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AN ITERATIVE METHOD DERIVED FROM EXISTENCE AND UNIQUENESS
THEOREMS FOR SYSTEMS OF SECOND-ORDER, NONLINEAR,
TWO-POINT-BOUNDARY-VALUE DIFFERENTIAL EQUATIONS

By

R. L. Manicke
Manned Spacecraft Center

SUMMARY

This paper develops some applications of the contrac-
tion mapping principle. It shows sufficient conditions to
guarantee existence of a unique solution of a two-point-
boundary-value system of differential equations. Moreover,
it exposes an iterative method that must converge from any
initial guess to the unique solution, provided certain
criteria are satisfied. An example is given to clarify the
procedure.

INTRODUCTION

A boundary-value problem in ordinary differential
equations differs from an initial-value problem in that it
must satisfy conditions at two or more points. An nth
order differential equation can have n conditions at omne
point or one condition at n points. In fluid mechanics
and trajectory mechanics, systems of second-order equations
with conditions specified at two points are cften encoun-
tered. This paper will consider only systems of this form.
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SYSTEM WITH IMPOSED CONDITIONS

Consider
YE(t) + fl(tp Yl(t). Yz(t). Y Yn(t)’ Yi(t): YQ(t)n soe, Y;(t)) =

ya(t) + £.(t, y,(t), y(t), ooy ¥, (2], ¥i(t), y3(t), coe, y!(t)) =

(1) :

£
oe s

Y:(t) + fn(to yl(t)’ yz(t)o ey yn(t)’ Yi(t)o ya(t)n eee, YA(t)) =

Yi(ﬁ) - Ai » Yi(b) = Bi

or in vector notation

'?n + ?(t’ ')’," 7‘) = O with -)7 = ()’l. Y2’ ***y yn)T

—

ya) = K, F(®) = B

When £ -satisfies a Lipsehitz condition t+, it means
that each component satisfies the following:

|fi(t’ y19 y29 *ccy Y,

i? Y yn’ y]'_s R }’i, ceey yl’l)

- fi(t’ yl’ Yz’ *cy xi’ ***y, yn’ Yi’ *tcy, x;_: ety y;l)'

| ) . )
< Kilyi xil + Lilyi xil with K., L, 20



and (t’ yl’ yz’ soe yi’ cee, yn’ yi, soe yi", soe, y;!),
(t, yl’ yz’ see, xi’ coe yn, yi’ veoe xj'_’ vee y;‘) elements

of the domain of fi = [a,b] X R2" , 1 Sig n . Define

the minimum K, , L, that will preserve the inequality as the
Lipschitz constants of £, . Notice that this condition
does not presuppose the existence of a solution y(t) of

system (I)..

GREEN'S FUNCTION FOR THE SYSTEM

Now, in order to construct an iterative procedure, it
is sufficient to use a Green's function to transform each
equation of a homogeneous boundary-value system into an
equivalent integral equation system. (For the definition
and properties of Green's functions, see No. 2 in Biblio-
graphy.) Such a Green's function is:

(b _- g)fsa' a) agsstshb

G(t,s) =

(b - g)fta' a) agtgsshb

(This Green's function is for the operator -y".) Since
zero-boundary conditions are rarely encountered, it is
usually necessary to transform the system into one with
zero-boundary conditions and satisfy the original Lipschitz
‘eondition. Such a transformation is

B - bA + (A - Bt
T(t) = 2 a -(b ,

s ‘ng‘y PR NI )




Clearly, rt,(a) = A, and 7,(b) = B, . Therefore, if Y(t)

is a solution of problem (I), then -z'(t) = -y'(t) - T(t) is
a solution of

"+ F(t, 2, 2') = 0
(11)
Z(a) = 0 = Z(b)
where
F(t, 2, 2') = £(t, 2+ T(t), 2" + T (L))
Since

‘Fi(t' coe, z‘,’ sos, zn. soe, zi' eve, zl'l) - F‘,(t’ LRI ql’ LRI zn. soe, qi' L XN z;l)

] ‘fi.(t' vee Zi + Ti(t)' 1o, zn + Tn(t). sen, zi & ,Ti(t). cen, 2!

n * xn(t)

- f‘.(tn *cty Qy * Ti(t)p Ml S + Tn(t)o e, Qi + ""i(t)p e, z;, "“ Tn(t)|

N [ORERC IR AR NG I IR HO RN CHE 7, (00|

- K1|zi TS Ltl‘i - “i‘

this is exactly the same Lipschitz eondition that each

fi , 1 8$isn, must satisfy.
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Theorem:

Problem (II) is equivalent to

Ty = [ oG, $FGs, Ts), T (s)) s
a

(Two problems are equivalent if and only if they have
exactly the same solutions.)

»

Proof:

z(t) = j; G(t, s)F(s, z(s), 2'(s)) ds

t - . -
. Bt [ - alFCs, Tis), Ts)) ds
a

b — - -y
s f (b - s)F(s, z(s), z'(s)) ds
t

"b-a

Clearly, z(a) = 0 = Z(b)

By the product rule for differentiation, it may be

found that
T(t) = 5_5.1.5. Lt(s - a)F(s, z(s), Z'(s)) ds

+ H (t - a)F(t, z(t), z'(t))

* B“}“é' j;b(b - s)F(s, Z(s), 2'(s)) ds

+ Bt (b - t)F(t, Z(t), T' (1))

(1)
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Tr(e) = g (¢ - aF(, T(), T ()
+ (-2t + a + D)F(t, Z(t), TV (L))
+ 221 (¢ - a)F e, T, T )
v 2= B F(e, T(e), T (1)

(2t - a - BYF(t, Z(t), Z' (L))

+

» 280 - 8 T, T(o), T

(a_- t% u gt = D) Fe, Z(t), T(t))

= -F(t, Z(t), 2'(t)
or

7' (L) F(t, Z(t), Z' (1))

The fundamental theorem of contraction mappings will
be applied to this ciass of systems. (A function

T : S2BL%. S where S is a normed linear space is said

to be a contraction mapping if and only if there is a real
number a,0 < a < 1 , such that for all x, y € S

[1Tx - Ty|| g o||x - y|].)

V‘M.‘A::‘m@mw..w oo i
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CONTRACTION MAPPING THEOREM

For every contraction mapping defined on a complete
normed linear space S , there exists a unique fixed point

x € S such that Tx = x . Moreover, for any X, €5,
the iterates
n‘ = n-l = n-z s o0 = * ! =
T x T °x T "x, -~ Txn_1 X

0] i
converge to the fixed point x , and
an
lx, - x| § =g [Ix; - %,/
(See Bibliography No. 3, pp. 213-216.)
THEOREMS FOR UNIQUE EXISTENCE
First consider the system Yy" + -f,—(t,-;) =0, y(a) -I,

and y(b) =B . Let S be the space of continuous functions
on [a,b]. This linear space is complete with norm

Hivil = hax {[‘;“j‘;]"’i“‘”}

In the following theorems it will be necessary to obtain

b b
upper bounds forf G(t,s) ds andf lﬁé%'iq ds.
a a .

Lemma 1:

j;bG(t,s) ds g -&—'a—éﬁ and j;b‘g_(;_(%:_{_s)_‘ ds g _b__7-_g
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Proof:

b t b
b -t t - a
G(t,s) d Y - ds + (b - d
j;(s)s ‘_aj;(s a) ds F——_aj;( s) ds

b - t)(t - a)? st -a) -t
L(b-ﬂa T(b-a))

2

Lb-t)z(t-als b-a‘

and
LRG| - iy [fo e pdy [P0 0

(t - a2+ b - t)? b -
%)(b-a(.) L og 22

Theorem 1:

If the system 3" + Z(t,7) = 0, ¥(a) = A, and y(b) = B
satisfies the Lipschitz condition + and b - a < (8/K)1/2
where K = max K, , then a unique solution exists.

1gign *

. Proof:

First, the system must be transformed into a homogenecous

. system; it then becomes “Z" + F(t,Z2) =0, Z(a) =0 = Z(b) .
With the right side of equation (1) as the operator in the 3
following equation, an attempt is made to find sufficient |
conditions when it is contracting. Notice that the operator ' -

T defined by




T ram L

-y b - - -
T(F) = Jr G(t,s)F(s, z(s), 2'(s)) ds 1is a linear mapping
a

from S into S .

b
T, (8) - e) = fI6(6,IF (s, uy (), uy(s), voey w9,

soe un(s)) - Fi(S, soe Vi(S),

soe, vn(s)] ds
Now, the Lipschitz condition is used to find

b
ITu, (8) - Tv, ()] S _[a 6(t,s)K, |u, (s) - v, (s)| ds

b
T - @] s KIT-TI [Teces as

Since by Lemma 1

b 2
‘f'G(t,s) ds § b - a \
a N
therefore
2
T - 19 s kT -7 LB, k= max k,

1gign
The mapping is contracting when

K Lhm%rﬁli = a < 1

NI 1 o o B Bl st o
.



or if
b-a < (8/K?Y?
a unique solution exists, namely: -y’(t) = z(t) + T(t) .
Now, co'nsider the system 37" + ?(t, -;, -y—') = 0,
Y(a) = K, and y(b) = B . This time, let S be the space

of continuously differentiable functions. The space is

complete with norm ||v|| = max ) max (K.lv (t)] + L |v!(t)|)
1<ign ){a,b] ' * i il

Theorem 2:

If the system y" + f(t, y, y') = 0, y(a) = A, and
Y(b) = B satisfies the Lipschits econdition *, and

" )2 Lib ) with K = max Ki
K - a - a 1€ign
[ 3 * T ] < 1, |
and L = max L,
1gign * .

then a unique solution exists.

Proof:

LONA
N

The same transformation as Theorem 1 shall be used;
again using ?Tt), the system is transformed into a new one
with homogeneous boundary conditions:

YRR

X'+ F(t, X, Xx') = 0
X(@a) = 0 = x(b)

10 -



Now form,

b
l‘l‘ui(t) - Tvi(t)l s f‘ G(t,s)lii(s, u,(s), *°*, ui(’)’ see, u (8), uj(s), e+, u!(s))
- f"(sf vl(s)' ses, vi(-S)' vee, v(n), vi(s). see, v;‘(s))l ds

b + L jul(s) - vi(s)]) d
3 f. G(t,s) (K u,(s) - v, (s)| slul(s vi(s) s

s 1w [lows 0 s LRl yT-T

and

b
1 - F | s [l e, e we)

C £ (s, oee, V(8D ds
- = [PlaG(t,s)|
s 1T-7 [0 6
a
Hence by Lemma 1

b - - g
S == |[¥-7|

which together imply

- 2 - - -
11T - ]| s [‘“b 2l s L a)]llu - T

where K = max K, , L= max L,

1gign * 1gign *

11
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Therefore, if

[Kjb{t a)? | L(b;za)] < 1

the mapping 'T 1is contracting. Hence, a unique solution
exists, namely: 7Y(t) = X(t) + T(t)

¢ ITERATIVE PROCEDURE

If the system is of the form Z" + F(t,z) = 0 ,
Z(a) = 0 = Z(b) , the second part of the contraction mapping

1
theorem states that for any starting value (t) ¢ S,
the iterates of the ith component converge to zi(t), that

is
(n) b (n-1) (n-1) (n-1)
2, (t) = fG(t,SJFi S, 2,(8), ***y 2,(s), ***, zn(S))ds
a
0) (0) (0) (0) T

converges to z, (t) for any Z(t) = z,(t), z,(t), *=+, 2z (t)
or

g}) _,( (Q;}))

. + F (t, z = 0
(n) (n)
Z(@) = 0 = Z(b)

converges to a solution.

12



Moreover, convergence to the solution is uniform, and
a bound for error on each iterate is given by

(n) n 1 (0)
T -Z|| s 1 Q?) - Z Il :
The method is as follows: 0)
(1) Select any appropriate Z(t).
1) Q) 0

(2) Calculate Z(t); select this Z(t) as a new 2z(t);
proceed like this using each iterate as a new

o).
EXAMPLE
Consider the system
(1) yy(t) + y (t) + y(t) = 0
(2) ‘yg(t) +y,(t) + sin y,(t) = 0
vy, = 1y, ) =1
y,(00 = 0y, (1) = 0

13



so that

'fi(t’ yl’ YZ9 ..‘.D yiD ...’ ynD )’l: ...D Y')

n
- £ (T, Yy Yue vt Xys vty Yo Vi 00ty ¥
s K. |y, - x|
is for (1)
lyg v, =% -yl 8 Wy, - xy

and for (2)

Iyl +siny, -y, - sin x,| ¢ (l)ly2 - X,

2
@ = max K, b -3a)” . 8

T,(t) =

0 -1 --1-+1+ (1 -1)t
7 -1 '

,(t) = 0, so T(t) = (1,0)7
The system is transformed into the homogeneous system

z;(t) + zl(t) + zz(t) +1 = 0

29 (t) + z,(t) + 1 + sin z,(t) 0
since F(t, Z, Z') = f(t, Z +F(t), z' + T(t))

14




(0)
Let Z = (1, ﬂ/2)T . Now, using the Green's function

for this system, it is found that

(1)
z, (t)

1
Jg G(t,s)(2 + 7w/2) ds

¢ 1
a -t jg s(2 + 1/2) ds + (-t) J[ (s - 1)(2 + 1/2) ds

1l
t2(1 - )4 + 1) _ t(s - 1)2 (4 + n)
4 2 ~ 2

t

tz(lzy t) (4 % w) . Lt %1)2 (4 % n)

= 5;%—1 [t2 - t3 + ¢3 - 2t?2 + t] = i—%—l t(l - t) .

Similarly,

(1) -
() = 3o t)

SO

1
@ ((4 + n)t(1 S b, Ba t))T

15



By the contraction mapping theorenm,

AT
a, ﬂ/z)T-(i-i-l t(1l - t), 3t(£7't)) “

(1) |
1Z- 71| s 1—1—’3{7@!

. { © @) 1,
= » max {max z, - 2, where i = 1,
[0,1]
x .385 .

Since this must converge uniformly, the next iterate obtained

w (0)

from using z as a new Z must be even 'closer," (which
is made precise by the definition of the norm).

CONCLUSION

This investigation has shown how an iterative method
to solve two-point-boundary-value systems of differential
equations is obtained from the principle of contraction
mappings. Moreover, it states some conditions that will
guarantee this solution to be unique, and that the method
will uniformly converge to this unique solution for any
starting value. Possible logical extensions of these
results could be found by assuming a variable but bounded
terminal value b . In cases where the length b-a is too
large to guarantee unique existence, find conditions that
can determine specific intervals on the real axis for which
unique solutions exist.

16



BIBLTOGRAPHY

Courant, R.; Hilbert, D: Method of Mathematical Physics.
Wiley and Sons, Inc., 1953, Chap V.

Yosida, K.: Lectures on Differential and Integral
Equations. Interscience Publishers, Vol. X, 1960,
pp. 64-76.

Collatz, L.: Functional Analysis and Numerical Math-
ematics. Academic Press, Inc., 1966.

Bailey, P.; Shampine. L. F.; and Waltman P.: Nonlinear
Two-Point Boundary Value Problems, Academic Press,

Vol. 44, 1968.

Keller, H.P.: Numerical Methods for Two-Point Boundary
Value Problems. Blaisdell Publishing Co., 1968.

17




	GeneralDisclaimer.pdf
	0001B01.pdf
	0001B02.pdf
	0001B03.pdf
	0001B03_.pdf
	0001B04.pdf
	0001B05.pdf
	0001B06.pdf
	0001B07.pdf
	0001B08.pdf
	0001B09.pdf
	0001B10.pdf
	0001B11.pdf
	0001C01.pdf
	0001C02.pdf
	0001C03.pdf
	0001C04.pdf
	0001C05.pdf
	0001C06.pdf
	0001C07.pdf
	0001C08.pdf
	0001C09.pdf

