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DEVELOPMENT OF FIXED-NUCLEI APPROXIMATIONS

OF ELECTRON-MOLECULE SCATTERING AND THE ADIABATIC

THEORY OF ROTATIONAL EXCITATION

INTRODUCTION

In the first talk of this afternoc,n's session you heard Dr. Lane present some

impressive results of electron scattering from H 2 calculated from a formalism'

which, par*icularly when electron exchange is included 2 , naturally fits the de-

scription "rotational close coupling."

The significant thing about the calculations of Dr. Lane and his collaborators

when they included exchange either semi-phenomenological IV  or directly4

together with polarization is that they then contain sufficient dynamics and sym-

metry to show what this rather complicated formalism is intrinsically capable of.

The intent of this talk is to present a complementary approach to the

scattering problem which starts from a somewhat less fundamental point of

view, but within its framework can be carried out both more consistently and

more rigorously, and as we shall it is capable of very great accuracy. Thus

I think I can fairly say that it i , destined to replace the rotational close coupling

as a method of calculating most aspects of electron-molecule scattering.

1
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FIXED-NUCLEI THEORIES

The basic idea of this approach is supremely simple and for that reason

not new. It is to replace the molecule by one in which the nuclei are fixed

during the whole scattering process. The classical justification and limitations

of this approximation are given in Figure 1. If the electron velocity v is much

faster than the velocity of rotation V, then it is reasonable (but not rigorous) to

assume that the nuclei are fixed during the scattering process. On the right

you see the "very difficult" analysis by which the condition v > > V can be trans-

formed into an energy k2»(m%M)E...• k 2 is the impacting energy of the electron,

and you can see what a fantastically low energy the rhs is when you realize

that in almost all case4 Erot << 0. 01 c V and m/M < 10 -3 . The critical ratio here is

the electron to nuclear mass.

We discuss first the papers of Stier-5 and Fisk 6 in which the first appli-

cations of the fixed nuclei model were carried out. We see (Fig. 2) an ellipsoidal

(or prolate spheroidal) coordinate system is introduced at the outset. The

potential between the electron and the nuclei is essential separable in ^, and µ

when you eliminate the (', 2 _ µ 2)- 1 factor which is common to the kinetic energy

as well. The idea of the Stier-Fisk model is to add something resembling the

repulsion of the orbital electrons but without disturbing the separability of the

nuclear potential. This can be done by introducing only a k dependent factor as

shown. Physically the factor has the effect of distributing the positive charge

r
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throughout the volume of the ellipsoid and reducing the potential outside to zero.

By implication then the model puts a layer of negative charge on the surface in

order that the potential be zero outside. You see then that the model is pretty

crude compared to a real molecule, not to mention the fact that exchange of the

scattered and orbital electrons is not at all included. But there is at least one

free parameter, k 0 the Laundary ellipsoid by vihich one can hope phenomen-

ologically to make up for this and I think the effective charge Z was als-) adjusted

to fit some atomic data. That in this spirit the program does succeed is in-

dicated in the next Figure (3). The experimental results of Ramsaner and

Kollath' and Golden, Bwidel, and Salerno 8 can be nicely accommodated below

5 eV by Fisk's fit; above his result is definitely low, but I would like to call to

your attention the low energy side where his results are definitely toa high land

going in the wrong direction. For those of you familiar with low energy electron

atom scattering, you know that that is a symptom of not including exchange in

the calculation. This is about how far this approach takes us but I would like to

point out that the backbone of at least Fisk's work — the beautiful spheroidal

expansion' and the separable potential will be r« cognized as the hallmark of

Fisk's thesis advisor, Professor Philip M. Morse.

Although the profound effect of exchange in electron-atom scattering had

been silo,,&m by Morse and Allis 10 in 1933, it took over twenty years beyond Fisk's

calculation to show that essentially the same phenomenon operates in electron-

molecule scattering also. The calculation was performed by Massey and Ridley.11

--4

F_ip^u re 4.
5
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They constructed a totally antisymmetric function for the a-H system using

spheroidal coordinates for each electron; a and P are the two-component up-

down spinors. The scattered orbital F was taken to be of the form given.

The ground state (EQ) of the H wave function was a separable spheroidal

function calculated by Coulson 12 . The remaining parameters a, b, and y are

determined by the variational principle — both Kohn and Hulthen were employed.

The functional L can be divided into a direct and exchange term. If you retain

only L D , then the resultant "S-wave" phase shift is ouch as to give you a huge low

energy cross section, reminiscent of the Fisk result and in gross disagreement

with the experiment. however if you include LE also, then the cross section

is lowered dramatically. Thus for the firs t time one can say that a fundanne;Aal

quantitative calculat-ion is in semi-quantitive agreement with experiment. In

detail the effect comes from the zero-energy phase shift approaching -n rather

than zero radians and, in complete analogy with a-atom scattering, it produces a

much smaller cross section near the elastic threshold. Finally note that the

exchange cross section is larger and increasing more slowly than the experi-

mental results. This is a well known defect of the exchange approximation in

IF

c-atom scattering, and to correct for it you must include induced polarization

effects; but we will come to that.

With the calculation of Massey and Ridley we have entered the right arena

for quantitative calculation. The first step in improving the accuracy is to

include higher pzrtial waves. To do this in spheroidal cooedinates while at the

7
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same time retaining the electron-electron interaction as did Massey and

Ridlej. on-, must go beyond the separable spheroiva: analysis of Stier and Fisk.

This was in fact done first by Nagahara 13 in 1953, but his calculations 14

(1954) for a-H 2 scattering did not include exchange and any agreement his

results may contain with experiment are now generall, • considered to be coinct-

dental. 'The nonseparable spheroidal analysis has snore recently been repeated

by Takayanagi 1.5 and by Hara 16 . The latter has gone much further in that he

has actually done the calculation including polarization as well as exchange.

Before disco ;sing his results let us note that a spheroidal analysis carries

with it the following disadvantages. The spheroidal harmonics in terms of which

the scattering amplitude is expressed 17 ,

OD

SR,^ (RAW cos /30) 	 de,^ (RA13) P,t' m +s ^^Q^
s = m

are seen to depend on the internuclear distance, 
R A B 

of the particular molecule

being investigated. This means that the experimentalist would have to infer

different scattering parameters for different molecules (having presumably

different R A B • s) even though their observed scattering rates were the same.

Not only is this inconvenient but it is really unphysical, because the internuclear

separation is something which isn't observed in the scattering experiment at

all. If we made the analysis in terms of P 1,: (3 0 ) then this problem would

not even arise.

9



In the next Figure (5) we therefore consider the analysis of electron

molecule scattering in spherical harmonics. The references given at the top of

that figure are given more completely in the list of references ls, 19 . The

most salient observation is really quite obvious if you think about it: consideriTW

the internuclear axis as fixed, then the Hamiltonian is independent of the

direction of the incoming beam. Secondly if the amplitude is to be invariant with

respect to joint rotations of the incoming direction and the internuclear axis,

that is to say if you rotate the direction of the incoming beam you change by

definition the lab-fixed frame and if simultaneously you rotate the internuclear

axis by the same amount, then it is clear that you change nothing at all in the

"new" laboratory system of coordinates. Under these circumstances the

scattering amplitude must have the form shovni, but in addition the fti tj m ( 
0)

must factor according to the second equation. Now that is the essentn' item:

the i) functions are the rotational harmonics — the well known matrix elements

of the rotaiion group; they are known functions of P 0 . On the other hand the	 1

scattering parameters at , , ,.
   are the only numbers which are determined by

the dynamical equations and they are independent of p c . Thus the dynamical

problem can be solved once and for all and the dependence on p o simply multi-

plies those numbers as a factor. In addition to its simplicity, this will be seen

F	 to have important implication for the adiabatic theory of rotational excitation.

Furthermore in the uncoupled approximation, which turns out in many cases to

be an excellent one, the 
a^i^jm 

reduce to a very familiar form involving Phase

10
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ELECTRON-DIATOMIC M0LECULAR SCATTERING
IN SPHERICAL COORDINATES

lb	 TEMKIN 8 VASAVADA	 PR 
1

160, 109 (1967)
TEMKIN 8VASAVADA, CHANG, SILVER	 186, 57 (1969)

OBSERVATIONS

I. HAMILTONIAN IN INTERNUCLEAR FRAME IS INDEPENDENT
OF THE INCIDENT DIRECTION OF SCATTERED ELECTRON (j90)

2. THEREFORE YOU CAN FACTOR THE SCATTERED AMPLITUDE

f (00, sly)=1 ^ fl i f ^ m ( gyp) {^im^ A
1

WHERE

f^ i ^^m (Roi = m 
C3	 m lm'm(li) (00 ) Ao 0i) (00)

,a) FACTORING MEANS aj i j. m ARE INDEPENDENT OF flo
I

(b) Q of 
^m 

ARE COUPLED IN f i -f- BECAUSE OF ABSENCE OF

SPHERICAL SYMMETRY OF H BUT UNCOUPLED IN m BECAUSE
OF CYLINDRICAL SYMMETRY (ABOUT Z). ALSO BY PARITY
CONSERVATION (-1) 11 = (-I)R)

(c) IN UNCOUPLED APPROXIMATION

0-1 i 1,rn--- 81 i 1 B,P i ^^	 41(21 +1) e'''fm Sin 77jm
k

(d) THE OPTICAL THEOREM IS SATISFIED FOR ALL Bo

Q 099) _ (4-ff/k) I  f (.B,,^,0)

Figure 5
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IF

shifts f, Here it is quite obvious what price we have paid for eliminating

A. from the dynamical problem — the ?7
,. depend on the magnetic quantum

member m as well as f . Generally this is a small price to pay as we shall

see when we lock at some radial equations. And finally the optical theorem

hoids for all angles of orientation p U depending only on the dynamical approxi-

mations which determine the at 
i t

i 
m — 

the specific conditions are given in ou 1•

second paper 19.

In summary, then we can say that the partial wave expansion can be con-

sistently carried out and it is complete in principle. In practice, however, all

things must be truncated, and we must still inquire as to dynamical justification

of a spherical treatment. In Figure 6 we consider that problem. The general

justification is that given in item (1) with item (2) having just been discussed. If

indeed these two items suffice, then we may use all the analogous methods used

in scattering from atomic systems. But with regard to the question of the

dynamical justification of a spherical expansion non, of these three items really

proves its accuracy. For as indicated in item 4 if the electron is accelerated

into the target, its wave length in the interior will be effectively shorter and it

may probe the singularities with the nuclei. They are pictured as the solid

curves on the right hand part of the figure (6). If one makes a single center

expansion of the nuclear potentials, then the lowest order term Vo is indeed a

crude approximation ire the vicinity of t 1/2 R AB . The dynamical advantages,

then, of a spheroidal coordinate is not that it simplifies the partial wave analysis,

12
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it does not, but rather that it allows these singularities to be included in a

natural wave. Note also items on lower right of the slide.

This is about all we can say about this point now. Any further s'.atements

about the proof of this pudding will have to come in the eating.

I should, for historical reasons, mention the 1958 single center calculation

of Carter, March of Vincent" It was an extremely crude one, and exchange

was only taken into account in an approximate way. Nevertheless it was the first,

and it supported the conclusion of Massey and Ridley" that exchange was

essential for lowering the low energy cross section. My unhappiness with

that paper comes from the fact that it is one that says the phase shifts would

depend on the internuclear axis angle — a misconception which caused Vasavada

and me a lot of anguish until we could show how to include it correctlyi8.

In the Figure 7 we display in abbreviated form the radial equations for

e-H2 scatt. in the uncoupled approximation 18 . The wave function from which

they are derived is given at the top. (V( N ) is the spherically expanded un-

perturbed target (a R ) wave function given in Figure 6. In addition the wave

function contains a polarization part which will be recognized as just what

arises in the method of polarized orbitals 22 . The philosophy of including the

first order distortion ( N = 2 term) in fi2N> in addition to (D( 2) is essentially

just the same a.s including 4)< Po1 >. In the latter case the basic assumption is

that the polarizability is not too large and in the former the basic assumption is

that the internuclear distance not be too large. In both cases one can not give an

14
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a priori limit as to what too large means but in practice it appears that one can

be pretty liberal, at least for the lightest nuclei.

The radial equations are seen to be quite similar to what one gets in

e-hydrogen atom scattering 22 . On the rhs we see a direct polarizability term.

The exchange and exchange polarization terms are those n.ultiplied by r; they

represent the difference between singlet and triplet scattering equations.

When we come to p-waves (t=1) we see the first manifestation of the m

dependence of the equations. In particular the z term is seen to go like r -3

at infinity — that is the quadruple term, and it changes sign from attractive

for m = 0 to repulsive for im j = 1. To some extent these effects are opposed

by the first order correction; but since I 9,(2) I << ^o' ) the magnitude of this

modification are indeed small.

All these effects are discernible in the numerical results 113 some of which

are graphed on the next Figure (8). On the left we see in the 'S phase shifts

trial effect of polarization; which is always attractive, is to increase them

algebraically. Also we see that first order (nonsprerical) effects are very

small. For comparison we have plotted the 1 S a-He phase shifts calculated

by Sloan 23 at the top. You can readily see that He+ in the single-center

target that H + would become if its nuclei were to come together. In that cas

however, the spherical treatment takes full account of the singularity of the

nuclear potential and one sees the vast increase of the phase shift. This gives

one some concern as to the quantitative accuracy of the single center expansion.

16
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i here is some consolation in the fact that the first order correctior actua.ly

reduces the phase shifts slightly as you see. Nevertheless ► think there is only

one way to test the accuracy of the single-center calculation quantitatively and

that is to do the calculation in spheroidal coordinates. Such a calculation is being

done	 our laboratory by Dr. A. B. Ritchie.

On the right you see some 31' phase shifts. First notice how the attractive

quadrupole potential in the m = 0 case increases that phase shift over the re-

pulsive I m I = 1 quadrupole potential. Secondly note how large the V m a U phase

shift is' It actually goes to about 80° at zero energy and it really has no counter-

part even in the atomic case (e -He ` ). But it also can not simply be described as

a pure quadrupole effect. It was this circumstance which led to our suggestion"'

that it was the counterpart of such an enhancement which might account for the

-U compound state of the H2 . This so-called "resonance" was most vividly

found experimentally by Schulz and Asundi in the production of H - ions in a -H 2

collisions za .

Without further ado therefore let us turn to the y^ , e-H 2 phase shifts,

Figure 9. In essence the calculation of TuPy and Berry 25 inrludes the permanent

distortion of the molecule and exchange, but no induced polarization. The induced

polarization plus the long range effects of permanent distortion (i.e., the quad-

rupole potential) can be included with moderate accuracy in the Born approxima-

tion for partial ,,,aves t>0which results are also given on the figure.

V

i
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•

if you add the polarization contribution to Telly and Berry yca get some-

thing very close to tiara's results 16 . Hara has made the most complete calcu-

lation of electron-H 2 scattering thus far. In addition to including permsnept

distortion automatically by using spheroidal coordinates, he has also added

;)olarization". The only objection one might take to this impo rtant calculation

is that it does not include the erchange polarization terms that would arise in a

complete polarized orbital calculation 22 . Now looking at flara's L . results, we

do indeed see the verr , pronounced enhancement of that partial which really does

accord with the similar enhancement that Vasavada and I found in a-H z

scattering"'. The inferred cross sections from these scattering parameters

agree with the experimental results very %3ell. We shall see one example later

on. Nevertheless you see that even Hara's phase shift do not pass through 7T/2

radians; thus to the extent that a resonance has been discussed (I mention in

particular Bardsley, Herzenberg, and Mandl) 27 in this partial wave, the term

must be taken loosely. The reason I don't like the word is because resonance

implies various things about the shape and maximum values that various

partial cross sections should have which don't re all y accord accurately with

experimental results. Furthermore theoretically a resonance is usually associ-

ated with a specific kind of intermediate state which dominates the process and

must be incluGA explicitly to make the phase shift increase by 7r radians. No

such state is in fact included in flara's calculation, and as we said the phase

shift does not increase by 77 radians. The augmentation is certainly present,

20



but T would recommend the word "enhancement" for it. I even think t!e term

"shape resonance" is either too strong; or too ambiguous.

ADIABATIC THEORY OF ROTATIONAL EXCITATION

We ry;s turn to the adiabatic theory of rotational excitation. On the next

Figure (10) I give some of the salient formulae. Unfortunately there is not

time to derive any of them here. Historically the basic formula was first

derived by Chase", but in the context of' nuclear physics where the problem

was the excitation of deformed nuclei. 'There are two important things to notice

about this formula: first that it is not exact but contains an error term is of

the order (m/M) ; it is therefore fantastically small for electron-molecule

collisions. [One also sees however that for heavier incident particle the

theory is probably not particularly good.] Secondly that the dependence of the

fixed nuclei on the rotational angle D O is analytic means that the integral for f

can be evaluated analytically. Chase himself did not reduce this integral or the

associated cross :;ections to simplest terms, however, Oksyuk 29 who was one

of the first to apply this theory seriously to electron-diaioinic molecule did

work them out ir. the case in the uncoupled approximation. The phase shifts he

used however wer e derived from a Fisk type calculation 6 , so that although his

resul,,s are qualitatively impressive, they cannot be taken as quantitatively

fundamental. Mittleman, Peacher and Rozsn 
3 r,

yai applied C'hase's theory to

rotational excitation of poltr (i.e. heteronuclear) molecules, but again their

IR	 21
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calculation did not utilize scattering parameters of a detailed fixed-nuclei

calculaticn, but used rather a soluble model due to Mittleman and von Holdt "

The adiabatic cross sections in the full coupled form for homanuclear case were

worked out for neutrals by Chang and myself 32 and for charged targets (molecular

ions) in an article to be published in the Journal of the Physical Society of

Japan 33. Independently Hara 34 has derived formulae and applied the adiabatic,

theory-14 to his spheroidal calculation of a-H 2 scattering.

I would like to call three features to your attention. First if we have a

rotational transition (j ;4 j , ) then you can see from the final Clebsch-Gordan

(C. G.) coefficient that J d 0; but if J ^ 0 then from the first two C. G. coeffi-

cients you cannot have both v =X=0 i.e. pure s-wave parameters do not con-

tribute to rotational excitation. Since exchange effects are most important in

s-waves, I think this explains why such a crude model as the Stier-Fisk model

when used ir. the adiabatic formalism 29 can still yield reasonable rotational

cross sections.

Not so obvious from o, i , i is the fact aj, i = 0 for A	 j 1 - odd integer.*

This comes from the fact that for homonuclear target a ^m - af_m so that the

adiabatic theory yields the A j - even selection rule very simply. Finally if you

sum over all final states j' you arrive at an expression which is not only indepen-

dent of j, the initial state of rotation, but is identical to the fixed-nuclei expression

for elastic scattering averaged over classical directions of the internuclear

axis 19 . It is in this way, then, that cone finally learns precisely what it is that
This only holds if the electronic state is a I. state. For arbitrary states the results are given
by l emkin, Faisal, and Ch-ing (submitted to the Physical Review).

t
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one calculates as elastic scattering in the fixed nuclei approximation: it is the

sum over all rotational states starting from any initial rotational state.

A word is in order concerning the threshold behavior and the adiabatic

theory. Strictly speaking the error term in Figure 10 is also energy dependent.

The error can be minimiLed by applying the adiabatic theor- in an intelligent

variation 33 , but there appears to be no way of avoiding it altogether. The

correct way of' accounting for threshold is via the theory of Gerjuoy and Steinas .

In our discussion of this problem 33 , we have concluded that when the impacting

energy exceeds approximately twice the rotational energy difference:

k^2 > 2AE ^ , i.

the adiabatic theory should become valid. This is considerably lower than

previous estimates2) 34 . The Gerjuoy-Stein cross section, which is directly

proportional to the quadrupole moment, beautiful accounts for the threshold

behavior of the 2 - o rotational excitation 36 , and in fact can be said to give an

experimental verification of the quadrupole moment Q = 0.48 f 0.01 eao as

Chang has recently shown 3 ^ . By 0.2 eV above threshold however the Gerjuoy-

Stein is low by about a factor of 2 and the enhanced sµ (i.e. m = 0, p-wave)

phase shift will already be entering via the adiabatic theory to account for the

experimentally observed augmentation.

The threshold behavior for charged molecular targets (H2 ) presents an

interesting contrast to the foregoing. In an average sense the adiabatic theory

24



can there be applied down to threshold 33 . In fact most of the results can

be obtained from the Coulomb Born approximation 38 . On the other hand this

is a case where rotational close coupling would definitely predict series of

resonances on top of the adiabatic-background. This comes from the strong

coupling of the different rotational states in the presence of the electronic

effects of the long range Coulomb tail. Fortunately with the use of a coupled

channel quantum defect formalism these resonances can convenientiv be

parametrized in terms quantum defects of the lower np77 and npc1 orbital of the

compound system (H 2 ), their corresponding dipole moments, and the rotational

energy constant of the target (H 2 )39. The significant point is the behavior of the

electron in the field of the H Z , wherein it is alternately repelled from the lower

rotational state and attracted to the upper rotations.:, so that the lifetime in the

vicinity of the target at a discrete set of energies is long and not short. Thus

it violates fundamentally the assumption of the adiabatic theory, which therefore

no longer applies, and a discrete set of r;,_-c::ances ensue. What we learn from

this is that the semi.-classical argument that the electron velocity be large

compared to the nuclei is not a guarantee that this is so. Thus the adequacy of the

adiabatic theory, as well as the fixed-nuclei approximation for that matter, is

partially an a postiori circumstance.

In the next : igure (11) we give some differential rota^ional excitation re-

salts of H 2 which as shown on the left are dominated by p-waves. Indeed it is

the difference between the different m-components which is important, a fact
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which can readily be appreciated, since it is a non-spherically symmetric

effect that is causing the m-dependence and that is also what is applying the

torque to the nuclei. The d-wave on the other hand is what causes the asym-

metry about 90 0 and therefore we expect it to be small. Our own calculation 32

was performed by fitting the total cT,
i -- ,

cross sections to those Ehrhardt and

Linder and the very accurate swarm results of Crompson, Gibson, and McIntosh36

at even lower energies. Of particular interest is the fact that our results at

these energies are indistinguisliable from Hara's 34 , which is another indication

of the quality of his results 26 . The lo ,,ti,est curve is what Hara gets when he

does not include polarization. The discrepancy is in line with the close

coupling results of Lane et. a.'. 3-5 when they did not include both exchange and

polarization. To give you an idea of the complexity of that calculation, however,

I have inserted some close coupling formulae at the botton! Those authors also

noted that the sum over all rotational states (including the elastic) from any

given initial state j is independent of j to a high degree of approximation. As

we have seen from Figure 10, this result is a necessary consequence of the

adiabatic theory.

For all these reasons it is to be expected that the adiabatic and rotational

clone coupling theories must he accurately related to each other by a unitary

transformation. This transformation has been studied recently by Bottcher41

and Burke and SinFaiLam 42
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Returning to the adiabatic theory, I present in Figure 12 some a-H s dif-

:erential cross sections 33 . Of particular note is the opposite asymmetry of

singlet and triplet results about 90°. This is traceable to the enhancement of the

3P = o phase shift of which there is no counterpart in the 1 P m = o partial wave.

This then is an experimental manifestation of the Y-E- enhancement which was

such a prominent feature of the a-H z results.

In summary then I think we can say that calculational understanding of

electron-molecule scattering has progressed significantly in the last couple of

years. The fixed-nuclei theory provides a reliable and convenient method of

calculating the average cross section and coupled with the adiabatic theory,

it effectively supersedes rotational close coupling as a method for calculating

most aspects of rotational excitation, in my opinion. Single-center expressions,

on the other hand, are not on such reliable ground. There is no question that

they provide an approximately quantitative description, however, particularly

for heavier diatomics the degree of accuracy to which they are practically

capable is open to question.. To convince you of that I show you on the last

Figure (13) a recent very elaborate single-center calculation of a-N , scattering

by Burke and SinFail,am 42 . In the first place several terms were required both

in the partial wave expansion of the scattered wave as well as the spherical

expansion of the potential in order to obtain apparent convergence. The agree-

ment with experiment 
4 t 

as you see is only qualitative. The 211 
Q 

enhancement

or shape resonance does not show up gratifyingly in the calculation, but its
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position and height are not really correct. It is possible that part of this is

due to incomplete inclusion of polarizatior. in addition to the single-center

expansion, but for all the work entailed, one might have hoped for more.

Incidentally the lower curve is one calculated by Fisk 6 35 years ago. It

appears then that spheroidal coordinates will be a necessary part of accurate

fixed-nuclei calculations.

The resonances in the experimental curve around 3 eV were fi rst seen by

Schulz 44 . They are obviously strongly connected with vibrational stricture.

The accurate inclusion of the vibrational degrees of freedom present at the

present time the most challenging problem in the theory of eiectron-molecule

scattering 45 .

0.
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