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GENFRATION OF RANDOM VECTORS WITH XNOWN MEAN AND COVARIANCE

By

Fred M. Speed
MANNED SPACECRAPT CENTER

SUMMARY -

In simulation studies, it is necessary to introduce
normally distributed random "errors" to the data in order
to simulate the actual conditions. These random "errors"

are normally distributed random vectors with known mean

ahd covariance. The algorithms currently being used (ref. 3)
to generate these vectors encounter one of the two following

problems.

(1) The algorithm can not handle singular covariance
matrices (a singular covariance matrix occurs

when the data is completely correlated).
(2) The algorithm reguires the inversion of a matrix.

'The purpose of this paper is to present an algorithm that
. does not require the inversion of a matrix and can handle both
singular and non-singular covariance matrices. The proposed

2lgorithm should be more efficient than the current algorithms,
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INTRODPUCTION

This péper is divided into four parts. The first part
gives some definitions and theorems that will be needed in
the development of the algorithm, The second part contains
the development of the'algorithm. The third part describes
a computer program that generates’'the desired random vectors,

The last part contains Appendices A and B. Appendix A contains

a listing of the computer program GERN and presents several

examples 1llustrating the use aof the program. Appendix B
contains listings of the subroutines that make up the N(0, 1)

random number generabor packet.

; SYMBOLS .

X column vector

¥ column vector

R positive semi-deflinite symmetric

matrix

Other capital letters matrices, unless otherwise stated

T .

A transpose of A

pmd inverse of A

Y is distributed Y is from a normal population with
according to N(p, R) mean p and covariance matrix R




E(Y) expected value of Y
] Cov(Y) ) covariance of ¥
I ' iden@ity matrix
’ ¢ ‘ null vector
D diagonal matrix

DEFINITIONS AND THEOREMS

Definition 1. Two n x n real matrices A and B are said

to be congruent if there exists a non-singular matrix P

su%h that

| PAPY = B,

Since congruence is a special case of equivalence, the
matrix P can be obtained from elementary row-column

operations (ref. 1).

Theorem I. (ref. 1) Every n x n real symmetric matrix
. A of rank r 1s congruent to a diagonal matrix, whose

diagonal elements consist of r ones and n~r zeros.

Theorem II. (ref. 2) Let X be distributed according to

N(¢, H). If Y = AX, then Y is distributed accordinz to

1l

N(¢, AHAT).
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Theorem III. (ref. 2) If Y = AX + u, where A is a

constant matrix and u is a constant column vector, then

E(Y) AE(X) + 1y

1t

il

cov(Y) COV(AX)

The following theorem is an immediate consequence of

matrix theory.

Theorem IV. If D is a diagonal matrix, whose elementi-

consists of zeros and ones, then D = D'D,.
! THE DEVELOPMENT OF THE ALGORITHM

Suppose it is necessary to generate an n x 1 random vector
Y with mean ¢ and covariance R. The follcowing theorem

provides a new method to obtain'this Y.

Theorem V. Let X, an n x 1 vector, be distributed according
to N(¢, I). If R is an x n given covariance matrix, then
there exists an n x n matrix A, such that if Y = AX, then Y

is distributed according to N(¢, R).

Proof: ©Let the rank of R be r < n. By definition, R is

a real symmetric matrix. Thus, by Theorem 1, there exists

a non-singular matrix P such that PRPT = D, where D is a

-
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diagonal matrix whose diagonal elements consists of r ones

and n-r zZeros.

Theorem II implies that a necessary and sufficient
T

condition that Y = AX be N(¢, R) is that AAT = R. It will
be shown that A = RPT is one matrix such that AAT = R,
Since PRPT = D, then
(1)  RPT = P71 p
"L
(11) PR = D (P”)
1 p, "3
(1i1) R=P D (P)
Thus, if A = RPY, then
anT = rpT prT
= RPY PR
-1
= p"1 p p(PY)
-1
= p7% p(p?)
= R
T it

Thus, if A = RP", then Y = AX = RP-X is N(¢, R) and the

theorem 1s proved.

It has been shown (ref. 1) that P can be found by forming

the augmented matrix [R, I] and operating on this matrix

e = TEWENS 3




with elementary row-column operations in such a way that
R is dilagonalized. The result of thesc operations on
- [R, I] is [D, P]. Since X is distributed according to

N{(¢, I), the elements of X are readily obtainable from a

gy Bacag e

N(0, 1) random number generator. Thus, given the covariance

matrix R, the random vector Y can be obtained rather easily.

SUBROUTINE GERN

GERN is a FORTRAN IV subroutine used to generate random
vectors having a known mean and known covariance matrix,
All computations are done in single-precision floating
point arithmetic. The method used i1s described in the

previous section.

Calling Sequence

Call GERN (N, R, Y, A)

where:

N size of R )

R covariance matrix. R is
dimensioned R(50, 50)




R .
P I RRR WrTe s

QD

Y n x 1 random vector from a N(¢, R)
population, Y 1s dimensioned

Y(50)

A a matrix such that Y = AX is
distributed according to N(¢, R).
A is dimensioned A(50, 50).

Error Messages

- R 1s not positive semi-definite, a negative number will

oceur on the dlagonal of R during the row-column operatious.

When this occurs, the following message 1s printed:

"PHE ORIGINAL MATRIX IS NOT POSITIVE SEMIMDQFINITE."
Restrictions
N < 50
‘N(O, 1) Random Number Generator

See Appendix B

Method

Given: .R | e

Construct: {R, I]

O
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that are independent.

Operate on [R, I] with elementary row-column operations

to obtain [D, PJ,

Construct: b S 9v’<C%‘§§)
Compute: A = RET
Compute: (¥y= AX

Yoty
CONCLUSION

Theorem V provides a very simple method te obtain random

vectors that can be used to simulate observations that are

;highly or even completely correlated as well as observationsz
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- APPENDIX A :

-

. This appendix contains three examples and a listing of

ST SN SN Tt

‘? the Subroutine GERN.
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Example l: Suppose it 1s nesessary to simulate a 5 x 1

radar observation vector Y, where

range
azimuth

§ Y = time
QD : elevation

_ range~-rate.

In order to simulate the actual conditions, random
"observation errors" must be added to the vector Y. Let

these "errors" be from a N(¢, R) population, where

: [1.0000 o0.5576  o0.4641  0.8197  0.2333]
0.5576 ~ 2.0000  0.1719  0.2516  0.2265
0.4641  0.1719  3.0000  0.0264  0.0334.
.9608

o

0.8197 0.2516 0.0264 4,0000

. 0.2333 0.2265 0.0334 0.9608 5.0000 -

"y

T ——

T R Ao R e e B Ao LA

L T ToTT—— , - - s i
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Sy Subroutine GERN computes the matrix

[1.0000 0.0000 0.0000 0.0000 0.0000

3 . 0.5576  1.2996  0.0000  0.0000  0,0000
B A =10.4641 ~-0.0668 1.6673 0.0000 0.0000
o 0.8197 -0.1581 -0.2186 1.8042 0.0000

| 0.2333  0.0742  -0.0419  0.4279  2,1806 |

A s
N ; . o
ot ahl i B e ey
T Ianrtie % Tl T PRl TN

This matrix is then multiplied by X, where X is

distributed according to N(¢, I). The result of this

EE
e
Ty, . S

"™ N
»
T e

BRI

multiplication is the random "error" vector

ey

T

[~1,0675
1.0053

"‘lt 7816

W e

 -1.6026

i
ST

EXARC I

| -4.2417

. m,.;,w sy

PR H N A

The vector Z is added to the vector Y to obtailn -the

simulated radar observation vector.

Example 2: Suppose, in Exampie l, it is aséumed,ﬁb»

can be megsur=d without error....This

e i e W g S
RO TR

tiie varlangzis

Under this assumption, the "ermmes

i B Wrastt e T e ——
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The matrix A 1s computed

and the random "error" wvector Z is

12

from a N(¢, R) population, where R might be

1.0000
0.2248
0.0000
0.9471

| 0. 4625

1.0000

0.2248
0.0000

0.9471

_Lo.u625

]

0.2248
2.0000
0.0000
0.0865
0.6449

0.0000
1.3962
0.0000

-0.0905

0.3873

[0.5879
0.2784%
0.0000

1.7551

-0.5159 _

0.0000
0.0000
0.0000
0.0000
0.0000

to be

0.0600
0.0000
0.0000
0.0000
0.0000

0.9471
0.0865
0.0000
. 0000
0.2663

0.0000
0.0000
6.0000

1.7591

-0.0777

46257
.6L49
. 0000
.2663
.0000_

vl O O o o

0.0000
0.0000
0.0000

0.0000

2.1517 |
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: Example 3: Suppose it is necessary to simulate a 6 x 1
;ﬁ ' observation vector Y, where
)] y2
Y = y3
Yy
V5
L6
| 5
% and where y. = .z '
{ i=1
This is a case where an element of the observation
vector is completely correlated with the other elements.
Let the "errors" be from a N(¢, R) population where
2.000 0.411  1.334% -0.097  1.612  5.259
0.411 4,000 ~0.238 -0.684 -0.656 2.832
1.334 -0.238 6.000 -1.590 1.024 6.530
-0.097 -0.684 -1.590 8.000 -1.226 4,401
1.612 -0.656 1.024 -1.226 106.000  10.755
| 5.259 2.832 6.530 4,401 10.755 29.?79_




Note that the last row of R is the sum of the first

14

five rows of R and hence R is a singular covariance matrix.

Subroutine GERN computes the matrix

A =]-0.069 -0.335 ~0.718 2.71H4 0.000 0.

The random "error" vector 7 is calculated as before

the result is

- .
~1.581

~0.051

3.311
z =[-0.496
.688

1.87MJ

-

A listing of Subroutine GERN follows,

B 0.000 0.000 0.000 0.000 0.
0.290 1.978 0.000  0.000 0.000 0.
0.943  -0.258 2,245 0.000 0.000 0.

l.914 -0.498 -0.080 -0.506  2.861 0.
3.719  0.886  1.447 2,208  2.861 0.

and
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MNIDUTINE GEPNIMyK)YeH)

C GERN WAS PROLRAVEN By F, M, SIEED MG o APRII 41945
¢ CALLING SELEMCE
c CALL GEINI(Nywe Y M)
C WHERE
E N 18 1HE S1¢F 2F R
C R 18 THE- COVAKTANMCT MATRTX R 16§ PIVFVUSTAMNED R(&N,50)
C Y 15 RAN'OM VECTOK FRUM A N(X Q) PORPLLATTON | Y 1§ DTMENSION
C Y(5N) ,
- A 1§ A MATRLY SUCH JTHAT YZAX 16 NISTRIRUTEN ACrORPDINA YO N(Y
c A 1S NIMENSTOMED A(R0,50)
. DIMENSION Y (501 eX(5N)pa(5Ne100),RIEN,50),7(50,5M)

A aN(ENHN) pHKRN RN
CALL RESIN(T)
L = 2%\
L1 = N+

C  CONSTRUCH (Ry})

no ] 1= 1N
DO ‘1 J=LiL
K = J=N
A(loJ) -
A‘K’.,, - 1.”

1 CONTINU=
DN 33 IT=1enN

. DY 33 J=3eN
(:) Allasd) =2 - Ril» )
33 CONrIVUE
N1l = N=1
C COVPUTE (DyP)
N0 2 1 = 1.\U

IC(A(TsT))4eel
o} CONTLNU=
Lt = 1 ¢+ 1
DD 10 K SLupw
IF(A(<eT)) 2T 1Y
10 CONYINUZE
GO TO U
11 CONTINUT
DO 12 J=1,i

= AlJoeJd) = A(T0.1) ¢ AlKed)

}2 CONTIVUE
DY 13 J = 1
Atdel) 2 AlJeY) + Al JeX)
13 CONTIVUE
4  CONTIVUE
£9 & 14}
DO 6 <=L2¢\
% = it 3)
N & J= 1k
A(KeJ) A(Ly 1) = (N1*A(1eDNIZ7A(T])
CONTIND=
DY 21 J & L2.,M
A(I'J’ = .0
21 CONTINUEZ
2 SONYINUE
DO 71 I=1.N

n

()
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REPRQDUCIBILITY OF THE OIGIN/\L PAGE

. TE(A(T 1)) 790720700
79 wRLIF(E,1R14) .
IR ] FORVAT (4O 14 0PLTwAL VAIRIX 1S NOT PAGTITVYF GFUI=NFFINTIF)
. GO D 1A
79 CONT (VU=
DO nt 1 =
OO0 61 J = e N
R(l,JY = NN
DN 2 £ = Lo
N3S 2 X ¢+ N
62 R(1,0) = (1, 1) + T ek)*A(JINES)
- 61 CONTIVIIE
DO 264 1 = 1o
n21 = SOR (1))
DN 29 J = L
29 A(l,J) = A(1.0)/0D21
2% CONTIMUE
| = IRANSPOS: OF P
COVPUTE RO
o 41 I=1.N
nn 81 J=1N
HET, )= 040
NN 32 K=l N
] N3G =2 M + K
= 42 ML, Jd) = HUTs)) ¢+ RUTex)2A(JIN3ES)
(:) Wy CONTINUE
C COWFUTE Y S(RPT)eX
NO sy 1 = JoN
B X(1) = [ARYN(T)
NOY 65 1 = JeN
Y(I) = 0NN
DN a6 J & JeN
G YUI) = YI(T) 4 H(1ed)eX(y)
oh  COMITIMUT
16 CONTIWUE
RETURN
FND

On
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APPENDIX B

*

* N(O, 1) Random Number Generator

The N(O, 1) random number generator packet consist

of the following subroutines.

(1) BEGIN
(i1) FIXB
(111) BARNN

(1v) BARNA
(v) LOOKUP
(vi) BLOCK DATA

(vii) BARN

All these subroutines are in FORTRAN IV, except BARN,
which is in MAP. The first six subroutines in the packet were
programed by K. Oney of Wolf Research and Development
Corporation, Houston, Texas. The last subroutine, BARN, is

a SHARE subroutine.

" A listing of each of the subroutines follows.

= — e
pow > D NN = S )

O




—— - - ———.

(:) TIAFIC

C

S14FTC

-

S il - — s - ———

REGIN LTsT
CUPROMTYIME GF TN € 1 )

DIVENSTON Tafd rm(90) ,TARLE1(11%%)
COMMON ZONFYy/ TARLE,TaPLF1

CALL TTME ()
CALL FIX3 (1erT)
T & %Y

RETURN

ENN

FIXn LIST
CGUARODITINE FIaD (€D, 1T10M7)

TIVM = FLOAT(JULN)

TIVI
TIve
T1v3
TIVH
T1vh
» TIVO

TIM ¢ 1,FE=8
FLOATLITINIT MY )%l 4%
1IM - JTVD

’[]\11 3 1.‘-‘-1
FLOATCITIX(T VL) ) #1 . 0E+3
TIVY =« T]14%

SIOFTL

ey S——

I ——

TIv7
QF TUR
END

1]\’1“.:"‘3 + T""(t*lof."ﬂ

”

l

PARNN LTIST
FUNCTINN RAxNI (T )
XT = AARN(1,) ¢+ T
WETTIF(Ae2)T X
IFIXT JLTe UUIXT = ARQ(XT)
ENSMAT(2(SYE1u,7) )
IF(XT AT, 1.0)R0 TH
CALL LNDOOKUP(XT,X5)
BAQINN = YO
RETURN
XT = XT « 1,0
CALL LOOKUP (aTXR)
BAINN = Y06
rFTURN
EMNY

LOOKyP  LIST
SUAROUTINE LOOKUP (XePHINY)

NTVENSTON TARLE(AN) ,TARLEL(135)

COVMMON /ONFyYy/Z1AHLF,,1ARLE

FLAG = 0.0

-
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REPRODUCIBILITY OF THE ORIGINAL PAGE IS POOR

FLAG]L = NeN

l‘(‘ oL‘o ﬂ.’)f“ | s
IFiX L1 A, MAC TN A
g 2 1.N & X

FLAGL = 1.0

GO To 2

11 = JIFIX(Xejyn,)
1211 =7

= FLOAT(LT) 7 10u,
X1 = X0 ¢ N,n\|
P = (X=X2) / (¥Y1=X1)

PG = PP

PC = PS#D

PF = OCs?

Ps = pPSa®

AN NeAFR933LE =D & (Pep0=PEeG , N=DPreh , N+PFeF NP

AMY = w0 U1060ALT75=1 + (P#12,0.P6416,14PC4PF*L, N=PR)

AO = N B3335350E=1 ¢ (1., 0=Ps0, 0=PS¢15,N+P 2K N4PF¥3, N=PK)

Al = 0,833%5340E=1 4 (Pe12,u+PSen N=PC+7,N=PF¢2,N4PHK)

A2 = =, 41A0ALATE =1 & (F#H,04PS=PC¢7,N=PE4PE)

AZ = N AAIIANZSNE=2 o (Pelh JN=PCehH,NePK)Y

JF(FLAG JNF, U, 0)ED 10 4

PHINY = AM2Ta? S(T=2) & AVI*TAPLF(T=1) & AO*TARLE(Y)
¢ OALHTALLECL#YY & A wTPOLF(T42) & AZTABLF(I4D)

IF(FLAGRY JFu, NOYRY T 6/

PHINYy = =P4YjiNy

X = (.0 = X

wETURY

7 = ALNC(X)

I1X & IFPINEI290%0,) 7 2
XO = (FLOAT(IX)I#2,N = 2,1) ¢« 0,1
Xf S ¢ & 4,2

P = (2=X9) 7 (Y¥]1=XN)

[ = IARS(IX) = 7

FLAG = 1.0

GO 1O u

PHINY = AV24TanLE1(142) 4 AVI*TARLFLI(T41) # AO+TARLEFL(T) +
AeTARL-1(T=1) + A24TARLEL(T1=2) 4 ABZSTAPLFI(T~7)
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