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BASIC NOTATION

f - the gravitational constant,

E

M -

X, 9,2

the mass of the planet,

the mass of the satellite,

dynamical time,

planetocentric coordinates of the satellite,
x+y ¥V-1,

x-y V-1,

the planetocentric distance of the satellite,
1/c,

the variational part of p,

the variational part of w,

the mean daily sidereal motion of the satellite,

the mean semi-major axis of the satellite defined by means of the Kepler relation

adn? = £ (E + M),

the mean semi-major axis defined as the constant factor attached to the variational
solution,

the constant of the eccentricity of the satellite,

the sine of one half of the orbital inclination of the satellite relative to the orbit
of the Sun,

the anomalistic frequency of the satellite,
the part of ¢ independent from e, e’, » and o,
the draconitic frequency of the satellite,
the part of g independent from e, e+, v and «,
exp (n-n') tvy-1,

td/de,

the eccentricity of the solar planetocentric orbit,




the semi-major axis of the solar orbit,

the mean daily motion of the sun in its orbit around the planet,
n'/(@ - n’),

a/a’ - the parallactic factor,

the disturbing function.

vi




ON A TRANSFORMATION OF THE DIFFERENTIAL EQUATIONS
OF THE LUNAR THEORY

by
Peter Musen
Goddard Space Flight Center

INTRODUCTION

In recent times electronic machines have been extensively applied to develop analytical theories
of satellites. The works by Barton (1966) and Broucke (1968) on the analytical expansion of the lunar
disturbing function, by Broucke and Garthwaite (1969), Charpont and Mangency (1965), Danby et al
(1965) on the manipulation of the literal series on the machine, by Deprit (1969) and Kamel (1969) on
the application of Lie series to the elimination of the short period terms from a Hamiltonian, a beau-
tiful work by Deprit and Henrard on the duplication of the Delaunay theory (1970), and also the work
by Elmabsout (1970) on a semi-numerical method in the lunar theory deserve special attention.

In this article, we suggest a transformation of the differential equations of the Hill (1878, 1886)
and Brown (1896-1899) theory of satellites to a form integrable by the process of iteration. We re-
tain the classical form of expansion of rectangular coordinates into trigonometric series in four argu-
ments and powers of the satellite's mean orbital eccentricity e, sine of one half of the mean orbital
inclination y, eccentricity of the solar orbit e', and parallactic factor o = a/a'. The planetocentric
orbit of the sun is assumed to be elliptic. We differ from the classical approach in the form of the
differential equations and method of integration.

Hill and Brown use the method of undetermined coefficients to integrate the differential equa-
tion for terms with a given characteristic. They form a set of equations satisfied by the coefficients
of the expansion of coordinates, and solve these equations by iteration. This way of determining the
coefficients is especially convenient if the computation is performed by using a desk calculator.

At present, the explicit formulation of these equations in detail cannot be considered necessary.

We now have analytic programming languages which permit the process of iteration to be ap-
plied directly to the differential equations. To make this application possible, we transform Hill's
differential equations for the complex coordinates to a form containing on the left-hand side a linear
differential operator with constant coefficients, and on the right-hand side the small parameter m?
as a factor. Such a form allows the application of the method of iteration and guarantees its fast
convergence with the accepted numerical accuracy.

Besides the differential equations for the coordinates, we also establish (Andoyer, 1926) the
differential equation for the parallax. This equation is redundant, but its use provides a good check
of our results, In particular, we found that by the combined use of the differential equations for the
coordinates and for parallax, we can determine the periodic variational solutions by the method of
iteration, thus by-passing Hill's equations for the coefficients of the variational terms. The same
set of equations can be used to determine the terms containing the first power of the eccentricity



as a factor, providing we know the main part ¢, of the anomalistic frequency c. We can derive c

by supression of certain terms in the expansion of the parallax.

We suggest the use of the expansion of Andoyer (1926) for the main parts of the anomalistic
and draconitic frequencies. Using the iterative procedure for the terms of higher order, we deter-
mine, at each iteration step, the coefficients of terms with a given characteristic from the set of
pairs of linear equations with two unknowns. These equations are automatically formed and solved

by the machine.

We derive the higher order terms in the expansion of ¢ and g in powers of e2, e'?, »2? and

a? by applying the averaging process to the equations of motion written in a suitable form. A close
look at the integration procedure of the Hill-Brown theory shows that integration consists of applying
the inverses of some qua(\l‘ratic differential operators with constant coefficients to the right-hand sider
of the differential equations of motion. These operators represent the first terms of the expansions
in powers of e2, e’?, 2 and o2 of the original differential operators standing in the left-hand-sides
of the differential equations of motion. Thus, expanding the differential and integral operators in
powers of squares of the basic parameters constitutes an essential part of the theory. These
expansions are also important in forming the equations satisfied by terms of higher orders in the
development of ¢ and g. Applying the expansion of the double differential operator to the terms

proportional to e or , , and suppressing the secular terms in the parallax and the z-coordinate, can

yield the equations for terms of the expansion of ¢ and g.

The process of integration in the Hill-Brown theory is connected with the literal expansion of
the coordinates, frequencies and operators in powers of basic parameters. However, the literal
expansion in m in the Hill- Brown theory is not as essential as inthe theories based on removal of
short period terms by means of canonical transformations. Thus, to simplify the computations,
we replace the problem of analytical convergence by the problem of numerical convergence and
suggest, together with Brown, substituting the numerical value of m from the outset for any particulay

satellite.

In solving the differential equations we must derive the expansions of w3, (the cube of the
parallax) and p2, (the square of the distance of the satellite from the planet) in powers and products
of the perturbations of parallax w = 1/,.. This is accomplished by expanding the corresponding
Taylor operator in powers and products of the perturbations in w and into series in so-called
Faa-de-Bruno differential operators (Faa-de-~Bruno, 1855). These last operators are associated
with the formation of higher derivatives of a function of a function. The Taylor operator thus expandei
is then applied to w3 and 2. The differential, integral and Taylor operators in their expanded

form, together with the extraction operator, constitute a complete set of operators to be used in

deriving a literal theory in rectangular coordinates by iteration.

The extraction operator performs the extraction of the terms of the desired type from the
right-hand sides of the differential equations of motion. It is imbedded into analytical programming
languages. In the application to the satellites of outer planets, series will, normally, never be very




long. The number of numerically significant terms with a given characteristic will be of order few
tens and the number of iterations will not be much larger than five.

THE BASIC DIFFERENTIAL EQUATIONS
The starting point of our exposition is Hill's system of differential equations of motion of

the satellite:

2 , 3 - 3.._ 98
DuT2mDu+2m(u+s)—Kw u_—a—s-, (1)

Dzs—ZmDs-:-‘—z-mz(u+s)—‘<w3s:_aQ

3 (2)
(D2—m2)2-—f<w3z:—lﬂ, 3
where 20z (3)
KTM:(l +m)?2 al. (4)
(n - n"?

The form of expansion of the coordinates is

- 1 . . o
ull, s, z¥ 1= aZF(m)ePe’P yaqr g2itic+i mike

p=1jl +2p,p =1i'l +2p,,q=|k| ~2q, r=]2il +27r,

Ly . . ' - . .
where p,»P; »q »r, are positive integers. The monomial » = eP e'? 9 af is the characteristic

of the term in the expansion; p + p' + g + r is its order. The linear factor a is defined in such a
manner that the constant term in the variational part of u7~¥a is equal to 1.

>

We shall reduce the differential equations (1) - (3) to a form suitable for the computation
of terms with the prescribed characteristic using the iterative procedure. This form is convenient
for programming and computation on electronic machines. We introduce dimensionless coordinates,
replacing u,s ,z byua,sa,az, respectively. Equations (1) - (3) preserve their form after this
change in the meaning of notations. The definition of « , however, will not be as in (4), but will
become

K:(1+m)2_aj. (5)

a3

Substituting the variational solution

up = L1 em2P ()],

o= L [1em2 P (7],



whereP ({?) is the Laurent series in {2, into (1) - (2), we deduce for the newvalue of « defined by

5,

K:KO+SK,

where

3
k =1 4+2m + Zm?,
0 + 2

and & « is of the fourth order relative tom . We obtain the numerical value of & « by iteration, during
the process of deriving the variational solutionu, , s, . The condition now must be imposed that

the constant terms in u, (7! and s; {*! are equal to 1.
We introduce a set of partial differential operators,
A, A, T, and Y,
acting on the expression of the type
¢ = €2i+jc+kg+j'm

in the following manner:
Ae=jp, Nop=j' &, Tp=ko, TPp=21i¢.

Evidently

D=Y+cA+gl+mA'.

The expansions

C:C0+C2+C4+...,g:g0+g2+g4+...,

where c,; and g,; are the polynomials of the jth order in squares of the basic parameterse, e,
v, and «, are not initially known and must be determined step by step. Consequently, neither the
operator D nor its inverse D! can be used. The theory of Hill and Brown is formulated so that
not D and D™, but the operator

DO:Y+COA+g0r'+m/\'
and its inverse are used throughout. We have the expansion

D:D0+D2+D4+. .,



where

D, =c, Arg, T
s=12 3, .. ..

We have
Dyd=(Q2i+cyjrgk+mij’ e,
D25¢:(j C2s 4'kg2s) P

DS‘QS: (2i +¢jj +gk+min Tl g,

Following Andoyer (1926) we set u = { (1 +p), s = "' (1 + q). Equations (1) and (2) then
become

(D2 +2(1 +m) D+ k] p+xy —xw3(14p) +%m2 {72 (1 +q):~§% (6)
[p2-201 +m)D+K0]q+K0-Kw3(1 +q)+%m2 2 (1 +p):—%, (7

K0:1+2m +.§.m2.

We rewrite them in a form more convenient for applying the process of iteration, i.e.,

[D2+2(1+m)D+gKO]p+;f<oq:P—a__3, (8)
3
[D2-2(1+m)D+-3—KJQ+-;—K0P:Q—a—§v (9
where we set
P=—gm2 0721+ Q) +x, [(Ws—l) (1+p) +%(p +q):| +w3 (1 +p) bk, (10)
22 ap vk l:(w3-1) (1 +q) +%(p+q):] cwd (1) 8k (11)



The quantities p and q are complex conjugates. Consequently, only one of the equations (10) and (11)
can be considered. We can set Q= 0 if we are interested only in terms depending upon e and .

Taking

p2 = (1 +p) (1l ~q)~+z2 (12)

into account, we can put (10) into the form

p:_%m2 172 (1 + q) (13)

- “o[(iPZ ws —%) -(w3-1Dp —% (pa- z%}
~w3 (1 .p) &,
convenient for using the iterative procedure. We now split p, q, w and P into the variational part,
and the part which contains all terms with positive characteristics, and set

0~§,q:770¢77,w:w0+ng (14)

Uas

P =

PT(EO+5K)+E. (15)

The zero-subscript refers to the variational part. From (14) we deduce

pQ:pg-ZXfA, (16)

w3:wg+3ng~B, (17)

where A and B are of order not smaller than two. When the terms with the given characteristic
are to be determined, then the terms with the same characteristic as contained in A and B must
always represent the ""cross-effects' between the terms of some lower characteristics, namely,
between the terms which were computed at a previous step.

The analytical representation of these cross-effects will be discussed later in this exposition.
From (12), (14) and (16) we deduce the relation

A=2x+ 1+ €+ Q&) n=(En+2h. (18)



Substituting (14) into (13) we obtain

E, = _%mz 272 (1 + 7))

3
+ Ky [(%pg +wg-—;—)+(wg- 1 'fo -Ego 770]

. [(1+§o)wg-—1] S x.
or, decomposing into factors,

=-3m2 ey

Jiig

0

R KO{(WO - 12 [3 o2 (% . wo) (2 - wo):l

CHERY -50—3;-50 770}

P lwd@ -y -1 8«

This representation of =, is suitable for the iterative procedure, because the three terms on the

right-hand side are of second, fourth, and sixth order in m, respectively. The differential equations

for ¢, and n, are

E - b«x, (19)

= 3,<7_
“o| %o "3 "o o T To

Nl w

[Dg~2(1+m)[)o+

(20)

o] w
X
N
o
i1
<o

.

N

X

3
[Dg ~2(1.m D +5K0] ny *

where

==}
i
LV

o



We actually need only one of these equations. They are a paraphrase of the differential equations

[D2 4+ 2 (1 +m) Dy + ko) £+ xp = x w3 (14 &) +%m2 72 (147, =0, (21)

[(DF -2 (1 +m) Dy + xg] 7y + x5 = k wd (1 4+ mp) +%m2 L2(1+ &) =0, (22)

easily obtainable from the general form (6) and (7), but (19) and (20) are in a form more convenient
for using an analytical programming language.

In a similar manner we deduce from (13), taking (12), (16) and (17) into account, that

et
=
=

3 .
= <KW8—KO—5K0 T)O)g

S gy

+3 [« wg(1+§0)—f<0]x

+ K [3""35)(*3(1*50*5)] P2k (A= (Em - 2zD].

N w

Eliminating x from the last equation by means of (18), we obtain E in the form suitable for actual
computations,

E-M&+Nn+S, (23)

where we set

=2 kwd-1 84, (24)




N= 2l - cwd (g7 -n? 27
:—g{K[Wg (1 +§0)2—1] +m?2 72, §«}, (25)
S= JuwS(.e) [A-(En+22)]
2 ] o’ - :
s [3WS &y +B(Le g+ O (26)

Taking into account (8), (13), (15) and (23) - (26), we conclude that the aggregate of all terms with
positive characteristics satisfies the differential equation

2 3 ] 3 B (_BQ
[D P2 em D] £ S mME LNt (S B_n)'
We can rewrite the last equation in the form
3 . 30
l:Dg+2(1+m)D0+%KO]§*5K077:M§+N77+S—_T} (217)

-[2M+1+m 8D+ (3M?] &
where

BD:D—DO:ABC+r8g,

SC:C—CO, g=g - g

This form is suitable for computations and for deriving the terms with a given characteristic (or
order), because the coefficients M and N contain m? as a factor.

In the process of deriving the terms with the prescribed characteristic )\ , the corresponding
parts contributed by S and [2(D, + 1+ m) 3 D + (s§D)?] ¢ represent the cross-action of terms
with characteristics lower than A . The expansion of S starts with the second-order terms. The
expression 2(Do +1+m)sD & contains the terms Cyy Cpy v oo of the expansion of ¢ linearly and
is closely associated with the formation of the linear equations for their determination. The parts
¢ and 7_, which are proportional to the first power of e, satisfy the differential equation



[Dg+2(1+m)no+§-,<o] Eo+duym =ME 4N, (28)

2
3 .
I:Dg—2(1+m)Do+-§Ko] 77e+‘2Ko§e:M77e+Nfe' (28"
To derive the expansion of the parallax one can use the equation established by Andoyer (1926):
Kw+<m2+%D2) 0% -3m?2 32 (29)
3 2 -1 3 -1y o2 _
+2m2 (1 smD™ ) u? +-2—m2 (1l-mD™H s?2 -C+d=0,
where
¢:Q+l< ?_Q_TSB_QM?_Q)
2 Su ds dz
+mD™! UEQ-—S -?—Q—- BQ>
Jdu ¢s oid!
C, the constant of integration, is developable into a series
C=C+C,+Cpt -+
where c,, are homogeneous polynomials of jth degree ine?,e'? , v2? and a?.
Substituting (14) into (29) we can split the differential equation into the equation for the
variational part in parallax
KW+ (m2 +~;-Dg> pg (29")

+%m2 (1+mD3h [272 (1 + £)?]
+%m2 (1 —mDal) [272 (1 + )2l =C,,

and the differential equation for the aggregate of all terms with positive characteristics

10




(D} -k +2m?) y=x (W3 -1 x (29')

+(m2+%D2) A-3m2?z2

+3m2 (1 +mD™] [§+2 (1 + &, +-;-§) ﬁ]

+3m2 1 -mD™YH (721 +770+%-77) n]-8C+ .

We do not follow in the footsteps of Andoyer and do not use the upper equation for the determination
of x . The expansion of yx can be derived from (18) directly, without additional integration. We
suggest, however, the use of the differential equation for the effects proportional to e,

(D2-xs2mDx_ =x w1y, (30)
+3m2(1-mDly [L¥2(1+ &) &)

+3m2 (1 -mDHy [L72 (1 47 7],

either to derive the value of cy if one prefers not to use an analytic equivalent to Hill's determinan-
tal equation, or to check the expansions if necessary.

We can expand x into a series
X=Xy +XgtXg+ -0

where y —are homogeneous polynomials of kth degree, in e, e’, y and o, with the coefficients which
are power series in £, (¢, e and {". We also need the expansion of w3 and 2 into a series in
powers and products of x, ,x, , x; 5« + e

Designating by T the Taylor operator

we have

The operator T can be expanded into the series

11



+ @ j
T:I+Z ZEI—gTj.k(Sl’SZ’ e B (31)

j=1,2,3, ...,

where I is the identity operator and T, are Faa-de-Bruno (1855) differential operators. They

are the homogeneous polynomials of kth degree relative to the operators

ds
SS:WS XSd___;,
Yo
s =1, 2, )
and satisfy the recursive relations
j—k+1
T Z o T o k-1 (32)
o=1
or, in matrix form, the relation
5, 0 0 0o o -+ [5 0 0 o0 n 0 0 0
5, 8 0 0 0 5, T,, 0 0 T, T,, 0 0
5, & &8 0 O ---f-ts T, T, O ~--- |=|T, T, T, 0 - (32")
84 53 52 81 0 54 ’I‘42 T43 T44 ...............

It follows from the homogeneity of Tj . that

_ k
T By by oo o 50 =W T, | (g X - - 0 )

thus the symbols ijk shall designate the polynomials T (x1 Y Xp ot X ). To compute them
step by step we can use either (32) or (32') by replacing 8, by x, - By applying the general formula

f(wy=Tf (w)

12




to the particular case

f(w) = p2, w3

and taking (16) and (17) into consideration, we obtain

A:A2+A3+A4 ..... ,
B:Bz’B3*B4* ]
where
A’:+3w2Ti‘2—4ngj,3+...+(—1)j(j+1)ng_2'rj'j, (33)
and
- 7
B,=3wlT,, (34)
. t
szsngj_”ngw for j 23 (34')

The actual expansion of the polynomials T;,, in powers of ¢, {°,(® and {", and powers of the
basic parameters, should be performed on the electronic machine. However, for general orienta-
tion and for the purpose of checking, we give here the explicit form of these polynomials up to the
eighth order:

— 2
Ty 2= 2x x5 + x5

- 2
T4,3 =3 x1xy

T = X?‘

T5.2:2X1 Xa +2)(2X3r

_ 2
T5.3‘3X1X3+3X1X§’

Ty ,=4 X3 X 2!

Tss = Y'i'

Te.2=2x X5 + 2 X, X3 +X§v
Tes=3x7%x +6x x5 X3 + X3
Te.a =4 x3x; +6x}x2

Ts.s =5 x‘} Xp

T6.6: X?'

13



T, 272x% 2% X5 + 2 X3 Xy

_ ., 2 2
T, ,=3xixs+6x X% +3x1 %3 +3x3 X0

-l
1"

4)(%x4+12)(12)(2x3+4)(1)(3,

o]
i

4 3 .2
7.5° 5x1x3 — 10 %3
_ 5
T, 676 xp

T, .:

_ 2
T8.2’2X1X7*2>(2X6*2X3X5*>(4’

- ‘ 2
Ts.a’s)(fxe¢6X1>(2X5*6Y1X3X4+3X§X4+3)(2X3’

Ty o= 433 x5 7 1203 3o % + 6533 X3 + 12 %, X3 X3 X3
TS,S:SX‘})Q ~ 2033 x, x;3 + 10 X7 35

T8'6:6x§ X3+15x‘; X%!

T.s =74 Xy

Ty g = ¥

VARIATIONAL SOLUTION

We derive Hill's variational solution of the lunar theory by applying the method of iteration

directly to the system

[0, + 1+ m2e 2 (g )] Gyt 3Ky T = Hg + 0 (19")
A :—RO ¢C0, (29')

where

B, = —%m2 72 (1+ 7y
v g - 107 [3.67 (o + ) ¢ 0% + 2]

£o 770}

W3 (. -1 Bk,

Nl W

+(wg—1)§0-

14




1

Ry = (m2+§ g) 3
S3m s mDiy (002 (1L £y
5 + 0 +t)0

S3m (1w (272 (1 2

The values of ¢, e Yo and : . from the previous iteration can be substituted into £, and R, -
We start the iteration with some suitable approximation to ¢« ,w , & and My e In the absence of
better information, we can even begin with the values

Substituting the selected first approximation into (19'), we derive better values for o «, N and

7 » We determine » « such that =, does not contain a constant term. The expansion of Z;, has the

form

+ @

= . +2 -2

g, - E (A, U2 A 790,
1= 1

The expansions of <, and are of similar type:

7[0

1= 1

Ty Z<a'j [GETIN a, 723y, (36)
1= 1

Substituting (35) and (36) into (19'), we obtain the system of ""linear" equations:

[4j2‘4(1 »m)j+%/<oi\a+. +§K a_. = A,. (37)

i 2 0 %) +j’

oW

. .3
Koa+j+[412_4(1_m)_|~§~0:|a_j—A_j_ (38)

.

15



We obtain from (37) and (38):

a,; =, 01 A+, O)A, (39)

N
a-j=(i OA, +{i, 0}A_, (40)
where
(25 -1-m)?2 +%<Ko + m?)

[i, 0] =+ .,
4i2(4j% -k -2m?)

K
Gooy--2 0
24j2(4j2—»<0+2m2)

(2] +1+m)2+13(f<0 + m?)
{j, 0} = -~ e — = [-j, 0].
472 (432 -k 2m?)

The coefficients [ j, 01, (j, 0) and { j, 0 } remain the same from iteration to iteration. We substitute
the values of ¢ <, 5 and 7, thus obtained into (29') and derive w, without any integration. The
value of the constant C, is obtained at each iteration from the condition

C() T (x W, +R0)§=1,

wo l = (- 872 (1)1 2]

o= {=1

We proceed to higher approximations in the same manner, till we reach the convergence.

THE TERMS DEPENDING UPON THE FIRST POWER OF THE ECCENTRICITY

The computation of the first-order effects in e is intimately connected with the computation
of ¢, . We have already derived the system of differential equations

IEDO*1+m)2 +%(‘<0+m25| 59*%)(0 ne-M’fea.Nrge, (28)
(Dg -« +2m?) Ne T K (wo3- 1 Xe (29)

23w (L -mDgh (272 (1 : 5 &)

3w (1 -m DY (72 (1« ) 1),
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M= (*(O—ng)y

1
2

o — < WS (L4 ENT-m? (7Y,

N = g [«
which govern the perturbations proportional to e and are in a form suitable for solving by iteration.

The relation
2x, v+ (1 emy g, + (L5 m, =0

can be used to determine ,_ without any additional integration. This equation can serve for checking

the computations and for deriving the value of c, - At each iteration step, the differential equations

for terms with the first power of e as a factor have the form:

[<Do s 1aem? 4%(‘0 i mz)] e ,%«0 o ” z (g LR TeL L T, (41)

(Dz-.»<+2n12)X€:ZUi(Z+2i+C*C—ﬂ—c)y (42)

1

and correspondingly, the solutions will be of a similar form

£ = Z(e“ gRite gt rT2i-cy,

€ i

e Y e e, (43

1

s 3 e e,

1

Substituting these expressions into the differential equations and comparing the terms in both sides,

we derive
(44)

_ . . i
e, =[i, o B,, + (i, ) &,

el, = (i, © By, + {i, c} B,
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where we set

. 1
(21i+c. -1-m?2 4+ (x, ~m?)
5 o = i 2 ° , (45)

(21 +c)? (21 +cp)?-x,+2m

. 3 “o
(i, ¢) = - =2 . (46)
224 -c)? (20 -c)? -k, +2m2]

(23 + ¢, +1¢m)2*%(»<0 + m?)
{i, C}: - (47)

(2i+C0>2 [(2i+C0)2-—~K0 4»2\'“2}

At each cycle, the value of ¢, is obtained from the condition

0
C2:K—2m2+—-—~
0 A

The term o / o is of the third order in m. The largest portion of it is contributed by the evection
in ¢ andx_. The remaining, much smaller, part is contributed by smaller terms in £, and 7, -
Their order in m is not smaller than four. The deriving of ¢ and ¢, requires, as in the classical
approach, a special device, because a spurious small divisor appears in (45) ~ (47) for i = 0.

In the method based on the iterative procedure, the values of ¢, and ¢; can be derived from

the equations

|:(C0+l+m)2+%(i<0fm2ﬂ€ J-%K el =5, (48)

€0 — € = 1, (50)

which we can borrow from the Hill-Brown exposition. In fact, it is equivalent to the definition
of the mean orbital eccentricity of the satellite. Equations (48) - (50) are compatible and their
determinant equals zero, We deduce from the last three equations

€ = (Bo +;KO)/[(CO +1:m)? + 2 <5 +—;~m2]
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¢ ¢ 3 ) 1
O (5 __2_;(0)/[(C0—1-m)21-2»<0+§-m2].

The substitution of these values into (50) can serve as a check of the speed of convergence of the
iterative process, and of the accuracy of computations. In applying the present theory to the motion
of the seventh satellite of Jupiter, we found that the iterative procedure is rapidly convergent,

even when we start with such a crude approximation as

Only a few iterations are necessary to obtain=_, , , _and  accurate to 107° , which seems to
be the standard accuracy in the expansion of the general theories of satellites of outer planets.

If the correct value of ¢/ is initially given, then coefficients (45) - (47) remain the same from
iteration to iteration. We can dispense with the differential equation for ¥., and the iterative

process is considerably shortened. The correct value of ¢, can be obtained using Andoyer's (1926)

a
equation, which is equivalent to Hill's equation but provides a fast convergence for <, and is con-

venient for programming. We follow Hill in the computation of auxiliary quantities, and set:

T (LeDY (L~ DT,
S oo@a-=-mirtta. o)t

A" 2(1 - 1Dy, B A (1. DH1D.,

1
P'-1.=(A"-B).m,
7 B0
.1
1A B,
Q 2( )

S--(xwd-m?-(2P2-02-D0")
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Introducing the notations

we write the Andoyer expansion in the form

- 2
ng =85 (uy, + Hoy)

I

SE (ud, pyy + w2yl

# 28, S5 (yp iy < Hog Heag T Hyg Ko

# 8% (b by

L S R - TS T T 8 p2, el w2
- 25, S; (i py “34 Hig ™ M-n Hz4 Hog T “32 Yigq Hrg

- “32 Mg Hog ® “32 1“34 * “22 "34

2 2
Y2 e Hag T Heg e bog)

3 g , , .
= 28, 83 (i, tyg My T Hog riag Hog ¥ Fag Hog Hag m Mg By g

-,Si S% (,134 Mg * /J.24 g 2ty Mgy e ” 2;1._2 “_y g

2 2 2
sy H iy Mg Mgl Hop gt Mg Mg May

+6

s 2y oy g uf2 Hep T2 ‘*32)

228,85, 8, (heygqtiyg ~Hagtimg " 2 e T FP=2 "m0
T g g T oy Yag) Sg (royg = vg) -

The Andoyer expansion is convenient for programming and for computing nj and ¢/ by iteration.
It can be easily extended (Andoyer, 1926), if necessary. We tested it on Jupiter VII and found that
four iterations were necessary to derive the value of ¢, accurate to 107 ° .,

HIGHER ORDER TERMS IN ¢ AND»

At this point we change the notations and replace ¢, - andz by & +7, -} + - and z, + o,
respectively. As before, and z, designate the totality of effects of the first order,

,1771

1
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and £, » and s from now on designate the effects of higher orders, starting from the second,

§:§2+§3+...,7]:772+773+...,s:z—z1:22+z3+...

From (27) we obtain

2 . 1 . 3 - 20
EDofl*m)z*'E(Ko*mz)] é'1“"3“0771:]\"51*an"( )

LA
where - (3Q/37), are the first-order terms in - 30 /2. They contain either e' or a as a factor. Taking
into account

[‘é‘e—Agel:r‘fel;/\gya:r“fl_o‘ A2§ _FEY
we have for the effects of higher orders
|:(D~1 m)24-1( m?y| & 3 -M&.Nr 4 F (51)
0 T "2’ o ] s+ 5 Ko - [ )t

—2ac(Do+1+m)/\§E,

where

p__00 (an

r . : 271 = = 2
ﬂ+a—v—>l—L2(D0fl*m)bD+(bD)]g—be(SC) + S. (52)

This last expression represents the cross-action of terms of lower characteristics as compared
to the characteristics of terms to be determined. We now introduce averaging operator i,
which separates the constant terms from an expansion, Thus

¢
2itjet ) mtkeg _
‘-U*{ZAL}.,}_,' L }*Ao.o,o,o-

Multiplying both sides of (51) by _and both sides of (28") by ¢ and subtracting the results, we have

Dy (7. Dy £-£Dyn) +2 (1 +m) (n, DE+ED 1) (53)

‘(‘Ko'”)(ﬂvve-éée)=mF-2neSC<Do+1+'">A§e'

Taking into account (43) we deduce easily that

M (D, (7, Dy £-£D, 1)} =0,
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M(n, Dy &+ <D, n,) =0, (54)

Applying the averaging operator to both sides of (53) and using (54), we deduce the basic equation

for the determination of - c:

M, F) =25 cMin (D, -1 -m) AET =0, (55)
The computation of terms c, ,c,, ... 1n ¢ c is closely associated with the computation of
terms with the characteristics of the type e »?, where - is a monomial in basic parameters. These
characteristics produce the term - - 2 of order -2 in the expansion of ¢. Designating by

- V2 T 21 te ‘ 7y~ 2i~c¢
F 2 - e Z(’li > ‘a_i & )

e" "¢

the aggregate of terms with the characteristic e +2 and with the exponents :(2i + ¢), we obtain
from (55)

W F

1 D F a0 )
< 2 Y e—— -
2Rl (D)1 e m) AE]

The terms whose characteristics are different from the type mentioned above do not contribute to
the expansion of - ¢, Only terms of ¢ and = with characteristics of the form e)?, where - isa
monomial in the basic parameters, contribute terms of the order of : 2 to the expansion of c. We
obtain the differential equations for the terms of higher orders and higher characteristics in the
developments of ¢ and v by expanding F, as given by Equation (52), in powers of the basic param-

eters. Substituting

2 4
ED-—DQTD“*
Eeg £,

and using (26), (33) - (34'), we can obtain the expansion of

S [2(D, +1+m 8D+ (8D)2] £ £, (5c) +S
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in F without difficulty. The development of the first term

20 GRS
3yt (ﬂ)l
requires the application of the operator
23 9
r:exp(fago +n8_77—0+z'620)

in its expanded form to - 30/37, where &,n and z are replaced by E9r Mg and z_, respectively.
The value of z, is set equal to zero after the differentiation.

The expansion of ~ has the same form as T in (31) with

and Equations (32) and (32') can be used to obtain the expansions of the corresponding - ij—operators

in terms of

From the aggregate of terms of a given order we must extract the terms with a given characteristic.
Such an extraction operator is imbedded into analytical programming languages. In FORMAC,

for example, it is associated with the COEFF-symbol. A typical differential equation which we

have to solve has the form

[(D0<1~m)2+-;-(~0.n12ﬂ EEN Mff*NT]+(D)\y (56)

N W
EN

where ®, are the cross-effect terms with the characteristic - . We may start the iteration by
neglecting Ms and Nn and repeat the iterative process till we reach the numerical convergence.
The typical differential equation we have to deal with at each iteration step has the form

[(D0 21 . m)? 1%“0 _mz)] g

N W

<o M A E (Ai /‘+2i+I’A—'i Z,—2i—:)_ (56')

Its solution is

g_}\Z(yi ‘;;+2i+7,*:/ii L—Zi—;)’ (5611)

where

v Ui, Al A - (5, o) AL (57)
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vi, = (i, &) A+ {i, o} AL, (58)
and where we set

(21+a-1—m)2+l (K0+m2)
(i, ) = 2 : (59)

21+ [(2i +a)? - kg «2m?]

. 3 “o
(@) =-3 — , (60)
202i4+a)2 (21 +a)?-xk, +2m?]
(2i+a+1+m? *%(‘(0 + m2)
{i,a}: (61)

(23« a)? [(2i +2)% - w2 2m

The imposition of condition (50) has an interesting and important implication., If the character-
istic has the forme %2, then the right side of (56) and the corresponding parts of & and - contain
the terms {*= and 7-°c., As a consequence of {50) the coefficients v, and ., will be equal (Brown,
1896 and 1899)

Vo= oul (62)

If we use (57) - (61) to determine », and vs » We shall have small numbers in the numerators and
denominators, and consequent loss of accuracy. Knowledge of (62) resolves the difficulty associated
with the appearance of a spurious small divisor. From (56') and (56'") we obtain at each iteration
step

{(C()*l-m)zg.;(xotmz)] v +i23-l<f V(;:A,

[(co -1 .-m)? f%(xo +m2)] I/o' +;K v :A:),
and, taking (62) into account, we deduce

“/O:V('):AO/I:(CO+l~m)2+2f<0+-;—m2]’ (63)

. A’O/[@O S1om)? s 2k +%m2]; (64)
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v, should be determined from (63). Equation (64), because of the relative smallness of the de-

nominator, gives a less accurate result, but can be used for a check.

PERTURBATIONS IN THE Z-COORDINATE

We transform the differential equation (3) to the form suitable for computation of z and g, by
the process of iteration. We have from (3)

[a%4

Z (65)

(Dg—mz—xwg)z:—[2D06D+(§D)2—K(w3—wg)]z~ "

Nl =

This form of the differential equation for z emphasizes the role of the operator 2D, §D in formation
of the linear equation for terms of the expansion of g. The term

-02D 8D+ (02 -k (w3 w2z

contains cross-effects. Using the substitution

2=y (1 +E) 0% (1eny) 278 4y, (66)
which resembles the substitution in the theory by Andoyer (1926), and taking (21) and (22) into
account, we obtain instead of (65)

(D2 —m? = ) P =« (wd = 1) (67)
+2y(Lam-g) (E'DE + LT D 7
+ 7 (ky +m? - g2y [(1 4+ &) L% - (1 + 7)) (78]
+gm2'y ((1+m) {872 (1+&)L78%2] 2D 8Dz, +Z
where we set
20
Z=-(8D)%z - (2D 8D+ (3D)2) (z=z)-Kx(w?-ws?)z- % 57 (67")
or, taking into account (17) and
1"2 z1 = 21,
Z=-z (5)2-[2D, 80+ (5D)21(z-2)) -« (3w x +B) z_.;. %.il. (67")
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Equation (67) is simpler than the corresponding equation of Andoyer. It has the form which empha-
sizes the relative importance of different terms in  and, because of the presence of the small
parameter m? in w} - 1, it is suitable for solving by the iterative process. Setting

H[;:\pl+a, O= 2y +Zgtr v -

where ., is of the first order in » and o is the aggregate of all terms of higher order and higher

characteristics. We can split equation (67) into two equations,

(D -m? =)y =k (W= 1) oy (68)
+27(l+m-gy) (178D, & + 178Dy my)
1y (kg +m? - g2) [(1+ &) L% - (1+7) 78]
3m2- (1 y te-2 1.¢& -gt2]
o™y L) L -(1 - ¢ .
and
(Dg—m2_;<)o-:;<(wg_1)s+2—2 sg D[ z,. (69)
The coefficient of the typical term
é+g+2,’ _ C-2g‘2j’ j£-1
in the expansion of the right side of the equation (68) will be of the order of m2ii!, Thus these terms

will decrease very rapidly. The term
(T2 (Te2
constitutes an exception, because it will be affected by a small divisor in the process of integration.

Originally of the order of m?2, this term will be of the order of m after the integration is performed,
and will be the largest term in the expansion of Y The value of g, is obtained from the condition

that no term of the form

g* e _["¢e
should be present in ¢, . Substituting (35) and (36) into (68), and designating by X, the coefficient

at the term

{te _ {"e

in the expansion of «(w} - 1)y, , we have by suppressing this term in the right side of (68):
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2 _ 2,32
By = Ky +Mm oM oAy K,-

In the last relation, only K, varies from iteration to iteration. This method of computing g, can
replace a method based on the use of the determinantal equation or its analytic equivalent.
Another method we suggest is the application of Andoyer's expansion to Adams' equation (1877):

+ ®

2 - 3 2 - 2j
Dozl_(Kw0+m)zl_21§ Ssz .

-2

Substituting the expansions of £ and 4 into (68) and keeping only the most influential term, we
obtain an approximate differential equation for W ot

YR (et T2y (70)

serves to start the iterative process. At each iteration step, equation (68) has the form

(Dg.—mz_x)L/;l: E Ml((+g+2’—5_g_2’)

and the solution is

»'uﬁij(Ug”"—é"g'?i) (71)

3
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where

K, =M /(g +2 )2 -m? - x]. (72)

If g, is known in advance, then the only term in the right-hand side of (68) which changes from

iteration to iteration is

v (wg -1 Wy
The other terms, and the denominator in (72), remain the same from iteration to iteration.
Multiplying equation (69) by z  and equation
(D2 -m? - wdHz =0

by s, and subtracting the results, we obtain

Dy(z, D, 0-0D,z) z Z- 2z 5gDlz,. (73)
Taking into account
MiD (z, Do -oD,z)} -0,
we deduce from Equation (73)
M(z,2) - 22 M(z, D, 1 z) -0, (74)
or

M. (1. - "o (1 ) TRy ] Z) (75)

0

-2 - g EIR(ZIDOFZI)’ 0.

Equation (74) or (75) serves for the determination of »¢. Evidently only these parts of F having
characteristics of the form -2 where . is @ monomial in e, e', » and xz, contribute to the
expansion of -g. They produce terms of the order of »2 in $g.

We derive the differential equations for the terms of higher orders and higher characteristics

in o by expanding Z in powers of the basic parameters.

Substituting
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0:12+23+... N

Z:z1 +22+23+"“

into (67'") and taking (34) and (34") into account, we obtain the development of the first three terms
in (67'") without any great difficulty. The development of the fourth term is derived by applying
the operator T, in its expanded form, to - 1/2 3Q/3z in which¢ , n and z are replaced by & ,

n, and z = 0, respectively.
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CONCLUSION

We discussed certain features which, it seems to us, are peculiar to a form of the theory of
satellites in rectangular coordinates, if an analytic programming language is used.

The works of Hill and Brown can hardly be surpassed for mathematical elegance and for deep
insight into the form of the expansion of coordinates and frequencies and their dependence upon the
constants of integration.

Here Hill and Brown have said the last word, providing trigonometrical series are used as the
means of solution. Space is left, however, for thedecision as to howto derive the solution and what
the most convenient form of the differential equations would be if the analytic manipulations are

performed automatically,

In our approach to these problems, we found inspiration in the work of Andoyer on the Hill-Brown
lunar theory. We found that it contains several interesting points, which sound quite modern, This

beautiful work deserves revived attention,

We obtained Hill's periodic intermediate orbit by solving simultaneously the differential
equation for the complex coordinate and the Andoyer differential equation for the parallax, bypassing
the formation of the infinite system equations for coefficients of the variation terms.

We transformed the differential equations of the Hill-Brown theory to a form which contains a
small parameter in the right-hand sides and thus favors the application of the method of iteration
and the use of analytical programming language.

Together with the expansion of the coordinates, we derive the expansion of the parallax. Its
knowledge facilitates the expansion of the right-hand sides of the differential equations in powers of
the constants of integration. The right hand sides of the differential equations contain T, .  the
polynomials in X;, X, .... The representation of T, in the form of the polynomials in the con-
stants of integration constitutes an essential part of the theory and programming. The knowledge
of this representation facilitates greatly the formation of the differential equations for the terms

with the prescribed characteristic.
We expanded the differential operators into series in squares of the constants of integration,

Only the terms of order zero in the expansions of the differential operators are employed in
the integration of the differential equations. The remaining terms are responsible for producing
the cross effects between the perturbations of different orders.

All programming was done by R. Baxter, to whom the author is greatly indebted for his
generous help and friendly cooperation. He is using FORMAC as a basis.

We are aware that FORMAC is not the most efficient language as far as computer time is con-
cerned. However, it has been valuable to us in terms of flexibility and ease of programming of the
numerous sub-probiems into which lunar theory in coordinates is split. It was also very useful in
checking the correctness and the applicability of the theoretical thought.
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We are applying the theory presented here to the seventh satellite of Jupiter and compare the

results with the work of Tokmalaieva (1956).
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