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ARBSTRACT

The response of a closed cylindrical shell is determined for acoustic
excitation which is random in time but deterministic in space. Two slightly
different formulations of the statistical energy method are utilized to compute
shell displacement and interior pressure responses which are compared with
measured 'values in 1/3-octave frequgncy bands. Structural damping estimates
are based on linear viscoelastic theory. Various 1/3-octave band averages
are defined for computing other frequency-dependent parameters for the
system. Rather good overall agreement between theoretical and experimental
results for shell response is achieved when the non-ideal characteristics of
the 1/3-octave filters are accounted for. On the other hand, agreement for
interior pressure response was somewhat less satisfactory., A detailed

discussion is given for several possible sources of discrepancy.
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INTRODUCTION

Determination of the response of elastic structures to distributed
random pressures is of fundamental concern in many engineering applica-
tions, It assumes particular significance in aerospace environments where

! exerts a profound influence on the

acoustical energy from several sources
dynamic response of the structure, as well as on its interior components,
These pressures are usually random in time and are spatially distributed

in a manner which is dependent on the phase of the launch trajectory. In
general, the spatié,l distribution is not random, but is a deterministic

function which varies with the speed of the vehicle, as well as with its

position in the tx:a,jectory.

Barnoski—, et al. 2 have reported a recent survey of the various methods
available for the predictio;:t of structural response to random excitation.
However, most of these methods involve the application of empirical results
extrapolated from previously available experimental data. The modal, or
classical method, and the statistical energy method are two- that are more
generally applicable, and are developed with at least some mathematical
rigor, Nevertheless, both methods involve numerous simplifying assumptions
which inevitably limit their use in a given practical case,

The modal method is generally considered to be useful in low frequency
regions which include low modal density. Some of its limitations for applica-
tion to the case of a cylindrical shell excited by random acoustic excitation

3

were determined in the initial phase” of the present program, The results



of the remaining work, which are reported herein, represent an investigation
of the response of the same basic cylindrical configuration over much wider
frequency ranges which include high modal density and significant acoustic
radiation., Two different formulations of the statistical energy method are
employed for prediction and compared with the results of experiments which
were designed to determine the practical applicability of this method. Thus,
it is applied to a problem involving an excitation pressure having a space-
wise deterministic distribution, rather than a diffuse sound field, in order

to simulate, at least qualitatively, a form of the acoustic fields

encountered in space vehicle applications,



EXPERIMENTAL ANALYSIS

Description of Physical System

Various previous investigations4’5 have considered the response
of a cylindrical shell to a spatially diffuse random acoustic exlcita,tion. For
the present case, a non-diffuse excitation is desired, Therefore, the
physical arrangement depicted in Figure 1 was selected. This is a similar
system to that which was utilized in our previous effort3, except that more
elaborate calibration procedures are necessary at higher frequencies, and
the cylinder was capped in this case. The acoustical speaker was chosen
to provide a reasonably effective area of excitation, yet small enough to
minimize the computations required to obtain theoretical numerical
results. A photograph of part of the actual apparatus is shown in Figure 2.
The entirfa apparatus, which was designed to perform several related

experiments, was composed of six parts: test fixture, excitors, excitation

sources, transducers, analyzers, and recording devices, all of which are
shown in the schematic of Figure 3.

The test fixture was a thin-walled aluminum cylinder whose physical
properties are given in Table I. This cylinder was bolted (by a welded-on
ring flange) to a heavy steel plate at its bottom and similarly to a heavy
3/4-inch aluminum disk plate at its top, which put the cylinder in an &n closed
and nearly fixed-end configuration. Wood baffle plates of 1/4-inch
thickness separated the interior space from the end plates, An isomode pad

was used to cushion the steel base plate on crossed steel I-beams, which
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Figure 2. Photograph Of Apparatus
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TABLE I. PROPERTIES OF TEST CYLINDER

Ps = 2.59X10-% 1b-sec?/in%
hg =  0.020 in.

a = 12,42 in,’

£ = 30,0in.

£, = 2,640 Hz

f, = 23,300 Hz

Material = 6061-T6 Aluminum.



in turn rested on a concrete floor. The function of the isomode pad was to
eliminate excitation of the cylinder through floor vibrations., A 3/4-inc;h
hole was drilled through the center of the aluminum top plate of the test
fixture to allow access to the interior of the cylinder, so that a study of
the characteristics of the internal acoustic field was possible. Figure 2 is
a photograph of the test fixture in the confiéuration in which the acoustical
speaker was used as an excitor.

Two excitors were used, The primary one was an 8~inch '"hi-fi"
loudspeaker which was mounted in relation to the cylinder as described by
the coordinate system in Figure 1, where Xg = 15,00 inches, The plane
defined by the edges of the speaker cone was parallelto and 0.85 inch from
the tangent plane to the cylinder at the excitation center (r, 6, x = a, 0, xp}.
The acoustical speaker was mounted independent of the test fixture, to the
concrete floor by a steel support as seen in Figure 2. Measurement of the
properties of the acoustic field generated by the loudspeaker will be
described under Calibration Procedures.

The secondary excitor was a small magnet whose pole pieces were
parallel and close together (approximately 0,25 inch)., The coil of this
magnet could be drive}:'s. by an AC power source and the pole pieces could be
placed in close proximity to the cylinder wall (approximately 0. 10 inch).
The inter;a,ction of eddy currents produced locally in the cylinder wall and
the AC magnetic field effected a remote point excitation of the cylinder at

twice the frequency at which the magnet was driven. This magnet was



used in only a few experiments which were designed to identify acoustic
modes excited within the interior air cavity.

The excitation sources were the signal generators used to drive the
excitors through a 200-watt Macintosh power amplifier., There were
essentially four different excitation sources; a sine-wave generator and
three sources of random noise, The first random source was created by
taking the output of an Elgenco gaussian random noise generator, equalizing
by means of LTV peak-notch filters to compensate for the frequency response
characteristics of the loudspeaker, ;..I;.d taping the result on an Ampex
FR-1800L tape recorder for frequencies below 2.5 kHz, This 60-Hz to
2,5-kHz nominally equalized random noise signal on tape was called our
wide-band excitation, The second random source was formed by filtering
this wide-bai_:}d taped signal through 1/3-octave filters, having standard
center and ha.lf-‘power frequencies as defined in Table II. The taped signal
was played through these filters one at a time using filters from 100-Hz
through 2-kHz center frequencies, This was called our 1/3-octave equalized
signal, The third random source was the Elgenco random noise generator
filtéred directly by the 1/3-octave filters for center frequencies from 100 Hz
to 5 kHz., This was called our 1/3-octave non-equalized signal.

Five transducers were used to measure characteristics of the
cylinder under excitation, Three of these were Bentley displacement
 detectors located relative to coordinates of Figure 1, while values for these

probe locations are given in Table III, A fourth transducer was a B&K

1/4-inch diameter microphone located at various points inside the cylinder,



TABLE II,

Filter No.

10

11

12

13

14

15

16

17

AND 1/2-POWER POINT FREQUENCIES

Center Frequency

1/2-Power Point Frequencies

1/3-OCTAVE FILTER CENTER FREQUENCIES

100

125

160

200

250

315

400

500

630

800

1000

1250

1600

2000

2500

3150

4000

88

111

140

178

222

279

355

443

557

705

887

1112

1405

1778

2220

2790

3530

111

140

178

222

279

355

443

557

705

887

1112

1405

1778

2220

2790

3530

4440

10
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TABLE III, TRANSDUCER LOCATIONS

] x
Probe 1 81° 7.55 in,
Probe 2 2047 12,25 in.

Probe 3 318° 24.40 in,



12

The fifth transducer was an Endevco accelerometer located on the top plate
of the test fixture at various points along a radius at 6 = 45°,

Transducer signals were amplified and analyzed by three analog
methods as shown in Figure 3: (1) The signals were fed directly into a
Ballaz;_tine voltmeter which has an output proportional to the mean square of
its input, and this output was time-averaged for 5 to 10 seconds as desired.
{2) The signals were filtered with the 1/3-octave filters and then the time-
averaged mean square signal was obtained with the \Balla.ntine meter,

{3) The signals were fed into a Spectral Dynamics SD-101 tracking filter with
a 10-Hz bandwidth and then into an SD-109 Power Spectral Density (PSD)
Analyzer with variable RC. The latter system allowed relatively narrow
band analysis, The results of all analysis methods were recorded either on
X-Y recorders or on oscilloscope camera film.,

Calibration Procedures

In order to define the spatial distribution of the acoustic field,
calibrations were performed on the speaker prior to its use in the experi-
ments, The instrumentation setup for the speaker calibration is seen in
block diagram form {within the dashed-line area) in Figure 3. The B&K
microphone was mounted in a baffle which simulated a segment of the
cylindrical shell of the test fixture. The axis of the highly directional
microphone was coincident with the ghell radius, and the entire shell
segment could be rotated on this radius. Thus, the microphone could
effectively measure the acoustic field pressure on the cylindrical surface at

points referenced to corresponding projected points which lay in a plane
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tangent to the segment at its intersection with the speaker cone axis. A
photograph of the speaker and cylinder segment setup may be seen in
Reference 3,

Mapping of the acoustic field spatial distribution was done for the
center frequencies of the 1/3-octave filters only, and was thus considerea
to be an average over each respective band, The field was found to be
essentially symmetric with the axis of the speaker cone; thus, only one
coordinate (R in Figure 1) was necessary to designate a point located in the
tangent plane, but coincident with a point on the shell at which the sound
pressure was measured with the microphone.

In order to obtain the field distribution, a cross-spectral density was
computed between the pressures measured at R = 0 and those for various
R # 0. These data were found to consist of real (CO) and im;a,ginary {(QUAD)
parts, and were completely deterministic in space as was expected. Data
were taken relative to CO of CPSD ='1. 0 for R = 0. The general empirical

equation

ky, = exp (-AOR_BO) cos (TTR./PO) (1)

R

was found to fit the CO data well for various v‘a.lues of Ay, Bp, and PO, which
were dependent on the center frequencies of the 1/3-octave filters, The

empirical equation

k; = Dy cos (TR/Gp) - By (2)
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fit the data for the QUAD part where the constants Dy, Ej, and G also were
dependent on the center frequencies of the 1/3-octave filters., Values of
these parameters for various center frequencies are given in Appendix A.
Relative CO and QUAD plots as a function of R are given in Figures 4a and 4b.
In order to provide a complete absolute calibration of the speaker
field, the above relative distribution must be combined with a power spectral
density measurement at R = 0, For this, the ratio of the time-averaged
acoustic power in RMS psi squared to the RMS volts squared of signal
across the speaker terminals was measured for the three different random
excitation sources at R = 0, For the cases of 1/3-octave equalized and
non-equalized excitation sources, the microphone and speaker terminal
signals were measured directly by the time-averaged mean square Ballantine
apparatus. For the case of the wide-band excitation source, the microphone
and speaker terminal signals were analyzed with the 1/3-octave filters and
the resultant signals measured with the time-averaged mean square
Ballantine apparatus, A PSD plot of the speaker output in ps i2‘/ Hz for the
constant wide-band input to the speaker terminals (R = 0) is shown in
Figure 5, This plot was obtained with the use of the Spectral Dynamics
equipment using a 20-Hz filter, RC = 3 sec, Circled points on the plot at
the 1/3-octave filter center frequencies were obtained from the calibration
constant for the speaker by using the 1/3-octave equalized excitation source.
The averaging effect of these wider-band filters compared with the 20-Hz
filter may be clearly seen, A list of the speaker calibration constants is given

in Appendix B.
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The Bentley displacement probes were calibrated at locations on the
cylinder wall of the test fixture with the use of a mic;'ometer head to measure
static distance to 10-%.inch accuracy. However, this linear range about the
operating point used during the experiments was more than sufficient to

-insure good dynamic results to 10'6-inch accuracy. The axial microphone
was calibrated with a B&K 124-dB audio pressure standard. The accelerometer
was calibrated with a Kistler Model 808K/561T quartz vibration calibration

standard,

Experiments Performed

Three major experiments were performed in relation to shell response,
along with additional supporting experiments, For the appropriate instrumen-
tation setup and the given switch locations, refer to Figure 3. The majdr
experiments involved measurements of shell displacement and interior air
pressure response for the following conditions:

(1) Wide-band equalized excitation source-~the loudspeaker was used
as the exciter, and the output of the proximity probes was analyzed
with the 1/3-octave filters (switch locations A, a, 1-4, I) and the
Ballantine meter.

{2} 1/3-octave equalized excitation source--the loudspeaker was
used as the exciter, and the output of the proximity probes was
analyzed with the Ballantine meter directly (switch locations
B, a, 1-4, II),

(3) 1/3-octave non-equalized excitation source--the loudspeaker
was used as the exciter, and the output of the proximity probes
was analyzed with the Ballantine meter directly (switch locations
C, a, 1-4, II),

Additional supporting experiments were also performed, Top plate

accelerations were measured at points along a radius for 1/3-octave
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non-equalized excitation (switch locations C, a, 5, II}, A 10-Hz resolution
PSD of the outputs of proximity probe No. 2 and the microphone was obtained
when using random noise through a 10-Hz tracking filter as an excitation
source (switch locations D, a, 3-4, III}). Damping measurements for the
tank were obtained by means of sine wavé excitation with the speaker and by
observing the probe outputs on oscilloscope recoxds. Both 1/2-bandwidth
and free-decay methods were utilized. Not all components for these experi~
ments are shown in Figure 3. Finally, some cursory observations of dis-
placement probe and microphone outputs were made with excitation by means
of the electromagnetic coil. This method was used to identify low frequency

air modes as symmetrical.



THEORETICAL ANALYSIS

General Modal Relationships

Before proceeding to discuss the details of the statistical energy
method as applied to the vibration of a cylinder in air, first it is necessary
to recognize the existence of different modal groups over various parts of
a wide frequency band. Some of the principles set forth by Manning and
Nlaida,nik6 will be utilized for this purpose.

Figure 6 shows a diagram which depicts many of the modes of the
present cylinder over a wide frequency range. The general relationship

utilized for calculating these modes is

y = {p%a‘%[(n/a)z + (moﬂﬂ )2]2

(1 - vB)mgr /)4 [(n/a)? + (mqn/0)2]2} /2 (3)
where

v =£/f,, B§ = (hd/12a2), m=m +0.2

a2z Cf = Ellegll - vl

Note, that following Arnold and Warburton?, an effective axial wave number
my is utilized for the present case of a cylinder with partially fixed ends,
For convenience, the vertical frequency scale of Figure 6 has been divided
into the standard l1/3-octave bands at the 1/2-power point frequencies

previously given in Table IL,

20
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The modes of the cylinder have been separated into three distinct groups

representing non-radiating (NR), acoustically slow (AS), and acoustically fast (AF'}

modes. Non-radiating and acoustically slow modes are separated by the straightline

v ={cpleghn (4)

while acoustically slow and acoustically fast modes are approximately

separated by the curve

n = (cﬂ/co)v Re [{(1 - vé)l/Z _ v[l . (V/VC)Z]]-/Z}]'/Z] (5)
where
2
0 £R3

Ve = 1 /f, f, = y DE e,
¢ T T am(D/pghg) /2 12(1 - v2)

It should be recognized that additional, acoustically fast modes occur at
higher frequencies outside the present range of interest,

Modal density for the cylinder obviously becomes quite high within
the frequency range considered in Figure 6. For the sake of information,
a modal density count for total modal density and density of acoustically fast
modes are compared with theoretical predictions in Figure 7. Theoretical
values are based on Eqs. (67) and {68) of Bozich and White3, which are
valid for a simply-supported cylinder, There is obvious disagreement for
the total modal density which may result from the extrapolation of Eq. (3)
to the case of a cylinder with nearly fixed ends. Therefore, in the present

n

work, modal density was based onactual modal count obtained from Figure 6
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in order to be consistent, Thus, for each 1/3-octave band, the number of
each type of modes Iy oy, Izag, and I, yg were counted directly from
Figure 6, along with Eqs. (4) and (5).

Power Balance Equations

General Concepts

The general formulation of the statistical energy analysis
involves equations for power flow in and out of designated subgroups of a

8 have presented recent summaries

system., Barnoski, et al,, 2 and Ungar
of the fundamentals of the method and are careful to point out the existence
of numerous limitations on its use, Further discussion of these limitations
has been presented by Zeman and Bogdanoffg. For our purpose here, it
will be convenient to repeat the assumptions given by Reference 2 as

required in the application of the method:

(1) Modes of each substructure of interest must be grouped
into similar sets.

(2) Coupling between modes in a group is negligible,
{3) Coupling between groups is conservative,

(4) Modal damping is light and modal response is mostly
resonant.

{(5) The power spectrum of force is approximately constant
over the bandwidth of interest,

(6) Kinetic energy is evenly divided among modes in a set,

(7) Kinetic energy in coupling must be small compared to
modal kinetic energy.

(8) The coupling factors between modes is constant and not

strongly frequency dependent near the resonance condition.

24
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Use of these assumptions will become apparent in the development
that follows.

Detailed Derivation

One possible form of power balance equations for the vibration

10 and Bozich and

of a cylinder in air has been presented by Conticelli
White?, However, their equations do not directly contain terms which allow
for a non-diffuse excitation, or for non-radiating modes, Therefore, we

will first present a similar set of equations which do account for such

additions. These equations will be referred to as the separate group theory,

for reasons which will become obvious, Then, as a result of discrepancies
which resulted between this theory and measured values in part of the
frequency range, a second, slightly modified theory is developed. It will

be referred to as the percentage theory., In particular, the non-interaction

between AF, AS, and NR structural modes of the shell is considered in an

alternate manner., Both, however, are slightly different modifications of
the same basic statistical energy theory. The development will proceed
from several earlier references on the subject.

For two normalized linear oscillators!! having instantaneous

velocities u; and u,, power balance equations can be written as

Bi{uf) - 812007 - 63) = By(ud) - rp,[(uf) - (u)] = (f1u))  (6)

I32(‘3@ - g21(0 - 01} = 52(“%) - rzﬂ(“%) - (u%)] = (fzuz> (7)
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The first term in Eq. (6} represents the average internal dissipation.

By is a normalized dampir;g coefficient of the first oscillator, and 8] is

the average energy (per mode) of the first oscillator (fjuy)/f;. The
second term represents the power flow from mode 1 to mode 2; g;, is the
power flow coefficient; and rj, is the coupling coefficient between mode 1
and mode 2. The extreme right-hand side of Eq. (6) represents the work
done per second, or the input power on mode 1, The terms in Eq. (7) have

11 for shell-air

similar meanings. For "gyroscopic' coupling, which holds
coupling gy, = g5, iz = rz], and the dissipation in the system is independent
of the coupling which is, in this sense, conservative. More general

couplirig equations will be discussed later,

For our present problem, the above equations are extended to
groups of modes so that the subscripts 1, Z,' and 3 are used for the outside
air, the cylindrical shell, and the interior air, respectively. However,
group 2 is further separated into NR, AS, and AF modes., In the separate
group theory, essentially five groups are then defined, i.e., 1, 2NR, 2AS,

2AF, and 3, In this case, we may write Eqs, {6) and (7) accordingly as

power balance (per unit bandwidth) equations. For the cylinder

- —

EoAF 333)
Ny AF 03

W By AF T OMR3AFRAT (

E
21AF _ pIN

tem2iaFear - — = Foar (&)



Ezas E3
“n2E2a5 T 9M2348"248\ 1o A5 T
E2AS' _IN
t O] AST2AS Toag | T 2AS (9)
_ HIN
wnEoNR T PINR {10)

Note that for non-radiating (NR) modes.the acoustic coupling is considered

negligible. Similarly, for the interior air

EsAF Es)
Har B3

whzEy = wnpz axptpap (

0 (11)

(EZAS E?’.)_
T 9M23A8"2A8 \n a3/

A similar equation for coupling to the external air is not required since it is
assumed to be of infinite extent, These are the governing equations for the
separate group theory.

Now, consider a slightly alternate method of arranging the
governing equations. Consistent with the concepts of the statistical energy
th,e,ory, the modes of each separate medium {1 or 2 or 3} are assumed to
possess approximately the same energy level. In particular, we shall assume
that the shell structural modes, AF, AS, or NR are approximately of the
same energy so the structural coupling between these modes can be neglected.

We have:

27
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Ez Eaar Ezas Exnr
(ug =

na NZAF n2AS n2NR
E )

(udym> — (13)
ng

Since the exterior domain of air is assumed to be of nearly infinite extent,
there is only radiation outward from the shell with negligible reflected

radiation
(uf) 20 (14)

The power equation of medium 1 thus is decoupled from the shell-interior-
air power equations. Equations (6) and (7) yield the following average power
balance equation (per unit band width) for AF, AS, and NR modes, respectively:
E E
2 3
O AR T OM23AFTRAF\ 5 T o

By
RN
t oMy AR AT 5, PIAF (15)

Ey E3
wnpEyag T WN23A8M2AS (;;2— - ;;)
. .
2 _ IN
tompiasteasy, - Teas (1)
_ oIN
wnEoNR T PoNR (17)

Similarly, the average power balance equation for the interior air modes is:



Ey B3
wiigEy - M3 AFMAR |\ T - T
N nz n3
. EZ E3
- ©M23A572A8 (;1; - '@) =0 (18)

Equations (15) through (18) are the basic governing equations for
the percentage method., Consider now a slight rearrangement of these
equations which makes the name of the method more obvious. The total

energy of the shell is

E, =Eyap + Ejag + EanR (19)

The total number of shell resonant modes per unit bandwidth is

np =mpap tozag tNR (20)

Only reasonant modes are counted, since except at low frequencies, their
contribution to energies outweighs other modes provided that they are lightly

damped. If Egs. (15) to (17) are summed (with equal weight), one obtains

E

r 2 I3 Ep
why By +wny 30,y ny  ng twony 0, oy

_ oIN_ _IN N IN
=P, =Pyap tPzag + Pong  (21)

where the coupling coefficients are

_P2AF N2AS

nzj —T{;nszF +'"'I'1”2"”1]2jAS s j=lor3 (22)
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Equation (22) expresses each part of the radiation as a portion, or percent,
of the total radiation. This is similar to that presented by Manning and
Maidanikb,

The determination of number of modes I ow, Dag, L NR
in each given bandwidth Aw centered at w is described in the previous section.

For the shell, the respective modal densities are then

N> AR = IZAF/AOJ, etc. (23)

For the number of interior air modes, we will employ those for an
equivalent rectangular room?!? (which is only an approximation for the

present case)

This expression is valid for a rectangular room at high frequencies, and
is an approximation based on the more general expression, Eq. (3.4), on
p. 86 of Reference 13, Note the difference in notation, and that a differenti-
ation needs to be performed to get Eq. (24).
The space-average generalized displacement for sound waves in

air is 11

g =2 (25)

* where ¢ is the space-averaged velocity potential, while, for small periodic

disturbances, the space-averaged pressure is:

30



31

2 - po-g? = pgud sin (wt); & = $ cos (wt) (26)
Thus,
Ej =pgV3 «P)z'/ﬂm f%ﬁ (27)
as
(p%) 0, ap = Spalw) 4 (28)
Similarly,
Bz = M (v2) /a0 = Ma?Sf0) (29)

where y is the space-averaged shell displacement. The space-averaged
pressure spectral density of the interior, Sp3, and the spa.ce-averalged
shell displacement spectral density, Sy, can be calculated from Egs, (27)
and (29) after Ez and E3 are determined from the power balance equations.

Input Power

Previous investigators have usually considered only one dominant
form of energy loss in impedance relationships which affect input power
expressions. In the present case, where energy losses vary considerably
from one part of the frequency range to another, a more accurate approxi-
mation will be derived. We start from the normalized power Eqs. (9.14b)

and {9.15b) of Lyon and Maidanikll:



Nr 1 1
Bm (580 + 3 gme(fm - 6x) = BB, (30)
I
- NS
ﬁr(‘l%) - Z gmr(ell'n - 63) = Byby (31)
I

th

which are the m™ shell equation and 1 interior air equation (effects of

the exterior air domain will be added later), and

B = { Frném) = ((MM) /2 [ pory dx « 5, (322)
A

where

Fp, = (MM, )" 1/2 f pé_ dx (32b)
A

and ¢,, is the mtP shell normal modal function, Since

. : , h\1/2
(s2) = (wl\l/\[/[—r{l—) (840 wix)= IZI; S $m(x) (prS)

(@2) = (pVer /MI(42Y; W(x) = T qlb{T)
m

Pghg - M -
{d’m M op dX = M. Gmn = €mOmn’

I .
€m =7 for simply-supported panel,|

tNote that this expression will be only approximately correct in the present
case,
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flbrtpkd_z:Ver&rk; €. "Zﬁr and k £ 0
7

we have
1 ey _ 1 12 1 )
ES‘EM(W>“Z‘;1§Mm<Sm __Q:g:lMem(sm) (33)
E, = poV{(§%) == T poVe, (42 (34)
a AwfO b Aw £ PoVer \dy

Now consider a sum ole— M X [Eq. (30}] with respect to m. The
w

first term yields the dissipation, B, E,. The second term is

s 2
M Tt - 01 = Rraa [338) -, 342
I T m T T

____Rra,d ...E...s_'_lE_a’ 35
T M [Ny N, (35)

Equation (35) is a generalized definition of r;, as a modification of the
definition, Eq. (9.19) of Lyon-Maidanikl!, The input power in the summed

equation is then clearly

Ng
]N - M - M .
Ps _—_A Z : m—_Am Z <Fm5m> (36a)
where
1
F = P dx {(36b
m e M'_£ $m dx )

By Fourier transform, similar fo p. 32 of Robsonl4:
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1 P :
x(t) = o= [ Kot (37)
-00
w -
#w) = f x(t)e @t g¢ (38)
-0
Also, the inverse transform of Eq. (8), p. 47, of RobsonM’, yvields
1 X ot
(x(t)y(t + 7)) = Ryyl7) = 35 fsz*s‘re‘l‘” dw /2w (392)
-
1 [e9)
tiv{th = == Y
(S{e)y(t) = Rey(0) == [ %55 aw/2w (39b)

-Q0

Consequently, for two narrow bands of width Aw centered at frequencies +

(as complex transforms are used), we have

o

(8008 yfw) = (x(t)y(t) =5o= [ Fw)Fl) do
o)

(Aw)

[__m, Aw o w, Aw]
2nT

£ (w) Flw) + ¥ {-w) F{-w)

~

{Aw)
A Y

— o wAw W AG
I:%*(m)'s"f(w) + X{w) 7 {w) ] = (A0)ReSyy(w)

5 [____._____m, Am:|
= _) T Re | ¥ {w) ¥{w) {40a)

Upon division of the last term of Eq. (40a) by Aw, the power spectral density

results:



w, Aw—=0

Sxxle) = Re Syelw) =§[,§, B M) = E—iﬂm)ﬁ(m)} (40b)
while
.  uwAw e W, Aw
¢ () = 552 Re [#4(0) §(o)] =l 2 o %) 9%)] == Coolf)  (40c)
xy T 27 T 2T Cxy

ny(f) is the co-spectral density given in Eq. (6.5la), p. 274 of Bendat-

Piersolls. Similarly, the quadrature spectral density is

o0
1 T _ i par
xy(m) Aw <X(t)Y ( 21m])> T 2mAT -—'c/)'o ®*Y
1 5 — W, A
= -sq T%{X”(N)Y(Cﬂ}] (40d)
The cross-spectral density is, therefore

~ —_ l 2 "”\u‘ ~ — A~ PP
ny(w) “ca ' T *lw) Viw) = Cx’y = IQXY (40e)

The Fourier transform of Eqgs. (9.1a} and (9.1b) of Lyon-Maida.nikll

vields

N
r B a ~
I i Nk S WA, (41)
T Zm(f-ﬂ) m(‘-'-‘)
Ne g, 3
g rmm 0 (42)
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Znlw) = 08 - 0 + iBpw, Zplw) = 02 - 0 + iPw {43a,b)

Using Eqs. (36a), (40a), (41), and (42), we have the power input

- o, Aw
Pg = Z< Srr) = z (FEEm)

m

‘:.’Iz

PIN
TN N Ig

" TEs PR Ty

(44)

where 05,4 is a radiation correction factor to be determined later, Employing

"integral approximation' and residue theorem to evaluate band-average

values for a lightly damped system analogous to White and Powellls, one has

w, Aw

N
P%N: _M'_ . E.. Re - FmFm( “w) =M N; f‘* oy (_L) (45&)
s 2n T - Z 5 (w) 2T mTMA 2460 '
~ i3 2 .2
= i A%ns(i2), Spgle) (45b)

where

ng = npaps ete., (jn)s = <j%>AF’ etc., respectively

Equation {45b) is the input derived by White-Powelllé. Thus, the present
problem requires the further evaluation of the radiation correction factor
apadqs Which will be done shortly,

The joint acceptance in Eq. (45b) can be derived from Eqgs. {45a),

{32b), and (40c} as:
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e =2 T f f SR g () bl G (462)
A' A*
NS
=2 f f [Crp P”/SP ] Pmix') dm(x") dx' dx" {46b)
A1, m
Al Al
where
p' =p{x'st), p" =p(x".t), Is=nglu (47a,b, c)

The imaginary part of Gpnpuin Eq. (46b) has no effect due to its anti-

symmetry with respect to x', x''. Let

Cp'p,, =kg (& + @) Sp (@) - jkp (% » @) Sp (@) (48)

It can be shown {Appendix C) that

éplpn = Re ép'p” = [kR(ﬁla m)kR(ﬁu: w) + kl(ﬁlsw)kl(}_i”sm)] Spo(m) (49)

Consequently, for simply-supported panels and axisymmetric excitation with

respect to an axis through the center of the speaker and normal to the

cylindrical shell at (v, 0, x) =(a, 0, xp)

— 3 T + Tran) (50)

The first term in the parentheses of Eq. (50} is:
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. 8 g
mx mx
Lon = RGO bmam) dx=da [ [ kgt 0, 0)
Al 0 0
mTx
cos (n;'rrg )cos (n0) d§ 46 sin (51a)
where
Ernx = Ry O = Sin7F (Rppx/a) | (51b)
Bg R

kR(g,Q; w) = e 20R 7 cos li%—g] for R £ Ry = 8.0 inches (51b)

as given previously by Eq. (1) for the present system. Note that, based on

experimental data, kp is assumed to be negligible for R > 8,0 inches where

R=\[§2‘+a2 sin0; £ =x-xg (51c)

and AO, Bps and Pj are given in Appendix A, Further,

emx gmx
[ ke, 65 0)
0

Jmn = f ki(%, 0} dmn(x) dx = 42 f
A 0

cos (m;rg) cos (n0) d§ 4o sin(m.;xo) {(52a)

where

ki(£,8; w) = Dg cos (E—I;-) - Ep (52b)

'.|}
and DO’ GO’ and EO also are given in Appendix A,
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Returning to the correction factor in Eq. (44) with the help of

Eqgs. (41) and (42), we have for N_ # 0 (all terms are zero when Ng = 0).

W, Aw
tpng = +1 Re {NS Ny Brmqr m( 10-’)}
ad”~ =
AT 2 Lz
Re |y ¥hE .
m
W, Aw
Ng
N. N A BharSmFim t bl BrorBrr SkF oa ) -iw)
- 1 Re ZS zr k#m
T, A % %
Ny . - @, 20 m T Zifw) Zo (w)
e Z Fﬁlsm
m (53)

Again, from integral approximation, but summing first with respect to r in
a procedure entirely analogous to that for Eq, (11-1) of Lyon and Maidanikl 1

the first double sum in Eq, (53} is

% ©, Aw — w,Aw
Ng N_ -B &
r . -
a, = Re{ Sy mr®m” m' } / Rel: i“ném:l
m T Ziw) Zh ()
5 N..(w) 2 ~ ~
_1 2 °7'r T =
—--ZBmI. Ilrw)m, S = = WEM
R
T, rad T @
S AoM 32 Ag M2z T 1) (54)

Considerable effort would be involved in determining ay if k # m, which is

—_— ), Am

N et
s 1 Bon B8 Fen (-iw) e
8y = Re{;‘ 5 mr J‘kr .k,,,m "} Re Fr}l‘m (55)
m T Zp(w) Zp{w)




Ng
Grad = Z O (56)
k

For Ng # 0, the minimum possible value of aj may be a,, while the maximum
possible value may be Nga,,. As an estimate of the correction for later

discussion, we shall use

1+ N Ng +1 IZAF-I-].)
Sradpy =1\ T 3/ m =l F\TTm

[€0) ™
* i (azaw T 1aw) 5 (57)

Note that Sradg is negligible for other than acoustic fast modes.

Coupling Factors

The radiation coefficient R, 4 for a flat panel was derived by

Maidanik! "

with some simplifying assumptions. However, there is some

ambiguity and apparent inapplicability. Some revised forms were given

in Crocker and Price12 which do not seem to be entirely consistent with

Maidanik's statements,- thus requiring new interpretation, Nevertheless,

a detailed mathematical rederivationof Egs. {2-39a, b, c) of Maidanik will not

be performed here due to limitation of time available and may not necessarily

be needed. Therefore, we apply the given forms to the present case directly.
The coincidence frequency f. for our experiments is 23,300 Hz, which

is much higher than the maximum frequency in our tests. Thus, we shall

apply equations for this range f<f., i.e.,, Egs. (2.39 a, b, ¢) of Maidanik!?,

This is based on Maidanik's statement above Eq. {2.38) that "We shall
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therefore confine our attention to frequencies below the coincidence frequency,"
In Maidanik's notation list, he defined kp as panel wave length and fp as
coincidence frequency of the panel, which will be replaced by f..

Equation (2, 39a) of Maidanik is then

Rradpag = Apoco{zaz(xahc)al(f/fc) +{Prh /A) Gz(f/fc)}

for kp > ky,. 1. e., cp < ¢p or AS modes (58)

where
- a = NI, (59)
Gylifsg) = (/v (1 - 28)fa(1 - B2, g<le (60a)
G1{f/fe) = 0, fg%fc ’ (60D)
cp'—'%, ka=-é% (60c)

-1 2 2\3/2
G,(£/£,) pe {0 - b1 +a)/(1 - )l + Zu}/(l - a2) (61)

C
0
Y 62
Ae £ (62a)
[
ha = (62b)

The factor 202 in the first term inside the brace of Eq, (58) was first corrected

by Crocker and Pricel?

and confirmed by Maidanik through a private
communication. The range of applicability has been modified and is con-

sistent with all known usage in the literature, i.e., for AS modes,
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In our case, the perimeter of an equivalent plate is
Py = 4wa + 24 {63)
Equation (2.39¢) of Maidanik!” is then

RradzAPOCO[l -f/fC}'1/2=R for k,< ka, L.e.,

ra.dAF

i.e., cp > cqgor AT modes {64a)

Maidanik's branching condition of £ > £, is inapplicable since the square root

becomes imaginary, while the modification by Crocker and Price 12 is inconsis-
tent with the stated range f < f.. As in our problem f << {., Eq, (643,)

yields

R 2 Apycy for AF modes (64b)

radAF

which has been used for panels and is apparently justified. Similarly,
Eq. {2.39b) of Maidanik could be for kp = kg which shows a discontinuity in
radiation coefficient from AF to AS modes, In any event, this equation has
not been used in practice and will not be discussed further.

Ag pointed out by Crocker and Pricelz, Eq. (58) applies for AS modes
which are edge modes, thus proportional to its effective edge, The resistance
for radiation from the cylindrical shell to the exterior through AS modes is

then

_ .3/4 space
RZIAS - RradAS

1/2 space 2 27a
Rpg P =§"(

2ma + Zﬂ) RradAS (65)

z
3
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The additional idea of edge modes being inversely proportional to the
relative value of the space the edge ''looks into' was first introduced by
Lyonls. It might be justifiable by an integral equation approach, as the
contribution or residue of a source at the edge is directly proportional to the
solid angle of the space it looks into. Thus, the local potential would be
inversely proportional to this angle., This alternative approach might yield
an improved result or provide a check on Maidanik'sl? result based on Lyon
and Maidanik'sll approximate formula, Similarly, the resistance for

radiation from the cylindrical shell into the interior through AS modes is

_ 1/4 space _ ,,1/2 space _ ( 27a )
R23AS B Rra’dAS = 2RAs =2\ %7t 28 RradAS (66}

The AF modes, however, as discussed by Crocker and Price12 are

surface modes; therefore, they are independent of the total length of the
edges and the space they look into. The radiation resistance is approximately

the same for the cylinder and a rectangular plate, that is

Rolar 7 R23pp © Rradap (67)
Finally, the coupling factors as indicated by Eqs. (15), (16), and (35) are
S (68)
2jg Muw

where j = 1,3 and s stands for AF, AS modes, respectively. For non-

radiation modes, the radiation is negligible.
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Lioss Factors

Viscoelastic Structural Damping

The structural damping depends on the physical mechanism of
the material during loading and unloadinglg, There are viscoelastic
damping and hysteresis damping, macroscopically. For an aluminum beam
with simple-edge conditions, Baker, Woolam, and Ycungz‘0 have found that
the hysteresis damping is negligible compared with viscoelastic damping.
Their results are in agreement with experiments which account for the
contribution of air damping. Thus, a similar theory will be applied in the

present problem.,

Based on viscoelastic theory, the effective modulus of elasticity,

Ey, and Poisson's ratio, v, are?l
3k :

Ev = '_"'_"Y'_]:E"— (69)

k, + gl-’-v
2

ky - 3 By

Vv: 1 (70)
2 (k + g p.v)

The effective bulk modulus k,, is assumed to be independent of viscoelastic

effects; thus

ky = k (71)

In terms of Lame constants \ and p, the elastic modulus, Poisson's ratio,

and bulk modulus are, respectively:



L D N N - .
E CelL e TRm k=ht3p ggogyy (72abic)
3

The viscoelastic Lame éonstants in terms of the Laplace trans-
form variable s are
n
s bn +. .. +b0

- (73)

2
Ay =k-Zpy (74)

For periodic motion proportional to ei‘*’t,
§ = iw (75)
For standard linear solids, only first derivatives exist; thus

-1l +in(E'/E)

By 1 + 3G’ (76)

which becomes p in the limit of zero frequency., From Egs. (69), (70),

(71), (72a,b), and (76), one finds

. _E{ 1 1 1 +in(E'/E) }/{ 1
v (1 - 2ve)  2(1 +wvg) 1+ iwC' 3(1 - 2v,)

1 1 1 +i(EV/E)
T3 T ve)[ 1+ G’ ]} (77)
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_Lf 1 zfitieEYEY]__ L .
VI B -2vy) 3| TrieC |2(1 Fve) / B - 2ve)

11 + ie(E'/E) 1
T3 T T C ] TR ve)} (78)

In general, the vibration of a viscoelastic shell can be obtained
from vibration of elastic shell with simple damping term correction.

However, for nearly incompressible medium ve—a-i , the limit of Eq. (78)

2
yields vy = -%— = vo as expected, and that of Eq.' (77) yields
o1+ i(EE)
EV_F’[ 1 +iwC' (79)

As an approximation, we shall use actual values of v, for vy and E,, given
by Eq. (79). Then, the equation for the vibration of cylindrical shell in terms

of normal modes Wyn becomes

YE) QZW
1 +i(E'VE) 2 n
AR R o Wonn t— =0 (80)

Since iw is equivalent to the operator %, this actually means

+ +C! = 0 (81)

To get an effective damping, let the solution be

iw -~ §)t
W, = eliw = 8) (82)

Then, the real and imaginary parts of Eq. (81) yield:



02 - agh - w? + 8% +35C? - 87 =0

agw - 26w - C'wz +362C'w =0

where

(83a)

(83b)

(84)

For a small damping constant §, the 82 term in Egs. (83a,b)} probably can

be neglected, and

) [U.O - C’mzl

L
2

Similarly, Eqs. (84) and (85) yield

w2 e - 62 + 2C'0l5 = wi - 52 + 2C'w28 T wd

+ 2C'w26

Substituting Eqs. (82) and (86) into (85) and solving for 25, one finds

which agrees with Baker-Woolam-Young's results for a beam. ZFinally,

the logarithmic decrement is

5 gec = (2.176) _ TAlemn
ec w (AR 1+ C(x)]z"nn

gbaabal

(85)

(86)

(87)

(88)
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where
Ap=Z-cl C=(C)? (89)

Since these constants depend on thickness, known ex’perimental
values?0 are not applicable to our shell of thickness 0. 02 inch, Therefore,
logarithmic decrements were measured for our shell in air, results of which
are shown in Figure 8. Matching of the theoretical and experimental
logarithmic decrements was made at f = 200 Hz and £ = 4000 Hz in order to

determine Al and C as

- -6 /(rad)
Ap E5.33X 10 — (90a)
2
C=2.28X10"7 /(”ad) (90b)
sec

The theoretical curve 'of Figure 8 was then computed by using these values
in Eq. {88). The above two frequencies were particularly appropriate for
matching the damping data, as preliminary investigations showed no acoustic
fagt modes in both frequency bands, so that the air damping due to radiation
is relatively insignificant at these frequencies, Further, the resulting
theoretical damping allowed good general agreement with experimental
results for shell response, and plausible explanations for some discrepancies
to be discussed later.

Since only resonant modes in the narrow frequency band

are needed in the prediction, wmyn = w. Thus, the effective damping
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coefficient for all modes in the frequency band centered at o is

approximately

!
AI(,)Z (_E_ _ Ct) wZ

1 + Cw? B 1+ (C')Zmz

ﬁ55[32.'—'2‘6: (91)

When C! = 0, Eq. (81) reduces to second order and Eq. (91) yields (E'/E)
-wim, which is the correct damping coefficient, Comparing Eqs. {7) and (21),

the loss factor fg is then

Ng =My = Bglw (92)

which is non-dimensional, as it should be.

Air Damping

When there is negligible dispersion of sound due to wind and
turbulence, there are i':wo properties of the medium causing combined attenua-
tion of a wave propagating in a "free space.' The first is the molecular
absorption and dispersion in polyatomic gases involving exchange of trans-
lational and vibrational energy between colliding molecules, and the second
is dissipation due to viscosity and heat conduction in the medium, 22 The

attenuation due to the first is M and that due to the second is Qe s which is

the sum :of a,q, due to viscosity, and iy due to thermal, conductivity., The

total theoretical attenuation is

°’A= O,M-i-ac (93)



Graphs are available to determine aps and ap directly and
indirectly (see Figures 3d-1 and 3d-2 of Reference 22). However, some
difficulty was encountered, and the resultant damping appeared to be of
wrong rnagrﬁtude to check the measured pressure spectral density at 200 Hz,
Fortunately, arn empirical equation which describes the measured values
of Knudsen and Harris with good accuracyl for relative humidities above
30 percent and at temperatures near 20°C is also given, and is valid for
our experimental conditions. This equation states

3/2
W 0.085 1 ‘
a=(ro00) e 7 f‘: 94

where f is the frequency in Hz and
b = dpgll +0.067) AT (non-dimensional) (95)

¢, is the relative humidity at 20°C and AT the temperature difference from
20°C, Since Eq. (94) is insensitive to small differences in temperature and
humidity, we have taken AT = 0 and d20 = 0.5; thus, the denominator is
a.pproximately 20.5,
. . —ApX
The attenuation factor is given as e ; hence, a one-dimensional

theory is used to correlate the damping coefficient, i.e.,

_L(éﬁ_ﬁ_w o2 czaz_p)__l__ﬁﬁe,a_p__afg: (96)
c%' atz a ot Oaxz c% 5t c% 0t 5y

TThis is true if the unit is 1/ft instead of dB/ft.
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The attenuated solution for small damping is

P = Ppe
w 1 Ba
It ~1l— X »— s =%
~ CO 2 CO
= ppe (97)
Therefore
Ba. = ZCOCLA (98)

Analogous to the relation between Egs, (91) and (92), the loss

factor in air is

where

It

( f )3/2 0. 085

1000 Hz 70.5 (99b)

CA

Based on Figure (3d-3) of Reference 22, the frequency range for the validity
of Eq. (94) and thus of Eq. {99b), seems to be 10, 000 .Hz, beyond which the
accuracy of approximation would be unknown., In our tests, the frequency of
ini:erest was below this value, and the use of Eq. {94) or Eq. (99b) seems to bhe

well justified.
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RESULTS AND DISCUSSION

Comparison of Theory and Experiment

In effect, results for structural damping have already been presented
in Figure 8. This, of course, was desirable for describing the method utilized
to determine material constants. However, at this point, it is appropriate to
discuss some of its limitations. As can be seen in Figure 8, considerable
scatter resulted in the experimental data. Such scatter occurs with either
method used to determine damping., With the free-decay method, scatter
results from nonuniformity of decay curves which is caused by the beating of
modes in proxirﬁity to each other., On the other hand, with the half-bandwidth
technique, an erroneous damping usually results from the spatial shifting
about of modal patterns, as well as coupling between nearby modes. With a
fixed point for response observation, spatial shifts of modal pattern with fre-
guency have a strong influence on the damping estimate. A much better
determination of structural damping in cylinders is badly needed for the pre-
diction of response to not only random, but to all forms of forced excitation.

The cylinder and interior air cavity responses, parameters for which
are given in Figures 9 through 11, are the central results for this entire study.
Several kinds of data ar'e shown in each figure. Part of the results will be
discussed in this section, while the rest will be discussed along with additional
supporting data in the next section. In general, details of theoretical computa-
tions will first be presented, and then their results will be compared with

experimental data.
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Figure 9 presents the system energy distribution obtained by means
of the percentage method only, a,r'1d is useful for studying some details of the
statiﬁstical energy method. These results are purely theoretical and include
the a‘ssumption of an ideal 1/3~octave filter, On the other hand, response
results for cylinder displacement and interior air cavity can more readily
be compared with measured values. GCorrelations for these parameters are
shown in Figures 10 and 11, In these figures, the dashed theoretical curves
(for both separate group and percentage methods) are based on the assumption
of an ideal rectangular 1/3-octave filter, the solid lines represent theoretical
curves (for percentage method only) which have been corrected for the real
filter characteristic, while multiple experimental values are given at the

various frequencies. In Figure 10, measurements are shown for three

different observation points for broadband equalized excitation through 2500 Hsz,

and 1/3-octave excitation throughout the entire frequency range. In Figure 11,
the pressure measurements represent maximum and minimum values observed
along the centerline of the cylindelj, as well as the absolute maximum or mini-
mum value measured anywhere in the tank, for 1/3-octave excitation in the
respective frequency band.

For convenient reference, the governing equations, on which the
theoretical calculations are based, are listed in Table IV, along with their
coefficients and the determiniflg equations for these coefficients. The four
basic Egs. {15) through {18) for the percentage method must be solved

simultaneously to determine the four unknown responses E, p s Eopar Eonps

and E3 in terms of the reference excitation power spectral density Spo. The
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TABLE IV. EQUATION REFERENCE FOR CALCULATIONS

Unknown Variables

Eoaw Eaas Eanmre B3

Coefficient

AR

N2 AS

“2NR
IN )

PoarF

SN
2AS

IN
PaNR

-

A

-~

o

Determined By Equations

Percentage Method: (13), (16), (17), (18)

Separate Group Method: (8), (9), (10), (11)

(92), (91), (90a), (90Db)
(992a), (98), (991}

(68), (67), (64b)

(68), (67), (64a)

(68), (66), (58)

(68), (65), (58)

(19)

(20)

(24)

(23)

(23)

(23)

(44), (45b), (50), {51a), (51b), (5lc),
(52a), (52b), Fig. 6, and

(57), (68), (67), (64a)
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results are then plotted as in Figure 9. Subsequent use of Eqs. {(27) and (29)
then allows a detexrmination of the response ratios ‘a.s they appear in Figures 10
and 11. Similar calculations are performed for the separate group method,
except that Egs. (8) through (11) are used as the governing equations instead.

A matrix inversion scheme on a digital computer was used for the
above solution. Several comments rmust be made to clarify some of the details
of this pr9cedure. Calculation of input power coefficients requires the evalua-
tion of joint acceptance functions by means ofEgs, (51a) and (52a). A numerical
integration scheme employing a mesh size of 0.4 in. was used for this purpoese,
Further, identification of specific wave numbers, m and n, for each of the
modes in the respective 1/3-octave bands also had to be included. This
identification, along with a mode count, was done from the modal diagram in
Figure 6. All computations then included several parameters which were
based on some form of 1/3-octave average value, which was usually a value
determined at the band center frequency. These were:

(1) Spatial distribution of excitation pressure

{2) Viscoelastic structural damping

(3) Air damping coefficients

(4) Radiation coupling factors

(5) Modal density of interior air cavity.

It is interesting to look at the results of Figure 9 with one major
assumption of the percentage method in mind. In particular, the respective
energies are combined with the modal densities to provide the tabulated

energy densities per mode given in Table V. It is apparent that the assumptions



TABLE V. ENERGY DENSITY DISTRIBUTION

£, Hz B2ar/Dar Eaas/has Exnr/I2nr Ey /L E3/N3
125 - -- 90.5 90. 5 0

160 -- -- 54,0 54,0 0

200 -- -- 40.9 40.9 0

250 -- -- 12.2 12.2 0

315 - -- 5.29 X10"% 5,29 X 10-2 0

400 -- -- 3.95 3.95 0

500 -- -- 0.1192 0.1192 0

630 -- 28,3 0.286 1.22 2,25 X 102
800 -- -- 0.138 0.138 0

1000 2.92 1.96 0.297 0.1225 8.04 X 1072
1250 2.15 0.1475 4,76 X10"3 6,06 X 1072 3.35X 1072
1600 0.229 0.1813 1.955 X 10"% 1,820 X 10-2 8.26 X10-3
2000 0.281 0.296 1.812X 1072 3,77 X1072 1,635 X 102
2500 0.2156 0.1111 2.46 X10°3 6,03 X10-2 1.890 X 10-2
3150 -- 2,35 X 10"%  2.56X10°5 1,023X10°% 5,41 X 10"7
4000 -- 3,30 X 10”3 3,28 X104  6.55X1073 1.39X10"6

5000 - -- -- - --



of Eq. klZ) are not very well satisfied by the final results, Nevertheless,

as will be shown hereafter, the overall comparison of theoretical and experi-
menf.al results for the percentage method is still quite good, and is better
than that for the separate group method. This apparent contradiction simply
emphasizes the dire need of further study in the application of the statistical
energy method.

It must be borne in mind that the theoretical results represent space-
averaged values. Measured results in Figure 10, which are taken at three
rather arbitrarily selected points on the cylinder, indicate that the shell
displacement response becomes reasonably uniform in space only for fre-
guencies above 300 Hz. This, then, is the most practical frequency region
where use of the statistical energy method becomes appropriate for the
cylinde¥, That is, the actual response values at any point on the tank do not
deviate appreciably from the average values, so that predicted values are of
practical use, On the other hand, uniformity of air pressure in the-three-
dimensional interior air space never approaches that experienced by the
cylinder, and only settles down to about a 6-dB spread above 2000 Hz. It
appeared in this case that a measurement of maximum and minimum pressures
was more useful than some average value since such an extreme spread is
experienced throughout most of the frequency range. Consequently, theoretical
values which represent a spacewrise average should fall within the spread at
all points. This does not occur near 2500 Hz, Thus, each part of the cylin-
der and air system independently reaches a state of relatively uniform spatial

response, which corresponds to a diffuse sound field. This result is probably
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influenced to some extent by the non-diffuse spatial distribution of the
excitation.

The results from the separate group and percentage method (both
based on an ideal filter) can readily be compared in Figures 10 and 11. For
the shell response, the two methods give identical results except between
about 630 and 2500 Hz, This is to be expected since no radiation occcurs out-
side this range. However, within this range, the percentage method can be
seen to provide a better comparison with experimental results. Similar
behavior is apparent in the interior pressure response. Except for the single
point at 630 Hz, the interior air pressure should be negligible below 1000 Hz
since only non-radiating modes occur below this frequency. However, sig-
nificant pressures with wide scatter obviously do occur. An attempt at explain-
ing these observed pressures by means of so-called mass laws proved to be
futile. Therefore, additional investigations were performed to try to explain
this discrepancy, as well as the very obvious discrepancies between measured
values and those predicted by means of theory based on the assumption of an
ideal, rectangular 1/3-octave filter., The results are given in the next section.

Supporting Results

In order to provide a more detailed idea of the frequency variations in
both shell displacement and interior air pressure, more resolved spectra
were measured. The resuits appear in Figures 12 and 13, shown on a rela,ti.ve
scale. These data are useful to provide a better idea of the respective ’shell
and air modal densities. With the apparently wide variations in parts of the

frequency range, it becomes obvious that measurements with real 1/3~octave
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filters that have some finite roll-off can be in error. Further, when the exci-
tation is filtered through such a device, low-level noise in an adjacent band can
often cause a greater response than that in a particular band under concern,
because of the non-flatness of the acoustical speaker. In order to allow for
the non-ideal filter characteristic;, a f{ilter factor ap and a speaker factor
agp Will now be derived.

The effective input is obtained from a noise generator passing the
actual filter and speaker. Thus, there is additional power outside the 1/3-
octave band. It is seen from Eq. (44) that P%N is proportional to tl}e total
joint acceptance and the integrand of the joint acceptance is implicity related
to (p(x',t) p(x",t)) which, in turn, is related to Py from the noise generator.

We have, in general, analogous to Eq. (40a)

1 »T
(px', t)px", t)) ",ff p(x', t)p(x', t) dt
0

1 o0
"ot | PHox)Pex)
g 0.0

1 oo

= 20T 'f O'F( Wy ‘*)0) ﬁNG(w’ §l)§NG(OJ:§“) de (100)

Therefore, the effective 'f)(w,f) is ai../z(m, wO):’pNG(m,_:S). Analogous to Eqgs. (44)

(45a), and (49), we now have

W, OO

my, Fmb {-iw)

Zr*no(m)

(101a)



Np,

s

- w

2= 3 % [ [ aplom reglkplx's op Aup)kp (s @y Awy)
m b My Al AN b -

+ kl(f!’ W, Awb)kl(f”: W3 Awb)] Spo(wb, mO)Awb

© o (x)e (x") dx' dx" {(101b)
Np
= " apl ( }S,, {w)Aw[12 2 1 (10lc)
2M Z 2 oF wmb""’O)U'SP Whs ©Q pow Wity ¥ Imy c
m b my,
Np,
=T 2 2 1's
ZMm% {G.F(mb: 600) G.SP(OJb: mo) z [Imb + me]} PO(&))A(D
mp (101d)
where
Spo @b @000y 2Ol Aw )
PO rSP (o}o, D)

Subscript b is for bandwidth number b, and the rgP/I are given in Appendix B.
It is, in our case, sufficient to include the upper and lower neighboring band
+ and -. However, the average damping associated with Wy, in bandwidth b
takes the value at Wy, » Therefore, it is more accurate to separate the equa-
tions for +, 0, and - bands and calculate the corresponding mean square shell
response

o0
2y -
(y™) = f Sy(m) dw = Sy(mo,wo)Am + aF(w+, wO)SY(o)+, wy)Awy
0

¥ apfw_, mO)Sy(co_, w_YAw_ (103)
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= = + a6y ©n)0 aadtd s Bp) e
(3D Sp e Sy (@) TFOr 0 sE®4 @0 S (o

Sy lw_)

taplw_, wglagple_, wp) Sp (o ) (104)
0

which is the Sy(w)/Spo(co) using a real filter with factor ap and sPe.;s.ker with
factor agp. For 1/3-octave filters utilized in the present study, ap{w,, 0) =
0.16. Egq. (104) then yields the solid line shown in Figure 10 which repre-
sents a corrected percentage method, and supports the reliability of measured
data, as well as the applicability of the theory. A similar correction was
applied in Figure 11. Additional measurements showed that the significant
interior pressure response below 1000 Hz was being excited principally by
motion of the top plate. Acceleration distribution of the top plate at various
frequencies is shown in Figure 14, The plate apparently is excited by off-
resonance longitudinal motion of the cylinder in its symmetric modes.
Further, measurements also indicated that the pressure response was axi-
symmetric throughout the low range, which tended to confirm its excitation
by the top plate since axisymmetric cylinder modes occurred-in this frequency
range. Some approximations will now be given to confirm further this
behavior,

For a flat top plate moving with a constant or average amplitude W,

h

the solution for its jt axisymmetric mode is

_ -powza cos [’J(l—ig3)(ma/c0)2 - ?\irx/é.‘l

B = T IR
'\/(l - ig3)(coa./c0)2 - ka sin[fx/{l - ig3)(ma/c0)z - k?)ﬂ/a}

TotN1) W,

(105)
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: -th - % % -
where kJ is the j  root of J'l(K) = 0. Replace JO(?&jr)WO by Wav forj =0,
}\j = 0. By averaging over the frequéency band, the contribution of each mode

at the center of the top is

2 .
powzco(z'rr) SW i#0
SP3 = RPN 5 for 0 respectively
m af gl Aw™ j=
* 3Te Wav (106a, b)

where

wi= ", Aw¥=-—"—Aow (106c, d)

If we assume TE?"(r, w) is proportional to '\]SW, we can then calculate Sy
av
from Sy as given in Figure 14, and by taking into account the circular domain
of the top plate, we find, for example, at 200 Hz, with g5 = 13 = 6,49 X 1074,
that Sy /S = 2.114 X 104, Further, in this range, there is only one
avi Po
resonant mode with ?\J- = 0, the natural frequency of which is less than w’é.

Therefore, we have

S
P3imx -

S ~ 4,64 X10°% = 6.7 dB Re 1072 (107)
Po

This value seems to agree reasonably well Withl measured data (Figure 11 at
200 Hz), although it is not exactly the maximum value.

As frequency increases, more plate modes will appear which could
excite ?\j # 0 modes., Strictly speaking, coupling coefficients should be cal-
culated which become increasingly more complex at higher fr rencic Due
to the rapid decrease in plate spectral density, an estimated Sp3 . of the

order of 10"8 at 4000 Hz, which is much too low. This estimate was
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determined by using Sy(r, w) * for SWO in Eq. (106a) to calculate Sp3 for
mx
each mode, and then multiplying by an estimated number of fifty axisym-

metric modes, However, using the actual filter factors, the results at 3150
and 4000 are in reasonably good agreement with measured data.

We now consider the possibility of the rectangular room approxima-
tion as a possible source of error in the predicted values. At center fre-
quencie; of 1000, 1250, 1600, 2000, and 2500 Hz, the value of nZAS/nZAF
is 2, 1, 2, 3.77, and 5.48, respectively, while no AF mode is present in
other bands in our present range of interest. Since Npp is much greater than
TAS {e. g., nAS/nAF js near the order of 0.002 in some cases), the effective

6

radiation coefficient when I2 AF # 0 is approximately

n n
» D2AF _ P2AF :
"23 7 o, "23AF T T, TAF _ . (108)

For the above frequencies, Eq. (108) yields

w1 E wn 4

Since Nps M3y I are probably more reliable and E, yields correct shell
response density, the doubtful quantity would be N3 based on the number of

modes present in the band in an equivalent rectangular room of the same

volume, If the percentage method or the radiative power flow term is correct,

the correct value of N3 should give a good value of Eg, and the correction

factor on E3 and thus on SP3 is:
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aNg = T (110)

where Nj = n;(w)Aw and I, is the accurate number of modes in the band. With
roots of Jll(hnj) = 0 available in Reference 23 forn—+m =0to 8 andj—=n =1
to b, it is possible to find the exact value of Iz at 1000, 1250, and 1600 Hz.

For these frequencies,

I3 = 13, 24, 56, respectively (111a)

N, = 17.9, 36.5, 75.8, respectively {(111b)

However, with these values used in (110), the correction factor was less than
1 dB and insignificant, At 2000 and 2500 Hz, the effect is probably also
small, Thus, the rectangular room estimate for interior air modal density
appears to be a good approximation.

It next appeared reasonable to question the validity of the radiation
coefficients as used in the present '"percentage" formulation of the statistical
energy method, It may be that the reverberation effect in the cross-coupling
term is given in Eq. (36) may be inadequate for this purpose. As a check on
this possible source of error, we return to Eqs. (30} and (31). Summing

Eq. (30) with respect to m with weight M/Aw yields

M 2 M
o gl Brm(Sm) T Ao

5™
—
H V]
)
3

T
£
it

£
B_
S
3

|

@
o
=

> Benfm = (Fmfm) o = P (112)
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The accurate expression of the radiative term is[c.f., Egs. (9.12), (9.13),

(9.9a), (9.9b) of Lyon-Maidanik'’

Ng Ny
= 1 t
Praga=M ¥ 3 emrl@m - 05 (113a)
m r
Ng N... . Ng Ny N
Fms . .
=M Z Z gmr“n—mz—M Z Z Z gmrBr‘m (qr'sm>/5m
m r Pm m ¢t r'#r
Ng Ny N
M2 2 SmrPmir(Sm'dr) (113b)
m v m'#m

It is noted that the radiative coefficient as given by Eq. (9.31) of
Iyon-Maidanik!! is

Ng(w) Nyp{w)

M
Rrad - Ns(r.o) Z z gmr(mr’ mm) (1142)
m T
M Ng 3 Ni(w) _
E“I\E > 3 Bon n(w}; n.(«) Zn,l) (114b)
. E—"‘z— Nr(&)) &E m
=M 3 an .. () (114c)
2
_ PpSoXy N o)

i - ..
= re e :L' :]; 2 UGV G T b Ge)e () dx dx,
12

which checks Eq. (11.1) of the same reference {see Appendix D), if one

notes that

N N .
%"l’r(fl)"ljr{fz) i [lpr(Il)L!Jr(I.Z) r]q'i-_jsl = '51; [sin (kaifl - fZI)MkaIEI - E‘Ezp]

zz—-_}iz (115)
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Using this type of approximate processes, it may be possible to reduce
Eq. (113b) to a more familiar but improved form. This remains to be a

future task of research. Lyon-Maidanik has approximated G;n - 8;_ by <szn

however, they have considered only modes of one type, We have changed it

to (é;) - (cﬁ) in Eq. (35).. Both approximations are subject to doubt in a

general case,
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RECOMMENDATIONS FOR FURTHER RESEARCH

It would appear the general results of this study indicate that use of
the statistical energy method is reas‘onably adequate for prediction of
response of coupled cylinder-air systems to excitation by non~reverberant
acoustic pressure. Prediction of cylinder response is quite acceptable,
while that for the interior air is somewhat less acceptable. It has not been
established whether the discrepancies result from the general concepts of
the statistical energy method itself, or from erroneous estimates of some
coefficient which is used in the method. Thus, considerable additional effort
is required before a good overall understanding of the gapabilities of the
method will be achieved, We will list briefly some of the'steps which may
be useful to follow in this future effort.

(1) In order to avoid estimating the errors involved in the use of
real medium=band filters, it would be better to avoid the use of
typical, commercially-available, part-octave filters. As a
better approximation, measurements should be made with
constant bandwidth, narrow band filters, and the results integrated
electronically over the desired part-octave band. A much better
approximation of a rectangular filter should result, Unfortunately,
this was realized too late in the present program.

{(2) Better prediction and measurements of structural damping in
cylinders is essential.

(3) The statistical energy method should be applied to studies of
various kinds of structural elements., It is surmised that some
of its limitations for use on one kind of element may not be so
severe on others,

(4) A further review and more general summary of the statistical
energy method should be provided., Some recent attempts at this
have already been set forth, They are particularly desirable
since much of the earlier literature on the method is usually
quite terse, and it is fraught with typographical errors and unclear
mathematical steps.

15



(5)

(6)

(7)

76

As pointed out at the end of the last section, a more complete
analysis of the percentage method should be conducted., In
particular, the failure of the detailed results for energy demsity to
satisfy the original assumptions, and yet the simultaneous rather
good agreement of the overall results should be explained., Other
forms of coupling between various modal groups may be developed,

The effect of mesh size on input power coefficients should be
determined. In this summary, all integrations were performed
with a mesh size of 0.4 in., except for one case., Results for
Figures 10 and 11 were also computed for a mesh size of 0.2 in.
at a frequency of 3150 only. It was found that some individual
joint acceptance integrals changed by as much as 40%, although
the net effect was negligible onthetotal for the band.

In the present experiments, interior air pressures were mea-
sured at only a few selected points, Measurement at many pojnts
wouldallow the calculation of a space average which could more
directly be compared with predicted results, However, in the
presence of wide spatial variations, the practical use of the
results is still in question, It would appear that a prediction of
maximum response would be of more usethan that for the average
response,
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APPENDIX A

SPATIAL DISTRIBUTION PARAMETERS FOR
ACOUSTICAL FIELD
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SPK. SPATIAL DISTRIBUTION EMPIRICAL EQUATION CONSTANTS

kI = DO cos (%—%

TFor £ = 2500 kg
fFor £ = 4000 Ik,

I

[}

)—EO for R < 8. 0%

1,00 for RX1,5
0.00 for R<1.0

1/3-Octave
Center ¥Frequency Ag Bo Po DgX 102 Eg X 102 Go
100 3.47X 1072  2.682 150.0 0 0 0
125 3.47X 1072 2,682 150.0 0 0 0
160 3.47 X 1072  2.682 150, 0 0 0 0
200 3.47 X102 2,682 150.0 0 0 0
250 3.47X 1072  2.682 150.0 0 0 0
315 3,47 X10°2  2.682 150.0 0 0 0
400 3,47X107& 2,682 150.0 0 0 0
500 3,47 X 1072 2,682 150.0 0 0 0
630 3,47 X 10°% 2,682 150.0 0 0 0
800 3,47 X107%  2.682 150,0 8.0 8.0 6:0
1000 0. 00856 2.430 150.0 6.0 6.0 4.0
1250 0. 00172 1.906 11,0 15.0 15.0 4.0
1600 0. 00520 2.130 9.0 -10.0 -10.0 4,0
2000 0.3752 0.813 3.0 -20.0 -20.0 3.3
2500 0.1685 0.799  4.05 60,0 40.0 2.5
3150 0. 0836 2.330 5.25 12,0 4,0 2.5
4000 0.3092 0.724  2.00 30.0 -8.0 1.5
co
B
kp = exp {-AgR 0y cos (-I%) for 'R <8.07
Quad
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APPENDIX B

SPEAKER CALIBRATION FACTORS

82



83

SPEAKER CALIBRATION CONSTANTS

1/3-O Band 1/3-O Band
1/3-0 Center into Spk., No. Eq. 1/3-O Center into Spk. No. Egq,
Freq. (psi/Voms)? X 106 Freq. (psi/Vcms)? X100
100 0.989 630 3,04
125 1.113 800 3.98
160 1,043 1000 5.66
200 0.937 1250 1.855
250 0.967 1600 1.633
315 1.026 2000 1.056
400 1,336 2500 0.432
500 2.02 3150 0.244
4000 ' 0.311

5000 0.476



APPENDIX C

DERIVATION OF EQ. (49)
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DERIVATION OF EQ, (49)
For narrow-band sampling, consider

Py = p? cos {wt) + p]i sin {wt)
- R T s
P, =P COS (wt) + Py sin {eot)
Define p°® as p with 90° shiftl5, We have

pP: = - p‘%g‘ sin (wt) + pfj[ cos (wt), j=1,2

J

The time averages yield

Let

P = p(x,t), P' =plx',t), p""= p(x",t), Py = p(0,t)
By approximating the measured data, we have

Cpop = kR(g,m)Spo(m), onp = kI(gg,m)Spo(m)

where

= _ “Leor2 1,2
Spo(w) = (':popo = Gpopo =7 [(Pg) + (pp) ]

(C-1)

{C-2)

(C-3)

(C-4)

(C-5)

(C~ba,b, c)

(C-7a,b)

(C-8)
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For convenience, define pR = PRr; then, we have

~ 1 . 1
Qp:po =5 (P%{P‘g- PIPOR) = - kl(zgt’"’)spo(w) (C-9)
N 1
Qpnpo =5 (Pﬁl% - PfPJOR) = - kl(?.‘.”’“’)spo(m) (C-10)
Multiplication of Egs., (C-8) and (C-9) gives
ke’ o) kylx') 52 (0] = 7 [py PR(p])® + plpl(pRY?
DXH@Ipx @ P, T4 PR PRIPy PIP1 Py
- (pjpy + B IPERE]  (C-11)

Similarly, one obtains

1
kRl 0) k(s w) S (@) = 7 [pppi(ef) + pipy(eh)”

t (ppp + pRPPIPERE]  (C-12) -
Adding of Egs. (C-11) and (C-12) yields

é [pLpl + oyl [pf) + (pf))zl = [y (x', 0) klx' w)

+ kgl el kglx, o)l 8 (@) (C-13)

Dividing Eq. (C-13) by S, with Eqs., (C-8) and (C-5), one finds

6P'P” = [kI (E,w)kI(§',w) + kR(’_{,CO)kR(EH:w)] SPO(W), (Q-E-D) (0-14)
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DERIVATION OF EQS. (114b) AND (105)
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DERIVATION OF EQS, {114b) AND (105)

We have Eq, {9.11) of Lyon—Ma.idanikll that

_ Bzznr(Bmm% + ﬁr"’%n)
(w5, - w2 + (B, + BBl + Brwd))

Emr (D-1)

By changing summation to integration by assuming there is a large number
of air modes as done by Lyon-Maidanik and by residue theorem after taking

advantage of the §-function type integrand, we found that

N Ny{o) ©+hw/2

T

_mZ
Y. Emr =By
T

(Brpwl + Bywl) ny(o,) do,

(0 = ©3)% + (Bx + P Brmod + Brofy)

w-Aw/2
N{e) > (Bl + Brody) du_
= Bmr - o) f 2 _ 242 2 2
o (wm = mr) + ([31' + 5m)(ﬁmwr T ﬁrwm)
jo8)
_ 152 Nr(w)n ) f (f3mm§', + ﬁrwrzn) dw_,
- S5 Umer
: T - ok + By + Pr)(Bred + Bref)
>N
- 2 B =) o () (D-2)

which justifies Eq, {114b) from Eq. (114a). Next, we shall derive Eq. (105).

~From Eq. (9.6) of Lyon-Maidanik

Po C% 1/zf
Byt =Bym = (m) A Yp(x) dnlx) dx (D-3)
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Then

1/2
Ny (o) 2 e Nalw)
v PoC ' ¥
Bn (W%%;) [ [ ™ i) bt 21 2
Al Az (D-4:)

Since ‘-l-‘r(fi) is a two-dimensional vector function on the shell surface, we only
have two components of the surface vector; therefore, in place of Eq. (7.13)
of Liyon-Maidanik, we should use

ik ‘_ =ikewy |
I:el i*hj 1 e ) hJ] (D-5)
1 :

new
n e

b W tx,) = 17

h=1 j

Now, instead of 8 positions in space, we only have 4 positions on the surface
that the exponent has minimum value proportional to the difference of x;

and %, such as exp [kX(xll -X%31) + ky(xlz - Xzz)]. Now, we should average
1/2

) /

with respect to ky and ky over the circle of radius ki = (kg + k%,

= (kg - k% 1/2 and average over k, from zero to k;., Therefore, with 6 as

the angle between the vector k; and x; - %5, we have

Nplo) 1 fka IZ“ fﬁz& - % VkZ - k2 cos 9}
. =]

b ez, *I° T _ d6 dkz
0 o
(D-6)
_ 1 (M= [Z2 .2,
= Zk._a_ 0 JO( |_§§1 - %,] Vkg - k;) dkz (D-7)

_ 1 [sin{lxy - x5 ka) “a _a sinlklx - x0)
4k, ESRED o & kalxm -z
(D-8)
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Eguations (D-7) and (D-8) were derived with well-known formulas given
by McLachlan (2nd edition)zzj’.‘ If we follow through the factors in Lyon-

Maidanik's paper, we can show that

Nr(m)] 1 gin (kl__}_cl -iczl)

[¢r(_'51)¢r(_'jz) r— 7T T E e )

Lyon-Maidanik

as there were 8 positions in space divided by 64, The factor %- should be
present in Eq. (7.16) of Lyon-Maidanik and Eq. {2.18) of Maidanik,
Equations (D-8) and (D-9) verify Eq. (115). The final result of Lyon-
Maidanik was correct as they had a factor 2 too large in using their
.Eq. {9.17) instead of Eq. {D-2) and a factor 2 too small by using Eq, (D-9)
instead of the correct average Eq. (D-8). It may be stated that Eq., (114c)
yields Eqs, {2.15) and (2. 21) of Maidanik, which rightfully yields the
approximate radiation :Eorrhulas, Eqs. {2.24), {2.25) in his paper with his

approximation Eq., (A-1); namely,

-1/2 -1/2
Ryaq = Apgcoll - (i /5,0°1 " 2 Apgeq 1 - (i, /k,)"]

172 {D-10)

Apgegll - (kp/ka)z for k, < k,, AF modes

2(Apgeq /37t 2) (e K2 /1e,) /2

1

rad

= 2(Apgeg /3w 2) (0B ky) 2 (D-11)

(A pgeg /3wt 22 /1) 2 + (mZ/)2] 1 Z kg



Due to time limitation, however, Eqgs. (2.39a, b, c) of Maidanik have not
been rederived., However, at least Eq, (2.39a) was checked and corrected

by Crocker-Price and is used for AS modes (kp >k, ) in this paper.
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