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ABSTRACT

The behavior of capillary jets of non-Newtonian
inelastic liquids and of viscoelastic £luids was invest-
igated experimentally. Data were obtained through high
speed still photographs and motion pictures taken along
the length of the liquid column. The program concentrated
on profile decay measurements, which refers to the change
in jet diameter with axial distance due to stress relaxation,
and on jet breakup studies.

The viscadinelastic liquids all possessed yield stresses
and were comprised of a wide variety of organic and in-
organic materials. The less gellified fluids formed capillary
Jets which propagated disturbances in the same manner as
for a Newtonian jet,that 18, as an exponentially drowing
wave of constant wave length. Even the most highly gellified
fluids could be readily atomized. The bhghavior of this
class of noin=Newtonian liguids could be explained if it was.
assumed that the time required to reform the gel structure
outside the capirllary was large compared to the jet breakup
time. Thus, the-apparent viscosity possessed at the nozzle
exait is substantially maintained throughout the lifetaime
of the jet. Using this model, the wavelength and breakup
length data for the viscoinelastic jets were in fair
agreement with that predicted for a Newtonian jet of the

same apparent viscosity.

XV



The viscoelastic test ligquads were composed of agueous
solutions of 'drag reducing' polymers. These formed capillary
jets which differed considerably in appearance from Newtonian
and non-Newtonian inelastic jets. Disturbances were propag—
ated as a non=linear series of droplets connected by threads
which thinned with distance and ultimately broke. Even 1in
the most dilute systems studied, the initial linear wave
propagation was arrested and gradually evolved into the
droplet=thread configuration which characterizes these
fluids, Within the linear range of wave propagation, the
data for dilute solutions confixms the prediction of
stability theory that a viscoelastic jet without structure
15 less stable than a Newtonian jet of the same zero shear
viscosity,.

High speed motion pictures taken along the length
of viscoelastic jets show that large scale axial deformations
occur continually. This shows the jet to be under tension
since these strains require the existence of axial normal

forces for thelr centinuance,

®xvii



CHAPTER 1

INTRODUCTION

1.1 PRELIMINARY REMARKS

The atomization of a liquid is a phenomena of consider-
able practical importance and examples of 1t may be found
in such diverse fields as spray dryindg, fuel combustion
and liquid-liquid extraction. It usually occurs under
turbulent flow conditions and is one of the most difficult
problems in £luid dynamics to treat analytically. Test
data are correlated empirically., For this reasgp, the low
speed breakup of a capillary jet of ligquid is often studied
as an aid towards understanding atomization. Newtonian jet
breakup 1s one of the few flow geometries where linear
stability theory has been able to accurately predict
observed results.

Newtonian jets have been studied extensively, both
experamentally and theoretically. In recent years, the
use of non-Newtonian additives has substantially increased
and yet there is very little published information available
on the behavior of non-Newtonian jets. This research
represents an introduction to this impprtant area.,

The term ‘non-Newtonian liguid' encompasses fluids
with a wide range of properties. Though their classification
into groups of similar characteristics is somewhat arbitrary,
two categories may be broadly identified= 1. those materials

which, when in the melt state or in solution, are found to



2
exhibit bothviscous and elastic properties, commonly known
as viscoelastic fluids, and 2. those materials which are
non-Newtonian but do not possess measureable elastic
effects. These subdivisions will be used in discussing the
experimental results for capillary jets of non-Newtonian
liquids.,

A natural question arises as to whether a viscoelastic
Jet 1s more or less stable as compared to a Newtonian jet.
In other geometries, the question remains unresolved as
data are available to support both conclusions. A
theoretical analysis by Middleman (58) using a linearized,
three constant Oldroyd model (66) shows a viscoelastic jet
to have a higher growth rate of axisymmetric daisturbances
than a Newtonian fluid of the same zero shear viscosity.
If the growth rate 1s assumed inversely proportional to
the breakup length, an assumption which 1s satisfactory
with Newtonian liquids, then it can be concluded that a
viscoelastic jet will exhaibit a shorter breakup length.
Kroesser and Middleman (39) confirmed this result for

capillary jets of polyiscbutylene in tetralin.

1.2 AIM AND SCOPE OF THESIS

Because of the lack of published experimental data
on the behavior of non-Newtonian jets, there i1s a need to
broadly define the breakup characteristics of capillary

Jets produced by various classes of non-Newtonian fluids.
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A complete description of the experimental apparatus
and procedures used in this research is given in chapter 3.
Each chapter presenting the test results also includes an
abbreviated version of the techniques used.
Some pertinent physical properties and shear stress—
shear rate measurements of the test fluids are presented
in chapter 4. The available rheologicadl instruments also
determined yield stresses (the minimum shear stress
required for flow) on the viscoinelastic liguids but could
not obtain normal stresses with the viscoelastic fluads.
Chapter 5 considers the rate of relaxation of stresses
in an unconfined liquid column due to the abrupt removal
of the capilliary wall., This phenomena coccuxrs in the region
immediately outside of the nozzle, The problem is solved
for the case of a dilute viscoelastic fluid and the predict-
i1ons are compared to experimental data taken with
Newtonian, non-Newtonian inelastic and viscoelastic liguads.
The sixth chapter investigates the breakup of a
laminar capillary jet of a non~-Newtonian fluid. High speed
sti1ll and motion picture photographs vaividly illustrate
the different characteristics of Newtonian, viscoinelastic
and viscoelastic jets. A theoretical analysis due to my
colleague, Dr. J. Yerushalmi (29,94) is included for

comparision with experimental data.



5
Chapter 7 closes this work with a summary cf the
results and the conclusions drawn f£rom them.
Experimental data, whzich cann;t be obtained from the
tables and figures in the main text of the thesis, are

included in the appendix. The computer, programs used for

data reduction are straightforward and have been omitted.

1.3 THE NOTION OF HYDRODYNAMIC STABILITY

A fluid flowaing in a given geometry is subject to a
variety of natural disturbances arising from sources such
as burrs on the walls of the container or external
vibrations from the environment. No matter how carefully
he flow system 1s 1solated, there will always be disorders
on a microscopic level. The question arises as to whether
these small perturbations will dampen with time or will
amplify 1n such a way as to create a new disturbed flow
pattern. Such patterns are known to exist, the most
familiar being the transition from laminar to turbulent
flow., If the disturbance dampens with time, as in laminar
flow, the system i1is stable; 1f 1t amplifies, the flow is
unstable.

Since a given set of flow conditions defines a
stable regime, while another set can prod%ce an unstable
state, some criteria must exast that provide a condition
of neutral or marginal stability. The theory of

hydrodynamic stability is concerned with the location of
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this locus. Results are often stated in terms of a dimen~
sionless parameter whose magnitude must be below some
critical value to assure stability. Typical .examples of

disturbed or secondary flows are given in Table 1-1.

Table 1-1. Examples of Secondary Flows

Mode of Flow Pattern of Instability Critical Parameteér

.
Natural Hexagonal Bénard Cells Rayleigh or
Convection Marangoni Number
Cylindraical Taylor Vortices Taylor Number

Couette Flow

Pipeline Flow Random Eddies Reynolds' Number

The bhreakup of a capillary jet is always unstable and,
in this instance, stability 1s spoken of on a relative basis
between different fluids.

An elementary example will be chosen to 1llustrate the
small perturbation technique used 1n analyzing the effects
of an infinitesimal disturbance superimposed upon the main
flow. In the usual summation notation with Cartesian
coordinates, the equations of continuity and motion can be

wyritten as

3 Ve

o%c 9 .-
e V&%@“ -+ S U TV (1.2)

where U 1s the kinematic viscosity and VV 1s the Laplacian.

Body forces have been assumed to be negligible.
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At steady state, in the absence of oscillations, the

velocity and pressure are functions of position only.

Ve = Vo (xd) 5 P= P (%) (1.3)

For small disturbances superimposed upon the main flow, the

=

velocity and pressure may be expressed as
Vo= U+ €V 4 eviPa L (1.4)
— , {1y 5 (L}
P=P+EP +eP v o8 e (105)

where € is a small parameter and

Vi =VilXg,®) 5 P=P Xk,t) (1.6)

When equations (l.4) and (1l.5) are substituted in the
equations of motion and continuity, a partial differential
equation results which can be grouped into similar powers

of € . The series of equations is expressed as

av‘ - - —" \/: .a—z;‘ - ......._[- N/

T =93 e TMgx, T Teax + VYTV 0 (1.7

BV!‘" M) M‘) (‘)_a_:; _ | apw 2 m

%O SV St Wh T “Tawr VvV (e
etc,.

If infinitesimally small disturbances are assumed, it is
usual to neglect terms of en beyond € and also to omit
product terms which are second order in the disturbance.

With these simplifications, the series (1.8) reduces to

14)) ) (r) —

AN \ = - 2P %
N = 0 M_,_ vda__k..;. Vb%%\-. —_ —e- %-)?L*PUVV; (1.9)
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This equation 1s often put into dimensionless form in
order to more clearly display the controlling parameters.
By choosing a form of the stream function-Y¥ 2& may be
possible to reduce the partial differential equation to an
ordinary differential equation. Equation (1.9) admits
solutions which are exponential in rzime: the dependence
on the space variables- Xyy ¥ and XS comes from the
physical knowledge of the problem. Thus the disturbance

can be writiten as
ock
W (K, Xy Xzt = PX X ,x0 € (1.10)

The governing eqguations together with the boundary
conditions define a characteraistic value problem with &
as parameter. If all the characteristic values of X have
negative real parts, the disturbances will dampen with
time and the flow 1s stable. If just one of the character-
1stic values 1s positive and real, the flow 1s unstable.

Extensive treatments of the linearized theory of
hydrodynamic stability may be found i1n the monographs of
Lin (42) and Chandresakar (8).

The disturbances cannot continue to grow exponent-
1ally without bound and the problem must be treated on the
basis of non-linear stability theory once the disturbances
are finite. Early contributions have come from Meksyn
and Stuart (47), and Stuart (82). More recently,

Eckhaus (18) has summarized his research in a monograph.



1.4 PROPERTIES OF NON~-NEWTONIAN FLUIDS

A detailed discussion of the classification and
properties of non-Newtonian fluids is presented and is
intended to aid the reader who may not be familiar with
this area of fluid dynamics. In examining the behavior
of non-Newtonian fluids, 1t is useful to group.together
fluids of similar rheological properties as a means of
achieving some sort of order., The classification g%ven
in table 1~2 was adopted from that given by Metzner (51).
Examples of typical flow curves exhibited by each of the

fluid categories are shown in figure 1-1.

Table 1-2. g;assificatlpn of fluid behavior.

A. Purely vigscgous fluids-—the shear rate depends only upon
imposed shear stress.

1::-755 where T , % and A are the shear
stress, the apparent viscosity and
the rate of deformation respectively.

1. Newtonian: ¥ = constant

2. Non-Newtonian: 7{ = 7{ (I,IL,III) or 4 = A (T) whexe
I,IX, 11T are: the principal invariants of the rate
of deformation tensor (22). This category includes
pseudoplastic and Bingham plastic fluids in whach
is a decreasing function of the invariants and also
embodies dilatant fluids in which "M is an
increasing fuynction of the invaraiants.

B. [Time dependent inelastic fluids-the shear rate depends
upon both the imposed shear stress and the duration of
the stress.

T = 7&, ] 7:;{ (T,II,IIT,t)

This subdivision describes materials which are part of
the groups known as thixotropic and rheopectic fluids.
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Figure 1-1. Fluid flow curves
(arathmetic coorxdinates)

Pseudoplastic fluids exhibit a decreasing slope as
the shear rate 1s incCreased which 1s synonymous with a
decreasing apparent viscosity while dilatant liguids show
the opposite effect, Bingham plastics do not flow until
the yield stress 1s exceeded and then display the linear
relation between shear stress and shear rate that is common
to Newtonian liquids. Viscometer measurements on a
thixotropic fluid would reveal hysteresis loops of the type
shown in figure 1-1. Curve 1 illustrates the response of
a fluid whose yield stress is unaffected;by the shear
history whale curve 2 depicts a liquid in which the recovery

is slower and the yield value 1is not constant. This effect
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1s reversible in that sufficient rest brings about a
recovery of structure. Rheopectic fluids would also
exhibit hysteresis loops of similar form but with the
arrows drawn opposite to that shown.

The following subsections summarize the more .
commonly accepted microscopic explanations for the
macroscopic behavior of non-Newtonian liguids. The
constitutive equations given relate to simple shear in
which there is only one non-zero velocity component.
which varies in a direction perpendicular to the velocity

vector.

1.4-1 BINGHAM PLASTICS

A Bingham plastic is assumed to possess a three
dimensional structure which has sufficient rigidity to
resist shearing stresses that are less than the yield
stress. Once the yield value is exceeded, the structure
breaks down and flows as a Newtonian liquid. It obeys

the following relationships :

D= O T < Ty (1.13)
’t\?;, - ftj = ?7‘, A\z ftl?_> ’tﬁ (1.138)
7 = %%wyo T >y (1.13b)

where 't’y is the yield stress and A ,, is the constant

shear rate for a fluid subjected to the shearing stress-T

12°
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While no real fluid behaves in exactly the manner
described, many materials do approximate Bingham plastic
behavior. Some cof the more common examplés are dfrailling

mud, chalk suspensions and sewer sludge.

1.4-2 PSEUDOPLASTIC FLUIDS

Tﬁls important cateéory describes the behavior of
many commonly used non-Newtonian fluids. Pseudoplasti-
city occurs in soiutlons of asymmetric particles which are
loosely bound to one another by secondary forces to form
a randomly entangled network. Under shear, the particles
tend to orient themselves so that éhelr majoxr axeg are
parallel to the direction of shear. This behavior would
also be displayed by systems of solvated bafticles whose
degree éf solvation was a function of the rate of shear.
The apparent viscosity decreases with increasing rate of
shear. At very low shear rates, there i1is little alignment
and the structure exhibits Newtonian behavior with a zero
shear viscosity- s . When the shear rate is very haigh,
the particles are fully extended and Newtonian behavior is
-again evidenced with an infinite shear VlSCbSlty—qﬂg .

The change 1n particle configuration with shearing
stress cannot occur instantly and pseudoplastic Fluids
must be regarded as those in which the time for structural
rearrangement is small with regard to the time constant of
the experiment.

The following three constitutive eguations for
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pseudoplastic flow represent the more popular ones of the
many purely viscous relations proposed (3). None of them
are able to describe stress relaxation or normal stress

phenomena, two types of behavior common to viscoelastic
1

fluids.

1. Power law

P. Twe Q0P — K'(‘Wo)“ for tubular flow (1.15)
ZR S

where 7w 1s the wall shear stress in a tube of diameter-2a,
and length-,Q for a fluid flowing with an average velocity-
Vo under an imposed pressure gradient- AP,

The power law 1s a two constant empirical egquation
which many fluids obey over moderate ranges of shear rates,

Tt fails to describe observed behavior at low shear rates

in that it predicts an infinite viscosity at zero shear rate.

2. Ellis model

1=n
Ap= 2201+ (37 ] (1.16)
T = 7/ DBy~ (1.162)

This three constant empirical model reduces to
Newtonian behavior with constant viscosmty—'qb at low shear
rates and approaches power law behavior at high shear rates.

3. Eyring-Powell model

-1

- . sinbh Bh 4, (1.17)
N= Noo + (’?o 7{m) BAIQ
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The Evring-Powell fluid, a three constant semi-
theoretical model, reduces to Newtonian behavior at both
low and high shear rates while predicting pseudoplastic
behavior at intermediate shear rates. Its use has been
limited because it results in forms that are difficult
to solve analytically.

1.4-3 DILATANT FLUIDS

Dilatant fluids display an apparent viscosity which
1ncreases with increasing shear rate. This behavior usually
occurs in concentrated slurries in whaich there is insuffice
ient liquid present to enable the particles to flow freely
past one ancother, Metzner and Whitlcck (56) have compiled
a number of systems which exhibit dilatancy.

1.4-4 TIME DEPENDENT NON-NEWTONIAN FLUIDS

In materials exhibiting time dependent behavior, the
shear stress (at a given shear rate) changes with the
duration of the shear. Those fluids in which the shear stress
increases with time are called rheopectic and those in
which a decrease occurs are called thixotropaic.

The mechanism responsible for thixotropy is possibly
similar to pseudoplasticity. In any unsteady flow, from a
Lagrangian viewpoint, the orientation of asymmetrical
molecules and particles or the breakdown of solvated masses
cannot occur instantaneously with respect to time,
Pseudoplastic behavior may be considered as a form of

thixotropy which has a time constant much smaller than the
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time écale of the experiment. Carver and Van Wazer (7)
have shown that certain fluids may regquire times of several
minutes or hours before the structure 1s completely regained.
Several authors, including Fischer, Bauer and Wiberly (21)
present evidence that this formaticn time s also proport-
zonal to the level of shear to which the material was
previously subjected. Thixotropy occurs 1n many practical
materials such as paints, food products and some polymeric
solutions.

Rheopexy may be considered as being caused by the
same phenomena as dilatancy but with time dependent effects
large enocugh to be‘detected. It 1s a relatively rare
occurrence but has been observed in certain sols and

bentonite clay suspensions.

1.4-5 VISCOELASTIC FLUIDS

High molecular weight polymers dissolved in solution
or alone as a melt form a class of non-Newtonian behavior -
known as viscoelasticity. These materials differ from
elastic solids in that they flow under an imposed pressure
gradient and, unlike purely wviscous flaids, they display
elastic properties such as recoil and stress relaxation.
Such responses are related to the ability of the polymer
chain to assume different spatial configurations under
shear flow, A description of some characteristac

viscoelastic phenomena follows.
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A, RECOIL

If the shearing stresses i1mposed upon a viscoelastic
fluid under flow are rapidly removed, the fluid will undergo
a partial recovery of strain. This may be observed exper-
imentally by following the movement of tracer particles in
the solutzon (40) 6r the deflection of an unconstrained
rotor in a concentélc cylinder apparatus (7).

The viscoelastic fluid may be said to possess a
'partial memory' of its rest state. An elastic solid has a

'perfect memory' and returns completely to its rest state

when the deforming stress is removed.

B. JET SWELLING
An unconfined liguid jet emerging from a cylindrical
tube can expand to a diameter considerably larger than the

nozzle diameter, as shown in figure 1-2.

Moderate shear rates High shear rates

Figure 1-2. Jet swelling for a viscoelastic £luaid..

The magnitude of the effect is dependent upon the particular



19
.PRECEDBNG.RAGE)BI&EQK.N(H?FD]HEk

LTI T e e

PN} == o — e

(R IITH!

e . ) et —amy o —maans  chstms  mm— —

Newtonian liguid Viscoelastic liquaid
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D. STRESS RELAXATION

If a Newtonian liquid 1is subjected to a flow history
and then held at constant deformation, the shearing
stresses will be observed to relax instantaneocusly, even
though the strain persists. In a perfectly elastic solad,
the stress caused by the deformation does not relax at
all. Between these two extremes are viscoelastic f£luids
which vndergo stress relaxation at a finaite rate.

Stress relaxation experiments have been used to
evaluate the constants and predictions of proposed

constitutive equations (20).

E. DRAG REDUCTION
The addition of certain polymeric additives in

concentrations as low as 10=50 parts per million can reduce
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turbulent pressure drop by as much as 50% (23,36,76,84).
Seyer and Metzner (78) report that for solutions exhibiting
drag reduction, the flow may be transitional up to Reynolds

numbers of about 105,

F., ELONGATIONAL VISCOSITY

Viscoelastic theories predict that, under tension,
a viscoelastic fluid will exhibit an elongational vascosity
which increases with shear rate (10,43,92). This 1is in
contrast- to the shear viscosity which is a decreasing
function of shear rate. Experimental data are sparse but
Ballman (1) reported a constant elongational viscosity for
polystyrene. The ability of polymers to be drawn into
long faibers has been related to this predicted property
(44,64,95).

l.4~6 CONSTITUTIVE RELATIONS FOR VISCOELASTIC FLUIDS
Ideally, the constitutive eqguation for a viscoelastac
fluid should be complete enough to describe all of the
previously described phenomena yet be of such a form as to
yield tractable sclutions from the equations of motion.
It must obey certain invariance principles (22) since
natural laws are independent of any coordinate transformation.
In addition, the response of the material to a given set
of causes must be indifferent to the coordinate system
chosen. Both requirements mayibe satisfied by casting the
constitutive equation 1n a tensorial form and formulating

the relation in a coordinate system that moves and deforms



21
with the continuum (65).

Some general statements can be made concerning what
the constitutive relation for a viscoelastic fluid should
contain 1f it is to predict observed phenomena.

a) Experamental data show that in the limit of zero
velocity gradient, the shear dependent viscosity tends
towards a limiting value. The viscous part of the complex
vaiscosity, determined from transient response experiments
also approaches the same limitaing value. Therefore, the
constitutive equation should also contain a zero shear
viscosity- Ho -

b) The constitutive equation should contain a
characteristic time(s) which can be identified with stress
relaxation phenomena.

c) The constitutive eguation should correlate steady
shear as well as oscilliatory data.

d) Normal stresses 1n steady shear should be predict-~
able from the model.

e) The shear viscosity, shearing stress and normal
stress should be functions of the shear rate and, 1in simple
shear, be of the experimentally observed form shown in

figure 1-5. The slope d 109 T 13 should be unity at low-s
d log A 12

shear rates ., and less than one at intermediate to high shear

rates. Similarly, the slope 9 109 (Ti13- Ta2) s initially
d log Alz

two and is reduced below that value at higher shear rates.



22

K i log T2
or
log 7 log

R (T:ll '"Tzz ) '

Rl —— — = — =D

log A 12 log & 15 t

Flgure 1-5., Experimentally observed response of
viscoelastic fluids.

Constitutive equations for viscoelastic £fluids may
be classified as being either of the 'rate' type or of the
'integral® type.

Rate equations are characterized by time derivatives
of the stress and deformations: Linear relatiohs may be-

written in the form

PT = QA (1.18)
where - 2_ 25 L., N2l (1.18a)
Pr= it hgptagm® ot Ay
z I
and Q= '}fp (1-;—#,%%- +PZ§F'+”°+F”%';“) (1.18b)

P and Q are linear, time differential operators which

satisfy the principle of material objectivity, while A

and /45 are relaxation and retardation times, respectively.
D() 1s a convected taime derivative such as the Oldroyd
D+

(63 or Jaumann (67) derivative. The published experimental

evidence does not favor a particular derivative over another.



24
- + , .
Ty (= [, dte-e1d %56 (1.21)

€
°f T = [ e-t) sy st (1.22)

where Alk:: d i
3

Equaticn (1.22), being a linear formulat:ion, possesses the
same laimitations as do linear rate egquations. While i1t is
able to predict normal stresses and stress relaxation
phenomena, the viscosity 1s constant. If the relaxation
function 1s taken to hz depandent upon the rate of deform-
ation tensor, a shear dependent viscosity will be-obtained.
Several non-linear integral thecories ars summarizad 1n
Middieman (59).

Metzner, White and Denn (54,55} have congidered
criteria for selecting vaiscoelastic coanstitutive equations
which are applicable te solving practical engineering
problems. The Deborah number, defined as the ratio of the
fluid's relaxation time to the deformation time, is used
as a natural ordering parameter to determine the appro-
priate type of relation.

Several review articles are availablie (5,45,81) which
compare the predictive abality of rate and integral
constitutive equations with exper.mental data. The compa-
rison does not argue for erther rate or integral constztu-
tive equations. However, Spriggs, Huppler and Bird conclude
that selected constitutivae equatzons from each type show

considerable preomise as rheclogircal equations of state for

PREDEDHW}P%&m}BLANKINUTIHHMEb
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use 1n fluid dynamical calculations.

While the preceding theories have treated the
material as a continuum, molecular models have been success-—
fully developed which predict non-Newtonian behavior as a
function of shear rate in terms of known molecular
parameters. A comprehensive review of several molecular
theories and comparisons with experimental data may be

found in Middleman (59).

1.5 A DESCRIPTION OF NEWTONIAN JET BREAKUP

When ligquid flows within a capillary, the confining
walls serve to retard the fluid movement and therebyrglve
rise to shearing stresses. For Newtonian liquids in
fully developed flow, this results in the well known
parabolic velocity profile. Upcn emerging from the nozzle
into ambient air, the liquid column i1s no longer confined
and undergoes a stress relaxation at a rate determined by
the flow velocity and the rheological properties of the
fluiad. At low velocities, the surroundings exert no
influence on the liguid column. The appearance of an
unconfiined, laminar Newtonian jet 1is represented in figure
1-6. It 1s assumed in this representation that the fluaid
veloclity 1is sufficient to render gg@Vlty effects neglig-

¥
1ble and thdt the tame required for) relaxation i1is short

-

compared to the lifetime of the jet.
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Wozzle diameter = 2ag Breakup length-L
Relaxed diameter = Z2aws Wave length- &

Figure 1-6. Breakup of a laminar capiallary jet
of a Newtonian liguad.

Superimposed upon the liguid column are small disturbances
from sources such as microscopic burrs within the capillary
or external vibrations transmitted through the nozzle.
Surface tension forces alone act to return the locally
disturbed surface to i1ts equilibrium position but overshoot
the mark. A larger restorative force resulits from the over-
shoot which then produces an even greater deviation £from
equilibrium. The disturbance thus propagates as an
axially symmetric wave of increasing amplitude and fixed
wavelength until surface tension forces pinch off the
column to form indavidual droplets. The intact portion of
the liquid column is known as the breakup length.

The breakup length of a capillary jet of a Newtonian
liguad as a function of velocity has the form shown in figure

1_7 -
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and the breakup length again increases. This should not be
interperted that turbulence enhances stabilaity since, as
shown in figure 1-8, the breakup time past point D 18 a

decreasing function of jet velocity.

Breakup [~ ~

time

g

Average Jjet wvelocily

Figure 1-8. Breakup time of a Newtoniaa capillary jet
as a function of jet wvelocity

(points correspond to figure 1-=7).
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CHAPTER 2

STATE OF THE ART

This chapter will review the published literature
dealing with the breakup of a low speed, capillary jet of
ligquid moving through ambient air. In order to keep this
survey to a reasonable size, the related stability topics
of a liguid jet in liquid surroun?ings and the breakup of
a turbulent jet have been omitted. When background
material 1s needed for completeness, efforts were made to
cite a recent review article rather than list the numerous

original contributors.

2.1 STRESS RELAXATION

A fluid which emerges from a capillary into
ambilent air suffers an abrupt removal of the confining
wall, This results 1n a relaxation of all prior stresses.
If the relaxation 1s complete withain the lifetime of the
jet, the velocity profile rearranges from the original,
radially varying shape to a flat profile. Continuity
arguements show that these changes must also cause the jet
diameter-2ag, to differ £from the noz%%e diameter-2ap and
the ratio is termed X = Ox/g, - ‘

For capillary jets of Newtonian liquids, 1t has been
found experimentally that the diameter ratio i1s a functaion

of the capillary Reynolds number-Re, alone for fully

developed flow (26,32,60,62). Gavis and Modan (26) report
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that a nozzle length to diameter ratio- f/2a, greater than
32 is needed to produce consistent results for ¥ . At
Reynolds numbers below 16, Newtonian jets expand due to
viscous forces (> ] ) while at Rey <16 contraction occurs

because of inertial forces. Gavis (25) summarized the data

of Middleman and Gavas (60) as

~60/(Rey) 372 (2.1)

K= 1.10 - 0.23e
Goren and Wronski (32) did not find any upper limit to
the diameter ratio at the lower Reynolds number range,
Only at Reynolds numbers greater than 300 was the lower
theoretical limit of X ={3/2 approached (35).

Goren (30) considered the rate at which the stresses
relax 1n a Newtonian jet. He used a boundary layer
approach, valid for small axial Jdistances where the
periphery of the liguid column does not interact wath the
core, and showed that the jet diameter varies as the cube

root of the axial distance.

3
(ao—a)/'aO = O.703(z/aoReo)l/ (2.2}

At large axial distances, where the boundary layer
assumptions are invalid, Goren and Wronski employ a
linear perturbation technique and show that the relaxation

follows an exponential decay of the form

O
~hpnZ /aee
a4 = 8e + ZAne n2/ (2.3)
]
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The decay rate-h 1s a function of the jet Reynolds number
and a surface tension parameter,

They experimentally verified the predicted dependence
for small and large axial distances. For capillary Reynclds
numbers below 100, the jet diameter reached 99% of its
final value within 1.5 jet diameters. Middleman (57)
obtained similar data and found that, at Reynolds numbers
up to 1000, relaxation 1s 99% complete within 3 jet
diameters. Thus, for Newtonian liguids, the relaxation
length may be neglected in comparison to the breakup
length over the usual range of Reynolds numbers encountered.

The relaxation of stresses outside the capillary for
a non-Newtonian jet involves considerations of the effect
of a shear depsndent viscosity and, in the case of
viscoelastic liguaids, the presence of normal stresses.
Powell (69) and Middleman and Gavis (61,62) investigated
stress relaxation in capillary jets of viscoelastic
liquids. They found that a nozzle length to diameter
ratio of J{/20, = 40-50 produced consistent results for %,
which 1s similaxr to the Newtonian value. However, Metzner
et. al.(52) measured a small but definite effect on X when
Q/ZCQ was increased to 126 from 97. These conflicting
conclusions regarding the entrance length required for
fully developed flow remain to be resolved. The data from
all investigators show that, at low shear rates an expansion
1s obtained, X > 1, but as the shear rate 1is increased con-

traction always occurs.
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No experiments have been reported on the direct
méasurement of the rate of stress relaxation in non-
Newtonian Jets. In the experiments jus£ reviewed for the
effect of shear rate on the diameter ratio, the authors
make no comment on the axial distance required to achieve
constant values for X . This may be construed as meaning
that the axial distance was of the same order as for
Newtonian liquids. However, the data of other investi-
gators waith capillary jets of viscoelastic liquads
indicate that the relaxation length may be considerable.
G111l and Gavis (27) imposed artifical disturbances upon
the motion of carboxymethyl cellulose jets and measured
the nodal lengths of the resulting transverse wave.
Starting from a model of a wave propagating on a string
of slowly varying tension they obtained, after consider-
able linearization, an expression which permitted-the
calculation of the fluid's relaxation time from their data.
Values of 0.32 seconds and 0.27 seconds were calculated
for solutions of 1.4% SCMC and i.?% SCMC, respectively.
This means that a slowly decaying axial tension exists over
the lifetime of the jet. Goren and Gavis (31) have
developed a theoretical analysis for this geometry. By
assumling an exponential decay of the axial normal stress,
a solution was obtained for the nodal points of the wave
as a function of the axiél distance. Middleman (59)
summarizes experimental results obtained by Middleman and

Rautenbach for artificially disturbed SCMC jets. Relaxation
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times on the order of lOm2 seconds were calculated and,
while this value differs by an order of maénitude from those
reported by Gill and Gavie, it also shows that the relax-—
ation lengtﬁ;is considerably longer than for Newtonian jets.
Addational evidence ain this direction comes from Gaskins
and Phillipoff (24) who measured the ratio of the jet
velocity to the average capillary velocity-Voo /7o and found
1t to be less for viscoelastic jets than for Newtonian jets.
They attribute Fhls to the presence of accumulated elastic
energy which absorbs some of the kinetic energy. Further
experiments appear to ke necessary to clarify the phenomena
of stress relaxation with capillary jets of non-Newtonian
laquids.

Mass and momentum balances have been used (22,25,26,
60,62,79) to relate the change 1n jet diameter from that
of the capillary to the forces causing the change, 1.e.
the velocity profile rearrangement, the normal stress
relaxation and surface tension forces. Control surfaces
are taken at the capallary exat and at a point far enough
downstream for the jet to be completely relaxed except for
an everpresent axial surface tension force. A properly
formulated balance must reproduce the experimentally observed
facts that, for Newtonian jets, the diameter ratio is a
strong function of the Reynolds number and the Weber number
has laittle, if any, effect. Contraction results fior Re, < I6:
expansion occurs for Re, > 16 and, at Reynolds numbersxgréate}

than 300, the diameter ratio approaches the limit X =y3/2.
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Even for Newtonian liguids, it has not been possible
to predict the observed diameter ratio from a knowledge
of the flow velocity and the physical properties of the
fluid. This is due to the lack of a quantitatire expression
for Fhe axial normal stress at the capillary exit.
Oliver (68) has measured the thrust exerted by Newtonian
and non-Newtonian jets and has shown that Newtonian
liguids also display an axial normal stress under the
circumstances of a relaxing velocity profile. The usual
practice has been to calculate this tensile stress from
the momentum balance and the experimentally determined

diameter ratio.

2.2 BREAKUP OF A LAMINAR CAPILLARY JET

Considerable theoretical and experimental efforts.
have been made in investigating the laminar breakup of a
capirllary jet of a Newtonian liquid. The major analytical
contributions have come from the pioneexing works of
Lord Rayleigh (70-~73) and Weber (89).

Lord Rayleigp (70,71) developed the first under-
standing of the caéses of jet instability through a
consideration of pqt;ntial and kinetic energies of an :
1nviscid jet moving through a non-interacting medium. He
showed that a1f the wavelength of the propagating disturbance
exceeded the circumference of the jet, the surface tension

forces were not at a minimum. This condition is unstable

and results in the breakup of the coherent liguid column
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into spherical droplets, each separated by the disturbance
wavelength., Through a numerical solution of the character-
i1stic equation, the growth rateof the most rapidly growing

disturbance was obtained as

(2.4)

where Q¢me,1s the growth rate for a jet of radius-apo.
gsurface tension-0 and density~ @ . The wavelength- §
of the disturbance wave corresponding to the maximum growth

rate 1s given by

5= 9020« (2.5)

If the breakup length is assumed inversely proportional to
the growth rate, the intact length of the liquid column-L

18 obtained as

3
L/200 = C|[E02228 (2.6)

where Voo 1s the average jJet velocity and C is an exper-
imentally determined constant.

Ravleigh's predictions for the breakup length of a
Newtonian liquid have been confirmed by many investigators

(75,80,85). His later attempts (72) to include the effacts

of fluid viscosity and interactions with the surroundings
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resulted in analytical expressions containing Bessel
function ratios which were not solvable in any convenient
form. It was possible to conclude, however, that in the
limit of very high viscosities, the jet would be completely
stable.

In 1931, Weber (89) considered the same equations -
as did Rayleigh, but was able to show that, when the
disturbance wavelength was much larger than the jet radius,
the Bessel functions could be appreoximated by their leading
term., With this simplification, the growth rate of the

fastest growing disturbance may be written as

0(: _ V 250..%
2+ 3
(22

The presence of viscosity=- 7, 1s seen to stabilize the jet.

(2.7}

Corresponding to this maximum growth rate is the wavelength

of the propagating disturbance which is expressed as

- !z_

& = TVE 3 ¢ (2.8)

- 21+ 2o __ .
2Qe 2o OmS
The length of the intact column prior to breakup is given
by
L —_ Voo — C We_’lz' + 3Weo
%‘; = C '5‘";,;‘ - om0 (2-9)

Zz.
where Weee 1S the jet Weber- number, We°&=zgﬁghi3 , and .

Ren, 18 the jet Reynolds nmnberuaeoo-:-?%\@. All quantities
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in equation (2.9) are based on the jet diameter rather than
the nozzle diameter. The two are usually different due to
the velocity profile rearrangement. Weber's predictions
for low speed breakup have been verified by many investi-
gators (19,33,34,39,50,86,87).

The assumptions of the derivation are as follows:

1. Upon ejection from the capillary, all stresses
generated by the previous shear flow relax in a distance
which may be neglected in comparision to the breakup
length and the jet then moves with a uniform axial
velocity-Veo (apart from small perturbations).

2., The daisturbance propagates as a wave which is
periodic in the axial direction and exponential in time,

3. There is no interaction with the ambient air,

4, The disturbance wave is axisymmetric.

5. The fluid is incompressible.

In the following paragraphs, detailed comments will be made
regarding experimental verification of the first four
assumptions.

The relaxation of all stresses due to the
capirllary shear flow 1s accompanied by changes in the jet
diameter and is considered complete when the jet diameter
remains constant with increasing distance from the nozzle
exit. Section 2.1 has previously detailed the ample
experimental evidence (32,57) proving that, over the normal

range of Reynolds numbers encountered, the relaxation '
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length in a laminar, Newtonian jet may be neglected in
comparison to the breakup length.

Donnelly and Glaberson (16) imposed audio fregquency
disturbances on the motion of the jet and confirmed the
exponential growth rate of the propagating wave.

Fenn and Maddleman (19) established that the
surroundings exert no influence on the jet for Weber
numbers less than Weeo = 5.3 but, above this, a fric-
tional interaction does occur which results in a
maximum 1n the breakup length vs. fluid velocaity curve.
Tre location of this maximum is dependent on the ambaient
pressure.

Grant and Middleman (33) found that laminar jets
do propagate disturbances as an axisymmetric wave, in
agreement with assumption 4. Beyond the maximum, trans-
verse waves appear close to the nozzle but the jet still
persists 1n being destroyed by the growth of an
axisymretric wave. The nozzle length did not exert any

influence on the breakupr length for £ /2a_ ratios greater

o

than 26. Their breakup length data for laminar,
Newtonian jets are correlated by the expression.

_ 5 0.85
L/2ap = 19.5( Wey  + 3Wegy/Rey) (2.10)

where all dimensionless groups are based on the nozzle

diameter.
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As previously noted, profile relaxation results in a
change of the jet diameter from that of the capillary bore.
Kroesser and Middleman used the relaxed diameter instead of
the capillary drameter to correlate theair Newtonian jet
breakup datz and recalculated the measurements of Grant
and Middlemen., The resulting correlation i1s given by :

% 0.87
L/2a,, = 18( Weew + 3Weoo/Reg ) (2.11)

The departure from the unit slope prediction of Weber is
claimed to be statistically valid.

Weber's analysis assumes the amplitude of the initial
disturbance to be constant and predicts a uniform droplet
diameter after breakup. When the dasturbance i1s i1nitiated
as a result of naturally occurring noise, the initial
amplitude 1s a function of time and this periodicity
produces a droplet size distribution. Duffie and Marshall
(17) investigated the droplet size distribution to be
expected from laminar, low viscosity Newtonian jets. Thear
data fit the relation

56 -0.10

D, = 36(2a,)" " (Re,)

g (2.12)

where Dg, the geometric mean diameter, and ay are in
microns. For a sample of N droplets, the geometric mean

drameter 1s defined as

1n Dy = > (in D,) /N {2.12a)


http:0.56(Reo)(2.12

40

In a second analysis, Weber modified the boundary
conditions to include the external pressure of the gas.
His solution predicts the experimentally observed maximum
in the I vs. V cuxve but is only in gqualaitative agreement
with the data beyond the maxaimum (19,33).

Borodin and Dityakin (6) also atéempted to evaluate
the effect of air interaction by wraiting the equations of
motion for both the jet and the surroundings. Common
boéndary conditions were imposed which resulted 1n an 18th
degree equation w1t£ complex coefficients that was not
evaluated because of 1ts complexity.

For completeness, the paper qf Lee and Spencer (41)
1s recommended for its extensive coilectlon of photographé
showing the effects of injection pressure, air density and
orifice roughn?ss. A good ilntroductory review of
investigations into jet stability up to 1955 is found in
Miesse (63). The empirical technigques used to correlate
turbulent atomlzatioﬁ‘data are summarized by Marshall (46).

In recent years, considerable theoretical and |
experaimental efforts'have been directed towards under-_
:standlng the unusual behavior of viscoelastic fluids.

This research has been spawned by the rapid growth of the
polymer and polymer related industries. h
A fundamental question concerning viscoelastic

liguids 1s whether the abilaity to store elastic enexgy

enhances or retards their hydrodynamic stability in a given
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flow geometry, relative to a Newtonian fluid. For non-
Newtonian liguids, the basis for comparison must be in
terms of its apparent viscosity at the shear rate of the
experlmenk. The avallable evidence 18 1nconclusive as
data exist to support both conclusions. However, there is
no reason to believe that viscoelasticity is only
stabilizing or only destabilizaing. It may depend upon the
magnitude and the algebraic sign of the elastic para-
meters comprising the particulgr fluad.

Wilcox et. dl. (93) found that droplets of
viscoelastic fluids resisted breakup in a high velocaity
aixr stream compared to Newtonian liguids of the same zero
shear viscosity. Davies (12) also noted a stabilizing
effect by viscoelastic additives on the atomization of
fluads.

Dombrowsky, Eisenklam and Fraser (15) studied the
behavior of a highly elastic Napalm solution in an
expanding sheet formed by a fan jet. Instead of breaking
up into droplets as Newtonian ligquids do, the Napalm
sheet formed a large number of filaments.

Many investigators have studied the onset of
secondary motions between rotating concentric cylinders as
their relative velocity is increased for both Newtonian
and viscoelastic ligquids. The instability appears as a
series of rolls whose onset can be detected visually by

the use of dyes or mechanically through torgue measurements.
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A review of the extensive results in this geometry 1is
considered useful towards appreciating the behavior of
viscoelastic Jets in the capillary jet geometry.

In 1923, G.X. Taylor (83) presented a linearized
analysis for a Newtonian fluid contained between concen-
tric, rotating cylinders and showed that instabilities
occur whenever the critical value of a certain parameter,
since named 1n his honor, was exceeded. His experimental
results were 1in excellent agreement with the theoretical
predictions. Mogt of the available studies with Newtonian
liquids for the onset of secondaEy motions are summarized
in the books of Lin and Chandresakar. When the
disturbances become finite, the problem must be treated on
the basis of non-linear stability theory.

Many analytical treatments of rotational stability
with viscoelastic fluids arxe available using linear and
non-linear constltuplve relations. Gainn and Denn (28)
cite or review several of these models in their recent
paper. The results show that the critical Taylor number
1s dependent upon the magnitude and, in the case of some
models, the algebraxc sign of the fluid's elastic para-—-
meters. Thus, the question of whether viscoelasticity
enhances or retards the hydrodynamic stabirlity, relative
to a Newtonian fluid of the same apparent viscosity,

cannot be answered inclusively but is specific to the

particular viscoelastic fluid. These conclusions are, of
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course, dependent upon the ability of the constitutive
equation to describe the real behavior of viscoelastic
fluwds.

Merrill, Mickley and Ram (49) investigated the
rotational stability of polystyrene, polyiscbutylene and
polymethylmethacrylate dissolved in various organic
solvents and found little devaiation from Newtonian results
for liguids of the same apparent viscosity. However,
for two samples of uitrahigh molecular weight poly-
1sobutylene significantly lower Taylor numbers were obtained.
Rubin and Elata (74) reported substantial stabilization
for solutions of polyethylene oxide, polyacrylamide and a
natural polysaccharide. However, viscosity data presented
for the non-Newtonian solutions is at variance with many
published measurements. Low zero shear viscositles are
reported, on the order of 1-6 centipoise for concen-
trations up to 0.2% and the fluids are claimed to exhibat
Newtonian behavior except at high shear rates. It is
suspected that degradation has occurred either in the
initial preparation or by exposure to the surroundings.

Denn and Roisman (13) used polyethylene oxide,
polyacrylamide, hydroxyethylcellulose, carboxymethylcellulose
and polyisobutylene solutions 1in their investigation of
rotational stability. The experimentally detexrmined Taylor
numbers showed a general trend towards flow stabilization,
particularly in the narrowest annular gap. In many cases

though, there was little difference from Newtonian values
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and there was some evidence of destabilization for poly-
isobutylene in the widest gap.

The results of the variocus experimental 1investigations
just described have shown that for selected viscoelastic
fluxzds some stabilization or destabilization may occur,
but, for most of the liquids employed, little deviation
from Newtonian measurements were found. It is daiffaicult
to cbtain a gquantitative comparison between experimental
data and analytical predictions because the elastic para-
meters in the viscoelastic constitutive equations cannot
be reliably determined for the dilute solutions of these
investigations.

Only limited attention has been given to the breakup
of a capillary jet of a viscoelastic liquid. Middleman
(58) presented an analysis for a viscoelastic fluid whose
behavior 1s described by a linearized, three constant
Oldroyd model. The constitutive equation for this material

is given by

= Cr+ %E) Ay (2.13)

where X, and }k\ are the relaxation times and retardation
times, respectavely, with A MM, . Any variable

£f(r,z,t) was assumed to have the general form

1kz +t !
f(r,z,t) = PF(x)e (2.14)
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where k, the wave number, 1s defined as k=27V/S
Equation {2.13) with the aid of equation (2.1l4) can be

written as

T = p I M 2.15
%o P+ Nt A ( )
This result can be regarded as the constitutive equation

for a Newtonian f£fluid having the viscosity

W) = 770:—:-%.-:‘7— (2.16)

The problem is then solved in a manner paralleling the
development of Weber.

When X and M, are very small, Middleman showed that an
expression can be obtained for the breakup length of a
viscoelastic jet-L, compared to the breakup length of a

Newtonian jet of the same zeroshear viscosity-7, .

= |~ A Ly Voo * ! (2_1-%)
- Qo Weo® 4+ 3Wewm/ Reoo

Since M) M, , a capillary jet of a viscoelastic fluid
obeving equation (2.13) 1s less stable than a Newtonian jet
of the same zero shear viscosity.

In a recent paper, Kroesser and Middleman have confirmed
the predicted decreased stability for capillary jets of

polyisobutylene 1n tetralin. Quantitative comparison with
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the prediction of equation (2.17) could nctbe made without
known values for A and -

The analytical result of Middleman assumes that the
jJet relaxes from all stresses generated during the previous
capillary flow in a distance which 1s short compared to the
breakup length and therefore regains 1ts zero shear viscos-—
1ty ‘instantanecusly'. He then argues that the shear rates
associated waith the growth of symmetrical disturbances are
sufficrently low that departure from Newtonian behavior
would be slight. Thus, the jet propagates disturbances at
a rate corresponding to 1ts zero shear viscosity.

As discussed in section 2.1, there have been no
published measurements on the rate of stress relaxation in
viscoelastic jets. The data of Gill and Gavis as well as
that of Middleman and Rautenbach, as reported by Middleman,
indicate that a slowly decaying axial tension exists
throughout the lifetime of the jet. Such behavior would
invalidate an analysis based on an i1nitizally relaxed
viscoelastic column.

The whole area of stress relaxation and viscosity
buildup 1n a newly emergent, non-Newtonian jet will be .
examined in the laight of the experimental data taken in
this investigation. Since the lifetime of a jet is of the
order of 10_2 seconds,a jet experiment affords the opportu-

nity to witness effects whose existence 1s of a similar
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order of _magnitude. Such short time scales are difficult

to determine on conventional instruments.
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CHAPTER 3

EXPERIMENTAL APPARATUS AND PROCEDURES

3.1 OVERALL DESCRIPTION OF EXPERIMENTS

This chapter provides a detailed description of the
experimental apparatus and techniques. When necessary,
additional amplification of the procedures will be given
in later chapters along with the test results.

A schematic diagram of the apparatus i1s shown in
figure 3~1. Eaither an Instron mechanical tester or
pressurized nitrogen activated the piston of a hydraulic
cylinder, which contained the test fluid. The laigquid flowed
through a section of flexible, reinforced hose and past a
50~125 micron filter. These served to minimize mechanical
vibrations from being transmitted along the walls of the
stainless steel piping or through the fluid 1tself and
alsc to trap any contaminant particles. The fluld‘then
entered a cube designed to house a pressure transducer and
the capillary. The cube was mounted on a concrete block
to dampen vibrations from the surroundings.

Sti1ll photographs and high spéed motion pictures were
taken of the capillary at magnificatioans ranging from
0.8-25 times the actual size. The jet motion was effect-
rvely stopped by the use of microsecond duration flash
equipment.

Typical experimental measurements included the jet
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breakup length, droplet diameter, disturbance wavelength,
volumetric flow rate and pressure drop through the

caplllary.

3.2 MECHANICAL EQUIPMENT

The Instron mechanical tester is a constant speed
device which moves a crosshead at a preset rate and
automatically adjusts the force required to do so, up to
a maximum of 10,000 1lbs. of force for the model used.
Thus, with the Instron crosshead acting on the piston of
a 4 inch diameter cylinder, containing the test fluid, a
maximum pressure of 800 lbs/J.n2 1s avadilable. This type
of instrument 1s particularly useful i1n experiments requir-
ing a constant volumetric flow rate in capillaries of
varying length. It was used 1in cap:illary viscometer
experiments and in preliminary tests to determine the
effect of capillary length to diameter ratio on the jet
breakup length.

When pressurized nitrogen served as the prime mover,
Hoke gas regulators were used to reduce the pressure té
the desired working value.

Cylinders of differing construction were used to
provide low and high pressures. The low pressure set,
manufactured by the Parker-Hannafin Co., had a 4 inch
diameter piston by 10 inch stroke. Limitations on
leakage past the Buna-N piston seals set the maximum

operating pressure on the steel pneumatic cylinder at
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250 lbs/inz. The hydraulic cylirider was fabraicated from
chrome plated brass and used Viton rubber as the piston
seal matexial. It was found that the chrome plating was
not durable and the exposed base metal corroded if kept
in contact with the test fluid for several hours. This
di1d not pose any, problem and only required an initial
flushing with fresh test fluid at the beginning of a
day's run to cleanse the system. The hydraulic cylinder
was rated at 500 lbs/lnz. For high pressure operations
up to 3000 lbs/inz, steel cylinders of 5 inch bore by 12
inch stroke were used. These were fabricated by the W.E.
Hennells Co. and employed polyurethane U-cups as piston
seals i1n the pneumatic cyllnder and Viton rubber for the
same purpose in the hydraulic cylinder, Bronze plating
was used on all surfaces in contact with the test fluid.
This lowered the corrosion rate compared to chrome plated
brass but did not eliminate 1t.

Special consideration was given to safely mounting
the cylinders since the axial force generated on a 5 inch
diameter piston by a 2000 psig pressure 1s about 39,000
lbs. of force. The cylinders were fastened to appropri-

P

ately sized steel 'I' beams with high tensile‘strength

bolts. In selecting the components, careful attention
was given to the shearing stress and bkending movements
acting undex the most severe loading conditions. Plates

were welded on either side of the cylinder legs to prevent

shifting during any cvcling operation.
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A Dynisco 0-~1000 psig pressure transducer wés used
to measure the pressure drop of the fluid flowing through
the capillary. The millivolt output of the transducer was
plotted on a Leeds and Northrup 'Azar' recorder.

Nozzles were fashioned from hypodermic needles or
tubang by grinding their ends to a flat face. The bores
were examined undéf 100 power magnification foxr
concentricity and surface imperfections. A stage micro-
meter was used to determine the inside diameter. The
length/diameter ratio of the nozzles were usually greater
than 100/1 although, in certain experimental runs, shorter

nozzles were used to'maintain a safe working pressure.

3.3 PHOTOGRAPHIC EQUIPMENT

Still photographs were taken with eather of two
4"x5", traple extension (22") bellows cameras made by the
Bausch & Lomb Co, and the Caiumet Photogrgphlp Co. A
32 mm. £4.5 lens was used for closeup work of high
magnification and a 158 mm. £6.3 lens was used for general
purpose photography of lower magnification. The cameras
were mounted on a specially constructed table which allowed
movements zlong the X,y and z axes.

Both 3"x4" Polaroid roll film and 4"x5" Polaroid
sheet film of ASA 3000 rating were used, The high speed
film allowed small lens openings to be used with the
accompanying advantage of a wide depth of field.

Motion picdtures were made with a 400 foot capacity,
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16 mm.'Hycam' series camera manufactured by Red Lake Labora-
tories. It 1s capable of frame rates between 10-11,000
pictures per second. By means of a timing light, which
placed a mark on the edge of the movie £ilm at a
frequency of 10,100 or 1000 pulses per second, the
instantaneous frame rate could be determined. An
accessory event sychronizer fired an electronuc flash
when the 1/2.5 shutter was fully open.

The microsecond duration, high intensity l%ghting was
provided by electronic single flash and strobe units pro-~
duced by Edgerton, Germeshausen and Grier, Inc., models
549 and 501 respectively. A General Radio Co. strobe,
model 1538, was available for visual measurements underxr
circumstances where photographic determination was

difficult.

3.4 GENERAL EXPERIMENTAL PROCEDURES

The experimental procedurés used to obtain the test
results are generally stralghtforward and do not require
extensive explanations. An overall description of the
techniques that were utilized has been given previously in
section 3.1.. Some additional details will be furnished in
this and the following sections.

When nitrogen gas was usdd as the prime mover instead
of the Instron, two to four holding tanks were first
pressurized to the desired working level. The gas reguldtor

was then valved off from the system in order to avoid the
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possibilaty of periodic disturbances produced by the
opening and closing eof the regulatox. The decrease in
pressure during an experimental run, due to piston travel,
was negligible. )

A Dynasco strain gage transducer measured the fluid
pressure at the entrance %o the capillary. The
calibration was checﬁed periodically against a dead werght
tester and found to be invariant. A typical plot of the
transducer's millivolt output versus applied pressure is
shown in figure 3~2,

Volumetric flow rates of the test fluid were
determined easily with a graduate cylinder and a stop-
watch., When the Instron was used in the experinmental
system, the crosshead travel could be read to the nearest
0.005 ainches. This movement was translated into wvolumetraic

flow rates from a knowledge of the hydraulic cylinder and

capillary diameters,

3.5 PROCEDURES FOR PROPILE DECAY EXPEﬁIMENTS |
Accurate measurements were taken of the et
diameter as a function of the axial distance in the region
immediately outside of the capillary. This 1s related to
thg rate at which the velocaity profile decays.
The electronic flash was placed behind the jet with
1ts light output directed onto a translucent plastic

disk. A shadow photograph of the capillary jet was obtained

at a magnification of approximately 10/1. In order to
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to correct for any distortion from the camera lens or arising
from a lack of parallelism between the plane of the film and
that of the jet, a rod of known diameter was also photo-
graphed at each location, The required measurements were
performed on a Nikon profile projector, model 6C, fitted
with 'a 10/1 énlarging lens and a micrometer stage readable
to 0,000l inches. Values reported for the jet diametex
are probably accurate to more than three significant
figures,

Below a minimum velocity, the jet was either

affected by éraVLty or the f£flud wetted’the capillary
face to form a larger diameter than the bore. These runs
were rejected., The temperature of the jet was measured
after collection and caompared to ambient for evidence of
viscous heating.” A Brookfield viscometer was used to check
the viscosity of Newtonian test fluids after collection.
The shear dependent viscosity of the non-Newtonian liguids.

'

made a similar check on them impractical.

3.6 PROCEDURES FOR JET BREAKUP EXPERIMENTS

Stall photographs were taken of the capillary jet
every few centimeters along the liquid columr, starting
from the nozzle tip and ending after the appearance of
free droplets. h white reflector card was placed 6512
inches behind the jet and the area of interest i1lluminated
by the EG&G electronic flash, placed at a 45° angle to the

camera, Figure 3-3 illustrates the_photographlc arrgngement.
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Still pictures were taken with the room darkened and the
shutter speed set on 'time'. A lens opening of £32 was
used for magnifications of 3/1 while at enlargements of

25/1, a lens opening of £4.5 was required.

White Reflector Card

Nozzle §— } .o Capallary Jet

\\& Electronic Flash

N,

Camera

Figure 3-3. Photography of a capillary jet,

By means of a plumb bob suspended from the camera to
a millimeter ruler, the distance between individual photo-

graphs could be determined, as 1llustrated in figure 3-4.

Photograph 1 Phoﬁbgraph 2

Nozzle £} Jet
Camera <~ 7 Camera
position position
1 N 2
l l PIumb bob
||ummm||m|||mm;||||u|m||i||1|m|_z’Ruler

Figure 3-4. Measurement of distances between photographs.
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The breakup length of a capillary jet 1s the

distance from the nozzle tip to the point where the liguid
column 1s no longer coherent and forms individual droplets.
To determine this, quantity £from photographs taken at the
two locations first requires obtaining the overall distance,
as described in the previous paragraph. This length 1s
then adjusted for the increment that the nozzle tip and the
breakup point are each offset from the midpoints of their
respective photographs. A photograph of a millimeter
ruler placed ain the same plane as the jet allowed actual
distances to be measured on the experimental photographs.

Ordinarily, an enlargement of 3-6 times actual size was used.

Moderately concentrated solutions of the visco-
elastic addrtives formed capillary jete which often had
breakup lengthslarger than the 5-6 foot span that could be
conveniently photographed. In these instances, visual
measurements were made with the aid of the General Radioc
strobe.

In order to determine the disturbance wavelengths
and the droplet diameters, more accurate technigques were
required. The photographs of these subjects were placed in
an overhead projector and the reéultlng image cast upon a
screen had &n overall magnification of 10-11 times actual
si1ze, Lengths were read off the screen with the aid of a

dial caliper to an accuracy of 0,001 inches.
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CHAPTER 4

TEST FLUIDS

4.1 SELECTION OF TEST FLUTIDS

The test f£luids used in this research can be broadly
classified into three rheological categories:

1. Newtonian

2. Non-Newtonian inelastic

3. Vascoelastic

Newtonian fluids consisted of water, ethylene
glycol and glycerin-water solutions. These were included
in order to verify the soundness of the experimental
apparatus and procedures by comparing the data with pub-
l1ished results of other investigators.

The non-Newtonian 1nelastic fluids were comprised
of Carbopocl 934-water solutions and dispersions of the
following materials- MPA 60 in xylene, MPA 60 in odorless
mineral sparits and silica EH-5 in water. Despite their
compositional differences, the liquids shared certain
similarities from a rheological point of view. ALl
exhibited a yield stress, a shear dependent viscosity and
an absence of viscoelastic phenomena,e.g. a Welissenberg
effect or recoil upon removal of shearing stresses.

Carbeopol 1s a carboxypolymethylene polymer, thought
to be slightly crosslinked (21), and 1s one of the few
organic polymers whose solutions do not display elastaic

effects. Huppler (37) and Hurd (38) have characterized

Carbopol soclutions as a non-Newtonian f£luid which possesses
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very small normal forces., Several investigators, including
Dodge and Metzner (14) and Kapocr (40) have demonstrated
that Carbopol solutions are not drag reducing nor do they
demonstrate any recoil upon removal of shear stress.

MPA 60 1s a hydrogenated castor oil derivative which
was selected in order to observe the behavior of a
capillary jet where the fluid's gellation time clearly
exceeded. the jet breakup time. They are time dependent
fluids whose rheological behavior depends upon the previous
shear history. Upon cessation of shear, the consistency of
the fluid 1increases with time and attains a steady state
structure after about a day's standing., On the other hand,
the Carbopol solutions and the silica dispersion appeared
to gell immediately after the shearing stress was discont-
inued.

The agueous viscoelastic solutions were prepared from
a class of polymeric additives which exhibit drag reducing
properties (23,36,76,84) in turbulent flow. These test
fluids consisted of Separan AP30- a partially bhydrolyzed
polyacrylamide, Polyox: coagulant grade- a polyethylene
oxide polymer, SCMC 7HS~ a high viscosity grade of sodium
carboxymethylcellulose and Guar Gum- a naturally occurring

polysaccharide.

4.2 PREPARATION OF TEST FLUIDS
All aqueous polymer solutions were prepared by dissol-

ving the additive in distilled water using one minute of
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mixing with a laboratory mixer followed by gentle rolling
overnight., This procedure was chosen to minimize shear and
thermal degradation. Exposure to outside ultraviolet
radiation was also avoided as many organic polymers are
adversely affected by such treatment. The MPA 60 dispersions
were used as supplied by the manufacturer. Silica dis-
persions require haigh shear mixing to break up the
agglomerates and this was accomplished by batchwise
addition to a Waring blendor. A non-ionic surface active
agent, Triton X-100, was added to improve the wettability
of the silica particles.

Several of the organic polymers required the use of
additional additives in order to minimize chemical degrad-
ation. In private communications, Dr. B.D. Marsh advised
the use of small guantities of glycerin with Separan
solutions to offset the effects of carbon dioxide absorption.
The manufacturer of Polyox recommends lsopropyl alcohol in
solutions to prevent chain sission reactions. Formaldehyde
was added to SCMC and Guar Gum solutions to avoid biological

attack.

4.3 PHYSICAL PROPERTIES OF TEST FLUIDS

Surface tensions of non—Newtonian fluids were deter-
mined on a Rossano tensiometer while those of Newtonian
fluids were taken from published data. The common static
techniques were found to be inadequate for fluids waith

appreciable yileld stresses or those of high viscosity as
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the measuring element could not penetrate the liquid sur-
face. For such solutions, a dynamic method taken under flow
conditions would appear to be necessary. Surface tension
values for the two MPA 60 dispersions were determined by
heating a sample to a temperature of approximately 70-90°¢C,
at which point they were substantially inviscid, and
extrapolating the data back to room temperature by
assuming the same linear temperature dependence as for
benzene and toluene. The results are tabulated in table
4-1, This technique was ineffective with 0.6% Carborpol or
with the silica dispersion, both of which remained gellified
at elevated temperatures,

Table 4~1. Surface tension of MPA 60 dispersions
as_a function of temperature.

Pluid Temperature Surface tension
MPA 60 in Xylene 80 C 24,6 dynes/cm.
75 25.6
70 27.2
25(est.) 32.5
MPA 60 in Q0 19.0
odorless mineral 85 19.4
spirits 80 19.7
75 . 20.2

25(est.) 26.0
Surface tension measurements on the moderately
concentrated viscoelastic solutions were found to depend upon
the rate at which the platinum blade was withdrawﬁ from the
solution, with slowér rates producing lower wvalues, This
varration is probably related to relaxation phenomena.

Within the same concentration range as that used here,

the density of aqueous solutions of the organic polymers has
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been shown by many authors to be equivalent to pure water
and this value 1s accepted.

Table 4-2 1s a classification of the test fluads
and lists some pertinent physical properties. All
Newtonian properties were obtained from published values
in the stand?rd handbooks. For the convenience of the
reader, the density, surface tension and viscosity of
glycerin-water solutions are shown graphically as a

function of composition in figure 4-1.

4.4 DEVELOPMENT OF THE COAXIAL CYLINDER EQUATIONS

A coaxial cylinder viscometer was used to obtain
shear stress-shear rate data at low to medium rates of shear
and was also employed in the determination of yield
stresses. The equations of flow for this geometry will
be deraived in a manner similar to that presented by
Middleman (59). A schematic representation of this
lnsirument is shown in figure 4-2,

A torque-M rotates #emner cylinder of radius-Rp and
heaght-H at an angular velocity-Jl . The shear stress at

the wall of the bob i1s given by

T, = D; (4.1)
b 217 R (H+H,)

where Hgy 1s the end correction of the rotor. The outer
stationary cup of radius~Re 15 under a shearing stress-—

which 1s written as



Table 4-2. Physical properties of the test fluids.

Test fluid Concentration Density Surface tension
Carbopol 934 0.1% an water" 1. gm./cc. 60 dynes/cm.
(carboxypoly- .
methylene:B.F, 0.2% 1n water: 1. not measurable
Goodrach Co.) 0.6% in water 1. not measurable
Ethylene glycoel 100% 1.116 48
Glycerin-water varied see figure see faigure 4-1

Guar Gum
(natural poly-
saccharide:
Stein-Hall Co.)

MPA 60
(hydrogenated
castor oil deri-
vative:Baker
Castor 01l Co.)

SCMC 7HS

(sodaium carboxy-
methylcellulose:
Hercules Powder
Co)

Separan AP30
(hydrolyzed poly-
acrylamide: Dow.
Chemical Co.)

0.05% in waterb

24% in xylene

24% 1n odorless
mineral spirits

0.25% in waterc

c
0.7% in water

0.05% in waterd

0.25% in waterd

4-1
l-

0.872

0.8le

72

32.5 dynes/cm.

26.0

72

72

72

63-72 (time
dependent:)

Newtonian or zero
shear viscosity

see table 4-3
see table 4-3

see table 4-3
0.178 poise

see figure 4-1

0.02 poise

see table 4-3

see table 4-~3

0.45 poaise

2.3

0.50%*

10.0%

79



Table 4-2. Physical properties of tesgt fluids (continued).

Newtonian or zero

Test fluid Concentration Density .. Surface tension shear wviscosity
Silica EH-5 12.4% 1in water® 1.16 gm/cc not measurable see table 4-3
(Cabot Co.)

Polyox~coagulant 0.25% ain waterf 1. 2-5 poise (est.)
(polyethylene

oxide: Union
Carbide Co.)

Water 100% 0.997 72 dynes/cm. 0.0092

a- neutralized with 0.4 gm. of sodium hydroxide/gm. of Carbopol.
b,c~ formaldehyde added to prevent bacterial growth.

d- small quantities of glycerain added for stabality.

e~ Triton X-100 (Rohm and Haas Co.) wetting agent added.

f- isopropyl alcohol added for stabaility.

¥~ data of Schwarz and Bruce (77).

&9
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O

__Rh_b

Figure 4-2. Typical coaxial cylinder viscometer.

= M
= .2
- 2R (H-H—io) (4.2)

If the fluid has a yield stress=‘T§ , there are three

possible conditions of flow behavior.

tb <t3 {4.3a)
T:c_ <.-C\j <—tb ) (4.3L)
Ty < Te, (4.3c)

In the condition demanded by (4.3a), there will be no flow
in the gap. When inequality (4.3b) holds, the fluid will
flow only an that portion of the annular space where the .

local shear stress exceeds the vield stress and the effective
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gap gize will be less than that defined by the viscometer
walls. The critical radius at which flow occurs 1s obtained

from the relation

M = 2T R§ (H + Ho) - Ty (4.4)

which 1s rearranged to

! 4]
RB - \IaTTCH-i-Hﬂ')’C’g (4-3)

By vairtue of equation (4.1}, the critical radius for flow

may be written as

= T 4,6

The minimum shearing stress needed to 1nsu3£e flow across
the entire annular space will occur when “C)'-:"Cc_ . From
equations (4.1) and (4.2)
Z \
I'C_;almm = Eb)mwx = ._-E% (4.7)
T ’t’} Ry
2
( b)W\\\’\- lt'j LRB ) (

In a simple shear flow field where the only non-~zero
velocity component is V, = Vp(¢) =rw(j}, the rate of deformat-

ilon tensor, Ai’& , 15 given by

Moo = % = riaw (4.9)

where W (¥) 1s the angular velocity.

From the equations of motion
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2 .
I*" Tovr = conszant (4.10)

Taking the total differential of equation (4.10) and

dropping the subscripts

2rTdr + P4 =0 (4.11)
d = - 2L d_
or e 4T (4.11a)

Applying this transformation to eqguation (4.9)

froy=—%=r¥ =27 44 (4.12)

Integrating and applying the boundary conditions that w=0

at =R, and that w=3L at r=Ry, .

Ty (o
0 = LZJ:CQ —M,c“ 4T (4.13)

Equation (4.13) 1is differentiated with respect to ’t,'b to yreld

dn 4 it . S il;c.]
4T, Z N T 4% (4.14)

This result is valid oaly 1f the shearing stress at the cup
exceeds the yield stress of the fluid

From equations (4.1) and (4.2)

2
Te = & (B (2.15)
2
i — [(Re - g2
Therefore JT. (Rc. ) S (4,.16)

and equation (4.14) becomes

2 T j-%b = £(Te) — £ (5*Tw) (4.17)
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If Rc%Rb ox, equivalently, if s&1l a clesed form solution

of eguation (4.7) 1s obtained as

flo) = 24, = 25 g8 (4.18)

The general case for finite s is treated by an iterative
procedure. Equation (4.18) is valid for all values of "L,

e.g. ’cb)sz Lo ete. and may therefore be written as

2527, a3k = £ (5% o) — F(547) (4.19a)
b ol W
2 S8 Ty, d—&—l = F(sHe) — % (5T (4.19b)
4Ty SH T, ,
- = 208N AN 2=\ AN
T — ‘t it S T (4.190)
S ey . £(s w) =% ( i)

Adding equations (4.18} and (4.19a)-(4.19c} produces the

summation equation

) 23 I
_ 20 = . 4.20
¥ (Te) — £ 055"y 2Ty ; 5 -‘5—“‘0 . { )
As N—bbc,-il@:?'ﬂ) —> - . The result cbtained Lz
= i
2w = 2%, X 54k (4.21)
D
onr ‘p('t\.,) - 25U Z gzt 4 0n (4.22)
=0 aﬁaﬂftb Sa.“-‘ch
If g=d In L 1s constant, as it 18 for a power law fluad,

d 1n ftb
1t may be shown that the shear rate at the bob 15 given by

Fw) = 200> %% q (4.23)
{=o0 SZ.\flth
— 2.4 50 (4.23a)

| — %%
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4.5 COAXTAL CYLINDER MEASUREMENTS

Shear stress-shear rate data at low to medium rates
of shear and yvield stress measurements were obtained on
the Stormer and Brookfield LVT viscometers, modified so as
to provide mathematically treatable results. The Brookfield
guard ring was removed and simple adaptions on both instru-
ments permltéed the use of the rotors and cup assembly
from the MacMichael,viscometer.

End corrections for the rotors were established with
a Dow Corning 50 cs. silicone oil, which has been shown to
be Newtonian up to shear rates of 105 sec"l (19). The
method outlined by Van Wazer et.al, (88) was used and involves
measuring the angular velocity-$§1 as a function of the
torque applied to the rotor at several values of H, the
depth of immersion. Experimental data areg plotted as M/
vs. H, which 1s a straight line for Newtonian liguids. The
line 1s extrapolated back to (M/SfL )=0 and the negative
intercept-H, corresponding to this point gives the corrected
height of the rotor as (H+Hg). Figure 4-3 is a typical plot
of the data taken on a modified Stormer viscometer for a
2 cm. diameter rotor in a 3.5 cm. cup and the extrapolat-
1on shows Hp to be 0.38 cm.

The yield stress for a teét fluid was determined on
the Stormer viscometer by noting the minimum weight required
to turn the rotor. From the dimensions of the instrument,

' . 2
the yield stress in dynes/cm 18 given as
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73

1.425x980 20.2 W
Ty = j—ll YWnin = 5 M (4.24)
2 Ry (HHH) Ry, (H+H)

where Wy . is the minimum weight which will turn the xrotor.

Yield stresses were also obtained on the Brookfield visco-
meter by twisting the rotor until the dial reading 1s at
full scale and then releasing it. The dial reading

where the pointer ultimately stops may be converted to

a yield stress by the relation

. fraction of full _  dyne-cm torque for
Cﬂ = scale reading full scale reading (4.25)

291 R.g (H+H)

A final steady state value for the yield stress was consi-
dered to be reached when the instrument reading remained
constant for several hours. This criteria will not detect
ény fractional revolution of the rotor at rates slower
than this time period.

Table 4-3 lists the yield stress determination
for the viscoinelastic test fluids. Fisher et.al. (21) have
alsc measured yield values £for Carbopol solutions and their
results are plotted along with the current value in
figure 4-4. Good agreement is seen between the data points
of Fisher and that of this investigation. Since the MPA 60
dispersions have long gelation times, they were prepared

for testing by pouring a freshly sheared sample into the



74

2000 i T T T i T 71T
Q
_1000 j,/
800 Y
500 /
o VAREE
£ 400 ©
U i / |
N /
0 /|
J 200
>
T
1
N 100 y: —
N gol- Vis
ul - / 7
X go A
- i o / _
40 / ,.
0 /
9 o _
wi
> 20 /
(4]
(0 Vi .
B A
¢ " I Ll { Cla
0.1 0.2 0.5 0.6 0810 = 9 4 6 8 10

CARBOPOL CONCENTRATION- weight %

Figure 4-4. Yield stresses of Carbopol solutions;
O-data of Fisher efal. (21), A-the

presem' WOrk.



75

annular space between the cup and rotor, then allowing

the thixotropic fiuid to set for 2-3 days. An appropriate
cover was provided to prevent solvent evaporation. The
resultant accuracy of the yield stress for these fluids

1s uncertain because of the tendency of the MPA 60 to
separate from the rotor while undergoing gellation.

Table 4-3, Yield stresses of the viscolnelastic
test liguids.

TFTest ligquid Yield stresg
0.1% Carbopol
0 3% Carbobol g dynes/cm
0.6% Carbopol 55
24% MPA 60 1in xylene 800
24% MPA 60 in mineral 300

spirits

12.4% silica 1in water 2000

Shear stress vs. angular velociity measurements a§ the
rotor were obtained on the Brookfield and Stormer viscometers
for 0.1%,0.2% and 0.6% Carbopol solutions. Similar data
could not be acquired with the MPA 60 dispersions because
of their thixotropic nature and is also absent for the
12.4% silica dispersion as this highly gellified £filuad
separated £from the rotor, once motion was initiated, and
did not flow back. The measurements were plotted in figure
4-5 and show that the fluids exhibit power law behavior. In
all cases, the data were exsmined to insure that the shearing
stress at the cup exceeded the yield value, a procedure
which guarantees flow across the entire gap. The slope of

the lines, n=d log G/ d logJL , 1s given in table 4-4.
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Table 4-4, Power law exponent for Carbopol
solutions from coaxial cylinder
viscometer measurements,

Fluid n
0.1% Carbopol 0.88
0.2% Carbopol 0.32
0.6% Carbopol 0,20
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Figure 4~5 results will be combined with the high

shear rate data from the capilliary viscometer in section

4,8 to provide shear stress-shear rate data over a wide range.

4.6 DEVELOPMENT OF THE CAPILLARY FLOW EQUATIONS

Viscometric data at high shear rates were obtained

with a capillary viscometer.

The classical Rabinowitsch deraivation for +the wall

shear rate of a general fluid will be modified to show that

the existence of a yield stress does not alter the final

result. A typical section of a capillary tube 1s shown in

figure 4-6,

Pressure exerted
on face =P +AP Pressure

exerted on

face = P

i
l i
z}a _______ _-“:1/

<~ —— -— hl—

ke o
]
-
ol
g

e

!
U '

il
2

'
Py
e R {44

4
i

Figure 4-6. Force balance for a capillary
viscometer.,
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The pressure~ AP acting on the ends of the fluad

cylinder exerts a force-F equal to

F=ap-mre (4.26)

If the £luaid possesseé'ayleld stress, viscous flow will
occur only over that portion of the capillary crossection
where the shear stress exceeds the yield value; other-
wise, plug flow results, Above the critical radius for
flow—ry,-the force arising from the pressure i1s resisted

by the viscous restraining forces

~

F=7T.27rd (4.27)

where T 1s the shearing stress. In steady flow, the

two forces are egual

= &PcC >y (4.28)
At the capillary wall, equation (4.28) may be written as

- 2P0 A
tw 2,( :- (4-29)

Dividing equation (4.28) by equation (4.29) gives the

linear relation between the shearing stress and the radius.

_’_% = go r>rj (4.30)
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As indicated, 1t is valid for all wvalues of the radius
greater than the craitical radius.

The flow rate through the capillary tube is given

by
Qo i
Q = " 2WrVva(dr (4.31)
Integrating by parts and invoking the =mero slip condition
at r= a,
a,
Q = S; a,n,.r.?.(__ (%%%’)df‘ (4.32)
'z 2y ‘
or =C" = d¥z = Ava (4.33)
Q = §.> (- 4B)ar + Wt (-d¥z)ar
N
But (\%%!_g =0 for o<r<vy and equation

(4.33) reduces to

Q = g:;ffrrz_q:(vt)dr (4.34)

where £(T) has been defined as —3%

By virtue of equation (4.30), (4.34) may be written as

-

i Tw
TAs T3 S-cj F Ty aT o %/'35)

Differentiating egquation (4.35) with respect‘ to T
w

g a9 2
%"6“(%) = - L §URRT ¢ ) - & 4Tyl (4.96)

The last term on the right hand side of (4.36) 1s identi-

cally zero since £ (":y })=0. Rearranging equation (4.36)
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with the aid of (4.35) results i1n an expression for the wall
shear rate for a geperal fluid in terms of macroscopically

measurable variables.

d’tw(’\'a'*) = ’qu) + (4.37)
- 3% (4Q_ 4.38
or #(w) = 2 (305) (4-38)
2
where qis defined as g = d 1n(4Q/Mag”) (4.39)
d 1n"CW

It i1s usual to plot"{:‘W VS. —i—(;?— and to define the slope
i [+]

as n=17%4 . BEguation (4.38) 1s alternately

written as

£ (sl = 5““

('\TO@ (4.40)

Many pseudoplastic fluids are found to obey the relation:

Tw - e = K(A&Y (4.4

This may be put into the standard form for the power law,

Tw = K [£¢T] = K85 (4.42)
by the relation K=K (ah“ )“ (4.43)

The entrance and exit losses for flow through a

capillary may be eliminated by taking pressure drop
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measurements with capillaries of two different lengths but
at the same flow rate. This method, originally used by
Couette, is discussed in Fredrickson : (22). Consider a
capillary of length--lQL in which the pressure drop 1s APy
and a short‘caplllary in which the corresponding quanti-
ties are g -and APg respectively. The total pressure
drop through the capillary may be written as the sum of

an entrance loss-APgn¢, an exli loss - AP, and a pressure

X

drop due to fully developed flow - APs.

(4.44)
APL ‘APent + (APf)L + APex

_ 4,45
APy = AP . + (APg) + APgy ( : )

Since the flow rates are identical, the entrance and
exit losses are the same for each capillary. Subtracting
equation (4.45) from (4.44) gives the corrected pressure

drop over the length- 4 = (ﬂL-QS } as

AD APy, —%&Pi
X '?L_zQs

4.7 CAPILLARY VISCOMETER MEASUREMENTS

(4.46)

Shear stress-shear rate measurements were obtained
with a capillary viscometer., The Couette two capillary
method just described was used to eliminate entrance and
exit effects. An Instron mechanical tester was used to
draive the fluid from the hydraulic storage cylinder
through the capillary. The constant speed feature of thais

instrument makes it highly convenient for this type of
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experiment, where 1t 1s necessary to achieve a fixed
volumetric flow rate in capillaries of varying diameter
and length. 7Pressure drops were measured with a calibrated
strain gage transducer while flow rates were accurately
known from the Instron crosshead travel. A more detarled
discussion of procedures 1s avallable in chapter 3. The
nozzles were sufficiently long to ensure fully developed
flow.

The original test data for the £fluads, taken in the
capillary viscometer, are tabulated i1in appendix A . .
From these measurements, plots were prepared of the wall
shear stress as a function of the apparent shear rate and,
as seen 1n figure 4-7, the fluids exhibit power law
behavior. Table 4-5 summarizes the power law constants- K’
and n from the relation: ag, AP/24 = K'(4VO/ao)n

Table 4-5 Power law constants from capillary
viscometer data

Test fluaid X’ n

24% MPA 60 1n 8.9 dynes-sech 0.74
Xylene om )
24% MPA 60 1n 3.8 0.79
mineral spirits

12.4% silica-water 22.5 0.60

0.2% Carbopol 11.7 0.59

0.6% Carbopol 504 0.35

In section 4.8, the capillary viscometer measurements
and those from the coaxial cylinder will be recalculated to

obtain shear stress-shear rate curves.
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4.8 SHEAR STRESS-SHEAR RATE DATA

The true shear rate for data taken with the coaxial
cylinder viscometer was obtained from equation (4.23a).
This requires the angular velocity of the rotor- SL. , the
ratio of the bob radius to the cup radius—-s and the
slope of the double logarithmic plot: log SfLvs. 1og’tb: The
shear stress at the rotor i1s given by equation {(4.1). For
fluids with a yield stress, the data should be trimmed to
exclude any measurements where‘t3>ftc .

In a similar manner, equation (4.40) gives the true
shear rate for data taken with the capillary viscometer,
The input required for this equation is the flow rate-Q,
the capillary radius- ap and the slope of the double loga-~-
rithmic plot: log T, vs. log 4VO/aO,aEquatlon(4-29) 1s used
to obtain the-&all shear stress.

The shear stress-shear'rate curves cbtained for the
test fluids are given in figure 4-8., Data for 0.2 %
Carbopel and 0:6% Carbopol show a *flattening' of the
curve at low shear rates as the yield stress becomes a
significant portion of the total applied stress. At highex
shear rates, the usual power law behavior 1s indicated.

Shear stress-shear rate measurements are available
in the published literature for most of the viscoelastic

fluids used in this investigation- 0.05% and 0.25% Separan

(77,78), 0.25% SCMC (48),0.7% scMC{52)and0.05% Guar Gum (91).


http:SCMC(52)ando.05
http:4Vo/ao!.Equation(4.29
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CHAPTER 5
PROFILE RELAXATION OF A LAMINAR CAPILLARY

JET OF A NON-NEWTONIAN, LIQUID

When a laminar capillary jet of ligquid emerges from
the nozzle into ambient air, it experiences a sudden removal
of the confining wall, As a consequence of this, all
stresses resulting from the previous shear flow will decay
with 1increasaing axial distance and the velocity profile
w1lll tend towards a uniform flow. Whether or not, the
capillary jet 1s ever completely relaxed within its life-
time depends upon the rate of stress relaxation. This 1in
turn 1s a function of the rheological character of the
fluid and the flow velocaty.

Stress relaxation results in a diameter change which
may be larger, smaller or unchanged from the nozzle bore.
Experimentally, a jet diameter which remains constant with
increasing axial distance 1is taken as evidence that the
stress relaxation is complete.

The mechanism of profile decay in non~Newtonian jets
1s complicated by the fact that these f£fluids possess a
three dimensional structure whose spatial configuration
depends upon the local rate of shear. For example, polymer
molecules in solution are believed to exist as a randomly
entangled network of chains bound together by secondary
chemical bonds. Under shear, these macromolecules tend to

elongate and orient themselves with their major axes
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parallel to the flow direction.

At the high shear rates of capillary £flow, the three
dimensional, 'zero shear' structure of the fluid is largely
destroyed and a finite time is required outside of the
capillary before it is regained. If the liquid possesses
a structural formation time which is short compared to the
time regquired for stress relaxation, then profile decay
should occur at a rate corresponding to the liquid's zero
shear viscosity. At the other extreme, a fluid with an
*infinite' structural formation time will relax at a rate
corresponding to its apparent viscosity at the exit plane
of the capillary.

This chapter investigates profile relaxation in
capillary jets of non-Newtonian inelastic fluids and in

viscoelastic liquids.

5.1 THE RATE OF PROFILE RELAXATION

The prediction of the rate of profile decay in
Newtonian jets 1s facilitated by separating the analysis
into two parts. A boundary layer approach is taken at large
Reynolds numbers for shoxt axial distances where the
periphery of the liquid column does not interact with the
core (30). At large axial distances, a linear perturbation
approach is applied about the final relaxed state (32).
Goren and Wronski present experimental results that are in
fair agreement with their theoretical predictions.

The present effort extends the theory at large axial
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distances to a capillary jet of a linear wviscoelastic

fluad.

5.1-1 SOQOLUTION OF THE DYNAMIC EQUATIONS

At some distance 'infinitely far' from the nozzle
tip, the jet will have completély relaxed and attained
its final values of diameter, velocity and pressure, as
shown in figure 5-1. The rate of profile decay at large
axial distances will be determined by performing a small
perturbation analysis about the final state inca manner
paralleling the development of Goren and Wronski.
Frictaional drag fro%fthe surroundings and gravity effects

are assumed negligible. The flow is steady and the decay

progresses in an axkgymmetric pattern.

v

™
’ lzo\o “‘ZQOO
I [ - N
= ~ ——2 Vo
|

2

z=0

Figure 5-1 Profile relaxation of a laminar
capillary jet.

~
In the usual notation, at z= @ ~
Vr=0 : VZ=V°° ; 3=a s

= S =
p= Oco ' Tyy=o

(5.1)
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Just before z= oo

L) ~ ~ ~
Vr=V;;VZ=Vm+VZ;a=a»+a
~ [t (50\2)
p=p‘,‘,+};>;’i,‘:Lj=0~1-'il'J_:1

P~

The perturbation quantities,designated as ( )}, are

regarded as being infinatesimally small. Thus, quantities

which are second order in magnitude,such as the 1inertial

terms in the equations of motion orsother non-linearities

in the rheological constitutive equatien, can be neglected.
The linearized equations of continuity and motion

in a cylindrical coordinate system can be written as

12 N = .

r 3r (rVr) + 2 je 5.3)
— 28 4 12 (T Tee , 2Tre

o Voo a = -2 4 L 2.0 ) 22 + o (5.4a)

QVeo S = ‘%z‘p“ + o Spl T+ T (5.40)

The boundary conditions state that the shear stress at L

the jet surface 1s zero since ambient effects are neglected
and the radial component of the stress tensor at the
periphery 1s balanced by the pressure due to surface tension
forces. However, the position of the jet surface is J.m-:
known. Since the ra}dius-a;o is much larger than the perturb-

ation quantlty—';, tt}e\'\boundary conditions are evaluated at
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Y&, . The location of this surface i1s given by the

relation
T B I~
) Da -
Ve e = B (5%)-

where the operator- D 1s the usual substantial
Dt .

deravative. Thus, the boundary conditions are expressed as

Y

B.C.1l "C;E‘r,},qu = 0, (5.6)
B.c.2 |—-p + T =D (5.7)
[-P+Ted _, =P

where p. , the surface tension pressure 1s given by

~ —~ 2 raL
Poo= Sx|o+ w%z% (5.8)

B.C. 3 and 4 All veloecities are finite at x=0.

The rheological properties of viscoelastic materials
in the linear region are often expressed in operational
form as |

= QA (5.9}
1] 1)

PT

where P and Q are polynomials with constant coeficients
in some convected derivative operator such as the Olydroyd

(65) or Jaumann (67) derivative. Linearization of the o

~

convected derivative operator under steady flow conditions

leads to polynomials in the operator ¢ . . P and Q may
o7
then be written as
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oo AV 3 (5.10)

2.2
P= |+>5)V Q_.""/\Vuo_a___
Weo £ 2 %2 S

= ' - s N 5.11
Q ?70(+p\vw%+mvmg§+...+;¢“vm%gﬂ (5.11)

The wviscoelastic fluid has zero shear V1sc031ty-’ﬂo and
the XN 3¢ X 51 eeaer AM' MI7 Mo -eses oy are properties
of the materzal,

211 variables are assumed to be expressible in the

form

P

N2/
Sir2)= F(Ye =a (5.12)

By equation (5.12), the constitutive equation becomes

’Eéz M0 A (5-13)

- M
1 (B, + (¥ Y, — oL e B s 13

- (B n + G- o e EE

k) = 7o

The egquations of continuity and motion are similarly modi-

fied to

v, he _
+ 3 -5k o (5.14

—eeh T _ — B () [ (YR + (B V] (5.13)

4
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— e b T o BB AR C T +(@)Ve]=0 (5,16

Equations (5.15) and (5.16) are crossdifferentiated to
eliminate the pressure term. A stream function $ﬁ 1s

defined as

Fa)

s Ve = L
)Er

~

Vo = &

(5.17)

%I
S}€l
I

L
Qo
With the introduction of the stream function, a partial

differential equation in ¥ 1s obtained with the complex

Reynolds number—- Reg(h)= AV @ aS parameter.

77(h)
D[ D+ _h Rep(h)]F = 0 (5.18)
aog2
2
where D=%%_—-r!r%f: + %ga (5.18a)

The complete solution to (5.18) 1s

¥ = [V () +¥,(r)]eh2/2 (5.19)

vl

where ‘-Pl(r) is the solution to D’\Fl(r)=0 and

S~

\Pz(r) 1s the solution to [D + h Rew(h)]qjg(r)=0
2
Ao

The result 1s

¥ = [ ahJ;(hr/aw) + BhY; (hr/aw) + Cmd; (mr/aw)+ (5.20)

+ EmYqy (mr/ae ) Je~H2/ae
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where m"=h" +h*Re,(h)/2 (5.21)

Jn () and Y, ( ) are modified Bessel functions of order n.

The constants A,B,C,E are to be evaluated by the boundary
conditions,

Inserxtion of the boundary conditions, after appropriate
modification with the stream function, results in a charact-
eristic equation for the damping coefficient-h as a funciion

of the complex Reynolds number and a surface tension para-

meter-S (h) = €Q qao/'v(zth) ». The result 1is

4n> [mJo(rn) ]+ 2 (m%~h2)h - (m2+h2)JO(h) =5 (1+h%)h (5.22)
Jl(m) Jl(h)

5.2 SOLUTION OF THE CHARACTERISTIC EQUATION

Eguation (5.22) permits an infinite number of solutions
and any pertﬁrbatlon quantity would be given by the sum of
an infinite series. At large axial distances, the profile
rearrangement should be controlled by the lowest eigenvalue
since 1its éecay rate 1s the slowest.

The lowest eigenvalue for the profile éecay of a
capilllary jet of a Maxwell model fluid has been caltulated
by trial and error prqcedure and 1s given in figure 5-2 as
a function of the final Reynolds number, with the Deborah
number as parameter. For this viscoelastic f£fluid, the

following definitions apply. The viscosity W((h) 1s given by

(‘\-\) - Mo (5.23)
T )
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The final Reynolds number and Deborah number are expressed

as

(Raw)=ﬂ%9 5 (Deboo) = MoV (5.23a)
Over the range of Reynolds numbers investigated, variations
in the surface tension parameter betwesen S=0 and S=60 did
not affect the eigenvalues shown in the figure to any
significant extent,

The results of figure 5«2 show that a Maxwell model
fluid relaxes faster than a Newtonian fluid of the same
zero shear viscosity. This prediction is compared to
experimental data in the next section., Under typical
laboratory conditions of Vu = 200 cm/sec and (20w) =
0.2 cm., a relaxation time of 10™% seconds is required
for a Deborah number of 0.2 . This value is in agree-~
ment with estimates of the relaxation time of polymer
gsolutions at high shesr rates as calculated from independ~

ent experimental data (55).

5.3 EXPERIMENTAL PROCEDURES

Photographs were taken of capillary jets of Newtonian,
non-Newtonian inelastic and viscoelastic fluids along their
length in the region immediately outside of the capillary.
Measurements were then made o0f the jet diameter as a
function of sxial distance which will be related to the

rate of decay of stresses generated during the previous
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shear flow.

Photographic magnifications of approximately 10/1
were obtained on a 4"x5" bellows camera equipped with a
Polaroid back. A reference rod of known diameter which
was sized to fit snuggly within the nozzle bore was also
photographed at each location. This provided absolute
dimensions to correct for wvarrations in the photographic
magnification along the jet length due to the unavoidable
non-parallelism between the plane of the jet and the plane
of the camera. A profile projector equipped with a micro-
meter stage measured jets diameters from the photographs
and the wvalues reported are considered accurate to three
significant figures. Chapter 3 provides a more detailed

description of the procedures and equipment used.

5.4 EXPERIMENTAL MEASUREMENTS OF PROFILE DECAY

Measurements of the jet diameter as a function of
axlal distance from the nozzle exit were obtained for
Newtonian, wviscoinelastic and visceoelastic liquids. A
single nozzle diameter was used and data were taken over
a range of fluid velocities.

Newtonian fluids were included in order to verify the
procedures and measuring techniques used in this investigak-
ion with published results, For this purpose, mixtures of
glycerin and water were employed as test fluids. Theair
properties are given in standard handbooks and have been

summarized in figure 4-1.
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The shapes of capillary jets of glycerin-water
mixtures are shown in figure 5-3 as a function of the
axial distance from the nozzle for a series of Reynolds
numbers. All the jets are seen to undergo contraction
within the range of variables explored. The length
required for complete profile relaxation 1s seen to
increase with the Reynolds number.

The diameter ratlo—'yf= aoa/ao, 1g plotted in
figure 5-4 and 1s seen to be a decreasing function of
the Reynolds number. Only at the highest Reynolds number
does X approach the theoretical limit (35) of X =3/2 .
Data points from this investigation fall smoothly within
the dotted lines representing the scatter in published
data (26,32,60).

The prediction of exponential decay at large axial
distances was tested by plotting ln(Q%%§—) vs, 1n
{z/ac) as 1n figure 5-5 énd the resulting straight lines
confirm this expectation. From the slope of the lines, the
damping coeffaicient 1s obtained. These values are plotted
in figure 5-6 as a function of the Reynolds number. Also
included in this figure are the experimental results of
Goren and Wronski, indicated by the shaded area, and the
theoretical solution for the lowest eigenvalue with the
surface tension parameter- S=0., The profile decay rates
found in this research are somewhat higher than those

reported by Goren and Wronski.
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Figure 5-3 Diamefer of capillary jers of glycerin-

water as a function of the axial
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nozzie diamefer- 0.228 cm.
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Figure 5-6 Damping coefficient for Newtonian jets
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Wronski (32), ~-——-— data of the current
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The generally good agreement between the current
measurements and published data, as typified by the
comparisons in figures 5~3 through 5-6, are connotative
of satisfactory techniques and procedures.

The behavior of a viscoinelastic fluid undergoing
stress relaxation was investigated by obtaining profile
measurements for a relaxing capillary jet of 0.6% Carbopol.
Figure 5-7 shows the shape of the jet as a function of the
axial distance from the nozzle for three different Reynolds
ngmbers—Reé , where Re; 18 the generalized non~Newtonian

Reynolds number defined by Metzner and Park (53) as

BTy -

2
Re. = (239) (o) 5 (5.24)

Kgcsn—l

The constants K and n are the parameters in the power law
constitutive equation (1.14)

The inclusion of the Reynolds number as the primary
parameter influencing the profile decag rate in viscoin-
elastic jets is based on its similar significance for
Newtonian Jets. However, some commentary 18 necessary
regarding the particular choice of Reynolds number. If
1t 1s assumed that the 0.6% Carbopol regains its structure
instantly, then the Reynolds number based on its zero shear
viscosity would be the correct correlating group. With such
a choice, the calculated Reynolds numbers for all three
flow rates would be less than unity and i1t i1s unlikely that

the behavioral differences evidenced in figure 5-7 would
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occur within the narrow Reynolds number range of O-<Reé<<l.
But the use of the generalized Reynolds number—Re; arranges
the data into results that are similar to those published
for Newtonian f£luids in that expansion takes place for
Re;=12.8 while contraction is” obtained for Re;=51.0 and

for Reé=90.2" . Since Re; 1s essentially a Reynolds number
evaluated at the shear rate of capillary flow,,1ts usage
implies that 0.6 % Carbopol does not exhibit any signaificant
viscosity buildup above that possessed at the capillary
exit., This could occur if the structural formation time

was large compared to the time required for stress relax-
ation.

The jet diameter of 0.6 % Carbopol at a Reynolds
number of Reé=12.8 inatially increases and then decreases
before finally achieving a constant value with increasing
axial distance. At Reynolds numbers of Reé=5l.0 and Reé =
90.2 an opposite behavior is observed. The latter response
has been reported in Newtonian jets (32) at Reynolds numbers
between Re = 12-17 .

The theory presented earlier in the chapter had pre-
dicted that a capillary jet of a linear viscoelastic f£luid
would relax faster than a Newtonian jet of the same zero
shear viscosity. In attempting to verify this prediction
experimentally, it is important that the test fluid satisfy
the assumption of a linear viscoelastic fluid. Practically

speaking, this requires the polymeric. solutzoh.-besufficient-

ly dilute so that the ratio of (normal stresses/shearing
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stress) 1s low. However, 1t has been found that profile
decay measurements cannot be performed satisfactorily with
dilute, low viscosity fluids due to the rapid growth of
disturbances on their surface.

The fluaid chosen-~ 0,7% SCMC represents a compromlise
between these two requirements. Metzner et.al. (52) have
reported that this fluzd exhibits no measureable normal
stresses at the shear rates encountered i1n a rheogonio-
meter although normal stress effects are evidenced at the
higher shear rates of capillary flow.

The shapes of capillary jets of 0.7% SCMC are shown
in figure 5-8 as a function of the axial distance from the
nozzle exit and the Reynolds number. Next to eéch curve
1s the Reynolds number based on the zero shear viscosity
of 0.7% SCMC and the generalized non-Newtonian Reynolds
number evaluated at the.caplllary flow conditions, Only
at the lowest Reynoldg number did the jet diameter become
constant within the axial distances measured. CoOntraction
also occured at Re,=13.6(with Reg=309 although these data
are not shown due to gravity effects at the low flow veloc-
rty.

Comparison of this data with the Newtonlan results
presented in figure 5-3 shows that a longer axial distance
1s required to reach a constant column diameter for a 0.7 %
SCMC jet than for a Newtonian jet of the same zZero shear

viscosity. This 1s in direct contradiction to the predict-
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1on from linear theory presented earlier. The comparison
could not be made in terxms of the damping coefficent-h as
values for the final relaxed diameter were not avaidable
for the 0.7% SCMC jets.

If 1t 18 assumed that the structural formation time of
0.7% SCMC 1s large compared to the time required for stress
relaxation, then the decay rate should be a function of
some shear dependent Reynolds number such as Re; . At
the values of Re; shown in figure 5-8, 1t is unlikely
that this mechanism 1s followed since the jet surface
would show the effects of air fraiction and turbulence.

The behavior evidenced by the 0.7 % SCMC jets would
be consistent with a structural formation time which is
intermediate between the two cases considered of 1. an
‘instantaneous' regeneration of structure and 2. an
'anfinite' time for viscosity buildup.

An alternate explanation, originally proposed by
Gill and Gavis 1s that a slewly decaying axial tension
ex1sts along the jet. Continuilty arguements showgthat
this would cause the jet to expand., If such an effect
is superaimposed upon a jet contracting due to profile
rearrangment, the net result would be to reduce the rate of
profile decay. This explanation 1s 1n accord with the
observed appearance of a viscoelastic jet undergoing breakup,
which zs daiscussed in chapter 6. It will be shown that axial

tensile stresses are present that cause large axial deform-
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ations.

5.5 SUMMARY OF EXPERIMENTAIL RESULTS

Measurements were obtained for the shape of capillary
jets of glycerin-water mixtures(Newtonian), 0.6 % Carbopol
(viscoinelastic) and 0,7 % SCMC(viscoelastic) . The Newton-
1an results compared reasonably well with published data.
Capillary jets of 0.6 % Carbopol expanded at low flow
velocities and contracted at higher flow velocities. In
order to éxplain the magnitude of this behavior, it was
necessary to assume that the structural formation time of
0.6 % Carbopol was large compared to the time required for
stress relaxation. Inelastic fluids may thereforepossess
a relaxation time in the manner of viscoelastic fluids and
the effects of this property can be exhibited i1n an exper-
iment where the relaxation time and the deformation time
are of comparable magnitude.

Capillary jets of 0.7 % SCMC were found to decay slower
than a Newtonian jet of the same zero shear viscosity. One
possible explanation, which 1s in accord with the experiment-
al data of chapter 6,1s that a slowly decaying axial stress

exists that serves to reduce the rate of profile decay.

The profile decay data for both the viscoinelastic and
the viscoelastic jets have demonstrated that the relaxation
of a long chain molecule i1s not necessarily in equilibrium

with the relaxation of dynamic stresses.
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CHAPTER 6
BREAKUP OF A LAMINAR CAPILLARY JET

OF A NON-NEWTONIAN LIQUID

This chapter presents the experimental results
obtained for the laminar breakup of capillary jets of
Newtonian, non-Newtonian inelastic and wviscoelastic
liquids, A theoretical model developed by my colleague,
Dr. J. Yerushalmi, for the stabaility of laminar visco-
elastic jets 15 1ncluded and the use of his analysis

15 gratefully acknowledged.

6.)l SOLUTION OF THE DYNAMIC EQUATIONS

Consider an incompressible liquid jet emerging
horizontally from a capillary and undergoing complete
relaxation to a radius~ace 1n a distance which may be
neglected in comparison to the breakup length. The
initially relaxed column then moves at a constant
velocity-,and 1is unaffected by gravity or the presence
of the surroundings. Due to the presence of external
vibrations or microscopic burrs within the nozzle, an
infanitesimal disturbance 1s superimposed upon the motion
of the jet and propagates as an axisymmetric wave. Thus,
the jet is circular in crossection at all times and either
expands or contracts,

A cylindrical coordinate system 18 chosen (r, © ,2z)
which moves with a constant velocity-Ve . Since the jet

1s taken to be initially relaxed, all components of the
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velocity, stress tensor and pressure in the equations of
motion and continuity represent small perturbation quanti-
ties only. MNon-linear terms are therefore second order in
magnitude and are omitted, In the usual notation, the

linearaized equations of continuaity and motion are given by

\i
- 3+ EF -0 (6.1)
a¥r .. __ 8 1 e T 9T .2
€5t v T T or 5T (6.22)
Ve _ P L 2(rT T
S = % ¢ I 5 (6.2

The jet radius at any point may be expressed as

M= Qe + & (6.3)

where % (z,t) 1s the infinitesimal displacement of the
free surface from the unperturbed radius,

At the jet surface, the shear stress- Tjrz 1S zero
since ambient drag effects are neglected and the radial
stress tensor is balanced by the pressure due to surface
tension forces. The difficulty in applying the boundary
conditions 1s that the position of the jel surface is
unknown. If the displacement g-@:am . the boundary con-

ditions may be approximated as
B.C. 1 (T‘”i‘)rwq = 0 (6.4)

B.C. 2 (—-P + 'CH-)‘_ = Ps (6.5)

o2 Q00
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where the surface tension pressure-pg 1s given by

=515+ a2 _2’5’.] (6.6)

oF L° T %= o
and G 1s the coefficient of surface tension.

B.C. 3 and 4 All velocaities are finite at r=0 .
Biot (2) and Bland (4) have shown that the
rheological properties of any incompressible viscoelastic

material in the regilon of very small deformations can be

described by the following constitutive equation.

2 t "‘f -¢ )
> (e ¥ agnar (607
-ag

=1

Ty = Exy + T Ay *

where ‘513 and A 19 are the components of the strain and
rate of deformation tensors, respectively, and E, %»,Cy and
¢‘r are all real and positive. The coefficients E and'?«:
account for the instantaneous elasticity and the long term
viscous flow respectively. The summation represents a
discrete spectrum of relaxation times- 1/¢pr .
Application of the Laplace time transform to eguat-

ons (6.1) and d6.2a), and (6.7) results in

~ e
Lah 2k oo =

S - 38 L Seala e ool Eal 6.9a)
ox Vr = =+ 46 [H Rl + T8 (6.9a
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oV, B+ G0 [+ 33 ¢ T (.50

where o 1s the transform variable and 4%(°<) '
complex viscosity of eg., (6.7) . The complex viscosity
represents the linear response of any viscoelastic
meterial and is given by

= C

4
/’7(“)='5“"'7°" + £ e+ (6.10)
=1

The boundary conditions are simllarly transformed to

Co(e L 2k -
B.c. 1* (%5 + §& )mam o (6.11)
zrh-
B.c. 20 (=P + 2R ) =& §+aZl3) (6.12)
Y"a,'-...qm <2
o A
%8 = (V) oo (6.13)

Hereafter, the solutiorn 1s identical to the method of Weber
with the constant Newtonian viscosity ﬁh replaced by the

A
complex viscosity V&) .

A
A stream function ¥ is defined as

N
A _ 1 LA L%

If equations (6.9a) and (6.9b) are crossdifferentiated to

eliminate the pressure and the stream function 1is introduced,
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LAY
a linear differential equation in Y is obtained as
- O = 6.15
[0 -5&1p%-0 (6.15)
where D is a linear operator given as

U (6.16)
ar

= 2 A
D arz = 3=

Ay
The stream function ¥ 15 assumed to be of the form

Yo = [Bi0 + oy 1 - (6.17)

where k, the wave number, is related to the wavelength
by k=2T,/¢ .
s A
Y. 1s the solution to DY, =0
Ty ~
and Y2 1s the solution to [i) - O(Q/*ﬁ(u.)] ‘Fz-;o

N
The complete formal solution for ¥ 1s given by

A(r,z): ¥ [Cq T, (kr)+C, I, (gr) +C K, (kr)+C K. (gr)f x (6.18)
171 271 371 471
% oikz

where t_:_[2 =x% + Ne/ﬁ(x)

I, | ) and K, () are modified Bessel functions of
order n and the Cl'c2'c3 C, are constants to be determined
r

from the boundary conditions,

_ Application of the boundary conditions leads to the
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characteristic equation relating & and k .

2 -~ 2
X o+ 2% (x)k Il(kam) g Il(kamJIl(gaw) (6.19)
e I (kaw) [ Il (gaw) ]

= &k (1-%k%ad) Ip(kae)

2¢3% 1 T (kaw) QT_?
where Ié( } denotes differentiation of I, ( ) with respect
to the arguement.

The solution to the characteristic equation determines
the stability of the capillary jet. Depending upon whether
the real part of & is positive, zero or negative, the
initial disturbances will be amplified, neutrally stable,

or dampened, respectively.

6.2 SOLUTION OF THE CHARACTERISTIC BEQUATION

A considerable simplification of eqg. (6.19) results
when the wavelength 1s much greater than the jet radius,
5™ Qoo . or,equivalently, when (kae) < 1 and when{{(gae )
<< 1. This condrtion 1s fufilled by low speed capillary
Jjets of Newtonian liquids. Under these circumstances, the
Bessel functions may be approximated by the first term of
their series expansions and can be wraitten as
Io(kaw)f\fl ; Ii(kaw)=1i(gaw)"—%

(6.20)
Il(kam) ~kaco /2 ; Il(gaao)"‘gaao‘/z

With these simplifications,the characteristic equation
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becomes
2 A
xS+ 3K (=) — g K* 2y - (6.21)
-—-33——-—6, ™ J_a(?ﬁ (1-K*0%) =C

The capillary jet will be destroyed by the fastest growing

*
wave~ o] which 1s obtained from the soluticn of %%f =0
and 1s given by

l &

i El
S 2.0 5% (6.22)

24 29K (2o
Q & O

The highest growth rate of any fluid will be for an inviscad
A *
ligquid in which 41@)=0. Correspondaing to & is the

*
wave number-k
K* = o yf-28— (6.23)

The stability of a capillary jet will now be
considered in relation to the properties of the complex
viscosity. For the convenience of the reader, the general

form of éﬁb‘) 1s repeated.

A B s Cr

Ne) = &+t 2 35w (6.10)
=t

CASE 1 NEWTONIAN LIQUID
For -a Newtcnian liquid of constant Viscosity-_'nb

equations (6 .22) and (6.23) become
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==
>
®X = 2€3= (6.24)

2+ Ei%éL #%%g;

=t/
Ke = [370 Qoo |[282 + 206 o (6.25)
Y

* *
where the subscript zero i1n o and ko denotes
Newtonian values. Equations (6.24) and (6.25) are iden-
tical to the results of Webker.

The dimensionless wavelength for a capillary jet of a

Newtonian liquid 1s given by

z%;’ﬁﬁ{n- V_g_—’ei-—__&w;g] /2  (6.26)

Tf the breakup time 1s assumed to be inversely proportional
to the growth rate, then the breakup length of a Newtonian

Jet can be written as

where L 1s the breakup length and C is a comnstant of
proportionality which must be determined experaimentally.

By virtue of equation (6.24) the dimensionless breakup

length 1s obhtained as

L = i:\,\jg_gg’ & 5\\]&”:! (6.28)
2000 Re oo
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2
where Weg, the Weber number 1s given by We,=2 e oo Voo /5

z

and Rey, the Reynolds number is defined as Rew=2acs Voo e/'vl,, .

CASE 2 VISCOELASTIC FLUID WITHOUT STRUCTURE
The relative stability of a capillary jet of a visco-
elastic fluid can be compared to that of a Newtonian

ligquid by daviding eq. (6.22) with eq. (6.24) to give

A [
20
2‘ + _}-(;@ d S Coo — 0{: (6‘ 29)
—2Mn 2o - oS .
2+ e G oo

- L
The ratio (eco/u_) thus depends upon the relative magni-

tude of "‘/’\\("(") with respect to ’;]\(o)='V)D., Since the
complex viscosity of a viscoelastic £iluid with E=0 is
bounded by ’?{("o) < "‘J}\("‘x)<’;\l(0) it follows from eq.
(6.29) that DL: /bj<:l and, therefecre, a capillary jet of
such a fluxd 128 less stable than a Newtonian jet of the same
A

zero shear viscosity- ‘V\(O)='V|o .

A plot of ™ s, k2, derived from eq. (6.21) Ffor
a viscoelastic fluid with finite '%éo), yvields a curve which
lies above the curve corresponding to a Newtonian fluid of
the same zero shear viscosity and below the curve corres-

[
ponding to an inviscad £luad ’V\(D) =0. All three curves

cross the k2 axls at the same points,
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CASE 3 ELASTIC SOLID
When E 18 finaite with “\w and all the @ r egual to

zero, the material behaves as an elastic solid for which

100 = & (6.30)

It can be shown that if

F < 6(1-—6}’2:'0\0%:‘ (6.31)
[rs)

*
there will always be a real positive eigenvalue of ¥

causing instability while if inequality (6.31) 1s reversed,

the jet is unconditionally stable.

CASE 4 VISCOELASTIC FLUID WITH STRUCTURE (EF0)

The same criteria governing the stability of a jet
of an elastic solid, case 3, can also be shown to be
applicakle to the case of a viscoelastic fluid with
structure,

The 1nterested reader may consult the thesis of Dz.
Yerushalmi (94) or the papsr by Goldin et.al. (29) for

detaills of this development.

6.3 DISCUSSION OF THEORETICAL RESULTS
In summary, it has been shown that a laminar capillary
Jet of a viscoelastic ligquid whose complex viscosity is

o
bounded by 4ﬁ(b)='1° , 1s more unstable that a Newtonian jet
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of the same zero shear viscosity- ﬁ?o . 1If, however,‘?@x)
1s unbounded the jet may become unconditionally stable.

It 1s worthwhile to discuss some of the assumptions
leading to these conclusions, Firstly, the ligquid column
was taken to be completely relaxed. As noted in the
previous chapter, the jet, upon emerging from the capillary,
undergoes a relaxation in which the stresses and velocity
profile (of the capillary shear flow) decay with increas-
ing axial distance., The rearrangement results in a relaxed
Jet diameter that 1s different from the capillary bore.
For laminar Newtonian jets, it has been shown (32,57) by
measﬁrlng the axial distance required for the jet to
reach constant diameter, that the length required for
complete relaxation may be neglected in comparison to the
breakup length. Middleman and Gavis ( 61,62) and Metzner
et.al. (52 ) have obtained similar data for jets of visco-
elastic liquids but only report the ratio of the final
relaxed diameter to the nozzle diameter. It may be
inferred from their lack of comment as to the relaxation
length that this dastance was not unusual and was of the
same order as for Newtonian jets. However, Gill and Gavis
(27) intexpret their experimental results to mean that a
slowly decaying tensile stress exists in jets of visco-
elastic liguids even at considerable axial distances.

For viscoelastic fluids consisting of dissolved poly-

mers, there i1s also a structural relaxation time for the
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long chain molecule to achieve an equilibrium, spatial
configuration with the locally changing shear rate. If
the molecular relaxation time i1s of the same oxder as the
jet breakup time, about 10—2 to 10_3 seconds, the jet may
never be fully relaxed.

The linear stabality analysis just descraibed had
assumed that the propagating disturbance was infini-
tesimally small. On that basis, terms which were second
order in magnitude were discarded from both the equations
of motion and the rheological constitutive equation of the
fluid, There 1s justification for neglecting the inertial
terms in the equations of motion as the same assumption in
the treatment of Newtonian jet breakup has produced theo-
retical predictions in good agreement with experimental
data. However, the use of a linear constitutive equation
for viscoelastic fluids which exhibit measurezble non~
linearities such as shear dependent viscosities and normal
stresses i1is a much more restrictive approximation. The
analysis may be applicable to very dilute viscoelastic
fluids although Oliver (68) has measured normal stresses
at concentrations down to the 0.01% level in jet thrust
experiments. In the end, experimental data must be used to
access the validity of the assumptions. BAs the photographs
in the experimental section will show, marked non-linear
phenomena are present at large axial distances even for

jets of very dilute viscoelastic liguids.
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6.4 EXPERIMENTAL RESULTS - QUALITATIVE OBSERVATIONS

Marked differences were found to exist between the
behavior of capillary jets of Newtonian, non-Newtonian
inelastic and viscoelastic fluids. The distinctions are
summarized by the photographs of figure 6~1, which shows
typical appearances of the jets formed by each class of
fluids.

In laminar jets of Newtonian liguids, an infinitesaimal
disturbance generated within the capillary 18 propagated as
an exponentially growing wave with a constant wavelength,
according to equations (6.24) and (6.26). Capillary jets
of low viscosity ligquids such as 75% glycerin-water and
ethylene glycol, which are seen in photographs (a) and (b)
respectively, clearly i1llustrate this mode of instability.
Viscous Newtonian jets are also broken up by the regular
growth of a disturbance wave but, as shown in photograph
(c) for a 97% glycerin-water jet, the wave character 1is
not as uniform. Just before breakup, these high viscosity
jets may also form fine threads over relatively short
lengths.

The non-Newtonian, inhelastic test fluids possessed
certain rheological similarities. They all displayed a
yield stress and a shear dependent viscosity but did not
exhabit any of the phenomena normally associated with
viscoelasticity, e.g. a Weissenberg effect.

Laminar capillary jets of 0.1% Carbopol and the MPA
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60 dispersions, photographs (d), (e) and (f) respectively,
appear to have characterastics similar to those of Newtonian
Jjets i1n that they break up due to the growth of a disturb-
ance wave. When the Carbopol concentration has increased
to 0.2% from 0.1%, the fluid becomes considerably more
viscous and the capillary jet formed by 0.2% Carbopol,
shown in photograph (g), shows a barely perceptible wave
propagation.

A 0.6% Carbopol sclution has the consistency of a
semirigid gell and the capillary jet of this fluid, seen
in photograph (h), is unstable but only at very high
velocities. No wave characteristics are apparent on the
liguid column. The drag force of the surrounding air is
no longer negligible undex these high wvelocaty flow condi-
tions and 1mparts an irregular motion to the capillary jet.

An aqueous dispersion of silica at a 12.4% concentra~
tion is an inelastic liquid with a high yield stress., It
forms capillary jets that show no regular wave pattern. At
the 1ntermediate velocaity at which photograph (1) was taken,
the column is stable and the "screw-like" dasturbance
pattern that 1s seen on the liquid column does not grow.
The appearance of the capillary jet 18 remindful of melt
fracture in polymer extrudates. When high velocities are
reached, the jet becomes turbulent and breaks up rapidly
due to the growth of non-axisymmetric disturbances, as

shown 1in photograph (3). The high velocaity silica jet
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resembles the turbulent breakup of a low viscosity Newtonian
liguid despite the fact that, at rest, the 12.4% silica
dispersion is a stiff gel.

The viscoelastic test liquids used in these experi-
ments all possess shear dependent viscosities, normal
stresses (68,77) and show marked drag reduction at very
low levels of polymer (23,36,76,84). At the same con-
centration, Separan and Polyox solutions display stronger
viscoelastic effects than those of SCMC.

Dilute viscoelastic solutions of SCMC in water form
jets which initially display a,grow1ng wave with a clearly
defined wavelength, as in photograph (k). The growth of
the wave is, however, arrested before breakup occurs and a
series of droplets connected by threads appears. These
threads thin with distance and eventually lead to the breakup
of the liguid column.

In moderately elastic jets such as 0.25% Separan in
water, shown in photograph (1)}, no wave motion is discern~
ible and the first visible disturbance appears as a large
droplet, 1solated in space from any systematic growth
pattern. At greater awial distances, the jet is composed
of a series of random sized droplets connected by random
lengths of threads, as illustrated by photograph (m) of
0.25% Polyox.

Dilute viscoeglastic jets of 0.05% Separan, seen in

photograph {n), exhibit an intermediate behavior between
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0.25% SCMC and 0.25% Separan or 0.25% Polyox. The
disturbance 1nitially propagates as a wave of irregular
amplitude with a wavelength that increases with distance.
Gradually, the waves form a string of droplets connected
by threads as 1n the case of the more elastic jets. The
droplet distribution, while not completely random, 15 less
regular than in 0.25% SCMC.

Capillary jets of viscoelastic liquids are thus dis-
tinguished by the formation of droplets connected by threads
which thin with distance and ultimately break. Though
threads have been observed near breakup for viscous
Newtonian jets, they exist only over relatively short
distances. The large axial lengths over whach the droplet-
thread configuration is propagated appears to be a character-
istic peculiar to viscoelastic jets.

Since both non-Newtonian inelastic and vaiscoelastic
liquids have shear dependent viscosities, the considerable
difference in the appearances of their respective jets
undoubtedly is associated wath the presence or lack of
elastic properties.

The complete breakup of a capillary jet of ethylene
glycol 1s shown i1n the sequence of photographs of figure
6-2. The distances guoted in the legend represent the
length from the nozzle tip to the midpoint of the photo-
graph. Photograph (c} of this figure clearly shows the

wave character of the propagating disturbance and also
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depicts the well defined wavelength. The uniform distance
between free droplets i1s an additional indication of the -
wave character of the propagating disturbance.

Figure 6-3 shows the breakup sequence for a jet of
97% glycerin-water and is 1llustrative of the behavior of
a high viscosity, Newtonian liquid. As shown in photograph
(c), the disturbance initially propagates in the form of a
growing wave. However, near breakup, photograph (d) shows
how the uniformity of the wave 1s altered. Fine liquad
threads often appear in this region but only over rela-
tively short distances.

The wave propagation of disturbances seen on capillary
jets of 0.1% Carbopol and of 24% MPA 60 in xylene, figures
6-4 and 6-5 respectively, 1is strikingly similar to the
appearance of low viscosity Newtonian jets. A related
behavior 1s shown by 0.2% Carbopol jets in figure 6-6 even
though the amplitude of the disturbance wave is consider-
ably daiminished. The Carbopol solutions and the MPA 60
dispersions exhibit definite yield stresses and show high
apparent viscosities at low rates of shear. Yet all
atomize readily and the breakup lengths are not indicataive
of any appreciable stabilaty.

Solutions of 0.6% Carbopol are semi~rigid gells when
at rest with a moderate yvield stress. Caprllary jets formed
by these solutions are unstable, but only at wery haigh

velocaties. Figure 6~7 shows the complete breakup
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sequence for a capillary jet of 0.6% Carbopol moving with

an average velocity of 4710 cm/sec. Air resaistance at
these high velocities produces the non-axisymmetric motion
of the liquid column that 18 evident in photographs (c)
and (d). The wave propagation which characterized the
capillary jets of 0.1% Carbopol, 0.2% Carbopol and the
MPA 60 dispersions 1is absent with 0.6% Carbopol. This is
also confirmed by the random nature of the particles
formed after breakup, as shown in photograph (e).

The sequence of photographs appearing in figures
6-8 through 6-10 shows the changing behavior of a
capillaxy jet of a 12.4% silica dispersion. Photograph
(a) of figure 6-8 deprcts the formation of a non-
axisymmetric disturbance on the liquid column as 1t emerges
from the nozzle at an average velocity of 1080 cm/sec.
The amplitude of the disturbance at a distance of 20.3 cm
from the nozzle, photograph (b), does not appear to have
increased over that at the capillary exit and actually
seems to have dampened at a distance of 35.6 ¢m., as 1in
photograph (c). The jet was stable within the 5 foot length
avalilable for photography. When the jet velocity has
reached 1950 cm/sec, the montage pictured in figure 6-9
shows large amplitude dasturbances visible on the surface
of the jet which eventually result in 1ts destruction. The
growth of these disturbances appears to be random and this

1s further evidenced by the non-uniform nature of the
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particles formed at breakup, as shown in photograph (d).

At the highest jet velocaty, 2850 cm/sec, the 12.4%

silica jet, seen in the sequence of figure 6~10, undergoes
turbulent breakup and is completely fragmented into indi-
vidual particles within a relatively short distance. In
none of this series of photographs 1s there evidence of

the wave propagation which characterized the capillary

jets of Newtonian liquids, 0.1% and 0.2% Carbopol solutions
and the MPA 60 dispersions.

It is surprising to observe that 12.4% silica jets
atomize so readily especially when one considers that
this i1norganic dispersion 1s a stiff gel, when at rest,
with a high yield stress. Anotherinteresting cbservation
is that the lowest velocity silica jet is stable whereas
the haigher velocity jets are unstable. These phenomena
will be examined at greater length in the discussion of
experimental results, section 6-6.

Solutions of 0,.25% SCMC are very slightly elastic and
the jets formed by this fluid inatially show a growing wave
with a clearly defined wavelength. The growth of the wave
ceases before breakup occurs and a string of droplets
connected by thin threads i1s formed. The droplets are found
at regular distances from one another indicating their
development from a wave of constant wavelength. This
behavior 1s indicated in the sequence of photographs of

figure 6~1l. Secondary instabilities in the form of very



PRECEDING PAGE BLANK NOT FILMED

140

small droplets may also be generated on the threads, as
demonstrated in the la;t photograph of this figure.

In capirllary jets of 0.25% Separan and 0,25% Polyox,
which are considerably more elastic than 0.25% SCMC,
wave characteristics are absent and the first visible
disturbance appears as a large droplet, isolated in space
from any systegatlc growth pattern. The thread lengths
connecting the droplets are .randomly distributed and thin
with distance, eventually leading to the breakup of the
column. A series of ph;tographs taken along with the length
of a 0.25% Separan jet 1llustrates these phenomena and 1s
bpresented in figure 6-12., The behavior of a 0.25% Polyox
Jet 1is similar to that shown by 0.25% Separan. At high
velocities, the threads are able to undergo large ampli-
tude, three dimensional disturbances without breaking, as
shown in photograph (a) of figure 6~14, At a concentrat-
1on level of 0.5% Separan, no observable disturbances were
detected within the limits of the 5 foot distance which
could be conveniently photographed.

The photographs of figure 6-13 show how a 0.05%
Separan jet changes 1n appearance from an initial wave-like
contour to a configuration of droplets connected by threads.
The threads are seen to thin with increasing distance from
the nozzle and, at the same time, the droplet diameter
increases. Jet breakup results from disruption of a thin-

ning thread. In this dilute viscoelastic jet, there 1s a
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preponderance of ’twin' droplets in juxtaposition and
separated from the rest by long threads. Photograph (d) of
this faigure 1llustrates the interesting symmetry of the
"twin' droplets.

Another type of instability in which the liguid column
possesses a screw orientation has been observed with dilute
viscoelastic jets. There 1s only a narrow range where this
phenomena 1s distainctly visible. Photographs (b) and {c)
of figure 6-14 shows a 0.05% Guar Gum jet traveling at an
average velocity of 350 cm/sec and forming a stable helix
whose pitch increases with distance from the nozzle. Near
breakup, a disturbance wave with an irregular, but identiw
fiable wavelength can be seen superimposed upon the helix.
Another example of a screw instability can be seen in photo-
graphs (d) through (1) for a 0.05% Separan jet moving with
an average velocity of €90 cm/sec. The disturbance Fforms
close to the nozzle but later dampens out and finally
reverts to the droplet-thread configquration which has
characterized the viscoelastic jets studied i1n thais
investigation. The screw instabilities observed for the
capillary jets of 0.05% Guar Gum, 0.05% Separan and the
12 4% aqueous silica dispersion resemble the shapes assumed

by molten polymers undergoing melt fracture.

6.5 SUMMARY OF QUALITATIVE EXPERIMENTAL RESULTS
A short summary will be present in order to provide a

concise description of the gualitative phenomena just
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described.

In capillary jets of low viscosity Newtonian liquids,
disturbances are propagated as a growling wave with a
constant wavelength. The free droplets formed after break-~
up are uniformly spaced and are an additional indaication
of their creaticn from a wave pattern. High viscosity
Newtonian jets behave similarly except that, at breakup,
the regularity of the wave 1s altered. Fine threads of
liquid often appear in this region but only over relatively
short distances.

The less gellified, wviscoinelastic fluids formed
capillary jets which resembled the appearance of Newtonian
jets in that a disturbance was propagated as a growling wave
with a constant wavelength. Capillary 3jets of the highly
gellified, viscoinelastic fluids were unstable only at high
velocities and displayed no wave characteristics, The
instability of all liquids an this category 18 surprising
since, at the low shear rates associrated with the.growth
of symmetric disturbances, the viscoinelastic test fluads
show high apparent, viscosities, Viscosity 1is a stabiliz-
ing influence and yet the breakup lengths of capillary
jets of viscoinelastic liquids were not indicative of any
exceptional stability.

Capillary jets of viscoelastic liquids are character-
1zed by the formation of droplets connected by threads

which thin with distance and ultaimately break. BEven for
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very dilute wvascoelastic jets, whaich initially show a
disturbance wave, the droplet-thread configuration 1is
ultimately formed. Concentrated sclutions of the more
elastic polymers form capillary jets which show no wave
characteraistics. The first visible disturbance appears as
a large droplet, isclated in sbace from any systematic
growth pattern.

The photographs in figures 6-1 through 6~14 have
served to qualitatively demonstrate the differences
between the capillary jets of Newtonian, non-Newtonian

1nelastic and viscoglastic liquads. Section 6-6 is devoted

to a more detailed and quantitative presentation of the data.

6.6‘ QUANTITATIVE EXPERIMENTALIRESULTS

The expesrimental data to be presented in this section
involves measurements of the jet breakup length and the
wavelength of the propagating disturbance wave, as obtained
from still photographs and motion pictures. Results for
capirllary jets of Newtonian, non-Newtonian inelastic and
viscoelastic liguids are given in subsections 6,6-1,

6.6-2 énd 6.6-3 respectavely.

E%ther pressurized nitrogen or the crosshead of an
Instron mechanlcai tester moved the piston of a cylinder
containing the test flulé and foréed the liquid through
hypodermic needle tubing. Further details on the equipment

and procedures used to obtain jet breakup data are provided

1in chapter 3. Fluid properties are discussed in chapter 4.
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6.6-1 CAPILLARY JETS OF NEWIONIAN LIQUIDS

In an experamental investigation of hydrodynamic
stability, zt 1s important that the apparatus introduce a
low level of disturbances into the liquid. Data were
obtained with Newtonian fluids in order to ascertain
whether the eguipment and procedures used in this work
produced results which were comparable to those of previous
investigators. The test fluids consisted of water, ethylene
glycol, 75% glycerin-water, 9$7% glycerin~water and pure
glycerin.

The dimensionless breakup length- L/2aO , based on the
capillary diameter, was measured for the capillary jets
formed by each of the test liquids and, i1n the laminar
range, was found to increase with velocity and nozzle
diameter. These results are plotted in figures 6~15
through 6~19. Where the velocity range 1s sufficiently waide,
as 1n the case of the water jet, the L vs., V curve goes
throuc a maximum as alir resistance becomes significant.
Further increases in velocity bring about a decreased
breakup length.

As noted in chapter 5, profile relaxation causes the
diameter of the 1nitially relaxed liguid column to change
from that of the capillary bore. The experimental measure-
ments were converted to values based on the relaxed diameterx
using published data (26,32,60) for L = ae /ao as a function

of the capillary Reynolds number. By continuity arguements,
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the following relationships apply
2 . - , = 3
v o= vo/x i Rey, = Rey/x i We,= Wep/y (6.32)

where @co , Voo ,» (R€)ow = 280 Veo /1y and (We)ld, =
2 Ao vﬁaz /& are the relaxed jet diameter, velocity,
Reynolds number and Weber number, respectively. The
cofrespondlng quant;tles relative to Lhe capilliary dia=
meter are designed by the subscript zero.

The converted data were compared to the extensive
results of Kroesser (39) and Grant (33), as correlated by
Kroessex, for the breakup length of a laminar Newtonian
jet. As shown an figure 6-20, the agreement 1s excellent,
indicating that the eguipment and technigques are
satisfactory.

The wave length of the propagating disturbance was
measured directly from still photographs of the capillary
jets near breakup over a range of nozzle diameters and
£fluiad velocities. It is compared to the prediction of
eguation (6.26)in table 6-1., This relation, rewritten
below for the convenience of the reader, shows that the
wavelength will be a weak function of the velocity because
of the dependence of the relaxed diameter- 2a., on the
velocity. The good agreement obtained between experi-

mental and theoretical wvalues is an additional confirme

aticn of the linear stability theory.
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Table 6-1. Wavelengths of Disturbance Waves in Laminar Capillary Jets of Newtonian ILnguids

Nozzle Average Fluid Experimental Theoretical Wave-
Fluid Diameter VelocLty Wavelength length~Eq. (6-~26)
Water 0.0263 cm. 190 cm./sec. 0.08-0.10 cm. 0.10 cm.
310 0.10 0.10
522 0.10 0.10
Ethylene Glycol 0.0216 283 0.10-0.12 0.11
515 0.10-0.12 0.11
888 0.10-0.12 0.11
0.0263 622 0.11 0.13
0.0414 318 0.20 0.20
590 0.18 0.1¢
0.0868 250 0.38 0.3¢9
290 0.35 0.39
590 0.35 0.38
820 0.35-0.40 0.38
75% Glycerin-
Watexr 0.0868 270 0.49 0.45
9%t Glycexrin- 0.0414 708 0.47 0.50

Water

¢ST
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6.6-2 CAPILLARY JETS OF VISCOINELASTIC LIQUIDS

The breakup length of 0.1% Carbopol i1is shown in figure
6-21 as a function of the average fluid velocity and the
nozzle diameter. As the jet passes from laminar to turbu-
lent flow, the L v&8. V curve exhibits the sawe character-
1stic shape as for a Newtonian laiguid. For laminar jets,
the breakup length ancreases with both the average fluid
velocity and the nozzle diameter. However, as air
resistance becomes significant, the'l vs. ¥V curve goes
through a maximum and further increases in velocity result
in a decreased breakupr length. When the jet bacomes
turbulent, the breakup length again .noreases,

The stability of 0.1% Carbkopol was compared to that
of water, which hehaves as an inviscid iliguid under these
conditions, by plotting the breakup length against the
average fluid velocity for a 0.0263 cm nozzle. Figure 6-22
shows that when hoth curves are linear, the stability of
the ideal fluid is greater than'that of the 0.1% Carbopol.
Thais result is surprising since the linear ctheory presented
earlier predicts that viscosity 1s a stabailizing factor;
yet the viscosity of 0.1% Carbopol is higher than that of

water at all shear rates and their surface tensidns are



200

)
g /
}:so o
- Y
E X A S B
9 100 [
Z JA
g 4
o /)
2 7
< 50
ul
o
O

o 500 1660 1500 2000 7500
AVERAGE FLUID VELOCITY -Vp cm/seC.

180
- /’-—?ﬂq

(o] -
S ] g
DR VA r”
- ~
—J 120 W
=
© Rd
g pu)
u .
o 60
)
¥
<
Ui
S

0 600 1700 1800 2400 3000

AVERAGE FLUID VELOCITY-Vy cm /sec

Figure 6-21 Breakup length of a capiliary jet of 0.1%
Carbopol as a funchion of fluid velocity

and nozzle diamefer; nozzie diameter:

A-0.026% cm., X-0.0414Ccm., 0-0,0868 cm.

154



BREAKUP LENGTH-cm.

Figure 6-22 Breakup fength of capillary jets of

4.0

w
o

0
o

o

155

/o

AVERAGE FLUID VELOCITY-Vy cm/sec.

1000

water and 0.1% Carlopol as a fun ction

of fluid velocity; O-water, X-0.1%

Carbopol, nozzie diameter-0.0265 cm.



156

roughly equivalent. A more dramatic comparison s shown in
figure 6=23 where the breakup length of a laminar capillary
jet of water 1s. seen to be 2% times greater than that for
0.1 3% Carbopocl at the same average fluid velocity and nozzle
dirameter. However, as shown in figure 6-22, the viscous
consistency of the 0.1 % Carbopol does 1inhibit breakup

due to air resistance. The maximum in the I vs. V curve
occurs at much higher velocaities than for water,

The dimensionless breakup length- L/2ag, for a capirll-
ary jet of a Newtonian ligquid is predicted from equation
(6.28) to be proportional to (251‘—_-@);2 for a low viscosity
fluid and to be independent of (2a«s) for a high viscosity
ligquid. Thas result was confirmed by the experimental
data of figure 6-20. In order to test the diameter
dependence for 0.1 % Carbopol jets, the figure 6-21 data
at an average velocity of 300 cm/sec, which 1s within the
laminar range, were replotted as (L/2ao) vs. (Zao)% in
figure 6-24. The nozzle diametex, rather than the relaxed
jet diameter, was used since no correlations for the
diameter change are available for 0.1 % Carbopol. Based
on the analagous Newtonian data, a maximum error of 13.4 %
would be expected, The linear dependence shown in figure
6-24 displays the inviscid nature of the 0.1% Carbopol jet.

If the fluid jet 1s assumed to completely regain its
zero shear viscosity after profile relaxation, the disturb-

ance wave will grow at a rate corresponding to this
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viscosity since the shear rates of wave propagation are
quite small. A solution of 0.1%, Carbopol shows moderate
viscosities at low shear rates and yet the capillary jet
of this fluid behaves as an inviscad liguid. This response
18 possible 1f the jet ainaitially relaxes of all stresses
oraiginating from the previous capillary flow, but does not
regain 1ts zero shear viscosity because 1its structural
relaxation time exceeds the jet breakup time. In that case,
the behavicr of the j?t would correspond to that for a
liquid having a radially varying viscosity roughly equiva-
lent to that exasting at the exit shear rate. This
prospect will be explored in the presentation of data for
the other viscoinelastic jets.

The breakup length of capillary jets of 249% MPA 60
in xylene and 24% MPA 60 in mineral spirits 1ncreases with
the average fluid velocaty and with the nozzle diameter, as
shown in figure 6-25 and 6-26, respectively. All data
points have been omitted for clarity because of the
considerable scatter amongst them, Due to the thixotropac
nature of the fluids, time dependent procedures such as the
period spent in the hydraulic cylinder prior to a run may
have an effect on the jet behavior. However, the tortuous
path taken by the liguids through the fine pore filters,
prior to entering the capillary, should have homogenized
them. Another possibility for the variation is the presence

of air bubbles introduced during the mixing that 1s required
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to initially break the gel and pump the fluid into the
hydraulic cylainder.

There is no maximum observed in the L vs., V curves
within the experimental range of velocities considered.
Another difference from previously described phenomena 1s
that the curves do not appear to pass through the oraigin
as with Newtonian and 0.1% Carbopol data. This 1s
consistent with the hypothesis that the fluid has not
regained its zero shear viscosity after profile relaxa-
tion but instead maintains a viscoslity of the same
magnitude and dastribution as at the capallary exit. The
explanation may be made clearer by recourse to the i1llus-
tration of figure 6-27. The dotted lines represent the
linear portion of the L vs. V curves for capillary jets of
three Newtonlan liquids of viscosities Ha < 7, <ﬁ72 '
respectively. At velocity- V5, the non-Newtonian inelastic
fluird has an apparent v15c051ty'7faz17¢ and the breakup
length~ Lz corresponds to that of a Newtonian jJet with
constant viscosity- Fa.. At some lower fluid velocity- Vy,
the average apparent viscosity of the viscoihelastic. f£luad
increases to 'Z&g?@ and the breakup length I, is
approximately that for a Newtonian jet of constant viscosity-
ﬁ% . If the argument : 1s continued in like fashion, the

extrapolated L vs. V line does not pass throuch the origin.
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Figure 6-27. The behavior of a capillary jet
of a viscoinelastic liguid,

A crossplot of the linear data an figures 6-25 and 6-26,
taken at a constant velocity of 500 cm/sec, i1s given 1in
figure 6-28 and shows (L/?ao) to be proportional to (2a0)%
for both fluids. As with the 0.1% Carbopcl data, the nozzle
drameters rather than the relaxed jet Jdrameters were used.
This linear dependence corresponds to the prediction for a
low viscosaity liquid and yet their apparent viscosities at
low rates of shear are not indacativs of such behavior. IE,
however, the MPA dispers:ions have a structural relaxation
time which exceeds the lifetime of the jet then the apparent
viscosity maintained in the jet will be approximately that

existing at the capillary exit, Such a fluid would propagate
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disturbance waves for an 1deal liquld:

The breakup length of capillaxy jets of 0.2 % Carbopol
1ncreases with-the nozzle diameter and with the average
fluid velocity, as shown in figure 6-29. At high veloci-
ties, data for the 0,0216 cm. nozzle indicate that the
breakup length becomes independent of the nozzle diameter.
No maximum 1s observed in the curves within the experi-
mental range of velocities 1investigated, as 1s seen for
Newtonian and 0.1 % Carbopol jets., The breakup length
data do not appear to pass through the origin and the
reason for this 1s felt to be due to the unrelaxed molecular
structure as explained previcusly for the MPA 60 dispersions
(frgure 6~27). Simailarly, the breakup lengths are not
indicative of any exceptional stability which would be
expected 1f the 0.2% Carbopol had regained its 'at rest'
gel structure after profile relaxaticn.

A crossplot of the figure 6-29 data, taken at a
laminar velocity of 500 cm/sec i1s given in figure 6-30 and
shows the dimensionless breakup length- L/2a, to vary
linearly with the nozzlie diameter. This dependence does not
correspond to either of the Newtcnian predictions for low
and high viscosity liquids and this behavior is not vet
understood.

Solutions of 0.6% Carbopol are semi-rrgld gells with
very high apparent wviscosities at low rates of shear, as may

be seen from the data of figure 4-8 . The classical
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stability theory of Weber, which assumes an initially
relaxed liquid column at 1ts zero shear viscosity, would
predict complete stability fo;'caplllary jets of 0.6%
Carbopol. Figure 6-31 shows that 0.6% Carbopol jets are
stable at low velocities but are increasingly unstable at
high velocaities. This behavior is reminiscent of capillary
jets of 12.4% silica dispersions (see figures 6-8 through
6-10) . Again, in order to explain the data 1t must be
assumed that the liguid column 1s not initially relaxed at
1ts zerxo shear viscosity, but instead is substantially at
the apparent viscosity possessed at the capillary exit.
Thus, only at the very high velocities used to obtain the
figure 6-31 data i1is the apparent viscosity low enough for
the 0.6% Carbopol jet to be destroyed.

The specific dependence exhabited in figure 6-31
cannot be explained in terms of a shear dependent viscosity
whose power law exponent 1s less than unity. However, at
these very high velocities, air resistance 1s significant
and 1t has been shown for Newtonian and 0.1% Carbopol jets
under saimilar conditions that a decreased stability with
increasing velocity is also displayed. It 1s likewise
possible that, at these very high shear rates, some irrever-
sible structural degradation might be occurring.

In oxder to give some interpertation to the experi-
mental data, the breakup lengths for capillary jets of 0.2%
and 0.6% Carbopo; solutions were compared to the Newtonian

expectation that
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L
L/2a, = C(Wel + 3 We /Re,,) (2.9)

Two extreme cases were considered for the propagation
of disturbance waves in viscoinelastic jets. The differences
in the models will be reflected in the numerical value of
the Reynolds number used in equation (2.9) . The first
assumes that, outside the capillary, the fluid 'instantly®
relaxes from all stresses generated during the capillary
flow and also 'instantly' regains the gellified structure
possessed under zerc shear conditions. Since the shear
rates associated with the growth of small, symmetrical
disturbances are insufficient to cause significant dJdeparture
from Newtonian behavior, the disturbance waves are assumed
to propagate at a rate corresponding to the zero shear
viscosity. However, the viscoinelastic test fluids have
a yield stress and do not display any clearly defined zero
shear viscosity. For comparitive purposes, the apparent
viscosity at a shear rate of 0.l sec™l will be used to
approximate the zero shear viscosity. This may be obtained
from figure 4-8.

In the other case considered, i1t was assumed that the
time required to reform the .mero shear structure of the
fluid 1s of the same order as or larger than the' lifetime
of the jet. The liquid column, in this instance, 1s also

taken to be initially relaxed from all prior stresses.
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However, because of the long structural formation time,
the viscoinelastic fluid behaves as a Newtonian f£luid waith
an average apparent viscosity approximately equivalent to
that possessed at the nozzle exit., This behavior would be
refiected in the use of a generalized non-Newtonian
Reynolds number such as thakt defined by Metznexr and Park
{(53), Re = (2a,)™(V,)?"® p/K-82"1 | The chorce of this
particular Reynolds number is not unique, All guantities
are evaluated at the capxllary flow conditicns. The
constants K and n are f£iuid parameters in the power law
relation

3%
T= KA, (1.14)

Table 6=2 compares the breakup lengths predicted for

each of these two proposed models with representative
experiment:al data for capillary jets of 0.2 % Carbopol and
.6 % Carbopol. It is evident from the resulcs that the
assumption of a viscoinelasitic jet propagating disturbances
at a rate correspoading to its zero shear wviscosity is
totally inadequate for these fluids., The predicted breakup
lengths for this model are many crdars .of magnitude haigher
than the- experimental values. But the hypothesis that the
viscosity possessed in the capillary is maintained through-
out the lifetime of the jer provides resulits that are
generally -consistent with those . msasured.A similar

compariscon with the MPA 60 dispersions was not considered
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feasille because the thixotropic nature of these fluids
precluded the determination of the apparent viscosity
at low shear rates. Data obtained wath capallary jets
of 0.1 % Carbopol was also excluded because cf its unexplain=-
able enhanced instabilibty compared to inviscid jets. .

Encouraged by the general agreement of the experimental
data for the Carbopol sclutions in table 6-2 with the
assumption of a structural formation cime whicn is large
compared to the jet hreakup time, bragkup length measure-
ments for all the Carbopol seolutions and MPA €0 dispersions

ara plotted in the feorm of

L = ¢ [VV%

2 5_\»\_’@_] (6.32)
20,

° Re,

where Reé 1S given by

n, 2N
Re, = (m"?(ng;)_s % (6.32a)

The results are shown in figure 6=32 where the solid lines
indicate the range of the Newtconian breakuap length data
determined from this work and the measurments of Grant
(33) and Kroesser (39). Gesneral agresment is indigated
between the viscoinelastic and the Newconian data when
plotted in the form of equation (6.32) . Thls accord
representsa strong statement for che beilief that the

gel structure is not formed td any significant exent



Table 6-2,

Comparison of calculated breakup lengths based on assumed

viscositires with experamental values for viscoinelastic jets,

Nozzle Average Fluxd (L/28g) pased (L/23p) (L/2mg) based on
Fluad Diameter Velocity-Vo onY at yw exptil. ¥ at 0= Q.1 sec—t
<
0.2 0.0216 c¢m 300 om/sec 120 120 45,000
Carbopol
0.0263 300 111 137 45,000
0.0414 300 133 215 45,000
0.0868 300 182 380 45,000
0.6% 0.0414 3700 1610 4700 ~ 107
Carbopol 4900 1880 1000 ~ 107

eLT
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within the lifetime of the jet. The same conclusion was
reached from an examination of the profile relaxation
data presented in chapter 5. Had the zero shear viscosity
been used!instead of the apparent viscosity at the shear
rate within the capillary, the data points would _have
fallen several orders of magnitude away from the Newtonian
data.

The experimental data for the viscoinelastic jets
should not be expected to correlate to a high degree for a
variety of reasons., Undoubtedly, there is some viscosity
buildup during the lifetime of the jet so that the use
of the average apparentviscosity at the nozzle exit repre-
sents an 1dealization., Secondly, the use of equation (6.32)
was not derived from any fundamental consideration of the
equations of motion but 1s merely amarbitrary modification
of the Newtonian relation, equation (2.9). Considerations
as to the effect of the radially varying, apparent viscosity
actually existing at the nozzle exit have been omitted
from the arguement. The constanis K and n , determined
from the capillary viscometer measurements, are not known
with the same degree of accuracy as is a Newtonian viscosity.
It i1s not uncommonthat literature _.values for these constants,
determined by different investigators , differ by + 30 % . The
magnitude of . thegeneralized non-Newtonian Reynolds numbexr-

1
Re, 18 especially sensative to the value of the exponent- n .
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Finally, the pecssibality of shear degradation or of ultra-
violet light deterioration between the time of property
measurement and the determination of jet breakup lengths is
unaccounted for.

The wavelength of the disturbance wave was measured
from photographs in the region just prior to breakup. An
apparent viscosity at that point was calculated from the
Newtonian relation, equation (6.26)}, using the nozzle
diameter instead of the relaxed jet diameter. Table 6-3
compares this calculated viscosaity at breakup wath the
apparent viscosity based on the average shear rate within
the capillary. Differences between the two %alues should
be indicative of structural formation within the liquid.

The results are consistent with the findings of the
breakup length data just presented that the structural
relaxation time is of the same order as or exceeds the
lifetame of the jet. Thus, the apparent viscosity for
0.1% Carbopol based on wavelength calculations displays
the same 1nviscid nature as the apparent viscosity deter-
mined from capillary viscometer measurements. Capillary
Jjets of 0.29% Carbopol exhibit disturbance wavelengths which
denote a limited viscosity buildup from that bosseESed at the
nozzle exit. The apparent viscbsities calculated from wave-
length data for 24% MPA 60 1n xylene are generally below the
apparent viscosities computed at the average shear rate
withain the capillary. Wavelength measurements taken from

photographs for this fluid were not consistent and since



Table 6-3, Comparison of apparent viscosities calculated from wave length
data at breakup with apparent viscosities at the capillary wall
gshear rate for wviscoinelastic jets.
Apparent
Nozzle Average Fluid Wave length Viscosity from  Apparent .
Fluid diameter velocity-Vo at breakup eq. (6.26) Viscosity at ¥ w
MPAGO 0.0216 cm 328 cm/sec 0.11 cm 0.10 poise 0.35 poise
in xylene 474 0.12 0.15 0.31
630 0.12 0.15 0.29
0.0263 382 0.25 1.7 0.35
0.0414 286 0.23 0.21 0.43
448 0.19 0.03 0.38
562 0.20 0.07 0.37
0.2% 0.0216 228 0.17 0.79 0.08
Carbopol 0.0263 645 0.20 0.75 0.058
0.0414 472 0.30 0.85 0.08
0.1% 0.0414 300 .15 0 ~ 0.01-0.03
Carbopol . = 440 .15 0 ~0,01-0.03
0. 0868 310 .35 0 ~0.01-0.03
410 .35 0 ~0.01-0.03

LLT
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changes of only 0.1 cm. significantly affect the calculated
viscosities, the results are not considered accurate,
However, all the viscoinelastic test fluids showed terminal
viscosity values that were of the same order as the appar~
ent viscosities possessed at the capillary exit. The model
of a viscolnelastic jet propagating disturbances at a

rate corresponding to i1ts zero shear viscosity is clearly
invalid since the wavelengths demanded by this model are
several orders of magnitude larger than the experimental

values.

6.6-3 CAPILLARY JETS OF VISCOELASTIC LIQUIDS

In Newtonian jets, a disturbance i1s propagated as an
exponentially growing wave with a constant wavelength.
There i1s almost no difference between the place where the
wave 1s strongly evident and, the place of final breakup.
Capillary jets of 0.25% SCMC, a very slightly viscoelastic
ligquid, 1initially propagate disturbances in a similar
manner but, as seen 1in figure 6=11, the growth of the wave
18 arrested and a string of droplete connected by threads,
which thin with distance, i1s formed. Thread formation will
be seen to be a characteristic of all viscoelastic jets
used in this investigation and the reasons for its presence
are not yet known., Final breakup occurs much later and, in
this region of non-linear disturbances, the predictions of
linear theory are i1napplicable.

The breakup length for 0.25% SCMC jets 1s therefore
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defined as the distance from the nozzle where the disturb-
ance wave amplitude 1s comparable to the orxiginal jet
radius, a definition which would give satisfactory results
for Newtonian jets. Using this criterion, the breakup
length and wavelength are found to lie between those
predicted for an inviscid jet and those for a Newtonian
fluid of the same zero shear viscosity, as shown in figures
6-33 and 6~34 respectively, This result is 1n agreement
with the theoretical predictions. The nozzle diameter,
rather than the relaxed jet diameter, was used in the
calculations as information on the latter i1s not available
for capillary jets of 0.25% SCMC.

Viscoelastic jets of 0.25% Separan and 0.25% Polyox,
shown in figures 6-1 ang 6-12, possess a unique 1initial
disturbance distance, which represents the distance from
the nozzle to the sudden appearance of a large droplet.
Values for this distance are not as reproducible as for the
Newtonian jet breakup length and were found to vary by X
30%. The initial daisturbance distance for a capillary jet
of 0.25% Separan increases with the fluid velocity and the
nozzle diameter, as shown in figure 6-35. A crossplot of
the data, taken at a fiuid velocity of 400 cm/sec, which 1is
within the linear range, is given in figure 6-36 and 1llus-
trates the strong dependence of the (initial disturbance
length/nozzle diameter) ratio on the nozzle diameter. As

the nozzle diameter increases, the fluid becomes less sheared
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and the (1nitial disturbance length/nozzle diameter)
ratio becomes independent of dlameter: This result would
be expected for a highly shear sensitive liguad.

The breakup length of capillary jets of dilute (0.05%)
and moderately concentrated (0.25%) Separan, based on the
point where the threads break, 1s shown in figure 6-37 as
a function of the fluid wvelocity ahd the nozzle diameter.
Determination of this distance was made by visual obser-
vation of the ligquid column under stroboscopic light and
the accuracy of these measurements therefore depends upon
the ability to detect the fainest threads. Values are found
to be reproducible to + 10%. The breakup length of 0.05%
Separan jets increases linearly with velocity and, at high
velocities, becomes i1ndependent of 1t. Data points for all
three nozzle diameters form a single continuous curve indi-
cating that the breakup length- L/2ap 1s not a function of
the capillary diameter. The breakup length of 0.25%
Separan jets is seen to increase with fluid velocaty and
nozzle diameter. At sufficiently high fluid velocities,
the hreakup length alsc becomes independent of fluid velo-
city. This behavior was exhibited for several of the vis-
coinelastic jets.

The 'droplet-thread' configuration is the form
eventually assumed by both the dilute and the moderately
concentrated viscoelastaic jets. Threads are seen to thin

with increasing dastance from the nozzle while the droplet
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diameter increases., By photographing a 0.25% Separan jet
along its length until breakup occurred, the droplet dira-
meter and thread length were determined as a function of
distance along the liquid column. The computed results
are based on 20~-30 droplets and thread lengths at each
locaticn. Orxigainal data may ke found in appendax B .

Faigure 6-38 1s a plot of the length mean droplet
diameter vs. distance from the nozzle and shows that the
mean diameter increases untal about halfway through its
flight and thereafter remains constant. Alsoc shown in the

same figure are the Sauter mean diameter and the weicht

mean diameter which are defined as follows

3
b, = =0, /S0 (6.33)

3

4
Dy = =Dy / EDy (6.34)

where Dy and D, are the Sauter mean diameter and the weight
mean diameter, respectively. The fact that all three
measures of average diameter show the same trend indicates
that the distribution remains saimilax., The standard devia-
tion at ecach location 15 between 25-35%.

The thread lengths between droplets were found to be
widely distributed and showed no discernible pattern with
increasing axial distance. At any one location, the values
ranged from fractions of a centimeter to 6 cm. with an

average of 2.5 cm. Thread lengths for 0.05% Separan jets
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varied in a similar manner except that the threads are
shorter.

The change 1n droplet diameter with increasing axial
distance and the random nature of the thread length at aan
one location both indicate that dynamic phenomena are occur-
ring along the liquid column. Through the use of high
speed motion pictures, taken at 3000-7000 pictures per
second in the region where the droplet diameter is stall
increasing, the nature of these changes was investigated.

Selected frames are shown in figure 6-39 for a
capillary jJet of 0.05% Separan and in figure 6-40, photo-
graphs (a)-(f), for a 0.25% Separan jet. The droplets are
seen to move at different velocities along the threads which
create collisions in which new droplets of larger diameter
are formed. Smaller particles decelerate more rapidly than
larger particles due to frictional drag and this would lead
to collisions of the type observed. However, this does not
explain why the viscoelastic jet prefers the ‘droplet-thread’'
configuration in the first place. One significant observation
resulting from anlanalysls of the motion pictures is that
the liguid column, far from being relaxed, continually
undergoes large amplitude, axiral deformations which require
the existence of tensile stresses for theix propagation.
Photographs (g)-(3) of figure 6-40 show an i1nstance where
a whole section of the jet overtakes another section which
was previously in front of 1t and then passes 1t. This

rhenomena is not as yet understood.
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While thread thinning data for all the viscoelastic
Jjets as a function of axial distance show considerable
scatter, a dimensionless plot of the fraction of the
original radius— a'/ap vs. the fraction of the breakup
length- L'/L has the form shown in figure 6-41. Thus,
breakup of the jet by disruption of the thinnest thread is
imminent when the thread diameter 1s approximately % of the
original diameter. Just before breakup occurg, the threads
than quite rapidly. In this region, the stability of the
threads 1is quite remarkable. For example, in the portion
of the liguid column immediately proceeding the breakup
point, the threads connecting a series of droplets 1in a
0.05% Separan jet (with 2ap=0.0216 cm and V,=460 cm/sec)
decreases in thickness to'0.004 cm from 0.0l cim, over a
length of 8 cm. 2 Newtonian llquld"of the same zero shear
viscosity would breakup in only 1-2 cm. under these
conditions.

The average diameter of the droplets formed after
breakup as well as the size daistribution was determined for
capillary jets of glycerin, 0.05% Separan and 0.25% Separan.
Data for the Newtonian fluid was obtained in order to
compare the accuracy of the measuring technique with
published correlations for these ligquids. Glycerain, in
particular, was chosen because its Newtonian viscosity 1s
approximately the same as the zero shear viscosity of 0.25%

Separan.
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buffie and Marshall (17) investigated the droplet size
distribution to be expected from the breakup of low speed,
low wviscosity Newtonian jets using capillary diameters and
fluad velocities similar to those employed in this study.
They found that the average, geometric nmean diameterng for
all fluids investigated could be correlated by the empirical

egquation

0.56 ~0.10
Dg = 36(2a,) (Reg) (6.35)

whexe Dg and a, are in micCrons. Dg 18 defined as

Ln(Dg) = S In(D .} /A (6.386)

and N is the number of observations., There is some
uncertainty whether equation (6.30), which was obtained with
low viscosity liguids, can be extended to high viscosity
fluids such as glycerin.

The experimental data for glycerin droplets at BOOC
are compared to the predictions of equation (6.35) in
table 6-4 and the generally good agreement between the two
indicates that the accuracy of the measuring technicue 1is
comparable to those of other investigators. Data taken at
a point 4 cm, past breakup shows a larger droplet diameter
than the corresponding data taken at breakup and is due to
droplet collisions and subsequent coalescence. A signi-

ficant discrepancy does exist from the predicted value for
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droplets measured at the lowest fluid velocity. This
resulted from the jet's tendency to break into segments,
rather than discrete droplets, with an accompanying
increase in the particle size eventually formed.

Table 6-4, Comparison of experimental droplet diameters

for glvcerin with the predicted values from
equation (6.35).

nozzle diameter-0,0216 c¢m,
fluid temperature- 30%%,

Experimental geometric
mean droplet diameter

Average fluaid at 4 cm. from Predicted values
velocity breakup breakup - eg. (6.35)

403 cm/sec 0.0892 cm. 0.094 cm. 0.070 cm.

a78 0.069 0.075 0.066

937 0,071 0.072 0.064

The results for the average droplet diameter of the visco-
elastic jets and of glycerin are summarized in table 6-=5.
Data taken for the glycerin and 0,05% Separan droplets
showed a coefficient of dispersion (standard deviation/
length mean diameter) of 14-21% while that of the 0.25%
Separan was 39%. The disparity arises from differences in
the nature of éhelr breakup. From photographs taken at the
point of breakup, it was observed that, in the dilute
viscoelastic fluids, the fine connecting threads are
absorbed into the droplets and a relatively uniform size

distribution 1s produced. The comparatively small sepa-

ration between the length mean diameter, the Sauter mean



Table 6-5 Droplet diameters produced from the breakup of
Newtonian and viscoelastic -ets.

Nozzle v D b D Coefficient of
Fluid diameter o L g W Dispersion
0.05% 0.0263 cm 222 cm/sec 0.106 cm., 0.115 cm. 0.119 cn. 19.8 %
Separan 312 0.094 0.104 0.111 2Z2.3
435 0.090 0.100 0.105 24 .4
490 0.083 0.091 0.095 21.6
715 0.083 0.088 0.090 16.8
937 0.084 0.088 0.090 15.5
1473 0.080 0.087 0.091 21,3
0.0414 349 0.113 0.121 0.125 17.8
420 0.125 0.130 0.133 14.4
505 0.121 0.126 0.129 14.1
722 0.122 0.130 0.133 17.2
0.0868 723 0.222. 0.238 0.245 18.9
0.25% 0.0216 1066 0.133 0.166 0.174 39.0
Separan R
clycerin  0.0216 403" 0.090 0.096 0.099 17.8
403%* 0.096 0.103 0.106 18.8
678" 0.070 0.076 0.078 20,0
678%™ 0.076 0.082 0.086 21.0
9377 0.073 0.078 0.080 20,6

937 * 0,073 0.078 0.081 19.2

* Data taken at breakup . -
wk Data taken 4 om. past breakup

S61



196

diameter and the weight mean diameter reflect the homo~
geneity of the dispersion. However, the threads in a
0.25% Separan jet collapse and form small satellaite
droplets which widens the droplet size distribution.
This 1s also apparent from the larger standard deviation
and from the increased differences between the three
measures of droplet diameter.

It is seen from the table that the droplet diameter
resulting from the breakup of a capillary jet of 0.05%
Separan, issuing from a 0.0263 cm. nozzle initially
decreases with increasing fluid velocity and then becomes
independent of 1t. A comparison with figure 6-37 shows
that both the breakup length and the droplet diameter
reach constant values over the same range of f£luid
velocity. A constant diameter region 18 also exhibited in
the data taken wath the 0.0414 cm. nozzle. In this con-
stant diameter regime, figure 6-42 shows that the dimen-
sionless droplet diameter- Dy/2as, where Dy, 1s the length

~0,2
mean diameter, 1s proportional to (2ag)

Equation(6.30) predicts droplet diameters for the
Separan solutions which are substantially below the
experimentally obse;ved values. This is expected since
the high speed movies given in figures 6~39 and 6-40 have
shown that the droplets formed on the intact capirllary jet
are continually colliding and coalescing to create larger

diameter droplets.
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The droplet size distribution of glycerin and of 0.05%
Separan follow a normal distribution as shown in figures
6-43 and 6-44, respectively, whereas the results of 0,25%
Separan, given in figure 6-45, deviate from this pattern.
As explained previously, this occurs because the capillary
Jets of 0.25% Separan form small satellite droplets at
breakup along with the main droplets., Thus, there will be
a preponderance of these small droplets'lncluded and the
size distribution will assume the shape of a bimodal dis-
traibution, This 1s more easily seen in the histograms of
figure 6-46, which were constructed from representative

droplet data for each of the three test fluids.

©.6~4 DISCUSSION OF EXPERIMENTAL RESULTS

Fluids which exhibit a yield stress or a shear depend-
ent viscosity possess a three dimensional structure that
requires some finite time to form or break down upon removal
or application of shearing stresses. This relaxation time,
1in some cases, could be longer than the time for the
velocity profile and the shear stresses to reach equili-
brium. Thus, the hydrodynamic behavior of such a non-
Newtonian fluid should be related to at least two different
relaxation times, a structural relaxation time and a
stress relaxation time. Whether or not these relaxation
times are significant depends upon the time scale of the

experiment. A jJet breakup experiment 1s 1deally suited to
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demonstrate the effects of relaxation phenomena which are
of the same order as the lifetime of the ligquid column,
about 0.001-0,01 seconds.

The experimental results of this paper showed that the
viscoinelastic test fluids could all be atomized readily.
This 1s surpraising since several of them- the 0,6%
Carbopol, the MPA 60 dispersions and the agqueous silica
dispersion are highly gellified fluids when at rest., In
particular, the silica dispersion, whichhas a relatively
high yield stress, broke up in a manner similar to a low
viscosity capillary jet in turbulent flow. With the
exception of 0.6% Carbopol and the silica dispersion, the
disturbance 1in the non~Newtonian inelastic fluids was
propagated as a growing wave with a well defined wave-
length., The two aforementioned fluids broke up only at
very high velocities and, under these conditions, had an
irregular, non-axisymmetric appearance,

Classical Newtonian theory assumes the capillary jet
to be 1nitzally relaxed from all prior stresses and at its
zero shear viscosity. This model predicts complete stabi-
lity for the viscoinelastic test fluids since the small shear
rates associrated with the growth of infinitesimal, symmet-
rical disturbances would not cause significant departure
from Newtonian behavior. In the theory outlined earlier
in the paper, a capillary jet of an initially relaxed

viscoelastic liguid with a yield stress could be stable,
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1f the elastlc modulus were such as to make the comnplex
viscosity unbounded. ‘

For either of these thgorles to be applicable, the
structure which gaves rise to the yield stress or the
shear dependent viscosity would have to be formed within
a time period which was short compared to the jet breakup
time. It has been shown in the literature, e.g. Carver
and Van Wazer (7), that certain fluids require several
minutes or hours to completely regain- their ‘at rest'
structure. Fascher et.al. (21) have presented data that
demonstrates how the level of shear, to which the material
was previously subjected, also 1nflﬁeﬁgés the structural
formation time., This latter point might explain why the
silica jet was stable at the lower velocities or shear
rates and atomized readily at the higher velocities.

The breakup length and wavelength data for the visco=-
inelastic jets cannot be explained in terms of a liduid.
column that relaxes instantly to xegain its structure and
then propagates disturbances at a rate corresponding to
1ts zero shear viscosity. Such a model predicts results
that are several orders of magnitude higher than experi-
mentally observed values,

The measurements are reasonably consistent, however,
1f 1t is assumed that all prior stresses relax shortly
beyond the capillary exit but the time required to reform

the gellified structure 1s of the same order or exceeds the
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lifetime of the jet. In this model, the liguid column
behaves as a Newtonian liquid whose viscosity 1s approxi-
mately the same as the apparent viscosity of the visco-
inelastic f£fluid, evaluated at the average shear rate within
the capaillary. The proposed behavior is also in agreement
with the experimental observation that the breakup length
vs. fluid velocity curves do not appear to pass through

the origain. However, no explanation is available for the
increased instability of capillary jets of 0.1% Carbopol
over an inviscid fluid, when both are i1in laminar flow.

The linearized stability analysis has shown that the
growth rate of axisymmetric disturbances for any visco-
elastic fluad, whose complex viscosity 1s bounded, 1s higher
than that of a Newtonian fluiad of the same zero shear
viscosity. If the complex viscosity could readily be
measured, then one could predict the growth rate as a
function of the wavelength, assuming that the ligquid column
is completely relaxed initially. However, for the dilute
solutions used in these experiments, the complex viscosity
cannot be determined and only a qualitative prediction can
be made.

In the experiments, growth rates were not measured
directly and comparisons of jet stability were made on the
basis of the breakup length. This approach gives good
agreement with Weber's theoretical predictions for
Newtonian liquids. In the region of linear wave propa-

gation, the breakup length and the wavelength of a capillary
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jet of 0.25% SCMC were found to be shorter than a Newtonian
liquid of +he same zero shear viscoslity but greater than
for an inviscid ligquid. This result 1s i1in agreement with
the predactions of the linear theory.

Contrary to what occurs in Newtonian liquids, the
growth of the disturbance wave in 0.25% SCMC solutions
does not lead to immediate breakup and the droplets remain
connected for a considerable distance by thin threads. Thais
thread formation seems to be typical of elastac ligquads.

No wave formation has been obkserved in highly elastic fluads
such as 0.25% Separan and 0.25% Polyox. Even 1in rela-
tively dilute solutions(0.05% Separan), the waves which do
appear 1nitially are damped out. Instead, disturbances
propagate as 1solated droplets connected by random lengths
of threads. 1In many cases, the threads are longer than any
reasonable wavelength that could be associated with the
droplet. These non-linear disturbances occur at a distance
which 1s shorter than the breakup length of a Newtonian
ligquid of comparable zero shear viscosity. Thus, one cannot
conclude that the viscoelastic jet is more stable with
respect to the growth of axisymmetric waves,

It has been observed for all the viscoelastic jets
that the droplets which are formed are connected by threads
which continually thin and lead to the eventual breakup of
the Jjet. Two questions arise: why do the threads form and

what causes their remarkable stability? While the original
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jet does not show any increased stability as compared to a
Newtonian jet, the connecting threads have a lifetime
several fold higher than expected. Viscoelastic jets
extruded from a nozzle which 1s of the same order of thick-
ness as the threads do not exhibit this increased stability.
Two reasons might explain this difference. First, a
viscoelastic jet extruded from a nozzle which 1s of similarx
thickness as the threads has just experienced a high
shear rate. If the breakup time and the structural
relaxation time are of comparable magnitude, the jet will
break up before the fluid has regained 1ts zero shear
viscosity. However, the thin thread at a distance from the
nozzle i1s derived from a much thicker jet, which was less
severdy sheared in the capillary and which has alsc had time
to partially regain 1ts zero shear vaiscosity. The second
and more important difference is that the thread 1s under
some stress, as shown by the fact that 1t continues to thin.
This stress might be caused by either the surface tension
forces at the connection to a droplet or by the relative
motion of two droplets. Looking at photograph (a) of figure
6-14, one might question this explanation as the liquid
column locks guite relaxed. However, the high speed movies
indicate that the threads and droplets are constantly chang-
ing their configuration and are undergoing large scale
deformztions, as seen in figures ©6-39 and 6-40.

The stability of a viscoelastic thread has similarities
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to the unique ability of viscoelastic liquids to be spun
into fibers. During thread thinning, the fluid undergoes
a flow which 1s characterized as a stretching or extrusion
flow. It 1s well known that the behavior of elastic
liguids under ten51?n 1s completely different from that in
shear flow 1n the sense that viscoelastic liquids possess
an elongational viscosity which increases with the
stretching rate. Thus, elastic liguids of low wviscosity
can be spun into fibers whereas Newtonian liguids are

spinnalle only at high viscosities.
H

6.6-5 CONCLUDING REMARKS

The results presented in this chapter have shown the
limitations inherent in using assumptions, which are valaid
for capillary jets oé Newtonian liquids, in the analysis
of non-Newtonian fluids without prior experimental
verification. In particular, i1t is evadent that stress
relaxation phenomena occuring outside the capillary exait
can play a significant role in the ultimate behavior of the
liquid column. The atomization of a non-Newtonian jet thus
involves considerations of the fluid's transient and steady
state flow properties.

A very practical result of this research 1s the finding
that highly gellified ligquids are unstable i1f their
structural relaxation time 18 of the same order as or
exceeds the lifetime of the jet, about 0.001-0.0l seconds.

Additaives such as Carbopol, in a 0.1% concentration, have
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the ability to thicken a solution yet are able to enhance
the atomization. The classical notion that viscosaity always
increases the stability of a jet must be re-examined in

ilght of these data.
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CHAPTER 7

SUMMARY AND CONCLUSIONS

The objectaive of this research has been to carry out
an« experamental program which would provide an initial
understanding 1ﬁto the behavior of capillary jets of
non-Newtonian liguids.

Two categories of fluids were chosen for study: visco-
inelastic materrals and viscoelastic liquids. The viscoine
elastic flurds were comprised of a wide variety of substances
and included organic polymer solutions, an inorganic
dispersion and organic pclymer dispersions. They ranged in
consistency from relatively thin liquids to stiff gels and
could be characterized as possessing a shear dependent
viscosity, a yield stress and an absence of elastic phenom-
ena. The-:viscoelastic solutions were all composed of
organic polymer solutions of a class which eﬁhlblts marked
drag reduction in turbulent flow.

The experiments concentrated on profile decay measure-
ments and on jet breakup studies. Data were obtained
through high speed still and motion picture photographs
taken along the length of the jet.

Profile decay measumments refer to the change in jet
drameter with axial distance as the emerging jet relaxes
from the stresses generated during the previous shear flow.

A linear perturbation analysis taken about the final relaxed
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state showed that a Maxwell model fluid would relax faster
than a Newtonian jet of the same zero shear viscosity.

Experimental profile decay data obtained for Newtonian
liguids confirmed the theoretical prediction that , within
the range of variablesinvestigated, the damping coefficient
is a function only of the Reynolds number. Values of the
damping coefficient were i1n fair agreement with the analytical
solution.

Profile decay data taken for a typical viscoinelastac
fluid- 0.6 % Carbopol could be satisfactorily correlated
only by assuming that the structural formation time was
large compared to the time required for stress relaxation.
This model assumed that no v1scosit§ buildup occured above
that possessed at the capillary exit. This proposec explanat-
ion was found to be consistent with wavelength and
breakup length data for the viscoainelastic jets.. For
most of the test ligquids, the breakup lengths corresponded
to those for a Newtonian fluid of the same apparent
viscosity as that possessed w1£h1n the capillary. One
notable exception was 0.1 % Carbopol which displayed
an enhanced instability compared to water, when both were
in the laminar range. Wavelength data taken near the point
of breakup also confirmed the lack of any significant
structural formation. All these observations lend support
to the theory that the behavior of a capillary jet of a

viscoinelastic liquid can ke explained in terms of a
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structural formation time which 1s large compared to the
lifetime of the jet.

A thecrstical analysis due to Yerushalmi (94) had
predicted that a fluad with a sufficiently high yield stress
could lead to a completely stable jet. However, the develop-
ment assumed that the jet was initially relaxed at 1its zero
shear structure. Such a conclusion would be inapplicable
to the visccinelastic liguids of this investigation which
never reform theirr 'at rest' structure withan the breakup
time of the jet.

A practical application of these experimental results
18 that highly gellified viscoinelastic fluids can be
readily atomized, The stiffest liquid studied, 12.4 %
sailica in water, had the appearance of a low viscosity
jet 1n turbulent flow. It also appears that certain
additives such as 0.1 % Carbopol are ahkle to thicken a
solution and yet enhance its atomization.

Profile decay data for a typical viscoelastic fluid-
0.7 % SCMC showed Jdecay rates slower than for a Newtonian
jet of the same zero shear viscosity but faster than that
for cne of the same apparent viscesity. This is in direct
contradiction to the theory of'proflle relaxation
discussed earlievw. The results can be interperted as
showing that some strustural formation had cccurred. Another
possibility which can not be resolved by these data alone

1s that a slowly decaying axial tepsile stress exists along
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the jet length which serves to retard the diameter change
on a contracting column. However, high speed movies taken
for several of the viscoelastic test fluids showed that
large scale axial deformations are continually occuring
and these require the existence of axial tensile stresses .
The viscoelastic jets were seen to propagate disturbances
by means of a droplet-thread configuration and the
preference for this unusual configuration is not yet
understood, While the evidence can not be regarded as
conclusive, the data do point towards a limited viscosaity
or structural buildup within the lifetime of the jet and
do demonstrate vividly the effects of axial normal stresses.

The linearized stability analysis for the breakup of
a viscoelastic jet had predicted a higher growth rate of
disturbances than for a Newtonian liquid of the same zero
shear viscosity. This was partially confirmed for jets of
0.25 % SCMC. But even in the most dilute fluids studied, the
initial wave propagation of disturbances was arrested and
evolved into the unigue droplet-thread configuration of
these fluids.

wWhile these studies have proposed some tentative
theories to explain the behavior of capillary jets of visco~
inelastic and viscoelastic liguids, they have also raised
many questions and indicated the need for continued research

in this area.



10.

11.

12,

217
BIBLICGRAPHY

Baliman, R.L., Extensional flow of polystyrene melts,
Rheol. Acta. 4, 137 (1965).

Biot, M.A., Theory of stress-strain relations in
anisotropic viscoelasticity and relaxation phenomena,
J. Appl. Phys.,6 25, 1385 (1954}.

Bird, R.B., Experimental tests of generalized non-
Newtonian models containing a Zero shear viscosity and
a characteristic time, Canad. J. Chem. Eng. 43, 161
(1965) .

Bland, D.R., "The Theory of Linear Viscoelasticity,™
Pergamon Press, New York 1960.

Bogue, D.C. and J.0. Doughty, Compariscn of constitutive

equations for viscoelastic fluids, Ind. and Eng. Chem,.
Fund. 5, 243 (1966).

Borodin, V.A. and Y.F. Datyakin, Unstable capillary
waves on surface of separation of two viscous liguids,
NACA Tech Memo 1281 (1951).

Carver, E.K. and J.R. Van Wazer, The sudden application
of a constant shearing motion to anomalous £luids,
J. Phys. and Colloid Chem. 51, 751 (1947).

Chandresakar, 8., "Hydrodynamic and Hydromagnetic
Stability," Oxford Univ. Press, London and New York,
1961.

Clegg, P.L., in "Rheology of Elastomers" ed. by P.
Mascn and N. Wookey, p. 174, Pergamon Press, London,
1958.

Coleman, B.D. and W. Noll, Steady extension of incom-
pressible simple fluids, Phys. Fluids 5, 840 (1962),.

Coleman, B.D., H. Markovitz and W. Noll, “"Viscometric
Flows of non-Newtonian Fluads," p. 75-83, Springer-
Verlag, New York, 1966.

Davies, C.N. Proc. Int'l Rheol. Cong., vol. II, p. 152,
vol. III, p. 52 (1948).



13.

14,

15.

lo.

17.

i8.

19.

20.

21,

22.

23.

24,

25,

26.

218

Denn, M.,M., and J.J. Roisman, Rotational stability and
measurement of normal stress functions in dilute
polymer solutions, A.X.Ch.E. J. 15, 454 (1969).

Dodge, D.W. and A.B. Metzner, Turbulent flow of non-
Newtonian systems, A.I.Ch.,E. J. 5, 189 (1959).

Dombrowsky, N., P. Eisenklam and R.P. Fraser, Flow and
disintegration of thin sheets of viscoelastic liguids
J. Fuel Inst. London, 30, 399 (1957).

Donnelly, R.J. and W. Glaberson, Experiments on the
capillary instability of a liguid jet, Proc. Roy. Soc.
London,a290Q,547 (1957) .

Duffie, J.A. and W.R. Marshall, Jr., Pactors influencing
the properties of spray dried materials, Chem. Eng.
Prog. 49, 417,480 (1953).

Eckhaus, W., "Studies in Non-Linear Stability Theory",
Springer-Verlag, New York, 1965 .

Fenn, R.,W. IIT and S. Middleman, Newtonian jet stability:
the role of air resistance, A.I.Ch.E. J. 15, 379 (1969}.

Ferry, J.D., "Viscoelastic Properties of Polymers",
John Wiley, London and New York, 1961 .

Fischer, W.H., W.H. Bauer and S.E. Wiberly, Yield
stresses and flow properties of carboxypolymethylene-
water systems, Trans. Soc. Rheol. 5, 221 (1961).

Fredrickson, A,.G., , "Principles and Applications of
Rheology"”, Prentice-Hall, New Jersey, 1964 .

Gadd, G.E., Turbulence damping and drag reduction
produced by certain additives in water, Nature 206,
463 (1965) .

Gaskins, F.H., and W. Phillipoff, The behavior of jets
of viscoelastic fluids, Trans. Soc. Rheol, 3, 181 (1959).

Gavis, J., Contribution of surface tension to expansion
and contraction of capillary jets ;, Phys..Fluzxds
7. 1097 (1964) .

Gavis, J. and M. Modan, Expansion and contraction of
Jets of Newtonian liquids in airr: effect of tube length,
Phys. Fluids 10, 487 (1967).


http:AoI.Ch.E0

219

27. Gill, S.J. and J. Gavis, Tensile stresses in jets of
viscoelastic fluids, I- J.Poly. Sci. 20, 287 (1956) .
II- J.Poly. Sci. 21, 353 (1956) .

28. Ginn, R,F. and M.M. Denn, Rotational stability in
viscoelastic liguids: theory, A.I.Ch.E. J. 15, 451
(1969).

29, Goldan, M., J. Yerushalmi. R. Pfeffer and R. Shinnar,
Breakup of a laminar capillary jet of a viscoelastic
fluid, J. Fluid Mech., 38, 689 (1969) .

30. Goren, S.L., Development of the boundary layer at a
free surface from a uniform shear flow, J. Fluid Mech.,
25, 87 (1966) .

31. Goren, S.L. and J. Gavis, Transverse wave motion on a
thin capillary jet of a viscoelastic laiguid, Phys. Fluids
4, 575 (1961) ,

32, Goren, S.L. and S. Wronski, The shape of low speed
gapillary jets of Newtonian liquids, J. Fluid Mech.
25, 185 (1966) .

33, Grant, R.,P. and §. Middleman, Newtonian jet stability,
A.I.Ch.E., J. 12, 669 (1966) .

34, Haenlein, A,, Disintegration of a liquid jet, NACA Tech.
Memo No. 659 (1932) .

35. Harmon, D.B. Jr., Drop sizes from low speed jets,
Jo. Franklin Inst. 259, 519 (1955) .

36. Hoyvt, J.W., and A.G. Fabula, The effect of additives
on fluid friction’ ,Fifth Symp. Naval Hydrodynamics,
Bergen, Norway (1964), Office of Naval Research, Wash.,
D.C.

37. Huppler, J.D., The secondary normal stress difference,
Ph.D, thesis in chem. eng. , Univ. of Wisconsin (1965} .,

38. Hurd, R.E., B.Ch.E. thesis in chem. eng., Univ. of
Delaware (1962).

39, XKroesser, F., W, and S.Middleman, Viscoelastic jet
stability, A.T.Ch.,E. J. 15, 383 (1969).

40, ZXKapoor, N.N., Unpublished M.S. thesis in chem. eng.,
Univ. of Minnesota (1963), reported in Fredrickson
(22), pp. 120,178 .



41.

42,

43,

44,

45,

46,

47.

48.

49,

50.

51.

52.

53.

54.

220

Lee, D.W. and R,.C. Spencer, Photomicrographic studies
of fuel sprays, NACA Report no. 454 (1932) .

Lin, C.C., "The Theory of Hydrodynamic Stability",
Cambridge Univ. Press, London and New York, 1955.

Lodge, A.8,, "Elastic Liguids®", pp. 114-118, Academic
Press, 1964 .

Lodge, A.S., Colloque, Intn’l. de Rheol., Paris,
France, 1960,

Markovitz, H,, Normal stress effect in polyisobutylene
solutions IT. Classification and application of
rheological theoxies, Trans, Soc. Rheol, 1, 37 (1957}

Marshall, W.R. Jr., Atomization and spray drying, Chem.
Eng. Prog. Symp. Ser. no. 50 (1954).,

Meksyn, D, and J.T. Stuart, Stability of viscous
motion between parallel flows for finite dasturbances,
Proc., Roy. Soc. (London) A208, 517 (1951).

Mervill, E.W., Viscometric classification of polymer
solutions, Ind. and Eng. Chem. 51, 868 (1959) .

Merrill, E.W., H.S. Mickley and A.,M, Ram, Instabilaty
in Couette flow of sclutions of macromolecules, J.
Fluid Mech, 13, 86 (1962).

Merrington, R.C. and E.G., Richarson, The breakup of
liguaid jets, Proc, Phys. Soc, 59, 1 (1947).

Metzner, A,B., 1n "Handbook of Fluid Dynamics" ed. by
V.l:a Streeter, Chap. 7, McGraw-H1ill, New York, 1961 .

Metzner, 4.B., W.T. Houghton, R.A. Sailor and J.L.
White, A method for the measurement of normal stresses
in simple shearing flow, Trans. Soc. Rheol. 5, 133
(1961).

Metzner, A.B. and M.G. Park, TPurbulent flow character-~
1strcs of viscoelastic fluids, J. Fluid Mech. 20, 291
(l964).

Metzner, A,B,; J.L. White and M.M. Denn, Constitutive
equations for viscoelastic £luids for short deformation
periods and for rapidly changing flows: significance

of the Deborah number, A,I.Ch.E. J. 12, 863 (1966).


http:AoIoCh.Eo

221

55, Metzner, A.,B., J.L.. White and M.M. Denn, Behavior of
viscoelastic materials in short time processes, Chem.
Eng. Prog. 62,81 (1966) .

56, Metzner, A.B. and M, Whitlock, Flow behavior of con-
centrated solutions, Trans. Soc. Rheol. 2, 239 (1958)

57. Middleman, S. Profile relaxation in Newtonian jets,
Ind. and Eng. Chem., Fund. 3, 118 (1964) .

58. Middleman, S., Stability cf a viscoelastic jet,
Chem. Eng. Sci, 20, 1037 (1965).

59, Middleman, S. , "“The Flow of High Polymers®, Inter-
science, New York, 1968 .

60. Maiddleman, S. and J. Gavis, Expansion and contraction
of capillary jets of Newtonian liguids, Phys. Fluids
4, 355 (19261) .

61. Middleman,S. and J. Gavis, Expansion and contraction
of capillary jets of viscoelastic licguids, Phys.
Pluids 4, 963 (196l1) .

62, Middleman, S. and J. Gavis, Errata, Phys. Fluids 4,
1450 (1961) .

63. Miesse, C.C.,, Correlatzon of experimental data on the
disintegration of liquid jets, Ind. and Eng. Chem.
47, 1690 (1955).

64, Nitschmann, H. and J. Schrade, On the abaility to draw
threads from liguids of anomalous viscosity, Helv,
Chim. Acta, 31, 297 (1948).

65. Oldroyd, J.G.., On the formulation of rheological
equations  of state, Proc. Rov. Scc. {London) 3200,
523 (1950) .

66. ©Oldroyd, J.G., The motion of an clastico-viscous
liguid contained between cocaxial cylinders. I,
Quart. J. Mech. Appl. Math. 4, 271 (1951) .

67. Oldroyd, J.G., Non=Newtonian effects in steady motion
of some idealized elastico-viscous liguids, Proc. Roy.
Soc., {(London) A295, 278 (1958) .

68. Oliver, D.R., Expansion/contraction behavior of laminar
liguid jets, Canad. J. Chem. Eng. 44, 100 (1966).



69,

70,

7lﬂ

72,

73.

74 .

75,

76.

77 .

78,

79.

80.

8l.

222

Powell, R.L,, Transient and steady state behavior of
normal stresses 1in capillaxy flow of viscoelastic
liquids, Ph.D thesis in chem, eng.,, Univ., of Rochester,
1967 .

Rayleigh, Lord, On the instability of jets, Proc.
London Math. Soc. 10, 4 (1879) .

Rayleagh, Lord, On the capillary phenomena of jets,
Proc. Roy. Soc., (London) A29, 71 (1879) .

Rayleigh, Lord, On the instabaility of a cylinder of
viscous liquad under capillary forces, Phil. Mag.
34, 145 (1892) .

Rayleigh, Loxrd, On the instability of cylindrical
fluid surfaces, Phil. Mag. 34, 177 (1892).

Rubin, H. and C., Elata, Stability of Coeutte flow of
darlute polymer solutions, Phys. Fluids 4, 1929 (1966) .

Savart, F., Notes on the behavior of liquid jets
ejected from thin walled circular orifices, Ann. Chim,.
53, 337 (1833).

Savins, J.G., Some comments on the pumping requirements
for non-Newtonian fluids, J. Inst. Petrol, 47, 329 -
(1961).

Schwarz, W.H. and C. Bruce, Rheological properties of
ronic and non-ionic polyacrylamide solutions, submitted
for publication, Standford Univ,

Seyer, F.A. and A.B. Metzner, Turbulent flow properties
of viscoelastic fluads, Canad. J. Chem. Eng. 45, 121
{(1967) .

Slattery, J.C. and W.R. Schowalter, Effect of surface

tension on the measurement of the average normal stress
at the exit of a capillary tube through an analysis of
the capillary jet, J. Appl. Poly. Sci, 8, 1941 (1964) .

Smith, S.W.J. and H.Moss, Experiments with mercury
Jets, Proc. Roy. Soc. {(Liondon) A93, 373 {1917) .

Spriggs, T.W., J.D. Huppler and R,B., Bird, An
experimental appraisal of wviscoelastic models, Trans.
Scc. Rheol. 10, 191 (1966).



82.

83.

84,

85,

86.

87.

88.

89.

20.

91,

92,

93.

%94,

95,

223

Stuart, J.T., On the non-linear mechanics of hydro=
dynamic stabilaity, J. Fluid Mech. 4, 1 (1958) .

Taylor, G.I., Stability of a viscous liquid contained
between two rotating g<¢ylinders, Phil, Trans. Roy. Soc.
A223, 289 (1923) .

Toms, B.A., Some observations on the flow of linear
polymer solutions through stxaight tubes at large
Reynolds numbers, Proc. Int'l. Cong. Rheol., Holland,
1948, North=Heolland Publ. Co., Amsterdam, 1949 .

Tyler, E., 1lnstability of liquid jets, Phil., Mag. 16,
504 (1933).

Tyler, E. and E.G. Richardson, The characterastic
curves of liquid jets, Proc. Phys. Soc. London 37,
297 (1925) .

Tyler, E. and F. Watkin, Experiments with capillary
Jjets, Phil, Mag. 14, 849 (1932).

Van Wazer, J.R., J.W. Lyons, K.Y, Kim and RquiCOlWEll,
"Wiscosity and Flow Measurement”, Tnterscience, New
York, 1966 .,

Weber, C.,, Disintegration of a liquid jet, Z. angew.
Math. Mech. 11, 136 (1931) .

Weissenberg, XK., A continuum theory of rheological
phenomena, Nature 159, 310 (1947) .

Wells, C.S8. Jr., Anomalous turbulent flow of non-
Newtonian fluids, AIRA J. 3, 1800 (1965) .

White, J.L., Dynamics of viscoelastic fluids; melt
fracture and rheclogy of fiber spinning, J. Appl.
Poly. Sci. 8, 2339 (1964) .

Wilcox, J.D., R.K. June, H.,A. Brown Jr, and R.C. Kelly,
Retardation of drop breakup in high velocity air stream
by polymeric modifiers, J. Appl. Pely. Sci, 5, 1 (1961)

Yerushalmi, J., The stabilaity of a filament of a visco-
elastic fluid, Ph.D. thesis in chem. eng., City Univ.
of New York, 1969.

Ziabacki, A. and K. Kedzierska, Mechanical aspects of
fiber spinning process ih molten polymers = I. stream
diameter and velocaity distribution along the spinning
way. Kolloid Z. 171, 51 (1960) .



THE CITY COLLEGE RESEARCH FOUNDATION
THE CITY COLLEGE of THE CITY UNIVERSITY of NEW YORK

\ H
Convent Avenue at 138th Street, New York, New York 10031

Telephone (212) 281-0470, (212) 368-1444



