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CHAPTER I
INTRODUCTION

The text which follows constitutes the final report on work performed at the Sperry Rand
Research Center (SRRC) under contract NAS 9-9705 with the NASA Manned Spacecraft Center,
Houston, Texas, The objectives of this program were twofold. First, 1t was to consider opti-
mum organization and component technology for a strapdown tramsformation computer hased upon
the assumption of gyroscope and accelerometer inputs denoting components of angular and veloc-
ity change measured about an orthogonal axis iriad. Second, it was to treat optimum vethods
of implementing 2 reliable attitude reference or control system when the gyroscope and accel-
erometer inputs were redundant and configured about the six normals to faces of a dodecahedron.

The work which is reported here divides into four major activites, each ecorresponding to
a chapter. These will be described briefly. The first parti of the activity, described in
Chapter 2, is 2 study of means whereby a strapdown computer such as the one constructed for
laboratory use under a previous contract may best be organized and implemented 1n reliable,
flight-ready form. The second activity, covered in Chapter 3, 15 an investigation of optamum_
means for performing attitude reference computations when redundant dodecahedron sensor arrays
are utilized. The third part of the study, described in Chapter 4, 1s a study of an attitude
control system employing redundant control moment gyros as actuators. This part of the work
was performed at the Sperry Flight Systems Division, under subcontract to SRRC, The final
part of the study, Chapter 5, contains the results of further computer simulations of the trun-

cation-error-free direction-cosine computation used in SIMU, methods and results are described.



CHAPTER 2
CONFIGURATION AND COMPONENT TECHNOLOGY FOR A STRAPDOWN CONPUTER

In a previous eontract a strapdown coordinate-conversion computer was designed and con-
structed which used z truncation-error-free algorithm to compute direction cosines relating a
rotating-axis system to one which was inertially stabilized. The organization of this com-
puter was based upon a burlding block concept in which most blocks were digital accumulators
wilh overflow detection and termary input gating. In the present study, where the goal is to
determine optimum system organization and compon%pt technology for such a computer, several

structures, including the accumulator block, were studied.

Before describing the system, the underlying reasons for the particular choice of imple-
mentation will be given. First of all, since discussion centers about a spaceborne computer,
weight, voluma and power must be minimized and reliability must be maximized. From the point
of view of weight, volume and power, 11 15 clear that minimality 2s provided by incorporating
as high a level of circuit integration as 1s feasible within the constraints of present day
technology. Studies have shown that maximizing the level of integration also provades the
greatest reliabillty,l since circult honds and off-chip interconnections, which are the pri-
mary sources of failure, are minimized. At the present time, reasonable device yields are
obtained for integrated circmit chips with dimensions of 120 mils on each side. Interlime
spacings of 0.1 ml are readily obtainable, For metal-oxide-silicon (MOS) eircuitry, active
device areas are approximately 1.0 mil square. Allowing for metallization patterns and bond-
ing pads, this means that an active device count of 2000 to S000 1s reasonable for MOS inte-
grated circuits. Four-phase or ratioless MOS circurtry allows transfer vates from 2 to 5 MHz
to be realized, and provides the highest circult density presently available. For this reason,

the preferred mechanization of the strapdown computer would use four-phase MOS LSI.

As 1n most applications, cost is also of importance. Development and manufacturing costs
for the strapdown computer can be reduced by limiting the number of different chap types
required., For this reason and the reasons above, the approach which was followed in formu-
lating the systems structures was one 1n which maximum use was made of the fewest possible
different circuit types, while maintaining the highest level of integration consistent with

present technolegy and while trying to minmimaze the number of intercomnections between chips.

The block diagram assumed for the triad system xs shown in Fig. 2-1, It 15 essentially
that of the SIMU computer, except that sections intended primarily for laboratory use have been
eliminated. A set of three signals from orthogonal triad gyroscopic sensors provides the
input to the direction cosine computation. These signals are assumed to be corrected for
drift scale factor errors by equipment precediny the navigation computer. The gyro inputs are
added in the buffer to triad retational rate commands, These commands replace the earth-rate
correction system in the SIMU computer and are assumed to be generated by the main guidance
and navigation computer. They enter the strapdown computer referred to stable coordinates
and are tramsformed to rotational coordinates by the “commanded rate transformation™ unmit,

Triad strapdown accelerometer signals are transformed to stable cecordinates by the "aV

-9 -
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transformation” wnit, as in SIMU. System outputs are the stabilized AV's and the nine darec-

tion cosines.

Besides the configuration used in the SIMU computer, a new form has been developed for
system implementation. This will be described fairst, and then methods for increasing system

reliability will be discussed for both cases.

The new method of organization 15 very similar in form to SIMU except that 16-b:t digatal
resolvers are used for the direction cosine cemputation instead of the accumulators. A dia-
gram of one of the three identical directien cosine units 15 shown in Fig. 2-2. Each direc-
tion cosine resides in a triple of resolvers, the Y resolver storing the upper 16 bits, the

R resolver storing the middle 16 bits, and the E resolver storing the lower 16 bits.

The updating algorithm used 1s the original truncation-error-free method involving three

passes. The operations for a Gx pulse are specified by the matrix equation

1 O 4] 1 0 0l 0
M.=lo 10 ¢ {lo 1 mllo 1 n (2.1)
o o 1w-n2llo —n 1lio -r 1

Similar operations hold for By and 92 .

Each of the resolvers 1s equipped with its oun serial adder operating in a closed loop
with the storage register Thus, simultaneous accumulation by all resolvers 1s allowable.
By judicious sequencing of operat.ons, a three-to-one speedup 1n processing rate 1§ obtained
over the originally proposed SIMU computer. This sequencing is best clarified by means of the
schedule shown in Fig. 2-3. Each term in the schedule signifies the updating of the contents
stored in the specified reseclver by adding to 1t the contents of another resolver, as deter-
mined by the updating matrices. The superscripts indicate whether 1t 1s the x-, y-, or z-matrix
equation, and the priming of the superscripts specifies the right, middle, or left matrix,
respectively. Thus, E%l indicates the updating of resolver E1 for the second pass of Sy
updating. This updating wnvolves subtraciing the contents of resoclver R3 from the contents
of resolver El and storing the difference in E1 . It 15 clear that the updating for x, ¥y
and z pulses of any rank of resolvers (say, the E resolvers) requires just mine word-times.
Since c¢verlapping of cycles 1s allowable, & new set of gyro pulses may be entered every nine
word-times. If the clock used 1s the same as an the STMU computer, a processing rate speedup
of two-to-one over SIMU 1s obtained The speedup over the originally proposed system 15 three-
to-one. Besides the speedup in processing rate (or, conversely, the ability to use a lower
cloch rate), another advantage of this form of implementation 15 that 1t provides greater uni-
formity of components throughout the system, since the resolvers used in the cosine computa-
tien are identical to those used to provide the coordinate transformations elsewhere in the
system. An appropriate ciicuit embodiment would be the realization of one or more resolvers
s a single integrated circmat. The approvimate deviace count for a simplex realization of
such a carcuit 15 350 transistors, so that Such an embodiment 1s quite feasible using MOS/LSI
Egghnology.

4 -
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Several techniques have been investigated for increasing reliability over the “"simplex"
SIMU computer. These will be described, although no revolutionary developments have emerged.
The first technique makes use of the orthogonality properties of the direction cosine matrix
for self cheching. If C 1s the cosine matrix and CT 1s 1ts transpose, then orthogonality

implies that
C-¢c=¢ -C=1 {2.2)

where I 1s the ident:ity matrix. OCarrying out the term-by-term multiplications, the twelve

distinct equations in Table 2.1 result.

TABLE 2.1

Darection Cosine Orthogonality Conditions

Eq. No. Equation
1 2 3 +ct - 1=0
2 11621 7 Cy2%0 * Cy3023 = ©
3 11031 ¥ Cpolgp ¥ Cyglay = O
4 Coy * Cpp ™ O = 1 =
3 Co1€31 * Caofap * Co3ly3 = 0
6 €3y *+ Cop +Cag - 120
7 C3p + )+ C5y - 1=0
8 C13€12 * Ca1fap * C31030 = ©
? C11C13 + Co1lo3 + Cgy0q3 = 0
10 €2, + G5y + Coy - 120
1 C19C13 * Uoolag + Laglbag = 0
12 c§3+c§3+c§3- =0

The failure of some subset of the equations in Table 2.1 to be satisfied may be used as
a form of parity check to determine faulty computation of the direction cosines. For instance,
an error in Cll alone 1s indicated by lack of satisfaction of Eqs. (2.1) and (2.7). Simlar
criteria may be derived from the covering relationships expressed by Table 2.2, At "X" at



the intersection of a particular column and row indicates that the cosine corresponding to that

row 15 covered by the equation corresponding to the column.

TABLE 2.2
Direction Cosine Covering by Orthogonality

Equations {(see Fig. 2-1)

Equation
Cosine |1 2 3 4 5 6 7 8 10 11 12
C11 X X X X X
Cin ¥ X X X X X
013 X X X X X
Coy X X X X X
Cos X X X X X X
Cag X X X X X
C31 X X X X X
Cas~ X X X X X X
Cag X X X X X

If a single bit error 1s introduced into one of the direction

w1ll propagate to cosines 012 and C13

cosines, say Cl1 . the error

as a function of angular anput increments received,

No error, however, will propagate to the other cosines, since their computation "loops" de not

intersect those of C11 . The dependence of 012 , for instance, upon Cll may be expressed

by the partial differential equation paix bel

ow

€y _ <

%, 12

o _ c

% - ‘i
Z

Consider the inversion of a single bit 1
012 . The b1t inversion will be equivalent t
in Cll be E1 and the error in 012 be E

(2.3)

(2.4)

n the representation of C11 and 1ts effect upon

o adding some quantity S to C11 . Let the error

9 * Then

(2.5



12 2 _
“a—u-—'-'+'§.T—C11+E1 (2.6}
zZ z
" with initial values
E1 =35
E2 =0 .

BEl
e = -E2 (2.7)
z
BE2
aT: E]. (2.8)
z
with the obvious solution
E1 = S cos & (2.9)
Z
E, =S sin ® (2,10}
2 z

If the cheching equations of Table 2.1 are solved at fixed intervals and involve the upper n
bits of the cosines, then the maximum period between solutions such that a single bit error in
one of the direction cosines can be detected before it affects the other cosines in its loop is
a function of n and the maximum angular rate which the system can accommodate. If the worst
case bit inversion (i.e., 5=1) is assumed, the‘maXJmum period between solutions is set by the

inequality below, where wmax 1s the maxaimum angulay velogcity and Tmax 1s the maximum period

e (2.11)

max
max

After detecting the cosine which 1s in error, the problem of what to do about 1t still
repains, If the angles were unchanging, it would be a simple matter to recompute the correct
values of the cosines using the relationships of Table 2.1. This, however, 15 not generally
the case. One possibility is to retain in storage at some point the last complete set of cor-
rect cosines computed before the error was detected. These values can be reinserted and the
computations restarted. Although this method introduces an overall error 1f vehicle attitude
has changed during the time since restart values were observed, the amount of error can be

limited 1f the checking equations are run frequently enough. Another method which leads to no



error accumulation 15 to stop the direction cosine computations as soon as an error 1s detected
and store the input angle increments in a buffer, maintaining the proper sequence among the
three axes. The equations in Table 2.1 then can be used to restore the proper value to the
faulty cosine, after which the stored input increments are utilized to update the cosine matrix
to 1ts proper value., This wethod will succeed only 1f the allowable updating rate of the

cosing matrix 1s greater than the maximum allowable pulse inpet rate from the gyros.

In the event that the error 1s caused by permanent failure of one of the components within
the direction cosine computer, more than one-time correction will be required. A possible
selution to this situation 1s obtained by noting that the nine cosines are computed as three
independent triads. If a spare triad computer is included and 1s equipped with the proper
connections to allow 1ts output to be switched to replace any of the three primary computer
outputs, then upon detection of a failure in one of the three primary units the restart opera-

tion can invelve the spare unmit, after which it 1s switched into the system 1n place of the
faulty element.

<

In the methods described above that make use of the orthogonality properties of the direc-
tion cosine matrix for self correction, the nature of the computations and their rate 15 such
that corrections can be handled by thegeneral purpose guidance computer associated with the
system. Tt 15 possible, and also more straightforward, to include logical redundance withan
the direction cosine computer 1tself rather than using external means. In both the SINU and
gll-resolver systems, numerous computational feedback loops are used. If 1t 1s desired that
the addition of redundancy will effect correction of transient errors as well as permanent com-
ponent failures, 1t 15 advisable to add the redundancy in such a way that error correction
occurs within all feedback loops. One scheme for providing this sort of correction is shown
in Fig. 2-4,whach depicts a triply modular redundant resolver. Voting circuits are introduced
in such a way that they intersect the tightest feedback paths and still provide correct outputs
from all three of the resolver segments for the maximum number of component failures within the

segment .

Tt 1s diffacult to supply 21l-inclusive arguments for the level at which redundancy should
be introduced 1n the strapdown computer, but since the resolver 1s the element which seems best
suited for use as the basic building block, larger or smaller elements not providing the same
lead-count and circuit-type minmmality, and since the pachaging of three interconnected resol-
vers with voting elements on a single substrate is presently within the state of the art, this
configuration 15 recommended as the form to be used for implementation of the strapdown com-

puter.
REFERENCES

1. "Failure Rate/Temperature Data for Univac Military Computers,” Umvac Federal Systems Divi-
sion, Publication PX-4388-2, July 1969.
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CHAPTER 3
CONVERSION METHODS FOR TRANSFORMATION FROM DODECAHEDRON-TC-TRIAD AXES

3.1 DIRECT REALIZATION BY USE OF PSEUDO-INVERSE AND STATUS MATRICES

3.1.1 Theoretical 2nalvsis of Zpproach

In this part of the report we describe a method of transforming the six-vector

m = (3.1)
of the dodecahedron reference system into the three-vector
b
X
p=|Py (3.2)
b
Z
of the ortheogonal triad reference system,
The geometric relationship between the two systems 1s given by
m= Hb (3.3)

where

S 0 61
=5 0 C
p={ ¢ S O (3.4)
c -5 0
0 C 5
0 ¢ -5
L o
- _ A-/5
3= s1n¥ = o (3.5)
. . A+3E
C=rcosax = 10 (3.6)

-~ 11 -



Since every 3 X 3 submatrix of H 15 nonsingular, any three out of the six equations of
{3.3) can be used to determine the b components in terms of the corresponding three components
of m . The nature of the problem, however, 15 such that the i1nstruments providing the com-
ponents of m are subject to errors and, as was pointed out by G11more,l the solution of Eq.
(3.3} for b which will best fit the geometric confaiguration of the well functioning instru-

ments is given by

b= (g2 H)nl i Am (3.7)

where A= diag(:\a 'lb'lc"\d

whether instrument 1, 1=a,b,c¢c,d,e,f , is error free or not.

Agihe} 15 the “status™ matrax,with L =1 or 0 according to

0f course, for this solution to be meaningful, at least three out of the six instruments
has to be error {ree. There are 42 different combinations with at least three of the hl
being equal to 1 . After having evaluated explicitly the matrix

o = (HTJLH)_I HY A (3.8)

for all the proper 42 combinations of the Ki , it becomes evident that the total number of
different nonzero entries of H* for the various combinations 1s only 25. In terms of S5 and

C , these 25 entries are as shown in TFable 3.1.

TABLE 3.1
Twenty Five Required Data-Word Matrix

:

N, =25+ c) Ny, = 405 + 4c) Ny, =25 +C
N, =575 +C) N, = 3(35 + C) Ny, = 3(35 - C)
wodsew)  mpeds  wg-Ysew)
N, =S rTe) Wy =g Ny = 4{5 - €)
Ny =qgls-20)  Mg=g(-seac)  mg=gls o)
N, =33 - ) Mg = 425 - €)

N = 35(es - ©) N7 = 4{s + 2¢)

Ny =3 Nyg = 35 + 2)

Ny =3C Mg = 328 + ©)

Nyo = 348 - ©) Ny = =5 + 2

- 12 -



The 42 explicit evaluations of HI are given 1n Table 3.2 in terms of the indices of
the above listed Ni's . For instance, the Bt matrix for the combination Ka=hb=le=1 and
Ac=kd=lf=0 , whick 15 given by

19 19
I_
B = N22 -N22 0 ¢ N20 o o (3.9
NIB N18 0 0 0 Y

In Table 3.2 .0 stands for the number zero and the numbers shown represent the N1 terms by
listing only the subscript nmmber (i}, e.g., N12=12 . For the expression 3n Eq. (3.9), this

yields
19 -19 0 0 0 90

A A =1 =22 =22 0 0 20 O . (3.10)
18 18 0 o O

3.1.2 Implementation of Pseudo-Inverse and Status Matrieces Method Using LSI
Packzsged Basic Elements

The implementation of the transformation described in 3.1.1 essentially 1nvolves the use
of a read-only memory and an arithmetic unit to provide the appropriate overflows to the 3-axis
system's 1nput buffer logic.

The following discussion will treat each section of the system in enough detail to make
c¢lear the functional interaction of the sections in achieving the required final results.
There are four sections of the system: they are (1) the six input gyro-sync logic, (2) the
read-only memery, (3) the arithmetic unit, and (4) the direction cosine computer’s (SIMU)
input buffer logiec.

The gyre-sync logic performs two operations, First, the six (x, #y, ) asynchronous
gyro inputs are synchromized to computer word time. Second, these six signals are encoded so
as to be sent out as three octal variables (see Fag. 3-1).

The Tead-only memory's address selection 1s a function of two sets of inpput variables,
These are encoded gyro outputs described above and the set of variahles (Al,hz,ls,h4,l5 and
Ao} that indicate which gyros are operating satisfactorily at any given time. These nine
selection lines are used to select one of 252 memory locations. In each of these memory loca-
tions 15 an address of a second read-only memory. The second read-only wemory contains 25

sixteen-bit words.

To understand the need for this memory configuration refer to Table 3.2, which shows the
manner 1n which the basic constants shown in Table 3.1 are used. The entries in Table 3.1 are
a summary of the various products of a constant times % sin @ and % cos & as discussed in
Sec. 3.1.1.

- 13 -
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Ngehgihp = 1
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Agehp = 0
Mgy = 0
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Status Matrices (econt.)
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TABLE 3.2
Status Matrices (cont.)

8 -8 9 0 0 0 4 4 -5
A, =0 11 2 o 3 A, =0 0 8 -8 9
4 4 -5 5 0 -b 3 0 -1 -1 2 -2
2 -2 3 0 -7 77 0 6 4 4 -5 5
Ag = O 5 -5 6 0 4 4 A, =0 0 -8 9 9
L9 9 0 o0 8 -8J lo 3 1 1 2 -2
"2 2 0 3 T 77 s -8 9 9 0
A, =0 -5 5 0 -6 4 4 la'lb'lc'hd'le'kf =1 c o 8 -8 9 9
L9 9 0o o 8 -gl L9 9 o 8 -8

In operation, the first read-only memory determines which matrix in Table 3 2 will be
required to process the sensors which are operable (Ai=1). The second memory selects the
words specified by this matrix. These words are stored as in Table 3.1. They are processed
with the appropriate timing to allow each of the triad axes to be updated for any gyro outputs
that have occurred. These words are used in 42 different sequences in performing the trans-
formations in the araithmetic unit. There are three sets of memories as described above for

processing from six teo three axes, one for each of the triad axes.

The arithmetic unit consists of an adder and five data registers used in parallel process-
ing to transform to A9x, A9y and M9z (see Fig. 3-2). The sequence of events 1s as follows.
Starting the updating to obtain 2 88x input te the computer, the first specified word from
the second read-only memory (ROM) {(of the set of six words specified by the first ROM for the
x-ax1s update)is loaded inte the constant buffer. From the buffer the scaled increment 1s
added to the previous remainder of A9% and the result 1s held in the general A% buffer
register. Once this 15 done the selection of the next comstant for the x-axis update from the
ROM can begin. The ASx register is loaded again to prepare for the next component of the
40x update. After the six cycles are completed the remainder will be in the 49x remainder
register and an output wi1ll be sent to the gyro-buffer logic 1f the entire update produced

either a positive or negative overflow.

The gyro-buffer will recognize this overflow as the signal to produce a positive Or nega-
tive output pulse that will update the appropriate direction cosines. This sequence will be
followed by the second set of ROM's and its arithmetic register to provide a 48y input to
the direction cosine matrix, if the inputs aré of sufficient magnitude to produce an overflow.
The same sequence will take place for the final set of HOM's to produce a A9z input pulse

when required.
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The above comstitutes a complete update cycle and takes place wathin the system update
time of 37.6 ps. The computer described above can function contanuously at any input rate
desired that does not exceed this pulse repetition rate.

3.2 CONVERSION FROM DODECAHEDRON TO TRIAD BY SENSOR CORRECTION

3.2.1 Descraiption

In this section 3 method for couverting sensor signals from redundant dodecahedron to
equivalent triad axes is described in which signals missing because of sensor failure are
restored by synthesis from opevational sensor outpuis. The resulting six inertial signals
are then used as the input to 2 fixed transformation whese output 15 the desired equivalent
triad set. A block diagram of the system is shown in Fig. 3-3. 1t consists of a sensor
failure detection wnit, a correction unit, and a dodecahedron-to-triad conversion unit. The
detection unit 15 the parity equation integrator, which will be described in Sec. 3.2.2. The
detection umt produces as its output a six-element binary vector, XA , each of whose elements,
when equal to umity, affirms the operation of one of the sensors. The A vector and the sen-
sor outpuis serve as inputs to the sensor correction unit. If a particular sensor 15 opera-
tive, the output of the correction unit corresponding to that sensor 1$ the sensor signal
itself., If a sensor has failed, then the correction unit output corresponding to that sensor
15 an estamate of what the sensor signal should be, derived from the operative sensor sighals
It is clear that at least three sensors must be operative in order that such an estimate can
be made.

The six sensor signals (synthetic or actual) from the correction unit are used as inputs
to the dodecahedron-to-triad conversior unit. Since six sensor signals are always assumed to
be present at the input of this unit, even when as many as three sensors have actually failed,
a simple, fixed conversion algorithm may be used. The techniques employed and the system
1tself will now be described in greater detail.

The method used for synthesizing failed-sensor signals 15 based upon sclution of one of
the parity equations for the missing signal in terms of the three valid signals. The parity
equations, as defined by Gilmore, are reproduced here as Table 3.3. As an example, 1f sensor
A has failed but sensors B, C, and D are still operating, then Eq. (1) in Table 3.3 may
be used for estimating A , vz,

A=B+Y({C+D) (3.11}

where

_sin(e) _ /5 -1
cos(e) 2

0.618033 . (3.12)

A 15 the estimate of the output that would be obtained from sensor A 1f 1t were operating
and @ 1s the angle between two intersecting normals to adjacent faces of a dodecahedron., A
general equation may be wratten £or sensor coirection :

- 18 -
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TABLE 3.3
Failure Detection Parity Equations

(3.13)

No. | Instrument Equation
1 ABCD (A-Blce - {(C+Ms =0
2 ABCE (B+Cl¢ -(A+E)s=0
3 ABCF (C-Ae+(B-F)s=20
4 ABDE (b - Ade ~ (B +E)s=0
] ABDF (B+De-~-(A-F)s=0
6 ABLCF (E-Fle - (A+B)s=0
T ACDE (D+Ee-(A-C)s=0
8 ACDF (F-Clc-{(A+D)s=0
9 ACEF (A+F)e -(C+E)s=10
10 ADEF (E-A)le+{(D-F)s=0
11 BCDE (E-C)c+{(D ~B)s=20
12 BCDF (F+Dlc+{B-Cls=20
13 BCEF (B-Elc+(C+F)s=20
14 BOEF (B+F)e +(D-E)s=0
15 CDEF (C~-De-(E+F)s=0

¢ = cos(a) = %)}ém 0.85065

s = sin(e) = 5—?355)%-= 0.52574

To interpret Eq. (3.13) let 1 represent the output of sensor

the estimate of this quantity. The various

A's

1 and let 1 represent

are the operational indicators of their

respectave sensors or, when barred, the complements of these quantities. Flnally: the quanti-

tics EA‘ EB + etc., represent the parity equations to be used in computing i. Thus, Eq.

(3.13) scrves to select which (1f any) equation will be used to synthesize the sensor output,

based upon the operational status of all sensors in the system.
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Equation (3.13) can be made specific to any particular sensor by means of Table 3.4,
which i1ndicates the substitutior of subscripts for correction of a given sensor. The synthesis
of a failed-sensor output from one of the parity equations involves mulcaplying certain of the
operational outputs by either unity, Yy or Y“1= I#y and then summing these quantities. The
selection of quantities to he summed to produce the desired synthetic sensor output 1s governed
by the A vector. A resolver implementation of sensor output synthesis 15 shown in Fig 3-4
[or the general ¢ase. Six such resolvers are required, one for each dodecahedron axis. The
resolver signals S1 , either multiplied by Y or by umity, are gated into a resolver by
sequencing signals Tij and control signals C1J . The overflow output of this resolver is
the dodecahedron sensor signal, cither synthetic or real, to be used in the dodecahedron-to-
triad conversion. The comtrol signals CiJ are derived from Eg. (3.13) as functions of the
A vector and are given in general form by Table 3.5. Table 3.5 1s made specific to a partigu-
lar sensor by means of Table 3.4. Implementation of the control functions 15 by means of a
read-only memory whose inputs are the five li and whose outputs are the C1J . This memory
has a capacity of 16 words, each 15 bits long. Six identical memories are used, one for each
of the dodecahedron senseors, Each memory 1s made specific to an axis by the combination and
permutation of X's wused as 1ts nput. These are specified by Table 3.4,

TABLE 3.4
Table for Substitution in General 1-Gyro Restoring Equation

General Var:iable
Sensor ll l2 33 A4 AS Ab EA EB EC ED EE EF EG EH EI EJ
A 2 A A Ap Ay M iBy By By By By B Ep By By By
B 14 M M Ay Ap Mg By By By E5 By By By By Eyy By
C 13 A A * " M |E5 By Epy Eg Eyp By B Ejg By By
B2 A 2 A g A |Eis By By By By By By By By Eg
E |2 * % % A % |[B By By B3 Eyy Ey5 By By Ep Epy
Fool* %% % 28 % % Fip B Eig By3 Bi5 B5 B3 By Epp
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TABLE 3.5

Table of Binary Constants for Dodecahedron Gyro Correction {see Fig. 3-4)

Eq. [ Ay kg Ag A5 dglco; C3T Cao €31 O3 C30 %41 ©T 42 S51 3T 52 C61 %67 C62
Alr11100f1 0 0 0 0 1 0 1 0 0 06 0 0 0 0
11 1 1
1 1 1 1
B8l11010{t o 1 1 0 1 0 06 0 0 1 0 0 0 0
c{11001{0 o ¥ 1 06 0 6 6 0 0 0 0 0 0 1
11101
pl1o110f{0o 0 1 06 0 o 1 0 0 0 0 1 0 0 0
10111
E{10101]1 0 1 0 0 0 1 06 1 0 0 0 1 0 0
F{10011l0 1 o0 0 0o 0o 0o 0o 0 1 o 1 o 1 1
clo1110|/0 0o o 1 0 6 ¥t 0 1 1 0 1 0 0 0
i]lo1101|lo 6 o0 1 o0 1 0o 1 0 0 0 0 0 1 1
I{01011!0 0 6 0 0 1 06 06 0 06 0 1 0 1 o0
1011
Jloo11110 6 0 06 0 6 0 0.1 1 0 0 0 0 1
1 1 11

When all six dodecahedron sensor signals are assumed
conversion takes the form

/
SX sin @ -sin @ cos & cos ¢
5. (=% 0 0 sin @ -sin @
y 2
Sz cos o cos « 0 0

present, the dodecahedron-to-triad

0

cos o

sin &

0

CoS

]

-sin @

"I
J

3=

H

[==)

OU’»

L e
o

[¥21

el 2]

(3.14)

The implementation of the conversion 15 by means of three resolver eircuits, each 1denta-

cal to the one shown in Fig. 3-5. Whole-number representatiens of the constant half-sines and

half-cosines are gated into the resolver by synthetic sensor outputs

Eq. {3.14}) and by sequencing signals Ti . The overflow cutput of each resolver 1s the

respective triad signal. - 923 -
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3.2.2 Parity Integration

To implement the parity equation determimation of gyro failure, a weighted integration
techmque will be adopted. The reasonming behind the use of integration 1s that quantization
effects in both the gyros and the computer must be separated from significant gyro devietions.
Weighting 1s included to mask out long-term drift due to roundoff and other effects within the
parity computation itself. Consistent with other sections of the computer, an operatienal
digital procedure will be used in the parity section of the system.

1
The form of the parity conditions used closely resembles that shown by Gilmere. That 1s.
for the first parity equation

0 = (SA - SB)cos o - (SC + SD)51n o {3.15)

where S1 1s the output of gyro 1 and 1s a measure of w o For perfect gyros, Q1=0 .
Thus Qi represents an angular-rate error. Since pulsed gyros are assumed, where each- output
pulse represents an increment of angle, the first parity equation may be written 1n angle form
as

dx, = Qldt = (dBA - dBB)cos o -'(QGC - deD)S]n o (3.16)

and simlarly for the other equation, Temporal weighting and integration are introduced by
defining the quantity Pl .

p = j KO- oy (3.17)

or
t
dX_(T)
- I =K(t-T) 1
P, j e —Jr . (3.18)
0
If dXI/dt==O for t<0 then P1 15 seen to be the convolution of dXI/dt with e_Kt The
differential form of the above integral equation may readily be shown to be
dP1 chi
rrals -KP1 +'&t— (3.19)
or
dP1 = —KPldt + dx1 (3.20)
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The final form implies a simple DDA solution, as shown in Fig. 3-6.

dt
Pdi
-~ K P dt "
dX

FIG, 3-6 DDA solution.

The implementation of this cenfaguration using resolvers 1s shown in Fig., 3-7. A complete
solution to allow correction of two failures and detection of three simultaneously requires 15
units of the type in Fig. 3-7, although the elements so designated may be shared among the 15
systems. It 1s also possible to mechanize a single-failwre correction scheme using just six
of the units in Fag. 3-T in which the Xm inputs are switched among the parity networks. The
gyro failures {up to two) are indicated %y the binary quantities Al, 1=A,B,C,D,E,F . The
value K1=l corresponds to the condation that gyro 1 is eperative. The ki are binary
functrons of the parity threshold functions EJ . Specafically,

Y= 1 'EJ) (3.21)

1
subset
i

The EJ subset forleach Rl 1s indicated by Table 3.6. The EJ numbering corresponds to

Table 2 in Gilmore. Detection of three or more failures 15 given by

—

5

IT= I E . (3.22)
g1 )

The condition kT::O(Xf= 1) indicates that at least three gyros have farled, but the failures

cannot be 1solated. This 1s equivalent to complete system failure.

The rationale behind the use of the weighted integral foxm of parity equation follows that
discussed hy Keene 2 The prevalent type of semsor failure 1s performznce degradation, evidenced
by either scale factor change or by excessive bias. Let ¢ be the sensor output. Then

g = (3 EN e)(ﬂ + b (3.23)

where a 1s the scale factor, & 15 the scale factor error, b 1s the bias, and w 1is the

measured quantity. Since integrating sensors are normally used, the output of interest 1s
J gdt = (a + ©) | wdt +bt . (3.24)

Then for constant WEwW
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TABLE 3.6
EJ Subset for hi

E, 1 1 1 1

E, 1 1 1 1

E, 1 1 1 1
E, 1 1 11

Ee 1 1 1 1
Eg2 U 1 . 11
E, 1 101 1

Eg 1 11 1
Eg 1 1 11
Ep 1 1 1 1
E;, 101 1 1

Eo 1 1 1

Eyq 11 11
Eyy 1 1 1 1
Eys 1 1 1 1

§ = J gdt = ant + (soy + b)t (3.25)

implying a ramp error behavior. Since X; 1is a linear combipation of the B's , it too exhib-
1ts ramp behavior under these conditions. Let X1==90t . Then Eq, (3.19) becomes

Pt -KPl + QO (3.26)
oY

0

P =2 (1- Xty . (3.27)

If M 1s defined as the maximum allowable value of P1 . then threshold 15 exceeded for

|
1
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or

i} (1 SRR (3.28)

Solving for the time ty @t which the inequality 1§ satisfied,

1 Qo
LT ‘P‘“(QD - I{M) (3.29)

Thus, KM 15 established as the minimum error rate for parity failure, and the time untal sueh
failure is detected 15 adjusted by K and decreases with increasing Qo .

3.2.8 Constant Rate Multaipliers

Although 1t has been suggested that standard resolvers be used to effect the multiplica-
tion of a sensor or other pulse-rate signal by a constant quantity, another interesting approach
has been developed. The basis for this approach 1s given in Appendix A (Smooth Sequences) and
stems from the realization that the pulse rate resulting from the multiplication of the source
rate by a fixed quantity (less than unity) should preserve as well as possible the relative
pulse density of the source. Although the use of resolver-type rate multiphiers does in fact
preserve relative densities optimally, several techniques have been developed which perforn
the same function with appreciable circuit savings. One of these well suited for applications
in the dodecahedron sensor tr~nsformation computer will be deseribed. Consider Fig. 3-8 which
shows an interconnection of pulse counters and inkibit elements. The upper counter produces
one ouwtput pulse for every a, 1nput pulses, and so forth. ~Each time a pulse counter produces
an output pulse i1t inkibats ome input pulse to the counter immediately above 1t. Analysis of
thas carcuit shows that the pulse output frequency 25 equal to the pulse output frequency mul-
tiplied by P/Q , where P and ( are relatively prime integers and

ay + ——t— (3.30)

Equivalently, P output pulses are produced for every Q input pulses. The P output pulses
so produced are synchronous with i1nput pulses, but are cpaced as uniformly over the input pulses

as 15 possible.

The representation of P/Q in Dg. (3.30) 1s as a simple continued fraction. The proper-
ti1es of such fractions are well known. One property of particular interest here 1s the
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representation of irrational numbers by their approxamation in continued fraction form.

Theory shows that all algebraic irrational numbers may be represented by an anfinite continued
fraction whose partial gquotients (a, amr Eq. (3.30)) are bounded. The theory shous further
that the approximation of any rational or irrational number by a truncated simple continued
fraction is optimal in the sense that the absolute error incurred 1s smallest over all rational
approximations with denominator no larger than that of the continued-fraction-derived approxi-
mation.

A case of special interest in the dodecahedron-to—triad conversion system 1s the multipli-

cation of sensor output pulse rates by the gquantities

y=sog_ /5ol (3.31)

and

ShE——= 14y (3.32)

where 2% 15 the angle measured between any two dodecahedron normals. The expansion of Y as

an 1nfinite simple continued fraction 1s given an Eq. (3.33)

(3.33)

This leads to a very simple pulse-rate multiplier of the type shown in Fig. 3-8, since all
the a, are umty and are therefore just direct connections. The resolution of this multiplier
15 determined by the number of stages used. For a resolver-type multiplier the resolution is
doubled with each stage that 1s added to the storage register, since this has the effect of add-
ing one more bit to the number added. It is i1nteresting to compare the resolution per stagé of
the resolver to that of the continued fraction multiplier. Clearly, the resolution of an n-bat
resolver-type multiplier 1s 1/2" and 1s independent of the quantity by which the rate 1s mul-
tiplied, The approxaimate resolution of the continued fraction multiplier can be calculated
using known properties of continued fraction expansions. The nth convergent of 3 continued
fraction is defined as the rational fraction obtained by truncatang the continued fraction after

th
the nth partial quotient. If Cn 1s the n convergent of some continued fraction, then

C,= Pn/Qn (3.30)

and
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(3.35

In Eq. (3.33)

1im Cn =y .

The odd-order convergents form a monotonic sequence that converges to Y from above and the

even-order convergents form a monotonic sequence that converges to Y from below. The abso-

lute error E = lCn-YI is therefore bhounded by the difference between the nth and n-1%*
convergents. Letting this difference be Dn '
ot = le, - ¢yl = 3 Ql (3.36)
1 - n-n-1
and
1
o _,I=1lc ,-¢ I (3.37)
n-1 n-1 n-2 Qn_lQn_2
b
but
1im Q =Y0 . (3.37)
e n-1l n
Therefore, in the 1imat,
2
b —-¥D . (3.38)
n n-1

Thus, each additional partial quotient included in the continued fraction approximation to Y
tnereases the resolution by a factor of approximately vy 2=(3+/5)/2=2.618 , and as n
increases the resolution approaches 1/Y_2n= 1/(1+Y)2n . The resolution of resolver-type and
continued-fraction rate multipliers is compared in Table 3.7. In the strapdown system a resolu-
tion equivalent to a word length of 16 bits 1s generally required. It may be seen from Table
3.7 that this resolution 15 obtained using only twelve stages of the continued fraction multai-
plier. Another advantage of the continued fractiom multiplier 1s that 1t 1s essentially a
parallel system with no carry propagation delays. Therefore, slower electromic components may
be used to attain the samespeeds as the equivalent resoelver.

A working model of a 12-stage continued fraction multiplier was constructed. The circuit

di1agram of this unit appears as Fig. 3-9.
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FIG. 3-9 Continued-fraction pulse rate multiplier.
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TABLE 3.7

Comparison of Resolmtion of Resclver
and Continwed Fraction Ratic Multapliers

Cont. Fraction
n Besolutioy] Resclution
1 2 2
2 4 6
3 8 15
4 16 40
S 32 104
6 64 273
7 128 714
8 256 1870
9 512 4895
10 1024 12816
11 2048 33552
12 4096 87841
13 8192 229979
14 {16384 602070 .
15 32768 1576239
16 655336 4126648
17 131072 10803704
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CHAPTER 4

INCREMENTAL COMPUTER COMNFIGURATION
FOR A REDUNDANT CMG CONTROL SYSTEM

4.1 INTRODUCTION

The objective of this study is to present an ineremental computer siructure
for a space vehicle attitude control system that uses a set of six skewed,
single-gimbal, control moment gyros (CMG's) as actuators and a set of six rate
gyros in a dodecahedron configuration as rate sensors. The computer is to em-
ploy the redundancy in both the sensors and actuators to provide fail-operational
performance. %The CMG configuration of six skewed, single-gimbal gyros (exemplai~
fied by the Sperry 6-GAMS configuraticon) can be sized %o provide three-axis
control with failures in as many as three of its gyros, and the dodecszhedron-
configured rate gyro package can provide vehicle rate information from any three
of its six rate gyros.

L.2 GENERAIL DESCRTPTION OF THE CMG CONTROL SYSTEM

Since the compuiations to be performed by the CMG control computer are di-
rectly related to the specific configuration and steering law selected for the
CMG's and also to the rate sensor configuration, these items are described
briefly in paragraphs %.2.1, %.2.2, and %.2.3, respectively. Paragraph 4%,2.h4
identifies the functions to be performed by the computer, inecluding a discussion
on three—variable versus six-variable input data to the steering law computer.

A brief discussion on computer failure detection is presented in paragraph L.2.5.

4.2.1 The CMG Configuration

Previous studies conducted jointly by Sperry and Lockheed for the Air
Forcell have idenvified a family of skewed, single-gimbal CMG configurations,
denoted as the GAMS family of CMG configurations, to be the most efflclent in
terms of weight, power, and volume in providing redundant three-axzis attitude
control., Specifically, the 6-GAMS confaguratieon, illustrated in Fagure 4. 2.1,
is particularly suitable where control is fo be maintained with any two of the
siz CMG's not operating. Although the conirol computer in this study is directed
principally toward this configuration, the results are expected to be adaptable
to other configurations.

The black arrows in the CMG configuraticn model shown in Figure 4-1 de-
pict the angular momentum vectors ;hif of the six gyros, all of approximately
equal magnitude. These vectors are shown in their respective reference direc-
tions in the figure. The notation used in describing the configuration angles
is shown in Figure 4-2. A11 gimbal axes are tilted at an angle f from the
x-axis, and the projections of the gimbal axes on the yz-plane are directed at
angles y = }0, 60, 120, 180, 2h0, 300§ degrees from the y-axis. The gimbal
angles denoted vy « = {uq, eeey-dc} are measured from their respectlve reference
directions in the comterclockwlse direction about the gimbal axes as shown by
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the angular seales of each gyrc in Figure 4-1. For a = 30, cevs Of, the net
angular momentum veetor, H, of the CMCO configuration is =zero, assuming that all
the indiyi@ual momenta, ’hiz’ are of equal magnitwude. In general, the projec-
tions of H cnto the vehicle principal axzes are given by equations (4.1), where
S¢ j denotes sin ( ) and C¢ y denotes cos ( ).

6
=2 h, 85,8
T j=1 + Bra,

) .
}% :i_z,l.hi (sYi c“i + cBi C‘fl S“i) {4.1)

. {C.C ~-C 8 8
Z 4= 1(Yi oy Bs oYy ai)

Equations (4.1) do not ineclude the angular momentum due to the rotations of
the gimbals and rotors about the gimbal axes which, for the purpose of steering
law computations, may be assumed to be negligibly small in comparison with the
angular momentum due to the rotatlon of the rotors about their spin axes.

CMG systems provide attitude control by approprizate transfer of angular
momentum between The CMG'S and the vehiele, The mathemetical law by which de-
sired vehicle angular accelerations (or torques) are translatsd to gimbal rates
is referred to as a stesring law.

h.2.2 (CMG Steering Laws

The equation of ragid-bedy angular motlion for the vehiele (not including
the CMG rotors and gimbals) is given by

Tv = Iv.m +Q I, u (4.2)
where
Ty, = 3 X 1 matrix of projections {onto the wvehicle principal axes) of
the net torque vector fv acting on the vehicle
Iv = diageonagl matrix of vehiecle inertias about the principal axes
w = 3 x 1 matrix of projections of the vehicle rate vector W
0 = 3 x 1 matrix of projections of the vehicle acceleration @
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0 -, coy
Q= @, 0 0 (4.3)
_-coy mx O R

Similarly, the equation of motlon for each CHMG rotor can be expressed in
terms of angular momentum as

TRi = Hi + QHi (4.4)

vhere TR and Hi are the 3 x 1 matrices of projections of the torque and angular
k1

somentum veciors, respectively, for CMG number i. The net torque, T, produced
by all six CMG's on the vehicle, neglecting gimbal inertias, is then given by

n

6
T=~-3 T
= R
=L 1 (4.5)
= -H - Qf
shere
6
H= Z H . 4.6
- 1
1=1
By the law of conservatlion of angular momentum,
IV w + H = Hh (4.7)
where -
¢ (4.8)
H, = Lo, + jo T4dt! .

Hn = net angular momentum of the vehicle plus the CMG's

w, = © at time t = o

Td = forque acting on the vehicle not caused by the CMG,

i.el’ Tv = T + Td -

The CMG system is normally initialized so that H is close to zero when w = O;
i.e., w_ 1s normally close to zero.

From the previous equations, the vehicle angular acceleration is glven by

L _l »
t -Iv [H + £ (Hn) + Td]
1 4.9

i
1
1l
e



This apperimation becomes an equalliy if W, = 0 and Td = 0, The vehicle accel-
eration, w, can thus be controlled by controliing H. If I can be controlled so
that

= _I‘;t)c (4.10)

where @, is a commanded w, the torque produced on the vehicle by the CMG's is
given by

T = Ifmc + 2 Iv (m - mn) ' (4.11)

vwhere o = Iv'lHn, the vehicle rate not caused by the CMG system. For », = 0,
the CHG sysiem thus inherently compensates for the centrifugal couple, SZIv'n,
produced when m has components in two or more of the principal axes for vehicles

with unequal inertias.

By teking the time-derivatives of the components of H, given in equations
{4.1) for the 6-GAMS configuration, H can be expressed by

H= A« (4.12)

vhere 4 is a 3 x 6 matrix of elements, T3 5 given by

a1J = hj SB 0“1
. =h. S, 8 -C,C. C
ay; = By (Yj a; % S, “1) (4.13)
@y = =hs (C. S_ + G4, C
3 J(Yj o P '3“3)

for the stated configuration. Thus, the matrix A is a function of the gimbal
angles a = 3@1, seny a6§.

ﬁ can therefore be controlled by controlling the gimbal rates, &. To
control H according to equation (4.10), a solution of equation (4,12) is
required. OSince A is singular, any solution tha® exasts is not unique. The
specific solutlion that is adopted for a CMG system, even if it is only an ap-
proximate solution, 2s commonly referred to as the CMG steering law.

The selection of a steering law significantly affects the sizing (magni-
tude of hi) required for the CMG's in order for the system to be able to meet a
specified angular momentum envelope requirement. The most prominent steering
law is based on the pseudo-lnverse 2.3 of A and iIs referred to as the
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pseudo-inverse steering law. The significant feature of this inverse, denoted
by AT, is that it provides the unique minimum norm solution if a solution exists.
In this case, AT can be computed by

At = a7 (AAT)_l . (4.14)

In minimizing the norm of the giwbal rates, this steering law tends to
emphasize the gimbal rates of the CMG's that most efficiently provide momentum
transfer in the commanded direction, thereby tending to maximize the net angular
momentum envelope obitainable for the CMG configuration. Although other steering
laws have been investigated (such as the superposition of solutions for three
CMG's, and the transpose steering law vhich provides a very approximate solu-
tion}, they have been found to be either less efficient with no simplification
in the computations, or very inefficient with considerable computational simpli-
fieation. It may be possible to improve on the pseudo-inverse steering law to
increase the efficiency of angular momentum utilization even further, but a
study to identify such a law is beyond the scope of this project. Without fur-
ther justification, the pseudo—inverse steering law is selected for the CMG con-
trol computer described in this report.

The steering law compubtations thus provide gimbal rate commands, Ty to
the individual gimbal control systems in response fto wehicle angular accelera-

tlon commands, éc’ in accordance wlth the following equation:

S s tes
a, = AH = -A Iébc . (4.15)

L.2,3 The Rate Gyro Configuration

The wehicle rate information required for attitude control system stabll-
ity and/or vehicle rate control is to be obtained from a set of six rate gyros
confipgured to sense wvehicle rates along the six dodecahedron axes shown in
Figure 4-3. These axes correspond to the normals of the Taces of a regular
dodecahedron and have the unique property that the acute angles betwesn any two
axes are equal, given by 25 =634 degrees. This configuration is deseribed hy
Gilmore4 The significant feature of this sensor configuration is that the
vehicle rates can be obtained from any three of the six dodecahedron rates, de-
noted by T = {ry, ..., Tgis
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FIiG. 4-3 Dodecahedron axis system.
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The vehicle rates, m, can be projected anto the dodecahedron axes to ob-
tain the dodecahedron rates T by

r=Bo - (4.16)

where
- —
8 el e
-8 0 c
- I s o
E = (4.1D)
c -5 o -
0 ¢ s
o ¢ -
L 4
and
1/2
s= sin & = (iJ%ﬁng) ~ 0.526
(4.18}
1/2
¢= cos d = (EJ;E¥E{) ~ 0.850

If 21l six rate gyros are operating properly, the signals they generate, denoted
by Ty, are approximately equal to r. If a failure is detected in rate gyro num-
ber 1, however, this gyro is disengaged; i.e., ryy = 0. Let

A = dlag JAq; seey Agl - (4.19)

where~hi = 1 1f rate gyro number i is engaged, and Al = 0 1f 1t is disengaged.

Then

r, = AT = Eo (4.20)

where E = AE. To determine » from T Tequires the solution of equation (4.20)
Mlthough E is a constant matrix for every state of A, there are 42 states of A
for which at least three of its elements are 1's; and there are 20 states for
which exactly three of its elements are 1's., Therefore, at least 20 different
solutions are required in order to find @ under all failure conditions (up to

three failures).
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Since any three rate gyros contain sufficient information to find w, only
the 20 solutions are required to meet all failure conditions. By using all the
rate gyros available, however, the effects of inaccuracies in the signals can be
minimjzed. The pseundo-inverse solution given by equations (4.21) and (4.22)
providesthe sclution for o that minimizes the norm of sr - Ty {(the "least-
sguares-f£it" solution)

w, =ET 2 (4.21)
vhere
=]
gt = (&%) &7
(ﬁTrE) -1 (E:TA) ’ (4.22)

and vhere @, is the set of sensed and fransformed signals for o. This solution
is identical to a three-signals-only solution when all but the three respective
elements of A are set to zero.

The detection and isolation of fallures in the rate gyrc package is also
a major %task for the CMG control computer in order to generate A. Catastrophic
failures can usually be detected by various types of moniters, but errors in the
signals are not as zasy to detect. Gilmore describes a set of pariiy equa-
tions that isolate two gyro failures and detect a third failure. These equa-
tions are presented in Table 4.1 under the notational conventlon adopied for
this report.
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TABLE 4.1

Parity Equations for Rate Gyro Failure
Detection and Isolation

Bquation Sigels,
1 (rl - r2) ¢ - (r3 + rk) s =0 123%
2 (r, + r3) ¢ - (ry + r5) s =90 1235
3 (r3 -y} e+ (ry -2e) s =0 1236
1 (ry, - 1y) ¢ + (T, ~ 1'5) s =0 12hy
5 (ry,+my) e -(r; ~T) s=0 1246
6 (rs - 1'6) ¢ - (rl + r2) $ =0 1256
7 (ry, + r5-9 ¢ - (ry -T3) s =0 13h5
8 (1‘6"?3)0""(1‘1'*‘1'4)5:0 1346
9 (rp +r) e~ (2 + Tg) s =0 1356
10 (r5 -ry) e+ (J:'lF ~ 1) s =0 1456
11 (rg - r3) e+ (ry, ~1y) 8=0 2345
12 (rg + 1) ¢ + (r, - r3) 5 =0 2346
13 (ry - xg) e+ (ry +75) 5 =0 2356
1k (ry + rg) ¢ + (1), - Tg) s =0 2h56
15 (1'1,. - r3) c + (r5 - r6) s =0 3456

44 —



L. 2.4 Control Compiter Deseriniion

The principal funciion of the CMG control computer is to generate gimbal
rate command signals to the six CMG's of the configuration described in para-
graph #.2.1, such that the vehicle responds in accordance with input command
signals for vehicle rate and acceleration, using the rate signals provided by
the sixz dodecahedron configured rate gyros described in paragraph %.2.3. 4n ob-
jective of the computer structure is to take advantege of the redundancy in both
the CMG and rate gyro configurations to provide fail-operational performance,
including failures in the compuier.

The control law for the vehicle rate control system, illustrated in
Figure 4-4 can be written in the form

. 3
By = Bge + G (me - ms) (4.23)

where

— vehicle acceleration commanded directly as an lnput
to the rate control system

5]
t
e
I

vehicle rate error

G3 = 3 x 3 diagonal matrixz of compensation functions

The input signals ST and @, are provided either bWy a contrel law for the ve-
hicle attitude control system or by manual commands. The vehicle rate signal
Wy 185 obtained by converting the six dodecahesdron axes rate signals T to
vehlele axes signals.

Since both the senser signals Ty and the gimbal rate command signals

a, are 6~tuples, the question has been raised as to whether there are any ad-
vantages in performing the computations in six variables without first reducing
the rate signals to the three-variable format. It has been suggested that by
performing computations of data in a redundant format, perhaps some reliability
advantage can be obtained with incremental computers, for which simultaneous
computations are performsd by separate components. The thought 13 that if one
or more of such compornents should fail without affecting the remainder of the
computations, the redundancy of the data and the computations would permit fail-
operational performance, Investigatbions into this approach indicate that fail-
operational performance is obtainable for certain component failures, but the
complexity of such a system is considerably greater than for a system with re-
dundancy at the overall computer level. In addition, there are many types of
compufer failures that do not permit fail-operatlional performance. Two complete
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romputers with failure monitoring or three such computers with majority voting
wrovide greater reliability and sppear to be less complex for reasons dlscussed
subsequentliy.

The vehicle accelerations in the dodecahedron sxes for which raite gyro
;ignals are available, AT, can be related to gimbal rates by combining equations
(4,9), (4.12) and (4.20) to obtain

AT = -Ra (4,24)

Jhere

R = EI "t

v A - (4,25)

ind where the disturbance terms of equation (4.9 are neglected for simplicity.
fhe steering law in this case 1s required to solve equation (4.24) for a, in
terms of wvehicle acceleration command signals v, in the six-variate format.

c
This command signal is given by

T = Eo (4.26)

and for the vehiecle rate conirol law of eguation (4.22)

1]

: b 3 o
T,=Bo, +EG (nc »S) . (4.27)
3y requiring that the three dizgonal elements of G3 be identical, thereby re-
wiring that the control system characteristie be identlcal in the three wehicle
ixes, the product E &> can be written as G E, vwhere G~ is a diagonal 6 x 6
matrix having diagonal elements identieal to G3. Equation (4.27) can then be

sritten as

&
chc + G (Eoc - rs)

He
!

(4.28)

_i g :
= Toa + G (rc - Is)

Mpure 4.5 shows the structure for this controel law.

The sbteering law in this case is required to invert the 6 = 6 matrix R
and the pseudo-inverse is selected for the reasons given in paragraph ¥.2.2.
The simplest method for computing the pseudo -inverse of a 6 x 6 matrix of rank 3
is to first factor it into the product of a 6 x 3 matrix M times a 3 x 6
natrix N, which is always possibleb. The pseudo-inverse 8 of R = MY can
then be computed by

A -1
s =gl = nT (NNT (MTM) Mt (4.29)
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FIG. 4-5 Six-variate control law.
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Some authors deflne the pseudo-inverse by equation (4.29).7 Therefore

s = nt ot (4.30)

S ¢can be factored as follows to obtain

w
|
r""H"'-\
1
bja
S’
—te
k=
-

A*IVE* . (4.31)

M though there are infinitely many ways of facbtoring R to obtain the unique
5= RT, equation (4.30) indicates that the pseudo dnverse of this 6 x 6 matrix
is equivalent to a transformation of the six-variate acceleration commands ic
to some three-axis format, followed by a transformation to the siz-variable gim-
bal Tate commands &c' The question is whether implementation of the 6 x 6
matrix S can provide any advantages in terms of simplieity or reliability over
cascading the 6 x 3 and 3 x 6 matrix factors of S.

Direct computation of the elements of S can provide limited fail-
operational performance if such failvres can be detecied and isolated. By ex-
panding the steering law computations

o . (4.32)
G, = -5 Tao
to obtain
Go1 = 511 Tey = Byp Tep v ser 7 816 Tog
ucz = _SZ_ I‘cl - 822 I‘c2 = ees - 826 Tcs (4.33)

LR NN

» -8

%o ™ "Sg1 Tey ~ Bgn Top = o0 = Sgg Tep

it can be observed that the effects of a fallure in the computation of the ele-
=ment, Sij’ can be nullified by letting Aj = 0, thus causing ica to be zero.

The steering law is a function of A, and is therefore automatically modified to
conpensate for this step. 8inece the elements of column j in S are nullified by
this procedure, isolated computation of the elements of this colwm is required.
lowever, all 18 elements of AT must be computed Lor each of the six columns of
5, necessitating six isolated computations of these elements, each slement being
a relatively complex function of the six gimbal angles. An increase in these

computations, which constitute the bulk of the steering law computations, by a
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factor of six represents a very significant increase in the complexity of the
entire computer. Yet it provides fail-operational performance for only a
limited set of failure types, namely those failures which can be isolated to the
computation of the elements of a column. Further use of the rate gyro corres-
ponding to the failed column is unfortunately also nullified by this procedure,
thereby reducing the redundancy of the rate gyro package.

o perform steering law computations on the six-varisble signals also Te-
quires conversion of the three-variate input command signals, écc and w,, to fcc
and T In addition, six rate-loop compensation filters are required instead of

the three required with the three-variable system.

Based on these observations, it appesrs that parallel redundancy of the
entire computer is preferred both from standpoints of complexity and reliability.
The remainder of this report, therefore, considers only the three-variate strue-
ture for the control law.

Figure 4-6 shows the basiec structure for the CMG control system in
terms of its subcomputers, the CMG configuration, the vehicle, arnd the rate gyro
package. ZRedundancy in the computation is not shown; thas aspect is discussed
in the following section.

4.2,9 Fail-Operational Computation

Fall-operational performsnce for a computation function can be obtained
with two or more compliete chammels of computation plus monitors that are able
to detect and identify 2 chennel failure. In some cases, the only reliable
technique for identifying a failure 1s to "vote" between at least three channels
for a single failure, at least four channels for two failures, and so on. If
1t is possible fto reliably deteet a falilure in & single channel by a simple
method, one less channel of computation is reguired in comparison with the
voting method. It is therefore worthwhile to investigate techniques for failure
monitoring.

The sieerang law computatlon and the dodecahedron inversion both consisit
of the inversion of mairices that are very much simpler to compute in the for-
ward direction than to invert. By performing the forward transformation M on
the output of an inversion transformation MT and comparzng the resulting out-
put with the original input, an indieation of a failure in either of these
transformations is obbained, This prainciple :s 1llustrated in Figure 4-7,

The scope of this study does not permit comparisons of various methods
for detecting and isolating failures, and the approach suggested here requires
further study.
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L,3 STEERING LAW COMPUTATION

Since the steering law computation is by far the most complex functlon to
be performed by the CMG control computer, most of the effort under this program
has been devoted to this function. Paragraph 4.3.1 presents the equations to be
computed by the steering law computer, paragraph %.3.2 describes the principles
of incremental computation, and the remaining paragraphs describe how the equa-
tions ean be. implemented with ineremental computation.

k.3.1 Eguations and Computer Siructure

The steering law computer is required to generate gimbal rate command
signals &c to the indlvidual gimbal control systems of the CMG's in response
to vehlcle angular acceleration signals 0 in accordance with equatlions given

¢
in paragraph 4.2.2 and repeated below for convenience

.r

Gg T - L,
“e1
& .
c2
Pex
0.- -
S = c3 b=
%e “e Doy
Sel o
ez
CLC5-
&06
L .
1. o o
x
Iv =10 Iy o
_O 0 IZ
Ix’ Iy, and Iz are the anertias of the vehlcle about its principal axes, and

[Af = AT (AAT)“l] is the pseudo -inverse of A.
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To simplify notations in the subsequent development, the following defi-
nitions are made.

B = aaT (4.34)
C = ad} B (4.35)
g, = det B (4.36)
D = AL (4.37)
—_ !-__ -
u = (a )(Ivmc) _ (4.38)
(o]
Then,
U (_d;_) (4.39)
Q
and
. . . (4.40)
@, = ~Du

By leaving AT in the factored form, as in eguation (4.39) only three divisions
by the seczlar do are required compared to 18 such divisions if the elements of
AT were to be computed. Since B is only a 3x3 mefrix, the adjoint methed for
inverting B is used. The steering law computer can now be structured of sub-
computers related to the above defined variables so that they can be discussed

separately. Figure 4-8 illustrates this structure of the steering law
computer.

The A computer computes the elements of A glven by

au = hj SB Gaj

{4.41)
= -C.C C
2y T My (8738“3 By “3) ‘

8y = b (073 sOLj + G S?jcﬂj)'
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Llement aij may be factored into

where

pyy = (mij saj +ny caj ) (4.43)

and where 93 is the speed of rotor j in revolutions per second. The constants

mij and nij are given by
mlj =0 4 = QHIRSB
= 5 = ., (4.44)
m2j EWIR Vj an EHIRCBCVj
m3,'j = —QnIRCyj n3j = _ZEIRCB SY.-]

vhere IPL is the inertia of the CMG rotor about its spin axis. For the A-GAMS

configuration described in paragraph 4.2.1, the y angles are O, 60, 120, 180,

240, and 300 degrees so 38 }and iGy } are specified, but the gimbal axls tilt
3

J
angle 8 depends on the reaquirements for the net angular momentum envelope.

Thus, the A computer for each of the 18 elements ’aij% performs the

scaling and addlition of the input signals, Sa and Ca y ag indicated by equation
3 J

(4.3~10) and multiplies the result by the input signal for rotor speed, UJ.

To help visualize the complexity assoclated with each of the subcomputers
of the steering law computer, the related matrix expressions are expanded in the
following discussion. Since B = 4aT 15 a symnetric 3x3 matrix, only six elements

such as those meking up the upper triangie of B, are required. These elements
are

byp = app” *oap eyt a4 a152 + oyt

Dyo = ajqan F @ypa55 * 81485y * an80, t 815805 T 81680

P13 = 2p333y T 810230 * A13833 Y A3, T Ay5835 * 81603 (4.45)
Doy = ay”  ag, * aé32 tag® + a252 + apg”

23 T 821731 T Ppp83p * Ap3f33 o Anuay, + agstys *oagcagg
_ 2 2 2 2 2 2
b33 = 331 + a32 + 333 + a31i_ + a35 + 336
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The C computer evaluates the upper trlangle elements of C = ad] B since

this matrix is also symetric

Elements of B gnd C are used

9

c 2

11 ¥ PopPaz = Po3
T}
C1p ¥ Dygboy = Dyobag

Cy3 ® Pygboy ~ Py3boy

_ 2
€op T PyyP33 = Py
Cpy ¥ Byybys = Dyybyg
c = b,.b -'02

33 ° Pribop = b1 -

to compute do :

= byyeyy * Ppotin ¥ Py3cy3

The 18 elements of D = alc are computed as follows:

ay9Cy1 * 291610 t 231%53

833%12 T 251%p F 231C%23

+

= 8y3C13 * 8p10p3 t 331033

839C13 F 250015 T 23503

a12%0 t a9pCpp * 235%03

a15013 T AppCp3 T 830033

4

833%131 * 223%12 T 23313

a13%2 T @p3%22 T #3393

+

813013 T 223C23 T 233033

843Gy F BouCyp T 834C 5

a13Cy o T BolCoy T Bq1Cog
= ajuCyy b aoyCpy a3yl
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815%1
895%02

815%13

816%11 +

816%102

416°13

The only divisions required in
omputer. The elements of this 3 x 1

The &c computer then vrovides the

£

855C1 2
8y5C00
255%03

826Cy 2

856%23

+
+

+

-+

806%22 +

+

#3513
#35%23
#3533
236%13
236%23

336033 .

(4.48)

the steering law computer are in the u

matrix are

I ]
x“ex

W =7

performing the following computabtlions®

4

&

&

&

.
&

Qg =

cl

e2 ~

c3

et T

37

=Gy
dorty
A3qYy
Gy
A1y

dg1hy

o]

-}

4y o1y
Aoty
+ 3324

* dyou,

4t

Asptiy
dgouy
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+

+

+

+

(4.49)

of the steering law computer by

d13%3
G233
d33u3
33

g3ty

dgau3 .

(4.50)



4 summary of the types and numbers of mathematical operations required
for the subcomputations of the steering law computer is presented in Table 4.2.

TABLE 4.2

Mathematic Cperations for the
Steering Law Computer

Subcompuber Additions | Multiplications | Divisions
A 18 18 0
B 30 36 0
C 6 12 0
do 2 3 0O
D 36 54 0
u 0 o
& o 12 \ 18 0
Total 10k 1h1 3
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t.3.2 Incremental Computation

An incremental compuier is a speelal purpose digltal computer that has a
wmber of features which make 1t atitractive for solving equatians of the type
required for the pseudo-inverse steering law. In contrast with the general
nurpose type diglital computer, which performs entire computations during each
computation cyele, an incremental computer updates previous computations. BSuch
zomputations are generally muich slmpler and are performed simultanecusly on the
mmerous varlables of the problem. The time required to complete each computa-
tlon cyecle is therefore much less than for z general purpose computer, permit-
ting higher sampling rates.

In an incremental computer, the varlables of the computatlons are stored
In binary registers, referred to zs Y registers. The_ content (numerical value)
stored in a ¥ register 1s Increased by one when so commanded by a pulse, &Y,
representing an lneremental incrgase in the variable Y. The AY pulse can also
be negative, in which case the Y reglister is decreased by one. In addition, the
content of a ¥ reglster 1s added to the content of an B register when so com-
nanded by a positive 2X pulse, or it is subtracted from the R register for a
negative AX pulse.

Figure 4.3-2 shows the schematic symbols adopted for the incremental com-
puter elemenis. Since the R reglster has the same capaclty as the Y register,
repeated 80X pulses of the same sign willl cause the R reglster to overflow. Bach
time the R reglster overflows in the positive direction, a posiitive AZ pulse is
generated; 1f the overflow 1s In the negatlve directlon, & negative AZ pulse is
generated., This AZ pulse can then serve zs a AX pulse or a AY pulse for other Y
and R registers. Let

Z(n} = AZ(1) (4.51)

v

1

where AZ(1) is the AZ pulse preduced by the i'th AX pulse, AX(1) TAZ(i) may be
0, +L, or -1]v Let ¥(i} and R{1) be the contents of the Y and R registers, re-
spectively, at the- occurrence of 4X(1), and let ¢ be the capaclty of the regis-
ters. Then

c2@) + R@) = RQ) + I (W) XD 4.52)

Therefore, forl Y(i)l > > 1,

n
T ¥() AX(1) - (4.53)

Z(n) =
8 1=1

o =
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For the case where Y(i) is 2 functlon of X(i),

X(n)
Z(n) = %f YX(1)] ax(1) . (4.54)
o)
This computatlion structure may thus be used to integrate functions of indepen-
dent variables, and combinations of such elements may be used to generate func-
tions that are solutions of differential equations. Computers structured by
interconnecting integrators of this type are commonly referred to as DDA's
(digital d ifferential snalyzers).

The computatlions for the steering law reguire only additions, multiplica-
tlons, and divisions. The sum of several wvariables can be obtained by feeding
thelir respective & pulses to a common Y register and properly controlling their
pulse times so that they do not oceur simulianeously. Such timing control ecan
be implemented by varlous methods, and will be discussed later.

Multiplication is readily obtained by noting that

d( 2) L, 47, + Y,a¥; (4.55)

Therefore, let AXl = AY2 and AXZ = AYi, and let the two Y registers add inteo a

common B reglster as shown in Figure 4-10. Then

a2m 2 (T,87, + LAY )= 2 8(%Y,) . (4.56)

The accuracy of this computatlion improves with the size ¢ of the reglsters.
It can also be lmproved oy prover seduencing of the operations when AYl and AYz
oceur slmultaneously. Investigations of such methods are beyond the scope of
this study.

4,3.3 AA Computation

The AA computer generates increments *Aaijf to increase or decrease the
values in the set of 18 reglsters that store the elements of the A matrix, given
by equations (4.42), (4.43) and (4.44). Column ] of A corresponds to CMG
number j. The incremental computer structure for the three elements of this
column is shown in Figure 4-11.

The Y register corresponding to some variable, y, is l1dentified by this
varlable, and it stores the numerical value X_ ¥y +where X_1s a scale factor.
The F register that generates Ay is ldentified by Y. Constant numbers are
represented by the oval-shaped areas in Flgure 4-11. For example, when a posi-
tive pulse for a0, occurs, the Y register containing K, Gj is Ilncreased by the
constant number Ko . j

J



AL

A X =

AY — Y

FIG. 4-9 Basic incremental computer elements.

l
T e

FIG. 4-10 Incremental multiplier.
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The rotor speed Uj (revolutions per second) can be held constant by the
spin motor electronics to some degree of accuracy, but high accuracy may be 4lf-
fiemlt bo achieve. If the rotor speed is sensed and Included in the steering
law computations, rotor speed control 1s not required at all, permitting slmple
spin motor electronics. The rotor speed is therefore included in the steering
law computatlions.

The rotor speed is computed by counting revolutions Bj over a perlod of
time T;. A pulse AB produced for each rotor revolution lnereases the
counter by one. A pulse AT,. 1s produced each T, seconds by some clock. T
must be quite long, such as several seconds, to permit sufficient resolution in

Gj. When the AT, pulse occurs, the Sj register is first set to Ky ej, where Bj
1s the present number in the counter and where Ke = K4 /TU {(cheosen to be &
power of 2 for simplicity}. The counter ls then reset to zero. Next, KS Sj and
Kd Gj are compared by adding the first to, and subtracting the second from, the

£ reglster. I this difference 1s positive, a positive Adj pulse 1s generated

g
and causes the Uj register to inerease by K, , or viee versa for a negative
pulse.

To obtaln maximwm accuracy in Incremental computations, the Y reglsters
should be scaled so low that they are as full as possible without overflowing.

Therefore, K; 1s selected so that K; tlmes maximum Uj is close to but dees not
J

exceed the register capaclty c.

I (or KG = Kc /TU) should be selected to minimize the error in Uj' if

I, 1s very large, the maximum error in 03 due to rssolution, given by

Uj/ﬁj = 1/, 1is small. However, the ?aximum error due to a change 1n 9y during
the T; interval, ¢ T  (vhere 0 = max ¢, assumed constant in this interval), is
large. The T; for which these errors are equal is glven by I; = l/V &m .

Incremental signals for sin ¢, and cos a; can be cbtalned by numerous
methods, but at the present state of the art a set of six resolvers with a
single time-shared A/D converter for all six gimbal angles appears to be the
test candidate. Selection of a preferred method 1s not performed under this
study. The scale factor for the registers in the A/D converter that store Sa and

CGJ is Ksc5 l.e.;, & Asaj pulse corresponds to a change of 1/KSc in Sa , ete.
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When a positive &Sa pulse or ACG pulse occurs, the Eij reglsters are
inereased by the respectlve constants, mij and Ny If this produces a positive
overflow of a Pij reglster, the resulting Apij pulse causes Pyj to lncrease by

one, and o, %o be added to 3,,- Overflovs in the 2y ; Tegisters then produce the

output pulses of the AA computer, which are held in flip-flops until called for
in the nexi computation eycle. Additlons to the gij reglsters are also produced

by a AUJ pulse.

Although there are many ways to perform the functional operatlons symbol-
ized in Figure 4-11, comnsiderable savings in hardware may be realized by
serlalizing many of the variables on a single, long, circulating reglster.

Table 4.3 deseribes one method for sequencing the additions into the Eij

registers. ALl 18 variables ;pij} are serlalized on a single, long register

in the sequence shown in the table, and the size variables %djg are serialized
on a single register such that exactly three cycles of the o reglster coincide
wlth one cycle of the p reglster, and such that the least significant bits of
915 pyys and Eij coinelde, etec, as shown. The 18 a registers are the saume

length as each word of p and ¢. During word interval 1, the p register adds
into Epe Eil reglister if Adl = 1 (or subtracts if soq = -1}, the ¢ register adds
into aj¢ if Apjg = 1 (or subtracts if 4p; = -1), ete, as shown in the %able.

It is algo possible to serialize the aij varlable with increased loglc com-

plexity and longer cycle time.

. 63 -



_;.9..

TABLE 4.3

A Computation Sequence

Interval:

10

il

12

13

1%

5

16

17

18

p

P11

Pol

P33

P19

Poa

P32

913

P23

P33

P 1[{.

P ol

P 3k

P15

Pos5

Pog

P1g

Pag

P36

a

g

%y

"

Ty

pha

03916
FAP 26
mp36

pAG

pAUl

pac

pbe

pad

Uf\pll
Gﬂp21
Uﬂp31

pad

o401
0Ap22
UAP32

pAG

UAP13
UA923
pAG

pAUh

phay,

phaoy,

PAU5

QAGS

Uﬂpz3
98033

pAGS

7801y
9B a0,
5lp 5

PAOG

Uﬁpls
9025

0&935

pA06

pAU6




The Aai pulses accumulate in the E:L register (which 1ls part of the
4B computer}. The number stored in this register is given by [per equation
(4.56)1

=4
Koy 0 = % (%p15) (Kyoy) - (4.57)
Therefore, since a3y = pijdj Lequation 4.42)], the scale factors are re-
gquired to satlsfy
K X
x = -Pii % (4.58)
84 )

In addition, the ¥ registers cannot be allowed to overflow. Therefore,

Kpij max Ipijl s e (4.59)
Kcij max Idijl < e (4.60)
Kaij max ‘aijl < e . (4.61)

If more than ona Aai pulse is permitted to cccur for each computation
eycle, the complexity of the Aaij adder must be increased significantly. To
avoid this situation, let

K max |‘°i,’jl + Xy

Py 3 max |Uj| < ¢ . (4,62)

J

Maximum accuracy is obtained with the scale factors as large as possible, sub-
jeet to the above constraints.

Let the constants ™y 5 and nij have the ssme scale factor, Km . Then

i
1

K, p =3 K m, .S, + N c . (4.63)

Pagf i3 c Igﬂ:}.j sc ( 1 aj £ &Ij)
Since Pyj = mijsaj + nijcaj [equation (4.43)], the scale factors mmst satisfy
K (4.64)

K = Km sc
P13 =43 - .

Also, to prevent more than one bpij pulse per computation cycle,

Kmij (lmiﬂl + lniﬂ|) <o (4.65)
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L.3.4 AB Computation

The AB computer calculates the ilnerements for the six upper triangle
elements of the B matrix given In equations (4.45) . Figure 4-12 shows the
structure of this computer, which has 18 Y registers to store the A matrix
elements and six R registers to generate the Abij pulses.

Bach of the three diagonal elements of B is the sum of the squarses of
the six elements in a row of 4. By letting AX = AY (see Figure 4-9), we
obtain

= L&
A7 = = YAY

(4.66)
.~ X 2
=3 08?) .

£ s
=+1 1
Therefore, by adding K . aij to Kb .bi' when Aa 3 1 for each j, the

content of the Y register that accumulates the Abii pulses will be

6
1 2
E b..~=z= Z (X a) . (4.67)
bii ii 2c =1 ( aiJ 1

In order for

6 2
b = T a;. ' (4,68)
ii J=1 1j
the scale factors for the diagonal elements of B must satisfy
ES Ka 2
Ky, = —=— (4.69)
ii 2¢

where I{a = Ka for a2ll j.
i ij

For the off-diagonal elements, muwltiplication is performed as described
previously. In this case, .

1 6
b == I X a,. K a . (4.70)
Kbij 1370 Fy Fay faeta
Therefore,
< Kai Kaj
R I R T2 B (4.71)
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The AC computer, deseribed in paragraph b.3. 5, requires that all ele-
ments of B have the same scale factor, Therefore, let Kb =K, for all 1 ard
j» The result 1s that K, . must equal Kb/2 which may be accomplished glther

~id
by adding iwice to the bli registers for each Aaij or by delaying the addi-

tions by one bit; thus doubling the nmumber added to Lhe register.

In order to ensure that, at most, one Aby s pulse 1s produced during each
computation cycle, the following constraint is placed on Ka:
6 L P
K, Kil nax (aik|+ max [ajkI < ¢ forall i, j . (4.72)

This constraint limits Ka to 2 lower value than the constraint given by equa-

tiop (4.71). Since Ka = K, for all 1 and j and since it 1s reasonable 4o

let K, =X, for ell j (all wheels have the same speed), eguation (4.50) 1n-
J

dicates that XK = Kb for ail 1 and j. Equation (4.58) is therefore
ij
replaced with .
Kch
K, ==%— - (4.73)

Table 4.4 shows & computation sequence for the additions to the b
reglsters where the variables ij _are stored serially on a single circulating
register in the order shown. #Hach bij register recycles in the period of a
one-word interval of the 4 register, During interval 1, twice the musber in
the A register during that 1nterval is added to the bll register 1if Aajy; = 1.
The A reglster also adds to the b12 register if Aazl = 1 during this interval,
and to the b13 register if Aa3l = L. All the computations of the 43 computer
are completed in one cycle of the A register.
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TABLE 4.4

B Computation Sequence

Interval 1 2 3 L3 5 ] ? a 9 10 11 12 13 14 15 16 17 18

A 11 o2y 3 82 "2 32 a3 23 31 By Aoy [ 5 295 35 836 %25 "0
hll 2A 84y 24 8o 2 B4 28 ay), 2A 8ye 2h 814
bya A a5y L' LYY M.u.zz A 85 N‘na M°1J M“zh M“l’-l .Ln25 A 015 .F-'.nzé A LT .
bl.'S A..n31 Mgu Maaz M“l? M°33 Muu Ma2l+ Mu“ MnJF ""nlﬁ A..a36 "’““15
Pas 2Mu21 2M322 2At.n23 2""*5‘2!‘ 2“‘“25 2)\-'.&25
b23 faayy | May Mazp | Moay Raayy [ Mag Anay, | Asagy Aayg | Magg Aayg | Magg
b33 ZLaal 2h 19 2:\.’.n33 2Mn31' 24 45 2Lu36




4.3.5 AC Computation

The AC computer, illustrated in Figure 4,13, computes increments for the
adjoint of the B matrix+ given by equations (4.46). 4s In the AB computer,
when squaring computatlon is performed, the addltion to an R register is doubled.
This can he accomplished by delaying the numbsr to be added by one bit time.

The doubled addition is signified in the figure by a "2" placed next to the AX
arrowhead which indicates addition of ¥ to R. 4s for" the previcus computers,
the scale factors must satisfy

2
K
=D 4,74)
Ke == ¢
By requiring that
K, © m&x]bij| s ¢ (4.75)

where the summation is tzken over the four terms bij of each of equatlons
(4.46), only one Ac pulse will be produced during each computation cycle,

Table 4.5 presents a computation sequence for the additions to the
¢ reglsters for this computation, where the elements of B are stored serially on
a single circulating register in the seguence shown,

- TABLE 4.3
C and do Computation Sequences

Interval: 1 2 3 4 5 &

B: byy by by 3 b2 boq b33
N BAbyy | -2BAbyy | Biby,
1o ~BAby; BAby+ BAD, 5 -BAb,,
313 BAD,, ~BAby, ~BAby 5 BAby , ‘
[ BAb3q ~2BAD; 3 BAby 4
eog “BAbyy | BAby BAD, , -BAby
333 BAbys | ~2BAby, | BAbyy

C: Coo 023 033 iy o ‘ 013
& BAC, 4 BAC, BAC, 4 Cabyq CAby , CADy 5
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k,.3.6 Ad, Computation

Computation of the increments for do, the determinant at the B matrix

[eguation (4.47)] i1s performed by adding elements of B and C to a single
R reglster, as shown in Figure 4-14. The sequence of these additions is
shown in Table 4.5, wWhere the elements of O are stored on a single register

in the sequence shown. The scale factor for do 1s given by

_ 5
Kg =5 (4.76)

and by constraining Kb and Kc 50 that

3
Kch 321 m&XIblj|+ max]cljl < e 4.77)

with only one Ado pulse produced during each computaiion cycle.

L,3,7 AD Computation

Figure 4-15 1illustrates computation of the increments for the 18 D

elements given by equations (4 48) . Similarly to the previous computers, the
scale factors for the elements of D must satisfy
KX
K, =-—2SL-xK, . (4.78)
dij ¢ d

Therefore, they must all be equal. By requiring that

3
KK, = kfl max|ay, |+ max| kj] sc for all 1, j (4.79)

only one Ad pulse 1s produced during each computation cycle.

Table 4.6 presents a computation sequence for additions %o the E
registers where the elements of A and C are stored serlally on respective single
registers in the relative sequence shown.
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TABLE 4.6

5 Computation Sequence
Interrals i 2 3 L 5 [ 7 8 9 10 11 12 13 14 15 16 17 18
4 o tap el ta) a2 | 2| 3| ca | aa | ot | e |t | mis | eas | oty | sie |t 16
C1 12 F %12 | %23 | S22 Ca3 f %3 | e11 | e1a “13 | %2 | %3 | %33 11 f12 | %13 | co2 | oy | ea3
Ell Mcll J.Aclz M¢13 c“‘ll c‘“ﬂ cujl
G | maeqy| tacyy | aaey, Canyy Caayy | Ca2y
313 Aacy3 dacyy | aseqy Cangy Canyy | Canyy )
321 Mcn M°12 Mc13 CAalz c.saa2 Cuéz
Ty 1agyp| cp, | May, Cazy, Cany, | Canyy
323 Mc13 me23 A.ac33 c&ala c.\azz CAIJZ
331 .ul:ll J.Ac}_z MclB 05513 cnaza Cﬂ533
232 Mc12 Mczz Mcza caalj C.!na CAa33
333 'Mcl} Aﬂeza Mc33 Caan c:.aaj C-na33
a.191 Mcn Mc12 Mcn C.\allr 5"'“21, cath
31,2 MCyy [ Moy [ Aegy Caay), Cingy, | Congy
31‘3 MclS .uc23 Mc33 Ciayy, Ciay, 6.1331.
351 0331 Ca-ias Caa35 A..'Acu Ly, Mcu
252 CAuls Caazs 05135 Mclz Mczz A.-'Ac23
Z53 Cor g Cazpe |Clays My |Maeyy |asey,
dgy Cangg {Clan, [Clazg Aieyy (mey, [Megy
262 C.-:alﬁ C‘“zs C:\536 Mcla uczz Mc23
gy Ciyg Casgg [Camy ey ey, jateqy
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$.3.8 Au Compubation

The An computer performs the divisions of equations (4.49) by multipli-
cations in the feedback paths, as 1llustrated in Figure 4-14.

When the number stored in the El register is positive, the element
identified by the letter S in the figure (and inappropriately but convention-
ally termed a "servo"), produces positive 4u pulses at the computation cycle
rate. When 51 1s negative, the servo produces negative 4u pulses. No pulses

o
are produced when . is zero.

i
When a positive by pulse oceurs, the number KI Igs which is scaled

to be nearly as large as ¢, is added to the 81 reglster. Similarly, a positive
Ad pulse causes K u, to be added to s The resulting Aul pulses produced
cause Kd do to be reneatedly subtracted from sl until El is zero. ({The register

may not go to zero exactly, in which case the servo will generate alternate pos-
itive and negative pulses.)

The change in gi due to Aécx pulses or Ad_ pulses can be expressed as

]

Asl KIXIX Am ;iuu Ad - K dOAul (4,80)

0

A [(KIXIX> (wa»cx)] - a [(Kuul) (Kdodo)]. (4.81)

Since gl:: 0, and with proper imitialization of the do and g registers,

t

K K o
IK "Dx I o

u = Ku Igd ) . (4.82)

To satisfy equations (4.49), the scale fachors must therefore satisfy

=% X = 1 } 4.83)
Ry %3

Similar requirements apply to the y and z axes.

To ensure that the ¢; register does not overflow, the scale factors
éhould also satisfy ‘

<
KIxIx + Ku max }ull max ldol Sec ., {4.84)

o}
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Table 4.7  presents a computation sequence for El’ 52, and ES’ vheTe 1,
Uy and uy are stored seriazlly on a single register as shown, and where do is
stored on a single register that recycles at the rate of each element of u. The
computation 1s completed in two cycles of the u register.

TABLE 4.7

~
€ Computation Sequence

Interval: 1 2 3 L 5 6
u: ‘lll 'L‘l.2 U.3 Ul u2 'L'l.3
a: d,, a, a, d, d, dy
El uad, d ouq
'52 uAd a o,
'é‘3 . uAd, d duy

+.3.9 A&C Computaticn

The A&c computer, illustrated in Figure 4-17, computes increments for
the desired outputs of the steering law computer [equations (4.5001. As 1in
the previous cases, the scale factor for the registers that accumulate the

A&c pulses (not shown) must satisfy

K = —— . (4.85)

By requiring that

[s 4

K ¥ max id. + max |u < ¢ for each 2 (4.86)
j=1 13 il =

only one &c register overilow can occur during each computation cycle.

Table 4.8 shows a computation sequence for the &c registers, where the
elements of D and u are each stored serizlly on single long registers in the
sequence shown.

Bince &c is most likely desired in analog form for the CMG gimbal control
system, the Aéc pulses may be fed into counters that are parts of a D/& conver-
sion system.
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TABLE 4.9

gc Gomputation Sequence

Interval: | 1 2 3 4 5 6 7 8 g 10 11 12 13 1k 15 16 17 18
Ds Gy | oGip | g3 b dpy | odop | dpy b odyy | Qg Hdgyy fdiy (dyp (o3 (95 | d5p 1953 1% | ez | Y63
ul ul u2 113 1.1.1 '112 u3 ul U.2 u3 ul u2 u3 ul u2 \.13 'Lll 1.12 'lJ.3
Ecl Dau, | Douy DAu3 uddy, | uddy, uAdl3

gcz uﬂde?_ u[_\.d23 Diu; | Dauy D/_gu3 uﬁdzl

§c3 uAd33 uAd3l u;:)da2 DAul DAu2 D.{\u3

gclr uﬂdlﬂ uADl+2 uAth DAul Dduz Dnu3

5@5 Uady, | ubdgy | UAdgy Dauy | Dan, | Dauy

ch uadgq | uddgy | wAdg, Dauy | Dau, [ Dauy




L.y OTHER COMPUTATIONS

L L,1 Triad Conversion

The triad converter changes the slx rate signals r. = irsq,---, rst

from the dodecahedron configured rate gyros, described in paragraph 4.2.3, ta

vehicle rates w, = iakx’ gy ? “%z* « The equations to be computed are given by
equations (4.21) and (4.22) and are repeated here for convenience :
_ =t
wo = E Ty
where
ET - (ETE)"l ET
E = AE
- o o
-8 (s
T = c s 0
s -8 ©
o c s
0 ¢ -5 |

A= diag {)Ll, 08y AG}
s = sin & =~ 0.526 .
¢ = cos & =~ 0.850

I rate gyro number 1 1s used,; A; = 1j if it is switched off because it
has failed, A; = 0. Let

F = EIR (4.87)
P =adjF (4.88)
Q = PEY (4.89)
q, = det F . (4.90)
Then
Cwg T -}l-; Qrs . (4.91)
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Since B changes with A, the Q matrix can be recomputed by performing these

computations each time A changes.

This method requires minimum memory and is

probably the preferred method with a general purpose computer. The elements of

Q@ can also be expressed in terms of the elements of A.

This method is pre-

ferred for incremental and analog computation, and is described as follows,

Let

Then the 18 elements of Q are given

%3

49y

L.

By = 25 ¢

By = 255 +opq

By = By + Ho

By + B

Ak T

P

AiAjAk'

ooy FoRorpon *EA o
*eyriog toEotizs - r1ti3g
“Ratius T k2Aong T Aot sg
“koriz3 = Horioy - “hAIZ?
“Bytpog T Pto3s - Hotosg
“Eotong T ok1tong t 2Rotogg
R KT kY
Tegtogy T k3t T loag
TEitqng T katug T 2katyse
B3tzay *eztus T omdg
Tr3togy *oetong T orgtong

Tr1Aaus T eitgne T 2e3tygg

- B2 -~

(4,92)

{4.9%)

(4.94)

(4.95)

(4.96)

by the following expressions:

(4.97)



dis

816

Qoo <

Q23 =

CJ.25"

= -i3hyog

“B3hy35 T potiug " kghgg
~kpra3s *oE3tons topghagg

~kot3gg T Botysg

= =Bohry3g t E3tng T kgtgg

~k3ho3g * oo ~ Bahosg
—pot35g * potysg
B3hyoy — Eotyog

*eotiog - B3ty3yg T okoAras
“torius * Egtng
B3ty03 = B3tion - kotias

teoriog = Borogg tok3Aoag

—#3hons T Eoholg

o+

Srohio3 T oeptyay ooty
“r1r13g T oEntasy m Bitogg
*rotozg torotilg T kotaug
“2eoMon < Epti3y T Fatys
“Eotng - wytogy = katons
*r1to0g - BoAgug = Botaug
2e3rio5 *oryty3s * Rt
teyAisg tokatogs Foytong

teytagg *orgtygg * kMg

~ 83 -

(4.97)



':131

Q33 =

Q3]+ =

%435

= 2pat0g * ongdyag T Mg

Teatisg T Rtz T k3toug
Tk1to5e T 37356 T F3Muse
k1103 * eaton tor3tygg
B e PTG R S R Y

~e3h136 T r3tans T oeytng

= paryoy T gty tor3riog

+p3h126 + 2p3ix23ll_ + ;1321235
ttoze T oeytong * R3tong
~koti3n T k3ti3g - Batiag
Feotogy T oEotags * E3thaag
R UL I e

~epry3y ~ Eoting - B3tig
Trohosl T orghons *okotolg
Te3taus T #3h3us

rot135 ~ F1tius T rotise
“Byrogg * kot T okotogg

Peohgus T P35 T kI ge

= Biti36 " BoMhe ~ votisg

“Boho3g T ob1holhg ~ kotosg

—2g2A3h6 - phA356 - BMysg

~ 84 -

(4.97)



To express q in a similar manner, let
pg = h-sl"c2 = (03 - 53)2 (4.98)
Fé = l+$2c!+ = (03 -+ 53)2 . (4.99)
Then

Ao = Bghipy T kshion T orghiog
" teghiog T orghian torgtias
*pghi3g ¥ rstus T oEghLs
*gtise tokghazy t st235 (4.100)
*rghoze T Hehaas T r5hous

trstogs *orgtang T reh3ks

*rghisg T Fgtugg -

A1l of the preceding elements are sums of the constants i”l’ “eesy p6t
weighted by A's that are either one or zero. A possible method fcr computing
@ [equation (4.91)1 by the ineremental method described in paragraph 4.3
is to initially store the 16 d's and the Ly that correspond to no failures in
the Y registers; then when a faxrlure occurs, change the ¢'s in accordance with
the preceding equaticns. Only the six constantis By <o PB% need to be
stored to accomplish the requared changes in the q's and.qo. The incremental
computation for arg w1ll then be similar to the au and dac computaticns de-
scribed in paragraph 4.3,

L. 4.2 Control Compenzsation, Failure Monitoring, and Mode Control

The three compensators required for the vehicle rate loop (see Figure
4-6) can readily be accomplished by incremental computation. The application
of this computation technigue to flight controls, for example, has been studied
by several flight control system mamufacturers, inciuding Sperry. Due to the
limited scope of this study, this section of the CMG control computer will not
be investigated.
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The failure monitoring and mode control function of the CMG control com-
puter (Figure 4-6) generates the A's for the triad conversion; the rotor
speeds o for the steering law computer; and supplies the display signals re-
quired to monitor the failure status of the CMG's and sensors. The major com-
putations required for this funetion are the parity check equations for the
sensors listed in Table 4.1. A computer structure for the computations re-
quired by the failure monitoring and mode control funetion is not presented
in this study due to its limited scope.

4.5 CONCLUSIONS AND FECOMMENDATIONS FOR FURTHER STUDY

The steering law computations are by far the most complex computations re-
quired by a CMG control computer, and they outweigh the remaining computing
functions in selecting the type of computer to employ for controlling CHMG's.
Since these computations are time-variant and nonlinear, digital compubation
is required. A general purpose computer can certainly perform these computa-
tions but 1t is considerably more limited in speed than an incremental computer.
The time reguired to do the steering law compuiations on a UNIVAC® 1819 com-
puter (designed for airborne use) is estimsted Lo be 6.37 milliseconds. If we
roughly estimace that the time required to perform the total CMG control com-
puter computations 1s 10 milliseconds, then a sampling rate of 100 samples per
second saturates the computer. For some of the ahticipated requirements for
future CMG control systems, sampling rates of this order are required. It can
therefore be concluded that the use of a central, general purpose computer,
which is also required to perform cother than CMG control functions, is not
feasible for the type of CMG system described in this report.

An incremental computer can be made much faster than a general purpose
computer, but its speed depends on the level of serialization of its compu-
tations., A bit-time of O.% microzecond is eazily accomplished, and 1f a 300~
bit register is used to serially sbtore a set of 18 ¥ variables (such as the
18 a's or d's), a computation cyecle takes 0.15 milliisecond. Of course, there
are also lags in incremental computers that must be considered when comparing
them with The general purpose type, but it is clear that incremental computers
are mich faster. Also, since computations are performed in parallel, adding

functions to an incremental computer does noi require additaional computation
time.

In terms of complexity, it is not obhvious at this stage which type of com-
puter is the simples}. Further study would he required to determine parts
counts. They may be quite competitave in this aspect.
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Since ineremental CMG conirol computers have some definite advantages over
general purpose computers for this application, it is recommended that a further
study be initiated to design a prototype inecrementzl computer for a specific
CMG control system requirement, and to compare it with a general purpose type,
programmed for the same function, in terms of complexity (parts count), ac-
curacy, reliability, weight, and power consumption.
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CHAPTER 3
SINU DIRECTION COSINE SIMULATION PROGRAM RUNS

5.1 DLCSCRIPTION OF METHOD AND RESULTS

The purpose of the simulation of SIMU operation was to determne the error accumulation for

large angle changes in position and also the worst-case mode of error accumulation during
extended runs,

5.1.1 Types of Runs

Three types of runs were made and are described below.

(1

(2)

(3)

Runs simulating a mption to a given angle and then back to the zero position. The

angles used range from less than 1° to 180°.

Oscillatory runs taken near the zero reference position where the curve of data from

the test above indicates that the worst error accumulation occurs.

Three-axis rotations where the inputs are: {a) up to one radian for x , followed by
one radian for y and then one radian for =z , followed in reverse order for the
return to zero; (b) single pulse inerements in x, y and 2z followed successively
unt1l each axis has had the pulse required ta read up to one radian rotation {32,768),

then the reverse order ¢f the same increments'of x, y and z unti1l zero is reached.

5.1.2 Test Results

The results of these tests show the following:

Figure 5-1 shows that error accumulations in direction cosine values after votation
- 0
te a particnlar angle (of 180 or less) and then returning to zero degrees were limited

te a maximum value of approximately one part in 37, Refer also to Table 5.}

The error moves up steeply until approximately 2000 unidirectional input pulses have
been accumulated. This 3s approximately a range of one bit of error for every two
pulses fed the system by the time the rotation back to zero 1s completed. (See steep

initial slope on Fig 5-1,)

The three axis runs were made for conmtinuous inputs of @ fixed number of pulses for

x, ¥y and then =z sequentially. They were also made for runs where the input pulses
were increments of ax, Ay and Az repeated 1n that order until the required number
of sets of pulses were processed. Thereafter the reverse sequences of pulses were
given te return the system to the zero reference. Table 5.2 lists the above data

plus that for each set of two axis updates for 8, 128 and 32,768 sets of 1nput pulses,
the value 22,760 approximating one radian of rotation. The results show the order of
magnitude of error for the number of pulses specified tc be the same as for single

axis operation. However, as 15 expected, they are not identical values.
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The oscillatory runs consisted of ten cycles from O to 1024 pulses and back to deter-
mine the effect of extended testing on the maximum error rate that the system initially
produced. (See Fig. 5-1.) The result was that the erre) increased proportionally
for as many input -pulses as were applied. See Table 5.3

These tests were run to provide a reference to determine the correct operation of the SIMU.

TABLE 3.1

ST Simulation Data

Single Ax1s Values After n{48) Pulses

n Cll cl3
1,024 037770 000052 165024 000777 165233 027743
2,048 037740 001252 151642 001777 052536 017055
4,096 037600 025245 035227 003772 125673 160345
8,192 037002 124477 036241 007723 073332 133023
32,768 021224 050037 135327 032732 124436 043614
106,496 140140 026754 104267 174423 052267 067173

Single Axis Return to Zero Values After n(48) Pulses and n(-49)

n Cll ci3

1,024 040000 000000 037670 000000 000000 041541

2,048 040000 000000 037666 000000 000000 041727

4,096 040000 000000 037673 000000 000000 041706

8.192 040000 000000 037675 000000 000000 041662
12,2¢8 040000 000000 037663 000000 000000 041651
16,384 040000 000000 037711 000000 000000 041622
32,768 (40000 000000 040031 000000 000000 041461
65,536 040000 000000 037631 000000 000000 037303
98,304 040000 000060 037717 000000 000000 097112
106,49¢é 040000 000000 037444 0000060 000000 0353560

5.2 PROGRAM DESCRIPTION

The program, written for the UNIVAC 1108 in Fortran IV, computes new direction cosines
from old direction cosines using the truncation-error-free algorithm. See the flow chart
(Fig. 5-2) to determine how thi$ si1mulation was programmed.

The nature of the iterative process 1s controlled by punched card inputs i1n the format
described below, Provision was made for controlling iteratien by selecting angular increments
in each of the three axial senses, ;. ; and ; . Let the three selection variables he DX,
DY, DZ . DX=0 means skip an angular increment in this sense. DXFQ means perform the appro-
priazte 1teration for an angular increment in this sense (this angular increment 15 assumed
fixed). Refer to Fig. 5-3.
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input: DX,DY,DZ

input:

PR, LIN1 LIN2
€11:C12:C13

do 350 K=1,LIM2

do

350 K=1,LIM2

&

go to 12

Input and Control Initialization

¥

stop

FIG. 5-2 Flow charts of simulation program.
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I
0
o

1

do 200 J=1,LIM] = “2
1]
do 300 J=1,LIML — 13

Choice of Angular Increment

FIG. 5-2 Flow charts of simulation program (cont.).

computation loops for

f pesitive increments

do 400 J=1, LML

do 5300 J=1,11m1

do 600 J=1,LIA1

®

computation loaps for
negative anerements

Choice of Angular Increment



—2)

“'e

call iter*(012,813) call 1ter (C } call iter {(C 012)
¥ i ¥
computation for positive increments
¥ !
call iter (Cll' 12) call iter (013, 11 call 1ter (012' 13)

&

computation for negative increments

*ITER is the subroutine that actually performs the computation on the
pair of direction cosines that are the arguments in the call statement.

ITER 1tself calls another routine SCALE which_scales the 3 integer

_.variables of each C i

-

. The variable Z
* tive increments.

to lie within O and 216 -

Printing 1s done after each call to iter depending on the control

variable PR.

Computation for New Direction Cosines

FIG. 5-2 Flow charts of simulation program (cont.).
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ITER

L

isolate high order bits

JES JEC
JRS JRC
JYS JYC

!

computer with roupnding
5% ~ 5 - s¥2-82
- ¢ - x2-32

scale §' and ¢

¢

isolate high order bits
JRS JRC
JYS JYC

compute with rounding
s - SIJ _ Sfl ;’:2_32
C - CII _ C” *2_32

’

scale § and C

!

return

arguments: (5,C)

#S represents the three integer
variables holding the three 16~
bit parts of the lst direction
cosine, and € 15 used to Tepre-
sent the 2nd. JFS, JEC, etc.,
rvepresent corresponding high order
bits for each part.

Computation is achieved by adding or
subtr%ctlng the parts of S.C,St2‘32,
Cr2=3 . etec., that are of corresponding
order. The high order bits are used to
perform roundiang end "shifting”. See
program for details.

S’,C’.S".C” represent intermediary
results which are i1n the same format
as S and C .

Actual Computation of New Direction Cosines

FIG. 5-2 Flow charts of simulation program (cont.).
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Arauaents: “’hlgh'bnwd'slow)

fhe dirertion cosine 5 1s representod by 3 antegin

S0 FAT kT
___( ll_ variables, Shlqh'bml-ul'blou

]

1 - -
S - =2 & '
low s’Im\' ae Hms o

ol

5, =35
low “low "I:Tll(l H" 1

-

\
h1igh t’El gl !

o I ] R e
5’mml Sme:l = “hiqh Shlu’]h_!

7
It

i bhtqh' %ugh"'

1

1%
S - L9
low blow -

refurn

Scaling of 16-Bit Parts of Direction Cosine

FIG. 5-2 Flow charts of simulation program (cont.).



Two further variables, LIML and LIM2,control the length of the 1terative procedure. Two
specific settings of LIM1 and LIM2 ave of interest:

(1) Limi=1}, LIM2=K means 1terate K times in the fairst selected axial seunse, then K

times in the second, ete.

(2) LIM1=K, LIM2=1 means perform K times the sequence fone 1teration 1n the first
selected sense, followed by one 1teratilon in the second selected sensel etc.

The program performs the "mirror-image" of the 1teration sequence in order to return to
the starting point.

One further variable, PR , 1is provided to control prant frequency. If PB=K , then each

Nth 1teration 1t any selected axial sense forces output of all the direction cosines.

Input variables C11, €12, C13 are provided to enable the user to specify different im-
ti1al direction cosines, Cll, Cl2, C13 are always entered and printed out as & digit octal

numbers.

The program performs ounly integer arithmetic, using one Foriran integer variable to hold
the three 16-bit parts of each 48-bit CIJ , as well as intermediary results (see Table 5.4).

Card Column
1

ox | oy | pz
Card #1 =335 1 110 | 110

110 = integer, field width of 10

PR LIM)l | LIM2
110 110 110

Card #/2 |+

high order | medium order | low order
16 hits 16 bats 16 bats €11 on Card 3
Card #3-5 c C. C.
1 L 11 €12 on Card 4
oF er SF

Cl3 on Card 5
8F = octal integer, field width of F

At the end of a sequence specified by one set of
- ox’ | oy" | pz’ data, Ehe pregram reads a new DX, DY , DZ .
Card 6 101 110 ] 110 if DX'=-1 the pregram stops, otherwise, compu-
tation resumes with a new set of data which 1s
assumed to fellow card 6, etc.

FIG, 5-3 Card input format.
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r=3713"
1I7VTT
~I1TTY
ngnnan

0

Q
Longor
1771717
1778 7%
117777
17177
117767
177757
YTTI67
17774"
177747
}777ER
1777673
1777717
1777177
JTITPTR
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cornar

Single axis - 0
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SEQ:128,1-128510

S5:0, D, 1846008

C:DAD00BA, 18, 1048800

8=
16=
24z
ag=
ag=
ag=
54z
6 4=
2=
B@=
B8=
96=
18 4=
lie=
126=
128=

B=
16=
24=
32=

lfl!lllllrllII!!"IIIIIIIIII!IIIH

[ B |
b b
[ ]
(]}

[ S |
233
"o %

i o l'l nonHn
n
o
n

Results of SIMU Simulation Program for Checkout Runs

4=
18=
142
28z
23=
27=
33=
37=
43=
47=
53=
57=
63=
&7=
73=
71=
73=
67=
£3=
57=
53=
47=
43=
37=
33=
27=
23=
2=
14=

a=

o=

g=

g=
1777177=
177717 1=
17177717=
177776=
1717T76=
1777715=
17777 4=
177773=
E77172=
1777171=
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to 8 pulses and return

37777=
37777=
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377772
aTIre=
37777=
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161 Tag=
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37753
37753

gasTus
11a2°¢

arnTo”
192707,
poare~
1aen6"
Cer ol
176700
gecoor
19576,
orLToo
1moe0.
sporon
17273
grGoasn
1rong
grenos

to 0 again,

axis - 0 to 128 pulses and return to 0 again.
TABLE 5.2
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1777572
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Two axis X,y

3772= 125673= 160345
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17256= 16A164= 181440
22362= 135725= 43374
25637= 174055= 32252
30437=  6T7310= 46571
32T32= 124436= 43614
3N437= 6T316= 46871
25637= 174955= 132221
22562= 35725= 43371
17256= 164164= 171359
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T TT25=  T3552= 13P645
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A= A= z1461

CunzI”m conaTT Pl vl Lanrgg Jagoero~
[N spviety J0IZOr Lenr” SuCf0u aia v
Lymsen QL3327 coaro. ., S400G pagart
oL 1 ety jo] vinds | Mt o] il J4773C0 ogoocn
[ Sataty CrGIT Trecev L b 21 ] | cLonee
LT IS A0 ol shak niat o fFTolC L4Tons ooerer
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RN N acoer woaren “urfGh cpocnn
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1.734C7 EEsiah vy woer’ -4nCo. [sfeg spotal
43327 [etehiriy woanroc Ju3T3. Gu3077
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[FL Loty g o cooed. 4ol gocer?
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carcon cocacn [FEH o J4rCy QGCec”
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sequentially - O to & pulses and return

TABLE 5.2 (cont.)

%8 =

I

3748B= 25245= 35227
37902= 1244T77= 36241
35615= &7727= 72357
34152=  50A714% 175554
31746= 150733= 64586
27323= 176614= 172114
24406= 13657= 173432
21224= SUN37= 135327
24406= 136537= 173433
27323= 176614= 172210
31746= 1507332 54761
34358= 50914= 175747
35615=  67127= 72806
31802= 124477= 36448
37608= 25245= 35484
A500R= R=  4M931

and return to 0 again.
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to O again.
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071777
RREF N
cIrrr7
n3rrey

orI777? -

rTITIT
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Two axis
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repner
guarnne
frL-ror
GuatpT
gucoos

Two axis
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177735
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oodoco
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slapiehii]
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seguentially - 0 to 8 pulses and
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sequentially - O to 8 pulses and return to O again.
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TABLE 5.2 (cont.)
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to O again.
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ancrementally - O to 8 pulses and return to O again.

TABLE 5.2 (cont.)
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sequentially - O to 128 pulses and return to 0 again.
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gwgpIc aocaor poal 7o osrPagc
140022 aeooon 0bg76eD 03777
punacs3 ggocoon apoTen 0317735
140727 cocase G0z15G 037731
CuC3zl occaoc GE21sc 637751
1115 tccoor Ge3uc C37f6.
040122 aadoaonc 0Cc3740 0371650
4pIcy » 00006 Loe13C CI747L
Gua313 ogcaoan apslsn 03707,
187a27 2cooon Gigr?cC G17135
[4PER] coooor ci6rzl G713k
Lhia_" oiesen Lluaric 223370
Lul5L3E LCraace 011060 G3713C
gu2s51n gocaan g1c72¢ BI71%52
Carz7u Lopaco C0s?=C CI7u7s
Lanzva cacaop Cel3l 037510
rarcey coleot ceucusc G27e7u
LeleTy cgroce GC376C rFRITIGL
0484353 Jocaot Sh2233s [ o
L4YGIL3 gccooap 262150 JI7177.
C3778S 6oogao0 ool192c ouonl?
.37755 Gocoon GoOT50 py~gz2o
C.7782 Jecaoce oeozi1g 04,23
Cc3771E8" oocoar pas170 Qun"323
C37152 S0000¢ Gococoo s LRt agraxi
cTiIs? ogoaso agoons ganzs

CLGC77
CoDTR?
Goonesy
JCGLu7
OCGC37
o] o] ] v
coace”
sooTar
cooococ
cocoeon
sLacae
GLopcn
ogooor
adasae
ggocoe?
Loagor
pgagar

trores
gegnol
anoTo”
72762
asle haiei
[l saapeis
jLbolarety
C™w"ol
[ el Haal ]
[+i I hateial
sronat
177777
17777¢
1717775
1771773
177771
1777a3
177765
177771
177773
177773
17777~
171777
oooT4ao
goon~on
geceroo
gIgmoe
ceorpe
23000
akajeladuly]
anango
cagonog
anceee
ong~oo

and return to O

cepcoo
ggceo”
pcocln
ocacl?
0ogoy?

Gora?
eLGiz?
CLCL37
acco3”
{CGEL?
QEGTu”
[+]e3
oLLrs7

e
GLI™a?

cLacs?
gcee=7
GLecow?
pLgTe”
pLecz2?
GLec3z
oLgo2?
gscc2”
GCGL17
oooeriy
Gccel-
gceey ™
aCaceoo
paceaT

[akasiada]]
1*Grad
elelehals]y)
07T
177727
311717
1177717
T7777S
177715
arTTI3
177773
£7171757
177767
177762
177767
177767
177712
177773
172775
177778
111777
1777177
1777717
177717
[elajopalu]e]
groTGo
orarco
[#]alalad4]e}

~arsr-
“4g5c

~4516c
T LN
~uc~n
~uzsre

o

Tuggee
TRt o
~T52y”
~1z3m"
1TTTEL
1eE2 3
172314
137774
FiZ2Es
112538
11253t
Fisz7e
16003y
172570
15537e
13797«
~12a3"
n3535°
~LGO?-
~upnTT
racaz

£scor
nspo?”
rapo7r
esourt
~ugy7-
neGaTe

again.

rsGlr"
" 33261
aT270"
170143
16/820%
C7EYRS
r2214°
178407
1165F5
rr172:
SELTL
"7264%
reIgre
neystT
el 3 Yol
oepres
177207
~13er-
1PETS”
1E7r"
T1657

ro24n:
164504
1RE5PA
~¥255u
©3315u
rupzi1tc
rggz1u

incrementally - 0 to 128 pulses and return to O again.

TABLE 5.2 {¢ont.)
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t 1
Iw 1
c runsgr
1. cTrTNNT
1c nRITN?
iz 07777
12 nITIT?
4. L2771
o b Bl |
fid I A B
Fu £r7777
32 o03z1717
ey ETITTT?
E Il o i i |
So R i i 2
11z IRITIT
112 CITTNY
12& GC3IT777
120 Eled i i i d
-156 n T
=1la Lol O o i
-7 TIITNY
-32 23T
-ug [y v v i 4
-84z iy i i
-a4 Fopndy ey iy
-ab riy777
-8G 031777
-c¢L S31r17
-Sg cITT7
-5 oYrIIT
-1z i i i I
-112 LHL & i i §
-12= C2T717
-128 supnaer
Two axis
l r
1: 1
- Jeonn”
HES TITINT
16 cIITNT
3c [ ar ar v |
iz TV
g L o i i
4 27T
54 o377
T4 r37717
I Fi o i §
/C 77717
Ta n3TINI
-tz ~T7IT7?
~-32 Folnir A i i
-3'_ CTTT"T
-l 27177
-ug 3?1717
1) r-7117
-l =777
-ag L7771
-1z i e
=15 331717
-5¢ ~Tr I
-112 =777
-11z rom--
-123 ol Radaiale
-12¢ Tarcee
Two axis

1
12#
CCrEGT
177417
1776600
17EC37
17504"
17457
17743
175677
17CC3r
16317
1E24Z0
156127
izr~CFC
147337
1874GT
140177
14COG0T
147217
147427
156637
155354d7
1632E7
154350
175377
rycpere
173317
173400
175737
17R04an
1?772E?
1717427
1717777
petagagssinl

oy, Az

157290
Hx bty
17100
17150~
b Ma ol
jrunie
17°33¢
11esan
177537
17720
17752"
17 .r
Scoeor
recso

LGCORE

17777T

1717

177780

17775

1777157

1777+=r

17740

177747

14351 11773r
LU4rrR23 117717
Tulua7l 1771~
tul1b1” r?zr0
187704y 177710
EeIgal 177737
145322 1172700
C4R17u 1777170
143742 17771~
[ R 177710
Iulyse 177787
L1427 117128
lurcz 1777130
cuars iy 1717130
110128 177247
Sugl1ir 1737140
1377142 177750
LI7740 177780
137c64 177780
L17687 177140
1270zu "y
573zu 11770
127050 LBZ0L0
77554 gacpon
incrementally -
L) Gocal”
177777

1777710

177767

171760

177750

17777

18C115% 177747
cunyez 177740
i=0321 177710
[SLYLEY I 1777Ir
Tursiy 177729
CLlyt? 177710
Z4"3I% 11772C
L40%5¢ 177727
LuGe?? 177730
cun2iy 177736
S e 177747
AT 17774
402 177727
LLrTe? 1r7750
L7718 1777AC
Lz77-¢ 117787
€277z 177710
2y 2 1777170
C 77:> oggJer
LoTTE? -LcoGo

«porac
1coeoc
coogop
1epeeG
gnoeec
1GGCC1
gu3C6]
IGanR2
coornz
16CCrs
CeOros
106011
~LGC11
1207018
TGCC16
igooas
CGBCP?5
CGCnilm
GCOGls
wOGO11
Coonil
ccopos
cpacos
caaenz
Loreooaz
a1 t] sdsh
GGoonl
oO0C0nG
pooooo
v 0CO0C
sooeeo
ccocero
cGcooeo

Qurras
L L v
cususy
11756~
113%20
3512584
Gr=17.
19t 34,
17124,
GEoP3C
irn7io
Br5120
CRTT7EC
44731y
121832
032703
11250C
12191Z
121412
CEC?2C
oscv2c
1epr3g
1ens3g
1711ucC
171142
GE7FC5a
CE?CSL
11336C
11335¢C
DUET !
G8%275
C3I7eGl
sy 3-3s1n]

aoGCur
LGCe3y
QLCC 38
aocoozr
goanzr
gcor>
cceeyr
pcenl1-
wCGCor
goccTe

cogepe
320755
0nonGo
1717717
117727
177717
171777
171775
17777¢
177715
177713
177767
177767
177762
177762
177753
177753
5171761
171782
L7777
177787
£77772
177773
571775
171775
617777
177717
8771777
177777
1crit
onc os
1~ CnGo
(elao Rl T

rucErr
rizi-
r3zii
166227
15627"
n7215°
07215°
11650~
11E50°
n134z”
£1343"
Cso7s”
“EGTR™
bLIS T o
rCeT1
cs24™
pngzul
175591
TmA13
a1 4
gs1g2”
12371
r13si?
~758M
Ileer”
c1121¢
£»227°
182321
1663/~
rr201c
~3331u
racyry
1o ol

0 to 128 pulses and return to O again.

oGooan
lcooos
200004
iworac
conoag
130001
Lcorol
1C6Ca2

cgeoz
180005
0GDoD5
1350011
LGCrle
co0Gall
LoCcoIl
CR0Cco.
ogoors
<COOCL
cognr
aggecl
-pacol
GCeroc
rcoeoc
agoonc
.cceeg
JOOCO
cooeca

JatIh,
P LT
Ju5"y,
1n7T6L
11150
Jstz>.
CESE4T
153 38u
171220
Ge7768
Or424G
arsIsg
LITToL
JST3530
Grrell
1rrenn
051193
171r0d
W=z
381712,
SES300
11320y
111214
Jur1d.
“ak or
GI7400
SRR L 2ui1)

LLCror
gnoear
eLeren
] guetulol
[eRrotainiey
HLecr
- p~-n
vl oror
owItTT
L

~

CoEs
Loieen”

aa3"gt
083170
oog17c
[sLe] s R
2176
gnztsa
grzilsc
or3Tyc

003740

arel ic
ongtac
5157286
Tiyvlcg
c117as
a1L™26
DPe25L
cost 3
bof:L el 1o
LT I%4
cr273
[alifad BV
(1340 Ko
rnp7ec
ona@ic
PR Br et
[ kiaele

GTonEg

rae_or”
cuLIe
D400
~3777°
nizrr-
~778!
“377F]
“77ge-
FTI66"
f3747°
r37g7-
C3713°
"7537°
~1713"
"271E2
r3747¢
03751
TR
~TIm
79T
r2777"
7u0EL”
r4GG2~
pugces
arcet
nscn2t
renee -

Ax,4z  incrementally - O to 128 pulses and returu to O again.

TABLE 5.2 (cont.)
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—
L TR

1
1

aunere

1o n371777

1A n3ITTTT

1« Eall Y I o

=L fTTIITY

£ CETTT

3z b i &

g 1177

b - ~rITITT

LS Lol v o ir

“t rr7773

w A B I

3 2219117

T CIT?7

a7 ol o i

—lin et I &

-5 Ay Bl A

-al I A B

P il i el

-al I B

-3 I O i g

-:r rI7717

-3k cSTITT

- 3% lalir i o i i

_35 X717

-11. It

-112 o117

-112 P B A

-12E [ aiaiie B v B 4

_173 "3:"“"‘

-1"= Ll MR
Two axis

1 I

4’ 3a 32758

o} canne

4296 caQjce

2132 By hiY

17238 reglcce

1528y cugQgan

25438C oyanoc

24578 ruDCcCCe

23372 C40C2C0

32753 ganeoo

4Cc3s 537807

flaz 27CC?

12232 7319515

16234 Q34052

27440 0317uc

24576 G2732%

~1a3ay rLs2

-2743g ~3581¢

-74E75 ~1770%

-23672 J37aC”

~32768 ou49ssa

-415 aunace

-313z pudnce

=17zz2¢ furopr

~1529y IRy Sedado]

~2Ca43y aupens

-Zuc76 rapgec

=23672 04agon

-32763 ruQass

Two axis

1

123
JEresS
177437
177417
1774565
176777
176237
174727
173537
173457
1774C°
1Tr117
176217
irTelen
163537
163317
137457
IS
J770en
17-ccr
172317
173430
173eCr
17737
‘7’AIIF
177 2C2
177757
L77uel
177495

cacaao
ceesas
0Cadas
cfrece
0cooa0
aocaan
CCTLot
agooeac
Jgocsag
25245
12uu7y
GeTT727?
OsCal4
150733
176314
CSCTl4
Lairat
124477
C23245%
aonoas
. 900009
a00aco
gcccee
0Qcoor
[ils) et b}
ccecer
392306
uocaoc

T5717

~-J

incrementally - O

cuCace
ougaco
gugooe
Lupcer
csogae
CuIG30
GuUCCCT
0403G6?
ouccan
035227
LIF2u]
77357
175355u
Gou50Ch
172114
175747
o7°%3

C358u7
C35434
6403531
Gurl 3l
0y49C 31
cyoZz

Guf23l
6uf33]
G4EC31
cuycz il
L422351

coa3an
177777
177770
177723
1771760
1777
1717 .1
171757
1TTTED
177750
1777%ur
177740
117740
1711720
171730
177730
177747
177740
177747
1777=C
1777sC
1777:C
177750
1777RC
177750
1777937
17777C
177717¢C
3670CC
Gooase

Lo

shslstuiads]
Jaoons
[tivhiiviaty]
CIColtT
agoaoar
cacace
ccocceo
Ca33230
3CIo3C
032300
CLGOLC

JiCoar

GOI3ae
5SG0CT
Lagzar
32233"
sacane
ta6a3cn
<aGcar
Ja0daae
caoozn
Jaooese
woccoor
34acase
333450
cccace
gdoone
aacsgr

Lzacar
190178
r1aotve
GCH170
100760
IPCTFC
aes7an
162151
102151
0geis1
10370y
133744
0e374y
166137
105137
£C3I40
rosrsy
Goucuy
Lo3 T4y
£Lo2231
£n2231
CGIlsl
cCic22
TI1TRG
uTosc
teozlt
toczic
DCG175
gpCeoc
300500
tooocon

Gu~nne
[oL LR PR
dquiInlg
q4777a
1rutl,
136010
177752
165763
156763
167722
Q17747
f17547
137847
156375
175318
GCT133
ou77546
247150
[_,?'f?sn
174751

Tu4I51
167464
1414872
luta?z
137473
ZeTCs51
o5{C51
247451
37421
St7421
c?7uzl

to 128 pulses

aooa0o0
QCcosog
goooog
coceoc
cGaaoac
Cooooon
cooooo
Gugooo
008000
290006
£oooeo
gcoles
go0ang
aoGtoc
Locrog
Joppoc
cacong
BRI ]
G0ao0oo
aoocoon
pogooo
a0oooo
fonooge
0000ns
aoacaa
coocod
u0ocoo
ogporac

Qs ©o03
Gugogoa
o8 0GGo
Curgol
gufadg
o4 ooac
GaCULGo
0sD0Cg
440000
0453302
gureol
ourZ3z
a4 00ad
340Ca3
Q4 L0335
guzCic
04"23ad
40900
QuacTag
04723505
040000
osacoo
caoceo
sER0lo]1 o]
d4 3000
guncop
L Rshalid]
Qsocog

gogeor
Qooon?
ocecri1-
[scitod By
gepot?
Cccgrsr
goen?”
GLGL1”
LLCL "
pLceso
pInezr
sogrurn
Goarur
CLTCuT
georase
J60T:%
cLooer
CCcgur
SIZCam
SLEesr
[ o Hon B
[v]nha] ety
GT2C2?7
ccorer
actcz-
o COL7
LLCCIC
gLGrR1”
aLcerr
JogLoT
CCCLor

and return

2ca80”
[rhilsisiedag
ogocar
ccoLce
0GoGoon
aoocor
goecac
pcacee
geocor
oc3r1-
CLT72%
D13831

g172s5%
0z258a72
025637
Ci1723=
C13%51
pcrizs
ZC371712
pasace
oaoanr
ggooor
CLooer
ococer
gesenn
coaere
gogeon
gcoIeo

cneroc
122172
Boct?)
[eigtel L))
107357
greTst
Grovs?
172146
GT21l4b
ooz214%
105734
73734
U373y
106120
GGsl120
chal120
174734
ar4T 3y
Cr3i73s
172722z
ZT272a
pDe2i4n
nir17
aniriy
0257
175710
ato71d
526170
173~{T
gcr2TLe

efating o)

cagTre
rr121t
Pr3ec
335

1uE5En
361717
1u1 71"
poLeT
114227
11427
rR71GY
cLHTYN T
TLTYuE
1341EL
1m381"
173417
r1717-
1727

“eyITe
~7533°
17741
11851°
}3340%
iTu4n
1uygys
£3gg2-
744"
C3IoguR
CI7u%r
-17437
r3zy

to O again.

ongtac
0ognas
pae~aa
ECLros
Gacnog
oooeoe
coceroc
gaoroo
ogonoe
125573
£73=%52
071125
IrY1GY
035725
174755
154154
o"112%
073%52
123473
asoral
goomaa
ggonac
crcrce
anGgnod
a3anoo
cceroo
cnarao
013109

t43307
c4caen
csgac”
racore
pagan~
ougor-
ragogcc
pspoo”
ssgonn
15235
133027
1356127
101 48”
f4337u
132282
171387
13097
132645
158213"
241461
Chlubl
4l 461
reiuel
Chlasl
2414581
Euigbl
D41 461
Luiusy

X,y sequentially - O to 32,768 pulses and return to O again,

TABLE 5.2 (cont.)
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i

5236

[}

uZ3a
3132
1722188
163y
Jausg
i4576
23672
32768
Hees
8132
12zas8
16384
20480
FL -
-16334
~2Cu3p
~24876
~£3872
-3276¢
-4535
-£192
-17733
~1639y4
=-2053G
-2457¢
-28€72
~3275E

1
T276%
s Falelntyl
n37500
o31ng2
Z?581%
cuzs2
21745
c27121
24438
221224
CZ1117
a27521
c2n2Es
£1713¢
2150172
o1lus1t
o13pcy
Zl12%
T1335%
Cyuasl«s
16212
617313z
[aad iy of 32
022501
arzii1?
czizzu
C24506
227327
£?17up
C3uxs?
r®5351%
£zI0062
27507
cS4g00ql

Ny

Two axis,

r
32764
nyooor
st
nupanr
nuaagr
curger
nsnom
CapGon
naooeo
Guaoor
C37606GE
g3vop2
035615
o3unse
317u6
p27%¥23
034952
335a1%
GIIrc>
aiIraer
cupocer
sspoon
ruiOce
cuOICn
TUccee
aunene
G4nrGeh
aunoon
regecee

Two axas

1

1
Googoo
325245
129477
CRT727
S50%14
150733
176614
Cl13657
50627
C37211
L}l B862
022413
121260
163274
£2151%
Cu?C1rT
166320
cHTILrC
C2161%
163274
1212640
Z22y12
Glass?
23721}
cegozy
£11557
175514
1EC723
52214
Sa1127
124677
G25245
3563200

oL Al e 10
tisze27
L3szytl
E127c7
I?7555u
HEER R
172114
113432
138327
1721af
155114
G46372

LeR17R
175151
473063
636623
£35552
G4C1 63

Jaoogag
gaggcc
Jazoac
LoCore
aferyieising
[t} 5}adele

Cacalc
Jacastc
4838000
178500
173531
171525
167553
185704
164155
16256E
161347
167565
164158
185704
187552
171525
173531
175560
ey +71]o]
aaonao
oooase
caccen
J0JaGe
GCCBa0
cogeon
Gooooo
ooegoc

caonag
[skalalegi i
aggooc
cropoe
Gacongc
Gapoac
Cegoco
Goesng
400000
Ch3432
163410
122024
176637
1046853
165634
CT3166
Dogs 25
673368
165834
104453
174637
122024
163430
C534532
cooeco
oanuono
geoaeca
cogroc
apaooo9
goocaoa
cooogoe
ggo0o0oo
ogoson

040032
QuBClo
040004
cacoor
5000
Sun0gy
caraoc
oL coon
o&00o0
L2705
166273
125302
032745
100765
152755
GE3%1y
06306C
053506
1227717
101165
033047
126362
16R 368
027142
GaLca?
04027
g%0027
GaCLz?
040027
py0c27
sagez?
0&paz?
gwooz7

y.z sequentially - 0 to 32,768 pulses

1

1
oCcoagn
googa™
ot ol sleded o]
coican
LLTCC7
[Ptaladngs Iy
ccraer
oocaaan
DCocone
G2s2us
iz2u47?
Coa7727
os50diy
I5073%
176514
Gs50014
o677 27
lauu?y
225245
GECCCCr
agngor
LCOGTT
CONBSGA
cureer

e —————
a5foto

porcce
[afske]akels
ccecen

40030
C4Z3C0
«47C 20
LGS
Earzore
carzar
cucCCoe
Luangan
cyCcQa0
35227
515227
Cr23uy
175535
Gt s
1r2ci
175737
uT25ou
Cirb4u?
035414
ourcyq
Ganayy
Guncyy
LUnIyY
LuCCyn
Juftye
C4n0uy
ChOduy
TuCChY

ogoage
500000
Cooann
ooCoog
socceor
aopaso
toasce
00000
cogpson
174005
110052
164218
160523
15521%
1521430
160521
i64216
170052
1740¢5
goooco
oo000n
COGCCr
a0goan
coocor
000330
cocoro
oopaan
gocooe

80arnt
0DETNS
gogerac
goara.
coacre
CoLrzl
copoog
Gogooa
CGepco
£52104
104275
1786572
013613
142053
ce37z2
013613
176572
164725
0szio4
cooooc
0oonog
[$H H Y
goanao
CoGroc
008090
ceoaGc
40404040
coceno

nenogcon
gunnag
Ferza3
547703
ouT oL
LrL San At o
csrTal
gurags
ChCCoG
117367
1449711
147685
176304
034345
145471
176374
147743
122975
117512
CIRZ13
Q38213
cr=2113
J3217
LeFzl:
“35213
016213
038213
£36213

£Gooa-
aG3vy?
DG112"

G135F1

D17254
Gz2E5”
0Z5637
30437
2327132
c3z27rzxz

4327132
9327137
032732
0327132
n3zr3iz
632722

03213”°
a3273?
012732

a3z2732
032732
G32132

432732
0327137
632732
o30u37
023637
GZ2567
317256
613551

GC772%S
oa3riz
gogoco

09737400
125R73
073552
Gl112¢%
154164
035723
174rss
C67710
124438
174036
174036
124435
124624
124436
124u36
134438
1265436
174u35
124436
174436
1243536
1244u3e
1258635
1248335
1244286
087710
1746755
C15725
154164
aclies
LTIc52
125R73
oae"02

S403dn-
1AC34S
1332272
17C12°
1~18u-
Ta33T4
11228"
045071
SHIBIY
Cu3biy
43514
"43518
Cu3sia
053814
o43514
C&3s 14
Gu3Gi L
Tuisiu
ceigly
Ca3eiy
gu3idiu
Cal3pi1b
Culbin
L R 3-33]
L 13 0
0486051
132151
fu3z3rz
101235
127857
12250¢C
157735
Ga)25%

and return to O again.

gsgnnn
coooare
asaann
auponn
LLeear
soecaar
coocor
gooono
occooee
ccorer
cLoag~
aaoca-
goooaa
00co00
ogpooe
pggaann
acaocnn
geoorr
gcocer
ccooor
aoooo~
pcoeer
gcocee
eLereer
aocern
gocooee
gagonn
CLIrsr

shairigle y
joLlLbohat ot

et b
s a L

[vial maad il
c-i-LC
T3
crorec
asoous
prerco
croric
gAan~gn
crataon
oaecno3
ononaa
GeLrce
gopnoo
gacnaz
orongl
GNoTIn
[l eyt
J50"G2
c-Ccrce
33376
crered
Qrorsc
oreror
218706

CTETLG

nygron-
AL T olad el
~ucarT
~4zn
FLgac-
mugan-
ruterr
Fenar-
ragcrn
ruroe-
-ugan-
~urap-
nugon-
148930
raGorr
ruaoe-
S4030"
ruppr-

g
L rind

ruLces
ko
et

sgcr-
reccree
~ugore
ragare
nulgn-
rusoen

x,z sequentially - 0 to 32,768 pulses and return to 0 again.

TABLE 5.2 (cont.)
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1 1 1
L "o 3276F 1
c reQCee cceeoe
uC=E Gugccr Gecgcar
19 gupcac geecorl
17233 cuwazadn cGoag-
13794 4G32C 0GC30%
27535 Suacar goI3ac
L 240000 [slskefekilsl
2572 a832GC goa94ac
31753 cegoon jajskalalils]
Ehatd PFTECT CZE3us
=132 r2ince 1265877
17c®E CI561€F Ce7727
13384 a3405? 0s0alu
25480 031746 150733
2uS576 027323 1763als
-15384 CIu352 0500ty
-22480 33s51¢% a67727
-2u%7% Gryqn2 128477
-CRETE CT7EGH Cezzu®
~.27¢8 cuocrer LLTLo8
-4-ag Tgreor gLeoac
-319:2 oa0rCE coeoie
-122RE T g seeeee
-le3ay reGCre ECECCC
-2"438 Isdrac 3332
=24376 2uo200 [k Eapeein)
-23672 cupars &Cgace
-2275¢E cucCCte cCcecoc
Three axis x,y,Zz
1 1 r
HQBS 1 3276F
G o40900 GoOoog
4535 017500 2451
k04986 037600 g57u76
3132 023005 Oe73176
il132 03784as gu3E50
17233 035632 165516
17298 CIs632 1176L6
1533y 034124 E235408
15384 034123 165172
2UGA0 £I2117 CHEBY2
2i43g 032112 175647
2478 g2764r Co7321
2ucle n27640 GITu2s
Ze=c72 251717 18512"
25572 25110 112311
32768 0223175 153410
Il76¢s £2237c L7664}
-4 35 resit 112311
-4Cag T2E17"7 112311
-3132 Pz27eu4r cl 428
-8132 G27s4r D17423
-122488 rsz2112 175647
-12298 ~32112 175547
-15384 J3grz2d 188177
-13394 035122 165172
-27430 035632 137586
-22480 035632 137806
-24578 037005 087650
~2us78 crrees C47650
-23672 0X750C Cs5?u47a
-L8g 72 CRIALCC £L5¢u7e
-32763 ou0I0a o05aaoe
~3273 auwocog [thilsialaley
Two axis

LeOGLr
CLCese
GLGLOC
gwosoe
qucsae
cugacn
4923350
Gunoan
£48300
£:e:z7
CRTul
£712357
175558
TR
172114
1756131
373653
G15623
L35552
Ce016 3
BsC162
€uC163
CaEln?
canlgz
cy2133
luC141
G47153
C40167

cocoeo
oocoon
coceon
oocoaco
aeoos
G00050
ogocoog
ogoace
aoceas
cucece
CGCCCC
caceLe
Sooaoo
GCOoOocoD
000aGao
000000
23353400
a0oooo
coLLce
COEECC
cocoor
cocecct
Cocace
Goccae
gacace
18133000
gogoie
COCGCD

cogona
cocooc
goooeg
gpogoog
oooaco
00goaa
aoooonc
coaooc
coacoc
CoGens
cagonc
cooocl
cooooon
ougoooo
0aooas
goonog
ogooco
ogooen
CoDoGo
coocec
GGOGCC
cogocce
coccoo
cooooo
oooaco
COGLGE
sopaec
cooono

CerCCC
Cuerée
gurcoc
J4CC30
au 2303
SuaCou
cu~202
GC40300
J432902
BurZCE
CuCGRG
CcLTLCL
40033
oug3020
o4nJc3
ou4sg27
gans2?
Q42C27
cupczy
guLece?
culfC27
Curczv
Cacoz?
Lurcz7
J4r27
040327
a4 0927
Lucce?

LLgeer
ceeeee
cceceer
guopor
cooosn
gcogan
aooeon
goaciae
GudCne
LC2772
TC772s
£13661
01171256
8922582
025637
§1725%
G13561
ao7712%
CL3772
ccocer
grococ
CLCCom
ccceooc
ccotct
acacer
aooges
Jggeee

gcoceoeeo

CrCroo
cngnee
Grerog
angnao
opanco
ogz"eo
anongn
orgnod
0oo~an
13573
C1IR5C
gcirze
164164
035725
1747358
Ist164
031125
373552
128573
GECTCG
cro~te
CTITCC
CCcrco
Crcrce
I°CTan
oponac
gnooo

GCErLoh

fuceCr
o Trelale
racor”
cuc2e

rycar”
cugar”
rusaes
ruganr
5uG2on
1RL2LS
172027
170127
tryu4”
143374
132257
1r123c
127652
13250
187737
ful2s*
culzss
Culzcs
guyzee
culz2ses
~a] 28"
4] 25%
ra1 28T
cal2%rc

sequentially - O to 32,768 pulses and return to O again.

240300
0a6510
153331
Ge3zup
074437
s17217
1CrsuE
pro72%
Gs564?
147771
155728
Gu471s
25375
12741215
18370LS
i50573
16173F
15337132
1€7732
G25342
625342
155732
105732
L56507
0655607
120518
130518
G74463
LT4463
153311

157311

cirsey
637807

aogono
Qo177
ooar??
opazrr2
panri2
002145
CG2145
003653
0035853
COS566%
DOS634
010137
giz137
3125037
0912837
g1s5402
ClEu02
0122537
£12607
glolsp
G1D137
L0566

00S5co4
003554
003653
JG2145
GDz145
0oorT2
pon77e

002177
CGG177

Gagooe
agosqo

goenoo
121314
121314
120254
120254
GZ4625
24625
173037
1731037
160533
160533
134555
134555
a40163
gu0le3
052652
052652
1127171
Cedlg3l
a04151%
134555
C235286
160533
036354
173037
053535
24825
130003
120254
131267
12131y
ogooono
gooooo

g4a0qao
au? 357
047357
150745
150745
177241
172041
153720
153720
C1E66286
015626
012732
a12732
107237
267237
1777635
177176L
172752
crriec
grizrs
J12554
171213
315413
3353556
153560
177642
171735
033424
15C575
aonge6es
cevz2i2
a3tre7s
137675

acogan
oC3I76%
003765
0076572
0G7653
013347
D133y
C15345
016546
B2137%
021375
02387S
G23575
025333
025323
S28251%
Ceaan’
0235333
0253772
0z23578
DZ3576
Bz1275
0z2137s
J16545
016546
0133k4
513344
BC 7653
GG7653
an37s5%
GC376F
acacan
gcacac

acanaa
155427
gssn30
1347273
n27Le
111822
CCS1G7
144703
035153
GEG7LE
153135
157712
G1Ts1C
Q32763
174544
Ossv21
115716
g5 71025
1TRELy
B17111
g37810
12778632
153135
g234823
033153
ongcls
gnsiozy
03020
0127066
asu4e3]
CRE™2C
ghargn

0oonao

DugIn~
173587
130747
172335
Dylers
£21287
a4y
NR14Z27
073377
172717¢
03181~
33125
141357¢
11777
111425
252171
1248447
136267
111u77
~Iders
141538
£2s51r?
n31367
“4753"
~T3244
Te7Ius
187431
161345
C41B25
£56102
1?L7re
~u27M7
ce2M7

bx,dy incrementally - 0 to 32,768 pulses and return to O again.

TABLE 5.2 (coent.)
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o

1

4T 96 1
5 auzogon
4C36 o3Tuor
U336 237u07
8132 a3IR01”
8152 £ieri?
12298 C33u65
12288 033465
15334 530257
15384 cIgzu?
20480 02u22s
20480 p2uz22s
24576 017506
24575 017%0C
235872 012381
23572 B12361
32768 CCu7T72
32758 nou772
-4096 C123sC
-4085 12351
-8132 Ql1ray
-8132 n17sco
-12288 C2yz2c
-12288 a2422%5
-1a384 L3327
-16384 cIp2u?
~20480 031465
-2048C D33LRE
-24578 C76C12
-245768 -~ CZsG12
-23&872 227400
-2PETZ crrent
~327358 g377177?
-32768 ouagoc
Two axis
i n
. 34 1
C Taproe
Lol % Rl irdciein
4730 TrTIsgr
13z I A
19l rI3-re
17 a2 ~r3517
122as ~3553%?
Las48y T4l
iftZas e 278 -4
LY fad "37112
cTHAC rIz2117
%37 TITI4C
24375 G27vsan
-4Z 3 r2317"
-':lbz r--’.—‘“—-
-ivaz TTISLNT
-122%% 23°11>°
=-12.Rp L
-13723y4 278 il
~1R33u T4l
-7 .ar {7g=""
=22497 T35
-‘q:?s =13rnc
~IL€ Ty [ad & Sad 2k
-%35372 i el
=?3a72 IITIT
“irhe rLmrrr
-I17753 'Y rindetel
Two

by,

~

1
32758
260C3C
135147
125117%
137245
117521
128324
7741y
£il17gn
154354
GIES512
133515
105448
wX70357
g77a3>
Geus23
C52232
175523
152014
Ca4EZ2T
167455
G3I7CS>?
13rs22
173516
117947
155364
50504
CT7414
Cc?Z7771
117520
135222
125175
L7373777
acaceo

osuloco
121541
L5450
120273
1334386
Lal354
146345
12C+ub
128116
al1e777
170308
C3341y
G3u37v3
CuTHY?
136332
£73662
isgo32
100323
126375
C?5757
g3uzce
171332
170217
152735
126iC2
au4723
145315
15272%
1335686
w3h532
La7613
13771712
G3T7172

(sfiisks[a]+]
174013
174012
170125
170124
16443y
14432
181232
161231
156402
156402
154202
154231
152074
152474
11514
151514
152474
152674
154201
155201
156402
156402
161231
161231
164433
164433
170128
170124
174012
174C

gaoodo
goooan

poooag
022358
123347
053504
147957
GE6356
177203
£ 33975
152155
111871
G8041S
cz2o070
160667
145715
120752
%i 57
{1507;
120752
120752
160667
160657
ceas1s
oagais
152355
152355
177203
17720%
147457
147457
123187
123247
000008
nopood

240033
1nu712
122345
176168
117171
as7443
931533
217133
030655
1085501
653259
545234
Q17514
165255
141777
L2654z
1560354
182044
162648
077537
077637
CET406
8534805
633735
CIC736
031575
031575
117242
117242
922572
c22572
035571
036571

&z incrementally - 0 to 32,768 pulses

)
N
-~

Cu BN =y =} ndY 2

[ R RS N N |
WNg W E M

R RELES BEY IR IS ]
[FTIPWY I L I P i L

A e BT I e

e L

ny

L

H
-

1 QY e,
B E
MR

Lewn 7
ZTR11%
1533501F
Z3321%
LTH412
-17247

RSN
[P RalPA
LOFRILF
1u?77 258
1753E7
fuuis"
£2e33n
153591
L=< 71
w8271
iZ%3a3

-
(4]
rl

N oacrA
Jooh

&
5t
o+

at

-

1Jrese
lu™a it
a4+ 30
craLaI”
IR -1
13304
L7757
wI7377

sroeLe
17017
176312
170128
17C12s
1auuzy
154437
161232
11221
156407
156427
154202
154261
152574
1542C1
154201
156452
1564C2
161231
161231
164433
164833
170124
170124
174012
174312
cacere
socran-

+

CCCrGL
22360
122747
G435ny
se7,
LE TN
172870
233775
187F2s
111071
CZuaL3
22070
146367
73133
16CERT
140367
Ju041a
C246083
152385
14287,
177203
17267,
147457
is5u72
123307
122747
cocert
ooooo..

-
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cuerg-
170117
145747
175254
STE106
2%121s
112311
trusgez
17874
TuEI27
5543525
176157
155335
377151
13223
3523537
T4E 356
J3m10n2
LRTT-8
L2"656
137773
113352
el P!
f"1512
147535
£ruyce

334133

incrementally - 0 to 32,768 pulses and
TABLE 5.2 (cont.)

Goocn?
gC37635
GO03765
QU 7653
067652
C1334u
213344
515343
Gle545
g2137s
062137¢%
G2357F
423574
0253732
625303
CZB2ET
026263
G253C3
czszI0?
023575
02357%
021376
621375
0156546
Cle54&
51334
413344
GOTEST
po7651?
a037a8%
CCL376e
ggaonoe
gopooe

0oI" 36
055" 30
855" 30
0323068
032308
093137
305127
G313153
035153
153135
153135
GI781G
a3te1n
1044gY
i0sagy
115714
115714
131406
icyngy
076513
037510
62110
1831135
115572
C15152
CT4982
0C5137
125721
032706
154031
DES 3
103700
093700

cugar-
136214
13221
ou11ald
Cuiled
14673%
146735
CTI2873
072677
GI113°
c3I113~
18] 34¢
18] 34°
111361
111361
128471
1724471
115374
11iun’
17622
14) 507
185527
031275
165353~
13078
11740¢
147267
CR1211
4147
17323
12611
nay] 7r
cul1711r

and return to O again.

A olately
oLC177
ool
cearre
£CG77?
Sz21ass
652185
333857
cC3es?
£I5eas
LL556%
c1o137
3135137
212507
ciciuc
019137
GG5665
GGSEGY
Go3654
3736573
£L2ise
usz21us
6LO77°
CCG77
3zT177
30377
ccoere
agacee

1

reImlo
12171y
1211y
12775y
17275y
o473
374 7Zs
173732
173737
ISC%33
1RLE32
134755
134555
QuZ1a3
crgicdl
134859
B73%2o
1REEX3
Q15754
173737
CEIT 45
Q7us2s
1457C2
1727ty
11757
17131y
coL=Le

SO "wl

relcl”

~uy3IRL
T473R¢6
150 787
ISCTES
172-2n

o TR ]
L |
PR T R ]
WA F N
RN

LY+ TRE VY L VYR L)
-

B
—

3
-
.
~)
-~
-

I I
rr13s
m12351
131248
TI1EDTF
M T-1 1ake
15381 "
1776¢€¢
1717451
“334ac*
15 }le
~nra7r
BN
“TIGREE

~113a"

return to 0 again.



1 1

ucag 1

[4 rurRer

ke 3% 27801
55396 RI7TLUE]
4GH96 0376505
3192 0Is020
2132 03602¢€
i1a9z2 RIs01?
12215 B33sec
1%CER riiszc
1Z2EE Trre11
15284 ciex7e
loZak £20271
187aL £ip?Tl
27uLEC C74%31
2830 . C24531
22430 S24%3]
24576 nzo3il
2470 a23311
24378 029311
285672 Gl13331
JEETZ C13ReT
28872 Ci3&6T
22768 CCT174
IZTIRE Lot b B
2eTet ol S AL
-4 3% c13ser
~4C2E C13FrE"
=ugog C13cel
~71%Z Es01r
-31132 023311
-3132 cza31:
-12235 [aded T
~12283 C2453%
-12283 02453}
-15384 030773
-l Zay rr237)
-1322u r7c?71
~IrLEL rzzciy
~2CugC £C3351y
-2rasC C22E17
-<4%E 1B L7017
-255%7% 35717
-24576 ~T15517
~-28812 Q374CC
-23872 o374
-28872 gI74Q01
~32768 037777
~-37768 Jupy e
-12768 rwcecce

Three axais

1
17762
cecoee
£17531
ag7113
177532
£z2zz217
GCas3l
1632037
534255
CC131e
1873212
czczzc
15usC2
127777
115442
Gs1u70
cig23y
151363
GEe214
qu2222
017430
1262177
1CSeiu
£35812
1HCT2R
1245851
Clucs?
1ES56E
185604
1570532
42222
242222
140282
314233
014233
ZE4254
1277177
127717
12435¢
157312
157312
igleze
183207
183207
167212
177532
177632
177717
o irinty

ccecce

Ax, Ay, Az

172754
GZu2712
cral117
GI1313
111Z3¢
156147
C3is54132
1z
BLuszir
147531
Go3522
c7u112
024531
741565
157142
21745
c-»?e2n
163873
cizz2cC
C111&87
Cz77C1
cstze?
163L3E
153€C38
Lec1s2
15717R
157114
212521
o74lGe
a74105
130852
cCelz2l
GLulzl
CzIzul
te64d2
16ELECZ
LC2661
Clus16
Clusile
1720C
115540,
1158540
140211
CuC211
Lucz2il

Cocace
174217
174217
174217
171167
171157
171166
166777
166777
1667178
165535
165535
165535
185261
155281
lesz2el
188003
166003
166d03
187502
167502
167502
i7z111
172111
172111
1675C2
1675C3
i675C2
1660C32
155002
155053
185251
185261
165261
165535
16E53E
165535
1667177
166777
166776
171166
171188
171166
1742317
174217
174217
gooooo
ceeeec
cocace

coocog
16627C
166270
OBT265
oa1732
Gu1732
145672
062164
CEZ16h
172774
133633
1323633
C52647
130765
130765
D57503
055677
G55677
G1505%
170306
110306
I4OEKE
11634y
11628}
£C17751
L31577
Gz1577
I4CEHE
lepezz
100223

-

015054 "

133453
133455
G57503
116371
116371
£52647
C258EE
C2546&
1712724
16725y
167254
145672
877625
677625
0672685
aRifulabels]
Looooc
coaocec

carLoo
157502
157502
150455
Lusoy2
fugoy?
562002
125334
12533y
154505
CZE555
£25555
1721C53
C63I547
353547
305524
067767
357157
137331
172654
172664
136460
£36764
LIET64
151665
COrESE
GCCE52
128371
158447
154447
137237
179445
70450
gnssil
088121
CES121
120343
1715243
175243
142744
161543
161543
051357
152334
162334
150142
037025
£37C25
£37025%

ccocer
GCu4157
04157
acals7
510570
310571
010%71
015250
L15261
015261
G2165C
CZ1B50
G2165C
G2576S
g257a85
625765
031463
031463
0314513
03sslh
CcIuull
Cisuiy
C3sL7T7
C3s41”
CIeEw?™
ALY
G3yuiy
L3uyla
G2ZlupZ
C31u53
021452
02575%
2578%
G257s%
021651
G2165T
C2lEEC
015281
15251
6152561
C1G571
a13571
gios7l
Juulsd
ocs157
oo4157
ooocon
[ clelity
Goeeer

ergece
CrzT14
191318
171718
135714
071754
631754
114278
Grie3y
Br 3537
Co704C
15Cuzy
15Cc42u
GEsTZ2
gss5s05s
d5e+s0G5S
033R54
O74<C7
O7y=g?
gs1071
11LF23
11cF32
12111€
1772{C
1Z27°CC
171168
121u25
115823
1£17z2
122550
27527
183723
12u47g2
a56545
ass113
175131
15C62y
11srCC
G2854C
Qris3y
142726
083577
B3175y
GnN7561
115857
11716
1nonse
GrCrEC
crcrec

cacops
T1G6CR
£3753"
G3753°
14725%
17232~
17232~
1=576*%
C14357
C1u3s7
167587
1EuE 1"
1E4517
42574
cz2riz27
021727
£c27061
C6e561
C6o661
171557
1376 CA
1376 Gt
123027
151577
11677
CETSFL
1452 [t
12755~
1726070
15130~
=11 g
153273
L2651
121671
Gr7585
1733p7
1EG5up
INGEC]
17371+
Cru3zzy
162124
c2510
17225
C313R=
gsoz24~
0371357
r3713%
31122
£C3713>

incrementally - O to 32,768 pulses and return to 0 again.

TABLE 5.2 (cont.)
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-

1

1
guooon
03777t
hENNEF N
a37I117
nDY¥TTIT?
g3ITTIT
n37ie
Q37TRIT
DITRI7
g3IvIey
n311I?
037177
037777
D377T7
0377177
n3nT7
037177
a3¥7177
a3riTy
no3ITITT
037177
B3TI??
a3ITTYy
azrnTm
037777
-1 uITYITTY
-2~ n3rrr7

LRIV = R
[T I

Wk oSN~ WMONE LW

-2 nirre?
-2 N3
-3 037877
-3 6377177
-3 R A
-4 03?717
-4 o377
-4 a3riey
-5 037777
-5 a3TnIy
-5 n31Ire
-6 n3Ivr7?
-6 o377
-6 03717717
-7 637717
-7 niyrrs
-7 o3TTrY
-B 0377117
-8 037777

-8 niiTe?
-9 G37777
-3 o40000

Three axis

1

|
govoaon
1771717
177777
1777717
177775
177774
177774
177771
177767
177767
177762
177760
177760
177153
177747
177157
177781
177738
177738
177725
177717
177717
177767
177700
17 1300
1777@n
177707
177717
177717
1771728
177738
177738
177741
177757
177787
177753
177768
177760
177763
1IN767
117757
177771
1777714
177778
1717115
127777
177777
171777
0gE0so

Ay, Az, Ax

1
040000
140000
040000
040080
137778
gunncn
o%0000
137772
osopon
080000
137764
Qmopon
050000
137758
040000
050060
1357742
Buoone
ospoan
137728
ourgon
osooan
137710
ocuo0an
osposo
gaoaon
137716
gyonpan
o4nooo
137726
osnooe
ps00on
137742
o%0000
C4C0ac
1377154
CLDODE
o40000
137764
oaoooo
g4 nooe
137772
osooon
o406on
137776
040008
gsonan
140000
640040

goooan
aoooan
177177
177717
ETIINIT
1777177
1771717
17717717
1777176
177%76
1777178
177776
177776
177776
177717%
177715
177775
177775
177775
1771715
177778
177714
11717718
1777714
177774
117718
1777018
1777718
177778
113775
177775
175775
1717715
171715
177775
1777175
171 TE
177776
17717178
1738176
1777746
177777
177177
173777
172177
17277717
177717
Qocago
ogoao

googoo
oooooa
10030
10001
140001
000001
0noog3
oopeols
100003
lgonog
1600408
00an0s
popoiz
coon:z
100012
100017
100017
goooI?
goeaz2s
oonozs
100075
100078
100023y
oo00O34
00003y

000035 |

100034
10083
100025
copors
009025
GGo017
1o0ae17
100817
100B12
agool12
coonoig
$00006
100008
100008
100003
ooooon3
gooon3
2a0001
100001
100001
i1d0oaon
goaocoo
ggoogo

gs0000
080000
osoaol
080001
WELOGT
040607
Q40013
080013
pupa32
guage2
punnuz
Da0076
as0115
040116
280173
gsuz223
040223
oun32s
040371
53037
GLOS24
ow0604
040604
‘GanTTY
Q41078
Gsa7TTy
Ga06D3
Gs0603
040521
oep3ES
gul365
osp32y
040215
040216
ocu0lsy
ps0106
o0s0106
Q40066
040031
gepo3l
040617
037777
037777
037773
037764
037768
837762
037760
0317760

poooar
oGogan
agoogar
googoar
nooool
oooool
[skelslu]oh
neGool
BCcoool
gaoofl
coocod?2
acoonz
ocooo2
Dgoar2
ooooa?
gGgoa2
acooo’s
0oooos
ooooo 3
poogo3
noosonsx
ogonns
poooas
oCcooou
a0opooy
Qgonos
gaconsy
ogooc®
400003
ogoee®
000003
poGoe3
ocopom
ogopaz
[sJefsidoly
gocoonz2
scooe?
nogeo?
apooie
gcooo?
oogenl
ooooDt
oocoont
oooodl
[1]alakaked]
ooooon
ogonon
gcogan
oogoae

opoanae
1npnad
ioe0a
100701
peanol
oangnol
aoono3
1gcro3
1egrn3
100706
Goargs
poanas
gognl2
iooriz2
109212
1o0oni7
pagnL v
oBerl?
aoor2s
1onn2s
180N25
1egn3y
gngniy
a3an3y
angnyy
Qooniy
gpgn3y
1N013s
lpgn2s
lECC28
opanzs
goorl?
cecrl17
togn1?
iceri2
100712
acani2
ongros
gporae
1CCras
tanng3
104703
009503
gnorot
aecrol
10400031
1ngnng
100800
g20m00

oapoun
0377717
nizIT?
n3zivys
037771
n37771
37765
37757
rI771s2?
037760
07712
03771”
037672
C3762%
ni7ez2s
ni7zs73
§37503
rIzsne
ni7T43?
n373an
rizizo
n3r236
037064
n17064
nig7RY
a37ose
037064
n1723%
nirsis
C2173158
037433
C3I7477
ri7u77
n3756h
r37615
217816
r37667
a3770?
g3rva
c3irrzt
rr7737
31737
nr7T7I51
n31775%
PITTER
n3776"
n377%en
a3viIen
03778n

incrementally - O to 8 pulses and return to O again,

TABLE 5.2 (cont,)

- 111 -



1 1
1 1
D psnoCo
1 nI771717
2z DITTITT
2 037777
2 0371777
3 01137
3 azr7rTe
3 o3arrir
y pirTery
i u377717?
4 a3t
s 37Ty
5 o3rTy
5 a3¥TIy
6 G3?7777
[ Q311T?
© o3TTIIT
7 G317
7 airrrs?
1 0ITNhIT
2] 631177
8 C37717
2 n3TT?
38 237717
9 C33777
-1 TITIIT
-1 o3ITHIT
-2 03171777
-2 o377T17
-2 tITNIT
-3 037117
-3 a3y nre
-3 a3Ir77?
-4 G337
-t 037?777
-4 oL3THI?
-5 e
-5 o3rTTY
-5 C377977
-6 037777
-6 03T m7
-5 03777
-7 azTm?
-7 0377177
-7 03117y
-8 o3y
-8 o371777
-8 037777
-9 gupoooe

Three axis

1
P
coooao
firrr7
117717
177771
177175
177775
1777710
117771
177771
177767
177783
117783
177780
177753
1177532
177707
177781
177741
177738
117725
177725
1771717
1717107
171707
177700
1171707
177707
11177
1717128
171725
177738
1771781
177741
177747
177753
177753
177180
177763
1777632
117767
137711
177111
1777174
177775
177775
17717
171717
1717177
Cooooo

Az, Ax, By

1
cunnon
1¥p0g0D
1ugaooa
D376
137776
137776
Q37770
137772
137772
037756
137764
1371864
917740
137754
137754
037716
1377142
137762
a31670
137726
137726
G37636
1377110
137710
g37600
137710
1317710
037636
117726
137726
037870
137742
137742
Q37718
137754
137754
0377140
137764
137764
037756
137772
137777
GI7T77C
137776
137776
a3?7ts
150000
150000
040000

ongo
171717
1TATTT
137777
11TTIT
177777
1177177
177756
177778
177776
131176
177776
1717176
1771715
171775
177775
1TAT75
17®™1175
1177175
17TH1 78
177778
173718
17771%
117774
17774
1771714
1771774
1777718
177774
177778
1717175
177775
177775
117778
171715
1Th715
117776
177776
172778
177776
1T RITE
177776
17RY77
1727717
177777
1TAI17
1717TT
177717
oo0o000

gUoooD
100000
100000
100000
000606
000001
©o0onl
100001
100003
100003
000003
000006
ocooos
1CO00E
100012
100012
ocoo12
000017
000017
100017
100025
108025
noon2s
000034
GO0 34
Qono3y
ooBC2sS
100025
106025
100C17
000017
000017
000012
100012
100012
100006
000006
0DB006
onpoe3
100003
100003
100001
000801
pgoon
000000
100000
100000
100000
co6000

060008
gupooo
gupooo
pa0000
puoCo3
ouCoo?
QuwoDoy
pulo2ti
Quag03i
040031
Quanse
ould7s6
040G
ously2
pa0l172
guQl72
pul261
pueszs
pu032s
ga0uy3
pans23
040523
puoeTH
940774
(1S ol 203
puOTTY
pagds 714
guns22
p4ls22
cuepuug
osR3zl
pap3zl
oRQ255
DecIEs
04016%
Ga0133
0a006E
Q2066
nr00&%6
oR0G20
gato2e
ou000s
o37T73
037773
37767
Ni77683
n37T163
037761
ni17760

poooon
poeaopn
pdcCoo
coocon
Ggoocoe
coooon
agoool
poCcoDl
aoootl
opocol
oGegel
ocooat
pioncoz
gooonz
GCuono?
coooo2
aGpoonz
poooce?
aGoaas3
pooooD3
0apea3
ocoeoes3
ocoess
ncocas
pceooe
gooeos
gcocez
ooooa3
ccoroz
ciGoo?
0cogan3
aooee?
ogoog¥
gnesor
géagoz2
agoeo?
goono2
Q0oeeDI
pocoont
gooooy
pcooo:
Goocol
ele Halss!
poooon
goonaoe
coogoe
ocoaon
goooon
poooor

ogcros
gooroo
ororol
$00r01
106N
1TCros
000703
orgros
ononas
100106
1N0N03%
1a0m12
ooon1z
gnonlz
LOLEY]
100717
100017
100025
0aan2s
680025
ooGT 3y
1G0T 34
106734
10074y
50004y
100744
106034
100734
groo3s
DLENZS
poanzs
100025
1680017
106717
onori?
QrEriz
aooniz
1LGriz
100706
198008
gocncs
0oone03
goores
100”43
100701
1corel
(aliiali¥)
goaroc
oeorcd

tuGonn
pdnoao
cuagonn
n37776
r3777¢
L37771%
n37?76%
03776%
837761
GI7741
n3z7a1
n371712?
p3187?
0378172
317957
7317574
r37574
C31547
n37437
r37437
n3131%
£37237
037237
ni7lss
03IGTEH
n3riss
r371z3s
Gizziu
r3I7387
37432
1374373
£3753%
[3756%
r37565
137847
C376E™
037867
ri?rise
37726
n3z?712a
r3174%
037751
7751
£377%7
n3ITIS?
r37787
037369
n3zte"
37760

incrementally - O to 8 pulses and return to O again.

TABLE 5.2 (cont.)
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Y

1 1 b
43986 1 32769 1 .

[ Cugppro pLCceon L£400ge cepong coococ gynepec cececon croroc rsooer
4ls%a 037401 017531 143233 17uzl? 166270 157502 0G4157 oo27y s1660R
ufas 0374C1 GL717% C3740G1 17217 166270 157502 Cr41s7? 1T1316 £371%32
uz36 037400 177532 115188 174217 067265 15Cu556 0oul1s7 1013186 037537
1192 osso2c 622212 172768 171187 p&173z GuRCHZ cles70 125714 14125
1122 13020 000831 GTH2T3 1711567 041732 pusdu2 o13siit 031754 17232n
3192 rP36017 183207 Glu117d 171166R 145672 ae2o02 013571 G31%54 172327

1ZZAR C33s2C CIucsk £31c71 166777 C&E216% 125234 01s526N 114278 155786
12288 033520 cCi3le 111236 166777 062164 125334 113251 an3=37 014357
12€88 £33z17 157312 166147 166176 172724 184508 G152861 cr3s37 rIu3cy
15384 130372 cz20228 £3s413 165535 133833 025555 021557 gr 7443 157562
163fy CIn3Tl 154553 175326 1655328 13333 C25555 Cziesr 15¢u2y 164517
1€ 284 0BT 1277177 CCeuG3c 155535 Ls2p47 121£53 31318 156Gu2y 14517
27483 n24531 115442 15755) 165261 136765 063547 025755 onsTz2 on2sy
26480 r2us3l Curu7n 063427 165261 130765 oB35u47 0z576% 056505 r21727
2oupC czus3) cluz3z G78117 165261 057503 GOSE24 G2576Y LEEFGS G21777
24576 128311 151363 D24561 166003 055677 a61757 03lus® 033564 027061
24576 £20311 CL6B216G D7416E 1660C3 C55E877 GETTE7 Cc2Iue? CT4*L7? L3e66}
24576 20311 puz222 167142 166003 C15054 137331 01467 C74*CY Ta65E61
235712 ni3ss51 617430 G2374% 1675062 170366 1725564 o3bukly as1™11 171597
28BTE C13e6r 126277 C32c2c 167562 176308 172664 C34kin 1106%33 1278 CF
23572 013680 105604 153873 157802 140545 136460 c3unin 110%33 1378605
32758 GoTITL G35517% B72200 172111 116341 G3B7EG 036472 123111cC 153037
32732 67173 142326 011357 172111 1168341 036764 035477 137533 11017
12752 neT1?? 1245851 027731 172111 077751 151865 0347”7 137500 151817
-LC3E 13857 icz2v £536361 16 75C3 LT3C7E 153263 03441c £3if17 C713ub
~4993= 0113557 173761 1048057 167503 073079 153283 03441% an1137 17241H
-2z 013557 173761 104057 167563 Lozess 170118 L3441y 161166 F675E67
-3122 gro3ln J47711 151327 168003 122552 p31152 Q31464 OHE135 513815
-2192 £zozl~o 132362 C25GGC 1665L3 122552 £3i1s52 C2l4gu crs¥lu clcu2
-£13p ceozic 122662 §2500C 166003 c37402 542113 C2iaf” 11722 112577
~12233 gzys3e C3 7346 151551 15852561 138150 nrsay2 023765 95474} 1149751
~12282 324537 113¢g23 036373 165261 13615¢C 075242 R257€6 Lozrel 16265"
-12233 g24530 113323 G30373 165261 062174 115136 525759 155223 163228
-16385 cInzec 1740206 g16220 165535 161131 123035 021e51 163RCY trugir
~163%4 030371 527547 1545347 185535% 101131 123535 5218651 122522 0%151h
~15384 n30371 G37547 104647 155535 03suls 142076 DZ16%} 045811S 31755
-zougct £33517 csccez g22311 166776 170773 321731 D15282 G26741 123327
-2724AC 033517 102548 007555 168776 1706773 021731 015251 137002 _150537
~zIusl C33517 102545 GBT7558 166176 136227 145726 0153261 11s™QL 120l
-24575 236017 1025815 G30346 1711686 114601 g17037 010572 Osye21 oT1135
-24%57E 6017 126201 D&535C 171166 114601 G17C3Y £185M) 1REB] 152117
-245%75 CEC17 174201 £H535C 171186 £7321s L73517 GI1G571 1642738 162132F
-23572« a37407 157370 140050 174217 011184 au221s [0 K-ty 1157240 154707
-28B72 C374CC 157731 C75447 174217 Cl1168 042215 co416C 031723 C2538K
-25672 T4 157731 075847 124217 oons2s ot3111 CCY160 afalr L 51 C3736¢
-227%5 TINTTY 117778 140208 17771717 10a0ol 037032 poGoot ooanol 77131
-1237 2 TITTT 177117 gupzic 177777 izceol TIIC32 coooTr ~I7Cl £3713%
~-I2762 ol 171777 cwnzim 177771 1 GC0AL n3I7038 nagop” 1nenG3 niyysz
-3276% BITAIT 127117 lep21c pootGo gooopon cyices cooooo 1TCRLC rFT7123Y
-32763 00000 opaaon GuD210 0coogo ceoooo g37026 oo0ong gponog 31713t

Three axis A4y,Az,Ax incrementally - 0 to 32,768 pulses and return to O again,

TABLE 5.2 (cont.)

- 113 -



1

4396
C

4338
4ge5

o 96
3192
a1z
3132
12288
12288
12288
16384
IRTGY
16284
"z0u30
23480
0480
24576
ZuEThH
2451k
ZEBTZ
28872
2BRT2
32763
32768
3276E
-439%
113
-4096
~8182
-8132
-8192
-~12288
-1224938
~12288
~16384
-1a3Aa
-1638Y
-20%4C2
-~2048C
-20&80
-2u576
-24573%
~2u4576
-28672
~28872
-28672
-3275618
-32768
-32768
-32789

Three axis

1 1

i 32769
rsgogoe oocooo
031401 027371
N37401 01653y
037401 O0C7T173
0360320 0376134
risczn 0Is2s53
nlggzn aGGas 31
033520 356057
033520 023316
133520 0o131y
0380372 Guw? 3l
n3asrz Go01211
C3IC2I7I 154503
024531 142877
0?8531 066726
D2u531 auisio
07’0311 175354
gz20311 112208
020311 0pR214
0136861 guczaz
013660 167172
013660 128377
perirn 053271
on7173 154103
G713 1up326
013857 123521
BI36GR0C 018553
013667 gl1us553
670310 673703
n>0310 157253
0293108 157353
p2us3C Ge43Lq
n24530 140260
gau4sig 146260
034371 02C532
030371 ftsu254
r30371 Ceaz2su
033517 07 230S
033517 124550
033517 124550
e36C17 1280240
05017 141624
036617 141624
[HEN R 1] 1567132
037400 167272
p3r4C0E 167272
Q377TT? 177717
03717177 1177177
0XT7TT¥ Y3797
puagoon gooaco

Az, bx, Ay

1
punoQn
113241
poz2y 34
C37317
035727
637337
038223
G&235™
121415
110825
17365k
075537
174777
143646
0gz22ss
063031
176157
147232
073871
175246
N62625
£c31617
0111632
165332
gclizr2
g73700
asno7?
0spo7?
1127171
D&S5300
0550900
C56265
012345
Gi2348
003527
130311
130311
Glassg
623218
G23214%
135232
0021 3S
oozl 3s
G3u610
174254
17R258
D37523
137525
137525
0i7?Ts2S

gocooo
174217
178217
174217
1731187
371167
171166
168777
168777
1667786
16553%
165535
165535
163251
165251
165261}
168302
166002
1660802
167502
157532
167502
172111
172111
172111
167543
167503
167502
1660C3
1650G3
166002
1652561
165261
165261
165935
165535
165534
162776
1685778
166776
1271166
171158
1711568
174217
178217
17218
177717
177777
1ITmIT
oqnooo

el lali s
155732
185732
56730
0ze3s0
G2D356
124310
g27u2z3
027423
180163
gr0112
DyoL12
CO7126
055013
055013
03530
172831
172531
131706
077256
077256
G47S1a
D21154%
021154
02564
ocz2036
goz03s
111005
637802
037802
154232
062174
062174
£06221
035408
035406
171868
136227
136227
103465
073215
073215
651632
naos2y
aoos24
170264
100000
100000
100000
tboopoo

o4 naopn
152355
182365
135436
1712721
171221
1582115
11G865s
L11RG6E
0?7331
073330
G73330
115814
GTIRLT3
076473
148055
024567
g2us56?
02414y
G5172%
a51726
154135
010755
Qip7rss
C7a3zy
178616
170616
as4Ys0
as3Q71
43077
155704
115625
115529
Je0264
142665
142665
12367y
1468406
1364806
251101
073755
073155
14805358
13211
13211
162111
0371s7
037iat
037145
037144

gcooror
on41shk
Or4157
poyre?
g1osn
DiQs5iIc
QIG657°
gys26"
Q15260
d1526n
B21650C
G21KS5™
L21R5M
25764
025769
C2576%
031467
DIIURZ
03146%
g3gajla
aiyaly
G3uuly
D36u72
pD35u72
C3su72
a3uyls
CIiyule
03gnly
Cljsen
031463
0318613
G2576F
CZS77F
G257kt
021651
421651
g21650
g152an
615761
015261
010571
0l1os57H
0105711
oowia”
oD41I57
OGu15?
goacan
gcaoeon
cocooor
poaoon

gaGroo
103711
sl RS
go21la
asi154
133714
135714
025736
114276
114276
CCoBu4SY
OR784]
CR7a4C
13u4n37
ons322
aestz2
173740
L£33FEL
213664
031727
081" 7l}
BRIT?I
182520
§2111G
17111¢€C
orrs7y
152220
13314825
orcsTiy
14un7T2
120500
CC2%6C
111277
1rarg2
102722
02137
175131
1379032
047543
0?5540
166761
osu322
DugeT?
017223
120221
1I10RSY
1297901
ceasrcl
oeorng
ooango

rgoare
Tu3nzi
g106us
DIGE4R
gr121>
147221
1487321
255361
156755
156755
121462
187546
16754F
J1e55%
o%2401
raz4ri
117007
r2es72
026572
161867
171275
171278
125208
152602
1526C?
172307
c3zo3z
165075
Crougl
135482
15131 %
182767
116203
rrge2n
CRllus
144127
173432
50752
13227
174127
15235k
gi021”
115347
r»sgp?
157355
r'SCeF*
037857
rI7es7?
r3765=
137853

incrementally - 0 to 32,768 pulses and return to O again.

TABLE 5.2 (cont.)
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A¥OT

47 cra 0 AT 106:492307 TES CPLLTCTOR 110D-C513
IITHIS) = uosk 131
in"—_r\zu
c 1 :

512 197 1 o
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s12  A1777R 150032 155200 0QOUOOM  CODDOD 340008 0G0377 178525 11275°
1024 93777C  I3°C52 1550124  0J9030  08ORO3  C4OCO0 Q00777 185%53 F277u%
-512 rI7778  JI0232 165103 2490000  ACCOPrTe 9unLdc 0E6377 176525  11483”
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TABLE 5.3

Oscillatory Runs-Ten Cycles O to 1024
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« 115 -



[
[P Y

[T

Y ek b e
[-JF NP N

[ TEA NI ]

e | e
ey oy
[ IO A
&P E raf)

T12?
t.2s
-l
=102

rerpr
~nTTYc
TTIIIC
rRITIT
P g

ryrrn-
TN
“r177-
~3711¢F
[ L

funone
ahd b
R
~1771°°
rFy~—rr

uonnen
©3177a
TITTIT
r37=1s
pu 029

ceorpr
177775
b kAl
~T777n

pagTRn

zense-
P
rre-

- ki

c-
o1t hadugudad

37217
1p4324
1E42ES
1EHLIT
437104

CIT71CH
164117
12177
1641 3%
L2ET77F

GIRT B
1343351
153847
154337
©37571

CLeare LILORT
agrjun Luueng
TLopce 1ELTC

oo S LU
cgoagoc w0720
[UeY ] Ry irired
Jagaet R T L A
CCCLTT L2rrC
Jagsar st Mo i
[Hilugca cCLeLi
CeJocr e isiods
gocaIn -CI70.
ccczir Lot
o resi el y ST
[Rof ey tzore
aopean gaoece
eRvisisieln caencs
cacaer oecreg
cooace [s] vy ot S

pocoonce gocore

ccooar [CCrr.
GoTdh GCoCoC
sLroll LoIfC.
efeiaieioy o o T
0038ca Lourn.

furc ol
JutZc.
Lucoen
LA
cura3l

Tatrnl
camIa.l
L7100
L Juguiore)

Lu” ool

J47592
-4733932
LHICCW

Y steto

LIS o)

Lerlce

GYTZAZ
L LA [
LHCCGL
LUDLCL
4206

[ Rl 4
jod et W]
b '

J40C3s

PLE IR

Single Axis - Runs 6-10

TABLE 5.3 (cont.)
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Two Axis - Runs 1-5
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Two Axis - Runs 6-10
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Three Axis - Buns 1-4
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SMOOTH PULSE SEQUENCES

A. J, Lincoln, M. Cohn and S, Even
Sperry Rand Research Center, Sudbury, Massachusetts

INTRODUCTION

The necessity sometimes arises in digital systems to generate ex-
ternal pulse rates whose-frequency is related to the internal clock frequency
by some proper rational fraction while still maintaining synchronism with the
internal clock source. In many such c;ses, it 1s a requirement that pulses

of the generated frequency be as uniformly spaced as possible within the con-

straint of synchronism. We define such pulse sequences as smooth pulse se-

quences in contrast with uniform sequences in whach each pulse is separated

from its predecessor by a fixed interval. . The smooth sequences possess a
number of interesting properties, both in their structure and in the ways they
can he generated. Some of these properties will be treated 1n the following
discussion,

Although it has not, to the authors' knowledge, been previously
i1dentified as such, a method has been in use for some time for generating
smeoth sequences, This is the constant multiplier used in digital differen-
tial analyzers (DDA's). Another technique often used for forming synchronous
frequency multiples uses the "rate multiplier,” and invelves detecting the
one-to~zero transitions of the stages of a binary counter chain. The rate
multiplier technique, although capable of forming relatively smooth sequences,

does not form a true smooth sequence, as can be easily demonstrated.

-



Other methods for generating smooth sequences can be described.
Our interest here, however, is to provide a formal fouandation for the subject

_and to prove several important properties of smooth pulse sequences.

PROPERTIES OF SMOOTH SEQUENCES

Choosing an arbitrary reference point in time, and assuming, for
convenience, a unit-period clock, we define two types of pulse sequences:
Uniform Sequences and Smooth Sequences, Each can be described by a doubly-
infanite sequence of real numbers, the ith number giving the arrival time,
as counted by the clock, of the iT’h pulse. Since our refercnce-time zero
and the position of the index zero can be chosen arbitrarily and independent-
ly, we wish to consider equivalent those sequences which differ only by a
shift in time or by reindexing. In other words, only the "pattern” of a

sequence is important. Accordingly, we first make the following definition:

Definition 1:

Two arrival-time sequences {al} and {bl} are equivalent

if for some integers t and T ,

—_mE i Lo

A uniform pulse sequence is an ideally smooth sequence with rate
p/q times that of the clock. It consists of p uniformly spaced pulses

during every q clock periods.

Definition 2:

A Uniform Pulse Sequence of rate p/q has pulses at

times {ul’; . where u, = i3 _ecice



Unless q/p 1s an 1integer, the pulses of the uniform sequence do
not all coincide in time with clock pulses, so the problem of synchronous
pulse rate generation canno! generally be solved by « uniform sequence. The
concept, though, is crucial in defining and characterizing smooth sequences,

which, heuristically, are the hest synchronous approxination to uniform

sequences, .

Definition 3:

A Smooth Pulse Sequence of rate p/q has pulses nnly at

integral clock times {si} ¢ — @ =1 e : morieover, these

T
pulses can be put 1nto one-to-one correspondence with the
pulses of the uniform sequence in such & way that

max(s,-u.} - mintls,~u J < 1.,
i il : i1

To construct a concrete example of & smooth pulse sequence for Lhe
fraction 5/8, we place pulses at those clock times which coincide with or

immediately follow pulses ot the uniform sequence.

Example ] ’
Time -2 -1 0 1 2 3 4 5 6 7 3
Clock — A A A AN A A A 2% A AN A
Smooth A A A A A A A
s
p f / A ;oo
Uniform A A A A AN A A
; ; s g5 ek s 3
.+ 8/3 .+- 8/5 ~+- 8/5 = 8[5 e 8/5 - 8/3 -
Here the arrival times of ihe smooth sequence are ..., -1, 0, 2, 4, 3, T,

8, ...} . If the pulse pattern between, say, time 0 through time 7 is

o5



repeated indefinitely, an infinite, smooth sequence of rate 5/8 results.
Since this sequence was constructed to be periodic, 1t suffices to observe
the smoothness of a single period. Under the natural correspondence (shown
by arrows), the deviations between the smooth and the uniform arrival times
range between O and 4/5 , satisfying Definition 3.

The last condition in Definition 3 bounds the range of time devia-
tions between pulses of a smooth sequence and their correspondents in a
uniform sequence. We next‘observe that the bound can be sharpened and that
within the equivalence relation the deviations themselves can be bounded.

Since the s; are integers, and the u; are integral multiples of
q/p . the differences (si-ul) between corresponding pulse times must be

integral multiples of 1/p , hence

Lemma 1: A smooth sequence satisfies the inequality

max(s.-u,) - min(s.-u_ )} = p-1 .
;14 ;i1 p

Now suppose that i, is an index where the difference (sl~ui)

0

. . T
achieves its minimum; that 1s,

min(sl-ui) = (sio-uio)

By an integral shift in time and a reindexing, we form the new seduence {s']v
1

where

!
S, = §5_,. -8, .
i 1tiq is

To be rigorous here we should note that Lemma 1 and its preceding discussion
imply that the differences (s_-u.) take on at most p distinct values, and
that these values are bounded Beldw by s;-u; -(p-1)/p, where ) 1s an index
chosen arbitrarily. Therefore, the sequence has a greatest lower bound, which

is 5. -u, for some i
iy, ig 0

fra-



The minimum deviation of {s;} from the uniform sequence is given by

N / .
min(s.-u. in(s,,. -s, -u,
i (s1 1) m (sl+1 )

i 1 ] 1o 1

H

= min(s.,, -u_-u, -s5. +u_ )
R l+1o

1 dg i 1
i ¢ 1o 1o
= min(s,,. -u, Yo~ (s, -u_ )
i itiy, "ih, in 1p

But by definition of iO this quantity vanishes, so that all deviations of

! . s
{si} from the wniform must be nonnegative. Invoking Lemma 1, we can now

state;

Lemma 2: Within equivalence, every smooth sequence satisfies

-1

0= (sl—ui) < e )

t

The sequence in Example 1 was designed to satisfy this bound without an
equivalence transformation.

We are now able to prove the fundamental theorem of smooth sequences.

Theorem 1: A smooth sequence of rate p/q is unique to within
equivalence.
Prgof: Given any two smooth sequences of rate p/q, consider their equivalent

forms complying with Lemma 2. The ith pulses of both smooth sequences must ceincide
with clock pulses, and must coincide with, or lag by less than a clock period,
the same correspondent, u, .o1n the uniform sequence of rate p/q . There-
fore, the ith pulses 1n the two smooth sequences must coincide with the same
clock pulse, hence with each other, QED
This is an extremely strong result, following, as 1t does, only from

the definitions of uniform and smooth sequences and the notion of equivalence.

frs-



So far we have used arrival times to describe pulse sequences. Tt
is convenient now to introduce a dual description, the cumulative count. If
A(t) 1is the number of pulses in the sequence {ai} which have arrived by

time t , we define the "count sequence" {a(t}} , where

alt) = A(t) - A(ao)
Thus o(t) is an integer-valued function of time, sarisfying

Lemma 3: 1f [ai} and {o(j)} are, respectively, the arrival
time sequence and the count sequence for a synchronous
pulse sequence,

@) =1 for a, =) <a;,

(i) I < Ty
As done in Lemma 3, we will always use the lowercase Greek equivalent
of the arrival-time character for the corresponding count sequence, Also,

by analogy with the notation {ul} for the arrival times of pulses in the

uniform sequence, we make the following definition,

Definition 4. A uniform sequence of rate p/q has a (rational)

count sequence {u(j)} , where

U(J):J'CQ{ ' _oogjsco .

We are now ready to prove the important relationship between the

arrival time sequence and the count sequence,

fre-



Theorem 2 (Duality Theorem):

If [ai] and {a(j)} describe a synchronous pulse

sequence of rate b '

max(a.-u_,) - mina.-u ) < p-l
i i i i i o3 P

if and only if

max(v()} - o(3)) - min(v(j) - a(j)) < Eal
J J

Proof: To prove the "if" part, observe that for any a

]'.9
4 min(v(j) -e(j)) =2 nin (EJ-@(j))S—(I(Ea. -a(a.))=(a.—-u )
P P pN\q i i i™ %

Also, since

. . ' _ q .
gmjx(U(J) _a(§)) = ;‘i‘(ﬁ— (a;-1) -afa-D) ) =(a, -1-9 (1-1) ),

) % m?x(U(j)-a(j)) > (al-ui)

(2-

"UI-Q

From these two results,

¢

(} ) max(u(J) o(j)) = m?x(ai—ui)

g min(u(y) -a(3)) mln(ai—ulJ

J i

[a

By subtraction and hypothesis,

(l _q)+g(g___) %—2 max{a, Y ) - mln(a -u, )

i i

7 -



To prove the "only 1f" Tarts observe that for any clock time J , there is

a paix of successive arrival times such that a, =3 < 8141—1 . so that

a()) =1 . Therefore,

IA

D s
q a. -1

b _ P ~1) -
; g’ o) = q(arﬂ 1) -1

¥

1A

Rota cud u(]) -a(3) < A i+17 Tl
¢ Y 1) -alg) < g q

But then

(1 -——2)'*“—% m?x(al_,_l—ul_l_l) 2 max(u{j) - o(j))y

J
2 min(ai—ui) < min{u(j) -e(j)) :
i J

again by subtraction and hypothesis,

-1° -1 X
(l —*3)-%-%(})—;)—) = gq_ = m?X(U(J)ufJ’(J)) - m;n(U(J)—cz(.j)) .

QED

An obvious consequence of Theorem 2 and Definition 3 is

Corollary 2.1: A synchronous pulse sequence described by the count

sequence {o(})} 1is smooth if and only if

max(v(]) -a(3))-mn(u(y) -a(3)) = ﬂél
J J

In the discussion which follows, several of the results have
analogous statements and analogous proofs i1n terms of arrival times as well
as count sequences. In such cases, both statements, but only one proof, will

be given.

e



Lenma 3: 1£, for all i1 , ajy.=aj +d , then [or any i1nteger k ,

Agke ~ A, F kd .
Lemma 3°: If, for all j , a(j+d) =«fj) +¢ , then for any integer % , .

alj +hd ) = «()) * ke,

Proofs: Both proofs are simple inductions on k .

Lemma 1: If, for all 1 , ai+cl==ai-+d1
and I =‘ai+d2
2
then 01/c2:d1/d2
Lemma_4°. . 1f, for all j , () +dl)::a(J)-%cl
and aly +d,) =al)) ~c,,
then ¢ /¢, ==d1/d2 .
Froofs: Consider o} +d1d2) ; applying Lemma 37 twice,
aly) +tde, = «{y) + dy ey
for all 3 , so that
(:1/02 = d]L/cl2 .
Lemma 5: The arrival time sequence fsl} for a smooth sequence of
rate ‘E{T:";'ﬁ, p and q relatively prime, satisgfies
51+p:51 tq for all 1
Lemma 57 The count sequence f{o()}} for a smooth sequence of rate
ﬁ-;:f-g . p and q relatively prime, satisfies

c(jtqy =a(j)+p for all j .

(e



clytq) - vlj+q) - ol3) + v(j) + g ﬁ7

Proofs: oly+q) - ~(j)

{cli+q) - v(j+q) - a(§) + o(jD} +p .

Ml

The difference on the left-hand side of this equation is clearly an integer,
while the bracketed quantity on the right is less than unity (by Cor. 2.1).
Therefore, the bracketed quantity must be zero, proving the lemma,

We now define two new sequences, the first differences of the arrival
times and the count sequence. The first, called the "gap" sequence, consists
of the clock-time intervals between pulses. The second, called the "binary"
sequence, is umity at those clock times when pulses are present, and is zero

at all others. Thus, it depicts the pattern of the pulse seguence.

Definition 6: The gap sequence is given by
9y TRy Ty TEI =T
Definition 7: The binary sequence is given by

B(j) = oy} ~a(j-1), ~@o < j 5 =,

Theorem 3: A smooth pulse sequence is periodic. If 1ts rate is
ﬁ?rrfﬁ . p and q relatively prime, then the period

is q clock times during which p pulses appear.

il

Proof: g(3+q) - B(3) = o(j+q) - ol(j+g-1) ~ o) + o(j-1)

o(y+q) - o(3) - clj+q-1) + o(3-1)

p-p=0.

Lemma 5" makes explicit the number of pulses in each period, and Lemma 4~
proves that if there were a shorter period than ¢q , then p and ¢ could

not be relatively prime.

QED
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These last results simplify the investigation of smooth sequences
1n two ways. First, only rates in reduced form, that 1s, with p and (g
relatively prime, need be considered., Second, a single period suffices to
describe any smooth sequence. This permits the use of the following con-

venient notations for a smooth sequence of rate p/q :

(1) Arrival times: (so,sl.....sp_l);
(ii) Gaps (QO'gl""'gp—l)'
where g; = Sy = S5,
p-1 indices modulo p ;
and E; g. =
i
i=l
(iii) Counts (c(0),0(1), ... ,0(g-133;
(iv) Binary (g(0),8(1),...,3{q-1),
where B(j)=c(j) - o(j-1)
q-1 indices modulo 4q .
and E 3(3) = p
j=0

Finally, we consider the difference-sequences bhetween smooth and

uniform sequences.

Lemma 6. The sequence (si—ui) has period ¢q .
Lemma 6°: The sequence (u(3)-o(j)) has period q .

. _4q - ; 5 rs. -
Proofs:  Since u, R SRR u; +q for all i . By Lemma 3, {s}} sat1s

fies the same recursion, so the difference (Si_ui) has a period of q clock
times (or p pulses). But since p and q are relatively prime, wu; and
(Sl-ui) are integral only when 1 is a multiple of p . Therefore (sl—ul)

has no period less than q .
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With this knowfexdge and the obs®™vation that all (sl ~ui) are proper
fractions with denominator p , and all (u(j)-o(3)) are proper fractions with
denominator g , we can complete the refinement, begun in Lemmas 1 and 2, of

the characterization of smooth sequences,

Theorem 4: A smooth sequence of rate % satisfies
max(s -u,} — mn (s, -u,) = p-l :
i 1 1 11 P
max (L(j) - o(j)) - mn(u(j) - a(y)} = g-1 .
J , 3 q
Proof: Since the difference (si —ui) periodically assumes p different values,

all of which are proper fractions with denominator p .,

max{(s -u.)} - min{s -u.) = p-1
i 1 1 N 1 1 P

This 1nequality combined with Definition 3 proves the theorem for the arrival

times. A similar argument can be made for the count sequence.
QED
SUNMMARY

Starting from a definition of smooth sequences as synchronous pulse
trains with bounded range of deviation from an ideal uniform rate, we have
seen that the pattern of such a sequence 1s unique and periodic, and that the
deviations from the ideal are quantized and less than unity. Dual descriptions
have been given in terms of arrival times and cumulative counts, as well as 1in
terms of their first differences. The deviations of smooth sequences from their
uniform counterparts have been characterized,

In closing we note that from the uniqueness of these sequences, which
holds even under our rather broad definition of smoolhness, 1t follows that smooth

sequences minimize all reasonable measures of deviation from uniform spacing.
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