.1.
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surface of a solar-oriented cylinder.* Mean margins for the
three attitude modes are given in Table (6-2) for 35° and 50°,
230 NM orbits.** The maximum margin is obtained in the POP
mode where (W_) 1s 29% and 34% of (W,) . for the 35° and

s'‘mar
50° orbits.

£ 3
Table 6-2 Mean Incident Thermal Energy Margins
in 30° and 509, 230 NM Orbits
. A A _—
Attitude (Ws)min {Welay (W)mar
Mode

i=3b° i=50° i=36% =509 i=35° =500
LV 126 1.26 1.3b 1.42 0.09 0.16
LH 1.16 1.15 1.28 1.36 0.13 021
POP 1.15 1.06 1.48 1.42 0.33 0.36

¥ {Cylinder/Hemispherical—End Spacecraft: D/L=0 2)

The effect of launch time on incident thermal energy margins in
short duration missions or early phases of long missions is
observable in Fig. (6-6) by the difference between the limits of

(Ws)av and (Ws)min' As mission duration increases, thigs differ-

ence converges to (W .
caee o g (We) nar

(WS)av is shown in Fig. (6-7).

The effect of orbit inclination on

6.3 Approximate Evaluation of Mission Averages of System
Performance Factors

Because of the number of parameters involved, evalua-

tion of mission averages (fav) and subsequent determination of

the mean and limits is generally a lengthy, although straight-
forward, numerical process. In the course of this work it was

*When solar-oriented, the cylinder axis is assumed normal
to the sun line.

**Since the curves of ﬁs vs B in Fig. (5-35) for the cylind-
er/flat-end and cylinder/hemispherical-end spacecraft configur-—

ations are similar, results for (ﬁé)mar will also be comparable.
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observed that the mean and limits of fav could also be approxi-

mated with good accuracy in most cases by evaluating £(g) with
the mean and limits of {Slav' that is,

fo f(|5|av) = £, (6~15)
<fav> v f(<|ﬁlav>) = <fB> (6-16)
and <<fav>> v f(<<|3|av>>) = <<f8>> (6-17)

For comparison, mission averages of several performance factors
evaluated both ways, are tabulated in Table 6-3.

Table 6-3 Comparson of Exact and Approximate Evaluation of
Mission Averages of Typical Performance Factors
Exact Approximate

troinaton | <Igla> | [Blav | <lgla> A > |t | fy» | <fp> | Hg | i

go max ™ 083 087 o9 083 089 092

go max™ T 062 063 a77 051 060 075
=350 10 40° | 23 589 38070 ‘R‘s"* 128 135 1.44 28 134 142

TsL 062 063 066 D62 082 065

js28| 034 | ¢e62 084 035 | 073 097

'I’E\O max ™ 085 090 099 085 091 094

i'z\o max** 055 072 097 054 067 088
1=50¢ 15019 | 30779 48 639 ﬁl’s*" 130 42 162 130 138 151

TaL 062 066 074 062 063 068

|s28] 048 069 085 .050 088 04g9

*LV-Cyche Roll Mode **LV ,LH & PQOP Fixed Roll Modes **=] V Mode
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The approxXimate method was found to be reasonabhly
accurate when f(8) was a weakly nonlinear function of B. The
approximation is less accurate when f(8) is highly nonlinear
in the range of B encountered (e.g., f(8)=[s28| where |B|max>45°).
Since |B|av has been obtained once and for all as a function of

orbit inclination* in Fig. (6-1b), approximate evaluation of fov

for other orbit altitudes or for performance factors other than
those studied here, 1s simple, once £(8) is obtained, either
analytically or numerically. Convergence of the limits on |8

av
to |B[av is altitude dependent in general, although not signifi-

cantly different from the curves in Fig. (6-1) for altitudes in
the range, 230 £30 NM. Hence, approximate evaluation of the
limits on fav based on these curves is also reasonable for alti-

tudes in this range.

*As noted previously, |B] is independent of orbit altitude.

av
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7.0 SUMMARY AND CONCLUSTONS

Orientation of the solar vector relative to an earth
orbit has been defined in terms of two pointing angles: B8,
the minimum angle between the solar vector and the orbital plane,
and ¢, the location of orbital noon relative to the ascending
node., Analytical expressions for evaluating B and ¢ have been
derived as a function of four angles, two that are constant:

i - the orbit inclination relative to the equatorial
plane¥*,

e ~ the angle between the equatorial and ecliptic
planes (23.45°),

and two that vary with time:
Yy = which describes the earths' motion about the sun, and

Q. - which describes motion of the orbit ascending node in
the equatorial plane due to earth oblateness effects.

In general, B wvaries harmonically within an envelope which depends
on both y and i as shown in Fig. (4-3) for both posigrade (0°<1<90°)
and retrograde (90°<i<180°) orbits. The angle ¢y increases mon-
otonically with time except for orbit inclinations (90°-e<i<90°%+e)
where the orbital plane may pass through an orientation normal

to the sunline and the monotonic variation occurs only at inter-
vals. Various. characteristics of the solar pointing angles are
described in Section 4 and typical time variations are shown 1in
Figs.(4-1), (4-2, (4-4) and (4~8). A genéral summary of properties
is given in Section 4.5 together with specific results for 35°

and 50°, 230 NM circular orbits, which have been considered for
AAP Workshop missions.

The relationship between a number of system performance
factors and the solar wvector orientation relative to the orbatal
plane has been evaluated for circular orbits. Specific perfor-
mance factors considered were:

1) the bias gravity-gradient torque-impulse on space-
craft i1n a solar~inertial mode (Section 5.1),

2} the orbit sunlight interval (Section 5.2),

*Periodic variation of orbit inclination due to earth

oblateness is a relatively small effect6 and is neglected in
this work.
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3) +the electrical energy per orbit available
from solar arrays in LV, LH and POP modes
with incrementally articulated* solar
arrays and various spacecraft roll profiles
(Section 5.3),

4) the incident thermal energy per orbit on a
cylindrical spacecraft in LV, LH and POP
modes. (Section 5.4)

While possible options are virtually endless, spacecraft and
solar array models and these attitude modes have been chosen

to illustrate typical properties and effects of the 38 variation,
as they may effect AAP and future space station missions. All
results are given in normalized form to facilitate application
or approximation to particular spacecraft configurations or
changes in orbit altitude where appropriate¥**. In addition to
the analytical formulation these relationships are plotted vs

8 for 230 NM orbits and other parameters relative to each case.

Included in Section 5.3 are curves showing the maximum
array energy output relative to a sun-oriented array for each
mode with optimum array articulation as a function of 8. The
highest array energy output is obtained in a LV-Optimum Roll
mode where the output is always within 15% of the sun-oriented
array output (worst case: B=0°). Because the spacecraft is
rolled such that the array articulation axis remains normal to
the plane formed by the sun line and local vertical, large roll
maneuvers (up to 180°) must be executed abruptly near g=0°. An
easily implemented, suboptimal alternative at low B is the LV-
Cyclic Roll mode in which array output is within 23% of the
sun-oriented array output up to B=60°. Array performance with
comparable roll profiles in ILH modes is decidedly lower than in
LV modes for |8|<45°. A more detailed summary and comparison
of optimum array performance in various modes is given in
Section 5.3.5.

Mission averages of system performance factors are
often relevant to mission planning, since system designs based
solely on worst case f conditions, which occur only at discrete

*Solar arrays are assumed to be articulated about one axis
and only intermittently (e.g., daily), not at rates comparable
to the orbital angular velocity.

**plthough the analysis is based on circular orbits, the
results are also applicable to slightly elliptical orbits of
comparable period. (See Footnote *, p.4). The equivalent circu-
lar altitude (H) is the average of apogee and perigee altitudes,
H=(ha+hp)/2. For arbitrary elliptical orbits, however, system

performance factors are a function of both 8 and .
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times, may impose excessive requirements or may not utilize
available performance margins. Mission averages (fav)* of

each performance factor, (1-4) above, have been evaluated as a
means of assessing the effect of the 8 variation and arbitrary
launch time and date. The mean and limits of £ based on
independent, uniformly distributed launch time and date are
plotted vs mission duration and orbit inclination in Figs. (6-2)
through (6-7). The limits of f__, which asymptotically

approach the mean, (fav), as mission duration increases, indicate
the possible variation in fav due to launch time uncertainty.

In evaluating whether or not a design based on worst
case conditions (BWC) ig entirely realistic, the difference

(or margin) between f(BWC) and the mean or limits of fav can be

useful data. In one case studied in Section 6.2, f(B)=|s2B[

is proportional to the propellant requirement per orbit for
momentum dumping of the bias gravity gradient torgue-impulse by
reaction thrust. Here, f(ch)=f(45°)=l.0 and fav=0.62 for a 35°
orbit. Hence propellant requirements based on the worst case
over a long mission (e.g., 56 days) would be excessive. If
requirements are based nevertheless on the worst case, the

calculation, f(BWC)—f indicates a propellant margin up to 38%,

av’
which might be used for supporting short duration experiment
pointing modes. In Section 6.2 mission averages of the perform-
ance factors, (3-4) above, are used *to evaluate the margins on
electrical energy per orbit from solar arrays and the incident
thermal energy per orbit on spacecraft in various attitude modes.
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APPENDIX A

Location of Sun Line and Ascending Node at Launch

The purpose of this appendix is to determine as a
function of launch time the initial location of the sun line
and the orbit—-equatorial plane ascending nhode as represented
by the angles Yo and 2ge Since launch time depends in

general on the reference point for measuring time, some
discussion with regard to this point is in order. 1In

Fig.{(A-1l) a particular orientation of the ecliptic, eguator-
ial and orbital planes is shown, similar to that shown in
Fig.(2-2). 1In the equatorial plane, true noon is defined by
the intersection with the equator of the meridian plane contain-
ing the sun line and the normal to the equatorial plane

(earth's polar axis). With an analogous definition of noon

Y Y Launch
- Meridtan

Echiptic Plane

Equaterial Plane

Ascending
Node

Orbutal Plane

Figure (A - 1) - Orientatton of the Orbstal Plane Relative to the Equatorial and Ecliptic Planes at Eaunch
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for the orbital and ecliptic planes it follows, because of the
relative orbit inclinations, that true noon occurs at different

points for the three planes as noted by No’ Neq and Nec in

Fig. {A-1). During orbital flight, the logical reference would
be No' For launch purposes, however, Neq 1s appropriate.

A.]l Location of Sun Line

In Fig. (A-2) launch time is measured from two
reference points, one based on autumnal equinox and the other

on midnight (OOh:OO} of September 23. The various time intervals
are related by

tae + 24dL = 24DL + tL (A-1)

so that

d =D + (tL—tae)/24 (Aa-2)

where

d. = launch time measured from autumnal equinox in
days (non-integer)

D = number of calendar days (integer) at launch
since September 23 (OOh:OO U, T, *)

t. = launch site Universal Time* at launch

(0<tL<24.0 hours)

tae = launch site Universal Time* at autumnal equinox
(0<taesz4.0 hours) **

*Here Universal Time (U.T.) is defined as Greenwich Mean
Time corrected for the longitudinal location of the launch site.
For KSC, located at 80.5° W. Longitude, the launch site correction
is -80.5/15 = -5.37 hours.

**Generally tae is obtained from emphemeris data.23 However,
the maximum error incurred in Yo by ignoxing tr and tae is less
than 1°. ’
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Upon evaluating dL’ the sun line location at launch (YO) can be

determined -exactly from ephemeris tables23 or approximately from*

Yo =V dL (A-3)

where % 1s the mean sun line rotation rate as given in Eg. (2-8).

24D 1,

e 24d)

I J ) [l
A

T L

och oo * oohoo . 0oh 00 A oohoo Unwersal Time
Sept 23 Sept 24 Launch Launch at Launch Site
Day Day + 1 {Hours}

Autumnal Eaunch
Equinox

Figure {A - 2) - Relationship of Launch Time to Autumnal Equinox

A.2 Location of Ascending Node

In Fig. (A-1), the point L 1s considered to be
immediately above the launch site. The longitude of the
launch site with respect to the noon meridian (through N_ )
can be specified by the angle Pt where =4

= - o -
er, [15(tL+tN) 180°] (a-4)
tL is launch site Universal Time as defined in Section A.1, and
tN is the difference between the true noon and apparent (clock)

noon at Greenwich.** As is evident from Fig. (A-1), the longitude
of the launch site can also be specified with respect to the
autumnal equinox reference (ZY) by either of the angles,

*See Section 2.2 and Footnote *, p. 7.

**True noon represents (tL+tN)=12.O. The variation in ty

23

is available from ephemeris data. since [ty| _.<0.27 hours,

the maximum error incurred in P, (and Qro) by ignoring ty is 4°,
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(ﬂro+QL) or (QN+dL). Consequently, the initial location of the
ascending node is given by

+ Q. - f (a-5)

where QN and QL are defined in Fig. (A-1) and derived 1in

S&ctions A.3 and A.4 respectively. Substituting Egs. (A-4),
(A-9)} and (A-15) into Eq. (A-5) vields

- _ -1 I _
g = [15(tL+tN) 180°] + tan (tanyoce) tan (tanaLsz) {(A-6)

where Yo is the sun line location at launch, e = 23.45°, ag is

the launch azimuth and ¢ is the latitude of the launch site.

A.2.1 Determination of QN

As shown in Fig. (A-1), @

N is the angle between the
noon meridian plane (through Neq) and the autumnal equinox
reference (ZY)' Consider a coordinate system (xN,yN,zN) defined
such that Yy is parallel to Ye (the normal to the equatorial
plane}, Zy lies in the equatorial plane along the line of inter-
section with the noon meridian plane and X completes the right

hand system. The transformation relating (XN,yN,zN) and
(XS,YS,ZS) for a given launch time (YO) is:

=ap =1 12 q¢¥ (A-7)

Since Xy is normal to the noon meridian plane, it follows that
the element a3+ which is the direction cosine betwzen Xy and
Zg (the sun line) must be zero. This yields

= y 2 y e - = —_
ayq (TQ Te T_Yo) cQNsYoce sQNcYO 0 {(A-8)
13

tanf,. = tanYo - ce (a-9)
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A,2.2 Determination of Launch Parameters (RL, i)
The relationship between various launch parameters
can be described in terms of the diagram in Fig. (A-3)}.

Earth’s Polar Axis
Y

a — Launch Azimuth
YL
§ - Launch Site Latrtude

Equatonial Plane 1 — Orbat Inchination

Q L Launch Site Equatorial Longitude
{Relative to Ascending Node}

Q o — Launch Site Orbit Longitude
(Relative to Ascending Node}

Ascending Node

Figure (A - 3} - Launch Site Coordinates and Parameters

The coordinate system (xn,yn,zn) is the nodal system
used previously. The coordinate system (xL,yL,zL) is defined
such that zL corresponds to the launch site local vertical, x
is parallel to the launch heading and Y1, completes the right
hand system and is normal to the orbital plane.

L

The launch azimuth oy is defined positive wath

respect to geographical north with ap = 90° corresponding to a
due east launch. The transformation relating (XL,YL,ZL) and
(Xn,yn,zn) coordinates can be expressed in either of two

elementary Buler angle seguences: (QL,-E, 90°—uL) or (i, @)
o
so that

My = Yr | = BEn = Cﬁn {a=-10)
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where
-4 X Y
B = Tgno T, T _
90 GL 3 QL (A-11)
r -
(SQLCQL—caLszsﬂL) cach (~saLsﬂL—caLszcﬂL)
= —(caLcQL+SaLSQSQL) sach (CaLsQL-saLschL)
L czsﬂL s4 cchL |
and
v 4
C = TQO T
r - (a-12)
09001 09031 —sﬂo
= -si ci o
sﬂoc1 59051 cQo
L B

Of the many possible
ments of B and C the

b23=023 so that

and

or

relations obtainable from equating ele-
two of interest here are b22=c22 and

ci = Sy cl (A-13)
0 = caLsﬁL-saLcQLsz (A-14)
tan &. = tan c.si (A-15)

L L
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A.3 Initial Solar Vector Orientation (Bo,wo)

The pointing angles, 86 and Vor represent the solar

vector orientation relative to an earth orbit at launch. These
may be evaluated in terms of launch parameters (aL, 2, pL) and

the equatorial sun declination (-ad) at launch. From Egs. (3-5)

and (3-6) the expressions for Bo and y_ are

sBO = 51(570 ce cﬂro - CY, sﬂro) + ci Sy, Se (a-16)
tan ¢0 = Cl(SYO ce cﬂro - CYq sﬂro) - si sy, se (ae17)
CYqo cﬂro + SY, Ce sgro
where
Qo = P, * (QN—QL) {A-18)
and (pL, QN’ QL) are defined in Section A.2. As given in
Eqg. (4-8},
Sag = SY4 se (A-19)
so that
2 2 2
cay = ‘\/c Yo * S ¥, c7e (A-20)
which means, in view of Eq. (A-9), that
sQN = sY, ce/cad {(a-21)

cQN = ch/cad (a-22)
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Substituting these equations into Egs. (A-16) and (A-17) yields
after some manipulation

SB, = sug ci + s(a-pp) cag si (A-23)

tan wo = Cogq ci s(QL—pL) - sag si

(A-24)
Cag C(QL*pL)

The orbit inclination (i} and the launch site longi-
tude (QL) relative to the orbit ascending node are related to

launch azimuth (aL) and launch site latitude (&) in Egs. (A-13)
and (A-15). The launch site longitude (pL) relative to true
noon (Neq) is obtained from Eq. (A-4).

Certain special cases are of interest. For true
noon (pL=0°) and true midnight (pL=180°) launches, it follows,

in general, that

SB, = Sag ci + sQ

i c
o si cagy

L

= say s(adﬁl) Noon {+), Midnight (-) (a-25)

[

and

tan Vg = Cag ci sy £ sog si

Noon (+), Midnight (-)

cad CQL
.2
= 8" oy cL s(ad+z) - sag
S o (Noon) (a-26a)
g ©%,
_ 2
= -s"a; ©i s(ad—k) + Say
cay car (Midnight) (A-26D)

where the latter forms in each case result from substituting for
oy, from Eqg. (A-15).
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As indicated by Fig. (A-1}, the angle {QL—pL) locates

the equatorial noon meridian plane relative to the orbit ascend—
ing node. Hence, whenever (QL—pL)=i90°, it follows that

sBy = s(ag + i) (Aa=-27)

1]’0 - igoo (A-—ZS)

which implies that Bo is at the upper or lower B envelope
boundary.* The corresponding launch time (tL) at the launch
site is determined from Eqgs. (A-4) and (A~15) which yield

Py, = 15(tL+tN) - 180° = QLT(iQOO)
or B
t, = -t _ + iL—tan_l(tan a. s82) + 90° {(p—-29)

*See Section 4.1. Algebraic signs (t) are associated with
upper (+) and lower (-) envelope boundaries.
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APPENDIX B

Gravity Gradient Torque in Solar-Tnertial Mode

In the solar-inertial mode the orientation of the
spacecraft geometric axes (Xsc'ysc'zsc) relative to the orbital
plane is specified by the solar pointing angles (8,¥) shown in
Fig. (B=1). The coordinate axes (X ,YP,ZP) are principal axes
where XP is parallel to the roll axis (xsc) with (YP,ZP) dis-

i 4 *
placed by a fixed angle ¢ from (ysc'zsc)'

Y+ ¥

Orbatal Plane

Satumn-V Workshop Configuration
{ATM Arrays Omitted}

Ascending Node

Figure (B - 1) - Spacecraft Orientation in Solar Pointing Mode
The transformation relating (Xp,Yp,Zp) and
(xn,yn,zn) is given by

A (B-1)

* See Footnote ** on p. 34.
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The gravity gradient torgue expressed in general

form is12
Eg = BuO(ExI-E) (B"Z)
i 4
where Vuo = p/Rh3 is the instantaneous orbit angular velocity,

u is the earth's gravitational parameter, Rh 1s the local geocentric

altitude, P is a unit vector directed along the local wvertical and

I is the spacecraft inertia tensor. In Fig. (B-l) the coordinates
(x, /¥, %, ) represent the local vertical system so that

Poy = (0,0,l)f. The transformation relating {x zgv) and
(xn,yn,zn) coordinates is

v’ Ygy?
= pY -
iﬁv Tﬁ tn (B-3)

In view of Egs.(B-1) and (B-3) the unit vector p in Eq. (B-2)
may be expressed in principal axis coordinates as

°1
= = & . mY ¥
L T | P2 Ters Ty T,ﬁ Lov
p
3 (B~4)
0 -5 (¥-1)
I S = s -
= ToysTy-sl 0 S(6+?)c(w T)
1 c(g+é)c(p-n)

Substitution of Eqg. (B-4) into Eg. {(B-2) yields
(Iz—Iy)pzpB
Eﬂpz 3uo (Ixﬁlz)plpB (B=5)
(Iy_Ix)plpz
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(I -1 )sz(a+$)c2(mp-ﬁ) T s2(s+$)c2(w—ﬁ)
3y z 7y gmx '
= 5> { T 0crhs2v-0) 3 = {7 c(B+8)s2(¥-)
-(Iy-Ix)s(B+¢)52(l!J'“n) TngS(B+¢)52(¢-n)

. \ 2 . ~
For a circular orbit, Mg = w, 1is constant and n = mot where o

represents the orbital angular velocity.
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APPENDIX C

Evaluation of Blectrical Energy Available from a Solar
Array on Spacecraft in LV, LH and POP Attitude Modes

The purpose of this appendix is to obtain analytical
expressions for the electrical energy available from the solar
array configuration described in Section 5.3 for LV, LH and
POP spacecraft attitude modes and various roll profiles.

The profiles include optimum roll, continuous roll,
cyclic roll, and fixed roll. In each case, it is first
necessary to determine the array sunlight interval by compar-
ing the earth shadow boundary (ines) with the panel self-

ssZ} defined in Section (5.3). With

this information, the normalized electrical energy (E)* is
then evaluated after integration of Eq. (5-16).

shadow boundary (nsslfn

C.1 LV-Optimum Roll Mode

In the optimum roll case, the panel self-shadow
boundary is obtained after setting CALV=O in Eg. (5-18) with ¢

defined in Eqg. (5-20) by

tan¢ =-sn/tang (C~1)
From this it follows that

£
tanB

co = (C~2)
thanzs + 521’1

Rewriting Eq. (5-18) and substituting tan¢ and c¢ above yields

CALV = SGPCBCH + capc¢sB[l+tan¢(*sn/tan8)] (C-3]

sapchn + capss/c¢ = cB sapcn + cap \/tanzs + szn]

*Hereafter, the term electrical energy in this appendix
will imply normalized electrical energy (E).
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Egquating the bracketed term to zero, transposing terms and
squaring yields

szapczn = Czup[tanzﬁ + szn]
= czaptangs + czap(lﬂczn) {(C-4)
or
c2n = czap(1+tan2§) = czap/czs (C-5)

Since c¢n is an even function, the values of n obtained from
Eg. (C-5) are symmetrical about n=0°, Consequently, the self-
shadow boundary is also symmetrical about 1n=180°, so that *

-1
180° = <
cos (cap/cs) B < o

ssl ss (C~-6)

no self-shadow B > a

A plot of Ngg VS. B obtained from Eq. (C-6} for various values
of ap is shown in Fig. (C-1). The dashed curve represents the
earth shadow boundary (nes), as obtained from Egs. (5-6) and

(5-7) for a 230 NM circular orbit.** The sunlight interval is
then determined by noting for specific o_ and B, whether self-

shadowing occurs first (nSS<nes) or whether earth shadow occurs
first (nes<nss). Since the self-shadow boundary is symmetrical
about n=0, the sunlight interwval (nlgngnz) ig

* Of the two solutions to Eg. (C-5), namely cn=cap/cB and
an= —cap/cs, only the latter is of interest, since the other
solution does not satisfy Eq.(C-3) for Chyy=0 with a positive
radical.

** For orbit altitudes other than 230 NM the curves of

Neg VS. B are similar as indicated by Fig. (5-4).
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given by
: Ngg = Ngg OF
Bas 1F
e o 2 - no self-shadow (c=7)
23 TS ey 3
Nss it leg * Ngg

(deg.)

Tes <

B (deg.)

Figure (C - 1) - Variation in Panel Self-Shadow Boundary with a, and 8 (LV - Optimum Roll Mode).

In view of Fig.(C-1), it follows that Ngy=n
whereas P

in region B
es g

in region A.
ss g

The electrical energy (é) available from the array
can be evaluated after integration of Eq. (5-16). Upon substi-
tuting Eq. (C-3) for ci the integration yields
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n gy

Ca

Ngy
- i
2n ¢ {2sapsnsz 2 cR Jrﬂfézs + 02852n dn} (C-8)
0

Nse
=1 cBsa_sS + Cca P2
n P Nsg P l=c Bcn s dn
es 0

The last term can be recognized as a form of an elliptic inte-
gral of the second kind, which can be converted to standard
form by the substitution, n=6-90°, so that *

n_ . +90° 0+180°

st
j\/l-czssze de =f Vi-k%s%e de
90° 90°

ey
Jr Vl—c28c2n dn
0

E(k,0+180°)-E (k) (C-9)

E(k,0) + E(k)
where

k=cg (C-10)
and

i —ano (C-11)
e nS2 90

* The incomplete elliptic integral of the second kind,

E(k,0), is available in tabulated form16 as a function of the
modulus k and argument 0. The second function E(k) is the
complete elliptic integral of the second kind (0=90°). The last
step in Eq. (C-9) follows from the property that

E(k,nm+0) = 2nE(k)+E(k,0)
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The expression for E can then be written as

e 11
E = — sapchns

+ ca [E(k,e)+E(k)]} (C-12)
es P

L

In Fig.(5-9) E vs. B is plotted for various panel
angles (ap). The upper envelope boundary on the curves repre-

sents the maximum electrical energy (Emax) available from the
array in the LV-Optimum Roll mode with optimum variation in
panel angle as a function of B. Plots of E and o

max p (opt)
obtained numerically are shown in Figs. (5-28) and (5-30). 1In
general, an analytical expression for ap(Opt) can be determined

by setting aﬁ/aap=0, although the result may not be amenable to

closed form solution if n n__, sSince N is a function of ap.

s£= ss
In view of Figs. (5-30) and (C-1) however, it follows that

: icini - = in the optimum
n for all g in the vicinity of ap up(opt) P

in Eg.(C-12) is not a function of

Mgy MNes

roll case. Conseguently, gy

ap in that region, so that aé/aap=0 is simply

25 TR {capcssnes - SuPIE(k,O)+E(k)]} =0 (C-13)

p Nes

The optimum panel angle is then given by

chnes
taney (opt) = ETKIFE(K,n_,-90°) g
which is in agreement with the curve of ap(opt) determined
numerically in Fig.(5-30). Since
[E(k) + E(k,n_g-90°)] (C-15)
“%p (opt)

2 2o
VIE®) + E(k,n  -90°)12 + c2ps?n__
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it follows from Eq.(C-12) that ém is given by

ax

¥

[E (k) +E (k,n_ =90°)]-[1 + tan o

max cap(opt) p(opt)] /nes

[E (k) +E (k,n_-90°) 1 /n_ (c-16)

sc“p(opt)

1

e T 2
nES

a2 ]
VIE(K) + E(k,n_-90°)12 + cZgs?n__

which agrees with the results in Fig. (5-28).

C.2 LV-Continuous Roll Mode

In the continuous roll case, the panel self-shadow
boundary is obtained after setting ciA__,=0 in Eq. (5-18) with

LV
¢= -n. The expression for CALV with ¢= -n is
cA = s(a_+B)cn + ca csszn
2
= -=[ca _cBc - s(a_+8)cn - ca_cB (C-17
[ pChc n @y ) cn 5 ] )

The solution of Eq. (C-17) for cALV=0, which satisfies the
constraint, 0<|cn|<l, is given by

= P =
cn = ZCGPCB {C=18)

Bld By e 1Jé2(up+8) + 4c2ap028

Since the cosine function is even, the two values of n result-
ing from Eq. (C-18), which specify the self-shadow boundary

: =0 ° —
(nSsl and nssz), are symmetric about n=0°.so that Nago™ Do S
A plot of N VB: B obtained from Eq. (C-18) for various values

of ap is shown in Fig.(C-2). The dashed curve represents the
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earth shadow boundary as obtained from Egs. (5-6) and (5-7) for
a 230 NM circular orbit.

180

Bideg.)

Figure (C - 2) - Variation in Panel Self-Shadow Boundary with a, and 3 (LV - Continuous Roll Mode) .

Since the self-shadow boundary is symmetrical about
n=0° the sunlight interval (_nsz<n<nsn) is also determined as
in Eq.(C-7). In view of Fig.(C-2) it follows that Bes Ve

in region B whereas n_ =n in region A,

SSs

The electrical energy (é) available from the array
can be evaluated after integration of Eqg. (5-16). Substitution
of Eq.(C-17) for ci and integration yields

n

sS2
é = i j- (o s
2n ) Lv-

=Rty (C-19)
1 Cao. . CB
= Thog [Zs(ap+B)SnS£ + ——g——(2nsR - s2nsgﬂ
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In Fig. (5-11) E vs g is plotted for various panel angles (a_}.
The upper envelope boundafy represents the maximum electrical

enerqgy (Emax) available from the array in the continuous roll

mode with optimum variation of o _ with 8. Plots of émax and

% (opt) obtained numerically are shown in Figs. {5-28) and (5-30).
The slight bend in the curve of 45 (opt) vs. B at BEBTz47° signi-
fies the transition point for c§lculating E ax’ since n
when BiBr' For B>8T, setting BE/aap=0 to obtain «

to an unwieldy transcendental equation, since n

st les

p (opt) leads

sg 'ss is a
function of ap. The result is not amenable to closed form

solution. For 8<BT, determination of «

o (opt) is relatively

simple since Mg =Ngg 1S not a function of ap. As a result
SE 1 - - c8 -
Bup = znes {‘2cssnes)cap sap[szsnes + 5 (2nes sznes)}}
(c-20)
Setting aﬁ/aap = 0 yields
tana = 1 B<B (C-21)
p (opt) tang + K (B} -t
where
K(B) = (2n_,~s2n__}/4sn_ (C-22)
and
ca - tang + K(8) (C=23)
Wji + [tang + K(B8)]
It follows from Egs. {(C-21), (C-23) and (C-19) with LI P

that E___ is given by

ax
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_ - 1 cB -
Emax = 2ne5 {échnessup(opt) + cup(opt)lzsﬂsnes + > (2nes sznes)]}
CBsn
- &8 2
= " cap(opt)[tans + K{(8)][tan % (opt) + 1]
CBsn
_ es
= -—————nes {[tans + K(B)]/Cap(opt)}
CBsn
S “ 1 + [tanB + K(B)]2 B<8B (c~24)
n - T
es
The results in Egs. (C-24) and (C-21) for Emax and ap(opt) are

consistent with the numerical results in Figs. (5-28) and (5-30).

C.3 LV-Cyclic Roll Mode

In the cyclic roll case, the panel self-shadow bound-

ary is obtained by setting cALv=0 in Eq. (5-18) with ¢=¢

defined in Eg. {5-21) where

n + 180° -180° < n < -90°
— —_— — [ [+]

b oye n 90° < n < 90
n - 180° 9Q° n < 180°

The expressions for ca

LV with ¢=¢cyc are then
(cr.,) = sla_+B8Jcn + cu chzn In[<90°
v 1 P P
and
- - 2
(cALV)2 = S(up Blen + ca,cBs N

= —ECupcsczn - S(uP—B)cn - capcsl

90°<|n|<180°

as

cyce

(C-25)

(C-26)

‘(Cc-27)
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However, in determining the self-shadow boundary, only the
latter expression is significant.* The solution of Eq.(C-27)
for (ch;.),=0, which satisfies the constraint 0<|en|<1, is

given by

2 2 2
s(up g) '\/s (up g) + 4c apc B8

2capc6 ngp

cn =

(C-28)

As before the self-shadow boundary is symmetrical about n=0°
so that

2 2 2
- -8+ -RY+4
_1}~s(a_~B) S (ap B)+4dc o,C B

0.
180°-cos 20apc3 B<a
52" Mgg1 Mgy ~
no self-shadow B>ap
{(C-29)

A plot of Ngg VS« B obtained from Eqg. (C-29) for various values
of oy is shown in Fig. (C=3). As in previous cases, the dashed

curve represents the earth shadow boundary for a 230 NM circu—
lar orbit.

* Since (cALv)l=0 has no real roots of cn which satisfy
the constraints 0<|cn|<l and 0°5gp,8590°, it follows that oniy
(ckLv)2 need be considered in determining the self-shadow
boundary.
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Legend

Case A - %(qes
Case B Tles <Tlgg

s
(deg.)

B (deg.)

Figure (C - 3) - Variation in Panel Self-Shadow Boundary with ap and 3 (LV - Cyclic Roll Mode).

Since the self-shadow boundary is symmetrical about

n=07 the sunlight interval (—"szininsk) is also determined as

in Eq.(C-7). 1In view of Fig. (C-3), it follows that n

in region B whereas Mg e ™Nau in region A.

S R,=nes

The electrical energy (ﬁ) available from the array
can be evaluated after integration of Eq.(5-16). Substitution

of Egs. (C-26) and (C-27) for c) in the appropriate integration
intervals yields
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Mg, -gpe° G0°
B o= ot Chodn = wi (cr-).dn + | (cA..) dn
2nes v 2nes Lv: 2 LV’ 1
“hgy LY ©-90°
Mg 90° Msyg
_ 1
*'J[‘(CALV)Zdn = EH;; 2 (cALV)ldn + 2 (clLV)zdn
ape ¢ aQ°
1 coa_ _CB
= 2“es [4caPSB + 2s(uP—B)snSqu + (2nsi-s2nsg)]

{(C-30}

In Fig.(5-10) E vs. B is plotted for various pahel angles (up).
The upper envelope boundary represents the maximum electrical
energy (E ) available from the array in the contlnuous roll
mode w1th optlmum variation of up with 8. Plots of E and

max

%5 (opt) obtained numerically are shown in Figs. (5-28) and (5- 30)

In view of Figs.(5-30) and (C-3), it is evident that
Mg o =Nag for all g, when ap=ap(opt) in the cyclic roll_case.

Consequently, an analytical solution for a
setting BE/aaP=0 with n

procedure yields

o (opt) obtained by

s2 Nag will hold for all 8. 'This

oE _ 1 - - cB - ] -
aap = 5 {(2cssnes)cap sap [458 2sBsn 5 (Znes 52nes) } =0

(C-31)
so that

1

tano, (opt) = B(E)Lang + K(8)

(C-32)
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where
2 - sn
G(B8) = __ZE—_EE (C-33)
es
2n - 82n
K(B) = —2 es (C-34)
Nag
and

_ G(g)tang + K(B) -
cap(opt) = - . (C-35)

\J1 + [c(p)tans + K(8)12

It follows from Egs. (C~32), (C-35) and (C-30) with Mg =Nes
that Em

ax 1S given by

. 1 S8 '
-_ - e 2 - 2
max = Tn__ {?cssnessap(opt) + Cap(opt)[%sﬁ 2sBsn 5 (2n_,-s nes)i}
C8Sneg 2 + 1]
cBsn - 5
_ ___es -\/i + [G(B)tans +K(8)] (C-36)
Nes
The results in Egs. (C-36) and (C-32) for E ax and % (opt) are

in agreement with the numerical results in Figs. (5-28) and
(5-30) respectively.

C.4 Fixed Roll Mode

In the fixed roll mode the panel self shadow boundary
(nssl’nss2) is obtained by solving Eq. {5-18) for n with cALV=0

and ¢=constant. The general form of this equation is

CALV = A + Baen - Csn =0 (C-37)
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where

and

C-14
A= cup cé sB {C-38)
B = Cc-39
sap cB ( )
C = co_ c8 s¢ (C-40)

In contrast to previous cases, the solutions of Eg. (C-~37) for

n are denerally not symmetrical about n=0°. The two solutions
can be expressed in terms of sn and cn after alternately elimi-
nating cn and sn from Eq. (C-37) and solving the resulting
quadratic equation for sn and cn respectively. This yields

and

where

sn - AC + BR
552 BZ + c2

en - -AB + CR
ss2 BZ £ C2

sn - AC - BR
ssl B2 + Cz

on _ -AB - (R
ssl B2 & Cz
\JBZ +

(C-41)

(C-42)

(C-43)

(C-44)

C2 - A2 ='VE28 - czap02¢ (C-45)
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I1f Oi(ap,s)§90°* and -90°<¢<0,** then A and B are always posi-

tive and C is always negative. In view of Egs.(C-42) and
(C-43) it follows that cng . ,<0 and sng,,<0 so that 90°<n__,<270°

and -180°inssl§p°.*** As a result, the self-shadow interval is

not necessarily symmetrical about n=0°, as is the earth shadow
interval (ines). Consequently the self-shadow and earth shadow

intervals may assume any one of four possible relationships, as
shown in Figure (C-4).

LEGEND

Earth Shadow [/ /

Region / /A

Panel Self- N
8) gartt;:t B) Orbit Shadow Region \\\\\

Sun

Sun

+ =0 {Noon} 1=0 {Noon)

Figure (C - 4) - Possible Earth Shadow and Solar Panel Self-Shadow Regions {LV - Fixed Roll Mode)

*See Footnote ** on page 45.

**While the useful range on ¢ for §>0 is -90°<¢<90°, it is
only necessary in evaluating N,y and n__,, to consider either

-90°<¢<0 or 0<¢<90°. This follows from Egs.(C-41) - (C-44),
which indicate that the extent of the self-shadow interval is
the same, whether C>0 or C<0. The only difference is that for
C<0 the self-shadow interval lies within the range 90°<n<360°
whereas this range is 0°<n<270° for C>0. Consequently only
-90°<¢<0° is considered.

***The convention adopted here is that n is always a posi-

ss2
tive angle whereas Neg1 is always a negative angle.
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The terminal point (nsst) at which the self-shadow
region reduces to zero, occurs when nssl=(nss2—3600)' This

condition results when the-radical in Egs. (C-41) - (C-44)
becomes zero or in view of Eq. (C-45), when cB=capc¢.

The self-shadow boundary is then specified by

180° + tan_l(éggilggﬁ) B i_cos—l(Capc¢)
Nsg2 = (C-46)
-1
no gelf-shadow B > cos (capc¢)
and*
~90° - tan”t Z%%-E_%%, B < cos_l(capc¢)
no self-shadow B > cos“l(capc¢)

'

and when B=cos“l(cqpc¢), it follows from the preceding equations
and Egs. (C-39) and (C-40) that

Ngar = Nggp = (Nggp™360°) =-180° - tan~ 1 (-C/B)
(C-48)
= -180° - tan t CES ¢ ) 8> ||
c2¢ - 028 :
In Fig.(C-5) curves illustrating the behavior of Nggl
and N,goy a5 & function of g and uP are shown for ¢= —-45°. The
terminator curve corresponding to Ugat is represented by the

heavy dotted line. The earth shadow boundaries (*nes) corre—

sponding to a 230 NM circular orbit are represented by the
dashed curves. The various shaded regions in Fig. (C-5) denoted
by A, B, C and D, correspond to the location of the self-shadow

*This particular form for n.o1 follows from the fact that
-1 1
= - o
tan qssl—tanl 90°~tan (cnssl/snssl)].
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Tss 1
(deg.)

(0)

(—30)
(—60)
Tss2
(deg.)
(—e0) 270
(—120) 240
(—150) 210
(—180) 180

150

120

Legend:
Case A Mss2 <’7es

Tss 1 > ~Tes
Case B Tles2 = Mes

Tes1 <'n¢5
Case C Tgs2 = Tes

Tss1 > —Tles
Case D Tlggp > 360° M,

Tes1 = ~Tles

Figure (C - 5) - Variation in Panel Self-Shadow Boundary with a, and B (LV - Fixed Roll Mode: ¢= -45°).
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a) ¢=0°
(—90)
(—120)
Tss1
(deg.)
(—150)
(—180) 180 st
1'fss'.!)"?es
i Tlgs] <—Tes
(deg.)
120
20
B (deg.)
b) ¢=-90°
(0)
(—30)
(—60)
s L
(deg.) (—90)
(—120) et e N2 <Tles
_n\ 4 1?31 >‘-T?es
A IRN
i g Case C Ts2 > Tgs
A g1 > ~Tles

0 15 30 45 60 75 90
P (deg.)

Figure (C - 6) - Variation in Panel Self-Shadow Boundary with a, and B (LV - Fixed Roll Mode).
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boundaries for the four cases illustrated in Fig. (C~4). The
relative size of these areas varies with ¢ and some vanish as
¢+0° or ¢+-90°. The curves for LI and Neao and the corre-

sponding shaded areas, when ¢=0° and ¢=-90°, are shown in
Figs. {C-6a) and (C~6Db} respectively. When ¢=0°, the self-
shadow interval is symmetrical about n=180°, as shown in

Fig. {(C-6a) where Ngga™ ~N and Moot ~180° for all g and ap.

ssl t

Evaluation of E

The electiical energy (E) available from the solar
array according to Eq. (5-16) is given by

(C-49)

where nlfninz represents the array sunlight interval. 1In

order to include the effect of distinct earth shadow and self-
shadow intervals as shown in Fig. (C~4d), it is convenient to
modify this expression so that

N2 n2
E = 2n1 G gydn chpdn (c-50)
es 1
n1 1
where
n, = Bsg2 Nss2 Mg (Case: &)
Nag Nag Moo (Case: B,C,D) (C-51a)
e Inssl[<ne; (Case: A,C,D)
i “Rag nesilnssl]* (Case: B) (C-51b)

#or if no self-shadowing occurs, i.e., (B>cos"l[0apc¢]).
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and
-
- o -
' N Inss2 360°|<n_,  (Case: D)
Ny = 4 (C-52a)
L 0 otherwise*® (Case: A,B,C)
f
(n__-—360°) |n__,—360°]<nq (Case: D) -
v 852 ss2 es (C=52b)
nl - Q
0 otherwise* (Case: A,B,C)

“

After substitution for ci fram Eq. (C-37) and integra-
tion of Eq. (C-50) the expression for E becomes

~ _ l _
E = Theg {}A(nz—nl) + 3(5“2'5“1) + C(cn2 cnll

- [A(n;-ni) + B(Sn;—sn;) + C(cnz—cn;]}

(C-53)

where A, B and C are defined by Egs. (C-38), (C-32) and (C-40).

In Fig. {5-15) é vs. B is plotted as a function of the panel
angle (ap) for three cases: ¢=0, ¢=—45° and ¢=-90°. TIn each

case the upper envelope boundary on the curves corresponds to
the maximum electrical energy (Emax) available from the array
(for a specific ¢) with optimum variation of o with g. Plots

of Emax and o vs. B obtained numerically for several

p (opt)
values of ¢ are shown in Figs. {(5-16) and (5-17) respectively.
These results indicate that making ¢=0° evidently yields the

largest Emax for all 8. Of theoretical interest perhaps, is
the fact that in the region 0<B<23° other combinations of «

fad P
and ¢ also exist which yield the same Eia

« 38 with ¢=0°, as

will now be shown.

*or if no self-shadowing occurs, i.e., (ﬂ>COS_l[CapC¢]).
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Analytical Determination of % (opt) and ¢opt

It is convenient at this point to introduce a change
of variables for the terms involving oy and ¢ in the expression

for CALV in Eg.+(5-9). Specifically, let

S¢ca_ = s¢ Sa (C-54)

and

o, = cd sa (C-55)

where ~90°< ¢ < 0° and 0°< o <90°. Since

capc¢ = 'chap - sz¢czap = ‘chap - 52£$2£
= 'chap + cziszg_— szg_ = co (C=56)
it follows that Ay in Eg.(5-9) can be written as
CALV = capc¢sB + Sapchn - S¢caPcBSn
= casB + socBc(¢+n) (C-57)

The procedure here will be to express the electrical
energy E in terms of o and ¢, next to determine the o and ¢

which maximize E and finally to infer from the relationships in
Egs. (C-54), (C~55) and (C-56), the corresponding optimum values

-

of o5 and ¢. In evaluating E the panel self-shadow boundary is

first expressed in terms of g, a and ¢ from Eqg.(C-57) after
setting c¢i=0. This yields

“ c(4+n) = -tang/tang B

I~
|2

(C-58)
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so that
lgg2 =87 & (C-59)
and
Ngg1 = 767 & (C-60)
where
180° - cos“l(tanB/tanE) Bzo
E =
180° B>a

For ¢=0, the self-shadow boundaries are symmetrical
about n=180°. Since ¢=0° implies from Egs.{C-54) and (C-55)

-y & — g . - =
that ¢=0° and ap-g, the curves in Pig. (C-6a) for Nesl and Ngg2

qgo~tE respectively. The

effect of making -90°<¢<0 is to shift these curves upwards,
thereby creating four possible shadow boundary arrangements
as described earlier in Fig. (C-4).

correspond directly to Ngo1="¢ and n

Expressions for the electrical energy (E) correspond-
ing to each of the four shadow boundary arrangements in
Fig. (C-4) can be obtained after integrating Eg. (C-50}. Upon
substituting, Eq. (C-57) for c) and appropriate values for the
1 1
limits Nor Nys Ty and ny from Egs. (C-51), (C-52) and (C-60)

the results are

Case A:
Nss2
E = =+ [casB + socBc(gtn)]ldn = —i—(cass-g + sacBsi)
2n - — n - -
es es
g1

(C-62)
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— Case B:
T
leg
- 1
E = 5 [casB + sacgc(g+n)]ldn = ;l—(CQSS‘neS + sacBsn,  C¢)
es es
hes
(C-63)
Case C:
Nes
E=> 1 [casB + sacBc(é+n)]dn
- 0 o &
es
Nss1
_ 1
= Th {ciss(nes+¢+g) + sacBls(n t+e) + SE]} (C-64)
Case D:
Nag ) Nesl
~ _
= [I Chpydn f c}‘Lvd“]
es
“Nag (nSSZ—zﬂ)

Il

nis {[cgss-nes + sacBsn_ el - [casB(27-E) - sg_cgsg]}

(C~65}

The optlmum o and ¢ can be obtained in each case by

setting BE/Ba 0 and aE/a¢ 0 respectively. In evaluating the

results however, only those solutions for o

opt and gopt which
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yleld shadow boundaries consistent with the respective cases
(A, B, C or D) are acceptable.*

-

—

" Case B:
It follows from Eq. (C-63) that Qopt=0°
and
E = ——~{-sasB*'n + coacBsn__ ) =0 (C~66)
2d n - es —-_ es
= es
so that
sn_./n
tang_, - —o8’es (c-67)
P tang
and
_ tang
cup(opt) = \j > -
(snes/nes) + tan“sg (C-68)
Consequently émax in case B is given by
- _ Sngg/neg
Erax = Nas {;es'sscgopt[? + (—_EEHE_“ tangopt
_ _ 1 2,2 2., 2
= (Ss/c%pt) = —-—-nes \lc Bs Ngg + 58 Nag (C—-69)

*With regard to case D however, it follows from Egs. (C-63)

and (C-65) that ﬁ(D)Eﬁ(B) so that no further consideration of
this case is actually necessary.
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Tt follows from Eg. (C-62) that E 1s independent of §.

Hence,

%E = —;—[—sass-g + cacBsEi + (caspB + sachE)Eg] = 0 (C-70)
% feg] T I - - -
so that

so SB+E = ca CB sSE (C~71)

since
cg = tang/tana {C~72)
from Eq. (C-61). Since & is a function of o, it is necessary to

eliminate ¢ via Egs. (C~71) and (C-72), solve for gzgopt as a

function of 8 and then determine o from Eq. {C-71) where

—0opt

sSE /E
tano _ opt’ "opt

Zopt tané (C-73)

Eliminating o from Egs. (C~71) and (C~72) yields the
following transcendental equation

2F = - S25 (C-74)

tan26

As 1llustrated in Pig. (C-7a) two solutions for & exist for
sufficiently small g. The limiting case corresponding to B=B

a)
bl

Tes

| M

a

42

Eopt Tes {uog)

£ =12870
)|
~52F 120

e " —

=500

30
4 Bideg)

Figure {C - 7) - Relationship between Panel Self-Shadow Parameter { £} and f3-
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occurs when c2&= —tanzs which means, in view of Eqg. (C-74), that

2gc = tanzgc (C~75)

Solution of Eq. (C-75} yields £.=128.7°, which implies that

Bc=tan-l(;—cz2gc)225.0°. The solutions for g=gopt obtained from
Bq. (C-74) and a curve of the earth shadow boundary (nes) are

plotted in Fig. (C-7b) as a function of g. The intersection of
the gopt and Ngg CUrves represents the transition point from

case A to case B. In view of Fig.(C-7b) and Eg. (C-59), case A
applies provided

Nego = Eopt =% 5 Mg (C-76)

or

D
in

{(-n__+E

min es J 24 207 (C=77)

opt

=N° 4 e [ = o : =qQ°
For 8=0° it follows that imin-( nes+90 }, since goPt 90° whereas

Emin=0 at B=Bes, since § N e

opt= es

-

The optimum ¢ for case A is given by Eq. (C-73) and is
similar in form to the result in Eq.(C-67) for case B. The

corresponding electrical energy (ﬁmax) obtained from Eq. (C~62)

with g=_(_y,_opt is given by

- _ 1 2,.2 2,..2 _
Eax = _“es \/c BS gopt + s”8 Eopt (C-78)

which is identical with Eq. (C-69) when Eopt=nes'


http:EC=128.7o
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Case C:

The procedure is similar. Setting 3E/2¢=0 results in

bopt = (“MggtE) (c-79)

Substituting this result into Eg.(C—64) yields an expression
for E which is identical to E for case A in Eq.(C-62). The

result obtained from aﬁ/ag;o is also identical to Eq. (C-71) so
that case C is really included in case A insofar as determining
the optimum o« and ¢ is concerned.

In summary then, it follows that

08<Bqg,
. _ 1 2,2 2 2 _
Emax = H;; ‘Jﬁ Bs Eopt + 878 gopt (C-80)
st . /L
- opt’ “opt -
tangopt tang {C~81)
("“es+gopt) < ¢ < 0° (Cc-82)
BogliBs90°:
- 1 2. 2 2., 2 _
Emax =i ‘JC 8s Mg + 878 Nog (C—-83)
&s
sn__/u
_ es’ es _
tangOPt = tang (C—-84)
$ = (° {_C"‘BS)_
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The optimum spacecraft roll angle (¢} and optimum panel angle

(apl corxresponding to iopt and Eopt are then obtained from

Egs.{(C-54), (C~55) and (C~56)}, which can be expressed as

tand = s¢ tang (C-86)

and

sap = C¢ sa (C-87)

Curves for %5 (opt) and ¢0Pt obtained from Egs. (C-B6} and (C-87)

—no . . . _

for ioptfo and iopt_( nes+50pt) with Eopt given by Egs. (C-81)
and (C-83) are shown in Fig. (C-8). 1In the region 05858e5=22.9°
these curves represent the bounds on the other possible combi-

nations of ap(opt) and ¢opt which yield the same Emax' For

$=0° it follows from Egs.{C-86), (C-87) and (C-84) that ¢=0°
and o =g .
p(opt) ~opt

[£]

(b}
a0 80
]
1
1]
ja 1 o
A
:J‘ -
£ e
a1 \‘\
)
60— 60 \
{_—“ (1808 )
24
=T 1
Bagtl [ = %ptopy !
{deg} "=V {deg) 1
: sl I
‘ |
- “‘ i \
30— ¥ %0 =
*
¢ 1 [
- 3
A Legend g es\{
R Y
- T Sopt™ o° =
»!‘ _--Eupt"""es*’Eopt] I
T e I
e i \
1 V4 0 I
30 =] a0 o] 0 & 90
Bldeg) Btdegt

Figure (C - 8) - Optimum a, and ¢vs § {LV - Fixed Roll Mode).
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C.5 LH-Optimum Roll Mode

Panel self-shadow boundaries in LH modes are closely
related to those in corresponding LV modes. The expression for
CArn in Eq. (5-41) with ¢ defined by Eq. (5-43) is

CALH = cB[ESapsn + cuﬁdtan28+c2n:] (C-88)

If n is replaced by (n-90°) it follows that Eq. (C-88) is iden-—

tical to CALV in Eq.(C-3). Hence self-shadow boundaries have the

same general character as in the LV-Optimum Roll mode, but are
symmetrical about 90° rather than 180°. In view of Eq. (C-6)
the self-shadow entry and exit points (nSSZ'nSSl) are given by

90° - cos_l(cap/cs) B < ap
= 0. .
P 180 Nss1

no self-shadow 855 o

(c-89)

A plot of (“ssz'“ssl) vs. B is shown in Fig. (C-9) where the
dashed curve represents the earth shadow boundary (nes).

180

150

120

Legend:
1, T Mss1
nSS'l' 582 90 Case C - TI551>TJBS
(deg.) l M52
oo [ s <
60
30
0 15 30 45 60 75 90

B (deg.)

Figure (C - 9) - Variation in Panel Self-Shadow Boundary with ap and 8 (LH - Optimum Roll Mode).
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Self-shadow and earth shadow regions are distinct,

whenever nssl<nes (Case D) and overlap partially whenever

Boel Nan (Case C) as shown in Fig. (5-20). To evaluate E it is
necessary to modify Eq. (5-16) such that

i e
A 4 l » .
= 7n c)\LHdn CALHdn (C-90)
es '
3 i
where
s SEshg B (C-91a)
) = Ngg2 (C-91b)
n (Case C)
n, = =e (C-91c)
Ny (Case D)

Rearranging chX similar to the procedure in Eq. (C-8) and sub-

LH
sequent integration of Eq.(C-90) yields*

(Case C):

S | 5
E = T {cap[E(k,nes) + E(k,nssz)] # SUPCB(CI‘ISSZ cnes)}

es

(C-93a)
(Case D):

7 1
i ¥ E—r;;{co‘pﬁa(k) t Ekinggt = E(k.nssz)] E sapchnssz}
(C-93b)
where

k = cB (C-94)

*See Footnote *, p. C-4.
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Formal analytical evaluation of B e with respect to a,¢ as in

the LV modes, is not amenable to closed form solution, since E
is a more complex function of % in both case C and case D.

Nevertheless, bk and the corresponding 5 (opt) were obtained

. - . s =) : =)
numerically as shown in Figs. (5-29) and (5-30). Since %5 (opt) 0

for all B, it follows from Fig.(C-9) that case D applies and
nssz=90°. Hence, Eq. (C-93b) yields

~

E = E(k,ne

o ¥ )/n (c-95)

S es

C.6 LH-Cyclic Roll Mode

In the cyclic roll case, the expression for CALH in
Eq. (5-41) with ¢ defined by Eq.(5-44) is

(cx )l = —sns(ap+6) + capchzn -180°<n<0° (C-95)
= —sn5(ap—8) + capcsczn 0°<n<180° (C-96)

If n is replaced by (n-90°) it follows that Egs. (C-95) and

(C-96) are identical to CAry in Egs. (C-26) and (C-27). Hence

self-shadow boundaries have the same character as in the LV-
Cyclic Roll mode, but are symmetrical about 90° rather than
180°. In view of Eqgq. (C-29) the self-shadow entry and exit
points (n552’nssl) are given by

2 2 2
e | —s(ap-B) + 1}5 (up—6)+4c 0,C B Biap
£ o * 2ca_cCB
g g gt oo hy 1= P
no self-shadow B>a

(C-97)
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A plot of (nssz,nssl) vs. B8 is shown in Fig. (C-10) where the
dashed curve represents the earth shadow boundary (nes}.

180

150

120

30

{3 (deg)

Figure (C - 10) - Variation in Panel Self-Shadow Boundary with a, and [ (LH - Cyclic Roll Mode).

Self-shadow and earth shadow regions are distinct, whenever

gt iy (Case D) and overlap partially whenever Ngg1” Nes

(Case C) as shown in Fig. (5-20). The modification of Eq. (5-16)

to evaluate é is
]
i fla

E = -— (cApy)ydn + (eA;y)y dn - (ch; ) odn

(C-98)
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where
My = "Ry F a {C-99%9a)
: 99b
1 = Tgg2 (c- )
' nes Case C
0, = (C-99¢)
N1 Case D

Integration of Eg.(C-~98) after substitution for (cA and

(cALH)z yields

LHil

(Case C):

~ _ l _ -
E = Znes {anpsg s(ap+g)cnes + sLup 3)0”552

. co_Cg
+ ) {z(nes+nss2) + (sznes+sznsszﬂ}»tc—100a)

(Case D):

~ _ l -
E = Ao {%apss(l cnes) + s(u13 B)cnssz

ca_ CR
__P___[ - ] -
+ i 2(nes+nss2 T/2) + (sEneS+SZnsszl {C~-100b)

Again formal analytical evaluation of Ema with respect to o

X
is not amenable to closed form solution. Numerical results
for E and

max ap(opt) 1nAFlgs.[5—29) and {5-30) indicate that

ans Q -— o
except for S<chc—10 "Emax p(opt)_o . From
Fig. (5-22) it is clear that for uP=D°, E is alsc close to the

=90° as

is obtained for o

optimum for small g, TFor ap=0° case D applies and Ngg2
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indicated by Fig. (C-10). Hence, Eq. (C-100b) yields

~

= -— o =]
Emax [SB('l cnes) + CB('ZILES+82TLES)/4]/neS B 28 1o

(C-101)
For B<chc210°, this result is also a reasonable approximation
to the optimum,

C.7 LH-Fixed Roll Mode

In the fixed roll case ¢ 1is constant in Eqg. (5-41},
which can be written as

CALH = A - Bsn - Ccn (C-102)

where A, B and C are as defined in Egs. (C-38), (C-39) and
(C-40). If n is replaced by {(n—-920°), this expression is iden-
tical to CALV in Eq. (C-37). Hence for a given ¢, . and B8,

the self-shadow boundary points, Ngg] and Nggp are merely rotated

by 20°, clockwise in Fig. (C-4). This yvields the four possible
shadow arrangements, cases A-D, shown previously in Fig. (5-23).
In view of Egs. (C-46), (C~47) and (C-48}), the corresponding

expressions for Nog1’ Ngg2 and Mggt! the self-shadow terminal
point, are given by*
~-1{AC + BR -1
90° + tan (w) B < Cos (CO.'.pCtb) (
n = C-103)
ss2 -1
no self-shadow B > cos (capc¢)
-1j-AB - CR -1
~180° - +tan <
(_Kf_:_gﬁ) B < cos (capc¢)
g1 ~ (C-104)

-1
no self-shadow B > cos (c“pc¢)

*See Footnote ***, p, C-15,
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and*

Nggp = 90° - tan"l(css¢ 'Vc2¢—c25 ) 18] > |¢] (C-105)

In Fig. {C~-1l} curves of Ngg1’ Ngg2 and Nge and the four possi-

t
ble regions corresponding to self-shadow cases A-D, are shown
for ¢= -45°., The relative shape and size of these regions
differ from the LV-Fixed Roll mode, but also vary with ¢ with
some vanishing as ¢+0° or $+—90°. The curves for Ngsl and Ngg2

with ¢=0° and ¢=-90° are shown in Fig.(C-12}.

Evaluation of E based on modifying Egq. (5-16), as in
BEg. (C-90), with Eq. (C-102) substituted for Crrg yields

o 1
E = Tea {iA(nz—nl) + B(sny—snqy) - C(cny—cny)l
i 1 1 1 L ] r
- [A(nz_“l) + B(snz-snl) - C(cnz—cnl]}
(C-1086)
*While (nsst)Lv in Eg. (C-48) was defined as a negative

angle, a positive convention was used in Eqg. (C~105) since
90°i{nsst)5180°. This represents
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C-36

(=210)

(—240)

(—270)

Legend:

Case A s >—nes
Mss2 Tlas

Cose B Tlss1 < ~Tles
77552>77es

Case C - Mee1 <'"77es
Tss2 <17es

ol D 1""ss2<r’es

Tee1 + 360 <T]S

B (deg.)

Figure (C - 11) - Variation in Panel Self-Shadow Boundary with a,p and  (LH - Fixed Roll Mode: ¢ = -45°),
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Tss1
(deg.)
(—180)

(—210)

(—240)

Case C - Tes1 < —Tles

(—-270) Moy <N
es

Tles 1
(deg.)
(—90)
(—120)
(—150)
(—180)
Legend

Case A - Nes| = —Tiag

Tigsa Tles

ke Case C - M1 <—Tlpg

n§2<na

0 15 30 45 60 75 20
p (deg.)

Figure (C - 12) Variation in Panel Self-Shadow Boundary with a.p and B (LH - Fixed Roll Mode: ¢= 0°, o= -90°),
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, are defined by

]

<0

sg2 ss2 es
n2= N
Nag Nag al Ngg2
Ngel [nssll < Neg
Tll:
-— *
Nes |nsslI 2 Neg
[+] Q
' (ng 1+360 ) (nssl+360 ) < Mg
n, = ¢
0 otherwise®*
[+
' Ngs2 (nssl+360 ) < Nes
n1=
0 otherwise?®

Determination of Em

ax’ “p (opt) and d’opt

(Case:

(Case:

(Case:

(Case:
{(Case:
{Case:

(Case:

(Case:

A,C,D)

B)

A,D)

B,C})

D)

A,B,C)

D)

A,B,C)

(C-107a)

(C-107b)

(C~108a)

(C-108b)

The procedure and results obtained in Section C.4 for
the LV-Fixed Rell mode can be used with slight modification to

obtain émax and the corresponding optimum o

d ¢.
o and ¢

Analogous

to Egs. (C-54) and (C-55) the change of variables introduced in

the LH casge is

s¢c = —C
¢ ap ¢ Sa

Sao

i}
n
-5
0
R

p L

where again 0<@<90°, but 0<¢<390°. Since

ca_Cd = co
ap ¢ o

Y

*Or if no self-shadowing occurs, i.e.,

(c-109)

(C-110)

(C-111)

(3>cos"l[capc¢])_
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1t follows that CAru in Eqg.(5-41) can be written as
CALH = ca 8B + so cB c{¢+n) (C-112)

which is identical to Eq. (C-57). Consequently self-shadow bound-
aries can also be expressed as in Egs. (C-58)-(C-61). The result-
ing evaluation of E for cases A and B is identical to Egs. (C-62)

- =0° 7 3 -—
and (C-63). For case B, Eopt 0° and for case A, Emax is independ
ent of ¢.

Determination of %5 (opt) leads to Egs. (C-67) and (C-73)
where gopt is the solution of Eq. (C~74) shown in Fig. (C~7). The

transition point from case A to case B corresponds to the inter-
section of the gopt and n,g Curves at B=Bes=22.9° for a 230 WM

orbit. In view of Fig.{C-7b) and Egs. (C-60) and (C-107b), case
A applies provided

Ngsl = “fopt T £ 7 TMeg (C=113)
or )

0 = ¢ = ngg - Eopt 2 $max (C-114)
In summary then, the optimum results, Emax’ Eopt and gopt are

1dentical to those in Eqgs. (C~80)-(C-85) for the LV-Fixed Roll

mode except that Eq. (C-114) replaces Eqg. (C-82) for the condition
on ¢.

The optimum spacecraft rcoll angle (¢) and panel angle

(ap) corresponding to iopt and Eopt are obtained via Egs., (C—-1.09)-

(C-111) which can be expressed as
tan¢ = -c¢ tano (C-115)

sap = s¢ So (C-116)

Curves for « and ¢0Pt obtained from Egs. (C-115) and (C-116)

p (opt)
for iopt=0 and ioPt:nesugopt with gopt given by Egs. (C-81) and
(C-83) are shown in Fig. (C~13). In the region OiBiBeszZ3° these

curves represent the bounds on the other possible combinations
: . e
of ap(opt) and ¢0Pt which yield the same Eoayge For $=0° it

ax
follows from Egs. (C-115) and (C-~116) that «

- . This indicates that -¢
—opt op

equal to o

=0*° =
p (opt) 0°¢ and ¢opt
£ in the LH-Fixed Roll mode is

o (opt) in the LV-Fixed Rcll mode.
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ap {opt) {¢opt]

(755907 Legend

T — Hop=®

ﬁ%g\ -=== Popt=Mes-Eopt)

# (deg) B tdeg}

Figure {C - 13) - Optimum a, and o vs B (LH - Fixed Roll Modes).
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Pointing Angles for Sun-Oriented Solar Arrays and Experiments
on Spacecraft in LV, LH and POP Modes

In this appendix pointing angles for sun-oriented solar
arrays and experiments on spacecraft in LV, LH and POP modes are
evaluated from appropriate coordinate transformations.

D.1 Solar Array Pointing

The coordinates (Xp’yp’zp)’ (xn,yn,zn) and (xs,ys,zs)
shown in Fig. (D-1) are defined as the solar array, orbit and

sun referenced coordinate systems. From the transformation

relating (xp,yp,zp) and (xs,ys,zs) for LV, LH and POP space-—

craft attitude modes it is possible to determine:

1) the pointing angles (ap,¢) for aligning
the outward normal to the panels (zp) with

the sun line (zs) and

2) the incidence angle (i) between the sun line
(zs) and the panel outward normal (zp) for

arbitrary ap,¢,n and B.

Noan
Meridian -
Plene -5

Orbital Plane

ﬂ-p = Panel Articulation Angle

n Spacecraft
$ = Spacecraft Roll Angle

7 = Spacecraft Location
In Orbit

Spacecraft

.,

Figure {D - 1} - Spacecraflt Location and Solar Array Orientation Angles
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D.1.1 Transformations

The transformation relating (xn,yn,zn) with

X Z i
( sr¥gr s) is

= Y X (D—l)
Ly = Th Tg g

The transformation relating (xp,yp,z ) with (Xpo’ypo’zpo)’
which represents the panel coordinates with a_=¢=0, is given

by

o ¥po (>=2)

= Yy
p. =T T
T ap

£ , . .
The transformation relating (Xpo’ypo’zpo) with (xn,yn,zn) is

oo = B, M (i = LV,LH,POP) (D-3)

where Bi is to be specified for each attitude mode. From
Fig. (D-2) 1t follows that¥*

a) LV Mode b} LI:I Mode ¢} POP Mode

Figure {D - 2) - Orientation of Solar Array Coordinates in LV, LH and POP Attitude Modes with a,p =¢=0°.

*See also Figs. (5-7), (5-18) and (5-27).
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— m& Y
Bry = Tog T-9o
X
By = Too-
and
M2
- Bpop = Tgo
Consequently
Ep
where
_ Y X%
Ai_Tu 'I'¢
D

D.1.2 Pointing Angles hp,¢)

B ™ T
2 n -

X
B

(i

LV,LH,POP)

(D-4)

(D-5)

(D-6)

(D-7)

(D-8)

With the panels pointed at the sun the solar vector

is

(D-9)
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or in view of Egs/(D-7)and (D-8)

0 so 0 —snCB
v x)T P v X
(Ta T¢ 0 = —s¢cap = Bi Tn T__B g |= Bi -sB

P 1 cgca, 1 cned

Thus the pointing angles (ap,¢) are specified by

(LV Mode)
sap = cpch (D-11)
tan¢ = -sn/tanpg (D~12)

(LH Mode)
S = =gnc D-13
o nch ( )
tan¢ = -cn/tansg (D-14)

(POP Mode)

sap = —agf (p-15)
tané = -tann (D-18)

D.1.2 Sun Incidence Angle (i)

With the panels not pointed at the sun the sclar

tor expressed in (x ped is
vector express ( o' Yp’ p)

0 a13
§P = Aigs = Al 0 = | a3 (D-17)
1 a

. 33/;5
The incidence angle (Ai) is then specified by

chi = §P.EP = {g;;)i (i = LV,LH,POP) (D-18)
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so that
LV Mode:
CALV = capssc¢ + sapcscn - capch¢sn (D-19)
LH Mode:
CALH = caPSBc¢ - sapchn - capcss¢cn (D—-20)
POP Mode: )
Chpop = caPCBC(¢+n) - sapsB (D-21)

D.2 Experiment Pointing

The results in Section D.1 for solar arrays are also
applicable to determining pointing angles for sun—-oriented experi-
ments on spacecraft in LV, LH and POP modes. The experiment
degrees—of-freedom are assumed to be a rotation (¢e) about the

spacecraft roll axis and a rotation (ae) about an axis normal to
the roll axis.* With ey = ¢, = 0° and no spacecraft roll (¢=0°)

the experiment pointing axis is assumed parallel to the spacecraft
roll axis, zo, shown in Fig. (D-1). Hence, oy and ¢e are equiva-

lent to ap and ¢ in Eqgs. {D-11) through {(D-16).** To account for

cases where ¢ # 0°, Egs. (D-12), (D-14), and (D-16) are merely
modified such that ¢+(¢e-¢).

*The rotation % could be realized partially with internal

gimbaling or exactly by a spacecraft configuration4 comprised of
modules stacked along the roll axis, each with an independent roll
capability.

**As a practical matter experiment occultation by the spacecraft
may occur when the pointing axis is oriented nearly parallel to the
roll axis unless the experiment module is located at one end of the
spacecraft to permit axial pointaing.
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Sunlight Interval in Elliptical Orbits

The geometry for determining the sunlight interval in
elliptical orbits is similar to that used for circular orbits
as shown in Fig.(E-1}. Here however, the orbit altitudes at P,

and P, differ as given in Fig. (E-1b) where ﬁl and ﬁ2 represent

2
the angular displacement of P, and P, from perigee and ng is
the location of midnight relative to perigee. The relationships

between (01,02) and f are given by13

Co, = Cpl/CB (E-1)
ca, = sz/cB (E-2)
Spy = sc[l+ec(nsﬂcl)l (B-3)
Sp, = SG[l+€C(nS+Ul)] (E-4)
and
s = R/a(l-c?) (E-5)

where R is the earth's radius, a the orbit semi-major axis and
e the orbital eccentricity. In view of Fig. (E-2}, g is given

by

ng = ¢+130°—9a ) (E-6)

where Qa is the location of perigee relative to the ascending
node as defined in Eq. (2-11).

For a given R and Ngr solution of Eqgs. (E-1l) through
(E—-4) yields o, and o,. The time in shadow obtained from Kepler's



BELLCOMM, INC. E-2

Appendix E

equation in terms of the eccentric anomalies Eqy and E, is

= T - - - - -
T = & [(BymesEy) - (B;-csE)] (B=7)
where
’ 2 -
1~
Sk = -:Tl]; (E_S)
1 l+scﬁl
\‘1—52 Sﬁz
SE2 = mz— (E-9)
iy = ngmoy o)
ﬁ2 = ngtoy (B-11)

and T is the orbital period. The sunlight fraction of the
orbit is then

- 1 - - -
Top = =T /T = 1= 5= [{By=E)) - c(SE,-SE,)] (E-12)

For circular orbits, =0 so that a=R+H, p1=P =0 and G1=05.
Thus,

- _es _
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where Nog is one-half the orbit sunlight angle in radians,

cg/cp * (E-14}

Cg

and

Il

Sg R/ (R+H) (E-15)

*While umbra and penumbra aspects of the earth-sun geome-
try have not been included here, this slight effect can be
included easily. The shadow interval boundaries are based on
visibility of the full solar disk for the penumbra effect and
the first (or last) point of visibility of the edge of the
solar disk for the umbra effect. In Eq.(E-14), for example,
co becomes c(o+as) for the penumbra effect and c(o—as) for the

umbra effect where-as=0.26° is half the angle subtended by the

sun at earth distances (lAU). The same modification applies to
Cpq and Cpq in Egs. (B-1) and\{§—2).
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APPENDIX F

List of Symbols

For convenience of the reader this list contains all
important symbols, a brief definition and the page location

where first used.
are omitted,

Greek
Symbols

o

d

Definition

sun line declination relative to equatorial
plane

launch azimuth relative to geographical
north

solar array articulation angle

auxiliary variable used with ¢ to define o
in LV and LH-Fixed Roll modes P

optimum array articulation angle

optimum value of ¢

minimum angle between sun line and orbital
plane (sun line declination relative to
orbital plane)

angle denoting B envelope boundaries

constant angle about which B varies in sun-
synchronous orbits

maximum possible [B] for particular orbit
inclination

dg/dt

maximum of |8| for particular orbit inclina-
ticn and -

maximum of || with respect to orbit

max
inclination

angle denoting earth-sun line location in
ecliptic plane relative to auntumnal egquinox

Minor symbols appearing in only one section

First Used
on Page

i8

41

C~-21

Cc-5

c-27

17

30

22
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Greek First Used
Symbols Definition on Page
TO ¥y at time, t=0 13
Y y when [gl={8] __ 18
@ mean rotation rate of earth-sun line about

the sun 7
€ eccentricity of satellite orbit about earth 10
£ eccentricity of earth's orbit about the sun 7
M angle denoting spacecraft location in orbit

relative to orbital noon 41
n angle dencting spacecraft location in orbit

relative to ascending node 35
Ny n when array exits from shadow region

(earth or self-shadow, circular orbits) 42
n, when array enters shadow region (earth

or self-shadow, circular orbits) 42
Nag n when spacecraft enters ecarth shadow;

one~half orbit sunlight interval (circular

orbits) 37
Neso Neg 2% §=0° 44
Nggl n when array exits self-shadow region 42
Mg n when array enters self-shadow region a2
ﬁl spacecraft true anomaly when entering earth

shadow -1
P spacecraft true anomaly when exiting earth

shadow E-1
ng location of orbital midnight relative to

perigee E-1
Py sun line incidence angle on solar array (in

IV, LH and POP modes: XLV’RLH'APOP) 41
A maximum projected area ratio between ends

and lateral surface of cylinder/hemispheri-
cal-end spacecraft 77
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= B

cont

= B

opt

e

=

opt

=2

.

=

Definition

earth's gravitational constant

general unit vector expressed in coordinate
system (i) with components (xi,yi,zi); e.g.

Boo and p for unit vectors in spacecraft

and nodal coordinate systems

spacecraft roll angle

¢ in LV-Continuous Roll Mode

¢ in LV and LH~Cyclic Roll Modes

optimum value of ¢ in Fixed Roll modes ($=0)

auxiliary variable used with o« to define o
in LV and LH~Fixed Roll Modes

optimum value of ¢

angular displacement of spacecraft principal
and geometric axes about roll axis

d¢/dt
angle between orbital noon and ascending

node (sun line right ascension relative to
ascending node)

dy/dt
average of i over time

maximum of ¢ over time

orbital angular velocity in circular orbits
{(constant)

magnitude of bias gravity gradient torque-
impulse per orbit (bias momentum)

angle between perigee and orbit ascending
node

angle between orbit ascending node and
autumnal equinox (measured in equatorial
plane)

First Used
on Page

10

41
47
47

34

46

43

35
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Greek
[ ols

English
Symbols

a
a

e

£(8)

<<f >>
av

Definition

ga at time, t=0

Qr at time, £=0

o, when [gl=[g|_ __

(ﬂro—yo), a constant

launch site longitude relative to orbit
ascending node (measured in equatorial
plane)

longitude of eguatorial noon meridian plane
relative to autumnal equinox (measured in
equatorial plane)

rotation rate of line-of-apsides

rotation rate of orbit ascending node

' o
Qr when i=0

orbit semi-major axis
earth albedo constant

fixed angle (23.45°) between equatorial and
ecliptic planes

functional relationship between a system
performance factor and B8

mission average of f£(R)

mean of fav relative to launch time of day
(tL) and launch date (DL)

minimum of fav relative to tL and DL

maximum of fav relative to t. and Dr

orbit inclination

First Used
on Page

9
9
18

29

14

14

10

10
73

82

82

83
82

g2
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English First Used
Symbols Definition on_Page
iSS i for sun-synchronous orbits 20

2 launch azimuth 8

t - current time measured from a prior event

(e.g. launch, orbital noon, autumnal equinox,

etc.) 7
tL launch time of day at launch site (U.T.) 13
tl orbit time corresponding to ny 42
t, orbit time corresponding to N, 42
A maximum projected area of a geometrical

surface 73
D diameter of a cylindrical spacecraft 77
DL launch date at launch site {(calendar days

since OOh:OO U.T. of September 23) 13
E electrical energy per orbit generated by a

solar array 42
Es E with the array in a sun-oriented mode 43

=0° -

Eso Es when g=0 14
E E normalized to B (E=E/ES) 44
EO E normalized to Eso (EO=E/ESO) A4
Emax E maximized with respect to o A8
Eo max E9 max1m%z%d with respect to up

(Eo max=EsEmax) 68
L E, normalized to E__ (B=E./E_J) 44
FDS view factor for direct solar radiation to a

surface 73
FET view factor for earth-emitted radiation to a

surface 73
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English

nggols

FRS

Hoom =

|rd

=0

DS

>

ET

First Used

Definition on Page
view factor for reflected solar radiation
to a surface 73
FDS + aFRS 74
circular orbit altitude 10
length of a cylindrical spacecraft 77
unit vector specifying pointing axis to be
aligned with the solar vector* 11
instantaneous power generated by a solar
array 41
P with the array in a sun-oriented mode 41
earth's radius (3443.9 NM) 10
solar vector, a unit vector* along the earth-
sun line directed toward the sun 6

2,12

solar constant (443 BTy/hr/£t7) 73
orbital period (2ﬂ/wo in circular orbits) 35
gravity gradient torque (vector*) 35
mission duration 82
fraction of an orbit in sunlight 39
elementary coordinate transformation matrices 5
(see definitions in Section 2.1}
direct solar component of incident thermal
energy per orbit with A normal to the solar
vector 75
direct solar component of incident thermal
energy per orbit on a surface (normalized to
W_) 74
n
earth-emitted component of incident thermal
energy per orbit on a surface (normalized to
W) 74

n

*Subgcript i1 denotes coordinate system in which the vector

is expressed.
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English

Symbols Definition

Ve reflected solar component of incident
thermal energy per orbit on a surface
(normalized to Wh)

Wy Wps ¥ Wrs

Miscellaneous

Symbols

| | magnitude of a scalar or vector

t matrix transpose

First Used
on Page

74
77
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