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INTRODUCTION

The research which has been conducted during the past year under
NASA Contraet NAS8-30507 has consisted of two separate investigations.
which, while related, are vrelatively independent of one another., The
first of these consisted of a theoretical study of the tracking errors
induced in an optical radar by atmospheric turbulence. Expressioms for
the magnitude of atmospherically induced angle of arrival fluctuations
have been derived from Tatarski's theory of the propagation of light
through randomly inhomogeneous media. These expressions have been com-
pared with the available experimental data and found to agree within
the experimental accuracy. We have also proposed a tracking system
using multiple receivers which would reduce the apparent angle of
arrival fluctuations without requiring large receiving apertures. The
performance of such a receiver has been investigated theoretically
and predictions of the RMS angular errors due to the earth's atmosphere
have been made.

The second investigation consists of the reduction and analysis
of certain government-supplied data. This data concerns the scintilla-
tion of a 10.6 micron laser beam and the signal-to-noise ratio in a
frequency modulated CO2 laser communications system. Techniques for
reducing the subject data have been developed and software generated
to implement the analysis on the IBM gystem 360-50 computer. The re-
sults of the analysis are not complete at this time, however. Pre~

liminary results will be presented.



ATMOSPHERICALLY INDUCED ERRORS IN AN OPTICAL TRACKING SYSTEM

Introduction

We have investigated the errors introduced into a laser tracking
system by atmospheric turbulence., The system being investigated is
identical to those being used by Marshall Space Flight Center perscnnel
to investigate atmospheric turbulence and is similar to systems which
are proposed for early launch tracking of the Saturn V vehicle and for
pointing deep-space optical communication systems. Theoretical ex-
pressions for the magnitude of the root mean square tracking errors
{angle of arrival fluctuation) as a function of the aperture of the
receiving optics have been derived. Two assumptions have been made
in deriving these expressions wviz; (1) that the tracking system effec-
tively measures the centroid of illuminance in the focal plane of a
well-corrected lens, and (2) that the fluctuations in the amplitude of
the incoming wave may be neglected compared to fluctuations in its
phase.

An optical tracking system which was developed for Marshall Space
Flight Center by Sylvania Electronics Corporation under Contract
NAS8-20841 is currently being used by Marshall Space Flight Center
personnel to investigate the effects of atmospheric turbulence. This
system has been fully described in the literature [1]. Without be-
coming involved in the detailg of the operation of this tracker we may
state that systems consist of receiving optics which focus an incoming
laser beam onto the face of an image dissector tube. The image dissector
measures the position of the focused spot as it moves across the face

of the tube due to atmospheric turbulence. The output signal from the



system is proportional to the x and y coordinates of this spot. This
data is then analyzed to yield, among other things, the root mean square
deviation of the apparent angle of arrival of the laser beam in terms

of the azimuth and elevation angles. We shall derive a theoretical
expression for the RMS deviation in the azimuthal angle. A similar
analysis holds for the elevation.

The problem of defining the angle of arrival of distorted elec-
tromagnetic waves is discussed by Beckman [2]. Several authors have
investigated the angle of arrival fluctuations of a laser beam propagated
through the atmosphere using different definitions of the angle of
arrival. Fried [3] has defined it as the angle of inclination of the
plane which best fits the incoming wave front in a least mean square
sense, while Heidbreder [4,5] has considered the problem in terms of
the direction of maximum power radiation from a circular aperture
antenna in a turbulent medium. Clearly for practical purposes one must
take as the definition of the angle of arrival the quantity which is
actually measured by the receiving system. In order to determine this
quantity a careful analysis of the operation of the tracking system is
required. If, for example, the system in question employs a quadrant
detector with the output taken as the difference in signal from
opposite quadrants then the apparent angle of arrival of the incoming
beam as measured by the tracker will be proporational to the difference
in illuminance on the two quadrants of the detector. For the case of
a tracking system using an image dissector tube the situation is
somewhat more complicated since the output will depend to a large ex-
tent on how the signal is processed. We will assume that the tracker

measures the instantaneous position of the centroid of illuminance 4in



the plane of the detector. While this assumption has not been fully
verified by a detailed analysis of the particular tracking system in
question it is felt that it should be sufficiently accurate for our

purposes.

Centroid of Illuminance

Let x and y be Cartesian coordinates in the plane of the detector,
x being taken in the horizontal direction and y vertically. With the
assumptions discussed above the instantaneous azimuthal tracking error
may clearly be expressed in terms of the moments of the intensity dis-
tribution on the face of the image éggsector tube by ex(t) = x/f where
x is the x-coordinate of the centroid of the illuminance I(x,y) and £
is the focal length of the system.

JIxI(x,y)dydx
JfI(x,y) dydx

=1
0, (t) = 3 €N

We have assumed that in the absence of atmospheric disturbance
the centroid of illumination is at the origin, The limits of integra-
tion will be assumed to be over the entire plane unless otherwise
stated. I(x,y) may be expressed as the absolute square of the complex

electric field quantity u(x,vy).

1(x,y) = u(x,y)u*(x,y) (2)

For a well corrected optical system u(x,y) is given in terms of the

electric field in the entrance pupil U(z,n) by the well known relation



u(x,y) = A“U(l:,n) exp {—-23)%- (xgtyn)} dedn (3)

A quadratic phase factor has been suppressed in equation (3) as it will
not effect the illuminance. The integration extends over the aperturé
of the system. We may define U(Z,n) to be zero everywhere except in
the aperture and extend the limits of integration over the entire g-n

plane,

i

We now let V = x/Af and W = y/Af and combine equations (1) and (2).

A ffyju(v,w)|2dvdw

6_(t) = (4)
x S ute,m1? avaw
From equation (3) we have
J J bu(v,w) | 2dvdw = ”[A”U(c,n)e"z“i Cetom) g dn
% ; 1 1
x A”‘U"'(;',n')eﬂm("C N g tan'] dvdw (5)
which may be rewritten
leu(v,w)lzdvdw = IALZJJ[JJJU(C,H)U*(C':n')
x exp {-2wilv(z~z") + w(n-n')]}dvdwdndrén'dg’ (6)

Performing the integration on v and w we obtain

”Iucv,w) | *avaw = lAIZHHU(;,n)U*(;' ,a")

x 6(z-¢')8(n-n"')dgdndz " dn' (N



so that the integration on z' and n' become trivial
2 2 .
”lu(v,W)I dvdw = |A| ”U(E,n)U*(?; ,n')dzdn (8)

Likewise the other integral in equation (3) is

ij[u(v,w)]zdvdw - |A|2JJJJIJU(C,H)U*(C',n')

x v exp{-2wi[v(z-¢') + w(n-n")] dvdwdgdndzg'dn' (9)
On interchanging the order of integration this becomes

valu(v,w)lzdvdw = ]AIZJJJJU(c,n)U*(c',n')

x {Jexp{—Zwiw(n—n')}dw] [Jexp{—2wiv(c—;')}vdv]dgdg'dndn' (10)

The integration on w leads to a delta function in the usual way. To

perform the integration on v we note that
- L} !
§(c-5') = Je 2mi (-t vy, (11)
Differentiating with respect to ¢ we have

Bsgg ') _ -9 Je 2niv(z-g )vdv (12)

or

-21iv(z-z') _ 1 8s(z-z")
Je vdv = o Y: (13)



Making use of this result, equation (10) becomes

”vlu(v,w)|2dvdw = —2—1}— ]A|2””U(C,T1)U*(C'm')

x §{n-n' )@—%—_—E—)dr}dn‘dcdc‘ (14)

The integration of n is easily performed and the integration on 7 may

be carried out by parts,

”v|u(v,w)|2dvdw - [A|2J”U(C,H)U*(C',n')

Tt
a—ség—g—ldcdc'dn (15)
We take
-7
3T
- ou - et
du = 5% v =6(-¢") (16)
then
_rt g '
oty &0 — v |2 - [PRe szt (an
_ ‘,
! 4 1ot
[uce,nt )2 - steny |2 - ulean) (18)
z
1

here Ty and ¢, are the values of ¢ at the edge of the aperture. In
general for any aperture other than a rectangular one gy and Ty will be

functions of n, Substituting equation (18) into equation (15) we have



. 2
”VIUCv,W) |2dvdW - ialt ”U*(?;',n')

27
T T
x U085yt = UG ,ne (g ey - LD arrant (o).

hence

JJvlu(v,w)lzdvdw = E%?ﬁAlzj-%wU(Cz,ﬂ)lz ~~%|U(C1,n)12

- Jusc(g,n) ,___L"_aug ) dr dn (20)

The factor 1/2 in each of the first two terms arises from the fact that
U(z,n) is discontinuous at ;1 and Cz since it has been defined to be
zero for all ¢ and n outside the aperture. Since integrals of the form
JE{(x)6 (x)dx are properly defined only if f(x) is continuous at the
point where the argument of the delta function vanishes we must exercise
care in evaluating the integrals. First we perform a transformation of
coordinates by letting ;=c-glso that the argument of the delta function
is zero at the origin. The limits of integration then extend from
zero to infinity. We may now define U(-g) = U(z) rather than zero.
This does not effect the value of the integral since U(-g) is outside
the range of integration. This integral may then be written as one-half
the integral from mwinus infinity to plus infinity since the integrand
is symmetrical. Hence the origin of the factor of one-half.

Now we write U as |U]ei¢ so that the last term in equation (20

becomes

JIUIe"id’ 3-2— lu]ett® az (21)



which may be integrated by parts to yield
. 23 1 2 1 2
1JIU(?;,n)I o dc + 510G, |7 - 210G, (22) .

Substituting into (20) we have

2
J[vlu(v,w)]zdvdw %;—leu(c,n)lz-%% dzdn (23)

so that equation (4) becomes

2 9¢
I5g1UGe,m |7 Frdedn

6 () = =2

X 21 (24)

51 |ucs,m|* dn
Equation (24) is a quite general expression for the instantaneous
tracking error. By squaring and taking an ensemble average over all
physical realizations of the incoming wave one would obtain the RMS
angular fluctuation of BX. Unfortunately, the resulting expressions
cannot be readily evaluated in terms of the statistical functions which
are normally used to describe the fluctuations of the atmosphere. 1In
one i1mportant case, viz, if the amplitude fluctuation can be neglected
in comparison to variations in the phase, then equation (24) may be
evaluated. We shall first turn our attention to this case and later
discuss methods of evaluating equation (24) when this approximation is

not valid.

The Ray Optics Approximation

Let us assume that the random fluctuatioms in the amplitude of the

field may be neglected in comparison to the fluctuation in the phase.
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This is essentially the ray optics approximation. The validity of this

approximatioh has been widely discussed in the literature [6~8]. With
b

this approximation |U(c,n)|2 is a constant and may be taken outside of

b

the integral sign in equation (24). We then have

2f
Ir oC drdn
SI drdn

_ A
ex(t) T 2w

(25)

where the integration extends over the aperture of the system. The in-

tegral in the denominator is just the area of the aperture, hence

a0 [P ag
Bx(t) = Sk ] [ 5T drdn (26)
Ny "%y
v M
Bx(t) = SrA [¢(zysn) - ¢(C2,n)]dn (27)
n
2

where Cl’ gz, N and n, are the appropriate limits of integration. We
shall consider three cases: (a) a narrow slit of length a; (b) a
rectangular aperture of length a and width b; and (c) a circular
aperture of diameter D.

(a) Narrow slit aperture: TFor this case equation (27) reduces

to
. By op(- 2

Squaring GX and taking the ensemble average we obtain
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2 A 2 a ay 42
oLy = [ﬂﬂ [4G) = ¢(~ 3] (29)

We recognize the quantity on the right as the phase structure function;

hence the root mean square tracking error is
8 = =—+V D (a (30}

Following Tatarski [2] we take D¢(a) for a plane wave as

5/3
D () = V6788 || (31)
0

for values of r much larger than the inner scale of turbulence ﬂo.

Then

_ A -5/6 _~1/6
eRMS = EE—-V 6.88 r, a (32)
For a<<£0, D¢ is proportional to r2 [10]. Clearly BRMS must be in~

dependent of the length for very short slits. From Tatarski's

equation 7.101 we have after some manipulation

= 4.91 g -1/3 r -5/3 a2
0 )

D¢ (33)

Which yields a value

o = .326Ar0_5/6 g 176 (34)

RMS

t
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From equation (32) we find the value of (a) which will give this limit

to be 5.220. Hence we may write (32) and (34) as

5/6 -1/6

G
I

A29Ar a > 5¢ (35a)
o o

5/6 . -1/6
o

D
|

= .326Ar
0

a < 5% (35b)
rms o

(b) A rectangular aperture: Now consider a rectangular aperture
of length a and height b. If we take the origin of our coordinate

system at the geometrical center of the aperture, then &1 = lb

2 ]
Cz = - %b, U %a and n2=-%a. Equation (27} then becomes
A nz

m

Squaring GX and writing the square of the integral as a double integral

over n and n' we obtain

2 2 "2 (M
ex = [2§abJ J [¢(€l3n) - ¢(C2,ﬂ)][¢(€lsﬂ')

™M

- ¢(?;2,n')]dndn' (37

or

2 [n, [n
2
ex - [ZHQb] J 2 J g [¢(C13n)¢(gl:n!) + ¢(§2:n)¢(§2;n‘)
nl nl (38)

—¢(Cl=ﬂ)¢(C2,n ) - ¢(C23n)¢(§lsn’)]dndn'
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We now take the ensemble average of ei in equation (38). Inter-
changing the linear operations of averaging and integration we note
that the resulting quantities in the right hand side of equation (38)

are of the form as phase covariance functions.

> > == =
6,06 = T = GGEPeGEY (39)

The phase covariance C, does not properly exist for nonstationary

¢
systems. We will introduce it, however, for mathematical convenience

in manipulation without regard to the convergence of the integrals which
are implied. C¢ will later be replaced by the structure function D¢
which is properly defined, The use of the covariance notation lends
mathematical simplicity and leads to results equivalent to those which
can be derived by manipulating equation (38) into the form of structure
functions, Thus our procedure is justified even though it may lack
certain mathematical rigor. Making use of the fact that ¢ is a

homogeneous and isotropic random wvariable, equation (38) can be written

as

2in, in
(ei>= [3%;5} 212 [ZC¢(n-n')

n n
11 (40)

- 20,/ (¢;-2,) %)) Tanan'

By the well known relation between the covariance and structure func-

tion, i.e.,
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2C¢(r) = Dq)(‘”) - D¢(r) (41)

equation (40) may be put in the form

LIPSl
02\ = -——l—-z 2 D (/ (t,-t,)* + (n- 1y
<: x Zwab o 175 nn

N1° Mg
- Dq)(n—n')}dndn' (42)
. 2 Ny (M2 5/6
<ei> - [ngb] 6.88: > [((zy-2)% + (im0
'y
- |n-n' ]5/3]dndn' (43)

We first remove the absolute value signs from equation (43). The
integrand in the first term is everywhere positive so that it does not
present a problem. In the second term we may make a change of
variables by letting x = n+a/2 and y = n'+a/2. Noting that ny = al2

and n, = -a/2, the second integral becomes

a ra
J J |x—y|5/3 dydx (44)
o ‘o
Since the integrand is symmetrical about the line x = y and is positive
for all x > y, we may write it in the following form which may be

directly integrated.

a 11/3

a rx
2 J J (x—y)5/3 dydx = —%Z (45)
)
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The first term in equation (43) may be evaluated by expanding the

integrand in a Taylor's series and integrating term by term. Noting

that 22—;1 = b, we have
af2
5/6 t o 5/6
- 5 — 2
”[(cl—c2)2+(n-—n'>2] anan' = 5>/ @14 dndn!
—af2?
+a/2 .
¢ 2 1 4 7 nemt O
p3/3 1+2(nn)— g (nbn)+ 5:;7{nbn)
6721 6%3!
-af2
_5.7.13 n-n',°
4 ( ) + ... dndn' (46)
6+4)
From equations (44), (46) and (43), we obtain
v 6.88 ~2 9 11/3 2. 5/3
<> 5/3(217) -Gz tab
ot n Ca n+2 _5/3-2n
+10 ) (-1 — a b (47)
n=1 6 n! (2o+l) (2n+2)

Where Cn =1y 73 7 x13; 7 x13x19; 7 x 13 x 19 x 25; ete. for
n=1,2, 3, ... . Equation (47) is valid for a less than b since for
a greater than b the expansion in equation (46) does not converge. Now
if we consider a rectangular aperture of length b in the direction
along which the component of the tracking error is being measured amnd
width a perpendicular to this direction, we define a shape parameter ¢
for the aperture as the ratio of a to b, <Clearly ¢ must lie between
zero and one for the series expansion to converge. Writing equation

(47) in terms of ¢ and taking the square root we obtain for erms
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o =2 vEes x /&6 23
ms 2m 0 44
- c 02n 1/2
+10 ] (1T —F (48)
1 6 n! (2n+l) (2n+2)

We see that for a rectangular aperture the RMS tracking error varies
with the b dimension (i.e., the direction along which the component of
angle is measured) like the reciprocal one-sixth power. The dependence
con the other dimension is very slight since the term in braces varies
from unity for ¢ equal to zero (a narrow slit) to 0,.96405 for ¢ equal
to one (a square aperture). Clearly equation (48) agrees with our pre-
vious results for the case of a narrow siit.

We have evaluated the numerical ccoefficient in equation (48) for
several intermediate values of the shape parameter. These results are
given in Figure 1.

(c) Circular Aperture: For a circular aperture of radius R,

equation (38) becomes

2 R

62 = G [6(z>me]n") + 4(5,m)e(cy,n")
-R

- ¢(€1,n)¢(Cé,n') - $(g,,mé(zy,n") 1dndn  (49)

Where A = WRZ is the area of the aperture and

1/2 1/2
) ¢, = - &)

2
(R™-n

2 1/2 1/2

®*-n'%) 1y = - ®-n'?) (50)
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Coefficient
1.00
J
.99 L
298 =t
e 97 atm
.96 ==
1 A L 1 1 ] L 1 1 - |
0 .1 .2 <3 Ny .5 .6 .7 .8 .9 1.0

Figure 1. Numerical coefficient of equation (48) for a square aperture
versus the shape parameter ¢ = a/b.
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We now take the ensemble average of equation (49), making use of
equations (31}, (39), (41) and (50), and the homogeneity and isotropy

of the structure funetion. We introduce new variables x = Rh and

¥ = Rh’ and obtain, after considerable manipulation
+1 41 .
2 2 215/6
o2\. [2 )" 6.88_ _11/3 1+ /1y Vot [y
X 2rR2 5/3
TR r
© -1 -1

5/6
- [V{—xz - A—yz Jz-!- [x—y}z dxdy {(51)

The root mean square tracking error is easily obtained by taking the
square root of equation (51). Introducing D = 2R, the aperture diameter,

and simplifying somewhat, we obtain:

1/2
/o882 | 272 - & ~1/6

Orms = 5/6 27 T @ -39 D (52)

ro
where

+1 41 5/6

Jt= J J [}wxyi {(l—xz)(l-yz)} dydx (53)
-1 -1

is a numerical coefficient which exactly corresponds to the shape co-
efficient which was introduced for the square aperture. The integrals
of equation (53) were programmed for the IBM 360 computer. Using a
200 point Simpson's rule integration this yielded a value of .986 for
the shape coefficient (the term in equation (52) contained in curly
braces). Thus we see that the tracking error for a circular aperture

corresponds very' closely to that for a rectangular aperture with length
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to width ratio of 1/2.

Circular Aperture of Very Small Diameter

For apertures which are small compared to the inner scale of
turbulence the structure function is given by equation (33) instead of

equation (31). Thus for small apertures equation (51) becomes

+1 +1
2 2 2

<632i>= (—2%) r—g/%ﬁ“ Ré J J [(‘[l—x2 + /1—y2) + (x_y)z]
o]

° -1 -1

2 2
(12 - 1)+ e | odyax (54)

which reduces to

+1 +1

2 L]
2N\ _ X 4.21 . _ ~ 5 2
<o >- 2’ 573, 1/3 16 (1-xy) ¥/ (1-x%) (1y?) dydx (55)

0 o} 1 21

Since the x and y integrations may be separated we write equation (55)

as
2 +1 2
2N _ M 67.36 /2
(iD= G 573, 173 J (/ 1-x7)dx
r '3 =1
o o

1 2

- J x v 1—x2 dx (56)

-1

The integrals in equation (56) may be evaluated directly yielding wvalues
of 2 and zero for the first and second terms respectively. Taking the

square root to obtain the root mean square angular fluctuation we have
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5 _ A _V 67.36 i 57)
ms T 5/6_ 176
r 2
) o

Thus we see that for a circular aperture the angular fluctuation
will be independent of aperture size for apertures which are small

compared to the inner scale of turbulence.

Comparison With Calculations Based on Average Wave Front Tilt

Fried [3] had developed expressions for the average tilt of a wave
front after passing through a turbulent atmosphere, by expanding the

phase ¢ in a series of Modified Zernike Polynomials - i.e.,

@(xly) = a nFn(xly) (58)
where
F, = (ﬁRz)"l/2 F, = (ﬂR6/12)(x2+’y2—R2/2)
F2 = (nR4/4)H1/2x F5 = (ﬁRﬁ/G)(xz—yz)
v, - a2, r = (R®/24)xy (59)

Here a, represents the average phase shift of the wave front, a, and
ay its average tilt, 4, the spherical deformationm, ag and ag the astig~
matic deformation, etc. The average tilt <:ai‘>>is given in terms of

ay and 2y by

CEy-LE>+ <8

Fried has derived an expression for <:a§;>‘by requiring that the
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polynomial expansion of ¢ (equation (58)) gives a best fit to the
actual phase in a least mean square sense. We have found that Fried's
work contains an error in that he has omitted a factor of (ﬁRz)-l in
his equation 4.6a. TFollowing through Fried's work we find that the

correct expression for < ai> is

5/3
(ai > ~ .s83mr’ ) 61)
0

The reader should compare this expression with equation 7.8a in Fried's
paper,

With this correction in hand, we may proceed to calculate the apparent
angle of arrival of the beam. Consider a plane wave traveling in approxi-
mately the z direction. Neglecting deformation of the wave front we

may write its phase as

o = a2F2 + a3F3 (62)
But the phase is also QZ%E) so that the equation of the isophase
surface is
21—TE--}- aF.(x) + a,F,(y) = constant {(63)
A 272 373
We let K be a vector normal to the isophase surface and ¥ be the unit
vector in the z direction. Substituting the values of F from equation

(59) into equation (63) we may write E as



Since

lK] coseT = El' i

a straightforward calculation yields

2
cosf,, =

~1/2
A 2 2
T 3.4 (8 tag)t 1]
T R

Squaring both sides and noting that for small angles

6'-%
cosBT =1 - E-+ .
and
-1/2
2 2
A 2 2 A 2 2
1+ (a,” +a.™) =1-——H(a, " +a,) +
FSRﬁ 2 3 2ﬂ33§ 2 3
We obtain

omes = 7 K0p) = =5y V<ep )

1T3/2R2
Substituting from equation (61)

= Ay L/6
Boug = - 414 T D

(v}

22

(64)

(65)

(66)

(67)

(68)

(69)

(70)
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Chase [11] has noted that the comstant (.883) in equation (61)
should properly be .828 since there were numerical errors in Fried's
claculations which were later corrected by Chase.

Beidbreder's calculations [4,5] based on the maximum of the radiation
pattern of a circular aperture also led to a minus one-~sixth power de-
pendence on the aperture diameter but with a somewhat different proportion-
ality constant. That the calculations of Fried, those of Heidbreder
and ours all lead to the same functional dependence with only slightly
different numerical constants i1s consistent with the coneclusion (as
Fried and others have pointed out) that wave front tilt is the pre—

dominant effect responsible for angle of arrival fluctuatioms,

Comparison With Experimental Results

Wyman [L2] has reported experimental measurements of the RMS track-
ing errors as a function of receiver aperture over 3.2 and 6.4 Km paths.
Figure 2 shows the root mean square angular fluctuations for both path
lengths and several aperture sizes, Theoretical curves of angular
fluctuations versus aperture size from equation (52) are alsc plotted
in Figure 2. Here the correlation distance T, has been chosen to pro-
duce the best fit with the experimental data,

The amount of data available is very minimal so that the theory
cannot be said to be fully verified. WNevertheless the available data

1/6

does fit a D power law to within the experimental error.

TRACKING SYSTEM USING MULTIPLE APERTURES

From our previous results and from the available experimental data
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Figure 2. RMS angular fluctuations in microradians as a function of
receiving aperture diameter for 3.2 and 6.4 kilometer paths.
Experimental data after Wyman, Reference 12.
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it is clear that when one increases the receiving aperture of amn optical
tracking system the atmospherically induced errors are decreased due
to averaging over a larger part of the incoming wave front. Since the
critical factor in reducing the atmospheric errors is the linear
dimensions involved, it seems likely that an effective increase in
accuracy could be obtained by using two tracking systems with small re-
ceiving apertures located some distance apart instead of a larger single
aperture system. Since large diameter optics are extremely expensive
the two aperture systems might well be more economical than a larger
single system.

For this reason we have studied the error in a double receiver
tracking system. In the process of our investigation we have devised
an experiment to test the validity of our theoretical calculations which
should overcome some of the difficulties previously encountered in
measurements of atmospheric effects. This experiment will be discussed

later.

Theoretical

Let us consider two identical optical tracking systems, such as have
been previously described, located in close proximity to each other and
observing a common target, Each tracker will see an apparent angular
motion of the target due to atmospheric fluctuations which we will de-
note by el(t) and Bz(t) respectively. Let us suppose that we may observe
either the "relative tracking error", er(t), which we shall define as
the instantaneous difference in Bl(t) and 92(t), or the "average track-
ing error", ea(t), which we shall define as the average of el(t) and

ez(t). As shown in Figure 3 we take £ and n to be cartesian coordinates
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Figure 3. Geometry of the two aperature receiver
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in the plane of the receivers' apertures and let R be the radius of each
aperture and L the distance between thelr centers. If 81 and 82 are the

components of the instantaneous angular tracking errors of each system

along the n axis then, as has been shown,

n

8,(t) = 2o | 2[0(E ,m,t) - #(E,,n,0)] dn )
N1
A I -z =
0,(8) = 55 | [8E M) - 8(E,,n,8)] dn (72)
M
where nys nz,‘ﬁi, and Eé are the appropriate limits of integration for

a circular aperture, El and 52 are functions of n, and A is the area of
a single aperture.

We have defined the relative tracking error as

Gr = el - 62 (73)
so that
A "2
er = m [q)(glsnst) - ‘P(Ez,n:t)l dn
1y
71.2 _ _
- [ (El,n,t) - ¢(&,,n,t)] dun (74)
Hi

Making use of the fact that the centers of the apertures are located

L
at (0,* EO respectively, we obtain the relations



/RZ-—(n - ,12;)2

€&, <
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Squaring equation (74) one obtains

2 N, (N
2 A 2 2
6. (t) = EEEK] J J [é(il,n,t)
n

1 M

. 2 L.2
— 2 L2
Ez == ‘fR- "(T] + 2)
L

=7 F R

—_ L
=gt R

- ‘D(Ez,n,t)]

28

X [®(£i,n',t) - ¢(£é,n',t)] dndn

n, (M _ _
+ [ 2 l 2 [<I>(€l,n,t) - ‘P(Ez,n,t)J

M

X [@(_E-i,n‘,t) - fP(Eé,n',t)J dndn'

T n
- J 2 ! 2 [‘p(glsn:t) - @(Ez,n,t)]
N

1M

x [@(EE,U',t) - @(gé,n',t)] dndn’

(75)

(76)
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12
- [Q(gi,nst) e é(géanst)]

L]

x [@(ﬁi,n',t) - @(Eé,n'st)] dndﬂ‘ (77)

We expand the products under the integral sign in equation (77) and
take the ensemble average of both sides. The 16 terms resulting on
the right hand side are recognized as phase covariance functions [13].
Using the procedure we have derived in the first section we replace

these by appropriate phase structure functions using the relation

ZCQ = DQ(W) - D¢(r) (78)

or
Dé(r) = 20@(0) - 2c®(r) (79)

Performing these operations and substituting from equation (75) we

obtain for the mean square of the relative tracking error

2 N, N
A o 2P 0y - T ]

g "M

—Dé[f(el - et + (n-n')ZI gndn’
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+

"y (M2
* L 'Jh DQ[/G:‘l ~Ep? (n—n‘)2J

_ +D@[/(El - _F:i)z + (n—n')zJ dndn'

Ny (N
N Ve (n-n")?
@[12 nn

Ny "Ny

( =
+D@[f(él - 5'1)2 + (n—n')ZJ dndn'

. _
- J J D¢[¢/(£l - g%+ (n-n')z]

(80)

( _
+D<I>l/ (gl - Ei)z + (n-n')ZJ dndn'

As before we take the structure function as

2
o 3 (81

D¢(r) = 6.88 -

where r 1s the wave correlation distance. Combining equations 75, 80

and 81 and making a change of variables in each integral of the form

X = % (n+ %) (82a)
y = % (nt 'Lz“ (82b)

we have
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ey = |2 12 6.88 '1/3
T 21TAJ . o/3
(s}

o 2 15/6
x 2 J J [/l—-xz + /l—yz} + (x—Y)ZI
-1 '+1

. 2 5/6
- 1/ 1-x% - / 1—y2J + (x—y)zJ

FRRLN

. 2 5/6
- / l—x2 + /E—yzj + (x~y + %) 2]

(83)

- 2 5/6
+ /I—xz - \/ l—yz} + (x-v + %)ZJ dydx

Here we have taken the signs in equations (82a) and (82b) as (+,+)
respectively in the lst integral, (-,-) in the second, (~,+) in the third
and {+,-) in the last.

Equation (83) may be put into the form

2 11/3
2. f1rl%s6.88%R + -k -
<o% - 2(2,” A} 0 -1 O - fam s Tam) e

o
where
+1 J'+l

2 5/6
IE(L/R) = J [J 1~x2 * /1—y + (x—-y+L/R)2] dxdy (85)

-1 /-1

Comparing this to our previous expression for the tracking error due to
. . 2 .
a single circular aperture, <8X>, we see that the first two terms in

equation (84) are just 2<ei>, while the last two terms are the reduction


http:2>=q_126.88
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in error obtained by using a two aperture system, i.e.,

2 2 M2 72 6.88 &3 | +@/m) - 17@/R) (86)
<> = 2<87> -« 2 T P
r X {2mAl 5/3 P

T 1

o
Examination of equation (84) shows that for L equal to zero (the two
systems sharing a single aperture), <Bi> is zero. This is clearly
necessary since for this case (if it were physically realizable) Bl(t)
is identical to Bz(t) for all t. TFor very large L, I;(L/R) = I;(L/R),

and equation (86) reduces to
<92> = 2<g% (87N
r x
or

erms (Double Aperture)= v 2 erms (Single Aperture) (88)
We next turn our attention to the component of angular tracking

error in the £ direction (d.e., at right angles to the line of centers

of the two apertures). An analysis similar to that performed above leads

to an equivalent expression for this component, il.e.,

11/3

2
2. . al*6.88 %
<er> o Z[ZwA] c 5/3

o

+ - + -
IS(O) - IS(O) - IS(L/R) + IS(L/R) (89)

4+
where I7(L/R) is now given by

I;(L/R)

l [/l—xz x /l—y2 +% + (x—-y)2 dydx (90)

-17-1
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As before this reduces to zero for L equal to zero and approaches the

square root of twice the RMS error of a single aperture for large L.
From equation (84) (or (89)) we may find the ratio of the relative

tracking error between two apertures to the RMS error in a single

aperture system of the same diameter, i.e.,

A ~1/2
Jop _ L@ -1 - TTa/m + CTEN (91)
J<ez> I+(O) -1 (0)

X

where Ii(L/R) denotes either IP(L/R) or IS(L/R) (given by equation (85)
or equation (90)) depending on whether the angle being measured is along
the line of center or at right angles to it.

The quantities Ii(L/R) have been evaluated on the IBM 360 computer
using a 201 point Simpson's Rule integration for values of L/R from 2
to 500. The results are given in Table I and Figure 4.

We have defined the average tracking error Ba(t) as

6. (t) + 8.(t)
_ 71 2
Ba(t) = 5 (92)

The BMS value of this quantity is easily found by a straightforward

modification of the previous calculation.

A ) - 17 + TT@W/R) - T @/R)

TN 1 (93)
2 1) - 17(0)

5 1112
v <6X>

This quantity has alsc been evaluated as a function of (L/R), the re-

sults being given in Table I and plotted in Figure 5.
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Discussion of Results

A double tracking system such as has been described might operate
by taking the average of the output of the two trackers as the actual
position of the target. From Table 1 it can be seen that for a
separation of 10 radii between the centers of the two apertures, the

1/2

RMS tracking error <6§> is approximately 86% of the error for a
single aperture and for a separation of 100 radii the error is 78%.
Since the RMS tracking error for a single aperture varies as the
reciprocal one-sixth power of the diameter we see that for 10 radii
separation the error will be the same as that in a single system whose
aperture is 2.5 times larger. That is a double system with two 20 cm.
diameter receivers located 1 meter apart will have no more error than
a single receiver with a 50 cm. diameter objective. Likewise if the
receivers were 10 meters apart the system should be subject to tracking
errors approximately the same as an 88 cm. diameter single receiver.
Whether or not the gain in accuracy in a double receiver system would

justify the additional complexity will probably depend on the require-

ments of the particular system in question.

Experimental Verification of the Theory

One of the major problems encountered in the experimental investi-
gations of atmospheric effects is that the statistics of the atmosphere
are non-stationary. Thus we are always attempting to gather statistical
data on a system whose statistical properties are constantly changing.
For example, if one attempts to measure the angular fluctuations of a
beam propagating through the atmosphere as a function of receiver

aperture size he finds it difficult to collect enough data to be
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TARLE I
L/R AVERAGE ANGULAR RELATIVE ANGULAR
FLUCTUATION FLUCTUATION
PARALLEL PERPENDICULAR PARALLEL PERPENDICULAR

2 0.9553 0.8980 0.5912 0.8799

3 0.9316 0.8701 0.7268 0.9858

4 0.9147 0.8546 0.8084 1.0385

5 0.9019 0.8441 0.8637 1.0723

6 0.8919 0.8362 0.9045 1.0967

7 0.8839 0.8300 0.9352 1.1155

8 0.8769 0.8249 0.9613 1.1305

9 0.8710 0.8206 0.9824 1.1430

10 0.8659 0.8169 1.0003 1.1536
50 0.8039 1.1894
100 0.7849 1.2392

500 0.7534 0.7384 1.3151 1.3487
999 0.7441 1.3361

statistically significant in a short enough time to insure that the
atmospheric donditions have not changed during the course of the experi-
ment. The alternate approach of collecting data over a long period of
time, say many months, and then assuming that the average results represent
some sort of hypothetical "average atmosphere'" is not only time consuming

and expensive but also is unsatisfying since the variation in atmospheric
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turbulence from day to day may be as large as or larger than the effect
which one wishes to observe. TFurthermore one is also tempted to discard
data which does not agree with the theory on the grounds that "the
atmosphere must have changed during the rum." The validity of data sub-
ject to such subjective interpretation must always be suspected. One
would like an experiment which would confirm the essential validity of
the theoretical model of the atmosphere yet not be dependent upon the
strength of the turbulence at a particular time.

We believe that a two aperture tracking system would provide such
an experimental opportunity. The scale of turbulence and the turbulence
strength enter into our calculations only through the single parameter
ro, the correlation distance. This parameter has been eliminated from
equations (91) and (93). Thus an experiment in which the RMS relative
and/or average angular fluctuations were measured simultaneously with
the individual angular fluctuations in each tracker should provide a
sensitive test of the theory independent of the value of ¥, Any in-
accuracy in the theoretical model of the atmosphere, such as a departure
of the atmospheric fluctuations from a log-normal distribution, should

be easily demonstrated.

GAUSSIAN DISTRIBUTION OF BEAM INTENSITY

We have also considered the effects of a Gaussian distribution of
intensity of the laser beam on the apparent angular fluctuation. A

distributicn of intensity across the beam of the form

I=1e 94)
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was assumed. From equation (94) we have that

\ ffz|u(5.n) |2 "2% dg dn
0, (£) = 5= 5 (95)
Sfglu(@n) [T dE dn
which yields
2. 2
\ J’fze_c(g +n ) %g df:_-, dn
ex(t) =5 (96)

2.2
ffze_o(g +n ) dE dn

where ¢ is a parameter which describes the beam width and the inte-
gration extends over the receiving aperture. The integral in the
numetrator of equation (96) may be integrated by parts on § to eliminate
the derivative 3¢/3f. The resulting expression is then squared and the
ensemble average taken in the usual way. After more manipulation the
resulting expression can be recognized as phase structure functions.
Unfortunately this expression contains 16 terms each of which is a

multiple integral of the product of D, and an exponential function

¢

of the coordinates squared. Sufficient computer time has not been

available to evaluate these quite complex expressions.

EFFECTS OF ATMOSPHERIC TURBULENCE ON

A CO2 LASER COMMUNICATIONS SYSTEM

Introduction

The second phase of the research conducted during the course of this
project involves the reduction and analysis of certain government
supplied data concerning the effects of atmospheric turbulence on a 002

heterodyne communications system, This data was collected during the
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Summer of 1969 at Marshall Space Flight Center and was transmitted to
the University of Alabama for analysis in September, 1969. We have
generated the necessary computer software to reduce the data and have
begun to analyze it. Due to the large amount of data and the limited
time available this analysis is not yet complete. We expect, however,
to be able to complete the analysis in the near future. In this re-
port the problems encountered in analyzing the data are discussed;

the computer programs which have been written are described; and

preliminary results are given.

Experimental

The atmospheric experiments were performed by the project director
in association with MSFC personnel at MSFC and are therefore not a part
of this project. We will therefore not attempt a complete discussion
of the experimental procedures in this repert but will give only a brief
description necessary to describe the data which was analyzed. A
complete discussion of the experiment is being prepared by the project
director and MSFC persomnel and will be published im the near future
as a NASA Techmical Report.

The subject data consist of measurements of the scintilliation and

heterodyne signal of a €0, laser beam propagated over a 3.2 Km path

2
between Madkin Mountain and the Astrionics Laboratory building, both
located on Redstone Arsenal, Alabama. The laser transmitter was a
2 watt, stabalized 002 laser with a 10 cm., off-axis Cassegrainian
collimator. The laser could be frequency modulated by driving one of

the cavity mirrors mounted on a piezoelectric pusher. The receiver

consisted of a 10 cm. aperture off-axis Cassegrainian telescope, a
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local oscillator laser, combining optics, and a Hg-CdTe detector. The

receiver was fitted with removable aperture stops so that its aperture

could be varied from 2 cm., to 10 cm. The transmitter and receiver were
constructed for MSFC by the Minneapolis-Honeywell Corporation and

have been described in the literature [14].

Signal-to-noise measurements were made by extracting the 10 MHz
beat note between the received signal and local oscillator after it had
passed through one stage of IF amplifications. The signal was then
detected with a simple diode circuit and the resulting voltage re-
corded on magnetic tape.

Scintillation measurements were made by turning off the local
oscillator laser and chopping the transmitted beam at 90 Hz by means
of a mechanical chopper located in the transmitter. The output of
the detector was amplified and recorded directly on a 14 channel
magnetic tape. Thus the recorded signal consisted of an amplitude-
modulated square wave whose amplitude was proportional to the
instantaneous power being received, In this way fluctuations in
background illumination were eliminated.

Twelve channels of each analog magnetic tape were used for data,
the other two channels being reserved for identification and timing
purposes. The tapes were digitized at a sampling rate of 1 KHz in
order to reduce the time required for A/D conversion. The resulting
digital tapes were recorded in a multiplex format with five channels
of the analog tape on each digital tape.

Between June 15 and August 31, 1969, approximately 7530 observations

of scintillation were made at all hours of the day and under as wide
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a variety of weather conditions as possible. Each observation con-
sisted of about 90 seconds of recorded data £rom which a 60 second

segment near the middle of each run was selected for digitization.

The time of day, temperature, humidity, wind speed and general

weather conditions were recorded for each observation.

Data Reduction

In order to reduce the data a program has been written for the
IBM 360 Model 50 computer. The principal problems which were en—
countered in writing this program concerned formating the data for
the computer and extracting the amplitude of the square wave. The
latter proved to be somewhat difficult since the sampling rate during
digitization could not be accurately synchronized with the period of
the square wave. The sampling rate of 1 KHz and the chopping rate
of 90 Hz should yield zpproximately 10 samples per cycle of the square
wave. In actuality it was found that the number of samples per cycle
varied between 10 and 12 due to the sampling rate not being an in-
tegral multiple of the square wave frequency. It was therefore
necessary to design a program which would determine whether a particu-~
lar data point was a base point (i.e., from the part of the square
wave when the laser beam was blocked by the chopper) or a signal point
(when power was being received from the laser beam). The problem was
further compounded by the fact that the rise and fall times of the
square wave were non-negligible so that about one percent of the data
points were sampled during the switching transient and should there~"
fore be discarded. Furthermore it was found that some of the data

contained an occasional noise spike which should be eliminated. It
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was decided that the elimination of these gpikes would not adversely
effect the validity of the analysis so provisions for eliminating them
were also included in the program.

The program which we have written to divide the data into base
and signal points operates basically as follows, One record, containw<
ing 2000 characters, is read from magnetic tape. These 2000 characters
represent 200 sample values from each of 5 data channels. Each sample
value is a 10 bit binary number plus sign bit occupying two tape
characters. The 400 characters corresponding to the chanmel being
analyzed are converted to internal floating point format and are stored
in an array. A second record is read from tape, converted, and stored
in a second array. To begin the analysis twenty data points from the
first of the array are selected and the maximum and minimum are found.

Two limits, L. and L2, are then set by the relations

1

Ll = Amax - Pl(Amax - Amin) e7n
LZ = Amin + PZ(Amax - Amin) (98)

where A and A . are the maximum and wminimom of the first twenty
max min

points and Pl and P2 are constants between zero and one~half, Since

the signal was inverted when it was recorded on analog tape, the base
line is greater than the signal, hence a particular point greater than

Ll is considered a base point, if it is less than L2 it is considered

a signal point. Points lying between Ll and L2 are assumed to be from

the transient portion of the wave form and is neglected,

The computer is programmed to take each point successively and
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determine if 1t is a base point, a signal point or neither. As a
preliminary to processing the first twenty points are scanned and the
beginning of a base line segment of the wave form is found. Then new
limits are set on the next 15 points and they are scanned and grouped
into 3 arrays, a base line segment, a signal segment and a second
base line segment. ZEach array may contain up to 7 points. At this
time the amplitude of the square wave is computed for the group of
signal points (as will be described later) and stored. The second
group of base points is transferred into the first array, new limits
are set using the next 10 data points, a new group of signal points and
base points are found to £i1l the second and third arrays, and finally
their amplitudes are computed. This process is continued until the
200 points from the first record have been used. At this time the

200 points from the second tape record are transferred inte the array
formally occupied by the first record and a third record is read from
tape. Processing then continues until all points in the data set have

been processed.

Data Processing Irregularities

As previously mentioned, several irregularities in the data are
possible and a number of c%ecks have been built into the program to
provide for them., These checks are as follows:

1) During the search for either base points or
signal points more than 10 consective points

are found.

2) After completing a search less than 3 base or
signal points have been found.

3) More than 3 consective points satisfying neither
the base or signal point criteria are found.
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Any of these three conditions indicate that the waveform is departing
drastically from a modulated square wave and appropriate action should
be taken. For conditions one and three the program skips 10 data
points, or approximately one cycle of the square wave, and begins
processing again, TFor condition two the computation of amplitudes
are surpressed and processing continues. As a further check, if the
total number of errors in any record exceeds five the entire record is
omitted.

During processing a record is kept of each time an irregularity
was encountered and this information is printed in tabular form at the
completion of processing. Clearly if an excessive number of irregulari-

ties ocecurs in a given run the results of that run must be suspect.

Computation of Amplitudes

After each cycle of the waveform has been processed to divide the
data points into base points and signal points the amplitude is
computed. Three methods for computing the amplitude have been tried.
The first method took the base line for a group of signal points as the
average of all the points in the group of base points preceding it and
the one following it. That is, the background during the half-cycle
in which the laser beam intemsity was recorded is taken as the average
background recorded during the half-cycle immediately preceding the
signal and the half cycle immediately following it. This average base
line was subtracted from each signal point and the difference taken
as the amplitude of the laser beam at that instance.

The second type of amplitude calculation considered was to re-

construct the base line during the period when the signal was recorded
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by fitting a least-mean-square curve to the base line points on either
side. This method was found to give very erratic results and was
abandoned.

The third method comsisted of taking the difference in the first
signal point in a group and the last base point preceding it as an
amplitude. The difference in the last signal point in the group and
the first base point following it gives a second amplitude, This
method gives only two amplitudes per cycle but has the advantage that
they are evenly spaced.

The final computer program contained both the first and third type
amplitude calculation, the one to be used being selected by a parameter
read during execution. An option is also provided which will either
store all amplitudes along with the time which the amplitude occurred
or will, instead of storing the amplitude, count the number of times
an amplitude lying in a given range occcurs. The former yields re-
ceived beam intensity as a function of time while the latter gives the
probability distribution function for the intensity fluctuations.

Either is saved for whatever analysis one wishes to perform on the data.

Program Checkout and Adjustment of Parameters

In order to test the program a segment of data was printed from the
magnetic tape and was inspected. Each data point was classified as
either a signal point, a base point, or a bad point from the transient
portion of the waveform. This classification was purely subjective,
yet in inspecting the data there was usually no questions as to how a
particular point should be categorized. The same data was then fed

into the computer. Print statements were added to the vprogram to list
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each point and indicate how the computer c¢lassified it. The program

was run several times varying the parameters P, and P2 (equations (97)

1
and (98)) between runs and the results compared with the subjective
analysis. Data having ''bad places” in it was also processed and the
results compared with our judgement as to whether or not a segment
should be omitted. On the basis of these comparisons the parameters
Pl and P2 were set at 0.05 and 0.10, respectively. That is a point
within 3% of the maximum base point or 10% of the minimum signal point
would be retained while points between these limits were discarded.
These limits seemed to allow the computer to make very nearly the
samz decisions as we would have made had we analyzed the data by hand.

It 1s felt that due to the statistical nature of the analysis whether
or not a few points are discarded as bad when they should have been
retained will not appreciable effect the results. Preliminary analysis

of the data seems to confirm that the results are not too sensitive

to small changes in the wvalues of the limits.

Calculations of the Scintillation Statistics

The final segment of the data analysis program accetps the proba-
bility density function for the intensity fluctuations which has been
generated and computes the scintillation statistics. The program
computes and lists the class mark for the intensity and the corre-
sponding value of the log-amplitude defined by

-1

L, = 2(1n) Iiff (99)

where li and Ii are the log—amplitude and the intensity for the ith
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class interval, and T is the mean intensity. The frequency for each
class and the cumulative probability are also listed.

It has been customary in the literature to test the hypothesis of
log-normality of scintillation data by plotting the cumulative proba-
bility function of the log-amplitudes against a "probability scale"
such that if the data is log-normal the resulting curve will be a
straight line. Not only is this procedure not a very sensitive test
of a statistical distribution but it is also very time consuming
when a large quantity of data is to be processed. We have therefore
included in the program a chi square test on both a normal and a log-
normal distribution function. These tests provide a quick and sensi-
tive means of testing the hypothesis of log-normal scintillation.

The statistical analysis routine also computes the mean, standard
deviation, skewness, and kurtosis for both the intensity distribution
and the log-amplitude distribution. From the standard deviation of the
log amplitudes the atmospheric structure constant will be computed.
The skewness and kurtosis are computed to give an additional check on

log-normality.

Description of Program

A listing of the computer programs described above along with a
sample output are included in Appendix A, and a sample output is shown
in Appendixz B. TFor reference, Appendix C lists a program for generat-
ing log-normal random numbers which was used in checking the chi

square test subroutines.

Atmospheric Structure Constant
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The log amplitude variance CR(O) for a plane wave is given in terms

of the atmospheric structure constant Cn by [15].

7/6 le/6 c 2

0 (100)

CR(O) = 0.309 k
where k is the wave number and Z the length of the path through the

atmosphere, For a spherical wave the corresponding expression is [16]

7/6 Z11/6 c 2

0 (101)

CQ(O) = 0.124 k

In our preliminary analysis we have neglected the finite
aperture of the receiver and treated it as a point source. Equations
(100) or (101) can then be used directly to obtain an by noting that
the standard deviation of the log-amplitude distribution which we have
computed is the square root of CQ(O). It is well known however that
a finite receiving aperture has the effect of averaging the intensity
fluctuation from various parts of the wave front thereby reducing the
variance of the scintillation. This effect has been investigated by
Fried [17]. From Figure 2 in Fried's paper we note that for large
scintillation conditions and for the path lengths and apertures used
in the experiment, this effect will be significant.

In order to allow for aperture averaging we may use the expressions

given by Fried [14,16], viz.

2

csz - [% D2] o ¢ (0) (102)

2, . " :
where o, 1s the signal variance which corresponds to the square of the
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standard deviation of the intensity fluctuatiom, D is the diameter of

the receiving aperture, and © is an aperture averaging factor given by

) PeP S [4C (0)1-1
Q

H(p/D) (103}
WD

H(p/D) is the optical transfer function of a circular aperture

1/2
H(p/D) = cos L(p/D) = (o/D) [L ~ (0/D)>1 (104)

and Cz(p) is the log-amplitude co-variance given by

o0 2\
_ kp
Cg(p) = CQ,(O) Z an + bn [E'J
n=0 |
[ 2 ’ 21576
x Eﬁ% J /emyt| - 7.53034[%%—} (105)

L -

In the last expression a, and bn are the expansion coefficients
for the modified confluent hypergeometric function lFl(h-%i;_l; ix) and

are given by

a =1 bo = 6.84209 (106)

and the recursion relations

a¥)
|

= -ay [@n - 23/6) Ga - 17763/ (2n1) om) (1072)

b = -b_ [kzn - 17/6) (2n - 11/6)(2n—1)/(2n)(2n+l)€] (107b)
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With the additional relation that the intensity variance CI(O) in

equation (102) as related to the log variance by

6, (0) = 102 [8@[402(0)] -1] (108)

equations (102 - 108) specify CQ(O) in terms of 052 and Ioz. Since
I0 and o  are just the mean and standard deviation of the received
intensity we may compute CR(O) and then using equation (10L) find the
atmospheric structure comstant.

Combining the above equations we have

2 —
(o] B -
=2 = 107 [ex‘p [41:2(0)! -1
o - -
ko
D expléaf %z CQ(O)] -1 (oD) ( )
X pdp H({pD 109
JO expld CQ(O)] -1

where f(kp/4z) 1s the summation given in equation (103).

Since OS/ID is an experimentally determined constant, equation (109)
1s an integral equation for CR(O)' We have programmed the IBM 360 computer
to solve equation (109). The technique used is to evaluate the integral in
equation (109) for a number of trial values of CQ(O) using a fourth order
Runga-Kutta dIntegration. This gives a table of GS/I0 as a function
of CR(O)' From this table the value of CR(O) corresponding to the
measured value of cS/IO is determined using Lagrange-Hermite inter-

polation formula,

Preliminary Results
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At the present time approximately 60 of the 750 scintillation
measurements have been processed. This includes computation of the
cumulative probability curve, the moments of the intensity dis-
tribution, the moments of the log-amplitude distribution, and a
chi square test for normal and log-normal distributions. Aperture
averaging effects have not yet been considered nor has the power
spectral density.

From the data thus far analyzed several definite trends are
apparent. It must be emphasized, however, that these results are
based on a cursory inspection of a small part of the data so that
any conclusions drawn at this time must be considered as only
tentative. We shall, however, discuss some of these results briefly.

1) Aperture Averaging. The scintillation data comsist of groups

of runs in which the receiver aperture was varied from 2 cm. to

10 em. The runs within a particular group were made in as rapid
succession as possible in order to minimize the probability that the
atmospheric statistics would change between runs. It was hoped that
in this way the effects of aperture averaging could be separated from
the effects of nonstationary atmospheric statistics.

Preliminary analysis o the data has indicated definite aperture
averaging effects. Thus far, however, insufficient data has been
analyzed to fully verify the accuracy of the theoretical prediction
of the aperture averaging effect found in the literature.

We have written computer programs with which te calculate the
aperture averaging and to compute the log-amplitude variance allowing

for these effects. These calculations will be completed in the near
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future.

2) Probability Distribution. Both Fried [18] and Patton [19] have

reported departures from the log—normal distribution at 10.6 microns.
Fried has attributed these results to instrumental errors in the measur-
ing equipment. It has been, therefore, one of our primary cobjectives

to either verify the log-normal distribution for the scintillation of

a 002 laser beam or to offer definite evidence that the fluctuations

are not log normal.

Qur preliminary results seem to favor a log-normal distribution
but unfortunately they are not conclusive. Out of the first 31 runs
analyzed, 22 fit a log-normal distribution, 5 a normal distributionmn,
and 4 fit neither., Much of the data analyzed has chi square values
for a log-normal distribution that are well within the 95% confidence
limits customarily used as a criterion for a fit. That is, the prob-
ability that random data would have fit a log-normal distribution as well
is less than 5%. The cumulative probability distribution for two
such runs is shown in Figures 6 and 7. Figure 6 clearly shows that
the data fits a log-normal distribution better than a normal distri-
bution. In Figure 7 the distinction is not as clear. In fact from
the curves one would have difficulty in deciding between a normal and
a log—normal model. The value of chi square for the log-normal model
was 65 as compared to a chi square of 256 for the normal model, clearly
indicating a better fit to the log-normal curve. In Figure 6, where
the distinction is much greater, the chi square values were 90 and
1027 for the log-normal and normal models respectively.

Some of the data, such as shown in Figure 8, shows a much better
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fit to a normal distribution than to a log-normal one. Although
firm conclusions cannot be drawn from the limited amount of data so
far investigated, it seems that this occurs when a larger aperture
is used. A possible explanation for a normal distribution could be
that if the aperture is larger than the correlation distance then

the intensity incident upon the detector sum of uncorrelated intensity
fluctuations across the aperture. Involving the central limit
theorem we may argue that if the aperture larger than the correlation
distance the digtribution function should be normal while for
apertures small compared to the correlation distance it will be log-
normal. For intermediate size aperture one would expect a distri-
bution somewhere between normal and log-normal. It is hoped that the
complete analysis of all the available data will clarify this point.

It has been found that an occasional run will have a distribution

which departs radically from both the normal and the log-normal
model. Often these runs are characterized by a large negative
skewness. No explanation can be offered at this time.

3) Structure Constant. The atmospheric structure constant has

been computed for a number of the rums, neglecting the finite aperture
size. The values obtained are within the range of values expected
from theory. These values will not be reported at this time since it
is felt that they will be effected significantly by the aperture

averaging effects.

Continuation of the Project

As has been emphasized above, the results which we are reporting

at this time are based upon analysis of only a small part of the
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available data. A proposal has been submitted for extension of this
project. It is expected that when the analysis is completed the
available data will yield (1) verification of the distribution function,
(2) accurate values for the atmospheric structure constant, (3) power
spectral densities, (4) confirmation of the theoretical predictions
of aperture averaging and (5) information concerning the variation of
the structure constant and spectral density with time of day and with
weather conditions.

The preliminary analysis has indicated that there is every reason
to expect that much useful information may be extracted from the

available data.
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FIGURES 6 - 9

The cumulative probability distribution for the illuminaice and
the log amplitudes showing (Fig: 6) a typical small aperture rum in
which the scintillation is log-normal, (Fig. 7) a run in which the
scintilliation is intermediate between neormal and log-normal, and (Fig. 8)
a run in which it tends toward a normal distribution. Figure 9 shows
an example of an occasional run in which the data departs radically

from both the normal and log-normal distributions.
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Specifies the number of class intervals to be used in
the statistics routine.

Number of multiplexed wariables contained in the record

that belong to a given data set. (For example, 5 multi-
plexed variables, 200 points per data set).

Number of variables multiplexed

Sets tolerance on base limits for base point selection.

Sets tolerance on signal limits for signal point selection.

Number of signal base, and amplitude points required for
a cycle to be completed.

Number of sequential searches for points allowed before
cycle is aborted.

Number of base points required for projected signal point
search.



10.
11.
iz,

13.

14,

15.

16.

i7.

18.

19.
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APPENDIX A

This appendix further describes the computer program employed to
reduce the atmospheric data. Included is a list of the FORTRAN state-
ments of the program.

The program reads data from digital magnetic tapes with the use
of three special FORTRAN subroutines, NTRAN, MOVE, TRNSL. These sub-
routines are used together to comvert the data format on the tape to
a workable format for FORTRAN processing.

The data is written on the tape in blocks called files. Each
file contains 300 records of data plus an identification record at
the first of each file. This record consists of 12 tape characters
in a binary called decimal format. The 12 characters contain the
following information; tape number in characters 1-4; scale factor
in 5; type file in 6(0 = data file, 1 = calibration file); number
of variables multiplexed in 7-8; number of scans in 9-12. The
first 4 characters in each data record gives the time. The re-
maining 2000 binary characters in the record yield 1000 numbers in
a multiplexed format, i.e., every fifth number belongs to the same
data group. The program unpacks and stores the desired group in
an array to be used in processing. The first file of each tape is
a calibration file.

The program requires 10 control parameters to be read in as
data at the first of each tape run. These are:

(1) TIBTYP - Determines method to be used to calculate the signal
points. IBTYP = 0 will have the program calculate
amplitude points by taking the difference between the
average of the base points of the cycle and the signal
points. IBTYP = 2 will have the program to calculate
2 amplitude points by subtracting the first signal
point from the base point preceding it and the last
signal point from the base point following it.

IBTYP = 3 will cause only 1 data point to be calcu-
lated by subtracting the first signal point from the
base point preceding it.

(2) TFLAG - The value of this parameter determines the type chi
square test to be used on the data, If IFLAG = 1, no
test will be performed. If IFLAG = 2, the data will
be compared to a normal distribution. IFLAG = 3 will
call for a log normal test, and IFLAG = 4 will call for
both log normal and normal tests to be performed.



T FORTRAN"IV G LEVEL I, AUD & LI31] — URTE = 69290 13/17751 PAGE 0001
TO0T IRTEGER FILESSFILCK
0002 COMMON P{1000) s AUX( 10001 ¢ INDO{ 10} e NCNT 1300) » JOVF 4 JUNF o
THASETZ, 1UT ¢ STGUIOY, T [ [LLTLLE 1 ALT0
o0u3 COMMON/AAAS IPRINT
{1111 CORROR7RLC7IRTN
0005 COMMDN/RAT/TRCEND
(#3413 TUNNDN/PR7TET 7, 3007
L]} COMMON/UUUZNPNCH
= onud TDIAENSTON TBUFTI0G0Y
0009 DIMENSION 1A13)sI1B{(S)
vOTy TALL RIDTIT. TZ, 187
00L1 TF(IL)155, 150,155
) 74 155 PRINT I5T,FILLK
0013 157 FORMAT{® *#2 END OF FILE #%rt,]a)
DUTH TS TFITZIT58;: 1615 158
00L5 158 PRINT 159
TUTE T59 FURMATIY #%% READ ERROK &5 V]
Q017 L60 CONTINUE
TOLE NTAPE=TBTTY
0019 PRINT 160418
umRuT BER=", 1A%,
1t  IDCAL=*, 1A%,
IV BASE="; A%,
1* NUMBER OUF CHANNELS=?,1A&4,
TV HUFBER UF SCARS=7, LAR] X
Q021 FILCK=1
] ,
0023 3350 EDRMAY(2110)
T READ IRSTRUCTIURS ARD YOLERAWCES
Q024 READ(Sy360) IBTYP o IFLAGWNC I yNISCANs NOCHAN,LL,L2
o025 TG0 FURRATUTILOY
0026 FEAUESs 1991) TOLL,TOLZ,TOLD

oY 1951 FURNATTIELD.OY

0028 PRINT 361+ 1BFYPyIFLAGeMCT oNOSC AN NOCHAN TOLL , TOLZ , TOL 3 ok 1,102
00Ty 51 X1y [ITTIT)
SERbEs  SpERs [ATYP "REEE 110/,
1Y
*hbané {FLAG FE L1 t,110/,
¥ [I1TTT]
soesss NCI eke " ILO/,
L]
sraees NOSCAN e bbb 4,100/,
LA LI1111] 1IZIIITITITITTTY
$E040% NOCHAN | s 1,110/
FTOCERK (T2
sespss TOLL oot *»FLOL3/,
=T TOLERA [2]2 [
Sxksus TOLZ i id ", FLO,3/,
L LA ! E23
#arese TOLD b Y3FLlO3/,
¥V NU L]
exkEes L1 el 1,100/,
T RUJ ' 13
arraan L2 T t 10}
T
0030 511 READUIS882)FILES, ISTART ,JCHNUy LACEND

79


http:IB1YP.IFLAGNCI.NJSCAN.NOCHAN.L1.L2
http:OLERAN.ES

FORTRAN AV 6 LEVEL 1, MDD 4 HATN DATE = 69290 13/17/51 ~PAGE_0Q02
0031 DU _BB92 iJ=l,7
0032 DO 8892 Ji=1,300
0033 892 1E(1JeJ1)=0
LELY TRECNT=ISTART-1
0035 TEX1T=0
LLED 9d7  IREC#D
0037 852  FORMATL413)
0034 PRINT JOLsFILES, ICHNO 1START,1 RCEND
0039 901  FORMAT{1H1,* PROCESSING FILE osstssnssed,[5/,
=e CHANNEL *33350888 00 0asd gt ssbbtnan?, 15/,
&t BEGIN AT RECOARD 033 0hEisssdbbdsssns 15/,
[ STUP PROCESSING AT RECORD S#essdssass? [5)
0040 IRTN=1
0041 TFIFITES 199110410
0042 10 JF(FILES-LT.FILCK} GO ¥D 9
[\[L¥) TALL NIRANT1,10}
D044 GO Tu %
DORS F9I  PRINT 997
UoAb 992 FORMAT{10X,*#49%48  PROGRAM STQOP #e39s¢)
0047 STaP
0048 9 CALL RhDRECIFlLEs.:REE;FILCK.laus.r:ue.glgoscnu,uucuau.xcauu)
0 0 LE
0649 IF(FILCK-FILES)9,887,887
T READ RECORD,; 5VORE RECORD IN ARRAY IBUF
QOSU BB7 CALL REDREC(FILES, JREC,FILCK+IBUF, TIKE 4 Ny NOSCANNOCHAN, EC
MUVE TAPE DESIKED RECORD
0usL 1FLIREC-1SYART}BET,889,889
T “STORE CONTENTS OF JBUF INTG WAIN ARRAY P
0052 869 D0 88K L=lsN
G053 a88 PILI=JBUF(L]
4 HEAD NEXT RECORD INYO 1BUF
— 0054 CALL RED RECTFILES,TREC, FILTK, IBUF, TIRE s Ny MUSCAN,NOCHAN s 1CHNG Y
[ STURE CONTENTS OF IBUF INTO AJXILIARY ARRAY AUX
0055 DO 500 L=1,N
0056 500  AUXIL)=IBUF{L}
0057 G0 TU 501
0058 SU2 DO 503 L=L4N
0059 503 P{LV2AUXIL)
0060 CALL RED RECU{FILESyIREC,FILCKy EBUF o TIME +NoNOSCAN,NOCHAN; ICHNO)
C STORE 18UF INTU AUX
0061 U0 504 L=l.N
0062 S04  AUXILI=I8UFIL)
0063 501 CALL AVGINgLLyLi2, JRECNT,TULY,TOL2,TOLIJNCI,IBTYP)
C STUF PROCESSING ON DESTRED RELQRD
0064 IFEIEXIT) 66Ls661,507
D065 661 JFIIREL-VACEND] 502,221,221
0066 221 DU 2293 f=l4N
00617 2293 PILI=AUKLT)
0004 1CX17=)
0069 LD TG so0l
[ PRINT ERROR TABLE
doTo %07 CALL PRINT(L)
0071 CALL STAT(NTAPE, [CHRO,FILES,NZ 1, IFLAG)
GOTe GO TU 511
00732 FHD

c9


http:IF(IREC-ISTARTI)8?8T,89.39

FORTRAR TV G CEVEL I, HUD & VG DATE = 69290 13717751 PAGE DGO1

99

00T SUBROUYTTINE AVGINK(LIsL2sRECTOLLTOLZ s TOLAZNCI¢I1BTYP )
0002 COMMON PL{1000) ,AUXELOOO) s ENDOL LO) JNCNT (300) ¢ JOVF 4 JUNF,
WOASETZ, IOV +S1GTL07, IBLOCZ, 107 4Ly Ny XL, AL 10
0003 COMMON/AAA/ IPRINT
oO0+ CORRON/RLL/TRTR
0605 COMMUON/PR/TEST,300)
o005 TORRONFCBAZTBCNT I 2T, I5CY
D007 IREC=]REC+1
OUUH T5T=IST + 1
0609 INP=0
—1 1] §) TRDX=T T
0ol GO TO (1504514025150, T76), IRTY
Wl
0013 IRP=G
P[] %3 T5T=0
0015 L=}
o0IS W=20
[13%4 IF{IRTNGEQ.&) GO TO 209
TOTE DU 1050 I=1,300
0019 1050 NCNTII)=0
pLr{f JOVF=T T
0021 JUNF =0
ooz RUATK=T
0023 209 CALL LIMITI(TOLL,TOL24NK}
T SEXRT - T} X
0024 716 DO 1 IsL.M
410 4] TFTT.GCY.RKT GO YU 2000
0026 TFIPII)=XL90)1s3,23
oO2T 3 TRDA=T
0048 GO TO &
B0Z9 T CORTINUE
0630 [E{LsIRECINIELL, IRECI+]
o031 TRTR=%
[ RETURN TO DRIVER FOR NEXT RECIAD
0033 2000 Lal
['VELY F=R-RK
a035 IRTN=5
TUSE RETURN
0037 4 H=1NDX+15
ou3s [=TROX
0039 CALL LIMITITULL,TOL2,hK}
T0%0 7 TBC=1
0041 I1BCNT{1)=0
0UAZ TOCRTTZ I =0
0043 15C1=0
R 111 10 LC=0
0045 NP=O
T BASE POINT SEARCH
0046 11 FFIPLINDX)=XL90) 12,13,13
[ IY T3 TECRYTTECT=IBCNTTTBLY #1
0048 1=]BCNTCLRC)
[ TTUKE GASE POIRT
0049 BASEL{IBC, 1) =P{INDX)
TO50 TRLOCTIBC, T T=IRDY

0051 EF(1BCNTUIBC)=10) 14+401e401




FORTRAN §V o LEVEL 1, HOD 4 AVG DAVE = 69290 13221451 PACE 0GO2
0052 401  1RTN=4
— 0053 TETZ+TREC)=TEL24 JREC)*+)
0054 RETURN
0055 1K) INDX=TNDX + 1
0056 FEOINDX—hi) 11,101,158
0057 158 [RTN=2
[4 NGRMAL RETURN TD DRIVER FOR NEXT RECDRD
G058 RETURN
C SIGHAL PUINT SEARCH
0059 TZ IFIP(INDX}I=XL10) 20+20,15
0060 15 IFILC)Lb406e21
1) 16 WPaNP+l
L CHECK HUMBER OF UNSUCESSFUL PASSES
G062 TFINP-LLY 1944, 1944, 208
0063 1944 IFLISCTL.EQ.0) GO TD 14
0064 GO0 10 10
0065 21 EF(PLENDX)=XL90) 22,430,530
0086 30 IFLJRUNTLO,10,31
C SET BASE CUOUNT EINDX CONDITION
0067 EX TFUIBC=1134,33:234
0068 33 1BC#»2
0069 S0 TU 10
0070 34  lBC=l
0071 70 IF(IRUNY 23,23:24
[ CHECK LOOP CUNDITIUN
0072 23 IFILC) #0,40.,29
0073 24  IFLIBC~1) 25425540
0074 25 L=l
0075 NP®0
0076 29  ISCT=1sCT + 1
C STORE SIGNAL POINT
0077 SIGUISLTI=PLINDX}
0078 INDOLEISCT Y = InDX
0079 TFILSCTI=10) 26,5014501
0080 S0l [RTN=4
0081 TE(3,TRECI=IEL 3, IREC)*+1
0082 RETURN
0063 26 INRDX=INOX+1
0064 TFLINDX=NK} 12,412,162
0085 162 [RIN=3
C NORMAL RETURN FO DRIVER FOR NEXT RECDRD
0086 RETURN
0087 22 NPaNPHL
00838 TFINP-L1) 26,264208
[4 CHECK NUMBER OF BASE AND SIGNAL POINTS
0085 30 IFUIBCNTI{:1.LT,.TOL3) GO TO 222
0090 JELIBCNT{2).LT.YOL3)} GO YO 222
[LER TFIISCT.LT.TOL3) GO 7O 224
0042 GU_TU 100
0093 222 IE(4+ IREC)#L1EL%y IREC}#]
0094 GO TQ 555
0095 224 1E(S,IRECIZIE(S,IREC)*]
0096 G0 Tu 555
T ENTER ERHUR RECYCLE
0097 208 1EL6y [RECI=TEUD, IREC)+]
0098 556 L =[NOX

<
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=
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T _FURTRAN IV G LEVEL T, ROU % AVG DATE = 69290 13717751 PAGE 0003
B099 H=TNDX+20
0100 IRLUN=]
UI0T TFTIPRTAY.EQ.0) GO TU 7142
0102 PRINY 6664 [REC, INDX
UI0T 566 FORFATTIR, YIRELEY,TI0, 10X, VINIX=", 10}
0104 IFLIREC.EQ.IRP) GG TO 742
UI0S PRIRY 333, {PTIT, Il RK}
0104 333 FORNATI!X.I.IIX.IQFIU 3))
UIO0T TRP=IREC
olLos T42  CONTLNUE
ooy THFETNF¥I
0110 IF(ENP~5)2094 921,921
TTIT 92T TETT, IRECT=TEL 7, IRECT+T
0lle2 IRTN = 4
Jils RETURR
POINT SEARCH CYCLE COMPLETE
<18 £ TO0 SUNI=0.0
0115 SUM2=0.0
0TS T=IBCRYT{TY
PREPROSSING FOR HISTOGRAM FOLLONS
123 ¥ 4 DO 10T J=1,1
0148 101l  SUML=SUML+ BASE(Ll,J)
—OITY T=TECNTTZY
0120 DO 102 J=l,]
U121 T0Z~ SURZ=SUNZ #BASEIZ+ T
0122 an-:suntosunznftlncnrtll 015:!1:2)1
UIZ3 CALC HTSTTEAS T
SET BASE COUNT anx cunoltlun
TLZ% &3 T TFTIBC=TT AR ea5,4%
012% 45  [8C=2
[ ¥13 GO°TO %%
0127 44  1BC=}
) W) &5 TSLT=D
Q129 IBCNTLIBC)=0
U130 LC=1
0131 NP=(
o132 TRUN=0
0133 INDX2=INDX+9
[}2 &3 L=TRDR
0135 M= INOX 2
T3¢ CALL CTATY(TOCT, TULZ, NK§
0137 GD TO 12
T TO0 TATO "REXY RECORD FOR S ISYAL POINT
0138 70 IF(IBCNTLIBC)=LZ) L4,72,72
U139 T2 C=TRDX
0140 M= [NDX + 9
13 L3 CALL CTRITTYOL T TOL L REY
0142 l:éplluoxl-xLloi 20520, 14

U143
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FORTRAN I¥ & LEVEL 1., MOD 4 MALM DATE = 69290

PAGE Q0401

[

HISTROGRAN

0001 SUBRUUTINE HISTUBA, IDUMsNCI, IBTYP,IRUN]
Q002 COMMON P{100U),AUXE1000), INDOL 10) JNCNT E300} o JOVF, JURF,
E(2,L0), 01y IBLOCTZ, 10} y KK 4MM, XL30,XL10
0003 DIMENSION Y(40), X{40)y LOCI40), ALLS), WEL15), Bi{200)
0004 COMMGN/CBAZTBCNT{ 21N
C COMBINE BASE 1 AWD BASE 2
0005 JFLIBTYPIL100+100,200
0006 £00 IFUIRUNLEQ.1l) MHM=l
Goort KKK=1
000b LLL=1
0009 TFTRNR.EQ. LY LLL=2Z
0019 JFIHHML.EQ,0) KKK=2
001l 10U JJa=N
0012 DO 1 1=l,N
o013 TF{T8aTYP.EN. 0} GO TO 202
0014 400 TFLI-1) 402,40Ls402
0415 401 NTERP=IBLNTIKEK)
00ls BA=BALE (KKK, NTEMP}
Q017 "0 10 202
o0ls 402 LF{1~14) 1.40341
o019 403 BA=BASEILLL,1)
0020 202 J=pA-SIGLL}
0021 J#INCI®J)/71000 +1
0024 IF{J-11243+3
[TTE H JUNF=JUNF+)
0024 GO 10 1
[1: 74 3 TF{J=300)5:5+4
0026 % JOVE= JUVF+1
o027 [
Quza 5 NOATA=NDATA+)
0029 NCNTCJ I =NCNTTJ) ¢}
0030 IFL1BTYP.£0Q.3) GO TD 50
[LE 1 LONTINUE
0032 IF{HMH.EU.0) MMM=]
0032 TF(HMM.EQe 1} MMN=(
0p34 50 RETURN
0035 END

69
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FORTRAN IV O LEVEL 1, MOO 4

LIMIT DATE » 59290 13/17/5)
&

PAGE QOO

0001 SUBROUTINE LIMIT(TOLL,TOL2,NK)

o002 CONMON P {10007 y AUXCI000) o INDDT 10T +NCNT (300 o JOVF » JUNF
SBASE(2+10),516020), IBLOCI2,10) s KKy MMy XL90, XL1D

G003 TK=KK

0004 M=K

0005 1D0=0

0006 IFLIR-NK) 502,50146656

G007 566 PRINT 3000

0008 3000 FORMATL* K GREATER THAN NK %)

G009 SG1  AMAX=P(IK)

00l0 AMENTAMAX

OOIT TO=IA-NK .

0012 G0 1O 38l

[:[} §] 502 TFUIM-NK) 360,360,361

0014 361 10w IM-NK

(383 TH=NK

0016 360  AMAXaPL{IK)

1) 4 ANTN=ARAX

0018 DU 350 JmiK,IM

o019 TFTAMAX=F(I7 T 301,302, 302

0020 301 AMAX=PLJ)

021 302 TFTARIN-PTJY)Y 350,303,302

Q0L 303 AMIN=P(J) -

0023 350 CONTINUE

0024 IF{ID} 380,380,381

4025 3817 AMAXP=AUXTT] B

0046 AMINP=AMAXP

0027 DO 650 J=1,10

QD28 TFLAMAXP-AUXLJ}) 601,602,602

0029 601 AMAXP=AUX(J]

0030 602 IFLAMING-AUXIJ)) 650,6034603

0031 603 AMINP=AUX(J)

0032 650 CONTVINUE

0033 1F{ARAX=AMAXF) TOO0, TOL, TOL

0034 TUD  AMAXuAMAXP -

0035 701 IF{AMIN-AMINP } 380,380 103

0036 703 AMIN=ANINP

0037 380 A=AMAX-ANIN

0038 ALIOmAMAX-TOLL*A *

GLEY] XLIO=ARIN® TOLZ#A

0040 RETURN

Ghal END

174



FORTRIAN IV L LEVEL 1, MOD & MAIN DATE = &9290 13717075 PAGE 0001
STATISTICS
001 SUBROUTINE STATUNTAPE ¢NCH NFILE+NCI+1FLAG)

[4 IFLAG = | KD CH] SOUARE TEST
T 2 CHT SQUAKE TEST OV NORRAL DISTRIBUTION
[ 3 CHI SUUARE TEST ON LOG NORMLL DISTRIBUTION
- T % CHI SQUARE TEST ON BOTH
0002 COMMUN PLLGOU )y AUNT2000) ¢ INODE 10} yHCNTL1£300), JOF, JUF,BASE]{2510)
= SPIGULG) ¢ IBLOCTZe 100 o KKy MMo XL 9T 4 XL 1O
0003 LUMMON/ U /RENCH .
tots DINENSTON Y(300) +KLNT300) QAT gRi% T
ouos DIMENSIAON NCNT{3GO}
VO0& DO &0 [=1,300
oot 60 NCNT {1)=NCNTLET) -
(11 €=1000/NC1
] FINU THE HIGHEST AND LONEST CLASS ITNTERWM
TO09 U0 1 I=14NC}
0eL IFENCNTULN) 14le2
——O0IT . ¢ Tlo=1
ooL2 G0 TO 3
LI R} T CUNTINUE
L] 3 UU & I= ILOLNCI
ToTI% TFINCHTT13)4, 4,5 f
0016 5 IHial
B0LT % CUSTIRUE
C FIND NUMBEX OF POINTS AND FLOAT NCKTY
0ols =g ‘
oeLY DO & I=lLU,IHI
o020 YTIY=RCRTLT)
0021 b NaNeNCHTLL) -
[ PRINT HEADTNGS -
0022 WHITELLsLOL) NTAPE NCHeNFILE
0623 wRITL{6+102)
. DEFALT DUE TO TOOD FEM CLASS INTERVALS
002% NN= IRL-1L0
0025 1F{NN=-10) 50450s51
B02% 50 WRITE(Gs L1OY
0027 HETURY
[ FIND AVERAGE AMPLLFUDE
0028 5L Xlimn
0629 AVE=0%00
0030 PO 8 I=1L0sIHI :
G031 VLT
0032 B AVERAVESYLII#IX1-0,3)%0
T EE) AVE=AVE/ XN
[ COMPUTE CUMULATIVE PRUBABILITIEC AND LDi: AMPLITUDES
0034 SUN=0.00 -
0035 DU 10 i=1L0,1HS o
0036 Xi=|
[ [ EX) XixiX[=0.51%C
0036 XLNLET}a0.50AL0GIXT/AVE)
0039 SUMmSLMeY (T ——m
0040 \ CP-?UNIKN
0uhl U WRITE(b,103) XTI XLNEE),YLE),2P
RN WRITE(E T JOF L dUF
[ COMPUTE HOMLNTS ABOUT THE MEAN
CO#3 AL A=0,00 o

JE—— T -

TL



———FORTRAN IV G CEVLL Iy AOU & STAT —UATE = §9290 13717751 PACE 0002
—OUR% B0 2% I=TLO, IH]
0045 20 ALA»XLA#+Y{1}eXLNiL)
o046 XCA=XEATAN
o047 DO 21 I=ge4
1303 ) TTI=0.G0
Q4P 2t R{11=0.00
1311 OO0 22 =100, IHAT
0051 Al=1
—qu52 TO 22 T=2; %
0053 QLII=QlII+Y L LISl (XI—0.5)8C—AVE ) o0l
= + - E)
G055 ud 23 JezZ.h
1111 PLEIELLEIILL
0057 23 RLJISRUSI/XN
11314 WRT=TAT=TCO#I
0059 WRITE(6,104) NT
TOET SIG=SURATTQUZTY
0061 SLGL=SURTIRIL))
101 94 CREN=U. 53013 T 715 ICHeT]
0063 SKL = 0.58R{3}/(5IGLA®3)
UOEY ARUR=I TR/ TOT I s T3, 01724, T
0065 XKURL » ({R{4)/IRE2)**2))~3,0) /2.0
T PRIRT WOMERTS
0066 WRITEL &,y 105) AVESIGySKEW. XKUZ 9 XLAsSIGLSKL ¢ XKURL ¢ N
TTTTOuRTY TFIRPRCH LEU. OF GU 1O 310
0068 PUNCH BOGsNTAPENCHoNFILE AVEe SIGoSTGL o XLA
L [ ] . -
0070 510  CONTINUE
0TI CU YU (31,322,382, 32) L IFLAG T
ool 31 RETURM
T NG CHI SQUARE TeSY REGUESTED
c
T TAT SUORRE YEST ™ ~°7 "
0073 32 CALL CHIICSQsY e iUy IHIJCoNUSEsAVEyXLALSTL s XNy 0+51G)
ooTh W . +NUSE
4 PRINT CHI SUUARL HURMAL
rRErN2) v TFLAG
0oTs A2 LALL cmlcsn.v.no.ml.c.uust.nve.uu.sm s XNy 1o SIGL)
4 PRINT cn: suuul- LOG NDRMAL
oUT8 RETURN - -
0019 LOL FURMATL VLY oSN, *TAPE NUMBER 'y Ady5Xa P TRALK® v 13,5X, "FILE? ,13)
[']:]4] TI0Z FORRAYTVOY , TEX, VARPLUTTUDE V5 10X, YLUG ARPLLYOUEY, 12K, FCDURT ¥,
1 ux.'cunuLmurPnouAelLlry_'n
’ L]
0062 104 FORHAT('D'.IOK-'NUHBER OF LLASS INTERVALS =*,16)
¥ WNESST,
uax.-wnws:sv!x.bsu.bnx.AEn.af'o'.lox.'moen DF DATA POINTS!
y T107
0084 106 FORHATl'd)‘.lox"CHl SQUARE="4E L4,6/11X " NUMBER GF CLASS LNTERVALS
TUSED =¥, 157
00B% LA FORMAFL 045X, 'TOU FEN CLASS INTERVALS ¢/
T YUT35K, ¥ CRECOTYON OF SYATISTICS TALCUCATION SUSPERDEG')
LT 1hl  FORMATIYOY ¢ 5X, "NUMBER OF DVERFLONS',[&6/

ooyt

tbi.'ﬁUﬂEEu OF UNDERFLOWST,15)
FND

zL



FORTHAN 1V G LEVLL Ly MOU 4 MALN DATE = £9290 13/13/51 FAGE 0Q0]

[ CHT SYUARE TEST
G001 SUBROUTINE CHILCSQyYLsIUOs EHLy CyNUSESAVE +XLA, S0 XNy NTYP,5X}
062 DINENSION Y1300.3) , Y11300)
[+14]/2} pu i {=1,300
00U4 P Yil.1i=0,00
0oou5 NUSE=0
0006 KMa{ILUSIHI} /2
ato¥ NEY}
ocoa YIJs2)=AVC—10.085D

[ LRUGP CLASS INTERVALS DN LOW END
0609 DO 2 I= 1L0,KH
L[] Y(Jy oY L{1F + Y{Js 1}
0011 IFivIJy1)=5.0) 25243
001 3 YlJdy3)=C%}
0013 NUSE = NUSE + 1 P
D E) 4 = 3 &+ )
o015 Yidse2) = (%] ——-
DO1% Z CONTINUE

C GRUUP CLASS INTERVALS ON Hic4 SILE
0017 T = Inl
0018 YiJs3} = AVE ¢ 10,0450 .
LT T G IFUI-KR] 10+10+4
[ 4 YlJdel) = ¥EJ,5) ¢ YRIEY
G021 TFIYIJy 10500 L1911,5
0022 5 ¥iJ,2) = CLi-1)
ouZl WUSE = NUSE ¢ 1
C0Z4 J =4+ - —
[} Y{J,3) = C¥i1-1})
0026 k1 1 = [-1 . _ .
00Z7 [ (T - T

L CUMPUTE THEURITICAL PROBABILITY -
0078 10 Cow = 0.00
0029 UU 30 I=i,NUSE
G030 ALL = Viie2} -
0031 XUL=Y(1,3)
G432 24 CALL STMPT FTHy XKLL o KUL, ZLsNTYP yAVE ; Sy XLA}

4 CUMPUSE CHI SQUARE
0033 TFCFTHY 31,3130
0034 31 WRLITEL6,100) | .
0035 100 FURMATI*0 ZERD VALUE UF THEORIVICAL PAOBABLLITY IN®,15,° TH

b INVERVAL®/ 6Xo'EXECUTION OF SH1_SQUARE TEST DISCOMTINUED®}

0036 SETURN
0037 30 COWSCSU+ UYL, LI-XNSETHI®O2) 7 XNSFTH)
0030 Rt FURN
0039 END

¥4



FORTHAN IV L LEVEL 14 MUD 4 MALN DATE = 69290 13717751 __PAGE 000}

L 5 iMPSUNS RULE
[ SUEPRCLRAM FOR SIMPSONS RULE INTEGRATEON
L
C
0001k SUBRQUTINE SIMPISUMsFLLFUL Ny NTYP, AsB4E}
T TNTEGRAND FUNCTION  REMOVE #HENCHANGING FUNCTION
002 :BF(X.A.SI 2 {1.0/ISeSORTISL203)08))IEXP|-D. S0 ({X=A)/S)e82))}
NPwiN=1
0004 DELX={FUL=FLL)}/FNP
o005 SUM=0.0
0006 SUHL=0,D
BOGT SUMZ=0.0
oous bU 1 I=L,f
0009 FR={=1
Q010 % =FR$DEL K+FLL
[ TALL FOR TNTERGRAND SUBRQUTINE HERE -
00kl IFINTYP) 101,101,110
1] ¥ TGL VAL=PBF(XsA+8]
0uL3 Gl T0 102
00T 110 IF{X) 204204100
0015 20 VAL=0.00
Told G0 TG 102
0017 100 XA=0,58ALUGLA/A)
I TE] VAL=PEFIXX¢C B}
0019 VAL =0, SEVALZX
0020 c 102 CONTINUE
TOZT TFTT.FQ V. ORVTLEU.N) 60 10 2
0022 JERODL42)
0023 TF(JT3s%,3 B
0024 3 SUMIaSUML+VAL
0025 L0 JU 1
0026 & SUR2=SUM2EVAL
0027 GO TO 1
0028 2 SUMaSUMeVAL
0029 T CONTINUE
0030 SUMeSUM$2.0BSUML + 4,005UM2
003l SUMSSUMMDELX /3.0
0032 RE TURN
0033 EHU

V7



— FORTRAR TV G TEVEC T, FUD % ®TD DATE = 69230 3717751 PACE G001,
(L)Y —SUBROUTINE RIGTT3,14,1C)

0002 INFEGER 18(5),2A{3) sy BUF{SOLY+FLCNT, TTBA3) ,6LK+FILESFILCK,
FIBUFTIT, ICITT
6003 M=l
TI=C
0005 12=0
5 CALU NTRARTL 2, 34 TR K2 21~ 2004  BUF 4 L4 22)
000l 2 1FE{KeL}142,3
B 3 TALL ROVETIR, I.Th 1e 4}
0009 CALL TRNSLIIB,4:7T8)
U0I0 DATK TYB/VOIZ3458T89Y/
ocoll DATA BLK /% vy
) ¥ TETZT=BLK
0013 CALL MUVELIBE2)0lelAe5,1)
B— 110 2 TALL TRNSUITETZT 1, TTE]
0015 18{3)=BLK
[+11] 1] CECL LN
0017 CALL TRNSLUIBU3).1.¥7B)
—Ou1E TET%T=8LK
0019 CALL MUVEL1B44)p1lekAs7,2)
Y] CELL TARNSLUTETRT 2, TTBY
0021 CALL NOVEUIBIS)elelAe944)
Uz TALL YRNSLTIBTS) %+ TTBY
w023 LD TD {647), M
L L [] DO 1% I=135
0025 14 IC{1)=}B{1) :
Y T3=TI
0027 14=]s
[+ FL:) HETURN
0049 1 IF{KaEQa=2) GO Tu &
1 E {1 M T2=}
0031 LALL NTRAM(1,22)
— Uu3Z GO U (& TR
Q033 4 11=}
XY TALL RIRANTIL 22T
GO35 Git TG dbde TleM
[ [} + L1 * ) ]
0037 Ha 2
OU3E TT — YHETSTREC®T
0039 CALL NTRAMIL,22)
[+ [+£71] ¥ TFTITE, 5, 10
0041 10 _ TIMEsBUFLL}
=1L~ )
0043 K=3+20 ICHND
— o0 00 1 Is+K
0045 IBUF(§)w0
111 =0
0047 CALL MOVERJ 4 ,BUFIL}4Ky1)
[+{127:] CTALL N TR 17
0049 LBUFLII=1BUF{1) + b4%)
“GES T TR T=I0Z3=TBUFT T
0051 Ll KoK+ 28NOLHAN
vy~ ' 13
0053 RETURN
£3 B TFTL.ER.=2F G0 Y0 17

0055

PRINT 100

Gl


http:NTRANII.22

DATE = 69290 1371745} PAGE 0002

FORTRAN IV G LEVEL 1, HOD & RID
0054 100  FORMAT{ *owsdass  READ ERROA ssesdsl)
0057 L ANT T,
0058 CALL NTRANE142¢-2004,BUF,L)
GO YO 13
Gheo 12 INUE
ooeY LCK=F L Tan 1
0082 CALL NTRAN(1,22)
043 o Ta &
0044 7 CONT ENUE
T3 TREL =D
0066 60 TO 13
'L Y END

9L


http:NTRANII,2,-2004.BUF.Ll
http:NTRANII.22

FORTRAN IV b LEVFL 1, MOD & PRINT DAT: = 569290 13/17/51 PAGE

0001

po0ol1 SUBRUUTLNE PRINTINNN)

0002 COMMUR/PR/IELT,300)

0003 COMMON/RAT / 1RCEND e

0004 OTMENSTON TESUMTT)

0005 PRINT 3

Q004 3 FORMAT (1HL 450X, "DATA PROCESSING IRREGULARTIES®+/,10X,'ERRDR CODES
$FOLLOW® o // /1y
%10Xs "NO BASE POINTS FOUND IN 3ASE SEARCH sesssdssss )¢/,
10X, *NUMBER UF BASE POINTS EXZEEDS 10 wékssssbhkks ¢/,
¥L0Xy "NUMBER UF STGNAL POINTS EXCEEDS 10 w®eskssssns v/,
*LUXy *NUMBER UF BASE POINTS INSUFFICIENT ewestssdess 41/,
FLOX s "NUMBER UF SIGNAL POINTS INSUFFICIENT #xssswsss 51/,
10X, *NUMBER UF PASSES EXCEEDS LIMIT Ll s&xsnusabkss L4/,
0K, *NUMBER JF ERHORS TN RECO10D EXCEEDS 5 ®ssewgpad Tt

0007 VI 555 [=L,7 _ e

0ood 555 IEsuMil)=0

000% PRINT i .

1] 1 FORMAT{1OX o "ERROR Y y L1IX 1" g 13X o *29, 13X, 37, 13K, 41 ,13X,"5¢,13X,
20560, L3%4TY)

[N} PRINT 100

0012 100 FURMAT{10X, 'RECURD*,///Y = _

0013 DU 5% 1=ly JRCEND

0014 VU 55 K=ls7 e

0015 90 1ESUMIK)=IESUMIRI+IEIK, 1)

0016 DO & I=1,s1RCEND

[TIN) DO 12 K=1,7

0018 IFCIEIKs 1)) 15412515 L

0olg 12 CONTINUE

0020 60 Ty 2 L

0021 1> WRITE{GeS) I40IE{KeL)oKxlyT)

0022 5 FORMAT(L1OX 413, 10Xy [4o 00Xy T4 10X 140 10X 14,100y Ths)10Ks b, 10X,54)

0023 2 LONTLINUE

0024 PRINT 20 _ .

0025 2V FORMAT(RUX o/ /9y 10X, "ERROR CODE® , 10X, "NUMRER OF ERRORS?')

0026 DU 50 K=xl.7

aoei S0 PRINTZL1 K iESUMIK)

00L8 41 FORMATLLOX16414X,10i9)

[ih F L] RETURN

0030 END . o

LL
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APPENDIX B

This program generates a set of N random numbers having a log-

normal distribution and a pre~selected mean and standard deviation.
The program is in the form of a FORTRAN IV subroutine.

Theory: By definition 2 log-normal random deviate is one
whose logarithms are normal random deviates. Thus if (X.) is a set
of log-normal random numbers then their must exist a set of normal
random numbers (yi) related to the Xi by

v, = In Xi Bl

Equation Bl may be geperalized by the addition of appropriate scaling
factors. i.e. we may let

y; = 8 In X& + b B2

Now by choosing the mean and variance of the (yi) and the wvalues of
the scale factors a and b it is possible to gené€rate a set of (X,)

having any desired mean and variance from a set of normal deviatés
(yi). Solving B2 for Xi we have

——— B3
a

Since we wish to specify only two parameters, viz., the mean and

standard deviation of the (X.) it seems reasonable to assume that
we Will need only two parameters in equation B3. We therefore let
a = 1 and take the mean of the (Yi) to be zero. B3 then becomes

X, = exp (-b) exp (Yi) B4

taking the average of both sides of equation B4 we have

X =exp (-b) exp(y,) BS
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and also taking the second moment of (Xi) about zero

) ——
X7 = exp (-b) exp (Zyi) B6

the averages of the exponential functions in equation B5 and B6 can
be evaluated easily

exp(ny) - exp (Y2/ 20)dy B7

5 ~1/2 x
EXp(nyi) = (2wt7) J

-X

Combining equation B5,B6 and B7 we obtain expressions which may be
solved for the scale factor b and the requared standard deviation
of the (yi)

02 = In (u/iz) B8

and
exp(~b) = iexp(—UZ/Z) B9

where u is the second moment of the (Xi) about zero.

Program: The log-normal generator makes use of the normal
random number generator included in the IBM Scientific Subroutine
Package for the 360 computer. This routine (GAUSS) generates normal
random numbers with any required mean and standard deviation. Coding
for the program is shown in the accompanying listing. The argument
list is as follows:

AVE The required mean.
VAR The required standard deviation

Y A vector of log-normal random numbers returned by the
subroutine. Y is dimensioned by the calling program

N The number of random numbers to be generated



30

IX A "seed" required by GAUSS. IX must be a 5 digit odd integer.

Statements 003 to 006 compute the required standard deviation for
the Gaussian-random numbers and the proper scaling factor. Statements
007 to 009 call GAUSS compute a log-normal random number from equation

B5.

The log-normal random number generator has been used to test the
statisties subroutines used in our data analysis program. A Calling
Program which will provide the subroutine STAT and CHI with either
normal or log-normal data is given.



FORTRAN IV G LEVEL 1, MOD 4

ouol
0002
0G03
00U»
0005
0006
0007
0008
0009
Q0i0
oull

LOGN DATE = 69290

SUBROUTINE LOGNL AVE, VAR, ¥:N,IX)
DIMENSION Y1)

VAR = VAR®#2 + AVE®®2

516G = ALOG(VAR/AVE®*2)
IBAR®EAPISIG/2.0)

51 = SORTISIG)

D0 1 IaleN

CALL GAUSSH( IXe51Gy0.04X)
YE1)={AVE/ZBAR) ®EXPIX)
RETURN

ENU

L4/18/08

PAGE OOO0L

18
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FORTRAN IV b LEVEL

oQul
0002
ovu3
0004
oQus
0006
0007
Q008
0009
0010
0oLl
00Ld
Ui
QoL4
0015
0016
ooLY
gule
a019
Q020
0021
0022
Q023
0oz4
0025
og2é
o027
0028
0049

20
10

103

12
104

14

-

100

1, HDD & MAIH

COMMON HCHT 1300}
DIMENSION YI5000)
READ{5, 100} AVE,VARy Ny iX o+ IT
TFLIT) LOsllel2
sToe
WRITELG6y103)
FORMAT(*] LOG NORMAL DATA')
CALL LOGN{AVE,VAReY Ny IX)
GO Y0 13
WRITEL Dy 104)
FORMAT(*L NORMAL DATA*}
DU 14 I=L,M
GALL GAUSS(IK.VAR-@VE,Z)
Yil)=t
00 2 I=l.l1U00
NCNF(L} = O
L=Q
MaQ
DO 1 I=lsN
J=¥{1}/10.00+1
TFIJalTel) L=L+l
IF1J.Gl.100) H=M+]
1FlJalT.1.0R.J.GT.100) GO YO L
NCNT L J}=NCHTLJ)¢L
CONTINUE
CALL STAT{O0,0404100,4sLsM}
GO 10 20
FORMATL2F10.5, 3114}
END

<

OATE = 69290

14/718/08

PAGE 00O0L

28
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APPENDIX C

The following is a typical computer print out for a file of data.
The control parameters are listed at the first of each new tape run.
After a file has been processed, the irregularities found in each re-
cord are listed in tabular form. The statistical calculations made on
the data is then printed in a tabular form and identified as to it's
tape, track, and file number for later reference.



TAPT TOSHERZ 30T IOCAL=Y TASF=1 WJHBER OF CHANNEL3=05
TYPF RASE CALCULATIAN A0 karss dadndeddkssd aarbhkuhohbsnbss s

NHYAEY NF CLASS THNTFUVALS  #eesddd b s didasa ki sd kb s A dnasshansg

i
NUMBFL AF CHANHELS "IN TAPEL SES3savsbssa v dn kb knshn ook o s

TOLFPANGE ON STANAL LTMITS ERemssss st bt s s apiska s ausasanss

g
NUMBER N PASSES PLOIMIED TN ARDRT CYFLE k¥ dbkkrvkskhdkashid

U SCANS=0Z00
*hbse [BTYP g 2
- L3 FEREREFFAREARFRR o shabs [FLAG TEERE &
asde NCJ dalld 100
FHAI TR VI ERT RV R A RO RN AR e SEER® NOSCAN [TITT3 300
*xkes NOCHAN *NEBE 5
LT AT R F YT T Y TI TSI T T TITY T I T 1R [IITT] 0. 050
rhes TOL? Eh U 0.100
3T #%s TOLY SRERS 3. 000
sebew L] (el ] 0,000
W ¥ STGNAL POINT SEARCH #se®x  sexss L2 [IT1T7 5

%8



DATA PRDCESSING IRRFGULARTIES

ERRIR LNOES FOLLOW

NO RASF POTNTS FRUND TN BASE QEARC& FASRRNREER
NUMBER 1DF BASFE POINTS EXCEFDS 10 sédszssuxanss

NUMAER OF STUNAL POTINTS FXCLENS 10 #sesdeesse
NUMBFR fJF BASE POINYS INSUFFICIFNT ssssassssnn
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