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THE COMBIlED "FECT OF GFUVITY GRADIENT AXD AERODYNAMIC 

TORQUES ON THE ATTITUDE CONTROL OF THE APOLLO/S-IVB 
I N  A CIRCULAR ORBIT ABOUT THE EARTH 

SUMMARY 

An analysis of the  combined ef fec t  o f  aerodynamic and gravi ty  gra- 
dient  torques on t h e  a t t i t u d e  control of t he  Apollo/S-IVB configuration 
during the  earth-parking-orbit phase of a lunar landing misSion i s  de- 
scribed. The parking orb i t  i s  assumed t o  be c i rcu lar  above the  surface 
of a spherical  ear th  of homogeneous mass d is t r ibu t ion .  
torques are determined by means of free-molecule impact theory, commonly 
referred t o  as specular re f lec t ion .  

Aerodynamic 

The equations u t i l i zed  i n  t h e  analysis w e r e  prcgramed on the  IBM 7094 
computer using an assumed orb i t  a l t i t u d e  of 100 naut ical  m i l e s .  The ef- 
f e c t s  of t h e  disturbance torques on the l imit-cycle charac te r i s t ics  of t h e  
vehicle were determined using the  S-IVB a t t i t u d e  control system t o  main- 
t a i n  the  vehicle a t  various pitch, yaw, and r o l l  a t t i t udes  relative t o  the  
l o c a l  horizontal  within specified deadbands. Pure p i tch  a t t i t udes  (p i tch  
axis  normal t o  o rb i t  plane, zero roll and yaw) of 0, 45, and 90 degrees 
relative t o  the  l o c a l  horizontal  were simulated using specif ied deadbands 
varying fromfO.3 degrees t o  k5 degrees. A t  a l l  commanded a t t i tudes ,  t h e  
vehicle damped t o  a steady-state l i m i t  cycle on one side of t he  p i tch  
deadband instead of t ravers ing t h e  en t i r e  deadband as desired.  The fre- 
quencies of these l i m i t  cycles were considerably higher than those which 
would ex i s t  i n  the  absence of disturbing torques, resu l t ing  i n  increased 
control system f u e l  consumption. 

A combined maneuver i n  which the  vehicle was  commanded t o  maintain 
simultaneously a p i tch  and yaw a t t i t u d e  r e l a t ive  t o  the  l o c a l  horizontal  
of 30 degrees each within a 255 degree specified deadband about each axis  
w a s  a l s o  simulated. The l imit-cycles about both the  p i tch  and yaw axes 
exhibited a similar behavior t o  the  pure p i tch  command described above, 
although the  amplitudes and frequencies were d i f fe ren t  i n  p i tch  from 
those i n  yaw. 

INTRODUCTION 

A sa te l l i t e  i n  ear th  orb i t  i s  acted upon by numerous environmental 
disturbance torques which a f f ec t  i t s  angular motion. These include 
torques resu l t ing  from gravi ty  gradient, so l a r  pressure, e l e c t r i c  and 
magnetic fields, .meteorites, and aerodynamics. Rough estimates given by 
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Roberson i n  reference 1 indicate 
torques f o r  a low-altitude orb i t  
dynamics. The e f f ec t  of gravity 

t h a t  the most s ignif icant  of these 
resu l t  from gravi ty  gradient and aero- 
gradient on the  angular motions of an 

ear th  satel l i te  has been analyzed by various authors such as Doolin 
( r e f .  2 ) .  
sa te l l i t e  configurations a t  low a l t i tudes  has been studied by DeBra 
( ref .  3 ) .  

The ef fec t  of aerodynamics on t h e  angular motions of cer ta in  

The present study investigates t he  combined ef fec t  of gravi ty  gra- 
dient and aerodynamics on the  a t t i t ude  control of t he  Apollo/S-IVB i n  a 
circular  orb i t  about t he  ear th .  According to present plans, t h e  Apollo/ 
S-IVB configuration w i l l  be maintained a t  some specified a t t i t ude  rela- 
t i v e  to the  loca l  v e r t i c a l  within predetermined deadbands i n  pitch, yaw, 
and r o l l  by means of reaction jets during t h e  ear th  o rb i t a l  phase of t he  
lunar landing mission. This requirement arises frornthe need to orient  
communications equipment on board the  vehicle to earth-based f l i g h t  moni- 
to rs ,  as w e l l  as t o  orient  an onboard sextant fo r  star and landmark 
sightings to es tab l i sh  vehicle posit ion.  
be the  primary means of a t t i t ude  control and the  Apollo service module 
control system may be used as  a backup. 

The S-IVB control system w i l l  

The mathematical model employed to analyze t h e  combined ef fec t  of 
aerodynamic and gravi ty  gradient torques on the a t t i t ude  control of t he  
vehicle, as w e l l  as r e su l t s  obtained using the  S-IVB a t t i t ude  control 
system to maintain various a t t i t udes  r e l a t ive  to the  loca l  ver t ica l ,  i s  
herein presented. 

The author wishes to acknowledge t h e  assistance of M r .  James L. Long 
o f  the  Computation and Data Reduction Division, NASA Manned Spacecraft 
Center, who programed and checked the  d i g i t a l  computer mechanization of 
t he  equations used i n  t h i s  study. 

SYMBOLS 

A 

a 

C 

% 

Length of cone removed to form cone f rus tum ( f ig .  A-4), 
f t  

Distance from vehicle center of mass t o  elemental mass 
i n  vehicle, f t  

Aerodynamic force component along x-axis, l b  

Normal force coefficient,  dimensionless 
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cl, c p  c3 Constants used to determine control torque d i rec t ion  
about the x-, y-, and z-axes, respectively, (equations 60 
to 6>), dimensionless 

D 

Dl 

Diameter of cylinder used to represent Saturn S-IVB 
booster, f t  

Diameter of cylinder used t o  represent service module 
plus LF51 shroud 

d Dif fe ren t ia l  operator, dimensionless 

Cone center of pressure distance from apex along 
x-axis, f t  

Command 'module center of pressure distance from nose 
along x-axis, f t  

Combined center of pressure distance from combined 
center of mass along x-+is, f t  c .p. 1 

Cylinder center of pressure distance from f ront  along 
x-axis, f t  l c y l  

Cone frustum center of pressure distance from s m a l l  end 
along x-axis, f t  

Large cone center of pressure locat ion used to determine 
cone frustum center of pressure locat ion (appendix A), f t  

Small cone center of pressure used t o  determine cone 
frustum center of pressure (appendix A),  f t  

Service module plus lunar excursion module shroud center 
of pressure distance from f ront  of service module along 
x-axis, f t  

'SM/LERS 

Saturn S-IVB center of pressure distance from f ront  
along x-axis, f t  ls-IVB 

M Resultant torque acting on vehicle, f t - l b  

M , M , Mz Control torque about x-, y-, and z-axes, respectively, 
"J 'J J f t - l b  

Magnitude of control torque about x-, y-, and z-axes, 
res pe c t  ively , f t - l b  MI' M2' M3 
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m Mass of vehicle, slugs 

A 

P 

r 

r 
CY1 

m 
- 
r 

S 

T1 

Aerodynamic normal force acting on vehicle, lb 

Unit vector perpendicular to an elemental area on surface 
of vehicle, dimensionless 

Dynamic pressure, 1b/ft 2 

Vector distance from earth center of' mass to vehicle 
center of mass, ft 

Radius of cone intermediate cross-section (fig . A-3), ft 

Radius of cylinder cross-section (fig . A-5) 

Vector distance from earth center of mass to elemental 
mass in vehicle, ft 

Cross-sectional area of S-IVB, XD /4, ft 2 2 

Orthogonal matrix transformation from the 

z -axis system to the x, y, and z-axis system, dimen- 

s ionle s s 

xo, yo, and 

0 

Velocity of vehicle relative to the atmosphere (equal to 
inertial velocity in present analysis), ft/sec 

x, Y, z Vehicle body axes having Qrigin at combined center of 
mass with x-axis pQsitive forward through command module 
nose, y- and z-axes completing right-handed system 

Z Cone body axes having origin at apex with x -axis 
positive rearward, yc- and z -axes completing righbhanded 

C 
system (fig. A-2) 

xc.' C 

xfC, ylC, ztC Axes parallel to xc- and zc-axes, respectively, with 
origin at center of elemental area on surface of cone 

(fig. A-2) 



c.m. X 

X '  c.p. 

Z cyl' yc$@ cy1 X 

Z xr9 'r, r 

a 

U 
p1 

U 
p2 

P 
3, 

r 

Distance along x-axis from nose of command module to 
vehicle combined center of mass, ft 

Distance along x-axis from nose of cormnand module t o  
vehicle cc ibined center of pressure, ft 

CYl-axis 
Cylinder body axes having origin at end with x 
positive rearward, y 
right-handed system (fig. A-5) 

and z -axes completing 
cy1- CY1 

Inertial Cartesian axis system having origin at center 
of spherical earth with y -axis normal to orbit plane, 
x - and z -axes completing right-handed system (fig. 2) 

0 

0 0 

Cartesian coordinate system having origin at center of 

spherical earth with x -axis parallel to local hori- 
aontal (positive in direction of motion) y -axis 

normal to orbit plane and z -axis along 
outward from center of earth) 

r 
r 
(positive r 

Combined angle of attack, or angle between x-axis and v, degrees 

Angle in yc zc-plane between yc-axis and line from 
xc-axis to projection on y 
face of cone (fig. A-2), degrees 

z -plane of point on sur- c c  

Values of p, corresponding to points on line along 

cone surface separating portion of surface exposed to 
air flow from portion shielded from air flow, degrees 

1 Angle related to cone frustum corresponding to 
for cone, degrees 

p 

U 
1 Angle related to cone frustum corresponding to p 

for cone, degrees 

Angle related 
cone, degrees 

r t, Angle in 
degrees 

Q 

to cylinder corresponding to p for 
u 1 

orbit plane between z -axis and z -axis, 
0 r 
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Constant o r b i t a l  angular rate, or angular rate of 

xr-, :rr-, arJd z -axes relative to x -, yo-, and z -axes, 

rad/se c 
r 0 . o  

1 6 

E 

ri 

n 

A 

Semi-apex angle of cone used to represent command 
module, degrees 

Semi-apex angle of cone frustum used t o  represent 
adapter between LEN shroud and S-ID, degrees 

Angle between v and l i n e  of in te rsec t ion  between cone 
surface and plane containing 7 and x -axis ( f i g .  A - l ) ,  
degrees 

Angle between 7 and l i n e  normal t o  cone surface i n  
plane containing 7 and x -axis ( f i g .  A-l), degrees 

E u l e r  angles defining or ientat ion of x y z - t r i d  relative 
t o  x y z - t r iad ,  degrees 

C 

C 

0 0 0  

Euler angles defining or ientat ion of xyz-triad relative 
t o  x y. z -triad, degrees r r r  

Commanded values of 0 , 'r, and Id,, respectively, 
degrees 

Atmospheric density, slugs /f t  3 

Width (duration) of a t t i t u d e  control j e t  pulses about 
xT, y-, and z-axes, respectively, seconds 

Time between a t t i t u d e  control  j e t  pulses about x-, y-, 
and z-axes, respectively, seconds 

Aerodynamic roll-angle, or angle between @ 
i n  yz-plane, degrees 

and y-axis 
, a  

Resultant angular rate of vehicle i n  i n e r t i a l  space, 
rad/sec 

Subscripts 

Aaapter between service module p l u s  LEM shroud and 
s- IVB 

L 
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a 

C 

Aerodynamic 

Cone 

Ex? Ey’ EZ Error funcbions used to command control torques about 
the x-, y-, and z-axes, respectively, dimensionless 

F Resultant aerodynamic force acting on vehicle, lb 

FG Inverse-square-law gravitational force acting on 
vehicle due to earth, lb 

H ? H  ? H z  Lower (negative) deadbands about the x-, y-, and z-axes 
xl Yl 1 respectively, radians 

H , H  9 H  Upper (positive) deadbands about the x-, y-, and 
x2 y2 z2 z-axes, respectively, radians 

Ix’ Iy’ Iz Moments of inertia about the x-, y-, and z-axes, 
respectively, slug-ft2 

Unit vectors along the x-, y-, and z-axes, respectively, 
dimensionless 

A A A  

Unit vectors along the x -, ye-, and zc-axes, 
respect ively 

ic3 JCJ kc C 

K Geocentric gravitational constant of the earth, 

1.407636 x ft3/sec2 

Rate gains in attitude control system, rad/rad/sec 5’ K39 K=, 
K2, K4, K6 Attitude gains in attitude control system, rad/rad 

L Length of cylinder used to represent S-IVB booster, ft 

L 1 Length of cone used to represent command module, ft 

Length of cylinder used to represent service module 
plus LID1 shroud, ft L2 

Length of cone frustum used to represent adapter be- 
tween the service module plus LF51 shroud and the 3 L 

‘ S-IVB booster, ft 



a 

l A  

CM 

C Y 1  

f 

G 

L 

S 

SM/IE! 

x- IVB 
T 

Adapter center of pressure distance from f ront  along 
x-axis, ft 

Command module 

Cylinder 

Cone frustum 

Gravity gradient 

Large cone 

Small cone 

Service module plus lunar excursion mouiLe shroud 

Saturn booster used fo r  t ranslunar  o rb i t  in jec t ion  

Total  or resu l tan t  

x, Y, z Components along x-, y-, and z-axes, respectively 

Z Components along x -, yo-, and z -axes, respectively xo, yo, 0 0 0 

I n  additign, a ( ’ )  over a symbol represents a derivat ive with respect t o  
time and a (3 over a symbol represents a vector.  

ANALYSIS 

Equations of Motion 

The mathematical model employed f o r  t h i s  investigation was  a r i g i d  
vehicle moving i n  a c i rcu lar  o r b i t  about a spherical, homogeneous, non- 
rotat ing ear th .  
f igure 1. 
geometry of the vehicle is  shown i n  f igure 3. 
h ic le  a re  assumed t o  be pr incipal  axes and t h e  moments of iner t ia  of the  
vehicle a re  assumed t o  be constant. Under these conditions, t h e  rota- 
t i o n a l  equations of motion are,  from reference 4, 

A block diagram of the  mathematical model i s  shown i n  
The Coordinate systems used a re  shown i n  figure, 2 and the 

The body axes of the ve- 

4 = pxG + MXJ - R  Y Z  R ( I z -  ;‘I / I X  



The e f f ec t  of a t t i t u d e  control  j e t  and aerodynamic forces on the  
o rb i t  parameters are assumed to be. negligible f o r  the  length of t i m e  
during which the  vehicle 'remains i n  ear th  orb i t ,  that  is ,  t he  veloci ty  
and a l t i t u d e  of the vehicle a re  constrained to remain constant, the  
plane of the  o rb i t  being fixed i n  i n e r t i a l  space. Consequently, the 
t r ans l a t iona l  equations of motion are not included i n  t h i s  study. 

I n e r t i a l  Atti tude 

The a t t i t u d e  of the vehicle r e l a t ive  to i n e r t i a l  space can be de- 
termined by use of f i l e r  angles. 
veloci ty  about t he  body axes i n  terms of Euler angles and Euler angular 
r a t e s  are seen t o  be 

From f igure 4, the  components of angular 

R = $ + i s i n @  
X (4) 

Solving equations (4), ( 3 ) ,  and (6) simultaneously to obtain the  
Euler angular rates, 

Icr = Qy s i n  pl + R~ cos pl ( 8 )  

Equations (7), ( 8 ) ,  and (9) can then be integrated numerically with 
respect t o  t i m e  t b  obtain the a t t i t u d e  of t he  vehicle relative t o  i n e r t i a l  



space, t h a t  is, the or ientat ion of t he  xyz-triad r e l a t ive  to t he  
x y z -%riad. 

0 0 0  

Attitude Relative to Local Vertical  

The a t t i t u d e  of the vehicle r e l a t ive  to the  l o c a l  v e r t i c a l  can be 
determined by use of Euler angles by superimposing a fourth angle t o  
represent t he  ro ta t ion  of the  l o c a l  v e r t i c a l  r e l a t ive  t o  i n e r t i a l  space, 
as  shown i n  f igure 5 .  As can be seen from f igure 5, 

Solving equations (lo), (ll), and (12) simultaneously t o  obtain the  
r e l a t ive  Euler angular ra tes ,  

4, = R s i n  8, + fiZ cos gr 
Y 

'r Y r r 3 /cos qr = cos - ez s i n  fir - cos 

Equations (l3),. (14), and (17) can then be integrated numerically 
with respect to $ime t o  obtain the  a t t i t u d e  of the  vehicle r e l a t ive  t o  
the l o c a l  ve r t i ca l ,  t h a t  is ,  t he  orienkation of the  xyz-triad r e l a t ive  
t o  t h e  x y z - t r i ad .  r r r  

Coordinate Transformations 

The components of vehicle posi t ion and veloci ty  along the  x -, yo-, 
0 and z -axes are, from f igure 2, 

0 

(16) 

t 

R = O  



R~ = R COS r 
0 

arid 

v = y COS r 
0 

xi 

TT = o  
YO 

Vz = -V sin I? 
0 

The components of orbital angular rate along the x -, yo-, and 
0 z -axes are, from figure 3, 

0 

= o  
fix 0 

r = r  

.rz = o  
0 

(24) 

The matrix transformation from the x y z -triad t o  the xyz-triad is, 
0 0 0  from figure 4, 

pl] = 

(cos Jr cos e )  (sin ~ r )  (-sin e cos ~ r )  

(sin pl sin 8 

- sin 9 cos 0 cos #) 

(sin ~r cos esin 6 
-+ s i n  ecos 6) 

(cos # cos ~ r )  (sin e sin ~r cos # 
+ sin 6 cos e )  
(cos  pl cos e 
-sin 6 sin e sin ~ r )  

(-sin # cos ~ r )  

The components of vehicle position and velocity along the x-, y-, 
and z-axes are then 
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and 

The components of o r b i t a l  angular rate along the  xyz-axes are 

= [.lj 

Aerodynamic T rque 

The configuration shown i n  f igure  3 i s  assumed t o  represent the  
Apollo/S-IVB f o r  t he  purpose of aerodynamic calculptions . 

As shown, the  command module i s  represented by a r igh t  c i r cu la r  
cone, the  service module/W shroud and Saturn S-IVB by r igh t  c i r cu la r  
cylinders and the  S-IVB adapter by a r igh t  c i r cu la r  cone frustum. 

The t o t a l  normal force coeff ic ient  f o r  t h i s  configuration i s  
detemined by summing t h e  normal force coef f ic ien ts  of t h e  individual 
components, t h a t  is, 



where all coeff ic ients  are based on a cornon reference area and shielding 
of various components by upskream components are assumed t o  be negligible.  
The coeff ic ients  fo r  the individual components are derived i n  Appendix A. 
The resu l t ing  expressions are l i s t e d  below, each based on the  cross- 
sect ional  area of the S-IVR, flD /4. 2 

For the  command module, 

where, from f igure 6, 

-1 
v a = tan 
X 

and, from Appendix A, 

-1 7 / t a n 2 a  - tan2g1 
p, = cos tan a 

U 

For the service rnodule/L;EM shroud, 

(33) 
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For the  S-IVB adapter, 

= 2  
c% 

2 - (Dl/D)l  cos 62 s i n  2a when a 5 8, 

+ 1 
2 2 - - s i n  2a s i n  26 s i n  p2 

2 

U U 

f 

(35) 

where, replacing 
(331, 

p, and 6 by p 2  and G2 respectively, i n  equation 
U 

1 
U 

-1 2 
t a n  a P, = COG 

U 

For t h e  Saturn S-IVB, 

From figure 3, t h e  resu l tan t  aerodynamic 
the  command module, 

moment about t he  nose of 

t 

1 (L1 + L2 + L f 1 3 s-m) + CN (L1 + L2 + 1*) + c 
A Ns-Iw 
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But, from Appendix A, 

Substi tuting equations (40) t h r o v h  ( k 3 )  i n to  equatxksn (39) and simpLb 
fying, 

The resu l tan t  normal force on the vehicle 

NT = C qflD2/4 
NT 

The distance of t he  resul tant  center of pressure f romthe  nose of! 
the  command module i s  then determined by the  ra-t;io of resu l tan t  momenk 
about t he  nose t o  resyltant normal force, that; is, 

= M  
?NOSE NT c .p. X 
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Subst i tut ing equaixisrns (4k) and (45) i n t o  equation (46) ant3 redwing, 

The dlstance of the resul.tant center of pressure f romthe  resultan$ 
cenlitier of rmss 

= x  - x  c.p. C .Ill. c ,p*  1 

The resu l tan t  aerodym&c moment @boqt the  center qf  mass 

and a o t s  about qn axis normal 
resu l tan t  va&ocit$r vectdr, ar: 
each of t h e  body axes a re  

M =  
xa 

M =  
ya 

M =  
a 2 

where, Prom f igure 6, 

t o  the  plane containing the  x-axis and t h e  
shown LE figuro 6, The components &bout 

0 (50)  

M cos fib c 

M a s i n  fib (50)  

a 



Gravity Gradient Torque 

The torque produced by gravi ty  gradient on a vehicle i n  an inverse- 
square force f i e l d  i s  t rea ted  i n  Appendix €3. 
t o  determine the  components of t h i s  torque ahout an a rb i t r a ry  s e t  of 
orthogonal body axes of an a rb i t r a ry  vehicle.  
the Apollo/S-IVB a re  assumed t o  be pr incipal  axes i n  the  present analysis, 
the  components of gravi ty  gradient torque about these axes are (see 
Appendix B), 

Expressions are developed 

Since the,body axes of 

M = % R  RZ (Ix - Iz) 
. Yc Rfs 

= - R  3K R (I  - I,) 
MZ G R 5 X Y  Y 

(54) 

(55) 

Attitude Control System 

The a t t i t u d e  control system employed i n  the  present analysis con- 
s i s t s  of constant magnitude j e t s  mounted on the vehicle t o  produce torque 
about each of the  body axes. 

The j e t s  producing control torque about each of the body axes a re  
f i r e d  a t  constant frequency and constant width (duration) as commanded by 
the  control log ic  fo r  each ax is .  The system i s  assumed t o  be ideal,  
t ha t  is ,  the pulses a re  rectangular and no hysteresis or t i m e  delays 
ex is t  

The e r ror  s ignals  used t o  command control torques about the  x-, Y - ~  
and z-axes respectively a re :  

E = K  (n - r )  + K &  (er - e r  1 
C Y 3 Y  Y 
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The quant i t ies  r,, f'y, and rz i n  equations (571, (581, and (591, 
respectively, remove the angular rake of the x y z - t r i ad  r e l a t i v e  t o  

i n e r t i a l  space so t h a t  the  e r ro r  functions E,, Ey, and EZ are 
analogous t o  a fami l ia r  i n e r t i a l  a t t i t u d e  command system r a t e  

r r r  

feedback . 
The control torques about the x-, y-, and z-axes, respectively, 

a re  : 

where 

C = '  
1 

- 
c2 - 

M =CIT 
xJ 

M = C  M 2 2  YJ 

M = C  M 
z J 3 3  

1 for I- seconds, then 0 fo r  I- seconds 
1 X X 

and repeat i f  Ex < H 
1 X 

-1 for T~ seconds, then 0 f o r  T seconds, and repeat i 
1 X 

E, > H 
, 

O i f  H, < E  <Hx 
2 x -  - 

1 

1 for  T seconds, then 0 fo r  I- seconds, and repeat 
Y Y1 

i f  E < H  
y1 

-A for  I- seconds, then 0 for I- seconds, and repeat i 
Y Y 1  

Q i f  H < H 
YJ. - y2 



c =  3 

c 

1 for T seconds, then 0 for T seconds, and repeat 
1 z z 

if E, < H, 
1 

-1 for T~ seconds, then 0 for T seconds, and repeat 

if EZ > Hz 
z1 

2 

TEST PROCEDURE 

A l l  attitude command maneuvers simulated corresponded to a circular 
orbit at an altitude of 100 nautical miles above the surface of the 
earth. The vehicle and orbital parameters $or all maneuvers were: 

A = 18.833 ft 

D . = 21.667 ft 

= 12.833 ft Dl 
4 2 

6 2 

6 2 

= 8.62 x IO slug-ft 

1 = 9.75 x 10 slug-ft 

= 9.75 x 10 slug-ft 

= 1.40715 X 1016 ft3/sec2 

X 
I 

Y 

IZ 

K 

V K 3 =  K 5 = 5 rad/rad/sec 

K2 7 K4 = K6 = 1 rad/rad 

L = 43.625 ft 
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= 32.700 f t  L2 

= 12.917 f t  3 L 

% = 3.489 X 10 3 f't-lb 

% 

M3 

= 3.702 X 10 3 ft-l'b 

= 8.476 X . 1 0  3 f t - l b  

= 2.15115 x io 7 ft E 
4 - v = 2.5579 x 10 ft /sec 

= 73.10 ft 

= 6.812468 X 10'' deg/sec 

= 33.06 deg 

c .m. x 

;. 
- 

% 
62 = 18.85 deg 

7 5 7 = 7 = 0.05 seconds 
X Y Z  

7 ' = T  = TZ = 0.95 seconds 
1 y1 1 X 

A series o f  pitch command maneuvers were simulated requir ing t h e  
i n i t i a l  cpncli-bions l i s ted  below: 

Jr = o  
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fir = o  

Rx = 0 

C 

sz = r = r  
Y 

RZ = 0 

r = o  

,8124.r ?I x Id2 deg, sec 

Commanded pitch attitudes (er ) of 0, 45, and 90 degrees were 
c 

simulated. At each attitude, results were obtained for desired deadbands 
ranging from 9 . 5  degrees to +5 degrees. - 

A combined pitch and yaw maneuver was simulated wherein the initial 
conditions listed above were applicable with the following changes: 

H = H  = H  =-5deg 
1 y1 z1 X 

8 = 35 deg 

JI = 35 deg 

$d = 0 deg 

fir = 0 deg 

= 30 deg 
c 

@r 

JIr = 30 deg 
C 
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= I? = 0.03907 deg/sec 

R = 6 = 0.04571 deg/sec 

= 6 = 0.03201 deg/sec 

X 

Y Y 

" z  Z 

Each of t he  above maneuvers w a s  simulated for a time suf f ic ien t  t o  allow 
the  l imit-cycle periods about each axis  t o  damp t o  steady-state values.  

RESULTS DISCUSSIOII 

A series of maneuvers using the  Saturn S-IVB a t t i t u d e  control  system 
t o  maintain the  Apollo/S-IVB at  d i f fe ren t  p i tch  a t t i t udes  relative t o  the  
loca l  horizontal  w a s  simulated. The vehicle w a s  i n i t i a l l y  oriented with 
the  y-axis normal t o  the  o rb i t  plane; consequently, t he  resu l tan t  aero- 
dynamic and gravi ty  torques acted about t h a t  axis,  t he  x- and z-axes being 
unaffected. 
commanded t o  maintain simultaneously a p i t ch  and yaw a t t i t u d e  r e l a t ive  t o  
the  l o c a l  horizontal, a s i t ua t ion  which could be required f o r  a navita- 
t i o n  s ight ing or other operation, w a s  a l so  simulated. 

I n  addition, a combined maneuver i n  which t h e  vehicle w a s  

PITCH COMMAND 

The vehicle damped t o  a steady-state l i m i t  cycle on one s ide  of t h e  
specif ied p i tch  deadband instead of t ravers ing t h e  e n t i r e  deadband at  
each commanded p i tch  a t t i t ude .  This behavior i s  a consequence of t he  uni- 
d i rec t iona l  disturbance torques ( f i g .  7) acting about t he  y-axis tending 
t o  increase the  p i t ch  a t t i t ude .  
the  case l i s t e d  i n  t ab le  I f o r  a commanded p i t ch  a t t i t u d e  of 0 degrees 
with a specif ied deadband of -1-0.5 degrees. A s  shown i n  f igure 8, when 
the  vehicle reaches the  M.5-degree side of t he  deadband from within t h e  
deadband a t  a su f f i c i en t ly  low rate, t h e  p i t ch  a t t i t u d e  control  j e t  w i l l  
i m p a r t  a minimum impulse t o  t h e  vehicle and reverse the  d i rec t ion  of 
ro ta t ion .  The disturbance torques are then act ing i n  a d i rec t ion  oppo- 
s i t e  t o  t h e  d i rec t ion  of ro ta t ion  with suf f ic ien t  magnitude to s top  the  
ro ta t ion  before the  vehicle reaches the  -0.5-degree s ide  of t he  deadband 
and force it t o  start back toward t h e  +O.?-degree s ide  of the  deadband. 
This behavior continues u n t i l  a steady-state condition i s  reached wherein 

As an example of t h i s  behavior, consider 
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the  vehicle ro ta tes  0.053 degrees away f romthe  i-0.5-degree s ide  of the 
deadband i n  t he  direct ion of the -0.5-degree side, reverses direct ion 
and returns,  t he  cycle repeating (and the  j e t  f i r i n g )  every 413 seconds. 
Similar r e su l t s  were obtained a t  the  other commanded a t t i t udes  examined, 
as shown i n  .table I. 

The resu l t ing  limit-cycle widths and periods were found t o  vary 
with specif ied deadband width a t  the  commanded a t t i t udes  examined. This 
var ia t ion  came about because the vehicle always remained i n  close prox- 
imity t o  one s ide of the  specif ied deadband, thus subjecting the  vehicle 
to varying (attitude-dependent) disturbance torques. This var ia t ion  i s  
seen from t ab le  I t o  be especial ly  s ignif icant  fo r  a commanded p i tch  
a t t i t u d e  of 0 degrees, the  resu l t ing  l imit-cycle period varying from 
413 seconds f o r  a +O.5 degree-specified deadband t o  33 seconds f o r  a 
+?-degree spec i f ied  deadband. For t h i s  reason, a se r ies  of maneuvers 
were simulated wherein the commanded p i tch  a t t i t u d e  w a s  0 degrees and 
the  specif ied deadband widths were varied from +O.5 degrees t o  i-5 de- 
grees i n  increments of 0.5 degrees. 
cycle periods resu l t ing  decreased as the  specified deadband widths 
increased. The r e su l t s  obtained a r e  summarized i n  tab le  11. 

Both the  dgadband widths and l i m i t -  

Combined Pitch-Yaw Command 

The p i tch  and yaw a t t i t udes  were each commanded to 30 degrees within 
a k5-degree deadband. The limit-cycles about both t h e  p i tch  and yaw 
axes exhibited similar behavior to the pure p i tch  command described above. 
The p i tch  deadband width obtained was 0.001 degrees with a period of 
7 seconds a t  the  +?-degree s ide of the deadband. The yaw deadband width 
obtained w a s  0.008 degrees with a period of 54- seconds a t  the  -5-degree 
s ide of the deadband. The difference i n  limit-cycle charac te r i s t ics  i n  
p i tch  and yaw was due i n  par t  t o  the  gravi ty  gradient and aerodynamic 
torques being i n  the  same d i rec t ion  (pos i t ive)  i n  pitch, but i n  opposite 
direct ions i n  yaw. Another source of difference was the i n e r t i a  cross- 
coupling between the  p i tch  and yaw axes through the  roll axis  because a 
roll r a t e  was  required as a component of the o r b i t a l  Sngular r a t e  (rota- 
t i on  r a t e  of l o c a l  horizontal  i n  the  o rb i t  plane) .  Although t h i s  cross- 
coupling was  insignif icant  compared to t he  gravity gradient and aero- 
dynamic torques about the p i tch  axis, it dominated the  motion about the  
yaw axis .  The f i n a l  difference arose because the  control torque about 
the  yaw axis  was  greater  than the  control torque about the  p i tch  axis  
(two 150-pound-thrust j e t s  produce torque i n  e i the r  d i rec t ion  fo r  yaw 
control, whereas only one 150-pound-thrust j e t  i s  available f o r  p i tch  
control i n  each direct ion) ,  while the  moments of i n e r t i a  i n  p i tch  and 
yaw were equal. 
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CONCLUDIE RENAFXS 

Gravity gradient and aerodynamic torques act ing on the  Apollo/S-ID 
i n  a 100-nautical-mile c i rcu lar  o r b i t  about the  ear th  a re  of suf f ic ien t  
magnitude t o  have a s igni f icant  deleterious e f f ec t  on the l imit-cycle 
operation of the Saturn S-IVB a t t i t u d e  control system about both the  p i tch  
and yaw axes of the vehicle.  A t  the  commanded a t t i t udes  considered i n  the  
present analysis,  the torques forced the  vehicle t o  damp t o  a steady-state 
limit-cycle on one s ide of the p i tch  and yaw specif ied deadbands instead 
of t ravers ing t h e  e n t i r e  .deadbands, resu l t ing  i n  frequencies considerably 
higher than the  no-disturbance-torque condition. 

A t  commanded a t t i t udes  near zero, t he  frequency of the  steady-state 
l imit-cycles about t h e , p i t c h  or  yaw axis  can be considerably reduced by 
decreasing the  specif ied deadbands, resu l t ing  i n  a decrease i n  a t t i t u d e  
control f u e l  consumption. A t  l a rger  commanded a t t i tudes ,  t he  e f f ec t  of 
varying the  specified deadbands i s  less pronounced. 
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TABU I.- EFFECT OF VARLclTION I N  COMMANDED P I T C H  A!ITITUDE ON THE 

PITCH-AXIS LIMIT-CYCU CHARACTERISTICS OF THE APOLLO/S-IVB 

I N  A 100-NAUTICALMILE CIR- EARTH ORBIW 

Commanded 
p i tch  a t t i t u d e  

(degrees) 

0 

45 

90 

0 

45 

90 

Specified 
deadband width 

, (degrees) 

*5 

. *5 

h5 

*0.5 

k0.5 

k0.5 

Resulting 
deadband width 

(degrees) 

.003 

.001 

.002 

* 053 

.001 

.001 

Resulting 
l i m i t  cycle 

period 
(s-4 
33 

5 

14 

413 

6 

11 

%-IVB a t t i t u d e  control system with minimum pulse duration of 
5Oms and 150-pound-thrust j e t s  used. 

. 



TABU 11.- EFFECT OF VARIATION I N  S P E C I F I E D  P I T C H  DEADBAND ON THE 
PITCH-AXIS L ~ I T -  CYCLE CKARACTEEISTICS OF THE APOLLO/S- IVB 

IN A lOO-NAUTICAL-M3iLE C I R c u W i  EARTH O R B I F  

Comanded 
p i t ch  a t t i t u d e  

(degrees) 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

Specified 
deadband width 

(degrees) . 

k0.5 

f l . 0  

k1.5 

f 2 . 0  

f 2 . 5  

f3 .0 

*3.5 

f4.0 

f4 .5  

k5.0 

Resulting 
deadband width 

(degrees) 

0 * 053 

0.027 

0.017 

0.013 

0.011 

0.008 

0.007 

0.006 

0.006 

0.003 

Resulting 
l i m i t  cycle 

period 
(4 
413 

1-99 

131 

98 

78 

64 

55 

48 

43 

33 

%S-IVB a t t i t u d e  control system with mjnirr lwn pulse duration of 
5Oms and 150-pound-thrust jets used. 

, 
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x 

Vehicle center 

Ea r th  center of mass 

Normal t o  orb%% plane 

Figure 2.- Coordinate systems u t i l i z e d  t o  analyze angular motions 
of Apol,l@-IW in ear th  o rb i t .  
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Figure 4.- Vuler angles defining a t t i t ude  of 
vehicle r e l a t ive  t o  i n e r t i a l  space. 



Y 

Figure 5--  Euler angles defining a t t i t u d e  of vehicle 
r e l a t ive  t o  l o c a l  v e r t i c a l .  
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F i w e  6 .- Orientation of resu l tan t  veloci ty  and aerodynamic 
torgue veqtolrs re lq t ive  to vehicle body axes. 
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APPENDIX A 

THEORXTICIEIL STATIC AEXODYBJ&'lIC FORCE COE?FlCDNTS AND 

CENTERS OF PRESSURE FOR CE3TAIN SYMMETRICAL BODIES 

OF REVOLUTION I N  FREE-MOUCLJU FLOW 

.RIGHT CIRCULAR CONE 

Force Coefficients 

Consider a body having a per fec t ly  smooth surface t o  be moving i n  
a, highly ra ref ied  gas, t h a t  is, a gas i n  which the  frequency of co l l i -  
sions between individual molecules i s  negligibly s m a l l .  According t o  
reference 5, i f  a suf f ic ien t  number of molecules a re  present k o  determine 
the  macroscopic properties of t he  gas (pressure, temperature, density, 
e t  cetera) ,  t he  condition i s  described as free-molecule f l o w .  
surface of t he  body the  two streams of incident and emergent molecules 
experience l i t t l e  in te rac t ion ,  
to r e f l e c t  specularly; t h a t  is, the  molecules are  assumed t o  be smooth, 
perfect ly  e l a s t i c  spheres which will rebound from a smooth surface a t  
the same angle at  which they s t r i k e .  
f igure A-1 f o r  a s-bream of a i r  molecules impinging on a surface element 
of a r i gh t  circular cone. 

Near the  

I n  t h i s  case, t he  air molecules a r e  sa id  

The behaviw i s  i l l u s t r a t e d  i n  

Z c 

t / 

Figure A-1 
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I n  order t o  def4ect t h e  stream o f  incident molecules through the  angle 
2e shown i n  f igure A-1, t he  surface element ds must impart a veloci ty  
colnponent 

t o  the stream perpendicular t o  t h e  surface element. 
change i s  assumed Co occur i n  un i t  t i m e ,  the  force exerted on the  sur- 
face element due t o  t h e  momentum change of the stream of molecules 

If the veloci ty  

dF=w 
P 

where 

M = pV ds  
P 

Substi tuting equations ( A l )  and (A3)  i n t o  equation ( U ) ,  

2 dF = bpv;? cos Ids  

But p and V cqn be expressed i n  terms of dynamic pressure 

Substi tuting equation ( A 5 )  i n t o  equation (Ab), 

(A61 
2 dF = 8q cos Ids  

For a r igh t  c i r cu la r  cone, the  posit ion of a surface element i s  shown i n  
f igure A-2.  

z 
C 

Figure A-2 



In  order t o  determine the  aerodynamic force acting on the  element, the 
angle 7 can be expressed as f o l l o w .  From figure A-2, a unit  vector 
perpendicuTar t~ the  element of surface grea 

and the  yelaoity Vector 
* h h 

The components of alQng the  bQdy axes a re  

Px, = P s i n  F1 
c 

R z ,  = -P cox B1 s i n  p, 
C 

and the  components of along the  same axes are  
1 

I V = U cos a 
"It 

Vz, = v sin a 
c 

h 

Since l'l i s  the  angle between P and ff, it can be oblmined from the  
dot produe+ 

h - 
4-v P + V Z , P ,  

c VXl px, Y; Y;! 
v ' P = VP cos 7 = 

C @  

VP cas 7 = VP cos a, s i n  BL - W cos 4 s i n  p, s i n  a 



o r  

cos 0 = cos CL s i n  6 - cox 6 s i n  j3 s i n  a 1 1 1 

Substi tuting equation (Al2) i n t o  equation (A6) ,  the  resul tant  force 
act ing on the surface element i s  

2 dF = 89 (cos CL s i n  - cos 6 s i n  j3 s i n  a)  ds 1 1 

The resu l tan t  force can be divided i n t o  a normal force dN along the  
z -axis and an axial  force d C  along the  x -axis, 

C C 

1 dN = -dF cos 6 s i n  p 1 

1 d C  = dF s i n  6 

If the  body possesses homogeneous mass dis t r ibut ion,  the center of m a s s  
i s  located on the  ax is  of symmetry, or t h e  x -axis of f igure A-1. Since 

only the  moment produced by t h e  resul tant  aerodynamic force i s  of i n t e re s t  
i n  the present analysis and since the  axial force ac t s  through the  center 
of mass, t h e  ax ia l  force equation, equation (Al?), w i l l  not be developed 
fur ther .  

C 

The element of area shown i n  figure A-1 can be seen t o  be 

rdpp% 
dS = 

1 cos 6 

Substi tuting equation (~16) i n t o  equation (A14), 

d N  = dFr s i n  pdj3 & /dS (a71 1 c  

When a 5  G1, the  en t i r e  surface of the  cone i s  exposed t o  the  flow. 

However, when C L >  6 a portion of the  surface i s  shielded from the  

f l o w .  
i s  zero and thus contributes nothing t o  the  aerodynamic force.  !he  
boundary l i n e  separating t h e  exposed region from the shielded region i s  
t h e  locus of points along the surface at  which the veloci ty  i s  tangent 
t o  t h e  surface. is  per- 
pendicular t o  t h e  area p and cos 7)  = 0. 

1’ 
According t o  impact theory, the  pressure i n  the shielded region 

Thus, a; these points, the  veloci ty  vector 

U 



I!-0 

To determine p, at points along the  boundary, equation (Al2) can be 
I writ ten 

cos 7 = cos a s i n  G - s i r :  
U 1 

or rearranging and solvlng equation (A18) 

1 t a n  6 

t a n  a 
-1 p, , =  s i n  

U 

GL cos 6 s i n  P, = 0 
U 

1 

for, P, 
U 

The resu l tan t  normal force act ing an the  body can be found by integrat ing 
eqiiation (Al7) over the  exposed surface area, t ha t  is, 

xC Pl 
2 (cos a s i n  6 N = -8s lau 

0 

- s i n  a cos G1 s in .  p ) s i n  p dp dx 1 1 l l c  - 
(A21) 

2 

I n  order t o  in tegra te  equation (A21), it i s  convenient to define a 
normal force coeff ic ient  per uni t  length of the  body. 

Nri 
dC 

where 

or, d i f f e ren t i a t ing  equation ( A 2 3 ) ,  

2 



Subst i tut ing equation (A24) i n t o  equation (A22) , 

Differentiating equation (A21)  with respeck t o  x, 

Pl 
2 

(cos CL s i n  6 - s i n  CL cos 6 s i n  p ) s i n  p,dpl 8qr s, 1 1 1 
d N  
dx 
- = -  

- 
(@a 2 

since r i s  a function of x only. 

But 
C 

Thus, t he  r igh t  s ide of equation (~26) can be multiplied by D 

resu l t ing  quantity subst i tuted i n t o  equation (A25), yielding 

and the 1 

- 8qrD1 Dl 
(cos a s i n  6 - s i n  a cos 6 s i n  pl)2 s i n  pldPl (A28) 'C qml 2 L U  - 1 1 

C '  = 

2 

Subst i tut ing D = 2r and expanding equation (@8) ,  B B 

2 2 2 + s i n  CL cos S1 s i n  p,) s i n  p,dp, 

Since the  cone angle i s  constant, straightforward integrat ion of 

equation (m) holding a constant during the  integrat ion y ie lds  
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2 2 
ct = 6 (pu  i- z) s i n  2a s i n  26 1 + cos P 1 [ 2 cos a s i n  61 

fi 

U NC 1 

1 2 2  2 2 - z s i n  2 a  s i n  26 s i n  p, + - s i n  a cos 
U 

3 
U 

1 

For t he  case i n  which a <  .- 6 1 9  the  e n t i r e  surface of t he  cone i s  exposed 
ll - -  

t o  t h e  flow. I n  t h i s  case the  upper l i m i t  of integrat ion is  Pl - 2  
U and equation (A30)  reduces t o  

4r ( A 3 1  ct = - s i n  2% s i n  26 
1 Nc '1 

When 

It can be seen from equation (Al9) t h a t  

a >  G1, equation (Alg) must be u t i l i zed  t o  evaluate equation (A3O) .  

-JtEczy 
cos P, = t a n  a (A321 

U 

Subst i tut ing equation (A32)  i n t o  equation (A30) and rearranging, 

L I 

+ 2 t a n  a]} 

cot a t a n 2  6 1 - 

It should be remember-l t h a t  equations ( A 3 1 )  
t he  assumption t h a t  centr i fugal  forces resu l t ing  from flow over a curved 
surface are negligible and t h a t  expansion flow regions contribute nothing 
t o  t h e  aerodynamic force.  

nd (A33) wer- derived on 

The t o t a l  normal force coeff ic ient  can be obtained from equation (A22), 
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Y 

When a 5 9, subs t i tu t ion  of equation (A31) i n t o  equation (A34)  y ie lds  

Ll 

But, as shown i n  f igure A-3, 

Z 
C 

Figure A-3 

Multiplying and dividing equation (A361 by Dl, 

r - -  r -?&) 
1 
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Also f r o m  f igure A-3, 

Thus 

X 

(A391 r C - = 2 - t a n  61 r 1 Dl 

Subst i tut ing equation (A39) i n t o  equation (A35),  replacing s i n  2E1 by 
2 s i n  B1 cos 6 1' 

2 
C = 16 s i n  6 s i n  2a 1 

"C 0 

Integrat ing equation ( A b )  and evaluating a t  the  upper and lower l i m i t s ,  

C = 8 (?J sin2 6 1 s i n  2a 
NC 

But, from equation (A38) 

1 
D1 2 s i n  B1 

cos 6 - L1. = LL 

Subst i tut ing equation (A42) i n t o  equation (Akl), 

2 C ' = 2 cos s i n  2a 
% 

when a 5 

When 

by subs t i tu t ion  of t he  resu l t ing  expression i n t o  equation (A34) yields,  
after in tegra t ion  along x 

a 3  El, subs t i tu t ion  of equation (A39)  i n t o  equation (A30)  followed 

C? 



2 + "sin 2cL s i n  26 1 + cos p 1 U L 2  2 cos cL s i n  6l 

when a >  El 

It should be remembered t h a t  C 

(A&) i s  based on the maximum cross-sectional area of the cone, 

as evaluated from equation (A43) or 
NC 

Center of Pressure 

I n  order t o  determine the  aerodynamic moment on a r igh t  c i rcu lar  cone 
from the  normal force coeff ic ient ,  it i s  necessary t o  know the  locat ion 
of the center of pressure. This can be determined from the  expression 

Iv - -  - moment - 
'C normal force - N 

The normal force on a uni t  length of t he  cone is, from equation (A25) 

and the  resu l t ing  moment about t he  cone vertex 

dM = x C' d[<)qal 2 

NC 

Integrqting equation (A47) over the length of the  cone, 
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Subst i tut ing equations ( A 3 l )  and (A39) i n t o  equation ( ~ 4 8 ) ~  

Integrat ing eqmt ion  (A49), 

16 ' M = 7 D~ qml;) s i n  2cc sin' 6 

The resu l tan t  normal force on the cone 

2 N = C qml 
NC 

Subst i tut ing equations (A41),  (A50) ,  and ( A 5 l )  i n t o  equation (A451 and 
simplifying, 

2 
c 3 1  1 = - L  

where lC i s  measured f romthe  cone vertex.  

RIGHT CIRCULAR CQPJE FFWSTUM 

Normal Force Coefficient 

The normal force coeff ic ient  f o r  a r igh t  c i rcu lar  cone frustum can 
be obtained from the  expressions f o r  t h e  normal force coeff ic ients  of a 
r igh t  c i r cu la r  cone developed above. This i s  accomplished by subtract ing 
the  coeff ic ient  of t h e  small cone shown i n  f igure  A-4 from t h e  coeffi-  
c ient  of t h e  la rge  cone. When a 62, t he  coeff ic ient  of the small 
cone i s  seen from equation (A43) and f igure  A-4 t o  be 

c 
NS 

= 2 cos2 G~ s i n  2cL 

where C i s  based on the  area zD;/4. 
NS 
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I 

Figure A t 4  

Similarly, the coefficient fsr the  large cone 

2 
C = 2 cos G2 s i n  2a 

NL 

where C i s  based on the  area ..2/4. 
WL 

Before subtrac-bing C from C to determine the  coefficient of the 

frustum, both must be based on the  same area. I f  the  area 3rD74 i s  
NS NL 

chosen, C must be multiplied by the r a t i o  (31D:/4)/(zD2/4) = D1 2 2  /D , 
NS 

2 
2 = 2 (2) cos E2 s i n  2a 

Then the  frustum coefficient 

c = c  - c  
Nf SJL NS 

(A551 

(A561 
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Subst i tut ing equations (A54) and (A55) i n t o  equation ( ~ 5 6 ) ,  

When \a> 6 the  above procedure can-be applied t o  equation (Akk), 2’ 

replacing G1 and p, by G2 and p2 respectively i n  equation (A44) 
U ’  U 

to obtain, 

where P2 is obtained from equation (A32) by replacing El and P, 
U U 

by 62 and P respectively.  It should be rememberedthat C as 
2, nNf 

determined from equation (A57) or (A58) i s  based on the area nD‘74. 

Center of F’ressure 

The center of pressure of t he  frustum can be determined using 
equation (A52) with t h e  appropriate subscripts f o r  the small and large 
cones of f igure 4. The center of pressure of the  large cone 

and the  center of pressure of t he  small cone 

2 1 = - A  s 3  



49 

The center of pressure dlistance from $he cone vertex i s  determined 
by the ratia of large-cone m p n t  minus small-cone moment t o  large-cone 
norrnal force minus small-cone normal force.  Symbolically, 

But 

and 

Mz 

Substi tuting equations 
fying, 

A + l f  = 3 - Ms 
NL - Ns 

A62) and (A63) i n t o  equation \ ~ 6 1 )  and simpli- 

A + l f =  L S ( ~ 6 4 )  

L 3 

Substi tuting equations (A3g) and ( ~ 6 0 )  i n t o  equation ( ~ 6 4 )  and simpli- 
Tying, 

2 
Ns D: A C I) (A f L3) - C 

2 ,NL 

D 2 - c  Ns D: " "  

3 A + A f  = 

c% 



From equation (A43),  replacing . by 62, 

1 

= 2 cos2 6 s i n  2u cNL 2 

I c 
NS 

= 2 cos2 tj2 s i n  2a 

Subst i tut ing equwtion (A66) i n t o  equation (A67) and simplifying 

2 D (A + L3) - D: A 
- A  

2 1 = -  
2 (D' - D1 ) 

From f igu re  A-4, using a property of s i m i l a r  triangles, 

A + L  

D 
A 3  - =  
Dl 

or, solv5,ng f o r  A, 
L D  3 1  
D - D1 A =  

Subst i tut ing equation ( ~ 6 9 )  i n t o  equation ( ~ 6 7 )  and rearranging, 

L ( D  + 2D) 
- 3  - 1 

lf 3 (D1 + D) 

RIGHIP CIRCULAR CYLINDEB 

Normal Force Coefficient 

The normal force coeff ic ient  per uni t  length of a r igh t  c i r cu la r  
cylinder can be obtained from equations ( A l g )  and (A30) developed above 
f o r  a r i g h t  c i rcu lar  cone. The procedure i s  simply t o  equate t h e  cone 



angle 
su l t i ng  expressions. From equation (Al9), w i t h  z1 = 0, 

€il 
i n  equations ( A l g )  and (A30) t o  zero and determine t h e  re- 

p = o  
3, 

Substi tuting squation (A71)  i n t o  equatiop (A30), with 
r = r  = T  f o r  the cylinder, 

8l = 0 and 

1 cyl 

- -  32 sin2 a - 3fi 
CYL 

c ' N  

U s i n g  t he  nomenclature shown i n  figure A-3, 

the normal. force coeff ic ieqt  f o r  the 
.. 

Figure 

e, 

Subst i tut jng equation (A72) i n t o  

A-5 

complete gylinder 

equation (A73) and integrating, 

2 L 
s i n  a 

c@ 
D 



i s  based on t h e  area aD2 /4. CY1 
where CN 

C Y 1  

Center of Pressure 

The elemental torque due t o  the  normal force acting on a un i t  
length of the  cylinder 

and the  resu l tan t  torque 

[c)ct (?$&) d (k) qa2cyl 
Mcyl = Dcyl 0 C Y 1  Dcyl ! 

Subst i tut ing equation (A72) i n t o  equation ( ~ 7 6 )  and performing t h e  
indicated integration, 

The resu l tan t  normal force act ing on the  cylinder 

2 
q* cy1 cyl cy1 

N .  = C N  

Subst i tut ing equation (A74) i n t o  equation ( ~ 7 8 )  

2 L 32 cy1 2 N = -  q m  cyl s i n  a 

The center of pressure distance from the  f ron t  of the  cylinder 

(A751 

Subst i tut ing e q u ~ t i o n s  (A77) and (A79) i n t o  equation (A80) and simpli- 

= - L  (A811 fYing, 1 
cy1 2 cy1 1 



APPENDIX B 

GRAVITY G W X E l "  TORWE ACTING ON A V E H I C U  

ISJ AN INVERSE SQUARE FOR@ FIELD 

The force due t o  gravi ty  act ing OM an element of mass 
vehicle shown i e  f igure B-& can be wri t ten vec tor ia l ly  as: 

dm i n  the  

Vehicle center 
of m a s s  

a 
Figure E-1 

But, by vector addition (see f i g .  B-l), 

- 
r = E , + Z  m 

where 
h h 

X 



54 

A A A - 
a = x i  + y j  + zk 

Subst i tut ing equations (B3) and (B4) i n t o  equation (B2), 

A - 
r = (Rx + x ) i  + (R + y): + ( R ~  + z)kn 

m Y 

The incremental torque on the  vehicle is, from reference 6, 

8 = g x d F  G (B6) G 

Subst i tut ing equations (Bl), (a), and (B5) i n t o  equation (B6) and using 
matrix notation 

A h A 

i J k 
( X I  (Y)  (4 

(Ex + x) (Ry + Y> (Ez + d I G  = yj- -Kdm 
r m 

Expanding equation (B7) and simplifying, 

r 1 

I n  order t o  in tegra te  equation (B8) over t he  mass of t he  vehicle, 
it i s  necessary t o  express the  quant i ty  l/r3 as a function of R and a .  

An approximate expression of t h i s  form can be obtained i n  the following 

manner. 

The dot  product 

r - . r  - = r  2 =(E+a . (E+a  m m m  

- 
= E .  E + ; .  X + 2 R .  a (B9) 

Subst i tut ing equations (B3) and (B4) i n t o  equation (B9) and expanding, 

r 2 2  = R [l + ( E L / R ) ~  + (2/’R2) (xR + yRy + zRZ)] 
m X 
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2 
Assume now t h a t  ( a / R )  << 1 and can be ignored i n  equation (B10). 
Thus, 

Raising equation (B11) t o  t he  -3/2 power, 

Expanding equation (B12) by the  binomial theorem, retaining only the  
first term of the  expansion, 

F 1 

1 - (xRx + yR + 1 

m 
r - R  Y 

Combining equations (B8) and (B13) ,  the  components of 
x, y, and z-axes, respectively, are:  

d,&? along the  

(315) lfjq = -  -Kdm [l - A (ax + yRy + z R Z g  .[zRX - Sz] 
yG R3 R2 

Expanding equation (B14), 

3 - z R  - (XYR,R, - XZR R xc R3 Z ‘ R  X Y  



The t o t a l  torque about the  x-axis due t o  gravity gradient fo r  any 
or ientat ion of t he  vehicle r e l a t ive  t o  the  a t t r ac t ing  body can be found 

and H held constarit during tke iategratfon., Irikegrating q u a t i o n  ( B l 7 )  
t e r n  by term, 

by integrat ing equation (B17) over the  mass of the  vehicle with RX, Ry, 

Z 

-R R s x z d m  + R Y Z  R ly 'dm - R Y * s y z d m  
X Y  

I 

Since the  or igin of the  xyz-axis system i s  located a t  the  center of mass 
of t he  vehicle ( f i g .  B-l) ,  it mus-t; necessarily follow tha t :  

Jxdm = Jydm = Jzdm = 0 

t o  be consistent with the  def in i t ion  of cenker of m a s s .  
equation (Blg)  i n t o  equation (~18), then adding and subtracting 

( 3K/R5) R R sx'dm t o  the  resul t ing expression yields:  

Substi tuting 

Y Z  
f 

M = k x R z  I x y d m  - R X Y  R 
xG R5 

s 2 
+ ' R  R S ( x '  + y ) dm - R R (x' + z2) dm 

Y Z  Y Z  

But 

1 s XY 
xydm 5 I 
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Substi tuting equations (€21) and ('1322) i n t o  equation (EO), 

3K [. R 1 - R R I + (RZ 2 - Ry 2 ) Iyz + RyRz(Iz - Iyg (B23) FR=)  x z x y  x y x z  "G 

For t h e  special  case i n  which x, y, and z are pr incipal  axes of the  
vehicle, equation ( E 3 )  reduces t o :  

3K M = -R R (Iz - Iy) xG R5 Y 

Applying the above procedure t o  the  y-axis, it can be shown that :  

M = ['22 - RZ 2 ) Ixz + RxRz (Ix- Iz) 
yG R 

or,  i f  t he  

Similarly, 

3K 
"G R5 
M = -  

7 

+ RxRylyz - R R I  y z xzj 

(B24) 

(1325) 

x, y,' z-axes are pr incipal  axes, equation ( € 2 5 )  reduces t o :  

it can be shown tha t  

- I x ) + R R I  y z x z  - R R I  x z y g  (1327) 
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or, i f  the  x, y, z-axes are pr incipal  axes, equation (B27) reduces to :  

3K = - R R  (1 - Ix) 
Mz G R5 * Y  Y 

It should be remembered t h a t  the  r e su l t s  obtained above a r e  based 
on the  assumption Chat t he  grav i ta t iona l  force generated by t h e  a t t r ac t -  
ing body on an element of mass i n  t h e  vehicle i s  represented by equa- 
tion (€31). 
higher order terms i n  t h e  binomial expansion used t o  obtain equation ( B l 3 ) .  

The results are fur ther  l imited by the  va l id i ty  of neglecting 


