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CHAPTER I 

I N T R O D U C T I O N  AND PRELIMINARIES 

I n  most s i t u a t i o n s  t h e  p a r a m e t e r s  o f  a s t a t i s t i c a l  

d i s t r i b u t i o n  are n o t  known w i t h  c e r t a i n t y  and must be 

estimated. I n  t h i s  d i s s e r t a t i o n  t h e s e  p a r a m e t e r s  are 

t r ea t ed  as random v a r i a b l e s  and e m p i r i c a l  Bayes  p o i n t  , \  

estimates are g i v e n .  I n  p a r t i c u l a r ,  t h e  two-parameter  

W e i b u l l  d i s t r i b u t i o n  i s  c o n s i d e r e d .  

1.1 H i s t o r i c a l  Background o f  t h e  Weibu l l  D i s t r i b u t i o n  

In  1939 a Swedish s c i e n t i s t ,  Waloddi W e i b u l l ,  d e r i v e d  

a s t a t i s t i c a l  d i s t r i b u t i o n  w i t h  which h i s  name has been  

a s s o c i a t e d  i n  r e c e n t  years.  T h i s  d e r i v a t i o n  came abou t  as 

the  r e s u l t  o f  an  a n a l y s i s  o f  b r e a k i n g - s t r e n g t h  data and  can  

be  found i n  C341. Weibul l  a l s o  p u b l i s h e d  r e l a t ed  p a p e r s  

C351, C371, and  i n  [361 i l l u s t r a t e s  s e v e r a l  examples of 

t h e  d i s t r i b u t i o n ' s  p r a c t i c a l  v a l u e  i n  a n a l y z i n g  v a r i o u s  

t y p e s  of data .  

The wide aud ience  t h e s e  p a p e r s  found among r e l i a b i l i t y  

e n g i n e e r s  a f t e r  World War I1 f i r m l y  a t t a c h e d  t h e  Weibu l l  

name t o  t h i s  s t a t i s t i c a l  d i s t r i b u t i o n .  The d i s t r i b u t i o n ,  

however,  was o r i g i n a l l y  d e r i v e d  i n  1 9 2 8  by R .  A .  F i s h e r  and 

L. H .  C .  T i p p e t t  [8].  T h e i r  d e r i v a t i o n  became known t o  

1 



2 

r e s e a r c h e r s  who were fami l ia r  w i t h  extreme-value t h e o r y  as 

t h e  F i s h e r - T i p p e t t  Type I11 d i s t r i b u t i o n  of  extreme v a l u e s  

and as t h e  t h i r d  a s y m p t o t i c  d i s t r i b u t i o n  of extreme v a l u e s .  

1 . 2  B r i e f  Survev of  P rev ious  Research 

The problem o f  e s t i m a t i n g  t h e  p a r a m e t e r s  i n  t h e  

Weibul l  d i s t r i b u t i o n  has r e c e i v e d  c o n s i d e r a b l e  a t t e n t i o n  

i n  r e c e n t  l i t e r a t u r e  from s e v e r a l  a u t h o r s .  The t e c h n i q u e s  

proposed  by these  a u t h o r s  encompass a wide spec t rum o f  

s t a t i s t i c a l  methods.  These methods w i l l  b e  r e f e r r e d  to 

as " c l a s s i c a l "  methods o f  e s t i m a t i o n .  

G r a p h i c a l  t e c h n i q u e s  f o r  grouped and ungrouped data  

have been proposed  by Kao [ 151. Best l i n e a r  unb ia sed  

e s t i m a t o r s  (BLUE) were computed by  G o v i n a r a j u l u  and 

J o s k i  [g] u s i n g  o r d e r e d  o b s e r v a t i o n s  f o r  s m a l l  sample 

s i z e s .  White [331 o b t a i n e d  l i n e a r ,  u n b i a s e d ,  l ea s t  

s q u a r e s  e s t i m a t o r s  for t h e  censo red  Log-Weibull 

D i s t r i b u t i o n .  Gumbel [ l o ]  , Menon [ 2 1 1  , M i l l e r  and 

Freund [ 2 2 1 ,  and Bain and Ant le  [l] a l l  g i v e  s imple  

e s t i m a t o r s ,  t h a t  i s ,  e s t i m a t o r s  which do n o t  r e q u i r e  

t e d i o u s  computa t ions .  Maximum-likelihood e s t i m a t o r s  

which g e n e r a l l y  p r o v i d e  u s e f u l  es t imates  have been 

c o n s i d e r e d  b y  s e v e r a l  a u t h o r s ;  among them are  Cohen [4], 

Dubey [ 7 1 ,  Harter  and Moore 1121, and Thoman e t  a l .  

[311. Although t h i s  by  no  means r e p r e s e n t s  an 

e x h a u s t i v e  l i s t  o f  a u t h o r s  concerned w i t h  pa rame te r  



e s t i m a t i o n  i n  t h e  Weibu l l  d i s t r i b u t i o n ,  i t  does  p o i n t  

t he  c o n s i d e r a b l e  a t t e n t i o n  t h a t  the  d i s t r i b u t i o n  has 

re ce i v e  d . 
1 .3  Purpose  

The t y p e  of d e c i s i o n  problem t o  be c o n s i d e r e d  i n  

3 

o u t  

t h i s  

d i s s e r t a t i o n  can bes t  b e  i l l u s t r a t e d  by  an  example.  Con- 

s i d e r  the  development program f o r  a p a r t i c u l a r  s o l i d -  

p r o p e l l a n t - r o c k e t  eng ine  which must "burn" f o r  a s p e c i f i e d  

t i m e .  I n  t h i s  program, c e r t a i n  p o i n t s  e x i s t  a t  which 

p r o g r e s s  i s  moni tored .  For i n s t a n c e ,  t h e  P r e - F l i g h t  

R a t i n g  T e s t  program would be one such  p o i n t  a t  t h e  cu l -  

m i n a t i o n  of  t h e  i n i t i a l  R&D program, d e m o n s t r a t i n g  t h e  

a b i l i t y  of a sample of e n g i n e s  t o  pe r fo rm f o r  a s p e c i f i e d  

l e n g t h  o f  t i m e .  A f t e r  t h i s  phase a new phase  i s  e n t e r e d  i n  

which f l i g h t  and s t a t i c  t e s t s  are per formed,  and i f  needed ,  

a more r e f i n e d  s y s t e m  c o n f i g u r a t i o n  i s  developed .  F i n a l l y ,  

d e s i g n  i s  f r o z e n ,  and a Q u a l i f i c a t i o n  T e s t  program i s  

unde r t aken  to demons t r a t e  t h e  s u i t a b i l i t y  of  t h e  e n g i n e  

s y s t e m .  During t h i s  p e r i o d  i n  t h e  program, s e v e r a l  g roups  

of e n g i n e s  a r e  t es t - f i red ,  and due t o  s t r i n g e n t  r e l i a b i l i t y  

r e q u i r e m e n t s ,  a l a r g e  sample of e n g i n e s  i s  r e q u i r e d .  

Throughout  t h e s e  development p h a s e s ,  i t  i s  q u i t e  

p o s s i b l e  t h a t  t h e  form of  t h e  t i m e - t o - f a i l u s e  d i s t r i b u t i o n  

remains  unchanged, t h a t  i s ,  no s i g n i f i c a n t  d e s i g n  changes 

were i n c o r p o r a t e d  which would g r e a t l y  a f f e c t  t h e  o v e r a l l  
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c h a r a c t e r i s t i c  performance of  t h e  e n g i n e s .  I n  each  o f  t h e  

expe r imen t s  conducted  th roughou t  t h e  t o t a l  program, however, 

t h e  c l a s s i c a l  estimates o b t a i n e d  f o r  t h e  unknown pa rame te r s  

v a r i e d  u n p r e d i c t a b l y  from exper iment  t o  exper iment .  S i n c e  

no s p e c i f i c  c a u s e  f o r  t h i s  v a r i a t i o n  cou ld  be found, t h e  

v a r i a t i o n  was c o n s i d e r e d  to be random. T h i s  random va r -  

i a t i o n  may have been caused  by t h e  i n t e r a c t i o n  of  t h e  

components compr is ing  t h e  eng ine  sys tem,  b y  v a r i a t i o n  i n  

t h e  s o l i d  p r o p e l l a n t  mix ing  p r o c e s s ,  or by numerous o t h e r  

u n c o n t r o l l a b l e  f a c t o r s .  

I f  t h e  r e s e a r c h e r  i s  u s i n g  a c l a s s i c a l  e s t i m a t i o n  

p rocedure  d u r i n g  t h e  Q u a l i f i c a t i o n  T e s t  program, he must 

choose a l a r g e  sample s i z e  i n  o r d e r  to meet t h e  s t r i n g e n t  

r e l i a b i l i t y  r equ i r emen t .  H e  would, o f  c o u r s e ,  l i k e  to u s e  

t h e  data  o b t a i n e d  from t h e  p r e v i o u s  expe r imen t s .  H i s  pro- 

cedure ,  however, r e s t r i c t s  h im to t h e  use  o f  o n l y  t h e  data 

i n  t h e  p r e s e n t  exper iment .  H e  cou ld  c o n s i d e r  "pool ing"  

a l l  p r e v i o u s  data  to o b t a i n  p o i n t  es t imates  f o r  t h e  

pa rame te r s ;  however, he  would be v i o l a t i n g  t h e  b a s i c  

p r i n c i p l e s  on which c l a s s i c a l  methods are  e s t a b l i s h e d  and 

might o b t a i n  i n a c c u r a t e  r e s u l t s .  

To use  t hese  methods,  i t  i s  n e c e s s a r y  to assume t h a t  

t h e  da ta  are o b t a i n e d  from t h e  same s p e c i f i e d  d i s t r i b u t i o n .  

The re fo re ,  i n  o r d e r  to p o o l  da ta  from p r e v i o u s  expe r imen t s ,  

t h e  unknown pa rame te r s  must remain c o n s t a n t  t h roughou t  
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each  expe r imen t .  T h i s  i s  n o t  u s u a l l y  t h e  c a s e  i n  a devel -  

opment program; t h e r e f o r e  p r e v i o u s  data must be  i g n o r e d  

when u s i n g  c l a s s i c a l  t e c h n i q u e s .  

S i n c e  t h e  f l u c t u a t i o n  i n  t h e  pa rame te r s  f o r  t h e  t i m e -  

t o - f a i l u r e  d i s t r i b u t i o n  can be a t t r i b u t e d  t o  random 

v a r i a t i o n ,  data from p r e v i o u s  expe r imen t s  can and shou ld  

b e  used  t o  o b t a i n  p o i n t  estimates i n  t h e  p r e s e n t  e x p e r i -  

ment. When t h e  r e s e a r c h e r  knows t h e  p r i o r  d i s t r i b u t i o n  

d e s c r i b i n g  t h i s  v a r i a t i o n ,  t h e  Bayes p r i n c i p l e  can be used  

t o  p r o v i d e  estimates f o r  t h e  pa rame te r s .  I n  terms of t h e  

min imiza t ion  o f  t h e  o v e r a l l  e x p e c t a t i o n  of  some appro-  

p r i a t e  l o s s  s t r u c t u r e ,  t h i s  p r i n c i p l e  p r o v i d e s  "best"  

estimates f o r  t h e s e  p a r a m e t e r s .  Two a t t e m p t s  to app ly  

Bayes a n a l y s i s  when t h e  t i m e - t o - f a i l u r e  d i s t r i b u t i o n  i s  

Weibu l l  are g i v e n  by So land  [301  and Harris and 

S i n g p u r i v a l l a  [ll]. I n  each  of  t h e s e  pape r s  v a r i o u s  

forms f G r  t h e  p r i o r  d i s t r i b u t i o n  a r e  c o n s i d e r e d .  

The Bayes method f o r  pa rame te r  e s t i m a t i o n  i s  

d i f f i c u l t  t o  a p p l y  i n  many s i t u a t i o n s .  For  "best" r e s u l t s  

i t  r e q u i r e s  a comple t e ly  known and s p e c i f i e d  p r i o r  d i s t r i -  

b u t i o n ,  which i s  seldom a v a i l a b l e .  I n  such s i t u a t i o n s  an 

e m p i r i c a l  Bayes approach  can be u t i l i z e d .  T h i s  approach  

acknowledges t h e  e x i s t e n c e  of a p r i o r  d i s t r i b u t i o n ;  

however,  t h i s  d i s t r i b u t i o n  need n e v e r  b e  e x p l i c i t l y  known 

t o  t h e  r e s e a r c h e r .  Estimates of  t h e  pa rame te r s  o b t a i n e d  



6 

i n  p r e v i o u s  expe r imen t s  can be used  t o  improve t h e  e s t i -  

mates i n  t h e  p r e s e n t  exper iment .  T h i s  approach  w i l l  be  

d i s c u s s e d  i n  d e t a i l  i n  t h e  n e x t  s e c t i o n .  

The main pu rpose  of t h i s  d i s s e r t a t i o n  i s  to deve lop  

an e m p i r i c a l  B a y e s  e s t i m a t o r  t h a t  i s  c a p a b l e  o f  p r o v i d i n g  

s i g n i f i c a n t  improvement ove r  b o t h  t h e  c l a s s i c a l  and 

p r e s e n t l y  known e m p i r i c a l  Bayes e s t i m a t o r s .  The e s t i m a t o r  

w i l l  t h e n  b e  used  to o b t a i n  p o i n t  e s t i m a t e s  f o r  t h e  unknown 

parameters i n  t h e  two-parameter Weibul l  d i s t r i b u t i o n .  The 

p a r t i c u l a r  form of  t h e  d i s t r i b u t i o n  c o n s i d e r e d  has t h e  

f o l l o w i n g  p r o b a b i l i t y  d e n s i t y  f u n c t i o n :  

a B X @ - l  
B -ax e (x  L 0; a, B > 0) (1.1) 

where a d e n o t e s  t h e  s c a Z e  parameter and 6 t h e  s h a p e  

paramete r .  F i g u r e s  1 and 2 i l l u s t r a t e  t h e  i n f l u e n c e  t hese  

parameters have on t h e  Weibul l  d e n s i t y  f u n c t i o n  (1.1). 

I n  F i g u r e  1, a = 1 and p l o t s  of  f ( x )  i n  (1.1) a r e  g i v e n  

f o r  v a r i o u s  v a l u e s  of (3 . We remark t h a t  f o r  B = 1 , 
f ( x )  p l o t s  as a one-parameter  e x p o n e n t i a l  d e n s i t y  f u n c t i o n  

w i t h  t h e  p a r a m e t e r  e q u a l  to one .  Thus, when B = 1 , 
(1.1) reduces  to t h e  well-known e x p o n e n t i a l  d e n s i t y  

f u n c t i o n  w i t h  parameter a . I n  F i g u r e  2 ,  B = 3 and 

p l o t s  o f  f ( x )  f rom (1.1) a r e  g i v e n  f o r  s e v e r a l  v a l u e s  

o f  a . 
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8 

1.8 

1.6 

1.4 

1.2 

v) s 1.0 
a 
4 

> - 0.8 
X 
Y 
.c 

0.6 

0.4 

0 .2  

0 
0 0.5 1 1.5 2 2.5 3 

x VALUES 

F i g u r e  2 .  - Weibul l  d e n s i t y  f u n c t i o n  ( P  = 3 ) .  
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1 . 4  Bayes and E m p i r i c a l  Bayes E s t i m a t i o n  

Throughout  t h i s  d i s s e r t a t i o n ,  upper-case Greek or 

Roman l e t t e r s  w i l l  i d e n t i f y  random v a r i a b l e s .  Lower-case 

l e t t e r s  w i l l  be r e s e r v e d  f o r  r e a l i z a t i o n s  of  t h e  same. 

I n  some c a s e s  e a s e  of n o t a t i o n  may cause  v i o l a t i o n  of  t h i s  

c o n v e n t i o n ;  however, i n  such  i n s t a n c e s  p r o p e r  meaning w i l l  

b e  c l e a r .  

To b e g i n  l e t  us  d e f i n e  t h e  b a s i c - d e c i s i o n  t h e o r e t i c  

e l e m e n t s  on which b o t h  t h e  e m p i r i c a l  Bayes and t h e  Bayes 

approach  are based .  They are as f o l l o w s :  

( i) There i s  a parameter s p a c e  2 w i t h  g e n e r i c  

s - v e c t o r  g = (e1, e,, 0 . 0  , e S )  on which i s  

d e f i n e d  a p r o b a b i l i t y  d i s t r i b u t i o n  G r e f e r r e d  

t o  as a p r i o r  d i s t r i b u t i o n .  

(ii) There i s  a d e c i s i o n  s p a c e  D , which c o i n c i d e s  

w i t h  0 f o r  e s t i m a t i o n ,  w i t h  g e n e r i c  

e lement  6 . 
N 

N 

(iii) There  i s  a loss f u n c t i o n  k ( 6 ,  8 )  0 repre- 
N N  

s e n t i n g  t h e  loss i n c u r r e d  when 6 i s  t a k e n  as 
N 

an  estimate for 8 . 
N 

( i v )  There i s  an  o b s e r v a b l e  random k-vec to r  

, xk> , d i s t r i b u t e d  on a s p a c e  x = ( X I ,  x,, . . e  

N 

X on which i s  d e f i n e d  a a - f i n i t e  measure 1-1 
N 
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When t h e  pa rame te r  i s  2, has a d e n s i t y  

f ( x l 6 )  N I U  w i t h  r e s p e c t  t o  1-1 . 
If t h e  d e c i s i o n  f u n c t i o n  i s  chosen  and t h e  sample 

v e c t o r  i s  observed ,  t h e n  6 ( x )  i s  t a k e n  as an e s t i m a t e  

of N 8 and t h e  l o s s  R(&(x), 2)  i s  i n c u r r e d .  F o r  any such  

d e c i s i o n  t h e  expec ted  loss when i s  t h e  t r u e  

pa rame te r  i s  g iven  b y  

I U N  

Hence, t h e  g l o b a l  o r  o v e r a l l  r i s k  can be r e p r e s e n t e d  

as 

(1 .3 )  

where G i s  t h e  p r i o r  d i s t r i b u t i o n  o f  2 . I f  t h e  p r i o r  

d e n s i t y  co r re spond ing  t o  G(g) i s  deno ted  by g ( B ) ,  N t h i s  r i s k  

can be expres sed  as 

where 
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and f ( & )  i s  t h e  m a r g i n a l  d e n s i t y  of  

minimize t h e  r i s k  R ( 5 ,  G ) ,  a d e c i s i o n  f u n c t i o n  6-(~)  shou ld  

be chosen such  t h a t  

N X a 
T h e r e f o r e ,  t o  

i s  minimum. 

i t  i s  known as t h e  B a y e s  d e c i s i o n  f u n c t i o n  and 

I f  such a d e c i s i o n  f u n c t i o n ,  s a y  iG(z), e x i s t s  

i s  known as t h e  Bayes  r i s k .  

When G i s  known, t h e  o p t i m a l  d e c i s i o n  cG can be  

de te rmined .  I f  G i s  unknown, however, t h i s  minimum r i s k  

d e c i s i o n  cannot  be o b t a i n e d .  I n  t h e  e m p i r i c a l  Bayes 

approach  comple te  d e t e r m i n a t i o n  and s p e c i f i c a t i o n  of  t h e  

p r i o r  d i s t r i b u t i o n  i s  unnecessa ry .  I n s t e a d ,  i t  i s  assumed 

t h a t  t h e  d e c i s i o n  problem g i v e n  above has o c c u r r e d  r e p e a t -  

e d l y  and independen t ly  w i t h  t h e  same unknown p r i o r  

d i s t r i b u t i o n  th roughou t .  Thus,  t he re  e x i s t s  a sequence  

of i ndependen t  p a i r s  o f  random v e c t o r s  ( 5 ,  O ) ,  where 

X.(i = 1 , 2 , * * e , n )  h a s  d imens ion  k and O.(i = 1,2 ;ee ,n)  

N 

-1 j -1 
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has dimension s . At t h e  t i m e  an  es t imate  o f  0 f o r  

t h e  n t h  r e a l i z a t i o n  or p r e s e n t  exper iment  i s  to be  de t e r -  

- 
mined, t h e  r e s e a r c h e r  has a t  h i s  d i s p o s a l  t he  v e c t o r -  

v a l u e d  sequence  x x ... x . The s - v e c t o r  % 
remains ,  o f  c o u r s e ,  unknown. T h i s  i n f o r m a t i o n  can b e  

-1’ -2’ ’ -n 

used  to p r o v i d e  a d e c i s i o n  f u n c t i o n  o f  x based upon 

-1’ -2’ ’ -n-1 

-n 

l i k e  ... x x x  

such ‘chat when zn i s  observed ,  6 ED i s  t a k e n  as a n  

estimate of  0 -n -n -n -n 

Such a d e c i s i o n  f u n c t i o n  w i l l  b e  c a l l e d  a n  e m p i r i c a l  

-n 

and t h e  l o s s  a ( 6  ( x  ) ,  0 ) i n c u r r e d .  

B a y e s  d e c i s i o n  f u n c t i o n .  Hence, when G i s  unknown to 

t h e  r e s e a r c h e r ,  h e  i s  ab le  to e x t r a c t  some i n f o r m a t i o n  

about  t h e  p r i o r  d i s t r i b u t i o n  th rough  t h e  sequence 

x x  ... x and o b t a i n  an approximate d e c i s i o n  func-  -1’ -2’ ’ -n 

t i o n  6 ( x  ) to t h e  Bayes d e c i s i o n  f u n c t i o n  gG(z). -n -n 

1.5 Squared  E r r o r  Loss  

Cons ider  t h e  squa red  e r r o r  l o s s  f u n c t i o n  

2 
Q(Ai(x-), e i )  = ( 6 . ( ~ ) - 0 . )  1 -  1 (1.9) 

for t h e  €Ii component of - 0 . If w e  r e p r e s e n t  o G ( 6 i ,  - x) 
d e f i n e d  by ( 1 . 5 )  as E [ Q ( s i ( z ) ,  ei)lE] and r e p l a c e  



R ( ~ . ( x ) ,  ei) b y  ( 1 . 9 )  t h e n  (1 .5 )  can  be w r i t t e n  as 
I h ,  

(1.10) 

After add ing  and s u b t r a c t i n g  a p p r o p r i a t e  q u a n t i t i e s  and 

s imp li f y i n g  , w e  have 

(1.11) 

which w i l l  be  t h e  minimum when 

(1.12) 

The Bayes e s t i m a t o r  f o r  each  O i ( i  = 1, 2,  

t h e r e f o r e  g i v e n  by (1.12), and from ( 1 . 6 )  t h e  Bayes r i s k  

becomes E [ V a r (  B i  I N x ) ]  . I n  g e n e r a l ,  t h e  Bayes e s t i m a t o r  f o r  

N 0 i s  g i v e n  by 

s )  i s  

1.6 Bayes E s t i m a t e  f o r  a S u f f i c i e n t  S t a t i s t i c  

Cons ide r  a n  a r b i t r a r y  random sample of  s i z e  k denoted  

b y  = ( X I ,  x2, ... , x k )  from a u n i v a r i a t e  d i s t r i b u t i o n  

w i t h  d e n s i t y  f u n c t i o n  f ( x l 8 ) .  I f  t h e r e  e x i s t s  a s e t  of 
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... , ts )  f o r  t 2  
s u f f i c i e n t  s t a t i s t i c s  t = ( t l ,  

- 0 = (el, e2, 0 . .  , es), t h e n  by t h e  Neyman f a c t o r i z a t i o n  

c r i t e r i o n  C231 t h e  Z i k e Z i h o o d  function 

N 

k 

i=l 

f a c t o r s  i n t o  

(1.14) 

where f ( t l 8 )  N N  r e p r e s e n t s  t h e  c o n d i t i o n a l  d e n s i t y  f u n c t i o n  

of t and c ( 2 )  i s  some f u n c t i o n  o f  x not i n v o l v i n g  8 . 
If t h e  p r i o r  d e n s i t y  f u n c t i o n  i s  deno ted  by g ( g ) ,  t h e  

j o i n t  d e n s i t y  f u n c t i o n  of x and 0 can be w r i t t e n  

N N cy 

hl N 

and b y  (1.15) t h i s  becomes 

If ( 1 . 1 6 )  i s  i n t e g r a t e d  o v e r  t h e  r e g i o n  2 , t h e  m a r g i n a l  

d e n s i t y  o f  X becomes 
hr 



and b y  d i v i d i n g  (1.17) i n t o  (lm16), w e  o b t a i n  

Hence, t h e  Bayes  e s t i m a t o r  f o r  becomes 

1 5  

(1.17) 

(1.18) 

and t h e  e m p i r i c a l  B a y e s  e s t i m a t o r  can be  based on 

x ) .  t ) r a the r  t h a n  X = ( E ~ ,  N 2 ,  0 . .  

N -r = ( L p  L2, ’ -n N ’ Nrl 
X e . .  

Thus, t h e  sequence ( 1 . 7 )  which r e p r e s e n t s  pas t  e x p e r i e n c e  

can be w r i t t e n  as 

0 1, -1 0 )  -2 
o * o  (1.19) 

w i t h  each v e c t o r  p a i r  (2, 2) d i s t r i b u t e d  i d e n t i c a l l y  and 

i n d e p e n d e n t l y  w i t h  p r o b a b i l i t y  d e n s i t y  f ( t l  N N  e ) g ( g ) .  

1 . 7  Maximum-Likelihood E s t i m a t i o n  

I n  t h i s  s e c t i o n  s e v e r a l  p r o p e r t i e s  o f  maximum- 

l i k e l i h o o d  e s t i m a t i o n  are p r e s e n t e d  for comple teness .  

These p r o p e r t i e s  w i l l  b e  needed i n  t h e  r ema in ing  c h a p t e r s  

and can e s s e n t i a l l y  b e  found i n  Kendal l  and S t u a r t  [161. 
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Throughout t h i s  s e c t i o n  t h e  reader  i s  reminded t h a t  t h e  

parameter - '  8 s p e c i f y i n g  t h e  p a r t i c u l a r  member o f  t h e  

f ami ly  o f  d i s t r i b u t i o n s  unde r  c o n s i d e r a t i o n ,  i s  n o t  assumed 

to be a random v a r i a b l e .  Thus, n o t a t i o n  such  as f ( x l 0 )  

merely e x e m p l i f i e s  t h e  dependence o f  t h e  d e n s i t y  on t h e  

N 

paramete r  and shou ld  n o t  be confused  w i t h  t h e  ana lagous  

c o n d i t i o n a l  p r o b a b i l i t y  s t a t e m e n t .  T h i s  n o t a t i o n  i s  

fo l lowed ,  s i n c e  i n  t h e  remain ing  s e c t i o n s ,  2 i s  assumed 

to be a random v a r i a b l e .  

The maximum-likelihood estimate of 8 i s  d e f i n e d  as 
rv 

* 
t h a t  v a l u e ,  s ay  2k , w i t h i n  t h e  r ange  o f  2 which max- 

imizes  t h e  l i k e l i h o o d  f u n c t i o n  ( 1 . 1 4 ) .  The s u b s c r i p t  k 

i s  used  to deno te  t h e  dependence of  t h e  e s t i m a t e  on t h e  

sample s i z e .  I f  t h e  l i k e l i h o o d  f u n c t i o n  L i s  a t w i c e  

d i f f e r e n t i a b l e  f u n c t i o n  o f  0 t h roughou t  i t s  r ange  and i f  

s t a t i o n a r y  v a l u e s  o f  L ( x l 8 )  e x i s t ,  t h e n  t h e  maximum- 

l i k e l i h o o d  est imates  o f  e,, 02,  

s o l u t i o n  o f  t h e  sys tem o f  e q u a t i o n s  

N 

N N  

can be found ... ' 8 s  

(1.20) 

h A * 
.e. 

fo r  'k,l' ' k , 2 '  ' ' k , s  

I n  p r a c t i c e  i t  i s  o f t e n  s i m p l e r  t o  work w i t h  t h e  

l o g a r i t h m  o f  t h e  l i k e l i h o o d  f u n c t i o n  r a t h e r  t h a n  t h e  
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f u n c t i o n  i t s e l f .  

maximum a t  t h e  same v a l u e  of  EO-^ Thus, maximum- 

l i k e l i h o o d  estimates can  be  found by t h e  s o l u t i o n  of  t h e  

sys tem of  e q u a t i o n s  

S i n c e  L ( x l 8 )  and l o g  L(&Ig) have t h e i r  
N N  

a l o g  ~(xle) 
(1.21) N N  a ei = 0 ,  

When s = 1 , ( 1 . 2 1 )  r educes  s i m p l y  t o  

d l o g  L(xle) N 

d e  = 0 .  (1 .22)  

Cons ide r  t h e  u n i v a r i a t e  d e n s i t y  f u n c t f o n  f (xi e). 
a s u f f i c i e n t  s t a t i s t i c  t e x i s t s  f o r  t h e  pa rame te r  v e c t o r  

8 it  i s  r ead i ly  s e e n  t h a t  t he  maximum-likelihood e s t i m a t o r  

0 , must be  a f u n c t i o n  of  i t .  T h i s  i s  t r u e  s i n c e  t h e  

s u f f i c i e n c y  of  for 8 i m p l i e s  t h e  f a c t o r i z a t i o n  g i v e n  

by (1 .15 ) .  Choosing gk to maximize t h e  l i k e l i h o o d  

f u n c t i o n  i s  t h u s  e q u i v a l e n t  t o  choos ing  CIk t o  maximize 

f ( k l i ) ,  and hence Elk i s  a f u n c t i o n  of t a l o n e .  I f  

0 r e p r e s e n t s  a one-to-one t r a n s f o r m a t i o n  on t t h e n  -k N ’  

0 w i l l  be s u f f i c i e n t  f o r  2 . -k 

I f  
N 

N 

N 
A 

-IC 

N 

* 

h 

h 

N 
n 

n 

I n  a p roof  g i v e n  by Wald C321, t h e  MLE i s  shown t o  b e  

c o n s i s t e n t  unde r  q u i t e  g e n e r a l  c o n d i t i o n s .  A s i m p l i f i e d  

v e r s i o n  of t h i s  p roof  i s  a v a i l a b l e  i n  [161. The g e n e r a l i t y  
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of t h e  c o n d i t i o n s  becomes c l e a r  b y  t h e  absence  o f  any 

r e g u l a r i t y  c o n s t r a i n t s  on t h e  d e n s i t y  f u n c t i o n  f ( x l 2 ) .  

These c o n d i t i o n s  r e q u i r e  t h e  e x i s t e n c e  of  c e r t a i n  i n t e -  

g r a l s  which are g e n e r a l l y  s a t i s f i e d  b y  most d i s t r i b u t i o n s  

and, i n  p a r t i c u l a r ,  by t h e  v a r i o u s  forms of t h e  Weibul l  

d i s t r i b u t i o n .  

Cons ide r  t h e  c a s e  where s = 1 . I f  t h e  f i r s t  two 

d e r i v a t i v e s  of t h e  l i k e l i h o o d  f u n c t i o n  w i t h  r e s p e c t  to 8 

e x i s t ,  i f  

and i f  

r 7 

e x i s t s  and i s  nonvan i sh ing  f o r  a l l  

imwn- l ike l ihood e s t i m a t o r  0, can 
A 

8EO , t h e n  t h e  max- 

be  shown C161 to be 

a s y m p t o t i c a l l y  normal ly  d i s t r i b u t e d  w i t h  mean 8 and 
2 v a r i a n c e  1 / R  ( e ) ,  t h a t  i s ,  

(1.25) 



It w i l l  be c o n s t r u c t i v e  to show under  what c o n d i t i o n s  

t h e  a s sumpt ions  ( 1 . 2 3 )  and ( 1 . 2 4 )  are v a l i d .  I n  t h i s  

r e g a r d  c o n s i d e r  

( 1 . 2 6 )  

If d i f f e r e n t i a t i o n  and i n t e g r a t i o n  can be i n t e r c h a n g e d ,  

t h e n  ( 1 . 2 6 )  becomes 

s i n c e  

L ( x l e )  N dx N = 1 . 
N 

D i f f e r e n t i a t i n g  ( 1 . 2 6 )  a g a i n ,  we o b t a i n  

N 
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which  

N 

o r  

Thus , 

becomes 

t h e  only  c o n d i t i o n  n e c e s s a r y  to e s t a b l i s h  assumpt ions  

( 1 . 2 3 )  and (1.24) when t h e  f i r s t  two d e r i v a t i v e s  of  t h e  

l i k e l i h o o d  f u n c t i o n  e x i s t  i s  t h e  a b i l i t y  to i n t e r c h a n g e  

i n t e g r a t i o n  and d i f f e r e n t i a t i o n .  See ,  f o r  example, 

Crame'r [5]. 

For t h e  g e n e r a l  case s > 1, analogous  arguments  to 
A 

t h o s e  above ( see  [161) v e r i f y  t h a t  Clk i s  a s y m p t o t i c a l l y  

d i s t r i b u t e d  as a m u l t i v a r i a t e  normal d i s t r i b u t i o n  w i t h  

mean v e c t o r  and c o v a r i a n c e  m a t r i x  V whose i n v e r s e  

v- l  has e lemen t s  g i v e n  b y  

1 . 8  O u t l i n e  o f  SucceedinF ChaDters 

I n  Chapter  I1 a c o n t i n u o u s l y  smooth e m p i r i c a l  Bayes 

e s t i m a t o r  i s  developed .  T h i s  e s t i m a t o r  i s  o b t a i n e d  b y  
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r e p l a c i n g  the  con t inuous  p r i o r  d e n s i t y  i n  t h e  Bayes 

e s t i m a t o r  by a s u i t a b l e  approx ima t ion .  The approx ima t ion  

i s  based on a sequence  of  c o n s i s t e n t  estimates and i s  

shown t o  converge i n  p r o b a b i l i t y  to t h e  p r i o r  d e n s i t y  as 

b o t h  t h e  number of pas t  expe r imen t s  n and t h e  sample 

s i z e  k t e n d  to i n f i n i t y .  S i n c e  b o t h  n and k are  

f i n i t e  f o r  p r a c t i c a l  a p p l i c a t i o n ,  t h e  mean and v a r i a n c e  

of t he  m a r g i n a l  d i s t r i b u t i o n  of  these  estimates may n o t  

c o i n c i d e  w i t h  t h o s e  of t h e  p r i o r  d i s t r i b u t i o n .  T h e r e f o r e ,  

a method for t r a n s f o r m i n g  these est imates  i n t o  a new 

sequence  of  v a l u e s  hav ing  a m a r g i n a l  d i s t r i b u t i o n  whose 

mean and v a r i a n c e  approximate  t h o s e  o f  t h e  p r i o r  d i s t r i -  

b u t i o n  i s  i l l u s t r a t e d .  T h i s  new sequence of  v a l u e s  i s  

t h e n  used  to o b t a i n  an  a l t e r n a t i v e  approx ima t ion  to t h e  

p r i o r  d e n s i t y .  

I n  Chapter  I11 smooth e m p i r i c a l  Bayes  es t imates  are 

o b t a i n e d  f o r  t h e  d i s c r e t e  Po i s son  d i s t r i b u t i o n .  T h i s  

c h a p t e r  has been i n c l u d e d  i n  o r d e r  to exempl i fy  t h e  

v e r s a t i l i t y  o f  t h e  smooth e s t i m a t i o n  p rocedure .  The 

d i s t r i b u t i o n  has r e c e i v e d  c o n s i d e r a b l e  a t t e n t i o n  f rom 

e m p i r i c a l  Bayes a u t h o r s  and can be used  to p r o v i d e  a 

common mode f o r  comparison w i t h  o t h e r  wel l  known and 

proven  e m p i r i c a l  Bayes  e s t i m a t o r s .  Two such  methods are  

used  f o r  comparison i n  Chap te r  V I I .  
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I n  Chapters  I V ,  V, and V I  smooth e m p i r i c a l  Bayes 

e s t i m a t i o n  i s  a p p l i e d  to t h e  Weibul l  d i s t r i b u t i o n .  

C h a p t e r  I V  p r o v i d e s  smooth e m p i r i c a l  Bayes e s t i m a t o r s  f o r  

t h e  s c a l e  pa rame te r  a when t h e  shape  pa rame te r  B i s  

known. Chapter  V c o n s i d e r s  t h e  r e v e r s e  s i t u a t i o n ,  and 

Chapter  V I  p r o v i d e s  smooth e s t i m a t o r s  when b o t h  p a r a m e t e r s  

are known to vary  u n p r e d i c t a b l y .  I n  each  o f  these  c h a p t e r s ,  

r e s u l t s  f rom Monte C a r l o  s i m u l a t i o n  show t h a t  even for 

small sample s i z e s  and f e w  p a s t  expe r imen t s ,  t h e  smooth 

e s t i m a t o r s  have smaller,  mean-squared e r r o r s  t h a n  t h e  

c l a s s i c a l  , maximum-likelihood e s t  i m a t  o r s  . 

I n  Chapter  V I 1  e m p i r i c a l  B a y e s  methods f o r  p o i n t  

e s t i m a t i o n  developed by R u t h e r f o r d  and Krutchkoff '  C281 

and Lemon amd Krutchkoff  [17] a r e  o u t l i n e d .  Where 

a p p l i c a b l e ,  these  methods are a p p l i e d  to t h e  d i s t r i b u t i o n s  

of  t h e  p r e c e d i n g  c h a p t e r s ,  and Monte C a r l o  s i m u l a t i o n s  

a r e  performed.  The r e s u l t s  from these  s i m u l a t i o n s  are 

t h e n  d i r e c t l y  compared w i t h  t h e  r e s u l t s  o b t a i n e d  by u s i n g  

t h e  c o n t i n u o u s l y  smooth e m p i r i c a l  Bayes e s t i m a t o r s .  

A summary o f  t h e  c o n c l u s i o n s  d e r i v e d  from t h i s  

r e s e a r c h  i s  p r e s e n t e d  i n  Chap te r  V I I I , . a n d  areas recom- 

mended f o r  f u t u r e  r e s e a r c h  are a l s o  d i s c u s s e d .  



CHAPTER I1 

A CONTINUOUSLY SMOOTH EMPIRICAL BAYES ESTIMATOR 

I n  t h i s  c h a p t e r  a c o n t i n u o u s l y  smooth e m p i r i c a l  Bayes 

e s t i m a t o r  i s  developed .  The e s t i m a t o r  i s  o b t a i n e d  by a 

con t inuous  approx ima t ion  to t h e  p r i o r  d e n s i t y  f u n c t i o n  

and o f f e r s  a new approach f o r  o b t a i n i n g  e m p i r i c a l  Bayes 

p o i n t  es t imates .  

2 . 1  N o t a t i o n  and P r e l i m i n a r i e s  

Throughout t h i s  d i s s e r t a t i o n  t h e  term c o n s i s t e n t  
A 

e s t i m a t o r  w i l l  f r e q u e n t l y  be employed. To s a y  t h a t  gk 
i s  a c o n s i s t e n t  e s t i m a t o r  f o r  2 w i l l  imply t h a t  f o r  any 

p o s i t i v e  numbers E and 6 however small ,  t h e r e  e x i s t s  

an i n t e g e r  K such  t h a t  for k > K 

T h i s  w i l l  o f t e n  b e  r e f e r r e d  to as convergence  i n  p r o b a b i Z i t y  

and f o r  n o t a t i o n a l  convenience w i l l  b e  w r i t t e n  as 

Assume t h a t  an unobservable  random pa rame te r  

O s )  o c c u r s  a c c o r d i n g  to t h e  d i s t r i b u t i o n  e = ( e l j  e, ,  . . e  

N 

G(8-1 w i t h  co r re spond ing  d e n s i t y  f u n c t i o n  g ( 0 ) .  N When N 0 

2 3  
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i s  r e a l i z e d ,  an  o b s e r v a b l e  random k-vec to r  N X occur s  

a c c o r d i n g  to t h e  c o n d i t i o n a l  d i s t r i b u t i o n  F ( x l 0 ) .  N N  

a s u f f i c i e n t  es t imate  ik of N 0 e x i s t s ,  t h e  Bayes e s t i -  

mator  E(@. I x >  for 0 , t h e  j t h  component o f  0 N Y  i s  g i v e n  

by 

When 
A 

7 -  j 

A 

where f(gkIg) d e n o t e s  t h e  c o n d i t i o n a l  d e n s i t y  f u n c t i o n  o f  

t h e  s u f f i c i e n t  e s t i m a t o r  Elk g i v e n  2 . Any such f u n c t i o n  

f ( * I  - )  w i l l  b e  r e f e r r e d  to as t h e  kerneZ of i n t e g r a t i o n .  

A 

When t h e  p r i o r  d e n s i t y  g ( 2 )  i s  unknown, t h e  B a y e s  

e s t i m a t o r  i s  u n a t t a i n a b l e .  However, i f  t h e  s i t u a t i o n  

d e s c r i b e d  above occur s  r e p e a t e d l y  w i t h  t h e  same, b u t  

unknown g ( O ) ,  t h e n  a sequence of  n s u f f i c i e n t  es t imates  
N 

A A A 

e ... ’ - k , n  
e e Nk I 1’ -k , 2 ’  

o b t a i n e d  from p r e v i o u s  r e p l i c a t i o n s  can be used  to c o n s t r u c t  

a con t inuous  approximat ion  to t h e  p r i o r  d e n s i t y  f u n c t i o n .  

Based on t h i s  approximat ion  an e m p i r i c a l  B a y e s  es t imate  of 

t h e  n t h  r e a l i z a t i o n  from g ( @ ) ,  can be de t e rmined .  8 - . N n  ’ 
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2 . 2  Margina l  Dens i ty  ADDroximation 
A 

The m a r g i n a l  d e n s i t y  f u n c t i o n  of  gk i s  g i v e n  by  

A 

When g ( 8 )  h) i s  unknown, p ( g k )  cannot  b e  de te rmined;  however, 

c o n s i s t e n t  d e n s i t y  e s t i m a t o r s  are a v a i l a b l e  which can be  

used  t o  approximate  ~ ( 2 ~ ) .  These e s t i m a t o r s  can b e  con- 

s t r u c t e d  u s i n g  sequence ( 2 . 2 ) .  They  take  t h e  form 

A 

where h i s  a f u n c t i o n  of  n s a t i s f y i n g  

l i m  h ( n )  = 0 
n- 

and 

l i m  n h s ( n )  = 0 . 
n-tw 

( 2 . 5 )  

(2.6) 

Accep tab le  forms f o r  t h e  f u n c t i o n  W a re  g i v e n  b y  

Parzen  C24l f o r  u n i v a r i a t e  d e n s i t i e s ,  s = 1 , and b y  

Martz 1191 f o r  m u l t i v a r i a t e  d e n s i t i e s .  I n  p a r t i c u l a r  
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f o r  e s t i m a t i n g  a u n i v a r i a t e  d e n s i t y  f u n c t i o n ,  t h e  e s t i m a t o r  

2 

1 
21~nh 

A 

P n ( e k )  = - ( 2 . 7 )  

where 

(2.8) - 1 / 5  h = n  

w i l l  b e  u s e d .  Th i s  p a r t i c u l a r  e s t i m a t o r  h a s  been demon- 

s t r a t e d  t o  p o s s e s s  c e r t a i n  d e s i r a b l e  p r o p e r t i e s  ( s e e  

Clemmer and Krutchkoff  [ 3 ]  and Martz and Krutchkoff  [201. 

h 

I n  p r a c t i c e ,  t h e  estimates €&,i (i  = 1 , 2 , * * - , n )  a re  

u n i t i z e d  q u a n t i t i e s ,  and it  becomes n e c e s s a r y  t o  m u l t i p l y  

h b y  an a p p r o p r i a t e  f u n c t i o n  t o  remove khese u n i t s  o f  

measurement from t h e  argument o f  W i n  ( 2 . 4 ) .  For example 

i n  (2.7), t h i s  may be accomplished by d e f i n i n g  h to be  

n h = n  (2.9) 
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where 

A 

k , i  
e n 
_I_ 

- - 
ek - n (2.10) 

i=l 

A 

The e s t i m a t o r s  p n ( g k )  are s q u a r e d  e r r o r  c o n s i s t e n t  for 
A 

e s t i m a t i n g  t h e  d e n s i t y  p ( i k )  i n  t h e  s e n s e  t h a t  

(2.11) 

A 

f o r  a l l  gk i n  t h e  c o n t i n u i t y  s e t  o f  p ( * ) .  T h i s  conver- 

gence i m p l i e s  a d i f f e r e n t  i n t e r p r e t a t i o n  o f  s q u a r e d  e r r o r  

c o n s i s t e n c y .  Usua l ly ,  i t  i s  t h e  sample s i z e  k which 

tends to i n f i n i t y  and n o t  t h e  number of e x p e r i e n c e s  n . 
While i n c r e a s i n g  sample s i z e  i s  c o n c e p t u a l ,  i n  t h e  e m p i r i c a l  

Bayes s i t u a t i o n  t h e  number of  e x p e r i e n c e s  may a c t u a l l y  grow 

w i t h o u t  bound. Thus i n  a p p l i c a t i o n ,  t h e  convergence g iven  

by ( 2 . 1 1 )  r e p r e s e n t s  a n a t u r a l  r e s u l t .  

2 . 3  P r i o r  Dens i ty  Approximation 

I n  t h i s  s e c t i o n  t h e  m a r g i n a l  d e n s i t y  e s t i m a t o r  
A 

p n ( i k )  w i l l  b e  shown t o  converge i n  p r o b a b i l i t y  t o  t h e  p r i o r  

d e n s i t y  f u n c t i o n  g ( 8 ) ,  as b o t h  t h e  number o f  e x p e r i e n c e s  

n and t h e  sample s i z e  k t e n d  toward i n f i n i t y .  The  

N 

f o l l o w i n g  theorem, which i s  a s l i g h t l y  mod i f i ed  v e r s i o n  o f  
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3 t l i e o r > ( > i i i  fou i id  in Rao [ 2 5  J ,  w i l l  b e  needed to e s t a b l i s h  

t h e  main r e s u l t .  

A 

Theorem 2 .I - If p n ( i k )  i s  a con t inuous  d e n s i t y  e s t i m a t o r  

and 0 i s  a c o n s i s t e n t  e s t i m a t o r  for , t h e n  
A 

-k 

(2.12) 

h 

Proof - S i n c e  0 i s  c o n s i s t e n t  for , g i v e n  any pos-  

i t i v e  numbers y and rl , an i n t e g e r  K e x i s t s  such  that 

for k > K Pr(lgk - 21 < y )  2 1 - r1/2 . N o w  l e t  i be a 

f i n i t e  r e g i o n  such  t h a t  Pr(O E i) = 1 - r1/2 . Then s i n c e  

gn 

t r a r i l y  chosen E > 0 if - 01 < y f o r  2 E I . Hence, 

--k 

A 

N 

I\ 

i s  c o n t i n u o u s ,  Ipn(gk) - pn(O-)l < E , for any a rb i -  
A 

N 

f o r  k > K . 

Theorem 2 . 2  - If the c o n d i t i o n s  of Theorem 2 . 1  are s a t i s f i e d  

and  s i n c e  



t h e n  

(2.14) 

Proof - By Theorem 2 . 1 ,  g i v e n  any p o s i t i v e  c o n s t a n t s  y 

and E , t h e r e  e x i s t s  an i n t e g e r  K such t h a t  for k > K 

and s i n c e  p,(B) i s  c o n s i s t e n t  for g(O-), t h e r e  e x i s t s  an 

i n t e g e r  N such  t h a t  for n > N 
N 

N o w  



'1'11 e e v c r i  t s 

( 2 . 1 5 )  

and  

are i n d e p e n d e n t  s i n c e  t h e  o c c u r r e n c e  o f  ( 2 . 1 5 )  d e p e n d s  

o n l y  on  t h e  k e r n e l  o f  i n t e g r a t i o n  f(g,lO-), a n d  t h e  

o c c u r r e n c e  o f  ( 2 . 1 6 )  d e p e n d s  o n l y  on t h e  prior d e n s i t y  

~ ( 2 ) .  

A 

T h e s e  d e n s i t i e s  are  c l e a r l y  i n d e p e n d e n t ;  h e n c e  

2 . 4  C o n t i n u o u s l v  Smooth E s t i m a t o r s  

T h e  l i m i t i n g  r e s u l t  i n  ( 2 . 1 4 )  i s  somewhat  a r t i f i c i a l  

i n  p r a c t i c a l  a p p l i c a t i o n s  s i n c e  small v a l u e s  o f  k a n d  n 

a re  usua1l : r  e n c o u n t e r e d .  N e v e r t h e l e s s ,  t h i s  p r o p e r t y  d o e s  

s u g g e s t  t h e  r e p l a c e m e n t  o f  t h e  p r i o r  d e n s i t y  i n  t h e  Bayes  



* 
e s t i m a t o r  ( 2 . 1 )  b y  p n ( i k )  when c o n s i d e r e d  as a f u n c t i o n  of 

* 0 . The c o n t i n u o u s l y  smooth e m p i r i c a l  Bayes e s t i m a t o r  f o r  

t h e  j t h  component of 8 becomes j '  --n 
e 

N - OD - 

(2.17) 

where 

(2.18) 

- 
F o r  s i m p l i c i t y  w e  have n o t  i ndexed  OD w i t h  a s u b s c r i p t  

j . Denote t h e  v e c t o r  hav ing  components g i v e n  b y  ( 2 . 1 7 )  

as ED . I n  p a r t i c u l a r  f o r  s = 1, ( 2 . 1 7 )  t akes  t h e  form 
N 

N - OD - 

A 

s i n  
2 

de 

- (2.19) 
2 



w l i e i ~  h 1:; gj.vcn b y  ( 2 . 8 ) .  The s u b s c r i p t  D i s  a 

n o t a t i o n a l  convenience  and d e n o t e s  t h e  p a r t i c u l a r  d i s t r i -  

b u t i o n  of t h e  e s t i m a t o r  Clk when g i v e n  N 0 . F o r  example,  

i f  t he  k e r n e l  o f  i n t e g r a t i o n  i s  normal  t h e n  ( 2 . 1 7 )  would 

b e  r e p r e s e n t e d  as 0, . 

A 

N 

I n  p r a c t i c e  t h e  a c t u a l  r ange  of 0 w i l l  g e n e r a l l y  b e  
N 

unknown. T h i s  can b e  r e s o l v e d  s a t i s f a c t o r i l y  by t a k i n g  

t h e  r e g i o n  of i n t e g r a t i o n  i n  ( 2 . 1 7 )  to be  t h e  observed  

range  o f  p r e v i o u s  es t imates .  Thus i t  i s  n e c e s s a r y  o n l y  t o  

o r d e r  s u c c e s s i v e l y  t h e  sequence of e s t i m a t e s  g i v e n  i n  (2.21, 

from which t h e  r ange  i s  e a s i l y  c a l c u l a t e d .  The s u c c e s s  of 

t h i s  approximat ion  w i l l  b e  demonst ra ted  i n  t h e  remain ing  

c h a p t e r s .  

O c c a s i o n a l l y  for c e r t a i n  f ami l i e s  of d i s t r i b u t i o n s ,  

no s u f f i c i e n t  s t a t i s t i c  e x i s t s  for e s t i m a t i n g  2 . I n  

such c a s e s  some s t a t i s t i c  Clk may e x i s t  which can  be  

used i n  t h e  f o r m u l a t i o n  of  gD . T h i s ,  o f  c o u r s e ,  r e p r e -  

A 

N 

s e n t s  a f u r t h e r  d e q r e e  of  approximat ion  s i n c e  

u e l x )  + ~(glg~) . The e s t i m a t o r  gD , however,  may 

c o n t i n u e  to produce ''good" r e s u l t s .  T h i s  s i t u a t i o n  w i l l .  

h, 
I\ 

- N  

o c c u r  i n  Chapter  V and Chap te r  V I ,  and t h e  con t inued  s u c c e s s  

of gD w i l l  be w i t n e s s e d .  
N 

N 

The a b i l i t y  o f  t h e  e s t i m a t o r  gD t o  p r o v i d e  "good" 

resu l t , ;  depends on t h e  accuracy  o f  s e v e r a l  approx ima t ions ,  
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t h e  most s i g n i f i c a n t  b e i n g  t h e  accu racy  w i t h  which t h e  

d e n s i t y  e s t i m a t o r  p n ( e )  N r e p r e s e n t s  t h e  p r i o r  d e n s i t y  

g(O-). I f  gD p r o v i d e s  “ b e t t e r f ’  estimates f o r  t h e  p r e v i o u s  

r e a l i z a t i o n s  of 2 t h a n  t h e  e l emen t s  o f  sequence ( 2 . 2 1 ,  

t h e n  i t e r a t i o n  of NoD may a c h i e v e  s t i l l  f u r t h e r  improve- 

ment. I n  each  i t e r a t i o n  t h e  d e n s i t y  e s t i m a t o r  f o r  t h e  

n 

rv 

p r i o r  d e n s i t y  f u n c t i o n  i s  based on t h e  sequence  of 
N 

p r e v i o u s  es t imates  gDr i  (i = 2 , 3 , * * * , n )  . When i = 1 , 
.. 

N e i s  d e f i n e d  t o  be €lk,l . R e s u l t s  from such  - D , 1  ’ 
i t e r a t i o n s  as w e l l  as f u r t h e r  d i s c u s s i o n  are r e p o r t e d  i n  

t h e  r ema in ing  c h a p t e r s .  

2 . 5  Marg ina l  Var iance  C o r r e c t i o n  

I n  t h e  c o n s t r u c t i o n  o f  t h e  c o n t i n u o u s l y  smooth e m p i r i -  
N 

c a l  Bayes e s t i m a t o r  ElD , 
c o n s i s t e n t  d e n s i t y  e s t i m a t o r  be used  t o  r e p r e s e n t  t h e  p r i o r  

i t  has been s u g g e s t e d  t h a t  a 

d e n s i t y .  It would, t h e r e f o r e ,  seem d e s i r a b l e  to base t h i s  

d e n s i t y  e s t i m a t o r  on a sequence o f  v a l u e s  

n * * e ... ’ -k,n e 0 - k , l ’  - k , 2 ’  ( 2 . 2 0 )  

whose marg ina l  d i s t r i b u t i o n  has mean and v a r i a n c e  approx- 

i m a t e l y  e q u a l  t o  t h o s e  o f  t h e  p r i o r  d e n s i t y .  

For f i n i t e  samples  o f  s i z e  k , t h e  mean and v a r i a n c e  
A 

of  t h e  m a r g i n a l  d i s t r i b u t i o n  o f  Clk a re  g e n e r a l l y  no t  

e q u i v a l e n t  t o  t h o s e  of  t h e  p r i o r  d i s t r i b u t i o n .  A l i n e a r  
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t r a n s f o r m a t i o n ,  however, can  b e  c o n s t r u c t e d  on t h e  e l e -  

ments o f  sequence ( 2 . 2 )  to p r o v i d e  a new sequence o f  

v a l u e s  h a v i n g  a mean and v a r i a n c e  which are approx ima te ly  

e q u a l  to t h e  p r i o r  mean and v a r i a n c e .  To i l l u s t r a t e  t h i s  

procedure  when s = 1 , c o n s i d e r  t h e  k e r n e l  o f  i n t e -  

g r a t i o n  to b e  

( 2 . 2 1 )  

where c i s  a known c o n s t a n t  and k i s  t h e  sample s i z e .  

Th i s  p rocedure  i s  q u i t e  g e n e r a l ,  and t h e  normal d i s t r i b u -  

t i o n  i s  on ly  used f o r  pu rposes  o f  i l l u s t r a t i o n .  I f  t h e  

r e l a t i o n s  o f  c o n d i t i o n a l  p r o b a b i l i t y  

and 

( 2 . 2 2 )  

a r e  a p p l i e d  to ( 2 . 2 1 1 ,  t h e n  t h e  mean and v a r i a n c e  o f  t h e  

marg ina l  d i s t r i b u t i o n  o f  0, become 
A 
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and 

( 2 . 2 4 )  1 - -  - Var(8) + E E2(8) . 
kc  

A 

r e s p e c t i v e l y .  Thus for f i n i t e  k , t h e  mean o f  0, 

u n c o n d i t i o n a l  on 8 w i l l  b e  e q u a l  t o  t h e  p r i o r  mean, b u t  

t he  v a r i a n c e  o f  0, o v e r e s t i m a t e s  t h e  prior v a r i a n c e  b y  

t h e  amount 

h 

k c  + E2(8) 1 . 

I n  t h e  l i g h t  of  t h i s  o b s e r v a t i o n ,  c o n s i d e r  t h e  t r a n s -  
A 

f o r m a t i o n  o f  0, g i v e n  b y  

A 0, * = al(Gk - ~ ( 8 , ) )  + 

where al i s  a c o n s t a n t  to be de termined .  N o w  

( 2 . 2 5 )  
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and 

(2.26) 

Substituting (2.24) into (2.26) we obtain 

- - al 2 [ ( l i k e )  Var(0) k c  + E 2 ( 0 )  (2.27) 

Hence by defining 

kc  Var(0) 
( l + k c )  Var(0) + E2(0) al = ( 

we obtain 

the desired result. 

(2.28) 

If the mean and variance of the prior distribution 

are known, then al can be exactly determined. In 

practice, however, these quantities will generally remain 
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unknown; hence es t inates  for t h e s e  q u a n t i t i e s  must be 

o b t a i n e d .  S i n c e  E ( 0 )  = E ( B k )  , t h e  p r i o r  mean can b e  

e s t i m a t e d  by t h e  sample’  mean 

A 

i=l 

A 

E s t i m a t i n g  V a r ( B k )  by t h e  sample v a r i a n c e  

qk,i - n 

s2 = i=l 
n n - 1  (2 .30 )  

and s u b s t i t u t i n g  ( 2 . 2 9 )  and ( 2 . 3 0 )  i n t o  ( 2 . 2 4 ) ,  .. w e  have 

S o l v i n g  ( 2 . 3 1 )  for V a r ( 0 ) ,  w e  o b t a i n  

1 5 2  - -  k c  2 
A 

var(8)  = _L_ 

l t k c  ‘n l + k c  n ( 2 . 3 2 )  

as an estimate of t h e  p r i o r  v a r i a n c e .  

t h e  mean and v a r i a n c e  of t h e  p r i o r  d i s t r i b u t i o n  a re  unknown, 
- A 
0 and V a r ( 0 )  can be s u b s t i t u t e d  for E ( f 3 )  and V a r ( 0 )  i n  

( 2 . 2 8 )  g i v i n g  

‘ T h e r e f o r e  when b o t h  

n 



* 
The t r a n s f o r m a t i o n  0, d e f i n e d  by ( 2 . 2 5 )  i s  s u f f i -  

c i e n t  f o r  e s t i m a t i n g  0 s i n c e  i t  i s  o b t a i n e d  by a one-to- 
h 

one t r a n s f o r m a t i o n  on t h e  s u f f i c i e n t  s t a t i s t i c  Ok . To 

show t h a t  i t  i s  also c o n s i s t e n t ,  c o n s i d e r  

1 .A A * 
p l i m  0, = p l i m [ a l B k  - a l E ( B k )  + E ( B )  

k- k- 

Now i t  i s  e a s i l y  shown t h a t  b o t h  r e p r e s e n t a t i o n s  f o r  

al  , ( 2 . 2 8 )  and (2.33), have t h e  p r o p e r t y  t h a t  

l i m  a1 = 1 . 
k- 

Thus ( 2 . 3 4 )  becomes 

A * 
p l i m  0, = p l i m  0 = 0 

k k- k-tw 

( 2 . 3 4 )  

( 2 . 3 5 )  

8 
and 0, i s  t h e r e f o r e  a c o n s i s t e n t  e s t i m a t o r  f o r  0 . 
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Hence b y  Theorems 2 . 1  and 2 . 2 ,  a d e n s i t y  e s t i m a t o r  based 

on sequence ( 2 . 2 0 )  has  ‘ the p r o p e r t y  t h a t  



CHAPTER I11 

ESTIMATION I N  THE POISSON DISTRIBUTION 

The P o i s s o n  d i s t r i b u t i o n  has p l a y e d  a s i g n i f i c a n t  

r o l e  i n  the  development of  e m p i r i c a l  Eayes t e c h n i q u e s .  

Robbins C261 f i r s t  i n t r o d u c e d  the  e m p i r i c a l  Bayes approach  

w i t h  t h e  Po i s son  d i s t r i b u t i o n .  Recen t ly ,  new e m p i r i c a l  

Bayes methods have been  i l l u s t r a t e d  u s i n g  t h i s  d i s t r i b u -  

t i o n .  I n  keep ing  w i t h  t h e  h i s t o r i c a l  s i g n i f i c a n c e  o f  t h e  

Po i s son  d i s t r i b u t i o n ,  t h e  u s e f u l n e s s  of  t h e  c o n t i n u o u s l y  

smooth e m p i r i c a l  Bayes method w i l l  f i r s t  b e  i l l u s t r a t e d  

w i t h  t h i s  d i s t r i b u t i o n .  

Maximum-likelihood e s t i m a t i o n  i s  chosen as t h e  

c l a s s i c a l  method of e s t i m a t i o n ,  and r e s u l t s  from Monte 

Car lo  s i m u l a t i o n s  a re  r e p o r t e d ,  which show t h a t  t h e  smooth 

e s t i m a t o r s  have smaller  mean-squared e r r o r s  t h a n  t h e  

maximum-likelihood e s t i m a t o r s .  These r e s u l t s  are r e p o r t e d  

f o r  small sample s i z e s  and f e w  p a s t  e x p e r i e n c e s .  

3 . 1  Maximum-Likelihood E s t i m a t i o n  

Assume t h a t  t h e  c o n d i t i o n a l  d i s t r i b u t i o n  of  

g iven  any v a l u e  8 > 0 , i s  Po i s son  w i t h  p r o b a b i l i t y  mass 

f u n c t i o n  

40 
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Cons ide r  a random sample of k o b s e r v a t i o n s  from 

( 3 . 1 ) .  The l i k e l i h o o d  f u n c t i o n  of t h i s  sample i s  

k 

C X i  
e - k e e i = l  

k L ( x l e )  = 
N 

n x  i ! 

i=l 

( 3 . 2 )  

S i n c e  t h e  Po i s son  d i s t r i b u t i o n  s a t i s f i e s  t h e  n e c e s s a r y  

r e g u l a r i t y  c o n d i t i o n s  g i v e n  i n  s e c t i o n  1 . 7 ,  t h e  maximum- 

l i k e l i h o o d  e s t i m a t o r  for @’ can be  found by t h e  s o l u t i o n  

of e q u a t i o n  ( 1 . 2 2 ) .  T h e r e f o r e  t a k i n g  t h e  l o g a r i t h m  of  

( 3 . 2 )  and d i f f e r e n t i a t i n g  w i t h  r e s p e c t  t o  0 , w e  have 

k 

= -k + f 3 - 1 c x  i 
d l o g  L ( x l 0 )  N 

de  
i= 1 

E q u a t i n g  ( 3 . 3 )  t o  z e r o  and s o l v i n g  f o r  0 , 
maximum-likelihood e s t i m a t o r  

( 3 . 3 )  

w e  o b t a i n  t h e  

O b s e r v a t i o n  of  e q u a t i o n  ( 3 . 2 )  r e v e a l s  t h a t  t h e  l i k e l i -  

hood f u n c t i o n  can be  e x p r e s s e d  as t h e  p roduc t  



4 2  

where 

i=l 

and 

Thus by t h e  f a c t o r i z a t i o n  c r i t e r i o n  [23]  

k 

T = c x  i 
i= 1 

i s  a s u f f i c i e n t  s t a t i s t i c  f o r  0 . The maximum-likelihood 

e s t i m a t o r  0, can c l e a r l y  be  o b t a i n e d  by a one-to-one 

t r a n s f o r m a t i o n  on T and t h e r e f o r e  r e p r e s e n t s  a s u f f i c i e n t  

A 

e s t i m a t o r  f o r  8 . 

It i s  e v i d e n t  t h a t  g i v e n  any 8 > 0 , t h e  o n l y  
A 

p o s s i b l e  v a l u e s  f o r  0, a re  0 ,  l / k ,  2/k,  0 . .  . F o r  a 

p a r t i c u l a r  v a l u e  t/k , t h e  v a l u e s  x = ( x 1 , x 2 , * * * , x k )  

must be such  t h a t  

f ( t / k l e ) ,  t h a t  0, t akes  on t h e  v a l u e s  t / k  , i s  o b t a i n e d  

by summing ( 3 . 2 )  o v e r  a l l  s e t s  x s o ' t h a t  E x .  = t . 

N 

c x .  = t ; hence t h e  p r o b a b i l i t y  
1 

A 

N 1 

T h a t  i s ,  
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- k e e t  t e r ( j $ e )  = k 

i=l 

- k e e t  1 = e  

A n x . !  1 

i=l 

where A r e p r e s e n t s  a l l  p o s s i b l e  se t s  N x such t ha t  

c x  = t . The mul t inomia l  theorem s t a - t e s  t h a t  i 

A i=l 

t h e r e f o r e  s e t t i n g  each y i  = 1 , w e  have 

and from (3 .5 )  

( 3 . 5 )  
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W r i t i n g  ( 3 . 7 )  e x p l i c i t l y  as a f u n c t i o n  of t h e  maximum- 

l i k e l i h o o d  e s t i m a t o r  0, , w e  o b t a i n  

(3 .8 )  

S i n c e  t h e r e  i s  a one-to-one 

0, = T/k and T = c x  

of  T i s  

h 

i '  

- k 0  e ( k 6 l t  
t! f ( t l 0 )  = 

Hence 

cor respondence  between 

t h e  p r o b a b i l i t y  mass f u n c t l o n  

which i s  a Po i s son  mass f u n c t i o n  w i t h  mean and v a r i a n c e  

g iven  by k 0  . 

3 .2  Smooth E m p i r i c a l  B a y e s  E s t i m a t o r s  f o r  0 

Assume t h a t  an  unobse rvab le  random parameter 8 

occur s  a c c o r d i n g  to t h e  unknown d e n s i t y  f u n c t i o n  g ( 6 ) .  

When 8 i s  r e a l i z e d ,  an o b s e r v a b l e  random v e c t o r  X 

from ( 3 . 1 )  o c c u r s ,  and a maximum-likelihood est imate  o f  
N 

6 i s  formed u s i n g  (3.4). Now i f  t h i s  s i t u a t i o n  o c c u r s  

r e p e a t e d l y ,  t h e n  t h e  sequence 

* A h 

0 . .  

' k , l '  ' k , 2 '  ' ' k , n  (3.11) 
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o f  maximum-likelihood e s t i m a t e s  can be used  t o  form a 

m a r g i n a l  d e n s i t y  approx ima t ion  pn (Bk) ,  g i v e n  by (2.71, 
h 

A h 

f o r  ~ ( 0 ~ ) .  Convergence i n  p r o b a b i l i t y  of pn (  0,) t o  t h e  

unknown p r i o r  d e n s i t y  f u n c t i o n  g ( 0 )  i s  a s s u r e d  b y  

Theorem 2 .2 .  T h e r e f o r e  when ( 3 . 8 )  i s  used  as t h e  k e r n e l  

o f  i n t e g r a t i o n ,  p n ( B k )  can  be t r e a t e d  as a f u n c t i o n  o f  

0 , and a c o n t i n u o u s l y  smooth e m p i r i c a l  Bayes e s t i m a t o r  

f o r  en , t h e  n t h  r e a l i z a t i o n  from g (  e ) ,  becomes 

A 

h 

and 
'k ,  (1) 

The l i m i t s  of i n t e g r a t i o n  i n  ( 3 . 1 2 )  
h 

are t h e  r e s p e c t i v e  minimum and maximum v a l u e s  o f  
'k, ( n )  

sequence  ( 3.11) . 

3.3 A Smooth E m p i r i c a l  Bayes E s t i m a t o r  f o r  0 C o r r e c t e d  
f o r  Var i ance  

Although 
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i n  p r a c t i c a l  a p p l i c a t i o n  b o t h  n and k w i l l  r emain  

f i n i t e .  

t h e r e f o r e  r e p r e s e n t  a p o o r  approximat ion  to t h e  p r i o r  

A 

The m a r g i n a l  d e n s i t y  e s t i m a t o r  pn(Bk)  may 

d e n s i t y .  A s  demons t r a t ed  i n  s e c t i o n  2 . 5 ,  when t h e  mean 

and/or  t h e  v a r i a n c e  cf t h e  m a r g i n a l  d i s t r i b u t i o n  o f  0, 

are n o t  e q u i v a l e n t  to t h o s e  o f  t h e  p r i o r  d i s t r i b u t i o n ,  

A 

t h e  p r i o r  d e n s i t y  approx ima t ion  can o f t e n  b e  improved. 

Per forming  t h e  t r a n s f o r m a t i o n  

on 'each o f  t h e  maximum-likelihood est imates  of  sequence  

(3.111, w e  o b t a i n  a sequence o f  v a l u e s  

* * * ... 
' k , l '  ' k , 2 '  ' ' k , n  

The m a r g i n a l  d i s t r i b u t i o n  o f  t h i s  sequence has a mean 

and a v a r i a n c e  e q u i v a l e n t  to t h o s e  o f  t h e  p r i o r  d i s t r i -  

b u t i o n .  Based on t h i s  sequence ,  an approximat ion  

pn(Bk)  to t h e  marg ina l  d e n s i t y  p ( B k )  can be formed. 

When c o n s i d e r e d  as a f u n c t i o n  of  0 , 
used to r e p r e s e n t  t h e  p r i o r  d e n s i t y  i n  t h e  Bayes e s t i m a t o r  

* * 
* 

pn(Bk)  can be 

Thus an a l t e r n a t i v e  smooth e s t i m a t e  of  en , 
t h e  p r e s e n t  r e a l i z a t i o n  from ~ ( 9 ) '  can be g i v e n .  
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If t h e  r e l a t i o n s  of  c o n d i t i o n a l  p r o b a b i l i t y  ( 2 . 2 2 )  

and ( 2 . 2 3 )  are used ,  t h e n  t h e  mean and t h e  v a r i a n c e  f o r  

t h e  m a r g i n a l  d i s t r i b u t i o n  of  t h e  maximum-likelihood 

e s t i m a t o r  become 

A 

E(8,)  = E ( k 8 )  = k E ( 8 )  
( 3 . 1 5 )  

and 

A 

V a r ( B k )  = E( 'k0)  + V a r ( k 8 )  

( 3 . 1 6 )  

= k E ( 0 )  t k 2  V a r ( 8 )  

r e s p e c t i v e l y .  S i n c e  t he  mean and v a r i a n c e  of t h e  

m a r g i n a l  d i s t r i b u t i o n  o f  0, o v e r e s t i m a t e  t h e  mean 

and  v a r i a n c e  of t h e  p r i o r  d i s t r i b u t i o n ,  t h e  t r a n s f o r -  

ma t ion  g i v e n  by  (3 .13)  can be a p p l i e d .  

h 

To de te rmine  t h e  c o n s t a n t  al i n  t h e  t r a n s f o r m a t i o n  

( 3 . 1 3 )  s o  t h a t  V a r ( 0 , )  = V a r ( 8 )  , c o n s i d e r  t h e  v a r i a n c e  
* 

* 
o f  0, : 

h 2 
A 

- * 
Var (8 , )  = Var(al 8,) - al V a r ( 8 , )  . ( 3 . 1 7 )  
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A 

Substituting (3.16) for Var(Bk) in (3.17), we have 

(3.18) Var(Bk) * = a2(kE(0) t k2 Var(0)) . 1 

Thus choosing 

, (3.19) var(0) 
= [kE(0) t k2 Var(0) 

we obtain the desired result. 

When the mean and the variance of 0 are known, 

a1 can be exactly determined by (3.19). In practice 

however, these values are generally unknown and require 

estimation. Since E(Bk) = kE(0) , the prior mean 
A 

- 
can be estimated by 0 /k where e is the sample 

r? n 

mean given by (2.29). The sample variance s 2  given by 

(2.30) can be used to approximate Var(Bk). Proper 

substitution of these quantities into (3.16) gives 

n 
* 

2 -  - 0  

k2 
n 

A 

var(0) = (3.20) 

as an estimate of the prior variance. Thus when E(0) 

and Var(0) are unknown the constant ai can be approxi- 

mated by 
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With the  t r a n s f o r m a t i o n  0: comple te ly  de t e rmined ,  

t he  m a r g i n a l  d e n s i t y  approx ima t ion  p n (  8;) for p (  0:) can 

be formed. 

f u n c t i o n  o f  0 , f o r  g ( 8 )  i n  t h e  Bayes e s t i m a t o r  

E (  e l  e,), w e  o b t a i n  as an a l t e r n a t i v e  smooth e s t i m a t o r  

Q S u b s t i t u t i n g  pn (€ lk ) ,  when c o n s i d e r e d  as a 

A 

f o r  e n  

Q 

k6 -kf3 k , n  e e  
Q 

' k ,  (1) 

Q e-ek 
s i n  ( 2 h t i )  

2 

de 

2 

d e  

( 3 . 2 2 )  

* are t h e  r e s p e c t i v e  minimum 
'k I ( n )  

and Q 
' k I  (1) 

where 

and maximum v a l u e s  o f  sequence  ( 3 . 1 4 ) ,  and h i s  g i v e n  

by ( 2 . 8 ) .  

3.4 I t e r a t i o n  o f  t h e  Smooth E s t i m a t o r s  

Cons ide r  a sequence  of smooth estimates from ( 3 . 1 2 ) ,  

( 3 . 2 3 )  



obtained in each of n previous experiences. Based on 

this sequence, a more "precise" estimate of the reali- 

zation O n  can often be determined. The estimate is 

obtained by replacing the prior density in the Bayes 

estimator by the continuous density approximation 

n 

i=l I' ( 3 . 2 4 )  

constructed with sequence (3.23). This represents an 

iteration of the smooth estimator O p  and is denoted 
N 

by since the kernel of integration remains unchanged. 
N 

A similar iteration of the estimator 0 can be 
P I V  

N !  

obtained and will be denoted by 0 . Integration in 

each estimator is performed over the range of values 
PIV 

obtained f r o m  the first iteration. For example, the 
N N 

region of integration for 0; is from min(epli) to 

max(Op . >  where i,j = 1,2,***,n and i j . The 
N 

1 7  
N 

smooth estimator OP is defined for n > 1  ; therefore 

- 
OP,l - for i = 1 , we define 

3.5 Monte Carlo Simulation 

To ascertain the usefulness of the continuously 
N 

smooth empirical Bayes estimator 0, as opposed to the 



maximum-likelihood estimator, Monte Carlo simulation 

was employed by means of a UNIVAC 1108 computer. The 

criterion for comparison was mean-squared error, and 

therefore the ratio 

( 3 . 2 5 )  empirical Bayes mean-squared error 
maximum-likelihood mean-squared error R =  

N 

was of interest. Here the symbol OD is used as a 

general notational device t o  represent any smoo th  

estimator under consideration. 

A value of 0 was generated from a chosen prior 

’ Xk distribution; then a random sample xl, x2, ... 
of size k , corresponding t o  the realization of 0 , 
was obtained from (3.1). The maximum-likelihood 

A 

estimate 0, was found and its squared deviation 
A 

( 0  - from the corresponding parameter 0 was 

calculated. For the second experiment, a new value for 

0 was generated and the process repeated, obtaining 

B k  and its squared deviation. For this experiment, 0,  

and its squared deviation ( 8  - 0,)  from the corre- 

sponding realization of 0 were also calculated. This 

was repeated twenty times, and each time, 8 was cal- 

culated using the present B k  as well as all previous 

maximum-likelihood estimates. Five hundred repetitions 

ry 
A 

- 2  

cv 

D 
A 

of this run of twenty experiments were then made, and 
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A N 

the averages of the squared deviations of 0, and 6, 
2 N A 2  were formed as estimates of E ( 6  - 6,) and E(6 - 0,) . 

Then the ratio R was calculated utilizing these 

estimated mean-squared errors. All numerical integrations 

were performed by means of the eleven-point Gauss 

quadrature formula. For details see Appendix A. 

This procedure was repeated for all types of Pearson 

prior distributions with varying coefficients of skewness 

and kurtosis. As with Clemmer and Krutchkoff [31, Lemon 

and Krutchkoff [17], and Martz and Krutchkoff [20], the 

ratio R was observed to be significantly influenced 

by the prior distribution only through the value 

(3.26) 

where % indicates that E ( 6 ) ,  the prior mean of 0 , 
has been substituted for 0 . In particular, for a 

random sample of k observations from (3.1), the 

maximum-likelihood estimator is distributed according 

to (3.8), and the value Z becomes 

(3.27) 

Since it was found that the only factors affecting the 

ratio R , apart from the number of experiences, are 
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c o n t a i n e d  i n  (3 .27 ’ ) ,  t h i s  q u a n t i t y  can  be  c o n v e n i e n t l y  

used  to summarize and i n d e x  a g i v e n  s i t u a t i o n .  

It h a s  been  r e p e a t e d l y  obse rved  i n  t h e  Monte C a r l o  

s t u d y  tha t  t h e  sample s i z e  k has no e f f e c t  on t h e  r a t i o  

R when formed w i t h  OP or 0 . T h e r e f o r e  w i t h o u t  

loss of  g e n e r a l i t y ,  k w i l l  be t a k e n  to be  o n e .  We w i l l  

N N 

p , v  

N 

d e n o t e  t h e  r a t i o  R when c a l c u l a t e d  w i t h  OP by R, - 
by R P , V  

and when c a l c u l a t e d  w i t h  0 
p ,V 

To s u p p o r t  t h e  c l a i m  t h a t  t he  smooth e m p i r i c a l  

Bayes e s t i m a t o r s  are  indeed  r o b u s t  to t h e  form o f  t h e  

p r i o r  d i s t r i b u t i o n ,  t h e  v a l u e s  o f  

were g e n e r a t e d  from v a r i o u s  d i s t r i b u t i o n s .  For a l l  t y p e s  

B i  (i  = 1,2,.**,20) 

o f  Pea r son  p r i o r  d i s t r i b u t i o n s  w i t h  v a r y i n g  c o e f f i c i e n t s  

o f  skewness and k u r t o s i s ,  t h e  r a t i o  R has been  obse rved  

to v a r y  o n l y  s l i g h t l y  f o r  a g i v e n  v a l u e  o f  n , p r o v i d i n g  

t h e  v a l u e  o f  Z r ema ins  unchanged.  T h i s  i s  i l l u s t r a t e d  

i n  F i g u r e s  3-6 f o r  a g i v e n  v a l u e  of  Z = 2.0 . The s o l i d  

l i n e  i n  e a c h  f i g u r e  r e p r e s e n t s  t h e  r a t i o  R c a l c u -  

l a t e d  w i t h  t h e  smooth e s t i m a t o r  0 

l i n e  r e p r e s e n t s  t h e  r a t i o  R, c a l c u l a t e d  w i t h  e P  . 
T h i s  r e p r e s e n t a t i o n  w i l l  be  used  i n  t h e  r ema in ing  f i g u r e s  

of  t h i s  c h a p t e r .  The p a r a m e t e r s  o f  t h e  p r i o r  d i s t r i b u -  

p , v  
N - and t h e  broken 

P , V  ’ 
N 

t i o n s  a r e  d e s i g n a t e d  as f o l l o w s :  
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F:(e> = prior mean of o 
N e )  = prior variance of  0 

S = skewness 

K = kurtosis 

In Figure 3 the prior distribution is bell-shaped 

(skewed); in Figure 4, L-shaped; in Figure 5, J-shaped; 

and in Figure 6, U-shaped. These estimators are evi- 

dently rather insensitive t o  the form of the prior 

distribution as summarized by S and K ; therefore, 

values of S and K will not be given f o r  the remaining 

figures in this chapter. 

Values of the ratios RP and R p , v  are plotted 

in Figures 7 and 8 respectively. These values are 

plotted for different values of E ( 0 )  and V(e), summarized 

by Z . The values of Z range from 0.5 to 5.0. We 

note that as Z increases, the values of the ratios 

and RP tend t o  decrease. This phenomenon is RP,V 

best understood by considering the summary quantity Z , 
defined by (3.26). 

to Var(e>, then the classical estimates of 8 will vary 

A 

If Var(ekle) is large as compared 

widely.. The smooth estimators, however, are capable of 

"detecting" this variation and use this information to 

obtain "better" estimates of 8 . Conversely if 

Var(e,le) i s  small as compared to Var(e), then the 

classical method would be expected t o  do quite well. 

A 
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I n  t h i s  c a s e  there  i s  a g r e a t  dea l  o f  i n f o r m a t i o n  w i t h i n  

an  expe r imen t ,  and p r e v i o u s  expe r imen t s  c o n t r i b u t e  very  

l i t t l e  i n f o r m a t i o n  about  t h e  pa rame te r .  We a l s o  n o t i c e  

t h a t  for a g i v e n  number o f  e x p e r i e n c e s ,  t h e  d e c r e a s e  

i s  more s i g n i f i c a n t  t h a n  t h a t  o f  R, demon- 
Of  RPlv 

N 

P IV 
s t r a t i n g  t h e  s u p e r i o r i t y  of  t h e  smooth e s t i m a t o r  0 

o v e r  t h e  smooth e s t i m a t o r  0, . T h i s  i n c r e a s e  i n  mean- 

s q u a r e d  p r e c i s i o n  i s  e a s i l y  e x p l a i n e d .  The p r i o r  d e n s i t y  

approx ima t ion  used  i n  0 i s  based on a sequence  o f  
P IV 

v a l u e s  h a v i n g  a marg ina l  d i s t r i b u t i o n  whose mean and 

N 

N 

v a r i a n c e  are approx ima te ly  e q u i v a l e n t  t o  t h o s e  o f  t h e  

p r i o r  d i s t r i b u t i o n .  The p r i o r  d e n s i t y  approx ima t ion  used 

i n  0, however, i s  based on a sequence o f  maximum- 

l i k e l i h o o d  estimates h a v i n g  a marg ina l  d i s t r i b u t i o n  whose 

N 

mean and  v a r i a n c e  are known to o v e r e s t i m a t e  t h o s e  of  t h e  

p r i o r  d i s t r i b u t i o n .  Hence w e  e x p e c t  0 to p r o v i d e  a 

s i g n i f i c a n t  i n c r e a s e  i n  s q u a r e d - e r r o r  p r e c i s i o n  o v e r  0, 
as s e e n  by comparing t h e  co r re spond ing  v a l u e s  o f  t h e  

r a t i o s  R,,, and R, o f  F i g u r e s  7 and 8 .  

- 
N 

PIV 

N 

F i g u r e  9 shows a t y p i c a l  r e s u l t  o b t a i n e d  when 0 
P I V  

i s  i t e r a t e d  as d e s c r i b e d  i n  s e c t i o n  3 . 4 .  The r a t i o  
t N t  formed w i t h  t h e  i t e r a t e d  smooth e s t i m a t o r  0 

RP,v P IV 
i s  deno ted  by t h e  d o t t e d  l i n e .  We n o t e  t h a t  a second 

i t e r a t i o n  of 0 ' s l i g h t l y  d e c r e a s e d  any improvement 

o b t a i n e d  by 0 . T h i s  d e c r e a s e  i n  p r e c i s i o n  i s  

N 

p,v 
N 

p,v 



e x p e c t e d .  T h e  marzginal d e n s i t y  approximat ion  used  to 

r e p r e s e n t  the  p r i o r  d e n s i t y  i n  0 i s  based on a 

sequence o f  es t imates  whose d i s t r i b u t i o n  has i t s  mean 

N 

p , v  

and v a r i a n c e  approximate ly  e q u i v a l e n t  to t h o s e  of  t h e  

p r i o r  d i s t r i b u t i o n .  The p r i o r  d e n s i t y  approximat ion  

i n  0 

p r o p e r t y .  

- 1  
however,  i s  n o t  known to have t h i s  

P , V  ’ 

I n  F i g u r e  1 0  r e s u l t s  from a second i t e r a t i o n  o f  
N 

O p  

t i o n  a r e  i d e n t i c a l  to t h o s e  used  i n  F i g u r e  9 .  The d o t t e d  

l i n e  i s  used  to r e p r e s e n t  t h e  r a t i o  

smooth e s t i m a t o r  O p  . We n o t e  t h a t  i n  t h i s  c a s e ,  

i t e r a t i o n  does  improve t h e  r a t i o  R ; however, t h i s  

a re  g i v e n  when t h e  parameters of  t h e  p r i o r  d i s t r i b u -  

Ri based on t h e  
- 1  

improvement i s  n o t  as s i g n i f i c a n t  as t h a t  o b t a i n e d  u s i n g  

0 g i v e n  i n  F i g u r e  9 .  It i s  c o n j e c t u r e d  t h a t  t h e  

o v e r e s t i m a t i o n  o f  t h e  p r i o r  v a r i a n c e  b y  t h e  m a r g i n a l  

N 

p , v  

A 

d i s t r i b u t i o n  o f  ak has a f a r  more s i g n i f i c a n t  e f f e c t  

on t h e  p r i o r  d e n s i t y  approximat ion  t h a n  does t h e  marg ina l  

v a r i a n c e  o f  Op . I n  g e n e r a l ,  i t e r a t i o n  o f  t h e  smooth 

e s t i m a t o r s  i s  d i s c o u r a g e d .  While a second i t e r a t i o n  o f  

O p  

N 

N 

does  d e c r e a s e  t h e  squa red  e r r o r ,  t h e  d e c r e a s e  i s  not 
N 

as s i g n i f i c a n t  as t h a t  o b t a i n e d  u s i n g  0 . A second 

i t e r a t i o n  o f  0 u s u a l l y  i n c r e a s e s  t h e  squa red  e r r o r .  
P , V  

N 

p , v  

I n  a l l  c a s e s  c o n s i d e r e d  i n  t h e  Monte C a r l o  s t u d y ,  
N 

t h e  e s t i m a t o r  0 prov ided  c o n s i s t e n t  improvement ove r  , v  
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t h e  maximum-likelihood e s t i m a t o r  f o r  two or more past  

e x p e r i e n c e s .  It was a l s o  observed  to be t h e  most 

e f f i c i e n t  o f  t h e  smooth e s t i m a t o r s  e Since  t h i s  improve- 

ment w a s  un i form o v e r  a wide  v a r i e t y  of  Z v a l u e s ,  w e  

are c o n f i d e n t  t h a t  0 can  be  used i n  any s i t u a t i o n .  

However, when some idea of t he  p r i o r  mean and v a r i a n c e  

i s  known, F i g u r e  11 can b e  used to o b t a i n  an i n d i c a t i o n  

o f  the amount of improvement 0 

maximum-likelihood es t imator .  I n  t h i s  f i g u r e ,  t h e  r a t i o  

i s  p l o t t e d  as a f u n c t i o n  o f  Z f o r  a g iven  number 

hl 

p , v  

N 

w i l l  p rov ide  ove r  t h e  
p , v  

RP ,V 

o f  e x p e r i e n c e s .  Thus one can o b t a i n  some a p r i o r i  idea  

o f  the  improvement over  maximum-likelihood t h a t  i s  l i k e l y  

to be  o b t a i n e d .  
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CHAPTER I V  

ESTIMATION OF THE WEIBULL SCALE PARAMETER 

WITH KNOWN SHAPE PARAMETER 

I n  t h i s  c h a p t e r  c o n t i n u o u s l y  smooth e m p i r i c a l  Bayes 

e s t i m a t o r s  a r e  g i v e n  f o r  t h e  s c a l e  pa rame te r  a i n  t h e  

two-parameter  Weibu l l  d i s t r i b u t i o n .  The s c a l e  pa rame te r  

i s  assumed to vary  randomly th roughou t  a sequence  of  

expe r imen t s  and t h e  shape pa rame te r  f3 i s  assumed to be  

known. It may, however,  be d i f f e r e n t  i n  each exper iment .  

R e s u l t s  f rom Monte C a r l o  s i m u l a t i o n s  a r e  r e p o r t e d  which 

show t h a t  even f o r  s m a l l  sample s i z e s  and few expe r imen t s  

t h e  smooth e s t i m a t o r s  have s m a l l e r  mean-squared e r r o r s  

t h a n  t h e  maximum-likelihood e s t i m a t o r s .  

4 . 1  Maximum-Likelihood E s t i m a t o r  f o r  a 

L e t  X be a random v a r i a b l e  hav ing  a Weibu l l  d i s t r i -  

b u t i o n  w i t h  known shape  pa rame te r  B . If t h e  s c a l e  

p a r a m e t e r  a i s  a random v a r i a b l e ,  t h e n  t h e  c o n d i t i o n a l  

d e n s i t y  f u n c t i o n  of X i s  g i v e n  by  

P-le-ax 6 
f ( x l a >  = aBx 3 ( x  2 0 ;  a ,  B > 0) . (4.1) 

Cons ide r  a random sample o f  k o b s e r v a t i o n s  f r o m  

( 4 . 1 ) .  The l i k e l i h o o d  f u n c t i o n  of  t h i s  sample i s  

67 
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and b y  d e f i n i n g  

k 
B 

xi T =  
i=l 

(4.3) 

can be e x p r e s s e d  as the p r o d u c t  

where 

and 

Thus ,  t h e  f a c t o r i z a t i o n  c r i t e r i o n  [231 a s s u r e s  t h a t  T i s  

a s u f f i c i e n t  s t a t i s t i c  for a . 



The Weibu l l  d i s t r i b u t i o n  s a t i s f i e s  t h e  n e c e s s a r y  

r e g u l a r i t y  c o n d i t i o n s  g iven  i n  s e c t i o n  1 . 7  to a l l o w  t h e  

maximum-likelihood e s t i m a t o r  f o r  a t o  be  found by t h e  

s o l u t i o n  o f  e q u a t i o n  ( 1 . 2 2 ) .  T h e r e f o r e ,  t a k i n g  t h e  

l o g a r i t h m  o f  ( 4 . 2 )  and d i f f e r e n t i a t i n g  w i t h  r e s p e c t  t o  

c1 , w e  have 

Equa t ing  ( 4 . 4 )  to z e r o  and s o l v i n g  f o r  a , w e  o b t a i n  t h e  

maximum-likelihood e s t i m a t o r  

(4.5) 

i=l 

T h i s  e s t i m a t o r  can c l e a r l y  be o b t a i n e d  by a one-to-one 

t r a n s f o r m a t i o n  on t h e  s u f f i c i e n t  s t a t i s t i c  T ; t h e r e f o r e  

t h e  maximum-likelihood e s t i m a t o r  ak p r o v i d e s  a s u f f i c i e n t  

s t a t i s t i c  f o r  each  r e a l i z a t i o n  o f  a . For ease o f  

A 

n o t  a t  i o n ,  t h e  s u b s c r i p t  k r e p r e s e n t i n g  the sample s i z e  

w i l l  be s u p p r e s s e d .  
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4 . 2  D i s t r i b u t i o n  of t h e  Maximum-Likelihood E s t i m a t o r  
for a 

According to (1.25), t h e  a s y m p t o t i c  d i s t r i b u t i o n  of 

t h e  maximum-likelihood e s t i m a t o r  a g i v e n  t h e  pa rame te r  
* 

a i s  normal  w i t h  mean 

A 

E ( a l a )  = a 

and v a r i a n c e  g i v e n  b y  

I f  we d i f f e r e n t i a t e  ( 4 . 4 )  w i t h  r e s p e c t  to a and form 

t h e  e x p e c t a t i o n  w i t h  r e s p e c t  to X , t h e n  

Hence t h e  v a r i a n c e  becomes 

(4.6) 

( 4 . 7 )  

(4.9) 
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and 

(4.10) 

S i n c e  t h e  maximum-likelihood e s t i m a t o r  i s  r e p r e s e n t -  

a b l e  i n  c l o s e d  form, i t s  c o n d i t i o n a l  d i s t r i b u t i o n  can b e  

found f o r  f i n i t e  v a l u e s  o f  k . T h i s  d i s t r i b u t i o n  w i l l  b e  

o b t a i n e d  th rough  a s e r i e s  of v a r i a b l e  changes and w i l l  

r e q u i r e  t h e  use  o f  moment-generating f u n c t i o n s .  

Cons ide r  t h e  d i s t r i b u t i o n  of t h e  v a r i a b l e  

Y = XB (4.11) 

where t h e  c o n d i t i o n a l  d e n s i t y  o f  X i s  g i v e n  by ( 4 . 1 ) .  

S i n c e  Y i s  e i t h e r  a n  i n c r e a s i n g  or d e c r e a s i n g  f u n c t i o n  

o f  X , depending  on t h e  f i x e d  v a l u e  B , t h e  c o n d i t i o n a l  

d e n s i t y  f u n c t i o n  of  Y , s a y  h ( y l a ) ,  i s  g i v e n  by t h e  

formula  

(4.12) 

i n  which X i s  to be r e p l a c e d  b y  i t s  v a l u e  i n  terms o f  

Y g i v e n  i n  e q u a t i o n  (4.1). T h i s  formula  r e p r e s e n t s  a 

s i m p l e  change of  v a r i a b l e  t e c h n i q u e  which can be found i n  



Hoe1 [141. Based on fo rmula  ( 4 . 1 2 ) ,  t h e  c o n d i t i o n a l  den- 

s i t y  f u n c t i o n  o f  Y g i v e n  a becomes t h e  e x p o n e n t i a l  

d e n s i t y  f u n c t i o n  

h ( y l a )  = aemay ' (y  1 0 ;  a > 0 )  . (4 .13)  

Corresponding to t h i s  d e n s i t y  f u n c t i o n ,  t h e  moment- 

g e n e r a t i n g  f u n c t i o n  i s  g i v e n  by 

- 1 - e *  1 - -  a 
( 4 . 1 4 )  

S ince  each  x i ( i  = 1,2,***,k) i s  independen t ly  and 

i d e n t i c a l l y  d i s t r i b u t e d ,  t h e  moment-generating f u n c t i o n  

o f  T g iven  a , MT(e), can be w r i t t e n  as 

and b y  ( 4 . 1 4 )  a s  

MT( 0 )  = 1 

( I -$ * 
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Now t h i s  f u n c t i o n  i s  p r e c i s e l y  t h e  moment-generat ing 

f u n c t i o n  f o r  a gamma d i s t r i b u t i o n  w i t h  d e n s i t y  f u n c t i o n  

t h e r e f o r e  ( 4 . 1 5 )  r e p r e s e n t s  t h e  c o n d i t i o n a l  d e n s i t y  

f u n c t i o n  of  T g i v e n  a . Based on t h i s  r e s u l t ,  t h e  

c o n d i t i o n a l  d i s t r i b u t i o n  of t h e  maximum-likelihood e s t i -  

ma to r  i s  e a s i l y  o b t a i n e d .  I f  t h e  p r e v i o u s l y  d e s c r i b e d  

change o f  v a r i a b l e  p r o c e d u r e  i s  fo l lowed ,  t h e  maximum- 

l i k e l i h o o d  e s t i m a t o r  a can be  shown to have t h e  

c ond i  t i ona 1 dens it y f u n c t i o n  

A 

k+l ak -- 
a )  = ( 4 . 1 6 )  

r ( k )  ak 

T h i s  d e n s i t y  f u n c t i o n  i s  r e c o g n i z a b l e  as an i n v e r t e d  gamma 

d e n s i t y  f u n c t i o n  w i t h  mean 

a k  E ( i I a )  = - k-1 

and v a r i a n c e  

(4.17) 

(4.18) 
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Thus f o r  f i n i t e  sample s i z e s ,  t h e  maximum-likelihood 

e s t i m a t o r  a c o n d i t i o n a l  on any a has t h e  i n v e r t e d  
A 

gamma d i s t r i b u t i o n  g i v e n  by ( 4 . 1 6 ) .  

4 . 3  Smooth E m p i r i c a l  Bayes E s t i m a t o r s  for a 

Assume t h a t  t h e  data  o b t a i n e d  i n  each  o f  n p r e v i o u s  

expe r imen t s  can be a d e q u a t e l y  d e s c r i b e d  by a Weibul l  

d i s t r i b u t i o n  w i t h  known shape p a r a m e t e r  ai . F u r t h e r  

assume t h a t  between s u c c e s s i v e  expe r imen t s ,  t h e  s c a l e  

pa rame te r  a v a r i e s  randomly wi th  t h e  same b u t  unknown 

p r i o r  d e n s i t y  f u n c t i o n  g ( a ) .  If i n  each  exper iment  a 
A 

maximum-likelihood est imate  a .  (i  = 1,2,=-= , n )  was o b t a i n e d  
1 

f o r  each  r e a l i z a t i o n  from g(a), t h e n  t h e  sequence o f  

s u f f i c i e n t  and c o n s i s t e n t  estimates 

can be  used  to form t h e  m a r g i n a l  d e n s i t y  approximat ion  

n 
1 

2nnh 
A 

pJa) = - 
i=l 

(4.20) 

where h i s  g i v e n  b y  ( 2 . 8 ) .  



Convergence i n  p r o b a b i l i t y  of  ( 4 . 2 0 )  t o  t h e  p r i o r  

d e n s i t y  g ( a )  as b o t h  t h e  sample s i z e  k and t h e  number 

of  expe r imen t s  n t e n d  to i n f i n i t y  i s  a s s u r e d  by Theorem 

2 .2 .  T h e r e f o r e  when t h e  k e r n e l  o f  i n t e g r a t i o n  i s  t h e  

i n v e r t e d  gama d e n s i t y  g i v e n  by ( 4 . 1 6 ) ,  p n ( a )  can be  

c o n s i d e r e d  as a f u n c t i o n  o f  a and a c o n t i n u o u s l y  smooth 

h 

e m p i r i c a l  Bayes e s t i m a t o r  for an becomes 

N 

G a 

( 4 . 2 1 )  

A * 
are t h e  r e s p e c t i v e  minimum and (n) and a 

(1) 
where a 

maximum v a l u e s  cf sequence ( 4 . 1 9 ) .  

The k e r n e l  of i n t e g r a t i o n  i n  ( 4 . 2 1 )  r e p r e s e n t s  t h e  

c o n d i t i o n a l  d e n s i t y  f u n c t i o n  of t h e  maximum-likelihood 

e s t i m a t o r  a g i v e n  a f o r  f i x e d  a n d . f i n i t e  v a l u e s  of  t h e  

sample-s ize  k e I f  t h e  a s y m p t o t i c  normal d e n s i t y  ( 4 . 1 0 )  

h 

i s  used  as t h e  k e r n e l  of  i n t e g r a t i o n  i n s t e a d  of  ( 4 . 1 6 1 ,  
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t h e n  an a l - t e r n a t i v e  smooth e s t i m a t o r  f o r  an can be  g i v e n  

by  

A 

s i n ( 2 )  
da 

A (2) 
( 4 . 2 2 )  

For small  sample s i z e s  which are u s u a l l y  encoun te red  

i n  p r a c t i c a l  s i t u a t i o n s ,  t h e  e s t  i m a t  o r i s  shown i n  

s e c t i o n  4 . 6  t o  p r o v i d e  i n f e r i o r  r e s u l t s  when compared 
N N T h i s  i s  n o t  too s u r p r i s i n g  s i n c e  aN i s  b a s e d  

A 

G *  
w i t h  a 

on t h e  a s y m p t o t i c  d e n s i t y  of a g iven  a r a t h e r  t h a n  
N T h e r e f o r e  when B i s  

G '  on t h e  t r u e  d e n s i t y  as i s  a 

known, w e  u s e  a t o  e s t i m a t e  t h e  s c a l e  parameter a . 
The e s t i m a t o r  aN , however, p r o v i d e s  s u b s t a n t i a l  squared-  

e r r o r  improvements o v e r  t h e  co r re spond ing  maximum-likelihood 

N 

G 
N 

e s t i m a t o r  and f o r  r e a s o n s  to be made a p p a r e n t  i n  t h e  

f o l l o w i n g  d i s c u s s i o n  has been c o n s i d e r e d  h e r e .  

I n  some i n s t a n c e s  a c l o s e d  form r e p r e s e n t a t i o n  f o r  a 
A 

c l a s s i c a l  e s t i m a t o r  a w i l l  b e  u n a t t a i n a b l e .  The 

a sympto t i c  d i s t r i b u t i o n  o f  t h e  e s t i m a t o r  may be known t o  
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N 

be normal ,  i n  which c a s e  a can be o b t a i n e d .  I n  s e c t i o n  

4 . 6  t h e  a b i l i t y  o f  aN t o  p r o v i d e  good s q u a r e d - e r r o r  

r e s u l t s  i s  demons t r a t ed  and can be d i r e c t l y  compared w i t h  

t h a t  o b t a i n e d  from aG T h i s  comparison p r o v i d e s  some 

i n d i c a t i o n  about  t h e  degree  c f  d e p a r t u r e  one can e x p e c t  

when a smooth e s t i m a t o r  i s  based  on t h e  a sympto t i c  

d i s t r i b u t i o n  r a t h e r  t h a n  t h e  t r u e  d i s t r i b u t i o n  o f  a 

c l a s s i c a l  e s t i m a t o r .  Obvious ly  t h e  degree  o f  d e p a r t u r e  

N 
N 

cy 

depends on t h e  r a t e  of  convergence to t h e  a s y m p t o t i c  d i s -  

t r i b u t i o n  as a f u n c t i o n  o f  k , t h e  number o f  o b s e r v a t i o n s  

i n  each  expe r imen t .  Hence no g e n e r a l  c o n c l u s i o n  can b e  

r eached .  

4 . 4  Smooth EmDirical  Baves E s t i m a t o r s  f o r  a Cor rec t ed  
f o r  Var i ance  

I n  s e c t i o n  4 . 3  t h e  a sympto t i c  d i s t r i b u t i o n  of t h e  
A 

maximum-likelihood e s t i m a t o r  a g i v e n  any a was shown 

to be 

A 

d i s t r . ( a l a )  = .(a, a) . 
T h i s  d i s t r i b u t i o n  co r re sponds  to t h e  d i s t r i b u t i o n  g iven  

by ( 2 . 2 1 ) .  T h e i r  r e s p e c t i v e  means c o i h c i d e ,  and b y  s e t t i n g  

c = 1 i n  ( 2 . 2 1 )  t h e i r  v a r i a n c e s  become e q u i v a l e n t .  Hence 

t h e  t r a n s f o r m a t i o n  
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d e f i n e d  by ( 2 . 2 5 )  can b e  performed on each e lement  o f  

sequence ( 4 . 1 9 )  t h u s  forming a new sequence 

( 4 . 2 4 )  

hav ing  a m a r g i n a l  d i s t r i b u t i o n  whose mean and v a r i a n c e  

approximate ly  e q u a l  t h o s e  of t h e  p r i o r  d i s t r i b u t i o n . '  

When t h e  p r i o r  mean and v a r i a n c e  of  a are  known, t h e  

c o n s t a n t  a l  i n  (4.23) i s  g iven  by 

) '  ; 
k Var(a)  

(l+k) Var(a)  + E 2 ( a )  al = ( ( 4 . 2 5 )  

o the rwise  

( 4 . 2 6 )  

where 

an d 

2 
n S 

i=l 

2 n 

i=l ( 4 . 2 8 )  n-1 
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Q 
Any dens i ty  e s t i m a t o r  p n ( a  ) formed from sequence  

( 4 . 2 4 )  h a s  t h e  p r o p e r t y  t h a t  

* 
T h e r e f o r e ,  when c o n s i d e r e d  as a f u n c t i o n  o f  a , 
can  be used  t o  approximate  t h e  p r i o r  d e n s i t y  f u n c t i o n ,  

and a smooth e s t i m a t o r  for an becomes 

p,(a ) 

* * 
are t h e  r e s p e c t i v e  minimum and 

(n) 
and a 

( 1) 
where a 

maximum v a l u e s  o f  sequence ( 4 . 2 4 ) .  S i n c e  t h e  a s y m p t o t i c  

normal  d e n s i t y  i s  used  as t h e  k e r n e l  o f  i n t e g r a t i o n  i n  

( 4 * 2 9 ) ,  a N , v  co r re sponds  to t h e  smooth e s t i m a t o r  aN 
N ru 

g i v e n  by ( 4 . 2 2 ) .  

The sequence ( 4 . 2 4 )  i s  o b t a i n e d  under  t h e  assumpt ion  

t h a t  t h e  c o n d i t i o n a l  d i s t r i b u t i o n  o f  t h e  maximum-likelihood 
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e s t i m a t o r  i s  normal .  For f i n i t e  v a l u e s  of  k , t h e  a c t u a l  

d i s t r i b u t i o n  of t h i s  v a r i a b l e  i s  known to be t h e  i n v e r t e d  

gamma d i s t r i b u t i o n .  Based on t h i s  d i s t r i b u t i o n ,  a t r a n s -  

fo rma t ion  s i m i l a r  to ( 4 . 2 3 )  can b e  o b t a i n e d  and used  to 

develop  a smooth e s t i m a t o r  a which co r re sponds  to 

T h i s  t r a n s f o r m a t i o n  i s  found by f o l l o w i n g  a 

development s imi la r  to t h e  one used  i n  s e c t i o n  2 . 5  f o r  

N 

G , V  
rv 

G '  
a 

O n  . 

The mean o f  t h e  i n v e r t e d  gamma d i s t r i b u t i o n  i s  g i v e n  

b y  (4.17) and its v a r i a n c e  by ( 4 . 1 8 ) .  If these  v a l u e s  and 

t h e  r e l a t i o n s  o f  c o n d i t i o n a l  p r o b a b i l i t y  g i v e n  by ( 2 . 2 2 )  

and ( 2 . 2 3 )  are used ,  t h e  mean and t h e  v a r i a n c e  f o r  t h e  

marg ina l  d i s t r i b u t i o n  o f  t h e  maximum-likelihood e s t i m a t o r  

a become 
A 



and 

Var(a) k 2  - - k 2  E(a2) + 
( k - 1 )  ( k - 2 )  (k-1)2  

E2 ( a )  k 2  

( k - 1 ) 2 ( k - 2 )  

- k 2  - 
( k - 1 ) 2  

respectively. 

In order to obtain a sequence of values 

1 1 1 
. 0 .  ' an a a  1' 2 '  

(4.32) 

such that E(a') = E(a) and Var(a') = V a r ( a )  , consider 

the transformation of ci given by 
A 

1 
a = el(, - E(;)) + E(a) (4.33) 

where c1 is a constant to be determined. Now 



8 %  

If ( 4 . 3 1 )  i s  s u b s t i t u t e d  i n t o  ( 4 . 3 5 )  and E ( a )  i s  r e p l a c e d  

b y  

k-1 A E(a) = - E ( a )  , k 

t h e n  the v a r i a n c e  o f  a' becomes 

2 V a r ( a )  + E2(a)(k-1) 
(k-1) ( k - 2 )  

iIence 11.  d e f i n i n g  

r -I 1 / 2  

w e  o b t a i n  

t h e  d e s i r e d  r e s u l t .  

(4.37) 

T f i ~  mean and v a r i a n c e  o f  t h e  p r i o r  d i s t r i b u t i o n  w i l l  

r r i n e r L ' i l  remain unknown. Thus t h e  c o n s t a n t  c1 g i v e n  
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by ( 4 . 3 7 )  cannot  be  e x a c t l y  d e t e r m i n e d .  A s  i n  s e c t i o n  

2.5 t h i s  problem can  be ea s i ly  r e s o l v e d  by f i n d i n g  

es t imates  for b o t h  F ( a )  and V a r ( a ) .  S i n c e  

E ( a )  = [(k-l)/k]E(i) , t h e  sample mean an can b e  

used  t o  approximate  E(a); hence  E(a) can b e  es t imated by 

- 

A 

A k-1 - E(a) = - a .  k n  ( 4 . 3 8 )  

* 
I f  i n  ( 4 . 3 1 )  Var(a)  i s  r ep laced  by t h e  sample v a r i a n c e  

'n 

A 2 and E(a) i s  r e p l a c e d  by  E ( a ) ,  t h e n  

( 4 . 3 9 )  

S o l v i n g  (4 .39 )  for Var(a)  w e  o b t a i n  

A [(k-2)sn 2 - -2 a ](k-1) 
( 4 . 4 0 )  n Var(a)  = 

k2 

as an es t imate  of V a r ( a ) .  P r o p e r  s u b s t i t u t i o n  of  ( 4 . 3 8 )  

and ( 4 . 4 0 )  i n t o  ( 4 . 3 7 )  g i v e s  

( 4 . 4 1 )  



Hence when t h e  mean and v a r i a n c e  of t h e  p r i o r  d i s t r i b u t i o n  

are  unknown, ( 4 . 4 1 )  can be used  t o  r e p r e s e n t  e l  

t r a n s f o r m a t i o n  ( 4 . 3 3 )  a 

i n  t h e  

With t h i s  t r a n s f o r m a t i o n  comple te ly  de t e rmined ,  

sequence ( 4 . 3 2 )  i s  o b t a i n a b l e  and a d e n s i t y  e s t i m a t o r  based  

on t h e s e  es t imates  can be used  t o  r e p l a c e  t h e  p r i o r  d e n s i t y  

f u n c t i o n  g i v i n g  t h e  smooth e s t i m a t o r  for an 

N 

a 
G r V  

( 4 . 4 2 )  

1 
a re  t h e  (1) and a ( n )  

The l i m i t s  o f  i n t e g r a t i o n  a '  

r e s p e c t i v e  minimum and maximum of  sequence ( 4 . 3 2 ) .  

4 .5  I t e r a t i o n  o f  t h e  Smooth E s t i m a t o r s  

Cons ide r  a sequence of smooth es t imates  from ( 4 . 2 1 )  

h N h, ... 
a ~ , n  a 

G , 1 '  G , 2 '  
a ( 4 . 4 3 )  



o b t a i n e d  i n  each  of n past  expe r imen t s .  Based on t h i s  

sequence ,  a more " p r e c i s e "  es t imate  of t h e  r e a l i z a t i o n  

a can o f t e n  be dezermined.  T h i s  estimate i s  o b t a i n e d  

by r e p l a c i n g  t h e  p r i o r  d e n s i t y  i n  t h e  Bayes e s t i m a t o r  by 

a d e n s i t y  approx ima t ion  c o n s t r u c t e d  w i t h  sequence ( 4 . 4 3 ) .  

n 

T h i s  approach  r e p r e s e n t s  an i t e r a t i o n  o f  t h e  smooth e s t i -  

mator  aG and i s  deno ted  by aG s i n c e  t h e  k e r n e l  o f  

i n t e g r a t i o n  remains unchanged. S i m i l a r  i t e r a t i o n s  o f  

t h e  e s t i m a t o r s  a 

and w i l l  b e  deno ted  by a' 

r e s p e c t i v e l y .  I n t e g r a t i o n  i n  each  e s t i m a t o r  i s  per formed 

o v e r  t h e  range  of v a l u e s  o b t a i n e d  from t h e  f i r s t  i t e r a t i o n .  

For example,  t h e  r e g i o n  of i n t e g r a t i o n  f o r  ?l' i s  from 

m i n ( 2  ) to max(xG . )  where i , j  = 1,2,*.* ,n  and 

N NI 

N N - and a can be o b t a i n e d  
G , V  ' aN ' N , V  

N 

and a' 
N I V  

E '  N 

G , V  ' N ' 

G 

G , i  I 3  
A 

N 

1 '  
i j . F o r  i = 1 , w e  d e f i n e  a = a  

G , 1  

4 . 6  Monte C a r l o  S i m u l a t i o n  

The c o n t i n u o u s l y  smooth e m p i r i c a l  Bayes e s t i m a t o r s  

g i v e n  i n  t h e  p r e v i o u s  s e c t i o n s  were i n v e s t i g a t e d  f o r  s m a l l  

samples  b y  Monte C a r l o  s i m u l a t i o n  and compared to maximum- 

l i k e l i h o o d  e s t i m a t o r s .  The s i m u l a t i o n  was conducted i n  a 

manner ana logous  to t h e  p rocedure  d e s c r i b e d  i n  s e c t i o n  3 . 5 .  

I n  each  exper iment  a v a l u e  of a was g e n e r a t e d  from a 

p r i o r  d i s t r i b u t i o n  be long ing  to t h e  Pearson f a m i l y  o f  

d i s t r i b u t i o n s .  T h i s  parameter was t h e n  used  to o b t a i n  a 

sample  of s i z e  k from ( 4 . 1 )  and t h e  maximum-likelihood 
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and c o n t i n u o u s l y  smooth e m p i r i c a l  Bayes es t imates  were 

c a l c u l a t e d .  F i v e  hundred r e p e t i t i o n s  o f  each  of twenty  

expe r imen t s  were made f o r  e a c h  p r i o r  d i s t r i b u t i o n ,  and t h e  

r a t i o  

e m p i r i c a l  Bayes mean-squared e r r o r  
maximum-likelihood mean-squared e r r o r  R =  

was formed.  A s  i n  s e c t i o n  3 .5 ,  i t  was found t h a t  t h e  r a t i o  

R was s i g n i f i c a n t l y  i n f l u e n c e d  by t h e  p r i o r  d i s t r i b u t i o n  

only  th rough  t h e  v a l u e  

* *  
V a r  ( a l a )  

V a r  ( a) z =  

where * i n d i c a t e s  t h a t  E(a), t h e  p r i o r  mean of a 

has been s u b s t i t u t e d  f o r  a . I n  p a r t i c u l a r  f o r  a random 

sample o f  s i z e  k from ( 4 . 1 ) ,  V a r ( a l a )  i s  g i v e n  b y  ( 4 . 1 8 ) ,  
A 

and the v a l u e  Z becones 

( 4 . 4 4 )  

S i n c e  t h e  o n l y  f a c t o r s  a f f e c t i n g  t h e  r a t i o  R , a p a r t  

from t h e  number of  e x p e r i e n c e s ,  are c o n t a i n e d  i n  ( 4 . 4 4 ) ,  

t h i s  q u a n t i t y  can  be c o n v e n i e n t l y  used to summarize and  

i n d e x  a g i v e n  s i t u a t i o n .  



A s  i n  Chap te r  I11 w e  wi sh  to i l l u s t r a t e  t h e  r o b u s t n e s s  

o f  the  c o n t i n u o u s l y  smooth e m p i r i c a l  Bayes e s t i m a t o r s  to 

t h e  form of t h e  p r j o r  d i s t r i b u t i o n .  Accord ingly ,  v a l u e s  

of a i ( i  = 1,2,*ee,20) were g e n e r a t e d  from v a r i o u s  

Pearson  p r i o r  d i s t r i b u t i o n s .  The r a t i o  R was obse rved  t o  

vary  on ly  s l i g h t l y  for a g i v e n  v a l u e  of  n , p r o v i d i n g  

the  v a l u e  of Z remained i n v a r i a n t  from d i s t r i b u t i o n  t o  

d i s t r i b u t i o n .  I l l u s t r a t i o n s  o f  t h i s  f a c t  are p r e s e n t e d  

i n  F i g u r e s  12-15 for a g i v e n  v a l u e  o f  Z = 2 . 0  . I n  

F i g u r e s  1 2 ,  13 ,  14, and 15 t h e  p r i o r  d i s t r i b u t i o n  i s  

be l l - shaped  (skewed), L-shaped, J-shaped,  and U-shaped 

r e s p e c t i v e l y .  The s o l i d  l i n e  i n  e a c h  f i g u r e  r e p r e s e n t s  t h e  
hr 

r a t i o  R c a l c u l a t e d  w i t h  t h e  smooth e s t i m a t o r  a 

g i v e n  by (4.42); t h e  broken  l i n e  r e p r e s e n t s  t h e  r a t i o  

c a l c u l a t e d  w i t h  t h e  smooth e s t i m a t o r  a ,  g i v e n  by (4.21). 

T h i s  r e p r e s e n t a t i o n  i s  used  i n  t h e  remain ing  f i g u r e s  of 

t h i s  c h a p t e r .  The v a l u e  Z i s  t he  same f o r  a l l  f o u r  

f i g u r e s ,  b u t  skewness (S) and k u r t o s i s  (K) v a r y ,  g i v i n g  

d i f f e r e n t  forms to t h e  p r i o r  d i s t r i b u t i o n s .  L i t t l e  d i f f e r -  

ence ,  however, can be  d e t e c t e d  i n  t h e  co r re spond ing  v a l u e s  

G,V G , V  

R, 
hr 

and R, i n  t h e  f o u r  f i g u r e s .  Hence t h e  smooth 
Of RG,V 

e m p i r i c a l  Bayes e s t i m a t o r s  are q u i t e  i n s e n s i t i v e  to t h e  

form of t h e  p r i o r  d i s t r i b u t i o n  as summarized b y  S and 

K . T h e r e f o r e  t h e  v a l u e s  o f  S and K w i l l  n o t  be g i v e n  

f o r  t h e  r ema in ing  f i g u r e s  i n  t h i s  c h a p t e r .  The v a l u e s  o f  
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t h e  p r i o r  d i s t r i b u t i o n  are d e s i g n a t e d  as f o l l o w s :  

E ( a )  = p r i o r  mean of  a ; 

v(a) = p r i o r  v a r i a n c e  of 01 . 

To de te rmine  t h e  e f f e c t  o f  t h e  sample s i z e  k on t h e  

r a t i o s  R,,, and R, , s e v e r a l  r u n s  were made w i t h  k 

r a n g i n g  from 5 t o  2 0 .  R e s u l t s  from these  i n v e s t i g a t i o n s  

r e v e a l e d  t h a t  t h e  q u a n t i t i e s  i n  Z can va ry  i n  a manner 

n o t  a f f e c t i n g  t h e  v a l u e  of Z w i thou t  h a v i n g  a s i g n i f -  

i c a n t l y  n o t i c e a b l e  e f f e c t  on the  r a t i o s  R G , V  and R, . 
Tha t  i s ,  t h e  v a l u e  o f  Z and n o t  t h e  i n d i v i d u a l  quan- 

t i t i e s  i n  Z d e t e r m i n e s  the  v a l u e s  of  R,,, and RG . 
F i g u r e s  1 6 ,  1 7 ,  and 1 8  i l l u s t r a t e  t h i s  p o i n t .  By com- 

p a r i n g  these  f i g u r e s ,  i t  can be s e e n  t h a t  a l t h o u g h  t h e  

parameters k , E ( a ) ,  and V ( a )  vary  w i d e l y  i n  each  

f i g u r e ,  w i t h  t h e  v a l u e  of  Z r ema in ing  3 .5 ,  t h e  r a t i o s  

and R, remain r e l a t i v e l y  unchanged. S i n c e  t h e  RG,V 

r a t i o  R remains  r e l a t i v e l y  unchanged f o r  e q u i v a l e n t  

v a l u e s  of Z , t h e  i n d i v i d u a l  q u a n t i t i e s  i n  Z w i l l  

n o t  be g i v e n  f o r  t h e  r ema in ing  f i g u r e s  i n  t h i s  c h a p t e r .  

Values  o f  t h e  r a t i o s  R, and R G r v  a r e  p l o t t e d  i n  

F i g u r e s  19 and 2 0  r e s p e c t i v e l y .  These  r a t i o s  a r e  p l o t t e d  



f o r  d i f f e r e n t  v a l u e s  o f  Z r a n g i n g  from 0 . 5  to 5 . 0 .  

Again w e  n o t i c e  t h a t  as Z i n c r e a s e s ,  t h e  r a t i o s  R G I V  

and  R, 

Z , the  v a l u e s  o f  R,,, are smaller t h a n  t h o s e  o f  RG , 
d e m o n s t r a t i n g  t h e  s u p e r i o r i t y  of  t h e  smooth e s t i m a t o r  

a o v e r  the  smooth e s t i m a t o r  aG . Again t h i s  i n c r e a s e  

i n  mean-squared p r e c i s i o n  i s  a t t r i b u t e d  t o  t h e  p r i o r  den- 

s i t y  approx ima t ion  used  i n  a . T h i s  approx ima t ion  i s  

based on a sequence  of  v a l u e s  h a v i n g  a marg ina l  d i s t r i b u -  

t i o n  whose mean and v a r i a n c e  are approx ima te ly  e q u i v a l e n t  

t o  t h o s e  o f  t h e  p r i o r  d i s t r i b u t i o n .  

d e c r e a s e .  I n  p a r t i c u l a r  f o r  a g i v e n  v a l u e  o f  

N h) 

G , V  

N 

G , V  

F i g u r e  2 1  r e p r e s e n t s  a t y p i c a l  r e s u l t  o b t a i n e d  when 
N a i s  i t e r a t e d  as d e s c r i b e d  i n  s e c t i o n  4 .5 .  The r a t i o  

formed w i t h  t he  i t e r a t e d  smooth e s t i m a t o r  a 
G , V  

rv?  

R;,V G , V  

i s  r e p r e s e n t e d  b y  t h e  d o t t e d  l i n e .  A s  i n  Chapter I11 

w e  n o t i c e  t h a t  t h e  s q u a r e d - e r r o r  improvement a c h i e v e d  

by u s i n g  a i s  s l i g h t l y  d e c r e a s e d  by a second i t e r a -  

t i o n .  T h i s  d e c r e a s e  i n  p r e c i s i o n  i s  e x p e c t e d .  The 

approx ima t ion  used  t o  r e p r e s e n t  t h e  p r i o r  d e n s i t y  

i n  a’ i s  based on a sequence o f  v a l u e s  whose m a r g i n a l  

d i s t r i b u t i o n  has i t s  mean and v a r i a n c e  approx ima te ly  

e q u i v a l e n t  t o  t h o s e  o f  t h e  p r i o r  d i s t r i b u t i o n .  The 

p r i o r  d e n s i t y  approximat ion  i n  a however,  i s  not 

known to have t h i s  p r o p e r t y .  

N 

G , V  

N 

G , V  

N ?  

G , V  ’ 



- 
R e s u l t s  from a second i t e r a t i o n  o f  aG are  g i v e n  i n  

F i g u r e  22  f o r  a v a l u e  of Z i d e n t i c a l  t o  t h a t  u s e d  i n  

F i g u r e  2 1 .  The r a t i o  R, formed w i t h  t h e  smooth e s t i m a t o r  

a i s  r e p r e s e n t e d  by t h e  d o t t e d  l i n e .  We n o t e  t h a t  

i t e r a t i o n  o f  ciG i n c r e a s e s  t h e  mean-squared p r e c i s i o n ;  

however, t h i s  improvement i s  n o t  as s i g n i f i c a n t  as t h a t  

o b t a i n e d  w i t h  a . It i s  c o n j e c t u r e d  t h a t  t h e  over-  

e s t i m a t i o n  of  t h e  p r i o r  v a r i a n c e  by t h e  m a r g i n a l  d i s t r i -  

b u t i o n  of t h e  maximum-likelihood e s t i m a t o r  has a f a r  more 

1 

-1  

G 
h. 

N 

G , V  

s i g n i f i c a n t  e f f e c t  on t h e  p r i o r  d e n s i t y  approx ima t ion  t h a n  

does the m a r g i n a l  v a r i a n c e  o f  
N 

aG . 
N 

I n  t h e  Monte C a r l o  s t u d y  t h e  e s t i m a t o r  a pro-  
G r V  

v ided  un i fo rm s q u a r e d - e r r o r  improvement o v e r  t h e  maximum- 

l i k e l i h o o d  e s t i m a t o r  f o r  two or more e x p e r i e n c e s .  It was 

a l s o  observed  to be t h e  most e f f i c i e n t  o f  t h e  smooth 

e s t i m a t o r s .  S i n c e  t h i s  improvement was c o n s i s t e n t  o v e r  

a wide v a r i e t y  o f  Z v a l u e s ,  w e  recommend t h a t  t h e  smooth 
N e s t i m a t o r  be  used  i n  a l l  s i t u a t i o n s .  

I n  F i g u r e  2 3  t h e  r a t i o  R i s  p l o t t e d  as a func-  
G , v  

t i o n  of Z f o r  a g i v e n  number o f  e x p e r i e n c e s .  These 

plots g i v e  some i n d i c a t i o n  of t h e  improvement o v e r  maximum- 

l i k e l i h o o d  one can e x p e c t  i f  an es t imate  f o r  t h e  v a l u e  o f  

Z can be o b t a i n e d .  



A s  d i s c u s s e d  i n  s e c t i o n  4 .3 ,  i n  some i n s t a n c e s  t h e  

t r u e  d e n s i t y  f u n c t i o n  of t h e  maximum-likelihood e s t i m a t o r  

for a f i n i t e  sample s i z e  k may be unknown. Its asymp- 

t o t i c  d i s t r i b u t i o n  may, however, b e  known and can b e  used  

to form a n  e f f i c i e n t  smooth e s t i m a t o r .  The e s t i m a t o r s  
N N 

a and a g i v e n  by ( 4 . 2 2 )  and ( 4 . 2 9 )  r e s p e c t i v e l y ,  

were c o n s t r u c t e d  i n  t h i s  manner. Values  of t h e  r a t i o s  
N N I V  

N N 

RN formed w i t h  aN and R formed w i t h  a are  

p l o t t e d  i n  F i g u r e s  2 4  and 25 r e s p e c t i v e l y .  These r a t i o s  
N , v  N I V  

are p l o t t e d  for v a r i o u s  v a l u e s  of Z r a n g i n g  from 0 . 5  t o  

5 . 0 .  Comparison of F i g u r e s  2 4  and 2 5  w i t h  F i g u r e  20 shows 

t h a t  t h e  e s t i m a t o r s  aN and a are  n o t  as "good" as 

t h e  e s t i m a t o r  a . However t h e y  do p r o v i d e  s i g n i f i c a n t  

and un i fo rm s q u a r e d - e r r o r  improvement o v e r  t h e  maximum- 

l i k e l i h o o d  e s t i m a t o r  for two or more e x p e r i e n c e s ,  and t h i s  

N N 

N , v  
N 

G I V  

i s  of paramount impor t ance .  
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CHAPTER V 

ESTIMATION OF THE WEIBULL SHAPE PARAMETER 

WITH KNOWN SCALE PARAMETER 

In this chapter, smooth empirical Bayes estirrators 

are given for the shape parameter B in the two-parameter 

Weibull distribution. The scale parameter a is assumed 

to be known and fixed in each experiment. Results from 

Monte Carlo simulations are reported which show that 

even for small sample sizes and few experiments the smooth 

estimators have smaller mean-squared errors than the 

maximum-likelihood estimators. 

5.1 Naximum-Likelihood Estimator for B 

Let X be a random variable having a Weibull 

distribution with a known scale parameter a . If the 

shape parameter l3 is a random variable, then the 

conditional density function of X is given by 

Consider a random sample of k observations from 

(5.1). The likelihood function of this sample is 
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i=l 

Upon t a k i n g  t h e  l o g a r i t h m  of (5.2), d i f f e r e n t i a t i n g  w i t h  

r e s p e c t  to B and e q u a t i n g  to z e r o ,  w e  have  

k k 

d l o g  L(z I f3 )  = + x; l o g  xi = 0 B 
i=l i=l dB 

(5.3) 

T h i s  e q u a t i o n  can b e  s o l v e d  to o b t a i n  t h e  maximum- 

l i k e l i h o o d  e s t i m a t o r  B . T h i s  may b e  accompl ished  w i t h  
A 

t h e  a id  of s t a n d a r d  i t e r a t i v e  t e c h n i q u e s .  I n  Appendix B 

such  a p rocedure  i s  d e s c r i b e d .  

The maximum-likelihood e s t i m a t o r  i s  n o t  known to be  

s u f f i c i e n t  f o r  6 , and i t s  e x a c t  d i s t r i b u t i o n a l  form 

i s  unknown. The e s t i m a t o r  i s ,  however, c o n s i s t e n t  f o r  

B and by v i r t u e  of  ( 1 . 2 5 )  i s  d i s t r i b u t e d  a s y m p t o t i c a l l y  

normal ,  w i t h  mean B and v a r i a n c e  g i v e n  by  

(5.4) 
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N o w  

and t h e  e x p e c t e d  v a l u e  o f  ( 5 . 5 )  i s  

Hence ( 5 . 4 )  becomes 

Cons ide r  

a3 

B 
dB . B- le -ax  x ) ~ ]  = x%og x)2aBx 

( 5 . 8 )  

I f  the s u b s t i t u t i o n  u = xB i s  made t h e n  

du (5.9) a -aU xl2] = - u log ( u )  e 
B 2  



which a f t e r  i n t e g r a t i n g  by p a r t s  becomes 

log u du x ) ~ ]  = $ [ 2  -Ctu 

00 

l og2  u du + -Ctu e 

2 
- - [1; + (log a - a ( 1 ) )  

aB2 

The f u n c t i o n  $(1) i n  (5.10) i s  t h e  digamma f u n c t i o n  

q(x) e v a l u a t e d  at x = 1 . Completing t h e  s q u a r e  i n  

( 5 . 1 0 )  and u s i n g  t h e  r e c u r r e n c e  formula  

$ ( X + l )  = l / x  + $(x) , w e  o b t a i n  



Hence ( 5 . 7 )  becomes 

5 . 2  Smooth E m p i r i c a l  B a y e s  E s t i m a t o r s  f o r  

Assume t h a t  t h e  Weibul l  d i s t r i b u t i o n  w i t h  known s c a l e  

pa rame te r  a a d e q u a t e l y  d e s c r i b e s  data  o b t a i n e d  i n  each  

of  n p r e v i o u s  e x p e r i m e n t s .  F u r t h e r  assume, t h a t  

between s u c c e s s i v e  expe r imen t s ,  t h e  shape  parameter B 

v a r i e s  randomly w i t h  t h e  same b u t  unknown p r i o r  d e n s i t y  

f u n c t i o n  g ( B ) .  I f  i n  each  exper iment  a maximum-likelihood 

e s t i m a t e  B i  (i  = 1,2,0-*,n) was o b t a i n e d  f o r  each  

r e a l i z a t i o n  from g(B), t h e n  t h e  sequence o f  es t imates  

A 

A A 

can be used  to form an approximat ion  t o  t h e  marg ina l  

d e n s i t y .  T h i s  approximat ion  can be r e p r e s e n t e d  b y  

A 1 
2 m h  (5.14) 

where h i s  g i v e n  b y  ( 2 . 8 ) .  
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Convergence i n  p r o b a b i l i t y  of ( 5 . 1 4 )  to t h e  p r i o r  

d e n s i t y  g(B) as b o t h  t h e  sample s i z e  k and t h e  number 

o f  expe r imen t s  n 'tend to i n f i n i t y  i s  a s s u r e d  by 

Theorem 2 . 2 .  T h e r e f o r e ,  when t h e  k e r n e l  o f  i n t e g r a t i o n  

i s  normal  w i t h  mean B and v a r i a n c e  g i v e n  by (5.121, 

p n ( B )  can be c o n s i d e r e d  as a f u n c t i o n  o f  

c o n t i n u o u s l y  smooth e m p i r i c a l  Bayes e s t i m a t o r  for 

b e  come s 

A 

6 , and a 

Bn 

(5.15) 

h * 
are t h e  r e s p e c t i v e  minimum and where B(l) and '(n) 

maximum v a l u e s  of  sequence ( 5 . 1 3 ) .  

A 

S i n c e  t h e  t r u e  d e n s i t y  f u n c t i o n  of  B , when g i v e n  

B , i s  unknown f o r  a f i n i t e  sample s i z e ,  i t s  a sympto t i c  

d i s t r i b u t i o n  has been used  i n  ( 5 . 1 5 ) .  Such s u b s t i t u t i o n s  

were c o n s i d e r e d  i n  Chap te r  I V ,  and r e s u l t s  from Monte 
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Car 1 o s imu 1 a t  i on i n d i  c a t  e d t h a t  s ub s t a n t i  a1 imp rovemen t s 

i n  s q u a r e d - e r r o r  p r e c i s i o n  ove r  maximum-likelihood c o u l d  

be o b t a i n e d .  

A 

S i n c e  f3 i s  n o t  known to be a s u f f i c i e n t  s t a t i s t i c  
N A 

for 6 , w e  cannot  w r i t e  E ( B l 5 )  = E ( B I 8 )  ; t h u s  8, 

i n v o l v e s  a f u r t h e r  d e g r e e  of  approximat ion  to t h e  Bayes 

e s t i m a t o r .  I n  s e c t i o n  5 . 5 ,  r e s u l t s  from Monte Car lo  

s i m u l a t i o n  i n d i c a t e  t h a t  8, has smaller  mean-squared 

e r r o r s  t h a n  t h e  maximum-likelihood e s t i m a t o r  even though 

B, i n v o l v e s  these  approx ima t ions .  

N 

N 

5 . 3  A Smooth E m p i r i c a l  Bayes E s t i m a t o r  f o r  8 C o r r e c t e d  
for Variance  

The a sympto t i c  d i s t r i b u t i o n  o f  B c o n d i t i o n a l  on 
A 

B was shown to b e  

where 

T h i s  d i s t r i b u t i o n  co r re sponds  to t h e  d i s t r i b u t i o n  g iven  

b y  ( 2 . 2 1 ) .  Hence from t h e  c a l c u l a t i o n s  i n  s e c t i o n  2 . 5 ,  

t h e  mean of t h e  m a r g i n a l  d i s t r i b u t i o n  o f  8 i s  e q u a l  to 
A 

t h e  mean of t h e  p r i o r  d i s t r i b u t i o n .  Its v a r i a n c e ,  
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however, o v e r e s t i m a t e s  t h e  p r i o r  v a r i a n c e  by t h e  amount 

We can now form t h e  t r a n s f o r m a t i o n  

d e f i n e d  by ( 2 . 2 5 ) .  T h i s  t r a n s f o r m a t i o n  p r o v i d e s  u s  w i t h  

a new sequence  of  v a l u e s  

The m a r g i n a l  d i s t r i b u t i o n  of t h i s  sequence  has a mean 

and a v a r i a n c e  e q u i v a l e n t  to t h o s e  o f  t h e  p r i o r  d i s t r i -  

b u t i o n .  When the  mean and v a r i a n c e  o f  t h e  p r i o r  

d i s t r i b u t i o n  are known, t h e  c o n s t a n t  a1 i n  ( 5 . 1 7 )  i s  

g i v e n  by  

. (5.19) k c  V a r ( B )  
( l + k c )  Var(B) + E 2 ( 8 )  

Otherwise 

- 1 
al - l + k c  (5.20) 



where  

and 

n 

i=l 
n 
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A 

Bi 

ti; - E n l 2  s 2  = i 
n n - 1  

i=l 

Any d e n s i t y  e s t i m a t o r  pn(B") based  on sequence 

( 5 . 1 8 )  has t h e  p r o p e r t y  t h a t  

The re fo re  when c o n s i d e r e d  as a f u n c t i o n  o f  B , 
pn(B ) can  be used  t o  approximate  t h e  p r i o r  d e n s i t y  

f u n c t i o n ,  and a smooth e s t i m a t o r  f o r  B n  b e c ome s 

* 

LY , v 

n 

i= 1 

(5.22) 

2 

dP 

(5.23) 

% are t h e  r e s p e c t i v e  minimum and and e , n ,  where P:ll 

maximum v a l u e s  of sequence (5.18). 



5 . 4  I t e r a t i o n  o f  t h e  Smooth E s t i m a t o r s  

Cons ide r  a sequence  o f  smooth estimates from ( 5 . 1 5 )  

N N N 

0 9 0  

' N , 1 9  ' N , 2 '  ' 'N,, 

o b t a i n e d  i n  each  o f  n p r e v i o u s  expe r imen t s .  Based on 

t h i s  sequence  a more " p r e c i s e "  estimate of t h e  r e a l i z a -  

t i o n  B n  can o f t e n  b e  de te rmined .  T h i s  es t imate  i s  

o b t a i n e d  by r e p l a c i n g  t h e  p r i o r  d e n s i t y  i n  t h e  Bayes 

e s t i m a t o r  by a d e n s i t y  approx ima t ion  c o n s t r u c t e d  w i t h  

sequence  ( 5 . 2 4 ) .  I n  e s s e n c e  t h i s  r e p r e s e n t s  an  i t e r a t i o n  

o f  t h e  smooth e s t i m a t o r  B N  , s i n c e  t h e  k e r n e l  o f  

i n t e g r a t i o n  remains  unchanged and i s  deno ted  by . 
A s imi l a r  i t e r a t i o n  of  t h e  e s t i m a t o r  P N , V  can be  

o b t a i n e d  and w i l l  be denoted  by B,,, . I n t e g r a t i o n  i n  

each  e s t i m a t o r  i s  per formed o v e r  t h e  range  o f  v a l u e s  

N 

N 

- 7  

o b t a i n e d  from t h e  f i r s t  i t e r a t i o n .  For example,  t h e  

r e g i o n  of i n t e g r a t i o n  for 6, i s  from min(BN,i)  to 
N - 7  

N 

max(8, . )  where i,j = 1,2,*00 ,n  and i 5 j . When 
1 3  

'u 

i = 1 , w e  d e f i n e  13N,l = iil . 

5 .5  Monte C a r l o  S i m u l a t i o n  

The c o n t i n u o u s l y  smooth e m p i r i c a l  Bayes e s t i m a t o r s  

g iven  i n  t h e  p r e v i o u s  s e c t i o n s  were i n v e s t i g a t e d  f o r  

small samples b y  Monte C a r l o  s i m u l a t i o n  and compared to 

t h e  maximum-likelihood e s t i m a t o r .  I n  each expe r imen t  
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a v a l u e  of  B was g e n e r a t e d  from a p r i o r  d i s t r i b u t i o n  

be long ing  to t he  Pea r son  f a m i l y  o f  d i s t r i b u t i o n s .  T h i s  

parameter was t h e n  used  to o b t a i n  a random sample o f  

k o b s e r v a t i o n s  from ( 5 . 1 )  . The maximum-likelihood and 

c o n t i n u o u s l y  smooth e m p i r i c a l  Bayes e s t i m a t o r s  were t h e n  

c a l c u l a t e d .  F ive  hundred r e p e t i t i o n s  o f  twenty e x p e r i -  

ments were made f o r  each  p r i o r  d i s t r i b u t i o n ,  and t h e  

r a t i o  

e m p i r i c a l  Bayes mean-squared e r r o r  
maximum-likelihood mean-squared e r r o r  R =  

was formed. A s  i n  s e c t i o n  3 . 5 ,  it was found t h a t  t h e  

r a t i o  R was s i g n i f i c a n t l y  i n f l u e n c e d  b y  t h e  p r i o r  

d i s t r i b u t i o n  only  through t h e  v a l u e  

where Jk i n d i c a t e s  t h a t  E(@), t h e  p r i o r  mean of  8 , 
has been s u b s t i t u t e d  f o r  P . I n  p a r t i c u l a r  f o r  a 

random sample of k o b s e r v a t i o n s  from (5.11, t h e  v a l u e  

of  Z becomes 

(5.25) 



117 

where $ ( 2 )  = .4227843351 i s  t h e  v a l u e  of  t h e  digamma 

f u n c t i o n  $ ( X I  e v a l u a t e d  a t  x = 2 . S i n c e  t h e  on ly  

f a c t o r s  a f f e c t i n g  t h e  r a t i o  R , a p a r t  from t h e  number 

o f  e x p e r i e n c e s ,  are c o n t a i n e d  i n  (5.251, t h i s  q u a n t i t y  

can  be c o n v e n i e n t l y  used  to summarize and i n d e x  a g i v e n  

s i t u a t i o n .  

A s  i n  t h e  p r e c e d i n g  c h a p t e r s ,  w e  a g a i n  w i s h  to 

i l l u s t r a t e  t he  r o b u s t n e s s  o f  t h e  smooth e s t i m a t o r s  to 

t h e  form o f  t h e  p r i o r  d i s t r i b u t i o n .  T h e r e f o r e  v a l u e s  

of  B i  (i = 1 , 2 , 0 a - , 2 0 )  were g e n e r a t e d  from v a r i o u s  

Pea r son  d i s t r i b u t i o n s  w h i l e  h o l d i n g  the  v a l u e  of  Z 

f i x e d  a t  1 . 5 .  The r e s u l t s  are  shown i n  F i g u r e s  26-29. 

I n  each  f i g u r e  t h e  c o e f f i c i e n t s  of  skewness (S) and 

k u r t o s i s  (K) were v a r i e d  to g i v e  d i f f e r e n t  forms to t h e  

p r i o r  d i s t r i b u t i o n .  I n  F i g u r e  26 t h e  p r i o r  d i s t r i b u t i o n  

i s  b e l l - s h a p e d  (skewed);  i n  F i g u r e  2 7 ,  L-shaped; i n  

F i g u r e  28, J-shaped; and i n  F i g u r e  2 9 ,  U-shaped. The 

s o l i d  l i n e  i n  each  f i g u r e  r e p r e s e n t s  t h e  r a t i o  

c a l c u l a t e d  w i t h  t h e  smooth e s t i m a t o r  f 3 N , v  , and t h e  

broken l i n e  r e p r e s e n t s  t h e  r a t i o  R, c a l c u l a t e d  w i t h  

8, . T h i s  r e p r e s e n t a t i o n  w i l l  b e  used i n  t h e  remain ing  

f i g u r e s  of t h i s  c h a p t e r .  Again w e  n o t l c e  t h a t  t h e  

smooth e s t i m a t o r s  are q u i t e  i n s e n s i t i v e  to t h e  form o f  

t h e  p r i o r  d i s t r i b u t i o n  as summarized by  S and K . 
T h e r e f o r e  v a l u e s  o f  S and K w i l l  n o t  b e  g i v e n  for 

R,,, 
N 

hr 
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the r ema in ing  f i g u r e s  i n  t h i s  c h a p t e r .  The v a l u e s  of  

t h e  p r i o r  d i s t r i b u t i o n  are d e s i g n a t e d  as f o l l o w s :  

E ( P )  = p r i o r  v a r i a n c e  o f  6 

v ( B )  = p r i o r  mean of P . 

To de te rmine  t h e  e f f e c t  o f  t h e  sample  s i z e  k on 

t h e  r a t i o s  R N , V  and R, , s e v e r a l  r u n s  were made 

w i t h  k r a n g i n g  from 5 to 2 0 .  R e s u l t s  from t h e s e  

i n v e s t i g a t i o n s  r e v e a l e d  t h a t  t h e  q u a n t i t i e s  i n  Z 

can va ry  i n  a manner n o t  a f f e c t i n g  t h e  v a l u e  o f  Z 

w i thou t  hav ing  a s i g n i f i c a n t  e f f e c t  on t h e  r a t i o s  

R and R, . Thus t h e  v a l u e  o f  Z , n o t  t h e  

i n d i v i d u a l  q u a n t i t i e s  i n  Z , de te rmines  t h e  v a l u e s  
N , v  

and RN . F i g u r e s  30,  31,  and 32 i l l u s t r a t e  
O f  R N , V  

t h i s  p o i n t .  By comparing t h e s e  f i g u r e s ,  i t  can be s e e n  

t h a t ,  a l t h o u g h  t h e  pa rame te r s  k ,  a, E ( P ) ,  and V ( 6 )  

va ry  i n  each f i g u r e  w i t h  t h e  v a l u e  of  Z r ema in ing  

0 . 8 ,  t h e  r a t i o s  R,,, and R, remain r e l a t i v e l y  

unchanged. S i n c e  t h e  r a t i o  R remains  r e l a t i v e l y  

unchanged f o r  e q u i v a l e n t  v a l u e s  o f  Z , t h e  i n d i v i d u a l  

q u a n t i t i e s  i n  Z w i l l  n o t  be g i v e n  f o r  t h e  remain ing  

f i g u r e s  i n  t h i s  c h a p t e r .  

Values  of  t h e  r a t i o s  R, and R are p l o t t e d  i n  
N , v  

F i g u r e s  33 and 34 r e s p e c t i v e l y .  These r a t i o s  a r e  p l o t t e d  



f o r  d i f f e r e n t  v a l u e s  o f  Z r a n g i n g  from 0 - 5  to 5 . 0 .  

A s  i n  t h e  p r e v i o u s  c h a p t e r s ,  w e  n o t i c e  t h a t  as Z 

i n c r e a s e s ,  t h e  r a t i b s  R, and R decrease.  I n  

p a r t i c u l a r  f o r  a g iven  v a l u e  o f  Z , t h e  v a l u e s  o f  R N , v  

are smaller  t h a n  t h o s e  o f  R,, d e m o n s t r a t i n g  t h e  supe r -  

i o r i t y  o f  t h e  smooth e s t i m a t o r  1 3 N , V  o v e r  the  smooth 

e s t i m a t o r  6, A s  i n  t h e  p r e c e d i n g  c h a p t e r s ,  t h e  

i n c r e a s e  i n  mean-squared p r e c i s i o n  by 

a t t r i b u t e d  to t he  p r i o r  d e n s i t y  approximat ion .  T h i s  

N , v  

- 
N 

hr 

is 
'N ,V 

approximat ion  i s  based on a sequence o f  v a l u e s  whose 

m a r g i n a l  d i s t r i b u t i o n  has i t s  mean and v a r i a n c e  approx- 

i m a t e l y  e q u i v a l e n t  to t h o s e  of  t h e  p r i o r  d i s t r i b u t i o n .  

F i g u r e  35 represents  a t y p i c a l  r e s u l t  o b t a i n e d  
N 

i s  i t e r a t e d  as d e s c r i b e d  i n  s e c t i o n  5 . 4 .  
E N  , v  when 

The r a t i o  R,,, formed w i t h  t h e  i t e r a t e d  smooth e s t i -  

mator  6, , v  

i n  t h e  p r e v i o u s  c h a p t e r s ,  w e  n o t i c e  t h a t  t h e  squared-  

e r r o r  improvement a c h i e v e d  by u s i n g  B N , v  i s  s l i g h t l y  

d e c r e a s e d  by a second i t e r a t i o n .  T h i s  d e c r e a s e  i n  

I 

i s  r e p r e s e n t e d  b y  t he  d o t t e d  l i n e .  A s  - I  

- 

p r e c i s i o n  i s  e x p e c t e d .  The approximat ion  used to 

r e p r e s e n t  t h e  p r i o r  d e n s i t y  i n  f3N,v  i s  based  on a 

sequence o f  v a l u e s  whose marg ina l  d i s t r i b u t i o n  has its 

N 

mean and v a r i a n c e  approx ima te ly  e q u i v a l e n t  t o  t h o s e  o f  

t h e  p r i o r  d i s t r i b u t i o n .  The approximat ion  used i n  B N  , 

however, i s  n o t  known t o  have t h i s  p r o p e r t y .  
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h) 

R e s u l t s  o b t a i n e d  from a second i t e r a t i o n  o f  6, 
are p r e s e n t e d  i n  F i g u r e  36 f o r  a v a l u e  o f  Z i d e n t i c a l  

to t h a t  u sed  i n  F i g u r e  35. The r a t i o  Ri formed w i t h  

t h e  smooth e s t i m a t o r  8, i s  r e p r e s e n t e d  b y  t he  d o t t e d  

l i n e .  We n o t e  t h a t  a l t h o u g h  i t e r a t i o n  of  FN does 

i n c r e a s e  t h e  mean-squared p r e c i s i o n ,  t h i s  i n c r e a s e  i s  

n o t  as s i g n i f i c a n t  as t h a t  o b t a i n e d  when 

I t  i s  c o n j e c t u r e d  t h a t  t h e  o v e r e s t i m a t i o n  o f  t h e  p r i o r  

v a r i a n c e  b y  t h e  marg ina l  d i s t r i b u t i o n  o f  t h e  maximum- 

- v  

N 

i s  u'sed. 

l i k e l i h o o d  e s t i m a t o r , h a s  a f a r  more s i g n i f i c a n t  e f f e c t  

on t h e  p r i o r  d e n s i t y  approx ima t ion  t h a n  does t h e  mar- 

g i n a l  v a r i a n c e  of P, . I n  g e n e r a l ,  i t e r a t i o n  of  t h e  

smooth e s t i m a t o r s  i s  d i s c o u r a g e d .  While a second 

i t e r a t i o n  of  6, does d e c r e a s e  the ,  s q u a r e d  e r r o r ,  t h e  

d e c r e a s e  i s  n o t  a s  s i g n i f i c a n t  as t h a t  o b t a i n e d  u s i n g  

F A second i t e r a t i o n  o f  B N , v  u s u a l l y  i n c r e a s e s  

t h e  s q u a r e d  e r r o r .  

N 

ry 

N 

N , v  

I n  a l l  c a s e s  c o n s i d e r e d  i n  t h e  Monte C a r l o  s t u d y ,  
rv 

t h e  e s t i m a t o r  B N , v  p r o v i d e d  c o n s i s t e n t  mean-squared 

improvement ove r  t h e  maximum-likelihood e s t i m a t o r  f o r  

two or more e x p e r i e n c e s .  It was a l s o  obse rved  t o  b e  

most e f f i c i e n t  of  t h e  smooth e s t i m a t o r s .  S i n c e  t h i s  

improvement was uni form o v e r  a wide v a r i e t y  of Z 

v a l u e s ,  w e  a r e  c o n f i d e n t  t h a t  

a n y  s i t u a t i o n .  I n  c a s e ,  however, some idea  of  t h e  

N 

can be used  i n  
8 N  , v  
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p r i o r  mean and var>iance i s  known, F i g u r e  37 can b e  

used  to o b t a i n  some i n d i c a t i o n  on t h e  amount o f  improve- 
hr 

ment o f  BN,, o v e r  t h e  maximum-likelihood e s t i m a t o r s .  

I n  t h i s  f i g u r e ,  t h e  r a t i o  R i s  p l o t t e d  as a f u n c t i o n  

o f  Z for a g i v e n  number o f  e x p e r i e n c e s .  
N , v  
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CHAPTER V I  

ESTIMATION I N  THE WEIBULL DISTRIBUTION 

I n  t h i s  c h a p t e r ,  smooth e m p i r i c a l  Bayes e s t i m a t o r s  

are  g i v e n  f o r  t h e  s c a l e  pa rame te r  a and t h e  shap? 

pa rame te r  B i n  t h e  two-parameter  Weibul l  d i s t r i b u t i o n .  

These e s t i m a t o r s  a re  proposed  on t h e  assumpt ion  t h a t  

t h e y  a re  s u b j e c t  to random v a r i a t i o n .  R e s u l t s  from 

Monte C a r l o  s i m u l a t i o n s  are  r e p o r t e d  which show t h a t  

t h e  smooth e s t i m a t o r s  have smaller  squa red  e r r o r s  t h a n  

t h e  maximum-likelihood e s t i m a t o r s .  

6 . 1  Maximum-Likelihood E s t i m a t i o n  

L e t  X b e  a random v a r i a b l e  h a v i n g  a Weibul l  

d i s t r i b u t i o n .  I f  a and B , t h e  s c a l e  and t h e  shape  

pa rame te r s  r e s p e c t i v e l y ,  a re  random v a r i a b l e s ,  t h e n  t h e  

c o n d i t i o n a l  d e n s i t y  f u n c t i o n  of  X i s  g i v e n  b y  

B- le -ax  B 
f ( x ) a , B )  = a8x , ( x  2 0 ;  a ,  B > O )  . 

Consider  a random sample  c o n s i s t i n g  of  k observa-  

t i o n s  from ( 6 . 1 ) .  The l i k e l i h o o d  f u n c t i o n  o f  t h i s  

sample i s  

a 
L(xl8) = (a!3Ik B - 1 ,  i -0.x 

k 

xi N 

i=l 
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Taking t h e  l o g a r i t h m  o f  (6.2), d i f f e r e n t i a t i n g  w i t h  

r e s p e c t  to a and (3 i n  t u r n  and e q u a t i n g  to z e r o ,  w e  

o b t a i n  t h e  e q u a t i o n s  

k 
x; = 0 a log L - k 

aa a 
- - -  ( 6 . 3 )  

i=l 

and 

k k 

l o g  xi = 0 . xi log xi - a a l o g  L - - ;+ a B  
i=l i=l 

E l i m i n a t i n g  a between these  two e q u a t i o n s  and s i m p l i -  

f y i n g ,  w e  have  

k 

i=l 
C X B  log xi 

1 i 
k 

l o g  xi - 1 
- - E  

i=l 
(6.5) 

which may now b e  s o l v e d  to o b t a i n  t h e  maximum-likelihood 

e s t i m a t o r  P . T h i s  can b e  accomplished w i t h  t h e  a i d  of  
A 

s t a n d a r d  i t e r a t i v e  p r o c e d u r e s .  I n  Appendix B such  a 

p rocedure  i s  d e s c r i b e d .  

h 

With B t h u s  de te rmined ,  a i s  es t imated  from 



The maximum- 

A 

a 
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(6.6) 

A h 

i ke l i , -ood  e s t i m a t o r s  a and are  

n o t  known t o  be j o i n t l y  s u f f i c i e n t ,  and t h e i r  e x a c t  

d i s t r i b u t i o n a l  form i s  unknown f o r  small samples. The 

e s t i m a t o r s  are c o n s i s t e n t  and b y  v i r t u e  of  ( 1 . 2 9 )  are 

d i s t r i b u t e d  b i v a r i a t e  normal  w i t h  mean v e c t o r  
A h  

1-1 = (a, p )  and c o v a r i a n c e  m a t r i x  V g i v e n  b y  
N 

Thus 

The e x p e c t e d  v a l u e  of  t h e  mixed p a r t i a l  d e r i v a t i v e s  

i n  ( 6 . 7 )  can  be r e p r e s e n t e d  as 

k 
- -  E ( x B  log xi! aaaa  i 

i=l log - 

- - - k E ( x B  l o g  x )  ( 6 . 9 )  



s i n c e  each  xi i s  i n d e p e n d e n t l y  and i d e n t i c a l l y  d i s t r i b -  

u t e d  a c c o r d i n g  t o  ( 6 . 1 ) .  Now 

which be  comes 

E(xB l o g  x) = -1 aB ( l j ( 2 )  - l o g  a )  ( 6 . 1 1 )  

a f t e r  i n t e g r a t i n g  ( 6 . 1 0 )  b y  par t s .  The f u n c t i o n  l j ( 2 )  

i s  t h e  digamma f u n c t i o n  $ ( x )  e v a l u a t e d  a t  x = 2 . 
Thus 

and the  i n v e r s e  of  t h e  c o v a r i a n c e  m a t r i x  can b e  w r i t t e n  

( 6 . 1 3 )  

where A = q ( 2 )  - l o g  a and t h e  main d i a g o n a l  e l emen t s  

are g i v e n  b y  t h e  r e c i p r o c a l  o f  ( 4 . 9 )  and ( 5 . 1 2 )  
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r e s p e c t i v e l y .  The c o v a r i a n c e  m a t r i x  V can  now be 

g iven  as 

v =  

6 . 2  Smooth E m p i r i c a l  B a y e s  E s t i m a t i o n  

Assume t h a t  an unobse rvab le  random parameter v e c t o r  

1-1 = ( a ,  8 )  o c c u r s  a c c o r d i n g  to t h e  b i v a r i a t e  d e n s i t y  

f u n c t i o n  g(1-1). When 1-1 i s  r e a l i z e d ,  a n  o b s e r v a b l e  

random v e c t o r  X from ( 6 . 1 )  occu r s  and a maximum- 

N 

N N 

N 

l i k e l i h o o d  est imate  of 1-1 
N 

i s  formed.  Now i f  t h i s  

s i t u a t i o n  occur s  r e p e a t e d l y ,  t h e n  t h e  vec to r -va lued  

sequence 

o f  maximum-likelihood est imates  can b e  used  to form a 

marg ina l  d e n s i t y  approx ima t ion  ~ ~ ( 1 - 1 ) .  Convergence i n  

p r o b a b i l i t y  o f  p , (u )  to t h e  p r i o r  d e n s i t y  g(u) i s  a s s u r e d  

by  Theorem 2 . 2 .  

f u n c t i o n  o f  p and a c o n t i n u o u s l y  smooth e m p i r i c a l  

Bayes es t imate  of  1, can be  g i v e n .  Here as i n  

Chapter  V, t h e  t r u e  d e n s i t y  f u n c t i o n  o f  p g iven  p i s  

A 

N 

A 

N N 

A 

Hence, p n . ( p )  can be c o n s i d e r e d  as a 
N 

N ’  

A 

N N 



A 

unknown for small samples, and l~ is not known to be 
N 

* 
jointly sufficient for 1-1 e Thus E(plx) E(klk) . 
Nevertheless, a smooth estimator for p can be given, 

and in section 6.3 its ability to provide squared-error 

improvement over maximum-likelihood will be illustrated. 

N N N  

N 

In the remainder of this chapter, it will be advan- 

tageous t o  omit vector notation, restricting our attention 

to the respective components of the vectors p and 1-1 . 
Sequence (6.15) will now be written as 

A 

N rv 

Using the multivariate density estimators proposed 

by Martz [lg], we form 

sin [i!i) - 
2 

J 

(6.17) 

A A  

the marginal density estimator for p(a, 6). In a prac- 

tical situation, the maximum-likelihood estimates will 

generally be unitized quantities. These units can be 

removed from the arguments of the sine function in 

(6.17) by defining 



and 

-1 /5  h B  = s n  
B 

where 

n 

-1 /5  h = s n  a a 

i=l 
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(6.18) 

(6.19) 

n 

i=l 

w i t h  

( 6 . 2 0 )  

(6.21) 

A A  

Cons ide r ing  p , (a ,  6 )  as a f u n c t i o n  o f  a and 6 

and u s i n g  ( 6 . 8 )  as t h e  k e r n e l  of  i n t eg ra t io r ! ,  w e  o b t a i n  

t h e  smooth e s t i m a t o r s  

(6.22) 
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and 

( 6 . 2 3 )  

f o r  an and a n  r e s p e c t i v e l y .  Here 

where 

* 
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A A 

b 

2 

( 6 . 2 4 )  

where ha  and hg  are  g i v e n  by (6 .18 )  and ( 6 . 1 9 )  r e s p e c -  

t i v e l y .  The l i m i t s  of i n t e g r a t i o n  i n  ( 6 . 2 2 )  were o b t a i n e d  

by o r d e r i n g  t h e  components of sequence ( 6 . 1 6 )  for a and 
A 

A 

8 r e s p e c t i v e l y .  

‘v ‘v 

The smooth e s t i m a t o r s  aN and 8, r e q u i r e  t h e  

e s t i m a t i o n  o f  b i v a r i a t e  d e n s i t y  f u n c t i o n s  which a r e  

d i f f i c u l t  to es t imate  a c c u r a t e l y .  Also, t o  o b t a i n  p o i n t  

es t imates  from each  o f  these  e s t i m a t o r s ,  double  i n t e g r a -  

t i o n  must b e  performed ove r  r e g i o n s  which have been 

approximated from sample da ta .  To a v o i d  a s u b s t a n t i a l  

d e c r e a s e  i n  mean-squared p r e c i s i o n  which c o u l d  be  c r e a t e d  

b y  t h e  compounding e f f e c t  of such  approx ima t ions ,  w e  

propose t h e  use  of marg ina l  e m p i r i c a l  B a y e s  e s t i m a t o r s  

as a p o s s i b l e  a l t e r n a t i v e .  

N The smooth e m p i r i c a l  Bayes e s t i m a t o r  aN h a s  been 
A A  

used t o  r e p r e s e n t  an  approximat ion  t o  E ( a l a ,  B ) ,  even  
A h 

though a and 8 are  no t  j o i n t l y  s u f f i c i e n t  for a 

and B . We e x t e n d  t h i s  approximat ion  f u r t h e r  b y  



c o n s t r u c t i n g  a c o n t i n u o u s l y  smooth e s t i m a t o r  for a 

based on t h e  m a r g i n a l  B a y e s  e s t i m a t o r  E (  a1 a )  e 

A 

S i m i l a r l y ,  

a c o n t i n u o u s l y  smooth e s t i m a t o r  f o r  B w i l l  b e  based on 

t h e  m a r g i n a l  Bayes e s t i m a t o r  E(B  16). By c o n s t r u c t i n g  

such  e s t i m a t o r s ,  w e  are t a c i t l y  assuming t h a t  a and 

B are i n d e p e n d e n t l y  d i s t r i b u t e d  and m a r g i n a l l y  

s u f f i c i e n t  f o r  a and B r e s p e c t i v e l y ,  and tha t  a 

* 

A 

h 

and B are i n d e p e n d e n t l y  d i s t r i b u t e d .  The r e s u l t s  o f  

such  approx ima t ions  are c o n s i d e r e d  i n  s e c t i o n  6 . 3 .  We 

remark t h a t  t h e  use  of marg ina l  e m p i r i c a l  B a y e s  estima- 

tors i s  p a r t l y  m o t i v a t e d  b y  t h e  r e s u l t s  C l e m m e r  and 

Kru tchkof f  [ 31 o b t a i n e d  w i t h  such  approx ima t ions .  

The marg ina l  e m p i r i c a l  Bayes  e s t i m a t o r  for a can 

t h e r e f o r e  be  w r i t t e n  as 

N 

M a (6.25) 
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where p ( a )  i s  {Siven by n 

n 
1 

p,(a) = 2 m h a  
i=l 

2 

( 6 . 2 6 )  

The m a r g i n a l  e m p i r i c a l  B a y e s  e s t i m a t o r  for f3 i s  g iven  

where pn(S) i s  g iven  by 

1 
B 

2 m h  

n 

i=l  

2 

( 6 . 2 8 )  
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6 . 3  Monte C a r l o  S i m u l a t i o n  

The c o n t i n u o u s l y  smooth e m p i r i c a l  Bayes e s t i m a t o r s  
N N a and f3 were i n v e s t i g a t e d  by Monte C a r l o  s i m u l a t i o n  

and compared to t h e  maximum-likelihood e s t i m a t o r s .  The 

c r i t e r i o n  for comparison was mean-squared e r r o r ,  and 

t h e r e f o r e  t he  r a t i o  

e m p i r i c a l  Bayes mean-squared e r r o r  
maximum-likelihood mean-squared e r r o r  R =  

N N was o f  i n t e r e s t .  Here t h e  n o t a t i o n  a and P i s  used  

to r e p r e s e n t  any o f  t h e  smooth e s t i m a t o r s  g i v e n  i n  t h e  

p r e c e d i n g  s e c t i o n  f o r  t h e  parameters a and B 

r e s p e c t i v e l y .  

Values  of a and 6 were g e n e r a t e d  from chosen 

p r i o r  d i s t r i b u t i o n s .  Then a random sample o f  k obse r -  

v a t i o n s  c o r r e s p o n d i n g  to t h e  r e a l i z a t i o n s  a and B 

were g e n e r a t e d  by (6.1). The maximum-likelihood estima- 

tors a and B were found,  and t h e i r  s q u a r e d  d e v i a t i o n s  

from the  v a l u e s  o f  t h e  co r re spond ing  parameters were 

c a l c u l a t e d .  For t he  second exper iment  new v a l u e s  of 

a and B were g e n e r a t e d .  The p rocedure  was r e p e a t e d  

w i t h  a and P , and t h e i r  s q u a r e d  d e v i a t i o n s  were 

c a l c u l a t e d .  For t h i s  expe r imen t ,  a and B and t h e i r  

s q u a r e d  d e v i a t i o n s  were a l s o  c a l c u l a t e d .  T h i s  p rocedure  

was r e p e a t e d  2 0  t imes ,  and each  t i m e  a and B were 

A A 

* A 

ru N 

N N 
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A * 
c a l c u l a t e d  u s i n g  t h e  p r e s e n t  v a l u e s  o f  a and B as 

w e l l  as a l l  p r e v i o u s  maximum-likelihood es t imates .  F i v e  

hundred r e p e t i t i o n s  o f  t h i s  r u n  of  2 0  expe r imen t s  were 

t h e n  made, and t h e  ave rage  o f  t h e  s q u a r e d  d e v i a t i o n s  

of a , P , a , and B were formed as est imates  o f  

E(a - a )  

N 
N 

A A 

2 * 2 
h 

, E ( P  - 8 )  , E(; - a ) 2  and E(; - B ) 2  r e spec -  

t i v e l y .  Then t h e  r a t i o s  Ra and RB were c a l c u l a t e d  

u t i l i z i n g  these  es t imated  mean-squared e r r o r s .  

I n  t h e  Monte C a r l o  s i r n u l a t i o n ,  n u m e r i c a l  i n t e g r a t i o n  

was performed u s i n g  t h e  Gauss q u a d r a t u r e  formula  

d e s c r i b e d  i n  Appendix A .  The n u m e r i c a l  i n t e g r a t i o n s  i n  

t h e  smooth e s t i m a t o r s  aM and 6, were c a l c u l a t e d  to 

a d e s i r e d  degree  of accu racy  by means o f  h a l v i n g  t h e  

i n t e r v a l s  of i n t e g r a t i o n  as d i s c u s s e d  i n  Appendix A .  

The n u m e r i c a l  s o l u t i o n  o f  s e v e r a l  double  i n t e g r a l s  i s  

r e q u i r e d  to form t h e  smooth e s t i m a t o r s  aN and @, . 
There fo re  i n  t h e  Monte Car lo  s i m u l a t i o n ,  checking  f o r  

convergence proved to be ex t r eme ly  t i m e  consuming. 

N 
N 

N N 

S e v e r a l  runs were made i n  which t h e  i n t e g r a l s  were 

c a l c u l a t e d  w i t h o u t  r e q u i r i n g  t h e  time-consuming accuracy  

check.  The r e s u l t s  from these  r u n s  were d i r e c t l y  com- 

pa red  t o  t h o s e  o b t a i n e d  when accuracy  check ing  was 

employed. T h i s  comparison showed t h a t  t h e  r e s u l t s  

a lmost  always were comparable ,  to t h r e e  s i g n i f i c a n t  

d i g i t s ,  and i n  c a s e s  where t h e y  d i f f e r e d ,  t h e  



N N mean-squared e r r o r s  o f  aN and 8, , formed w i t h o u t  

c o n s i d e r a t i o n  of i n t e g r a l  convergence ,  were on ly  s l i g h t l y  

g rea te r  t h a n  t h o s e  o b t a i n e d  when i n t e g r a l  convergence 

w a s  c o n s i d e r e d .  Thus any b ias  a s s o c i a t e d  w i t h  t h e  

r a t i o s  Ra or R B  formed w l t h  these  mean-squared e r r o r s  

would b e  i n  f a v o r  o f  t h e  maximum-likelihood e s t i m a t o r s .  

S i n c e  t h i s  b ias  was s l i g h t  and computer run  t i m e  was 

s i g n i f i c a n t l y  r educed ,  any g a i n  i n  p r e c i s i o n  by checking  

for accuracy  was s a c r i f i c e d  i n  f a v o r  of t h e  reduced  

r u n  t i m e .  

The parameters a and B were g e n e r a t e d  indepen-  

d e n t l y  i n  t h e  Monte C a r l o  s t u d i e s .  The t h e o r y  does  not 

r e q u i r e  t h a t  a and B be  independen t ly  d i s t r i b u t e d ;  

however for ease i n  o b t a i n i n g  random v a l u e s  from t h e  

Pearson  d i s t r i b u t i o n s  t h i s  was t a k e n  to be t h e  c a s e .  A s  

i n  the p r e v i o u s  c h a p t e r s ,  r e s u l t s  i n d i c a t e d  t h a t  t h e  

r a t i o  R depended on t h e  d i s t r i b u t i o n s  only  as t h e y  

i n f l u e n c e d  t h e  va lue  of t h e  r a t i o  o f  t h e  c o n d i t i o n a l  

v a r i a n c e  of  t he  maximum-likelihood e s t i m a t o r  to t h e  

v a r i a n c e  o f  t h e  p a r a m e t e r ,  g i v e n  t h e  co r re spond ing  

p a r a m e t e r  v a l u e .  Thus,  for a 

z =  
et k Var(a)  (6.29) 
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where A = q ( 2 )  - log E(a) and + ( 2 )  = .4227843351 ; 

and, for P 

( 6 . 3 0 )  

I n  ( 6 . 2 9 )  and ( 6 . 3 0 )  t h e  v a l u e s  o f  t h e  parameters a 

and 6 have been r e p l a c e d  by t h e i r  e x p e c t e d  v a l u e s .  

Apart  from t h e  number of e x p e r i e n c e s ,  t h e  on ly  f a c t o r s  

found t o  a f f e c t  t h e  r a t i o s  Ra and Rg were c o n t a i n e d  

i n  Z and Zg r e s p e c t i v e l y .  T h e r e f o r e ,  t hese  

q u a n t i t i e s  can b e  c o n v e n i e n t l y  used  to summarize and 

index  a g i v e n  s i t u a t i o n .  I n  p a r t i c u l a r ,  i t  was found 

t h a t  f o r  a g iven  va lue  o f  Z , t he  r a t i o  R remained 

r e l a t i v e l y  unchanged r e g a r d l e s s  o f  t h e  c o r r e l a t i o n  

between t h e  maximum-likelihood e s t i m a t o r s .  

a 

I n  o r d e r  to s u p p o r t  t h e  c l a i m  t h a t  t h e  smooth 

e s t i m a t o r s  are i n d e e d  r o b u s t  to t h e  form o f  t h e  p r i o r  

d i s t r i b u t i o n ,  t h e  pa rame te r s  a and 13 were indepen-  

d e n t l y  g e n e r a t e d  from v a r i o u s  Pearson  d i s t r i b u t i o n s .  

F o r  a l l  t y p e s  o f  Pearson  p r i o r  d i s t r i b u t i o n s  w i t h  v a r y i n g  

c o e f f i c i e n t s  of skewness and k u r t o s i s ,  t h e  r a t i o  

and R a  

g iven  number of  e x p e r i e n c e s ,  p r o v i d i n g  t h e  v a l u e s  o f  

Z and Zg remain unchanged. I l l u s t r a t i o n s  of  t h i s  

Ra 
have been obse rved  to vary  only s l i g h t l y  for a 

a 



f a c t  are p r e s e n t e d  i n  F i g u r e s  38-41 for g i v e n  v a l u e s  of 

Z 

of  skewness (S) and k u r t o s i s  ( K )  were used  i n  each  

s i t u a t i o n ;  however t h e  f i r s t  f o u r  moments of  t h e  p r i o r  

d i s t r i b u t i o n  were d i f f e r e n t .  I n  F i g u r e s  38, 39, 40, 

and 41, t h e  p r i o r  d i s t r i b u t i o n  i s  be l l - shaped  (skewed) , 
L-shaped, J-shaped,  and U-shaped r e s p e c t i v e l y .  The 

s o l i d  l i n e  r e p r e s e n t s  t h e  r a t i o  R c a l c u l a t e d  w i t h  

t h e  smooth e s t i m a t o r  aN g iven  by ( 6 . 2 2 1 ,  and t h e  

broken l i n e  r e p r e s e n t s  t h e  r a t i o  R B , N  c a l c u l a t e d  w i t h  

t h e  smooth e s t i m a t o r  a g i v e n  by ( 6 . 2 3 ) .  The B 
p a r a m e t e r s  of the p r i o r  d i s t r i b u t i o n s  are  d e s i g n a t e d  as 

f o l l o w s  : 

= z B  = 2 .0  . For convenience t h e  same c o e f f i c i e n t s  
c1 

, N  - 
N 

E ( a )  = p r i o r  mean o f  a 

~ ( a )  = p r i o r  v a r i a n c e  of a 

E(@) = p r i o r  mean o f  6 

v(@> = p r i o r  v a r i a n c e  o f  6 

c a l c u l a t e d  and R @ , M  We remark t h a t  t h e  r a t i o s  R 

w i t h  t h e  m a r g i n a l  e m p i r i c a l  B a y e s  e s t i m a t o r s  aM and 

B M  
r o b u s t  to t h e  form of  p r i o r  d i s t r i b u t i o n .  

a , M  
N 

N 

g i v e n  by ( 6 . 2 5 )  and ( 6 . 2 7 )  r e s p e c t i v e l y  a re  a l s o  

I n  t h e  Monte C a r l o  s t u d y  it h a s  been r e p e a t e d l y  

obse rved  t h a t  t h e  maximum-likelihood es t imates  va ry  



w i d e l y  f o r  a random s a m p l e  c o n s i s t i n g  o f  l e s s  t h a n  

15  o b s e r v a t i o n s .  These  f l u c t u a t i o n s  caused  t h e  aver -  

aged s q u a r e d  e r r o r s  o v e r  500 r e p e t i t i o n s  to r e p r e s e n t  
A 2  poor  approx ima t ions  to E(a-a) and E (  @ - B ) 2 .  T h e r e f o r e  

* 

i n  each c a s e  r e p o r t e d  i n  t h i s  s e c t i o n ,  k was f i x e d  a t  

20. For  k 2 15 w e  observed  t h a t  f o r  a g iven  v a l u e  

of Z t h e  r a t i o  R was u n a f f e c t e d  by c h o i c e  o f  

sample s i z e .  Thus r e s t r i c t i n g  k to 2 0 ,  c a u s e s  no l o s s  

i n  g e n e r a l i t y .  

The r e s u l t s  g i v e n  above were based on t h e  assumpt ion  

of  i ndependen t  p r i o r  d i s t r i b u t i o n s  f o r  a and B . A 

q u e s t i o n  which n a t u r a l l y  a r i s e s  i s :  What e f f e c t  does 

c o r r e l a t i o n  between a and B have on t h e  r a t i o s  Ra 

and R a  ? To answer t h i s  q u e s t i o n  a b i v a r i a t e  normal  

p r i o r  d i s t r i b u t i o n  was assumed f o r  t h e  parameters a 

and B . For g iven  v a l u e s  o f  Zu and Z g  i t  was found 

t h a t  as t h e  c o r r e l a t i o n  p between a and B i n c r e a s e d ,  

t h e  r a t i o s  R 

deg ree  of p o s i t i v e  and n e g a t i v e  c o r r e l a t i o n  gave s imi l a r  

d e c r e a s e d .  Also t h e  same and R B r N  arN 

r e s u l t s .  For example c o r r e l a t i o n s  o f  p = 0 . 5  and 

p = -0.5 gave s i m i l a r  r e s u l t s  f o r  e q u i v a l e n t  v a l u e s  

o f  ZL1 and 
z B  * 

F i g u r e s  42-47  i l l u s t r a t e  t h e  i n c r e a s e  i n  mean- 

sq'uared p r e c i s i o n  ach ieved  b y  t h e  smooth e s t i m a t o r s  
hr 

aN 



* 
N 

and B N  o v e r  t h e  maximum-likelihood e s t i m a t o r s  a and 

B f o r  v a r i o u s  v a l u e s  o f  p and Z . F i g u r e s  4 2 ,  43 ,  

and 44 i l l u s t r a t e  t h e  improvements ach ieved  by aN wnen 

p = 0 . 0  p = 0 . 5  , and p = 0.9 r e s p e c t i v e l y  f o r  

h 

N 

s e v e r a l  v a l u e s  o f  Z F i g u r e s  4 5 ,  4 6 ,  and 47 i l l u s t r a t e  

t h e  improvement a c h i e v e d  by B N  when p = 0 . 0  , 
p = 0.5 , and p = 0 . 9  r e s p e c t i v e l y  for s e v e r a l  v a l u e s  

a 
N 

o f  Z B  . We n o t e  t h a t  f o r  a g i v e n  v a l u e  o f  Za , as 

p i n c r e a s e s ,  R d e c r e a s e s .  S i m i l a r l y  f o r  a g i v e n  

v a l u e  of  Zi3 , as p i n c r e a s e s ,  
a I N  

d e c r e a s e s .  Ri3 I N  

The amount of  c o r r e l a t i o n  between a and B has 

been obse rved  to have no e f f e c t  on t h e  r a t i o s  R 
alM 

formed w i t h  t h e  m a r g i n a l  e s t i m a t o r s  - clM and and R f 3 , M  
N 

8, r e s p e c t i v e l y .  T h i s  i s ,  o f  c o u r s e ,  e x p e c t e d  s i n c e  

t h e  smooth e s t i m a t o r s  were based on t h e  assumption of 

i ndependen t  p r i o r  d i s t r i b u t i o n s  e Values o f  t h e  r a t i o s  

ar,d R i 3 , M  a re  p l o t t e d  i n  F i g u r e s  48 and 49 R 

r e s p e c t i v e l y  f o r  v a r i o u s  v a l u e s  of  Z and Zg 

r a n g i n g  from 0 . 5  to 5 . 0 .  It i s  o f  p a r t i c u l a r  impor tance  

t h a t  f o r  a g i v e n  v a l u e  o f  Za 
e x p e r i e n c e s ,  t h e  v a l u e  o f  R i s  less  t h a n  t h a t  of  

a , M  

a 

and a f i x e d  number o f  

a I M  

r e g a r d l e s s  of  t h e  v a l u e  o f  p . ' S i m i l a r  r e s u l t s  
a , N  

R 

R B  , M  
are w i t n e s s e d  by o b s e r v i n g  co r re spond ing  v a l u e s  o f  - . Thus t h e  m a r g i n a l  smooth e s t i m a t o r s  aM and R f i , N  

N 

and B M  p r o v i d e  " b e t t e r "  r e s u l t s  t h a n  t h e  e s t i m a t o r s  
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N - and P, even though t h e  former  a re  based on t h e  

assumption o f  i ndependen t  p r i o r  d e n s i t i e s .  

I t  i s  c o n j e c t u r e d  t h a t  t h e  compounding e f f e c t  o f  

b e i n g  unab le  to a c c u r a t e l y  approximate b i v a r i a t e  den- 

s i t i e s  and h a v i n g  to perform double  i n t e g r a t i o n  ove r  

r e g i o n s  approximated  from sample data  cause  t h i s  

phenomenon e The e r r o r s  produced  by such  approx ima t ions  

i n  a and B, a p p e a r  to be f a r  more s i g n i f i c a n t  t h a n  

t h e  e r r o r s  produced by t h e  independent  assumpt ions  on 

which t h e  m a r g i n a l  e s t i m a t o r s  a,  and B, are based.  

We a r e  c o n f i d e n t  t h a t  a ,  and F, w i l l  g i v e  "bes t "  

r e s u l t s  i n  any s i t u a t i o n  s i n c e  t h e y  p r o v i d e d  uni form 

improvement o v e r  a and 6, r e g a r d l e s s  of v a l u e  o f  

Z or t h e  deg ree  o f  c o r r e l a t i o n  between a and P . 

N 
N 

N 

hl 
N 

N N 

N 
N 

N 
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CHAPTER VI1 

COMPARISONS WITH TWO ALTERNATIVE EMPIRICAL 

BAYES ESTIMATORS 

I n  t h i s  c h a p t e r  two a l t e r n a t i v e  e m p i r i c a l  Bayes 

e s t i m a t o r s  are c o n s i d e r e d .  Where a p p l i c a b l e ,  these 

e s t i m a t o r s  are a p p l i e d  to t h e  d i s t r i b u t i o n s  c o n s i d e r e d  

i n  t h e  p r e c e d i n g  c h a p t e r s .  R e s u l t s  from Monte C a r l o  

s i m u l a t i o n  w i t h  these  e s t i m a t o r s  are r e p o r t e d  and d i r e c t l y  

compared w i t h  t he  r e s u l t s  o b t a i n e d  from t h e  c o r r e s p o n d i n g  

c o n t i n u o u s l y  smooth e m p i r i c a l  Bayes e s t i m a t o r s .  

7 . 1  A l t e r n a t i v e  E m p i r i c a l  Bayes E s t i m a t o r s  

The methods of e m p i r i c a l  Bayes e s t i m a t i o n  can b e  

p a r t i t i o n e d  i n t o  two d i s t i n c t  c l a s s e s .  The f i r s t  c l a s s  

c o n s i s t s  of  t h o s e  methods which a t t e m p t  to o b t a i n  e m p i r i c a l  

Bayes e s t i m a t o r s  w i t h o u t  r e q u i r i n g  e x p l i c i t  e s t i m a t i o n  of  

t h e  p r i o r  d i s t r i b u t i o n ,  The we l l -de f ined  f ami l i e s  deve l -  

oped by R u t h e r f o r d  and Krutchkoff  C281 t y p i f y  t h i s  

t e c h n i q u e .  The second c l a s s  c o n s i s t s  of t h o s e  methods 

which endeavor  t o  o b t a i n  e m p i r i c a l  Bayes e s t i m a t o r s  b y  

c o n s i d e r i n g  an  approximat ion  t o  t h e  p r i o r  d i s t r i b u t i o n  

f u n c t i o n .  The method proposed  by Lemon and Kru tchkof f  C171 

demons t r a t e s  t h i s  t e c h n i q u e  e I n  a we l l -de f ined  s e n s e ,  t h e  

c o n t i n u o u s l y  smooth e s t i m a t o r  does n o t  b e l o n g  to any o f  

t hese  c l a s s e s .  The c o n t i n u o u s l y  smooth e s t i m a t o r ,  

165 
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however,  can be c o n s i d e r e d  an a n a l o g  to t h e  second method 

o f  e s t i m a t i o n  s i n c e  i t  too a t t e m p t s  to approximate  some 

form o f  t h e  p r i o r  d i s t r i b u t i o n .  

Ru the r fo rd  and Krutchkoff  [ 281 e s t a b l i s h e d  s e v e r a l  

we l l -de f ined  fami l ies  of d i s t r i b u t i o n  f u n c t i o n s  e Each 

f a m i l y  p r o v i d e s  a unique  e m p i r i c a l  Bayes e s t i m a t o r  

En ( 8 15) h a v i n g  t h e  p r o p e r t y  t h a t  

f o r  a l l  x . T h i s  p r o p e r t y  was c o n s i d e r e d  d e s i r a b l e  s i n c e  

p r e v i o u s l y  [29] t h e y  had  shown t h a t  &-asymptot ic  o p t i -  

m a l i t y  cou ld  be o b t a i n e d  b y  a t r u n c a t e d  v e r s i o n  of 

c o n s i s t e n t  e s t i m a t o r s  f o r  t h e  Bayes e s t i m a t o r .  I n  p rac -  

t i c a l  s i t u a t i o n s ,  &-asymptot ic  o p t i r n a l i t y  i s  e q u i v a l e n t  

t o  a sympto t i c  o p t i m a l i t y  which i s  d e f i n e d  by 

p l i m  R($,, G )  = R ( G )  . 
n-tw 

(7.2) 

Here R (  0 , 9 )  r e p r e s e n t s  t h e  o v e r a l l  r i s k ,  6 an e m p i r i c a l  

B a y e s  deerision f u n c t i o n ,  and R ( G )  t h e  Bayes r i s k .  These 

e lements  were d e s c r i b e d  i n  d e t a i l  i n  s e c t i o n  1.4- 

-n 

I n  p a r t i c u l a r  w e  w i l l  be  concerned w i t h  fami l ies  

F1 and F, e For comple teness  w e  i n c l u d e  t h e i r  d e f i n i -  

t i o n s .  A f a m i l y  o f  d i s t r i b u t i o n s  (F(xl8) :@EO 1 i s  sa id  
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to be a member of  F1 i f  

i) t h e  random v a r i a b l e  X i s  d i s c r e t e  f o r  each  

8 , and 

I T )  t h e  p r o b a b i l i t y  mass f u n c t i o n  P ( x l 0 )  i s  s u c h  t h a t  

where a ( x )  and b ( x )  are any f u n c t i o n s  such  t h a t  

b ( x )  If Pn(x )  and Pn(x  + 1) are c o n s i s t e n t  esti- 

mators  f o r  t h e  m a r g i n a l  p r o b a b i l i t y  mass f u n c t i o n  P ( x ) ,  

t h e n  a c o n s i s t e n t  e m p i r i c a l  Bayes  es t imate  cf e n  i s  

g i v e n  by 

0 . 

P ( x  t 1) a b n )  - n n  * 
-bm- ' % - b ( x n )  P ( x n )  n 

A f a m i l y  o f  d i s t r i b u t i o n s  

a member. o f  F, i f  

{ F ( x I  8 )  : 8 E O )  i s  sa id  to b e  

i)  X i s  a con t inuous  random v a r i a b l e  f o r  a l l  

8EO , and 

ii) t h e  p r o b a b i l i t y  d e n s i t i e s  f ( x l 8 )  are such t h a t  
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where a ( x )  and b ( x )  are  any f u n c t i o n s  such  t h a t  

b ( x )  0 . I f  f n ( x )  and f , (x)  are c o n s i s t e n t  e s t i m a t o r s  

f o r  t h e  m a r g i n a l  d e n s i t y  and i t s  f i r s t  d e r i v a t i v e  

1 

r e s p e c t i v e l y ,  t h e n  a c o n s i s t e n t  e m p i r i c a l  Bayes estimate 

of en i s  g i v e n  b y  

r 
For a d i s c u s s i o n  on e s t i m a t i n g  f , ( x ) ,  see R u t h e r f o r d  [ 2 7 1 .  

Lemon and Krutchkoff  [l7] proposed  a g e n e r a l  

smoothing t e c h n i q u e  f o r  o b t a i n i n g  e m p i r i c a l  Bayes 

e s t i m a t o r s .  One p a r t i c u l a r  e s t i m a t o r  i s  e s s e n t i a l l y  

o b t a i n e d  by t h e  rep lacement  o f  t h e  p r i o r  d i s t r i b u t i o n  

by a s t e p  f u n c t i o n  hav ing  s t e p s  o f  e q u a l  h e i g h t  l / n  a t  

each o f  n p r e v i o u s  c l a s s i c a l  estimates.  T h i s  e s t i m a t o r  

can b e  r e p r e s e n t e d  by 

A 
h 

OD 

A 

where €Ii r e p r e s e n t s  t h e  i t h  c l a s s i c a l  es t imate  o f  8 

and f ( *  I - )  i s  t h e  k e r n e l  o f  i n t e g r a t i o n .  

( 7 . 3 )  



:: 
Also s u g g e s t e d  was a second i t e r a t i o n  of OD - 

This  i t e r a t i o n  g i v e s  

A A 

i s  g i v e n  by ( 7 . 3 ) .  F u r t h e r  i t e r a t i o n s  are ,  D,i where 0 

of c o u r s e ,  p o s s i b l e ;  however, as w i t h  t h e  c o n t i n u o u s l y  

smooth e s t i m a t o r s ,  t hey  may p r o v i d e  a s i g n i f i c a n t  i n c r e a s e  

i n  s q u a r e d  e r r o r  and t h u s  may be u n d e s i r a b l e .  

7 . 2  The Po i s son  D i s t r i b u t i o n  

L e t  us  assume t h a t  i n  each  expe r imen t ,  a s i n g l e  

o b s e r v a t i o n  xi (i  = 1 , 2 , * * * , n )  i s  o b t a i n e d  from t h e  

Po i s son  mass f u n c t i o n  g iven  by  ( 3 . 1 ) .  From ( 3 . 4 )  t h e  
A 

maximum-likelihood estimate of 0 i s  s imply  x or 0 . 
The s u b s c r i p t  k h a s ,  for convenience ,  been d e l e t e d .  

The Po i s son  d i s t r i b u t i o n  i s  r e a d i l y  v e r i f i e d  to be  
A 

a member of f ami ly  F1 i n  which = 0 and 

b(O ) = l / ( e n  + 1) . The e m p i r i c a l  Bayes e s t i m a t e  of e n  
i s  t h e r e f o r e  g iven  by 

A A 

n 

(7.5) 



A 

C l e a r l y ,  P n ( B n )  can be  es t imated  from t h e  sequence  of  
JE A A A 

8 . Although e p  i s  t h e  e,, e2,  n o b s e r v a t i o n s  

unique  e s t i m a t o r  o b t a i n e d  from f a m i l y  F1 i t  i s  

p r e c i s e l y  t h e  e s t i m a t o r  Robbins C261 used  to i n t r o d u c e  

t h e  e m p i r i c a l  Bayes s l t u a t i o n .  

For t h e  Po i s son  d i s t r i b u t i o n , '  t h e  e s t i m a t o r s  proposed 

b y  Lemon and Kru tchkof f  C171 can be r e p r e s e n t e d  by 

A A 

OP 

A h  

i= 1 

- e  ,e pe i e n  i 
i=l 

and 

h h 

' p ,  i A e n  + 1  

P , i  
e- e 

i= l A ?  - op - 
h 

- 6  A 6  
P , i ;  n 

i=l ? e  P , i  

r e s p e c t i v e l y .  

( 7 . 6 )  

( 7 . 7 )  

n 
Monte C a r l o  s i m u l a t i o n s  f o r  t h e  e s t i m a t o r s  e p  , A A 

A 
A ?  

and O p  were conducted i n  a manner ana logous  to 
N 

OP ' 
t h e  p rocedure  d e s c r i b e d  f o r  8, i n  s e ' c t i o n  3.5.  A s  i n  

s e c t i o n  3 .5  t h e  c r i t e r i o n  f o r  comparison was mean- 

squa red  e r r o r ,  and t h e r e f o r e  t h e  r a t i o  R d e f i n e d  by 

( 3 . 2 5 )  was of i n t e r e s t .  Here w e  deno te  t h i s  r a t i o  b y  
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A 
A 

h 

8 I\ " 1  8 A 

R, , R, , and R, when c a l c u l a t e d  w i t h  O p  , 0, , 
and 0, r e s p e c t i v e l y .  The r a t i o  R c a l c u l a t e d  w i t h  

f i t  

N 

t h e  smooth e s t i m a t o r  0 g i v e n  by ( 3 . 2 2 )  w i l l  be  

deno ted  by R P I v  . 
p , v  

A 

" 1  

I n  F i g u r e s  50-52 t h e  v a l u e s  o f  R, and R p I v  , 
r e p r e s e n t e d  b y  t h e  broken  and s o l i d  l i n e s  r e s p e c t i v e l y ,  

are p l o t t e d  as a f u n c t i o n  o f  t he  number o f  e x p e r i e n c e s .  

These p l o t s  are g i v e n  f o r  v a r i o u s  v a l u e s  o f  t h e  summary 

q u a n t i t y  Z g i v e n  by ( 3 . 2 7 ) .  The e s t i m a t o r  O p  was 

obse rved  to p r o v i d e  uni form s q u a r e d - e r r o r  improvement 

o v e r  t h e  e s t i m a t o r  O p  ; t h e r e f o r e  t h e  r a t i o  R, i s  n o t  

shown. Also, t he  r a t i o  R, i s  o m i t t e d  s i n c e  f o r  

0 . 5  5 Z 5 . 0  and n 5 20 , t h e  maximum-likelihood 

21 

A A h h 

Yc 

e s t i m a t o r  gave smaller mean-squared e r r o r s  t h a n  the  

e s t i m a t o r  0, r e g a r d l e s s  o f  the form o f  t h e  p r i o r  
* 

d i s t r i b u t i o n .  By comparing t h e  v a l u e s  o f  R p I v  w i t h  
f i l  

RP i n  each  of' t h e  f i g u r e s ,  i t  can b e  s e e n  t h a t  t h e  

c o n t i n u o u s l y  smooth e s t i m a t o r  p r o v i d e s  c o n s i s t e n t  mean- 

s q u a r e d  improvement ove r  t h e  e s t i m a t o r  Op . Hence, 

0 p r o v i d e s  c o n s i s t e n t  improvement ove r  O p  and ,  

of c o u r s e ,  o v e r  Op . 

A 

A I  

A 
A 

h) 

P I V  
3c 

7 . 3  The Weibu l l  D i s t r i b u t i o n  w i t h  Known Shape Pa rame te r  

Let us  assume t h a t  i n  each  expe r imen t ,  a random 

sample o f  k o b s e r v a t i o n s  N x = (x1,x2, * * ,Xk) is 
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o b t a i n e d  from t h e  Weibul l  d e n s i t y  f u n c t i o n  g iven  by 

( 4 . 1 ) .  I n  s e c t i o n  4 . 1 ,  t h e  s u f f i c i e n t  s t a t i s t i c  

T = X formed w i t h  t h i s  sample was shown to have 

t h e  c o n d i t i o n a l  gamma d e n s i t y  f u n c t i o n  g i v e n  b y  ( 4 . 1 5 ) .  

D i f f e r e n t i a t i n g  t h i s  f u n c t i o n  f ( t  I a )  w i t h  r e s p e c t  to 

k B  
j j=1  

T and d i v i d i n g  b y  f ( t l a )  w e  o b t a i n  

k - 1  
t -a + a t  

'fo = (7.8) 

The gamma d i s t r i b u t i o n  i s  t h e r e f o r e  a member o f  f ami ly  

F, , and a c o n s i s t e n t  e s t i m a t o r  f o r  an can be  g i v e n  

by 

1 * k - 1  f n ( tn )  
-7-F-J- n n n  t a =  

G (7.9) 

I 

The c o n s i s t e n t  e s t i m a t o r s  f n ( t n )  and f n ( t n )  chosen to 

r e p r e s e n t  f ( t )  and 

and 

i t s  f i r s t  d e r i v a t i v e  are  g i v e n  by 

n 
- 1 - -  

2 m h  
i=l 

s i n  
(7.10) 

(7.11) 

r e s p e c t i v e l y .  
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The e s t i m a t o r s  of  Lemon and Krutchkoff  [171 
A A 

h A t  

a and aG can be c o n s t r u c t e d  u s i n g  as t h e  k e r n e l  o f  

i n t e g r a t i o n  t h e  i n v e r t e d  g a m m a  d e n s i t y  f u n c t i o n  g i v e n  
G 

by ( 4 . 1 6 ) .  These e s t i m a t o r s  become 

A A 

G 
a 

an d 

A 
" 1  

a' 
G 

A 

where a (1 = 1 , 2 , * * 0 , n )  i s  t h e  maximum-likelihood 

es t imate  from t h e  i t h  expe r imen t .  
i 

(7.13) 



Monte Carlo s i m u l a t i o n s  for t h e  e m p i r i c a l  Bayes 
2 t  A * h 

e s t i m a t o r s  aG , a , and aG were conducted  i n  a 
rv 

manner ana logous  to t h e  p rocedure  d e s c r i b e d  f o r  OD 
A A n n * I  

i n  s e c t i o n  3 . 5 .  The r a t i o s  RG , R G  , and RG 
A Y n 

d e f i n e d  by (3.25) were c a l c u l a t e d  w i t h  a i  , aG , 
and aG r e s p e c t i v e l y .  

f i t  

* 21 
I n  F i g u r e s  53-55, t h e  v a l u e s  o f  R, , R, , and 

denoted  b y  t h e  d o t t e d ,  b roken ,  and s o l i d  l i n e s  
R G , V  ' 
r e s p e c t i v e l y ,  are  p l o t t e d  for v a r i o u s  v a l u e s  o f  Z 

d e f i n e d  by ( 4 . 4 4 ) .  The r a t i o  R was c a l c u l a t e d  

w i t h  t h e  c o n t i n u o u s l y  smooth e s t i m a t o r  a g iven  

b y  ( 4 . 4 2 ) .  The r a t i o  RG has been  o m i t t e d  i n  each 

f i g u r e  s i n c e  t h e  r e s u l t s  o b t a i n e d  w i t h  t h e  e s t i m a t o r  

a were i n  all c a s e s  c o n s i d e r e d  un i fo rmly  s u p e r i o r  

when compared to t h e  r e s u l t s  o b t a i n e d  w i t h  aG . I n  

G r V  
N 

A G , V  
A 

A A ?  

G 
2 

- * 21 
each f i g u r e  comparison o f  t h e  p l o t s  of  RG 9 RG 9 

as a f 'unc t ion  o f  t h e  number o f  expe r imen t s  and R G , V  

demons t r a t e s  t he  s i g n i f i c a n t  improvements one can 

o b t a i n  u s i n g  t h e  c o n t i n u o u s l y  smooth e s t i m a t o r  a 
rv 

G f V  
N 2 !  * 

S i n c e  c1 p r o v i d e s  
2 ?  

G o  G ? V  
as opposed to aG or a 

. .  
i t  

G '  
c o n s i s t e n t  mean-squared improvement o v e r  a 

a l s o  p r o v i d e s  c o n s i s t e n t  improvement o v e r  a 
A h 

G '  



7 . 4  The Weibul l  D i s t r i b u t i o n  w i t h  Known S c a l e  Parameter  

L e t  us  assume t h a t  i n  each experiment  a random 

sample o f  k o b s e r v a t i o n s  i s  o b t a i n e d  from t h e  Weibul l  

d e n s i t y  f u n c t i o n  g iven  by (5 1) The maximum-likzlihood 

e s t i m a t o r  f o r  t h e  shape parameter  i s  found b y  t h e  

s o l u t i o n  o f  ( 5 . 3 3 .  The d i s t r i b u t i o n  of  t h i s  e s t i m a t o r ,  

g iven  any va lue  o f  t h e  parameter B , has an a sympto t i c  

normal d i s t r i b u t i o n  w i t h  mean B and v a r i a n c e  g iven  

by (5.12). T h i s  d i s t r i b u t i o n  can be  used to form t h e  

emp i ri  c a1 B aye s e s t i m a  t o r s  

i=l 

n 
1 

2 
(7.14) 

and 

n 

i=l 

2 

e 

(7.15) 
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The  e s t i m a t o r s  g i v e n  by ( 7 . 1 4 )  and ( 7 . 1 5 )  are of 

t h e  form proposed  by Lemon and Kru tchkof f  [17 ] ;  however, 

t hey  are based  on an a sympto t i c  d i s t r i b u t i o n  r a the r  

t h a n  on t h e  t r u e  d i s t r i b u t i o n .  T h i s  r e s u l t  r e p r e s e n t s  

a n a t u r a l  e x t e n s i o n  o f  t h e i r  e s t i m a t o r s  and w i l l  b e  

t r e a t e d  a c c o r d i n g l y .  We remark here  t h a t  t h e  Weibul l  

d i s t r i b u t i o n  w i t h  known s c a l e  pa rame te r  cannot  be 

p l a c e d  i n t o  any o f  the  f ami l i e s  o f  R u t h e r f o r d  and 

Kru tchkof f  C281. 

A 
n 

Monte Car lo  s i m u l a t i o n s  f o r  t h e  e s t i m a t o r s  

and 8, were conducted i n  a manner ana logous  to t h e  

6, 
A 
A t  

N 

procedure  d e s c r i b e d  f G r  OD i n  s e c t i o n  3 .5 .  The r a t i o s  
:: k t  
R, and R, d e f i n e d  by ( 3 . 2 5 )  were c a l c u l a t e d  w i t h  

A A A 1  

8, and 6, r e s p e c t i v e l y .  

A 
A T  

I n  F i g u r e s  56-58 t h e  v a l u e s  of  RN and R N I v  

denoted  b y  t h e  broken  2nd s o l i d  l i n e s  r e s p e c t i v e l y  are 

p l o t t e d  f o r  v a r i o u s  v a l u e s  o f  Z as d e f i n e d  by ( 5 . 2 5 ) .  

The r a t i o  R was c a l c u l a t e d  w i t h  t h e  c o n t i n u o u s l y  

smooth e s t i m a t o r  B, , v  g iven  b y  ( 5 . 2 3 ) .  A s  i n  t h e  

above c a s e s ,  i t  was found t h a t  t h e  e s t i m a t o r  

p rov ided  s i g n i f i c a n t  s q u a r e d - e r r o r  improvement o v e r  

t h e  co r re spond ing  e s t i m a t o r  

r a t i o  RN has been o m i t t e d  i n  each  f i g u r e .  Comparison 

of the plots o f  R, and R i n  each  o f  t h e  

N I V  
rv 

2 f  

B, 

A A 

and t h e r e f o r e  t h e  'N ' 
R 

21 

N I V  
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F i g u r e s  56-58 demons t r a t e s  t h e  s i g n i f i c a n t  improvement 

one can o b t a i n  u s i n g  the c o n t i n u o u s l y  smooth e s t i m a t o r  
2 f  h - A ?  

as opposed to 8, . S i n c e  8, was obse rved  t o  
A A 

8, , V  

g i v e  un i fo rm improvement when compared w i t h  6, t h e  

e s t i m a t o r  B N , V  i s  a l s o  more e f f i c i e n t  t h a n  gN . A - 
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CHAPTER V I 1 1  

CONCLUSIONS AND RECOMMENDATIONS 

The purpose  of  t h i s  c h a p t e r  i s  to summarize t h e  

r e s u l t s  o f  t h i s  d i s s e r t a t i o n  and to s u g g e s t  d i r e c t i o n s  

f o r  f u t u r e  r e s e a r c h .  

8 . 1  G e n e r a l  Conclus ions  

A new method of e m p i r i c a l  Bayes e s t i m a t i o n  has 

been p r e s e n t e d .  The v e r s a t i l i t y  o f  t h e  method has been 

demons t r a t ed  f o r  e s t i m a t i n g  t h e  parameters o f  s e v e r a l  

d i s t r i b u t i o n s .  The e s t i m a t o r  has a l s o  been shown to 

be more e f f i c i e n t  i n  a mean-squared s e n s e  t h a n  o t h e r  

well-known and wide ly  used  e m p i r i c a l  B a y e s  e s t i m a t o r s .  

The c o n t i n u o u s l y  smooth e m p i r i c a l  Bayes e s t i m a t o r  

was developed  i n  Chapter  11. The e s t i m a t o r  was p r e -  

s e n t e d  i n  a g e n e r a l  form a p p l i c a b l e  to m u l t i v a r i a t e  

e s t i m a t i o n  problems.  The e s t i m a t o r  a l lows  t h e  r e s e a r c h e r  

the  use  o f  p r e s e n t  as w e l l  as p r e v i o u s  i n f o r m a t i o n ,  as 

opposed to c l a s s i c a l  e s t i m a t i o n  t e c h n i q u e s  which must 

r e s t r i c t  t h e  r e s e a r c h e r  to t h e  use  o f  on ly  p r e s e n t  or 

c u r r e n t  i n f o r m a t i o n .  The p a s t  i n f o r m a t i o n  i s  i n  t h e  

form of  c l a s s i c a l  es t imates  of o t h e r  pa rame te r s  i n  

s imi la r  b u t  i ndependen t  e x p e r i m e n t s .  By "s imilar"  w e  

187 
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mean t h a t  t h e r e  e x i s t s  a common p r i o r  d i s t r i b u t i o n  o f  

t h e  pa rame te r  v e c t o r ,  b u t  i t  remains  f o r e v e r  unknown. 

The smooth e s t i m a t o r  was o b t a i n e d  b y  r e p r e s e n t i n g  

t h e  p r i o r  d e n s i t y  f u n c t i o n  i n  t h e  Bayes e s t i m a t o r  by a 

con t inuous  approximat ion  formed from a sequence o f  

c l a s s i c a l  es t imates .  T h i s  approximat ion  was based  on 

th ree  g e n e r a l  a s sumpt ions .  They are  as f o l l o w s :  

( i )  The p r i o r  d i s t r i b u t i o n  has a con t inuous  d e n s i t y  

f u n c t i o n .  

( ii) The c l a s s i c a l  e s t i m a t o r  i s  b o t h  s u f f i c i e n t  and 

c o n s i s t e n t  f o r  e s t i m a t i n g  t h e  pa rame te r  v e c t o r .  

(iii) The d i s t r i b u t i o n  o f  t h e  c l a s s i c a l  e s t i m a t o r  

i s  known. 

I n  p r a c t i c a l  s i t u a t i o n s  a noncont inuous  or d i s c r e t e  

p r i o r  d e n s i t y  would sometimes seem to be  an u n l i k e l y  phe- 

nomenon. I f ,  however, t h e  p r i o r  d e n s i t y  was noncont inuous ,  

p e r h a p s  i t  cou ld  be approximated by a con t inuous  d e n s i t y  

f u n c t i o n .  The e f f e c t  such  an  approximat ion  would have on 

t h e  smooth e s t i m a t o r  i s  a s u b j e c t  f o r  f u t u r e  r e s e a r c h .  

I n  g e n e r a l  most c l a s s i c a l  e s t i m a t o r s  can be  shown 

t o  be c o n s i s t e n t .  I n  p a r t i c u l a r ,  t h e  wide ly  used  

maximum-likelihood e s t i m a t o r s  a re  c o n s i s t e n t  under  

g e n e r a l  r e g u l a r i t y  c o n d i t i o n s .  The assumpt ion  o f  



c o n s i s t e n c y  was used  to prove  t h a t  t h e  marg ina l  d e n s i t y  

f u n c t i o n  o f  t he  c l a s s i c a l  e s t i m a t o r  converges  i n  proba-  

b i l i t y  to t h e  p r i o r  d e n s i t y  f u n c t i o n  as t h e  sample s i z e  

t e n d s  to i n f i n i t y .  Expe r imen ta l  r e s u l t s  r e v e a l e d  t h a t  

t h e  smooth e s t i m a t o r  gave improved r e s u l t s  f o r  small 

sample s i z e s .  Thus i t  i s  c o n j e c t u r e d  t h a t  t h e  assump- 

t i o n  o f  c o n s i s t e n c y  r e p r e s e n t s  a p r o p e r t y  which i n  

p r a c t i c e  can be  r e l a x e d .  I f  a c l a s s i c a l  e s t i m a t o r  

p r o v i d e s  "good" r e s u l t s ,  t h e n  a smooth e s t i m a t o r  based 

on i t  s h o u l d  a l s o  g i v e  "good" r e s u l t s ,  r e g a r d l e s s  of 

t h e  c o n s i s t e n c y  p r o p e r t y .  The s u f f i c i e n c y  p r o p e r t y  can 

a l s o  b e  r e l a x e d .  T h i s  was demons t r a t ed  i n  Chap te r s  V 

and V I .  T h e r e f o r e  i t  i s  c o n j e c t u r e d  t h a t  t h e  second 

assumpt ion  r e p r e s e n t s  a n  unnecessa ry  r e s t r i c t i o n  i n  many 

p r a c t i c a l  a p p l i c a t i o n s .  

The t h i r d  assumpt ion  may a l s o  b e  viewed as a g e n e r a l  

r e s t r i c 5 i o n .  When the  t r u e  d i s t r i b u t i o n  of t h e  c l a s s i c a l  

e s t i m a t o r  i s  u n o b t a i n a b l e ,  i t s  a sympto t i c  d i s t r i b u t i o n  

may be  known. T h i s  d i s t r i b u t i o n  can t h e n  be  used  to 

form a c o n t i n u o u s l y  smooth e m p i r i c a l  B a y e s  e s t i m a t o r .  

I n  Chapters V and V I  t h i s  t e c h n i q u e  was employed, and 

s i g n i f i c a n t  s q u a r e d - e r r o r  improvement ' over  t h e  c l a s s i  c a l  

maximum-likelihood method was ach ieved .  

I n  a l l  c a s e s  c o n s i d e r e d  i n  t h e  Monte C a r l o  s t u d i e s  

o f  t h e  p r e c e d i n g  c h a p t e r s  t h e  c o n t i n u o u s l y  smooth 



e m p i r i c a l  B a y e s  e s t i m a t o r s  un i fo rmly  p r o v i d e d  mean- 

squa red  improvement o v e r  t h e  maximum-likelihood 

e s t i m a t o r s .  The smooth e s t i m a t o r s  were a l s o  observed  

to b e  r o b u s t  to t h e  form of t h e  p r i o r  d i s t r i b u t i o n .  

For a l l  t y p e s  of  Pearson  p r i o r  d i s t r i b u t i o n s  w i t h  v a r y i n g  

c o e f f i c i e n t s  of skewness and k u r t o s i s ,  t h e  r a t i o  R o f  

e m p i r i c a l  Bayes mean-squared e r r o r  to maximum-likelihood 

mean-squared e r r o r  was observed  to b e  s i g n i f i c a n t l y  

i n f l u e n c e d  by t h e  p r i o r  d i s t r i b u t i o n  only  th rough  a 

q u a n t i t y  Z . A p a r t  from t h e  number o f  e x p e r i e n c e s ,  

t h e  only  q u a n t i t i e s  a f f e c t i n g  t h e  r a t i o  R are c o n t a i n e d  

i n  Z . T h e r e f o r e  t h i s  q u a n t i t y  was c o n v e n i e n t l y  used  

t o  summarize and i n d e x  t h e  amount of  improvement a c h i e v e d  

b y  t h e  smooth e s t i m a t o r s  ove r  t h e  maximum-likelihood 

e s t i m a t o r s .  I n  p a r t i c u l a r  as t h e  v a l u e  o f  Z i n c r e a s e d ,  

the  r a t i o  R d e c r e a s e d .  T h i s  phenomenon i s  e a s i l y  

e x p l a i n e d .  A s  t h e  v a r i a n c e  of  t h e  maximum-likelihood 

e s t i m a t o r ,  g iven  t h e  co r re spond ing  p a r a m e t e r  v a l u e ,  

i n c r e a s e s  r e l a t i v e  to v a r i a n c e  o f  t h e  p r i o r  d i s t r i b u t i o n ,  

t h e  maximum-likelihood e s t i m a t e s  w i l l  v a ry  w i d e l y .  The 

smooth e s t i m a t o r s ,  however, a r e  capab le  o f  " d e t e c t i n g "  

t h i s  v a r i a t i o n  and can use  t h i s  i n f o r m a t i o n  to o b t a i n  

improved e s t i m a t e s .  Converse ly ,  i f  t h e  c o n d i t i o n a l  

v a r i a n c e  i s  small  as compared to t h e  p r i o r  v a r i a n c e ,  

t h e n  t h e  maximum-likelihood e s t i m a t o r  would b e  e x p e c t e d  

to do q u i t e  w e l l .  I n  t h i s  ca se  t h e r e  i s  a g r e a t  d e a l  o f  



i n f o r m a t i o n  w i t h i n  an exper iment  , and p r e v i o u s  e x p e r i -  

ments c o n t r i b u t e  very  l i t t l e  i n f o r m a t i o n  about  t h e  

p a r a m e t e r .  

I n  the  p r e c e d i n g  c h a p t e r s  whenever p o i n t  estimates 

were r e q u i r e d  f o r  d i s t r i b u t i o n s  c o n d i t i o n a l  on only  one 

pa rame te r ,  f o u r  smooth e s t i m a t o r s  were c o n s i d e r e d .  They 

a re :  (1) an e s t i m a t o r  OD whose p r i o r  d e n s i t y  approx- 

i m a t i o n  i s  b a s e d  on a sequence of c l a s s i c a l  es t imates ,  

(2) a n  e s t i m a t o r  OD whose p r i o r  d e n s i t y  approximat ion  

i s  based  on a sequence  o f  smooth es t imates  o b t a i n e d  from 

OD , ( 3 )  an e s t i m a t o r  0 whose p r i o r  d e n s i t y  approx- 
D IV 

i m a t i o n  i s  based  on a sequence  o f  t r ans fo rmed  maximum- 

l i k e l i h o o d  es t imates  h a v i n g  a m a r g i n a l  d i s t r i b u t i o n  

whose mean and v a r i a n c e  are approx ima te ly  e q u i v a l e n t  

N 

- 1  

N N 

t o  t .hose o f  

0 whose 

sequence of  

- 1  

D I V  

t h e  p r i o r  d i s t r i b u t i o n ,  and (4) an e s t i m a t o r  

p r i o r  d e n s i t y  approx ima t ion  i s  based on a 
N 

smooth es t imates  o b t a i n e d  from 0 . O f  
DIV 

N 

t hese  e s t i m a t o r s ,  t h e  smooth e s t i m a t o r  0 was 

observed  to be  t h e  most e f f i c i e n t  i n  a mean-squared 

sense.  T h i s  r e s u l t  i s  e x p e c t e d .  The improvement 

a c h i e v e d  by t h e  smooth e s t i m a t o r s  was observed  to be a 

f u n c t i o n  o f  t he  mean and v a r i a n c e  of t h e  p r i o r  d i s t r i -  

b u t i o n  as demonst ra ted  by t h e  summary q u a n t i t y  Z ; 

t h u s  any c o n s i d e r a t i o n  g i v e n  to a c c u r a t e l y  e s t i m a t i n g  

D ,v 



t hese  moments by t h e  p r i o r  d e n s i t y  approx ima t ion  s h o u l d  

r e s u l t  i n  s q u a r e d - e r r o r  improvement. 

The t r a n s f o r m a t i o n  g i v e n  i n  s e c t i o n  2 . 5 ,  on which 
N 

t h e  smooth e s t i m a t o r s  0 are  based,  was o n l y  a p p l i e d  

t o  t h e  maximum-likelihood e s t i m a t o r s .  It i s ,  however,  
D , V  

n o t  j u s t  r e s t r i c t e d  to t h i s  method o f  e s t i m a t i o n .  The 

t r a n s f o r m a t i o n  can b e  a p p l i e d  to any c l a s s i c a l  e s t i m a t o r  

whose d i s t r i b u t i o n  i s  known. 

I n  Chap te r  V I  smooth e s t i m a t o r s  were o b t a i n e d  f o r  

t h e  parameter v e c t o r  1.1 = (a,@> i n  t h e  two-parameter 

Weibul l  d i s t r i b u t i o n .  Two d i s t i n c t  t y p e s  of  smooth 
N 

e s t i m a t o r s  were c o n s i d e r e d .  The f i r s t  t y p e  deno ted  b y  
N 

N a and B N  r e s p e c t i v e l y  were c o n s t r u c t e d  i n  a manner N 

analogous  to t h a t  g i v e n  i n  C h a p t e r  11. These e s t i m a t o r s  

were based on an approximat ion  t o  t h e  b i v a r i a t e  p r i o r  

d e n s i t y  f u n c t i o n .  No dependence assumpt ions  on a or 

B were r e q u i r e d .  The e s t i m a t o r s  were, however,  based 

on t h e  assumpt ion  t h a t  t h e  maximum-likelihood e s t i m a t o r s  

a r e  j o i n t l y  s u f f i c i e n t  for a and B . T h i s  i s  n o t  

known t o  b e  t r u e .  T h e  second t y p e  o f  smooth e s t i m a t o r s ,  

denoted  b y  EM and B M  r e s p e c t i v e l y  and r e f e r r e d  to 

a s  m a r g i n a l  e m p i r i c a l  Bayes e s t i m a t o r s ,  was based on t h e  

N 

assumpt ions  t h a t :  (1) t h e  maximum-likelihood e s t i m a t o r s  



are  i n d e p e n d e n t l y  d i s t r i b u t e d  and are m a r g i n a l l y  s u f -  

f i c i e n t  f o r  a and B r e s p e c t i v e l y ,  and ( 2 )  t h e  

parameters a and B are  i n d e p e n d e n t l y  d i s t r i b u t e d .  

Under these as sumpt ions ,  t h e  Bayes e s t i m a t o r s  f o r  a 

and B become E ( a l a )  and E(Bli) r e s p e c t i v e l y .  I n  t h e  

c a s e  of t h e  Weibul l  d i s t r i b u t i o n ,  however, n e i t h e r  

h 

assumpt ion  can g e n e r a l l y  be made. 

I n  s e c t i o n  6 . 3  w e  obse rved  t h a t  even when a and 
N - B are h i g h l y  c o r r e l a t e d ,  t h e  e s t i m a t o r s  aM and P M  

gave " b e t t e r "  r e s u l t s  t h a n  cou ld  be o b t a i n e d  u s i n g  

and 8, . It i s  c o n j e c t u r e d  t ha t  t h e  compounding e f f e c t  

o f  b e i n g  unab le  to a c c u r a t e l y  approximate b i v a r i a t e  

N 

aN 
N 

d e n s i t i e s  and of  hav ing  to perform double  i n t e g r a t i o n  

o v e r  r e g i o n s  approximated  from sample data  causes  t h i s  

phenomenon. The e r r o r  i n t r o d u c e d  b y  such  approx ima t ions  

appears to be more s i g n i f i c a n t  t h a n  t h a t  caused  by t h e  

f a l s e  assumpt ions  o f  independence and s u f f i c i e n c y .  

I n  t h e  Monte C a r l o  s t u d i e s  of t h e  p r e c e d i n g  c h a p t e r s ,  

t h e  s q u a r e d - e r r o r  improvement ach ieved  b y  each  of  t h e  

smooth e s t i m a t o r s  ove r  t h a t  o f  t h e  c l a s s i c a l  maximum- 

l i k e l i h o o d  e s t i m a t o r s  was observed  to r e a c h  i t s  maximum 

g r a d i e n t  d u r i n g  t h e  i n i t i a l  1 0  expe r imen t s .  For example 

i n  F i g u r e  1 2  for a Z v a l u e  of  2 . 0 ,  t h e  smooth e s t i m a t o r  



N 

a a c h i e v e s  34 p e r c e n t  improvement o v e r  t h e  maximum- 

l i k e l i h o o d  e s t i m a t o r  a f t e r  t h e  second e x p e r i e n c e  and 

g a i n s  3 1  p e r c e n t  more improvement through t h e  t e n t h  

exper iment  a From t h e  t e n t h  to t h e  t w e n t i e t h  e x p e r i m e n t ,  

on ly  a 7 p e r c e n t  g r a d i e n t  i s  n o t i c e d .  T h i s  r e s u l t  t e n d s  

to i n d i c a t e  t h a t  i n  p r a c t i c e  an accumula t ion  of  more 

t h a n  1 0  s e t s  of data  may b e  unnecessa ry .  The amount of  

l a b o r  r e q u i r e d  to o b t a i n  a d d i t i o n a l  da t a  may n o t  b e  

worth t h e  s l i g h t  i n c r e a s e  i n  improvement a 

G , V  

I n  Chapter  VI1 t h e  c o n t i n u o u s l y  smooth e m p i r i c a l  

Bayes  e s t i m a t o r  was shown to be s i g n i f i c a n t l y  s u p e r i o r ,  

o v e r  2 0  e x p e r i e n c e s ,  t o  t h e  e s t i m a t o r s  proposed  b y  

Ru the r fo rd  and Krutchkoff  [28] and t h e  s t e p  f u n c t i o n  

e s t i m a t o r s  evo lved  from t h e  method of  Lemon and 

Krutchkoff  [17]. The e s t i m a t o r s  of R u t h e r f o r d  and 

Krut chk of f are E -as ymp t ot i c a l  l y  opt ima 1 ; however t h e i r  

mean-squared e r r o r s  appear  to b e  much l a r g e r  t han  t h o s e  

o f  t h e  c o n t i n u o u s l y  smooth e s t i m a t o r s  or t h e  e s t i m a t o r s  

o f  Lelnon and K r u t c h k o f f .  It i s  t h e  a u t h o r ' s  o p i n i o n  

t h a t  a l though  b y p a s s i n g  e x p l i c i t  e s t i m a t i o n  o f  t h e  

p r i o r  d i s t r i b u t i o n  may be t h e o r e t i c a l l y  d e s i r a b l e  as 

w e l l  as c o n v e n i e n t ,  i n  p r a c t i c a l  a p p l i c a t i o n  such  

p rocedures  a r e  u n d e s i r a b l e .  A s  demonst ra ted  i n  

Chapter  VI1 t hey  n o t  on ly  pave p o o r e r  r e s u l t s  t h a n  t h e  

e x p l i c i t  e s t i m a t i o n  p r o c e d u r e s ,  b u t  were l i m i t e d  i n  



a p p l i c a t i o n .  I n  p a r t i c u l a r ,  t he  Weibul l  d i s t r i b u t i o n  

w i t h  unknown shape  pa rame te r ,  c o n s i d e r e d  i n  Chap te r  V,  

cou ld  n o t  be  p l a c e d  i n t o  any of t h e  fami l ies  proposed  

by R u t h e r f o r d  and K r u t c h k o f f .  Fur thermore ,  a t tempts  by 

t h e  a u t h o r  t o  o b t a i n  an e m p i r i c a l  Bayes e s t i m a t o r  which 

does n o t  r e q u i r e  e x p l i c i t  e s t i m a t i o n  o f  t he  p r i o r  

d i s t r i b u t i o n  were u n s u c c e s s f u l .  

A 
A R f  

The e m p i r i c a l  Bayes e s t i m a t o r s  0, and OD 

s u g g e s t e d  by Lemon and Krutchkoff  and g i v e n  b y  ( 7 . 3 )  

and ( 7 . 4 )  r e s p e c t i v e l y  were observed  to be  more e f f i c i e n t  

t h a n  t h o s e  of R u t h e r f o r d  and Kru tchkof f ;  however t h e y  

were n o t  as e f f i c i e n t  as t h e  c o n t i n u o u s l y  smooth e s t i -  

ma to r s .  I n  p a r t i c u l a r  t h e  e s t i m a t o r  0 was 

observed  to be s i g n i f i c a n t l y  s u p e r i o r ,  ove r  a r u n  o f  

20  e x p e r i e n c e s ,  to t h e  e s t i m a t o r s  0, and 0, . It i s  

c o n j e c t u r e d  t h a t  t h e  obse rved  improvements o b t a i n e d  b y  

N 
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2 A 1  

t h e  smooth e s t i m a t o r s  r e s u l t  from t h e  con t inuous  p r i o r  

d e n s i t y  approximat ion  b e i n g  l e s s  s e n s i t i v e  to t h e  

es t imates  t h a n  i s  t h e  d i s c r e t e  approximat ion  to t h e  

p r i o r  d i s t r i b u t i o n  a 

8 . 2  Areas f o r  F u t u r e  Research 

A p p l i c a t i o n  o f  t h e  c o n t i n u o u s l y  smooth e m p i r i c a l  

Bayes e s t i m a t o r  to m u l t i v a r i a t e  d e n s i t y  e s t i m a t i o n  w i l l  

b e  cumbersome i f  an  e l e c t r o n i c  computer i s  u n a v a i l a b l e .  



Even w i t h  the a id  of  a computer t h e  n u m e r i c a l  s o l u t i o n  

o f  m u l t i p l e  i n t e g r a l s  c o u l d  prove  f r u s t r a t i n g  to t h e  

r e s e a r c h e r  and he may abandon the  method for one of 

l e s se r  p r e c i s i o n .  Thus a method to avo id  t h i s  annoying 

n u m e r i c a l  i n t e g r a t i o n  would s i g n i f i c a n t l y  enhance t h e  

p r a c t i c a l  v a l u e  o f  the  smooth e s t i m a t i o n  t e c h n i q u e .  

T h i s  method would n o t  be  g e n e r a l l y  a p p l i c a b l e  s i n c e  i t  

would depend on t h e  k e r n e l  o f  i n t e g r a t i o n .  It may b e  

p o s s i b l e ,  however, to o b t a i n  closed-form s o l u t i o n s  f o r  

t h e  in t eg ra -1s  f o r  c e r t a i n  fami l ies  o f  d i s t r i b u t i o n s .  

Such s o l u t i o n s  may b e  accomplished by c o n s i d e r i n g  v a r i o u s  

forms f o r  t h e  p r i o r  d e n s i t y  e s t i m a t o r .  The  s i n e  f u n c t i o n  

has been chosen i n  t h i s  d i s s e r t a t i o n ,  a l t h o u g h  many 

o t h e r  forms are g iven  b y  Parzen  [24] f o r  u n i v a r i a t e  

e s t i m a t i o n  and b y  Martz C191 f o r  m u l t i v a r i a t e  e s t i m a t i o n .  

C u r r e n t l y  such i n v e s t i g a t i o n s  a r e  b e i n g  conducted a t  

Texas Tech U n i v e r s i t y ,  and i n i t i a l  r e s u l t s  are 

encourag ing .  

Another  l u c r a t i v e  area f o r  r e s e a r c h  l i e s  i n  

Exper imen ta l  Design.  S i n c e  e m p i r i c a l  Bayes p rocedures  

a l low t h e  r e s e a r c h e r  t h e  use  of c u r r e n t  as w e l l  as past  

i n f o r m a t i o n ,  he  s h o u l d  d e s i g n  h i s  expe r imen t s  w i t h  these  

p rocedures  foremost  i n  mind. P r e s e n t l y ,  however, such  

d e s i g n s  are  v i r t u a l l y  u n a v a i l a b l e .  The number o f  

expe r imen t s  and the sample s i z e ,  which s h o u l d  b e  used  



197 

i n  o r d e r  to o b t a i n  a c e r t a i n  l e v e l  o f  per formance ,  are 

s u b j e c t s  for f u r t h e r  r e s e a r c h .  If such  d e s i g n s  c o u l d  

b e  o b t a i n e d ,  t h e n  t h e  t o t a l  number of  i tems s u b j e c t e d  to 

t e s t i n g  p r o c e d u r e s  c o u l d  be  d r a s t i c a l l y  r educed .  For 

example i f  t h e  t o t a l  number o f  r o c k e t  e n g i n e s  s u b j e c t e d  

to f i r i n g  t e s t s  i n  an e n g i n e  development program c o u l d  

be  reduced ,  t h e n  a s u b s t a n t i a l  r e d u c t i o n  i n  c o s t  would 

be r e a l i z e d .  

A g e n e r a l  f i e l d  o f  r e s e a r c h  would b e  t h e  a p p l i c a t i o n  

of the  smooth e s t i m a t o r  to v a r i o u s  p r a c t i c a l  p roblems.  

A p a r t i c u l a r l y  s u i t a b l e  f i e l d  o f  a p p l i c a t i o n  t h a t  i s  

i n d i c a t e d  b y  t h e  r e s e a r c h  d e s c r i b e d  i n  t h i s  d i s s e r t a t i o n  

l i e s  i n  R e l i a b i l i t y  and M a i n t a i n a b i l i t y  E n g i n e e r i n g .  

T h i s  s u i t a b i l i t y  i s  twofo ld ;  first, the  e m p i r i c a l  Bayes 

approach  f r e q u e n t l y  l e n d s  i t s e l f  to t h e  t e s t i n g  s i t u a t i o n s  

e n c o u n t e r e d  i n  t h i s  f i e l d  , second,  t h e  two-parameter 

Weibul l  d i s t r i b u t i o n  c o n s i d e r e d  i n  t h e  p r e c e d i n g  c h a p t e r s  

i s  a h i g h l y  v e r s a t i l e  and w i d e l y  used  t i m e - t o - f a i l u r e  

d i s t r i b u t i o n .  P r e s e n t l y  r e s e a r c h  o f  t h i s  n a t u r e  i s  

b e i n g  conducted a t  Texas Tech U n i v e r s i t y  e 

8 . 3  Conclus ion  

The purpose  of t h e  r e s e a r c h  d e s c r i b e d  i n  t h i s  

d i s s e r t a t i o n  was to develop  and e x p l o i t  a new method 

o f  e m p i r i c a l  B a y e s  e s t i m a t i o n .  T h i s  purpose has b e e n  



accomplished.  The c o n t i n u o u s l y  smooth e s t i m a t o r  has 

been shown to p r o v i d e  s i g n i f i c a n t  improvements o v e r  b o t h  

t h e  c l a s s i c a l  maximum-likelihood method and o t h e r  w e l l -  

known and wide ly  used  e m p i r i c a l  B a y e s  methods.  I n  

a d d i t i o n ,  t h e  r e s u l t s  o f  t h i s  r e s e a r c h  c o n s t i t u t e  a 

f o u n d a t i o n  upon which f u t u r e  a p p l i c a t i o n s  can be based. 
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APPENDIX A : GAUSS QUADRATURE 

An a c c u r a t e  fo rmula  for f i n d i n g  t h e  v a l u e  o f  t h e  

d e f i n i t e  i n t e g r a l  

b 
I = I f ( x )  dx 

a 
( A . 1 )  

where f ( x )  i s  a known f u n c t i o n ,  b u t  whose i n t e g r a l  i s  

e i t h e r  n o t  e a s i l y  e v a l u a t e d  or cannot  be  c o n v e n i e n t l y  

e x p r e s s e d  i n  c l o s e d  form, was d e r i v e d  b y  Gauss and i s  

based on Legendre polynomia ls .  The p rocedure  i s  to 

o b t a i n  t he  s u b d i v i s i o n  of  t he  i n t e r v a l  ( a , b ) ,  t h e  v a l u e  

o f  t he  f u n c t i o n  a t  t h e s e  p o i n t s ,  and t h e  c o e f f i c i e n t s  

to m u l t i p l y  t h e  f u n c t i o n a l  v a l u e s  to y i e l d  t h e  v a l u e  

of  t h e  d e f i n i t e  i n t e g r a l .  

First w e  t r a n s f o r m  t h e  i n t e r v a l  x = ( a , b )  i n t o  

t h e  i n t e r v a l  t = (-1,l) by l e t t i n g  

1 1 
2 2 x = - ( b - a ) t + - ( a + b )  . 

The new form o f  f ( x )  is 

1 f ( x )  = f[g ( b  - a ) t  + 7 1 ( a  + b )  = @(t> 
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and 

1 
2 dx = - ( b  - a)  d t  

s o  t h a t  

Using t h e  Gauss mechan ica l  q u a d r a t u r e  fo rmula  

where n i s  t h e  number of p o i n t s  of s u b d i v i s i o n  o f  t h e  

i n t e r v a l  (-l,l), A L n )  t h e  w e i g h t i n g  c o e f f i c i e n t s ,  and 

tLn) 

n , w e  have 

the z e r o s  o f  t h e  Legendre polynomia ls  o f  deg ree  

I =  n - 2 a c A i n ) f ' [ ( b  - a )  - ti"' 2 + b + 2 a ]  

n 

k= 1 

The A;") and ti") are symmetric w i t h  r e s p e c t  

t o  t = 0 , t h a t  i s ,  



A t a b l e  of t h e  z e r o s  t k n )  of t h e  Legendre polynomia l  

o f  o r d e r  1-16 and t h e  weight  c o e f f i c i e n t s  A:") for 

t h e  Gauss mechan ica l  q u a d r a t u r e  are g iven  b y  Lowan 

e t  a l .  C181. I n  T a b l e  A 1  w e  have reproduced  these v a l u e s  

f o r  t he  s p e c i a l  c a s e s  when n = 3 and n = 11 a 

I n  p a r t i c u l a r ,  i n  t h e  s u b r o u t i n e  GAUSS, which was 

used  to s o l v e  the  i n t e g r a l s  o f  t h e  smooth e s t i m a t o r ,  

n was t a k e n  to b e  11. Also a " b u i l t  i n "  accu racy  

check i s  made. The v a l u e  of t h e  i n t e g r a l  g i v e n  by (A.l) 

i s  first c a l c u l a t e d ;  t h e n  t h e  i n t e g r a l  

I f b  
I =  f ( x )  dx 

-a JD-a 
2 

i s  computed. If 8 < E , where 

6 =  
I 

and E i s  t h e  d e s i r e d  t o l e r a n c e  g iven  b y  i n p u t ,  t h e n  

the  v a l u e  I i s  r e t u r n e d  as t h e  v a l u e  of t h e  i n t e g r a l .  
I 

I f  6 2 E t h e n  t h e  range  ( a , b )  i s  p a r t i t i o n e d  i n t o  

f o u r  s u b i n t e r v a l s  and t h e  sum I of t h e  i n t e g r a l s  ove r  

each  i n t e r v a l  i s  computed and 6 i s  formed w i t h  I 

11 

11 
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1 
2 

TABLE A1 

GAUSS S QUADRATURE COEFFICIENTS 

0.77459 66692 
0 . ooooo  00000 

t k  
k 

n = 3  

0.55555 55556 
0.88888 88889 

n = 11 

0.97822 86581 
0.88706 25998 
0.73015 20056 
0.51909 61291 
0.26954 31560 
0.00000 00000 

11 

0.05566 85671 
0.12558 03695 
0.18629 02109 
0.23319 37646 
0.26280 45445 
0.27292 50868 

and I . If 6 < E t h e n  I i s  r e t u r n e d  as t h e  v a l u e  

of t h e  i n t e g r a l .  If 6 2 E t h e n  t h e  r e g i o n  ( a , b )  i s  

a g a i n  s u b d i v i d e d .  T h i s  p rocedure  i s  repeated IT t imes ,  

a va lue  g iven  b y  i n p u t .  If convergence i s  n o t  r eached  

a f t e r  IT s u b d i v i s i o n s ,  an e r r o r  message i s  p r i n t e d  and 

the  program t e r m i n a t e d .  



APPENDIX B :  NEWTON'S METHOD 

The well-known i t e r a t i v e  p rocedure  o f  Newton can 

be e a s i l y  a p p l i e d  to t h e  s o l u t i o n  o f  t h e  n o n l i n e a r  

maximum-likelihood e s t i m a t i n g  e q u a t i o n s  of Chapters  V 

and V I .  T h i s  p rocedure  can be o b t a i n e d  b y  t r u n c a t i n g  

t h e  T a y l o r  s e r i e s  expans ion  a f t e r  two terms and has 

t h e  form 

(i = 0,1,**-) . (B.l) 

Convergence to t he  root i s  q u a d r a t i c  i f  t he  m u l t i p l i -  

c i t y  of t h e  root t o  be de t e rmined  i s  e q u a l  to one and 

i f  f ( x )  i s  a t w i c e - d i f f e r e n t i a b l e  f u n c t i o n .  

The sub i -ou t ine  R T N I  based  on (B.1) and g i v e n  i n  t h e  

System/360 S c i e n t i f i c  S u b r o u t i n e  Package was used  to 

s o l v e  f o r  t h e  maximum-likelihood e s t i m a t o r s .  I n  t h i s  

s u b r o u t i n e  t h e  i t e r a t i v e  p rocedure  i s  t e r m i n a t e d  i f  t h e  

f o l l o w i n g  two c o n d i t i o n s  are s a t i s f i e d :  

6 5 E and I f ( x i  + 1)l '< 1 0 0 ~  
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w i t h  

X - x  i+l i 

xi+l 
6 =  

i f  

i f  

and t o l e r a n c e  E g i v e n  by i n p u t .  I f  t h e  p rocedure  

does n o t  converge w i t h i n  a s p e c i f i e d  number o f  i t e r a t i o n  

s t e p s ,  an  e r r o r  message i s  g i v e n .  For  f u r t h e r  d e t a i l s  

on t h e  method as w e l l  as r e a s o n s  f o r  d i v e r g e n c e ,  see 

Hi ldeb rand  [ 131. 
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