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SOLUTIONS OF TWO HEAT-TRANSFER PROBLEMS WITH APPLICATION 

TO HYPERSONIC CRUISE AIRCRAFT 

Mark D .  Ardema 

Of f i ce  o f  Advanced Research and Technology 
Mission Analysis  Div is ion  

Moffet t  F i e l d ,  Cal i f .  94035 

SUMMARY 

Solu t ions  are obta ined  f o r  two in i t i a l -boundary  value problems of one- 
dimensional hea t  conduction. The problems concern i n s u l a t i o n  systems f o r  
l iquid-hydrogen-fueled hypersonic  a i r c ra f t .  The s o l u t i o n s  are obtained by 
s tandard  a n a l y t i c a l  techniques and are used t o  develop procedures f o r  estimat- 
ing t h e  weight of i n s u l a t i o n  systems f o r  such a i r c r a f t .  Numerical r e s u l t s  a r e  
presented  and compared with r e s u l t s  of a f i n i t e  d i f f e r e n c e  a n a l y s i s ,  and 
agreement i s  found t o  be e x c e l l e n t .  F i n a l l y ,  t he  s o l u t i o n s  a r e  compared with 
s t e a d y - s t a t e  approximations,  and it i s  concluded t h a t  these  approximations 
provide convenient weight e s t ima t ing  formulas.  

INTRODUCTION 

S tudies  of  loads and weights of l iquid-hydrogen-fueled hypersonic  a i r -  
c r a f t  a r e  r equ i r ed  as p a r t  of comparative mission performance ana lyses ,  
r epor t  p re sen t s  s o l u t i o n s  of two h e a t - t r a n s f e r  problems encountered i n  es t i -  
mating i n s u l a t i o n  weight of  fuselage.  thermal p r o t e c t i o n  systems. The a n a l y s i s ,  
however, i s  genera l  and may be app l i ed  t o  o t h e r  cases ,  such as i n s u l a t e d  wings 
and f i n s .  

This 

Previous s t u d i e s  ( r e f s .  1-6) have ind ica t ed  t h a t  hypersonic  c r u i s e  a i r -  
c ra f t  are l i k e l y  t o  be l iquid-hydrogen (LH2) fue l ed  and w i l l  probably c a r r y  a 
major f r a c t i o n  of t h e  f u e l  i n  the  fuse l age .  Since t h e  e x t e r i o r  su r faces  of 
such a i rc raf t  a r e  a t  high temperatures and t h e i r  i n t e r i o r  s t r u c t u r e  i s  a t  t h e  
cryogenic temperature of t h e  f u e l ,  t h e i r  fuse lages  w i l l  r e q u i r e  thermal pro- 
t e c t i o n  systems t h a t  w i l l  s i g n i f i c a n t l y  inc rease  t h e  gross  weight of  t h e  
veh ic l e s .  These systems w i l l  be r equ i r ed  both t o  prevent  excess ive  b o i l o f f  
of f u e l  ( c a l l e d  t h e  " w e t  tank" problem i n  t h i s  r e p o r t )  and t o  l i m i t  s t r u c t u r a l  
temperatures ("dry tank" problem) . 

In  the  p a s t ,  t he  weights of thermal p r o t e c t i o n  systems have been d e t e r -  
mined e i t h e r  from s t e a d y - s t a t e  h e a t  conduction ana lyses  o r ,  i n  more d e t a i l e d  
s t u d i e s ,  from numerical s o l u t i o n  of  t h e  t r a n s i e n t  h e a t  conduction equat ion.  
I t  appears t h a t  a n a l y t i c a l  s o l u t i o n s  of  t he  hea t  equat ion with a p p l i c a t i o n  t o  
hypersonic  a i r c r a f t  thermal p r o t e c t i o n  systems a r e  no t  a v a i l a b l e  i n  t h e  l i t e r -  
a t u r e .  This r e p o r t  p re sen t s  such a n a l y t i c  s o l u t i o n s  f o r  t h e  wet tank and dry 
tank problems. 

To i l l u s t r a t e  t h e  s o l u t i o n s  of t h e  two problems, a r e p r e s e n t a t i v e  numeri- 
c a l  example i s  presented .  The r e s u l t s  a r e  compared with r e s u l t s  obtained with 
a f i n i t e  d i f f e rence  h e a t - t r a n s f e r  computer program. The t r a n s i e n t  s o l u t i o n s  
obtained i n  the  p re sen t  ana lys i s  are a l s o  used t o  i n v e s t i g a t e  t h e  v a l i d i t y  of  



s t e a d y - s t a t e  approximations. These approximations are use fu l  f o r  pre l iminary  
weight es t imates  because they  may be solved f o r  t h e  i n s u l a t i o n  th icknesses  i n  
c losed  form. Both the  magnitudes and t h e  s e n s i t i v i t i e s  of  t h e s e  
approximations are compared with t h e  t r a n s i e n t  r e s u l t s .  

PROBLEM FORMULATION 

A typical hypersonic  a i r c ra f t  conf igura t ion  i s  shown i n  f i g u r e  1 and 
t h e  p r i n c i p a l  elements of the  fuse lage  

Figure 1. - Hypersonic a i r c r a f t  configurat ion.  

RlOR STRUCTURE 

Figure 2 . -  Fuselage c ross  sec t ion .  

of such an a i r c ra f t  are shown schemati-  
c a l l y  i n  f i g u r e  2 .  The fuse lage  bend- 
ing  loads may be c a r r i e d  e i t h e r  by t h e  
e x t e r i o r  s t r u c t u r e  (nonin tegra l  tankage) 
o r  by t h e  tank s t r u c t u r e  ( i n t e g r a l  tank-  
age ) .  Because f u e l  i s  used, no t  a l l  of  
t h e  tank circumference w i l l  be  i n  con- 
t a c t  with t h e  M2 f o r  t h e  e n t i r e  f l i g h t .  
Consequently, t h e r e  are two extreme o r  
l i m i t i n g  cases  t o  be considered:  

(1) The wet tank case .  The tem- 
pe ra tu re  a t  t he  wall i s  he ld  t o  t h a t  o f  
t h e  LH, throughout t he  f l i g h t .  (This 
case corresponds t o  the  bottom of  t h e  
l a s t  tank t o  be emptied.)  

( 2 )  The dry  tank case. The h e a t  
t r a n s f e r r e d  through t h e  i n s u l a t i o n  is  
absorbed by the  tank s t r u c t u r e  and t h e  
tank w a l l  temperature i s  allowed t o  
r ise accordingly.  (This case  cor re-  
sponds t o  the  top  of t h e  f i r s t  tank t o  
be emptied.)  

The i n s u l a t i o n  th icknesses  f o r  each case a r e  given by t h e  s o l u t i o n  t o  t h e  two 
h e a t - t r a n s f e r  problems a s soc ia t ed  wi th  these  two cases .  Vehicle geometry and 
tank sequencing are then  considered i n  e s t ima t ing  t h e  f r a c t i o n  o f  veh ic l e  
su r face  area over  which the  ind iv idua l  th icknesses  apply i n  t h e  weight 
c a l c u l a t i o n .  

The major assumptions of  the  ana lys i s  are as fo l lows:  (1) hea t  t r a n s f e r  
i s  by conduction only;  (2 )  c i r cumfe ren t i a l  h e a t  t r a n s f e r  i s  n e g l i g i b l e  com- 
pared with r a d i a l ;  (3)  th ickness  of  i n s u l a t i o n  i s  small compared with fuse lage  
r ad ius ;  (4) conduct iv i ty  of a l l  s t r u c t u r a l  elements i s  i n f i n i t e l y  l a rge  com- 
pared with conduct iv i ty  of i n s u l a t i o n ;  (5) i n s u l a t i o n  i s  continuous and homo- 
geneous; (6) thermal cons tan ts  ( e .g . ,  conduct iv i ty  of i n s u l a t i o n ,  s p e c i f i c  
hea t  of i n s u l a t i o n ,  s p e c i f i c  hea t  o f  s t r u c t u r e )  a r e  independent of p o s i t i o n ,  
time, and temperature;  (7) e x t e r i o r  i s  exposed t o  a square temperature  p u l s e  
(or ,  equ iva len t ly ,  a s t e p  p u l s e ) .  These assumptions imply t h a t  i n i t i a l -  
boundary value problems of t h e  one-dimensional h e a t  equat ion are t o  be so lved .  
These s o l u t i o n s  a r e  obtained by the  s tandard  a n a l y t i c a l  techniques of  separa-  
t i o n  of v a r i a b l e s  and e igenfunct ion  expansions ( c f .  ref .  7 ) .  

2 
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i d e a l i z e d  p u l s e  area. F i n a l l y ,  

i c a l l y  be a func t ion  of temperature 
( f i g .  tY 3 hows conduct iv i ty  d a t a  f o r  a repre-  
s e n t a t i v e  i n s u l a t i o n  m a t e r i a l ) ,  representa-  
t i v e  values  may be used i n  o r d e r  t o  comply 
with assumption ( 6 ) .  Later i n  t h i s  paper  a 
numerical example shows t h a t  s o l u t i o n s  
obta ined  using a r e p r e s e n t a t i v e  value of con- 
d u c t i v i t y  agree reasonably with a v a r i a b l e  
conduct iv i ty  c a l c u l a t i o n .  Assumption (7) 
r equ i r e s  t h a t  t h e  ascent  and descent  phases 
of t h e  f l i g h t  t ake  n e g l i g i b l e  time compared 
with the  c r u i s e  t ime.  Although t h i s  i s  not  
s t r i c t l y  t r u e ,  t h e  a c t u a l  temperature  h i s t o r y  
may be approximated reasonably wel l  by a 
square  pu l se  as shown i n  f i g u r e  4 .  The 
"actual"  pu l se  shown on t h i s  f i g u r e  was 
obtained from a d e t a i l e d  t r a j e c t o r y  computa- 
t i o n .  The " idea l ized"  pulse  i s  determined 
by equat ing t h e  a c t u a l  p u l s e  area t o  t h e  

it should be remarked t h a t  t he  s o l u t i o n s  may 
only be used f o r  s i n g l e - l a y e r  i n s u l a t i o n s .  

Since the  v a r i a b l e s  o f  i n t e r e s t  ( the  i n s u l a t i o n  th icknesses)  cannot be 
obtained e x p l i c i t l y ,  it i s  necessary t o  so lve  f o r  t h e  th icknesses  by i t e r a t i o n .  
The th icknesses  (weights) are optimized i n  the  sense  t h a t  the  weight of  i n su la -  
t i o n  p l u s  LH, b o i l o f f  i s  minimized. The e n t i r e  ana lys i s  i s  programmed f o r  a 
d i g i t a l  computer. To ob ta in  v e h i c l e  thermal p r o t e c t i o n  system weight,  i tems 
such as cover pane l s ,  a t tachments ,  and "nonoptimum" weight must be added t o  
t h e  i n s u l a t i o n  weight .  

exc lus ive ly  considered i n  t h i s  paper ,  o t h e r  p o s s i b l e  app l i ca t ions  should be 
mentioned. The dry tank s o l u t i o n  i s  d i r e c t l y  app l i cab le  t o  i n s u l a t e d  s tmc-  
t u r e s  such as wings and f i n s  on c r u i s e  veh ic l e s .  I t s  app l i ca t ion  t o  veh ic l e s  

Although a p p l i c a t i o n  t o  hypersonic  c r u i s e  a i r c ra f t  fuse lages  i s  

3 



o t h e r  than  c r u i s e  v e h i c l e s  may be l imi t ed  by assumption (7) above. For  
example, launch v e h i c l e s ,  which have no c r u i s e  t ime, may have e x t e r i o r  temper- 
a t u r e  pu l ses  t h a t  cannot be approximated by a square  pu l se .  
r e e n t r y  veh ic l e s  i s  d iscussed  i n  r e fe rence  8. 

Applicat ion t o  

ANALYSIS 

Wet Tank 

The p a r t i a l  d i f f e r e n t i a l  equat ion t o  be so lved  i s  

s u b j e c t  t o  boundary cond i t ions  

u ( 0 , t )  = TS 

u(L , t )  = TH 

and t h e  i n i t i a l  condi t ion  
T - T  H o  

L x + To u(x,  0) = (4) 

where 

(5) 
K 

CP 
k = -  EXTERIOR 

This  problem i s  dep ic t ed  i n  f i g u r e  5. 
In t roducing  t h e  t r a n s  format i on TO 

I L x + TS (6)  
TH - TS u = v +  

i n t o  equat ions (1) - (4) r e s u l t s  i n  t h e  
fol lowing homogeneous ve r s ion  of t h e  t = o  O < t < t f  

Figure 5.- Wet tank.  problem: 

a 2~ 

a x2 
- k -  av 

a t  
_ -  

v ( o , t )  = 0 

v ( L , t )  = 0 

(7) 

4 



Setting 

v(x,t) = T(t)O(x) 
in equation (7) results in the separated equations 

dT 
dt - + XkT = 0 

d2@ 
-y+ XQ, = 0 
dxL 

Solving equation (13) subject to boundary conditions (8) and (9) gives for the 
eigenvalues and eigenfunctions 

2 

A n = ( ? )  ; n = l , 2 ,  . . .  

@n = sin (x A); n = 1, 2, . . . 

respectively. Since the solution of equation (12) is 

- Ankt 
Tn = e ; n = l , 2 , .  . . 

v(x,t) may now be written as 

m - Xnkt 
sin (x A) %le v(x,t) = (17) 

n= 1 
Since the eigenfunctions are orthogonal for this problem, equations (10) and 
(17) imply 

(To - Ts) ; n = 1, 2, . . . an=- 2 
L J X ,  

The temperature distribution is then obtained from equations ( 6 ) ,  (14), (17), 
and (18) 

5 



m 

T - T  -n2n2kt 

(19) 
nnx - L~ s i n  - L ' e  n r  x + TS + 2(T0 - Ts) L u ( x , t )  = 

n= 1 

Since t h i s  func t ion  i s  a "strict" s o l u t i o n  of  t h e  problem it may e a s i l y  be 
shown t h a t  it i s  a l s o  a unique s o l u t i o n .  

The h e a t  t r a n s f e r r e d  through t h e  tank wall t o  t h e  LH2 f u e l  i s  

Q =  L 

2KL(T, - To) 
+ 

r2k  

m c n= 1 n2 
e 

An a n a l y t i c a l  v e r i f i c a t i o n  of equat ion  (20) i s  provided by r e fe rence  8 which 
g ives  t h e  s o l u t i o n  f o r  t h e  s p e c i a l  case of To = TH (app l i cab le  f o r  r e - e n t r y  
v e h i c l e s ) .  S e t t i n g  To = TH i n  equat ion  (20) g i v e s  

Q I To=TH 

(21) 
which i s  equat ion (2) o f  r e fe rence  8. The h e a t  absorbed by t h e  f u e l  i s  

where 
f l i g h t  p e r  u n i t  su r f ace  area. Hence, combining equat ions (20) and (22) g ives  

LBO i s  t h e  ' lbo i lof f  th ickness"  o r  volume of LH2 b o i l e d  o f f  dur ing  

m 

K t f  (Ts - TH) 2KL(Ts - To) 
+ 

= Lh ' 2  
r2kh n 

The i n s u l a t i o n  weight f o r  t h e  w e t  tank case can now be computed. The 
weight p e r  u n i t  area i s  

6 



where LBO as a function of L is given by equation (23). The necessary 
condition for minimum weight is dW/dL = 0 which leads to 

(25)  
II= 1 

n 
= - 5 was used. Equation (25) must be solved iteratively where 2 7 

n=l 
for L. After this has been done, other quantities such as LBO, Q, and the 
temperature distribution u(x,t) may easily be computed. Computationally it 
was found that all of the infinite series involved converge very rapidly. 
Thus only the first five terms of each series were retained. It is of inter- 
est to note that for fixed materials and temperatures, equation (25) implies 
that for optimum insulation thickness the ratio 
optimum insulation thickness is proportional to the square root of cruise 
time). 

(-1) 
1 2  

tf/L2 is fixed (i.e., the 

The commonly used steady-state equation may be readily obtained from 
equation (25) by setting To = TS (from eqs. (l), (2), ( 3 ) ,  and (4) this gives 
a linear steady-state temperature distribution) with the result 

This may be solved for Lss in closed form. From equations (20) and (23) the 
steady-state heat transfer and boiloff thicknesses are: 

Equation (26) may be deduced from the transient solution in two other ways. 
First, setting the insulation heat capacity, C, equal to zero (i.e., letting 
k + a) in equation (25) leads directly to equation (26). Secondly, letting 
tf -f a in equation (23) leads to equation (28) which, by virtue of 
equation (24), leads to equation (26). 

7 



Dry Tank 

As shown i n  f i g u r e  6, t h e  in i t i a l -boundary  va lue  problem t o  be so lved  i s  

t = o  

IRE 

H 

O < t C t f  

Figure 6 . -  Dry tank. 

- _  a u - k -  a 2~ 
a t  2 ax 

(29) 

x + T  0 (32) 
TH - To 

L U(X,O) = 

The second boundary condi t ion ,  equat ion  (31) ,  i s  a s ta tement  t h a t  hea t  t r a n s -  
f e r r e d  through t h e  i n s u l a t i o n  a t  x = L i s  equal  t o  t h e  h e a t  absorbed by t h e  
tank s t r u c t u r e .  To write t h i s  condi t ion  i n  d i f f e r e n t i a l  form we d i f f e r e n t i a t e  
equat ion (31) with r e s p e c t  t o  time and use  equat ion (29) t o  o b t a i n  

where 

Making t h e  t ransformat ion  

u = v + T  S (34) 

i n  equat ions  (29) ,  (30) ,  (32),  and (33) y i e l d s  a problem with homogeneous 
boundary condi t ions  

v ( 0 , t )  = 0 (36) 

(37) 

8 



- TS x + To TH - To 
L V(X,O) = 

We proceed as in the wet tank solution by substituting equation (11) into 
equation (35) to get equations (12) and (13). Applying boundary conditions 
(36) and (37) to equation (13) gives expressions for the eigenvalues and the 
e i g en f un c t ions 

- -  LKB k  cos(^ A) + K s i n ( L  o ; n = 1, 2, . . . (39) 

@n = sink&); n =  1, 2, . . . (40) 

In this case the eigenvalues cannot be solved f o r  explicitly. Each eigenvalue 
X may be shown to lie in the interval n 

(41) 

From equations (ll), (16), (34), and (40) the solution may be written as 

m 
- Xnk t 

u(x,t) = T S + a e  n sin(x J";;> 

and it remains only to find the Fourier coefficients, an. 

this problem because the eigenfunctions are not orthogonal. 
shown by application of Green's theorem which, in addition, gives a formula 
for the nonorthogonal values: 

The computation of the Fourier coefficients is not straightforward in 
This may be 

'\ 
In view of equations (37), (381, and (40), eqaution, (43) reduces to 
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The nonorthogonal i ty  of  t he  e igenfunct ions  means t h a t  t h e  temperature  d i s t r i -  
bu t ion  cannot be obta ined  i n  e x p l i c i t  form. This  s i t u a t i o n ,  however, does 
not  i n h i b i t  numerical  s o l u t i o n  s i n c e  the  problem can be reduced t o  one of 
mat r ix  a lgebra .  Next in t roduce  t h e  q u a n t i t i e s  

r L  
Ii =J v(x,O)@i(X)dx ; i = l , 2 ,  . . .  

0 

=lL Oi (x) 0.  (x)dx ; i, j = 1 , 2 , .  . . 
J 

(45) 

where I i  and I i j  

dimensional mat r ix ,  r e s p e c t i v e l y .  Using equat ions  (38), (40),  and (44) a l lows 
equat ions (45) and (46) t o  be expressed as 

a r e  an inf in i te -d imens iona l  vec to r  and an i n f i n i t e -  

(Ts - TH)s in  I .  = - 
1 LKB 

k 

+ -  (TH - To)s in  (To - Ts) ; i = 1, 2 ,  . . . (47) 1 

1 +-- k s i n 2  ( L  E)J ; 
LKB ii 2 

i = 1 , 2 ,  . . .  

- s i n  ( L  / T ) s i n  (LF) ; i + j ; i ,  j = I ,  2,  . . . 
I i j  LKB 

Now eva lua te  t h e  v ( x , t )  p o r t i o n  of equat ion (42) a t  t = 0 ,  mu l t ip ly  both 
s i d e s  by (a,(x), and i n t e g r a t e  from x = 0 t o  x = L t o  g e t  

00 

L L 
a Qn (XI Qm (XI dx n v(x,O)@ (x)dx = m 

0 

m 

I m  = anInm 
n= 1 

where equat ions (45) and (46) were used. Equation (49) g ives  t h e  Four ie r  
c o e f f i c i e n t s  f o r  equat ion (42).  

(49) 

Taking the  design p o i n t  of view f o r  t h e  d ry  tank weight c a l c u l a t i o n ,  it 
i s  d e s i r e d  t o  compute t h e  i n s u l a t i o n  th ickness  (weight) which l i m i t s  t h e  

10 



s t r u c t u r a l  temperature  u (L , t )  t o  a s p e c i f i e d  va lue  TB. Since t h e  maximum 
u(L , t )  occurs  a t  t f ,  equat ion (42)  implies  

W 
-hnktf 

TB = TS + a e  n s i n  ( L A) 
n= 1 

which i s  t o  be i t e r a t i v e l y  solved f o r  L .  The numerical procedure f o r  so lv ing  
t h e  dry tank problem i s  as fo l lows:  (1) Guess an L.  (2) Solve f o r  t h e  X i  
from equat ion (39)  with t h e  a i d  o f  equat ion (41). (3)  Solve f o r  t h e  a i  from 
equat ion (49) with t h e  a i d  of equat ions  (47) and (48).  (4) Test t o  s e e  i f  
equat ion (50) i s  s a t i s f i e d ;  i f  n o t ,  r epea t  t h e  procedure.  Although it was 
found t h a t  t h e  i n f i n i t e  series involved i n  t h e  s o l u t i o n  converged r e l a t i v e l y  
slowly, convergence was e n t i r e l y  s a t i s f a c t o r y  when t h e  so lu t ions  obta ined  by 
us ing  t h e  f i r s t  four  and t h e  f i r s t  f i v e  terms of  t h e s e  series were averaged. 
This  i s  no t  s u r p r i s i n g  s i n c e  a l l  of t h e  series involved are a l t e r n a t i n g .  Com- 
p u t a t i o n a l l y ,  t he  averaging was accomplished by d iv id ing  t h e  f i f t h  rows and 
columns of I i  and I i j  by two. 

Unlike t h e  wet tank s o l u t i o n ,  t h e r e  i s  no r e a d i l y  apparent  s t e a d y - s t a t e  
approximation t o  t h e  t r a n s i e n t  s o l u t i o n ,  s i n c e  t h e  boundary condi t ion  a t  x = L 
makes t h e  problem i n h e r e n t l y  unsteady. However, a quasi-s teady s ta te  r e l a t i o n  
may be obta ined  i f  it i s  assumed t h a t  t he  temperature d i s t r i b u t i o n  i s  a l i n e a r  
func t ion  of x at  any time t ,  t h a t  i s ,  

u ss ( x , t )  = f l ( t )  + f , ( t ) x  (51) 

This i s  equ iva len t  t o  s e t t i n g  C = 0 (k = w) i n  equat ion ( 2 9 ) .  
must s a t i s f y  t h e  boundary and i n i t i a l  condi t ions  (eqs.  (30),  (31),  ( 3 2 ) )  with 

Since USS(x,t) 

To = TS, 
K t  - 

(52)  
X 

Lss 
gL BP B L~ s 

USS(X,t) = TS - - (Ts - TH)e 

Since Uss(Lss , t f )  = TB, equat ion (52)  l eads  t o  

(53)  
TS - TH 

C ~ L ~ ~  BLSS TS - TB 
= Zn Ktf 

which g ives  L ~ s  i n  c losed  form. The hea t  t r a n s f e r r e d  t o  t h e  s t r u c t u r e  i s  
given by 

Qss = CBLBPB(TB - TH) (54) 

To conclude t h i s  s e c t i o n ,  menrion should be made of t h e  r e l a t i o n  of t h e s e  
two s o l u t i o n s  t o  e x i s t i n g  s o l u t i o n s .  
r e l a t i v e l y  s t r a igh t fo rward  wet tank case may a l s o  be obta ined  from t h e  a n a l y s i s  

The s o l u t i o n  given i n  t h i s  paper of t h e  
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given i n  s e c t i o n  3 .4  of r e fe rence  9. This  r e fe rence  a l s o  d i scusses  problems 
with t h e  boundary condi t ion  of  equat ion  ( 3 3 ) ,  bu t  does no t  g ive  t h e  s o l u t i o n  
o f  t h e  dry  tank case. However, s e c t i o n  3.13 may be used t o  o b t a i n  t h e  so lu-  
t i o n  f o r  t h e  s p e c i a l  case 
t i o n  3.13(9) of  r e fe rence  9 g ives  t h e  temperature  d i s t r i b u t i o n  

TH = To. For t h i s  case, t ransformat ion  o f  equa- 

u ( x , ~ )  = TS + 2(T0 - Ts) (55) 

Since it i s  d e s i r e d  t o  l i m i t  t h e  s t r u c t u r a l  temperature  t o  
g ives  

TB, t h i s  equat ion  

where An are t h e  r o o t s  of  equat ion  (39). Equation (56),  which i s  t o  be 
so lved  i t e r a t i v e l y  f o r  
nonfueled p o r t i o n s  of hypersonic  c r u i s e  v e h i c l e s .  

L,  has  a p p l i c a t i o n  t o  t h e  i n s u l a t e d  structure of 

RESULTS 

Comparison With a F i n i t e  Difference So lu t ion  

I n  t h i s  s e c t i o n  an example i s  p resen ted  t o  i l l u s t r a t e  t h e  s o l u t i o n s  
obta ined  i n  t h e  prev ious  s e c t i o n  and t o  provide  a comparison wi th  a f i n i t e  
d i f f e r e n c e  method. 
of  a hypersonic  c r u i s e  aircraft  t r a v e l l i n g  a t  Mach 6 with a cruise time of 
about 1-1 /2  hours .  
s t r u c t u r e ,  which carries t h e  v e h i c l e  loads ,  i s  aluminum a l l o y ,  weighs about 
3 l b / f t 2 ,  and i s  l i m i t e d  t o  200" F .  The temperature  d i s t r i b u t i o n s  f o r  t h i s  
example f o r  t h e  w e t  and dry  tank cases are shown i n  f i g u r e s  7 and 8, respec-  
t i v e l y .  The f l i g h t  p r o f i l e  f o r  t h i s  case y i e l d s :  

The d a t a  f o r  t h e  example was chosen t o  be r e p r e s e n t a t i v e  

The i n s u l a t i o n  i s  taken  t o  be qua r t z  f i b e r ,  and t h e  tank 

To = 70" F, TsWET = 952" F, 
= 632' F ,  and TH = -424" F .  Note t h a t  because of  angle  of a t t a c k  

T~~~~ 
(which corresponds t o  t h e  unders ide  of t h e  veh ic l e )  i s  g r e a t e r  

T~~~~ effects ,  

than  T Average i n s u l a t i o n  thermal p r o p e r t i e s  are those  a t  t h e  fol lowing SDRY. 
temperatures:  - 

TWET = TH (57) 

1 2  
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Figure 7.- Wet-tank temperature distributions. Figure 8.- Dry-tank temperature distributions. 

Here TH i s  used f o r  ?;WET s i n c e  t h e  q u a n t i t y  of importance i s  h e a t  t r a n s f e r  
t o  t h e  LH2 f u e l ,  and t h i s  hea t  t r a n s f e r  i s  p ropor t iona l  t o  t h e  conduct iv i ty  a t  
temperature  TH. For t h e  w e t  tank case, t h e  optimum i n s u l a t i o n  th i ckness  L 
was 4.89 i n . ;  t h e  b o i l o f f  t h i ckness  LBO was 3.10 i n . ;  t h e  u n i t  weight of  
i n s u l a t i o n  WI was 1.48 l b / f t 2 ;  t h e  u n i t  weight of b o i l o f f  WBO was 
1.15 l b / f t 2 ;  and t h e  h e a t  t r a n s f e r r e d  t o  t h e  fuel  was 222  Btu / f t2 .  
dry tank case ,  t h e  i n s u l a t i o n  th i ckness  r equ i r ed  t o  l i m i t  t h e  tank  temperature 
t o  200" F ,  L ,  was 2.34 i n . ;  t h e  u n i t  weight of  i n s u l a t i o n  
and t h e  h e a t  t r a n s f e r r e d  t o  t h e  s t r u c t u r e  was 249 B tu / f t2 .  
summarized i n  t a b l e  1. Q u a l i t a t i v e l y ,  as can be seen from f i g u r e s  7 and 8 the  
temperature d i s t r i b u t i o n s  are much as would be expected. 
t o t a l  v e h i c l e  i n s u l a t i o n  weight may be  es t imated  from a weighted average of 
t h e  weights of t h e  w e t  and dry tank cases. 

For t h e  

was 0.88 l b / f t 2 ;  W I  
These values  a r e  

As mentioned e a r l i e r ,  

TABLE 1.- COMPARISON OF RESULTS OF PRESENT ANALYSIS 
WITH FINITE DIFFERENCE SOLUTION 

1 Wet tank I Dry tank  

v a r i a b l e  K 

~ 

178 

*Input  va lues  

A f i n i t e - d i f f e r e n c e  heat-conduct ion program was a l s o  app l i ed  t o  t h e  above 
This  program so lves  one-dimensional h e a t  conduction problems by problem. 
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f i n i t e  d i f f e r e n c e  methods. 
l y t i c  s o l u t i o n s  of  t h e  p re sen t  paper  were en te red  i n t o  t h e  f i n i t e  d i f f e r e n c e  
program and t h e  r e s u l t i n g  temperature  d i s t r i b u t i o n s  were compared with t h e  
a n a l y t i c a l l y  der ived  ones.  The temperature  d i s t r i b u t i o n s  a t  t = tf f o r  con- 
s t a n t  conduct iv i ty  are ind ica t ed  by t h e  diamonds on f i g u r e s  7 and 8.  I t  may 
be seen t h a t  t h e s e  d i s t r i b u t i o n s  are i n  e x c e l l e n t  agreement with t h e  t r a n s i e n t  
ones.  Since t h e r e  is  no t h e o r e t i c a l  d i f f e r e n c e  between these  two s o l u t i o n s ,  
t h i s  agreement i n d i c a t e s  a h igh  degree of  numerical  accuracy. The f i n i t e  d i f -  
fe rence  method gave 227 B tu / f t2  f o r  hea t  t r a n s f e r r e d  t o  t h e  f u e l  i n  t h e  wet 
tank case (2.0 pe rcen t  d i f f e r e n c e  as compared wi th  the  a n a l y t i c  s o l u t i o n ) ,  
198" F f o r  t h e  f i n a l  wall temperature  of t h e  dry tank case (as  compared with 
200" F ) ,  and 248 B tu / f t2  f o r  hea t  t r a n s f e r  t o  t h e  s t r u c t u r e  i n  t h e  d ry  tank 
case  (0.2 pe rcen t  d i f f e rence )  as shown i n  t a b l e  1. 

The i n s u l a t i o n  th i cknesses  computed by t h e  ana- 

Since t h e  f i n i t e  d i f f e r e n c e  method i s  capable  of so lv ing  v a r i a b l e  prop- 
e r t y  problems, i t  may be  used t o  t e s t  t h e  v a l i d i t y  of us ing  cons tan t  conduc- 
t i v i t y .  If K i s  inpu t  a s  a func t ion  of temperature  (using d a t a  from r e f .  l o ) ,  
t he  r e s u l t i n g  temperature  d i s t r i b u t i o n s  a t  a r e  denoted by t h e  squares  
on f i g u r e s  7 and 8. A s  shown i n  t a b l e  1, t h e  f i n i t e - d i f f e r e n c e ,  v a r i a b l e -  
conduct iv i ty  s o l u t i o n  gave 242 B t u / f t 2  f o r  hea t  t r a n s f e r r e d  t o  t h e  f u e l  i n  t h e  
w e t  t ank  case  (9 .0  pe rcen t  d i f f e r e n c e  as compared with t h e  a n a l y t i c a l  so lu-  
t i o n ) ,  178' F f o r  t h e  f i n a l  w a l l  temperature  of t h e  dry  tank case (a s  compared 
with 200" F ) ,  and 240 B t u / f t 2  f o r  hea t  t r a n s f e r  t o  t h e  s t r u c t u r e  i n  t h e  d ry  
tank case (3.5 pe rcen t  d i f f e r e n c e ) .  I 
conduct iv i ty  c a l c u l a t i o n  us ing  TWET given by equat ion (57) underest imates  
t h e  hea t  t r a n s f e r  by 9 pe rcen t ,  it only underest imates  i n s u l a t i o n  p l u s  b o i l o f f  
weight by about 4 pe rcen t .  
with TDRY s e l e c t e d  from equat ion (58) g ives  s l i g h t l y  conserva t ive  r e s u l t s .  

t = tf 

Although t h e  wet tank  cons tan t -  

The cons tan t -conduct iv i ty  dry  tank  c a l c u l a t i o n  

Comparison With Steady-State  Approximations 

From equat ions (24) ,  (26),  and (28) , t h e  s t e a d y - s t a t e  approximation o f  
t h e  i n s u l a t i o n  weight ( inc luding  b o i l o f f )  f o r  t h e  wet tank case i s  

and us ing  equat ion (53) t h e  d ry  tank i n s u l a t i o n  weight i s  

P K t f  

CBLBpB Zn[ (Ts  - TH)/ (Ts - TB)] 
- - 

'"DRY 

Since,  as mentioned ear l ie r ,  t h e s e  equat ions may be viewed as ignor ing  t h e  
hea t  capac i ty  of  t h e  i n s u l a t i o n ,  they  w i l l  g ive  conserva t ive  weights .  
t i o n s  (59) and (60) are convenient f o r  weight e s t ima t ion  because they give t h e  
weight i n  c losed  form. In  o rde r  t o  a s s e s s  t h e  v a l i d i t y  of t h e s e  equat ions both 
t h e  magnitude of  t h e  s t e a d y - s t a t e  weights and t h e  s e n s i t i v i t i e s  of t h e  weights 
t o  t h e  independent parameters  were compared with t h e  weights and s e n s i t i v i t i e s  
ob ta ined  from t h e  t r a n s i e n t  s o l u t i o n s .  Table 2 shows t h e  r e s u l t s  of applying 

Equa- 
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TABLE 2 . -  COMPARISON OF RESULTS OF PRESENT ANALYSIS 
WITH STEADY-STATE APPROXIMATIONS 

I Wet tank 

I i n .  I i n .  I l b / f t 2  1 l b / f t21  B t u / f t 2  
Present  14.8913.101 1.84 1 1.15 1 222 ana 1 ys i s 

I I I I I I 

Steady-s ta te  

*Input  values  

Dry tank 

' 
3.561 1.34 1 205 1200* 

both t h e  t r a n s i e n t  ana lyses  of t h e  p r e s e n t  paper  and t h e  s t e a d y - s t a t e  approxi- 
mations t o  an example case. 
t h a t  used i n  t h e  example o f  t h e  prev ious  s e c t i o n .  
s t eady- s t a t e  approximation impl ies  t h a t  t h e  weight of i n s u l a t i o n  w i l l  equal t h e  
weight of  bo i l ed -o f f  f u e l  f o r  minimum t o t a l  weight; whereas t h e  t r a n s i e n t  so lu -  
t i o n  i n d i c a t e s  t h a t  t h e  i n s u l a t i o n  weight w i l l  be  g r e a t e r  than  the  b o i l o f f  
weight.  
i n s u l a t i o n  p l u s  b o i l o f f  and t h e  s t e a d y - s t a t e  approximation gives  3.34 l b / f t 2 ,  
t he  s t e a d y - s t a t e  approximation overes t imates  t h e  weight by 11.7 pe rcen t .  The 
s t e a d y - s t a t e  approximation overes t imates  t h e  dry  tank i n s u l a t i o n  weight by 
35.7 pe rcen t .  

This  example uses  a d i f f e r e n t  tank material from 
For t h e  wet tank case ,  t h e  

S ince  t h e  t r a n s i e n t  s o l u t i o n  g ives  2.99 l b / f t 2  f o r  t h e  weight of 

S e n s i t i v i t i e s  of t h e  weight t o  four  of t h e  independent parameters are 
shown i n  f i g u r e  9. 
s t a t e  weights were m u l t i p l i e d  by 0.894 and 0.741 f o r  t h e  wet and dry tank 

I n  o r d e r  t o  compare s e n s i t i v i t i e s  ( s lopes ) ,  t h e  s teady-  

0 .02 .04 .06 .08 0 _I .2 .3 .4 
K. BtU/hr - f t -"F  C, Btu/lb- 'F 

(a) Insulation conductivity. (b) Insulation heat 
capacity. 

Figure 9.- Sensitivity of insulation weight to 
selected parameters. 

cases ,  r e s p e c t i v e l y ,  t o  make them 
pass  through t h e  same nominal 
p o i n t  as t h e  t r a n s i e n t  weights.  
A s  i nd ica t ed  i n  f i g u r e  9(a)  , t h e  
s t e a d y - s t a t e  s e n s i t i v i t i e s  of  t h e  
weight t o  i n s u l a t i o n  conduct iv i ty  
agree q u i t e  well with t h e  t r a n -  
s i e n t  ones; t h e  w e t  tank case i n  
fact  agrees  v i r t u a l l y  exac t ly .  
I t  i s  obvious t h a t  t h i s  parameter 
is  s i g n i f i c a n t  f o r  determining 
t h e  weight.  Figure 9(b)  shows 
t h e  s e n s i t i v i t i e s  t o  a parameter 
t h a t  appears only i n  t h e  tran- 
s i en t  s o l u t i o n s ,  t h e  i n s u l a t i o n  
h e a t  capac i ty .  The weak i n f l u -  
ence of  t h i s  parameter i n d i c a t e s  
t h a t  t h e  i n s u l a t i o n  weights w i l l  
be  r e l a t i v e l y  i n s e n s i t i v e  t o  
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changes i n  i n i t i a l  condi t ions .  
The s e n s i t i v i t y  t o  sur face  tem- 
p e r a t u r e ,  shown i n  f i g u r e  9 ( c ) ,  
shows perhaps t h e  poores t  agree-  
ment between t r a n s i e n t  and s teady-  
s t a t e  s o l u t i o n s .  This  parameter 

3 i s  important s i n c e  it i s  a func- 
t i o n  of t h e  h igh ly  important  

number. An important s e n s i t i v i t y ,  
t h a t  of maximum s t r u c t u r a l  temper- 
a t u r e ,  i s  shown i n  f i g u r e  9 (d ) .  
Since i n s u l a t i o n  weight decreases  
with inc  r eas ing s t r u c t u r a l  t em - 
p e r a t u r e  and s t r u c t u r a l  weight 
i nc reases ,  t h i s  parameter i s  
important f o r  minimization of 

STEADY STATE 

0 400 800 1200 1600 -xN) 0 200 400 600 
Ts. TB. 'F mission parameter ,  c r u i s e  Mach 

(c) Surface temperature. (d) Maximum structural 
temperature. 

Figure 9.- Concluded. 

veh ic l e  weight.  I t  was mentioned earlier t h a t  t h e  s e n s i t i v i t i e s  of a f i f t h  
parameter ,  c r u i s e  t ime, o f  t h e  t r a n s i e n t  and s t e a d y - s t a t e  s o l u t i o n s  i s  
i d e n t i c a l  f o r  t h e  wet tank case. 

I t  may be concluded from f i g u r e  9 t h a t  t h e  fol lowing equat ion w i l l  g ive  
a f i r s t - o r d e r  e s t ima te  of  t h e  average i n s u l a t i o n  weight ( inc luding  b o i l o f f )  
pe r  u n i t  area i f  t h e  va lues  o f  t h e  independent parameters  a r e  "reasonably" 
c l o s e  t o  t h e  va lues  o f  t h e  nominal case: 

In t h i s  equat ion h a l f  t h e  su r face  area of t h e  v e h i c l e  i s  assumed t o  be 
governed by t h e  wet tank case and h a l f  by t h e  d ry  tank case.  
e a r l i e r ,  thermal p r o t e c t i o n  system weight i s  obta ined  by adding such i tems as 
cover pane l s ,  a t tachments ,  and "nonoptimum" weights t o  t h e  i n s u l a t i o n  weight.  

A s  mentioned 

CONCLUDING REMARKS 

So lu t ions  of two in i t i a l -boundary  va lue  problems of one-dimensional 
conduction h e a t  t r a n s f e r  have been obtained.  The app l i ca t ion  of t hese  so lu-  
t i o n s  t o  hypersonic  c r u i s e  v e h i c l e  thermal p r o t e c t i o n  systems was d iscussed .  
A numerical  example was considered and it was found t h a t  t h e  s o l u t i o n s  agreed 
well wi th  f i n i t e  d i f f e r e n c e  s o l u t i o n s .  The f i n i t e  d i f f e r e n c e  s o l u t i o n  was 
a l s o  used t o  i n v e s t i g a t e  t h e  v a l i d i t y  of t h e  cons tan t  conduct iv i ty  assumption, 
and it was found t h a t  t h i s  assumption i s  a reasonable  one. Comparison of 
weight s e n s i t i v i t i e s  with those  of s t e a d y - s t a t e  approximations showed t h a t  
such approximations g ive  reasonable  estimates of  t h e  s e n s i t i v i t i e s ,  b u t  t h a t  
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t hese  approximations overes t imate  t h e  weight.  An equat ion f o r  weight 
es t imat ion  based on s t e a d y - s t a t e  approximations was presented .  

Ames Research Center  
Nat ional  Aeronautics and Space Adminis t ra t ion 

Moffet t  F i e l d ,  Cal i f .  , 94035, J a n .  27, 1970 
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