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ABSTRACT

The problem of the determination of optimal time-invariant cutput
feedback controllers for linear dynamic systems with gquadratic cost
functionals is considered. Two distinet cases arise, depending on whether
optimization ig over a finite or a semi-infinite ftime interval.

For the semi-infinite time interval problem a gain initialization
technique is derived to complement existing optimization techniques. The
gain initialization technique determines the feedback gains required to
{locally) maximize the system stability, A computational algorithm for
the technique is incorporated in & digital computer program, and is used
to stabilize a seven state model of a Saturn V booster rocket,

For the finite time interval problem a technique is derived to
(locally) miniﬁize the expected value of the cost functional., The
technique uses the concept of Initial State Averaging. A computational
algovrithm is provided and incorporated in a digital computer program. The

technique is illustrated by three examples,



CHAPTER I

INTRODUCTICN

I.l Motivation

During the past decade much excellent work has been done in the field
of Optimal Control Theory. Many books and a great number of technical
papers have been published - the Bibliography of this report cites only a
small portion of the total. WNot 2ll of thls work has been purely thepreti-
cal. A substantial background has been developed in the important practical
- area of computation and it has for several years been feasible to determine
optimal controllers for a wide variety of physical systens.

It would he expected that practical applications of this theory‘WDuld
have gppeared in abundance. Qptimization is the essence of all good
engineering design, and practicing engineers should seire upon any techniques
which might aid them in their work. Application of the new technigues
has, however, been disappointingly slow. With a few notable exceptions
the practical design of control systems has remgined based on the transfer-
funetion techniques developed prior to the 1960's.

The explanation of the above paradox is widely recognized. It lies
in the nature of the word "optimal", which is meaningless without a criberion
of optimality. By and large, control theorists have used criteria of
optimality dependent only on the performance of the control system. Design
engineers, on the other hand, interpret "optimal" as embracing both system
performance and system cost.  The difference may be best illustrated by a
simple example.

Consider the problem of designing a speed control device for a cheap

movie camera. The objective is tc ensure that sixteen frames of film are



exposed per sgecond regardlesg of film tension, state of charge of the

motor batteries, ete. The could be interpreted as comprising an gxample

of the state-regulator problem in Optimal Control Theory, with the‘follQWQQg .
method of analysis. The equations governing the film transportation are

determined and linearized to the form
x(t) = & x(t) + B u(t) (L,2n2)

where x(t) is an NS-vector describing the deviation of the system .
from its desired state at time +t
u(t) is an NC-vector defining the control inputs at time %
A and B are matrices whose elements depend on the characters ‘
istics of the system,

A cost functional is formulated hawving the form

T
7= £T) T (1) + f [0 ex@ + ') ru@)] az (1.2-2)
0

where T is the duration of the scene to be filmed. The objectivie is to
debtermine the control input .E(t) for + ¢ [O s T] which minimizes the
cost functional J. The positive semi-definite matrices F and Q areg
chosen to penalize any given control system for the deviations it allows
from the desired state. The positive definite matrix R 1ig a penalty for
improvident usage of control power (i.e., battery energy). The solubion

t0 the problem defined by (I.l-1) and (I.1-2) can be shown2 to be
u(t) = -B B D(%) x(t) (1.143)
where D(t) satisfies the matrix Riccati equation

-1 BT

B(t) = -D(t) & ~ ATD(t) + D(t) BR™ B'D(%) - q (T,1-1)



with
D(T) = F (I.1-5)

Defining
T -1 T
K (t) = R~ B D(t) (I.1-6)
and re-writing (I.1-3) as

u(t) = K (%) x(t) | (T.3-7)

)

we see that the optimal control input cen be gemerated as a time~vamying
linear combination of all of the states of the system. We note in passing
that the less-fastidious photographer, villing to edit a few frames from
‘the beginning and end of each scene and settle for gopd steady state
perfqrmance, would be rewarded by gimplification of the controller to the

fbrm2
u(t) = -k x(t) L (1.1-8)

This time-invariant controller would be much simpier to mechanize than
that described by (I.1-T).

Now consider that speed control of the typical cheap movie camers is
achieved by means of a simple flyball governor driving an on/off switch
between the batteries and the motor. The Tlyball governor, invented by
James Watt in 1788, was the first widely used automatic feedback con’qrollg—zr.5
In its simpler form it suffers frcm""hunting" about the set point. In dts
application to the movie camera it is driven by the single system state,
motor speed. The single feedback gain can be congidered as cpnstant in
the vicinity of the set point. It is clear that the flyball governor does

not satisfy the requirements for an optimal controller as defined by (I,1-7).



Yet the flyball governor is indeed an optimal controller in the best
engineering sense. It does an acceptable job at minimum cost. The
mechanization of the "optimal" controller defined by (I.1-7) on the other
hand, would be prohibitively expensive. It would require measurement and
feedback of all system states., It would also require a digital computer
to caleulate and gtore the time-varying feg&back gaing for each scene to
be filmed.

It should be clear from the above that the allowable degree of
complexity of a contro; system is often constrained By considerations of
cost. Welght, relliability and common engineering.sense similarly often
Aictate simplicity. What the control system designer wants thgn is not
that system which performs in the best possible mamner. Rather he Wishés
the best possible performance for a given degree of complexity, This
problem is considerably more difficult than that defined by (I.1-1) and
(1.1-2)., It must however, be solved if the benefits of optimal control
are ever to be realized for the majority of potential applications.

This report considers a portion of the general problem of gplimizatien
within a given degree of control system complexity., Only linear systems
with quadratic cost funciionals are considered. Such combinations may be
deseribed by (I.1-1) and (I.1-2). The allowable degree of complexity of
the controller is assumed to be time-invariant feedback of the system outputs
only. The system outputs are those gquantities which can be measured, and
in most cases provide less than a full description of the system state at
any time, The above limitations axe those which are normally applied in
classical control system analysis technigues. Thus this report seeks to

optimize the classical controller, without increasing its complexity.



T.2 Historical Review

Tt iz generally conceded that control system design prior to the
Second World War was primarily an art. The techniques used were often
empirical and thus confined to particular classes of problems. This
situation was largely eliminagted by the contributions of Nyquist,6
BodeT and Evans8 who established the theory and techniques of control
system design which predominate in practical work even today. These
techniques, however, are most suited to the design of relatively simple
systems. They work best for systems having a gingle inpub and a single
output rela;ted by a transfer function. Also these techniques are purely
analytical and cannot be used to directly synthesize a conitrol system,

The problem of synthesis was first tackled by 1;\I:i.ene;~9

» who considered
the optimization of linear filters. This work was exbended o gontrol
systems by Newbon, Gould and Kq,iserlo, who, however, still retained the
transfer-function approach; +their technique was to determine the wvalues
of system parameters required to minimize a cost functional for a specific
perturbation of the system. Tt is significant that they made use of the
‘Calculus of Variations in their approach Lo this problem. The extension
to the classical Calculus of Variations provided by Ponbryagin's Maximum
Principle, L and the control problem framework provided by Ka.:l:.nanl2 finally
brought Optimal Control Theory to maturity. This maturity, combined with
the state-varisble formulation presented by DeRusso, Roy and Closel and
the increasing capability of digitai computers, finally allowed the deter~
mination of optimal contyollers for & wide variety of systems.

The early excitment at the disclosure of the ability to compute
optimal controllers faded when it was realized that such controllers were

very difficult to mechanize, The reasons for this difficulty are twofold.

Firgt, an opbimal controller reguires knowledge of the complete state of



the system. It may not, however, be feasible to measure all system states.
Secondly, for finite time duration pyoblems an optimal controller requires
time~varying feedback,

There are two fundamental approaches to elimination of the first
difficulty. The approach taken by Kalman and Bucyl3‘was to estimate the
unmeasurable states from the (noise corrupted) system outpubs or measurable
states., This approach was extended by LuenbergerllL and again by Ash15.
Estimation of the unmeasurable states allows the mechanization of a yegular
optimal controller. Note, however, that it addes the complexities of a
state estimabtor to those of the optimal controller.

The second approach to the problem of wmeasurable states is to
design a controller which uses only the available information, Such a
controller will be "sub-optimal” in the mathematical sense of minimizing
a cost functionzl such ag that described by (I.1-2). It may well, however,
be optimal in the engineering sense. This approach has been tried by a
number of people. Newbton, Gould and Kaiserlo egsentially advocated such
controllers, but optimized them for specific system digturbances. (onsid-
eration of only a specific disturbance is equivalent to imposing a specific
initial condition on the system to be controlled. Max-min techniques
were developed in an attempt to eliminate the dependence of the solutlon

on the chosen initial condition.l6’17

In the max-min procedure the

maximum system cost with respect to a set of jinitial conditions is minimized
with respect to the system feedback gains. It still remains to chooge an
appropriate set of initial conditions. Rekasiu318 circumvented this
problem by considering the initial condition giving the maximum ratio of
output feedback cost to allstate feedback cost but was still limited to

19

design for this specific initial condition. ILevine™ determined the



controller which was optimal in an average éense and computed time varying
feedback gains for the cage of the finite time-interval problem. For the
semi-infinite time interval problem he required his feedback gains to be
time~invariant. Gaﬁsidy2o considered the minimization of a modified cost

functional having the form

T

[
It
ol =~

T

f (' xlr+x Wrx fy+u R)aT (1.2-1)
0

where the matrices Q and ﬁ were chosen to ensure that the feedbgtk
gains for the unavailable states were zero. The resultant feedback gains
were again time-varying for a finite time‘iqterval, time-invariant for thé
semi-ihfinite time interval. -

It is considered that the approaches used by Levine and Gassidy are
the most satisfactory of those considered, since they are both completely
independent of initial conditions. They both, however, result in time-
varying gains for the finite time-interval cagze. For the semi-infinite
time interval both give constant feedback gains, but use computational
algorithms which require initialization by a set of stabilizing feedback
gains. ‘

The problem of determining stabilizing output-feedback gains f;r
complex systems has not, to the author's knowledge, been satisfactorily
solyved, KoenigsbergEl hag considered local gtability maxima, bub his
computational algorithm is felt to be inefficient. Jamg—:son22 and Damisong3
have ghown that as many system roots as there are feedback states can be
arpitrarily determined, but the remaining roots are then unconstrained.

A solution to the problem of determining optimal constant or piecewise

constant feedback gains for a finite time interval has been derived by



Kleinman, Fortmann and Athans.25 As with Levine,l9 they considered

optimality in an average sense, but confined attention to the allstate

feedback case.

I.3 Scope and Contribution of This Work

This report considers the determination of optimal time-invariant

output feedback control gains for systems which can be described by the

equation
() = A x(t) + B u(t) (I.3-1)

where x(t) is an NS-vector describing the state of the system at fime t
u(t) 1is an NC-vector.describing the control inputs at time t
A,B  are time invariant matrices of appropriate order.

Tt is assumed, without loss of generality, that the system outputs
are the first WF states. If this is not the case then a new set of state
variables may be obtained as follows to satisfy the assumpbion. Suppose
that the system described by (I.3-1) has NF independent oubputs y(t)

given by

y(t) = ¢ x(%) + D u(t) : (1.3-2)
We shall require that

u(t) = - K (%) (1.3-3)
where K is the time-invariant matrix of feedback gains., Thus

[I + DKT] y(t) = ¢ x(%) (I.3-4)

. T
where I dis the identity matrix of order NF. Assuming [I + DK ] to

be non~singular gives


http:Athans.25

y(%) = T x(t) (1.3-5)

where

8=[I+mﬂ4 ¢ (T.3-6)

We note that in most cases D will be zero, leaving 8 equal to C. We
now form the vector R(t) comprising any (WS - NF) of the x(t) stgte
variables which are independent of the y(t) ~wvariables. We note that
such variables mpst exist since x(t) spans NS space while y(%) gnly

spans NF space. Appending X(t) to y(t) gives

y(t)
z(t) = | = x(t) (1.3-7)
() Ip
where Ip 1is a permutation maitrix describing how E(t) was chosen {rom
x(t).

* Tt follows ithat

g
HORE (t) (.3-8)
Tp
i.e.,
C c
z(t) = A x(t) + B u(t) (I.3-9)
Ip -] Ip
Thus, from (T.3-7)
C C -1 c
z(t) = A z(t) + B u(t) (1.3-10)

Tp In Ip
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and E(t) is the desired state-vector having its first NF stabtes as the
system outputs.
Thus the control inputs wu(t) for the system described by (I.3-1) are

to be optimized over the set

u(t) = - k¥ x(t) (T.3-11)

where K,-the time Invariant matrix of feedback gains, is constrained to
the form e

P e
] )

K =|""""7 NS (1,3-12)

The cost Tunctional is assumed to be of the form

T

T =z (1) F (1) + I[ET(I') Qe(T) + v (%) R u(@)] ar (1,3-13)
. 0

where F and @ are positive semi-definite
R is positive definite

and optimization is over the time interval [O 4 T].

Two separate cases are investigated. For the gase vhere the Termingl
time T is infinite it is considered that the technigques presented by
19

‘either Levine ” or Cassidyeo are adequate. Both thege techniques, however,

require initialization fy stabilizigg feedback gains. In praptice, indeed
the author has found that feedback ééins giving marginal stability may be
inadequate, due to numerical considerations. Chapter II of this repoxt
therefore presents a computational algorithm designed to find feedback
gains of the form given by (I.3-12) such that the system stability is driven

to & local maximuym. Note that meximum stability is here defined to mean



that the least stable of the system roots is made as stable as possible.
The algorithm presented is felt to be superior to that given by Koen:i.g;gbe::r'gg"?L
in that it is computationally faster.

For the case where the terminal time T 1is finite, an approach is
taken similar to that used by Levinel9, except that the feedback gains are
required to be time-invariant. The resulting theory is pregented in
Chapter 11T, together with g computational algorithm to allow the detep-
mination of the optimal gains.

It is felt that this report will help to fill some of the gaps in the
existing ability to determine pra.ctioal feedback controllers which are

optimal in the engineering sense,
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CHAPTER IT

THE GAIN INITTALIZATION PROBLEM

II.1 Introduciion

The problem of determination of the output feedback gaing required
to stabilize a dynamic system is an interesting ore in its own right. In
thie report, however, we are concerned with the determination of such gains
as a pre-requisite to the gpplication of optimization technigques.

19

Both Levine and Cassidyeo have congidered the deterlpina,tion of
optimal cutput feedback controllers for linear sysfems. Both }iave derived
iterative technigques resulting in time invariant feedback gains when the
system is optimized over the semi-infinite time interval [0, oo] « Each

techmiqgue, however, requires initialization with a set of stabilizing

feedback gains in order to ensure convergence of the computational algorithm.

Based on the author's practic-:a,l experience26 with C'a.ssidy's technigue
it appears that an extra regquirement on initial system stability may be
added when the opbimization algorithms are mechanized on a digital computer.
Tt was found that with low order systems (five states or less) margindl
stability was sufficient tp ensure convergence of the optimization algorithm,
When a twenty-one state model of the Saturn V booster rocket was considered,
however, initialization by feedback gaing giving marginal stability was
insufficient to cause convergence, This was Jjudged To be due to numerical
truncation resulting from the finite word length in the digital computer.
The problem was solved by computing a new set of feedback gains giving
better than marginal stability. Re-initialization of the optimization
algorithm with the new feedback gains resulted in convergence. It is

considered likely that Levine!s. algorithm would have similar characteristics.
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It ié clear that pracbical application of Tevine's and Cassidy's
techniques requires a method for determination of stabilizing output
feedback gains. It would be desirable that the gains give more than
marginal stability. A method is described in this Chapter for deter-

mination of such gains, when they exist.

IT.2 Theory of the Gain Tnitialization Technique

The problem under consideration is as follows. Given the system
(%) = & x(t) + B u(t) . (I1.2-1)

where x(t) is an NS-vector describing the state of the system at
time +
E(t) is an NC-vector describing t‘he control inputs at Ttime %
A,B  are matrices whose elements depend on the characteristics
of the system

with

u(t) = K x(t) (1T.2-2)
where K is a matrix of feedback gains such that

. T

#(t) = [A.~ BK ] x(t) (11.2-3)

where K is constrained to the form
N¢

kij } N
K = jr-=--- NS (11.2-4)

how should the feedback gain matrix K be n}odified, within the constraints
of (IT.2-4) to increase the stability of the least stable eigenvalue of

(1T.2-3)
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o7

The solution hhinges on an expression given by Fadeev and Fadeeva
for the sensitivity of an eigenvalue of a matrix to a parameter of the
matrix, Given any eigenvalue A and corresponding row and column eigen-
vectors ET and w of a square matrix D, the sensitivity of the

eigenvalue to a parameter «o of the matrix is given by

T 3D

v W
dan - an—-
o 5 T (IT.2-5)
y v
We note that v and w satisfy
Dy = A (11.2-6)

Dy = ¥ (II.2-7)

To apply (II.2-5) to the system described by (II.2-3) and (IT,.2-4)

we note that

S [a-mxT) ‘ :
= = |0y b i O (1T.2-8)
é kpq- [ ' q_ ] ]
L P
th

P column

where Eq is the qth column of the matrix B. Thus if hi is any
eigenvalue of (II.2-3) and if lriT and W; are corresponding row aend

colunn eigenvectors we see that

pth column
ey
A}\i XiT[OEE ; O]—:J.
Yy B (11.2-9)
Pe Yo%
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The gensitivity of the real part of hi to the real feedback gain
qu is simply the real part of the right hand gide of (II.2-9).
Suppose now that it is desired to decrease the real part of ki.

The direction of the steepest descent in feedback gain space is defined

by the gradient matrix ¢ where

= Re 2 IT,2-10)
8pg * 3K (IT,2-1Q

bg

1_’ L) NF‘

k=]
i

q=l, LR NC

IT.3 The Gain Initlalization Algorithm

A gain Initialization algorithm hag been derived from the expressiong
glven in (IIZ.2-9) and (I1.2-10), and has been incorporated in the digital
computer program GRADGN. A listing of the program GRADGN is given in
Avpendix I. A description of the algorithm/program follows.

The aglgorithm is iterative. It increases the stability of the least
gtable eigenvalue of the gystem at each step. If, during a given interation
a new eigenvalue should become less stable than the one being operated on,
this fact ig taken into account in fybsequent iterations.

Consider the rearrangement of the variable elements of the feedback
gain matrix K into an NF x NC vector ’%". The rearrangement is

performed by column ordering of K so that

o0
= I.3-
*oq Sa-1)mF + (11.3-1)

The gradient matrix G is similarly rearranged giving

G (11.3-2)

_ Do
pa (q-1)NF + p
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The steepest descent method requires that variations in the gain

gD u
vector K must lie along the negabive of the gradient vector ﬂG .

Thus

AK" =~p G (I1.3-3)

where [ 1is a positive constant determined by the step sime to be taken
and HAKH is a variation in the gain vector. Supposé now that we wish
to determine the variation uAKu in the -ga,in vector l:'K!! I-'equ-ired to
cause a small negabive change A Re{hi] in the real part of the eigen-

value }»i. The varistion "A Ka may be computed from the relationship

18T PR® - ARe 3 _ (TT.3-})

When the wariation UAKH lies in the direction of gteepest descent

then, from (IT.3-3) and (II.3-U4)

S wfe’ = arefnd (II.3-5)
Whence
~ARe{ A,
po= -"—n—;'"':"L}é (11.,3-6)
(K
end so
-ARe{ .
"ax’ = “Tr“%l (3 (11.3-7)
[1*"]]

When the variation ARe {;\i'g is sufficiently small the system
n
corresponding to the feedback gains (nKa + BAK ) should have an eigen-

value whose real part approximates Re i?\.i'lj + A Re{)\i}.
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Tt remains to determine suitable values for the step size AJRe{}W}.
It is assumed that in most cases a user of GRADGH will have little ides
of what comprises a suitable step size., The step size is therefore varied
adaptively based on experience with previous lterations. The initial step
size may either be assigned by the user or given a default value of -0.1.
In elther case the initial step slze is used as a program criterion for
terminagtion due to didminishing rebturns. Should twe successive iterations
of the program fail to improve the stability by the inltial step size,
the program is terminated. It should be noted that apart from its use as
a termination control the program is quite insepsitive to the dnitial setp
give, due to the rapidity of the step size adaptation.

The adaptation control for a given iterative step is deserihed by
Figure II.3-1. One of two basic step size adjustments is utilized, depending
on the convexity of the trajectory of the least stable eigenvalue. I the
trajectory is sufficiently comvex then a quadratic curve ig fifted to two
points on the trajectory and the trajectory gradient at one of the points,
This procedure is illustrated by Figure II.3-2, The gain vector corresponding
to the minimum point of the quadratic curve is computed and tested for
stability. Tf the trajectory is insufficiently convex then the step sizge
is doubled. One or both of these procedures may be used repeatedly during
a gingle iteration. Note that oniy one gradient vector is computel per
itergtion.

The initiation point for the next iteration is always the most stable
gain vector found. The starting step size for the next iteration is set
to one half of the current improvement in the least stable eigenvalue.

This allows the step size to be changed by several orders of the magnitude
in either direction during a single iteration, while sllowing for the

decreasing rate of improvement as a stability maximum is approached.



Kl, M A?\.E - from previous iteration

G, - computed from (I1.2-9), (IT.2-10) and (II.3-2)

B!

point

FIGURE IT.3-1
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The compuber program GRADGN incorporabtes an option for the degree
of stability required for termination. Setting the input parameter ISTOP
to zero instructs the program to maximize stability. Termination is then
initiated by reaching a point of diminishing returns, as mentioned above.
If I8TOP is set of 1 a minimum desired degree of s‘babili‘by, STOPR, mzy be
input to the program. The program then terminates when the real part of

the least stable eigenvalue beccmes less than STOPR.

IT.% FExample of the Use of the Gain Initialization Program GRADGN

The use of the gain initialization program GRADGN is illustra;ted in
this Section by output feedback stabilizatlon of a seven state model of
the Saturn V booster rocket. The model represents the rocket dynamics ;3,’5
a point occuring 80 seconds after 1lift-off.

The seven states congidered are

¥ = measured pitch attitude angle ¢D
x, = measured pitch rate 5253
x3 = sgerodynamic angle of attack «

¥, = first bending mode defiection Tll

X5 = first bending mode deflection rate Tz 1
X = engine gimbal angle B
};7 = engine gimbal angle rate Ei

It is assumed that only the first two states % and X, are to
be measured. Thus only these two states are available for feedback.
Control is achieved via an actuator driving the engine gimbal angle at a

rate proportional to the actuwator input.



The model may be represented by

with

where

x(%)

u(t)

A x(%) + b u(t)

-4k, 67 -.1337 2846 O.

-k, % (8) - ky 7,(t)

0. 0. 0. 0.
~.6535 -.,0020 2.558 0.
L0002 -,0146  -,0334 0.

0. 1. Q. 0.

O- Qo Q- l-

0. 0. ~-50. -lO.J

2
The derivation of this model is described by Cassidy. 0

The program GRADGN was used to debermine the feedback gains

1;2 corresponding to a local stabllity maximum of the above system.

program output is given in Figure II.h-1.

1
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(IT.k-1)

(IT.4-2)

(IT.4-3)

(11.4-5)

and

The
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In order to verify that GRADGN did indeed attain a stability maximum,
the eigenvalues of the system described by (II.k-1) to (IT.h-L4) were
obtained for a matrix of feedback gains. The values of the real parts of
the least stable eigenvalues were cross-plotted against the feedback gains,
resulting in the equi-stability contours shown in Figure II.4-2, The gain
trajectory produced by GRADGN is superimposed on Figure IT.L4-2, The
steepest descent nabure of GRADGN, and the fact that a stqbility'maxﬁmﬂn
was achieved (within the limits of the diminishing returns termirstion)

are evident from Figure IT.4k-2.

TI.5 Comments on Gain Imitialization

The digital computer program GRADGN clearly provides a way Lo improve
the stability of a system by output feedback. As such it is g ugeful
adjuncet to the output feedback optimizabion techniques of (Jassidy and
Levine., It must be remembered, however, that GRADGN is designed to £ind
purely lecal stability maxima. Thus it may on occasion fail to find
feedback gains giving sufficlent stability for initialization of the
optimization algorithms, even though such gains actually exist. In an
attempt to ameliorate this problem, provision has been included in GRADGN
for initializing its gain search at any desired location. Thus any desired
volume of gain space may be searched by initializing GRADGN at a guitable
mmiber of discrete points,

Since GRADGN is designed to perform a similar function to Koenigsberg?321
algorithm, a comparison of the two technique's may be pertinent. Both are
gradient technigques and both use adaptive step size variation, although
Koenigsherg's adaptation procedure is much simpler than that used in GRADGN.

A major difference occurs in the computation of the gradient. Koenigsberg's
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gradient computation is based on Red.dy'330 expression

3 My Tr (conjoint [A] -——g—‘i-])
— = — & (II.5-1)
S Tr (conjoint [A})

?x.:kk

for the sensitivity of the eigenvglue A, of the matrix A To the matrix

k

parameter O:p. The conjoint is defined by
conjoint [A] = adjoint [A - N I] (IT.5-2)

The equivalent expression used by GRADGN is (from (II.2-5))

T & A -
3, T S -
_ b (11.5-3)
éap VT W

where v and w respectively are the row and column eigenvectors of the

matrix A corresponding to the eigenvalue kk. Equation (II1.5-3) may be

expanded to
s NS
Z Z dA -
3 M Vi aap J
~ kA=t y=b ij (TT.5-4)
(84
3, NS NS
Yy v oW
1 dJ
i=1 j=1
which may be reordered to
N3 NS
QA
3 Z Z KRG [aap] ij
kK J=1 d=1 (IT.5-5)
2@, N3 NS .

j=1 i=1



3k

Ingpection of (II.5-5) shows it to be the same as

tr WVT_EJA'_
ékk - = éap ( .
—— = II75_ )
éocp or [EET]

Now the determination of a column eigenvector of a mabrix mey be
achieved by the computation of only one column of the conjoint. Van Ness‘29
EIGVEC, used for eigenvector compubation in GRADGN, giveg both row and
column eigenvectors with asbcut the same computational effort as is required
for only a column eigenvector. Thus (II.5-6) is computationally mpre
efficient than (II.5-1). However (II.5-6) is simply (II.5-3) with each
vector inner product replaced by the trace of a vector outer product, so

thet (II.5-3) is clearly preferable to (II.5-6) especially for systems of

high ordsr.
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CHAPTER TIT
THE FINITE TIME INTERVAL PROBLEM

I1T.1 Introduction

In this Chapter we are concerned with the determination of the

optimal time invariant ocutput feedback controller for the system

z(t) = A x(t) + B u(t) (ITT.1-1)

where x(t) is a NS vector
u(t) is a NC vector

with the cost funectional

T
J = ET(T) Fox(T) + f_;gT(r) Q x(¥) + ET(?:) R yl(z) atv (T17.1;-2)
0

where T is a fixed finite time and #, Q, R are suitably positive

(semi) definite, Thus we require

u(t) = K x(t)- (I1T,1-3)

and constrain X To be of the form

s } F

K= [==--- NS (TIT.1-4)

Two items set this problem apert from the rormel Linear-quadratic
state regulator problem. These are the requirement for output feedback
control snd the requirement for the time-invariant feedback gaﬁns. It is
remarkable that each of these requirements has been individually satisfied

by different investigators, but by the use of similer technigues. Levine19
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used the Initial Stabe Averaging (I.S.A.) technique to debermine the
opbimal time-variable output feedback controller for the system (IIT.1-1)
with the cost functienal (IIT.1-2). On the other hand Kileinman, Fortmenn
and Athan325 used I,8.A, to determine the optimal time-invariantf allstate
feedback controller. This report considers the use of I.35.A. to solve
both reguirements simultaneously. ’

The thecry underlying the I.S.A. approach is presented in Section

I7T.2

ITE.2 Theory of the Initial State Averaging Technidue

The solution to the problem posed by (IIT.1-1) to (III.1-3) is
utnderdefined in the sense that the op£imal contrpller is a function of the
undefined initial condition E(O)' In general each different initial
condition requires a different setl of.feedback gains, Since no single
controller can minimize the cost functiona} for all initial conditions
it seems wise %to seek that controller which minimizes the expected value
of the cost functional. This is the rationale behind I.S.A.

From (III.1-1) and (IIT.1-3) we see that

x(t) = & x(t) (III.2-1)
where
2- [A - BK;T] (T1T,2-1)

Thus for a given initial condition x(0)

x(t) = @§(t) x(0) (II1.2-3)

where @(t) is the state transition matrix of 2 end is defined by

g(t) =2 g(t) (I1T,2-4)
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g(o) =T (IIr.2-5)

Since we are dealing only with linear time~invariant systems we havel
N
#(t) = exp [At] (ITT.2-6)

Repeating (ITT.1-2)
T
J = :_ET(T) F x(T) + fggT('l') Q x(2) + gT('r) R u(z) 4% (III.2-7)
0
Using (I1I.1-3) reduces this to
T
J = §T(T) F x(T) + fx.T(‘l') [Q, + KRKT] x(Z) at . (II11.2-8)
0 .

whenee, by (III.2-3)
T
7 = x(0)T ¢5(1) T #(7) x(0) + sz(o) ') [+ m]
(3]

() x(0) ar - (111.2-9)

Moving the time inverienmt x(0) oubside the integration reduces (III.2-9)

to
T

7 = x(0)" [ g°(T) ® B(T) + f?iT(’C) [Q + KRKT]szi('r) d?-']gg(o) (II.2-10)
5

which may be rewritten as

T = _:_cT(er) P x(0) ‘ | (III.2-11)
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where
T
P= ;ziT(T) F ¢(T) + fgéT('r) [Q+ KRKT] @(r) 4T (I1T.2-12)
0
Thus
E[J] = E [xT(o) P x (o)] (TII,2-13)
il.e.,
NE& NS
E[J] - Z Z %, (0) By %,(0) (TIT.2-1k)
i=l  j=1 ‘

Now consider the xi(O), i=1, ..., N8 to be random variable whose
distributions are dependent on the distribution of the initial conditions
in state space. Then E[J ] is given by (JIII.2~11L) as the expected value
of a finite sum of random variables. But the expected value of a finite

sum of random variazbles is egual to The sum of the expected values. Thus

Z Z %;(0) Py J-(0)] (II_I.2-15)

i=1 =1

Rearranging (I‘II.2~15) gives

NS NS
E[J] - Z Z [13 x, (0) x, (o)] (T1I.2-16)
iol  j=1 .

It is clear from (III.2-12) that the Pij in (IIT.2-16) do not depend on

the xi(o) or the Xj(O). Thus (IIT.2-16) can be rewritten as

[ ] Z Z Pi3 X (0) =, (0)] (III.2-17)

i=1  j=1
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Suppose now that each of the xi(O) has zero mean and that we can estimate

the covariance mabtrix V of the initial conditions in stabte space, i.e.,

L E[xi(O) xj(o)] : (T71.2-18)

Then, from (IIT.2-17) and (III.2-18)

NS NS
E[J] = Z Z Pij Vij (1I1.2-19)
i=1  j=1
whence
E[J] = Tr [Pv] (IIT.2-20)

FWow consider that the system described by (IIT.1-1), (ITI.1~3) and
(ITT.1-4) is linear. Thus superposition holds and the system response can
be scaled up or down with the magnitude of the initial conditions, This
implies that the response of the systen to an initial condition lying on
the surface of the unit hypersphere in stale space characterizes the
response to any colinear initial condition state vector. Furthermore it
is clear from (III.1-2) that if any initial condition is ratioed by an
amount ¥ then the cost is ratioed by rg. These two facts imply that
the costs assocclated with the set of initisl conditions lying on the surface
of the unit hypersphere is state space can be used to conveniently charac-
terize the costs for all initial conditions. It is shown below that with
little loss ol generality attention may be confined to a uwniform distribution
of the initial condiftions on the surface of the unit hypersphere.

Suppose that the covariance matrix V is non-singular with inverse
v, Suppose also that the sguare root of vt exists, and let it be
denoted by V'l/g. Consider the description of the system (ITI.2-1) in

terms of & new set of state varisbles y(t) defined by
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y(t} = (l\TS)"l/2 /2 x(%) (III.2-21)
Then (IIT.2-1) becomes

(l\TS)l/2 1/2 ;}_,(t) = :“\L(NS):L/2 /2 y(%) (III.2-22)
i.e.,

(%) =V-1/2 A V1/2

y{t) (III.2-23)

wiich is similar in form to (IIT.2-1).

Also we find that

E[X(O) _:gT(o)] - E[Ns’l/2 v/2 x(0) x%(0) (ws)™L/2 V"l/g] (IIT.2-24)

Thus
o Y] - o)™ [Z z "1/2] x,(0) x (0)[v/?] ]
p=1 g=1 4
(ITT,2-25)
Interchanging finite sum and expectation gives
NS WS
E[_F_CO) f(o)] ~w* Y ¥ ["1/2. x(0) x(0)
: ] p=1 g=1
[v"l/ 2] ] (TTT.2-26)
aj .

NS
= ()™ Z Z —1/2]139 pq[ 1/2]913‘ (Trt.2-27)

_.l q_zl
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="1J\L'I"s' [v’l/e v v"1/2] (I11.2-28)
ij
1
=38 [I] ij (III.2-29)

where I is the identity matrix of order NS.

Thus the covariance matrix of the initial state vector y(0) is
compatible with a uniform distribution of the y(0) wvector on the surface
of the unit hypersphere. Since such a distribution is conveniént and since
we can, within the limitations of the non-stringent assumptions made ahove,
transform our initial state vector so that it is compatible with this

distribution, we shall hereafter sssume that
V=35 I _ (1IT.2-30)
Thus, from (IIT.2-20) we see that
e 1] =% t [¢] (TI1.2-31)
NS ’

and our T,S.A. optimal conbrol is that which minimizes %—S" tr [P] where

P is given by (IITI.2-12).

ITT.3 The Initial State Averaging Algprithm

The objective of the I.S.A. algorithm is to determine that gain
matrix K which minimizes the average cost of control as given by (T1T.2-31)
under the constraint thst K must be of the form given by (ITI.1-h).

Thus we wish to minimize the gain function GF given by

T
GF = %’s’ tr [¢T(T)F #(T) + ISD'T(?-’) [Q+ KRKT'] pT) d?—'] (ITI.3-1)
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Now for any two matrices A and B of suitable dimensions we have
the trace identity
tr [AB] - [BA] (IIT.3-2)
Using (ITT.3-2) and the fact that the integral of g matrix is the matrix

of the integrals of the elements reduces (ITI.3-1) to

T ;
GF = %-S- br [F g(ry ¢5(T) + (Q + KEK') f;zs(r) 6 () d?.'] (III.3-3)
0

Since the variable elements of the gain matrix K are unconstrained the

necegsary conditions for K to minimize GF are given by

aGF .

SE— = 0 _ (IIT.3-4)
1]

i = l, ree) NF

j=1, ..., NC

Expending (III.3-4) gives the necessary conditions as

tr F[%%—;&ST+¢%;£] [2;‘; R K + KR 53— ]f¢¢TdT
13 13

T
T r 3¢ T éQT
+ [Q+ XRK ] 7+ @ aT|= 0 (I11.3-5)

where the arguments of the ¢ functions have been dropped for clarity.

Now Tfor any matrices A and B

tr [A] = tr [AT] ' (III.3-6)
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and

tr [A+B] = & [A] + tr [B] (TII.3-7)

Thus in (III.3-5)

I

Ak,

ij

e[ ]| 3 ] w2

by (IIL.3-7)

tr [F %1%; ¢T] + tr [%1% g’ 1?]

by (TII.3-6)

P} ¢
£ [F S%a ¢T] + tr[F gki;j ¢T]

by (ITI.3-2)

=2 tr [F %%- ¢T] (11I,3-8)
iJ
Similarly
x . N T T '
K

tr [ék“ RK™ + KR 33— ] fgzﬁ g* d?:] = 2 trl: g;_ RK" fszﬁ g dt’]

ij 1) o} 1J 0

(II1.39)
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T T

T v AT
b [Q,+KRKT] f—g%—gﬁT-pgﬁ—g-liLd‘t':Etr [Q+KRKT] fgﬁTc}iLdt
3 1] ij 5 ij '
(I11.3-10)
Thus the necessary conditions of (IIT.3-5) reduce %o
W = 0 (IT1.3-11)
where the NF x NC matrix W has its elements defined by
T x T
LY T] 34
Wy 4= b F ¢ i + [Q4-mm ¢ T aT
1:] T 0 :LJ
T
+ gi RK® f g 95T ar (III.3-12)}
iJ 5"

Equations (IIT.3~11) and (IIL.3-12) represent a set of NF x NC
simitanecus equations in The NF x NC variable elements of the gain matrix
- K. BSolution of these equabtions gives candidates for the otpimal controllesr.
The solution is performed b:;r Tewton~Raphson iteration.
Consider the rearrangement of W into an NF x NC veclor uwn

by column ordering

. g__o
:L-E-; W.. = W

1] NF(j-1)+i (IIT.3-13)

The variable elements of K may be similarily ordered, giving the gain

n_o
vectbor K vwhere

k.. = Ig®

i3 WF(3-1)+i (II1.3-1%)

Suppose that ll‘K(n)“ ig Tthe galn vector at the nth iteration of

u a .
the Newton-Raphson procedure, and that ~ W{n) is the corresponding
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vector of necessary conditions. The Newton-Raphson technique computes
n o
K(n+l) , an improved estimate of a gain vector satisfying the necessary

conditions, by

g & g _,..0 - -1 0

K1) = "x(a) - u [V(n)] By(n) (IIT.3-15)
where V(n) is the (NF x NC) x (NF x NC) gradient matrix given by

3 w0y
v(n)ij = TG, (ITT.3-16)

and p 1s & convergence factor .

Tt can be seen from (IIT.3-13) and (IIT.3-14) that computation of

QW
V(n) is equivalent to computation of ékgh for g=1, ..., WF,
' Pd
h=1, ..., NC; p=1, ..., NF; g=1, ..., NC. PFrom (ITI.3-12) we

have

aw T 2.7
TE = F[W 5 a—i%-]
pa” "ghlg

T 3¢ u 524
[Q,+KRK] fék Sk +¢Ak Y ar
3 “ra
3K _.m s ™7 f 3g"
+|:Ak RK+KRék]f¢ék e ék R - IM dr
pq pad ¥ gh

T T
T a T
e ) R[;i f¢¢Td?.'+KT f—f‘i_gk T g2l a'r]
gh Pe 3 3 Pa gt

(ITI.3-37)
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Clearly

>%

—_—— = 0 (I11.3-18)
AKPQbkgh

Also, by (III.3~6) and (TII.3-2)

aKT f 3t
tr KR—B_E_ fﬁsgliL-dt
Pe 5 gh

T

bg T QK T

tr[ fbk §7 4T s R
0

gh oo}
T
pa 0 gh (II1.3-19)
so that (ITI,3-17) reduces to
Qv T 2.7
ékgh=tr F[:g :g +¢§k¢ 3% ]
i il gh pq gh i
+[Q+ KRKT] jégj éQT + 62¢T at
y akpq Sk, ékpqakgh
T
YK T dg ¢
Y YRR
o] 5 gh gh
T T
T T
dw [t g3t P w3 fw%r]
gh 3 bl P4 gh Pa O
(I11.3~-20)

From (III.3-3), (III.3-12) and (III.3-20) it can be seen that com-
putation of the cost GF, the necessary conditions vector HWB and the

gradient matrix v for a given matrix K is dependent on the computation
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of a number of functions of the state transition matrix @(%). Basic %o

evaluation of these functions is evaluation of é (t) and ——Q&
-4 b k é k
for pzl;---,NF; q:l,...,l\TC; g=l,-.-,NF; h=l,---JNC.
Consider the state transition matrix ¢ﬁ(t) corresponding to a gain

mnatrix ® given by

2 dK QK
R=x,+ akq ékPq+_SEg; ‘Skgh (TII.3-21)

where Skpq and ékgh are small., By (III.2-k) ¢ﬁ(t) can be computed

as the solution to

d ¥a(t) . T T
— =2 B, - B('S\’ri“ $ + . 5kgh)] fa(t)  (III.3-22)
jole] gh
with
a0} = T ' : (III.3-23)
Thus
d ?5"(1?) T P
—-~—-———dt [A BK T] ¢A(t) - B [-———iipq 5kpq+ iigh ékgh] gjﬁ(t)

(TII.3-24)
Treating the second term in (IIT.3-24) as an external input and

using (IIT.2-6)

0 .
ga(t) = acp[[A-BKOT] t] ) fexp[ [A—-BK ] (t- r)]
S
"B—Ig- Sk + Sk $x Go(T) aT (III.3-25)
S “Tpa T ¥k %V i :
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We now substitute the function described by (III.3-25) for ¢f€(7)
in (ITII.3-25)., This is similar to the method for computation of the matizant

given in DeRusso, Roy and Closel, and results dn

t
Sk 5
fp(t) = ¢Ko(t) il J¢Ko(t"r) i [ S Sk + aggh ékgh]

Pa

T T
[ﬁK ) jsﬁ ¥-s) B[ $3,q * ;f;gh Skgh] P (s) ds] ar

(11I.3-26)

waere sﬁK () is the state transition matrix corregponding to the gain
O
matrix KO. Thus, te second order in S kjp(1 and ékgh’

t

‘ T by T
fo(t) = ¢K0(t) - I¢K0(t-'?.') B [%E;; 5kpq+ aigﬁ § kgh]
0]

T
B (T jsﬁ T )B—-é—KE—SI{ +-§—I£-$k @ (s) das| AT
Ky b~ Ko\ S Sk e T ¥k, VVen] Tk
a . ]

(ITT.3-27)

Expansion of (ITT.3-27) gives

t

T
Rl - f [ JERCES =

0 3 0 ba

¢KO('L’) dt} skm

[f;zs (t-%) B 13— ¢ ('r) d'z::lé -



t

[fs?ﬁ (t-2) B ——
5 O
t

+[ R

0

Now consider that @(%)

KO giving

Bol®) = F (®) + 28)

Pq

+ Lerms of higher order

k9

f&é (z-8) B =+ ¢ (s) ds dt] §%% kg
0

J[¢K (T-8) B ==

¢K (s) as d'c:lé Kog .Skgh

(I71.3-28)

can be expanded in a Taylor's series gbout

. 2 p(b)
$ ) T-Sﬁgzz- $ K
g1 Ix
0
o
§% 0 238 Sy (x
Lo} ékpqé kgh K 7o} gh

(IIT.3-29)

Comparison of (IIT.3-28) and (III.3-29) gives
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—2'1% j¢ (+-T) B éi ¢KO(T) ar  (TTT.3-30)

and

T T T
Q 3 K
(0]

¢ T % T
3K 3
+ f¢K (£-T) B 5o~ I¢K T-5) 55— f (s) ds a¥
3 o gh O G ot 0

(T17.3-31)

The result given by (III.3-30) agrees with s similar expressipgn

31

presented by Levine and Athans”™ for the semi-infinite time interval problem.

We note from (IIT.3-30) and (I11.3-31) that

52(*0) f SK- 3f(t) 3 34
B (6-T) B $o— + ar
AK ak Ak@lék@ . akgl %ﬂ
O

(ITI.3-32)

The functions of the state transition matrix to be evaluated are

now seen to be given by

T
T
g gkpq = - B(7) I¢T(’z:) g—lli—w 8 ¢l(r-7) ax (T1T.3-33)
T s Lo}
ik f¢(T~T) B —~—— #(T) aT fgs B ¢ (T-5)

(TTI.3-3%)
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; $24T . j [é;zST('r) X MﬁT(’E) 3K ]BT¢(T—-'Z)d'Z
*5pd Fen T o] Shpg kg ak pa *Fpal

(I71.3-35)

I T T T
f¢§g— at = - jfj(z) fSﬁT(S) ZE B ¢ (T-s) ds a7 (ITI.3-36)
0 0 :

v agl T .
fﬁ;—gg— it = f pr-v) Bz%}—-. B(v) av
0 pg " gh 3 o Pq,
(ITI.3-37)
4
T, \ 3K
(s) 8" 4T(r-s) ds 4z
6/’93 8 akgh 525 g) ds
f _@sfé” f Tésé()é é;zi()a
s)ok g).aK T
bf_fﬁakpq K ar = Ojﬁi(t) J[ak Yy ak SE ] B BT -s)dsdT
(I11.3-38)

Consider (ITI.3-33) as being representative of (III.3-33) through

(ITT.3-38). Supposing A to bave distinct elgenvalues we can evaluate

B(t) by

B(e) =wexp [At] M (I11.3-39)

where M is the modal matrix of eigenvectors of ﬁ

A
A is the diagonal matrix of eigenvalues pf A
Substitution of (III.3-39) in (IIT.3-33) yields
T T
A - - AT )
=—MeTle[M] é MTA—%—BT[M] (T2 1fary
jele]
0
T (TTI.3-40)

T

k
g
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3K s

SE is simply an NS x NC matrix having a 1.0 in it pq position
pd T

and zeros elsewhere. Thus the ij element of 525 -g—%—

Ba

WNowr

is given by

@T s An., T P An
¢ ik - Z M:Ln € * ;1111 f Ml-';ln € ; M 1 BP
pd Tiij nl,ne,n3 1 1z O 372 F 3 l‘q
nl},n5 =1
1 ?\ns(T-T) ) .
M @ M. aT (137.3-k41)
5k 95

" where A is the =n th eigenvalue of A.
ny 1
Performing the integration yields

w3
T -1
¢§k -7 z in Mz—lln Mon, Yon ma ;111‘1 Yin
pqyT 1 Mpfp gl PRy Ty sty Ifg
1] NN
1772773
Il)_i_,n5=l
T T
. (An.+hn )T ] (?\nl-ﬁ».ns) (hnl+}\n5)
iff 1 5 iff e - )
non TeE * ata T (I11.3-k2)
5 3 >3 3 >

Thus (III.3-33) can be evaluated in terms of the eigenvalues and
eigenvectors of A. Equations (IIT.3-34) through (III.3-38) can be similaxly
evaluated. The terms can then be combined by (IIT.3~3), (III.3-12) and
(ITI.3-20) to give the average cost GF, the necessary conditiong vector
awu and the gradient mabtrix v respectively.

The only other item required for gpplication of the Wewton-Raphson

iteration technique described by (III.3-15) is a value for the conyergence
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factor p. Debermination of a suitable walue of the convergence factor

is described in Section IIT.L.

III.k Mechanization of the Initial State Averaging Algorithm

The algorithm described above for computation of optimal constant
output feedback gains has been mechanized in the digital compuier program
ISAFT. The program was written in Fortran IV for an IBM 360/50 computer,
A Tigting is given in Appendix IT. The program comprises a MAIN and
several subprograms. The functions of the major subprograms are described
briefly below.

MATYN: perfomms most input-cutput functions and acts as thé contro;l_ler
for the other subprograms. The MATN subprogram also computes g suitable
value for the Newton-Raphson convergence factor p (see (ITI.3-15) and
controls progranm termination. The operation is illustrated by the datas
flowchart given in Figure ITI.h-1.

Computation of the convergence factor p is performed adaptively.
A trigl step is made with p set to 1.0, The valuve of the gain function
GF for the new geins is compared with its former value. If a decrease
has occurred the program proceeds to Tthe next iteration., Otherwise the
value of p is halved. This process 1s repeated up to five times., If
no improvement in the gain function has resulted by the fifth cycle, i.e.,
M= 2-5, the program is terminated due to poor convergence,

Assuming no termination due to poor convergence, normgl program
termingtion will occur when the feedback gaing approach thelr Tinal wvalues.
The criterion for this terminabtion is that the proportional change in
each individuel gain during a single iteration should be less than an

amount GNSTOP. The paramebter GISTOP is input by the user.



ata input: problem dimensions, progrsm controls,
system matrix A, control matrix B, cost matrices
and R, and optimigzation interygl T

I—-———Hg-ilé TGAINS > O figﬁ————-———l

Initial feedback gains Data input: dinitial guess at
matrix K =0 optimal feedback gainsg mabtrix X |
L -
bl ™

‘Bubroutine STRAM: computes eigenvalues and eigenvectors
of A for determination of the state transition matrix.
Calls subroutines VECT, HS8SBG, ATEIG, MSQ and EIGVEC.

Subroutine FEFN: generates required functions of
the state trangition matrix (®gs, (3,33)-(3,38)})

Subroutine GRADNT: Subroutine NESCON:| |Subroutine GAINTN
|computes gradient matrix V]| computes necessary] jcomputes gain
1 bonditions vector W] |function GF
Subroutine TNVERT l corresponding to
ut -1 | bubroutine NEWKTT: | [gain matrix X
compui,es _
oot gt ey

R

l1T1=17T

4

YES HO YES
'--‘{Is 171§ 5 2 < i
J NO

Terminate program due Are percentage changes in NO
to poor comnvergence ~ | all feedback gsains GNSTOP

J XEC

IProblem solved; teminatd

FIGURE III.4-1 Data Flowchart for Digital Computer
Program ISAFT




STRAM: computes the eigenvalues and the model matrix of the matrix
ﬁ. The subprograms VECT, HSBG and ATEIG are used in the eigenvalue
determingtion. The subprograms MSQ and EIGVEC are used fto determine the
model matrix and its inverse.

FEFN: computes the functions of the state transition mabtrix
described by (III.3-33) through (III.3-38).

GAINFN: computes the value of the gain function GF at the
begiming of each iteration ~ see (ITI,3-3).

NESCOW: computes The necessary conditions vector uWu -~ see
(I11.3-12).

GRADNT: computes the gradient matrix ‘7 - see (III.3-20)..

INVERT: inverts the gradient matrix

NEWRIT: performs one iteration of the Newton-Raphson algorithm -
see (IIL.3-15).

GATNZ: computes the value of the gain function GF at the end of
each iteration for use in the determination of a suitable counvergence

factor u - see (IIT.3-15).

IITI.5 Examples of the Use of the Optimizafion Program ISAFT

Three examples are given to illustrate the use of the digital
computer program ISAFT. In keeping with the expository nature of this
Chapter the examples are all short and are designed to illustrate different
aspects of the computations.

Example 1
This example consldered the case where all system gtates were

‘avallable for feedback. The system equations were

55
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:’cl(t) o 1 %, (%) 0
= + u(®) (ITI.5-1)
5:2(-1:) : -2 -3 x,(%) 1

and the cost functional was

. 12 0 O 5
J =x (1) x(1) + J’E (T) x(¥) + 0.1 u (¥r) 4r (II1.5-2)
0 i 3 ¢ 2

The control was constrained to be of the form

w(t) = -k % (%) - kxy(t) (11T.5-3)

It was assumed that there was no prior knowledge about the system,
and the initial feedback gains were set to the default value of zero, The
computer print out is given in Figure III.5-1. The optimal feedback gains

were computed to be

k, = 2.30 (III.5-4)

k

5 342 (III.5-5)

To verify that the values given by (III.5-4) and (ITT.5-5) were
indeed optimal the results were checked by independent means, A matrix of
feedback gains in the vicinity of the solution gains was chosen. At each
gset of gains the system described by (ITT.5-1) and (ITI.5-3) was simulated
over the optimization time interval, starting from a number of different
initial conditions, and the costs were computed numerically using (III.5-2).
The average cost was then computed for each set of feedback gains. The
initial conditions were chosen to be equally spaced around the vnit circle
in state space. Such an independent check will hereafter be referred to
as an I.C, Cross-plotting the I.C. data resulted in the equal-cost contours

shown in Figure I1T.5-2. The gain trajectory produced by ISAFT is superimposed
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——RTATES — CONTROLS  FEEDSACRS ~ TEATNS
s 2 1 2 0 : g
SYSTEM MATRIX A
00006000 1.0066000 ~2.0000000 © ~3.0000000
CONTROL MATRIX B
TYERFYNAU TINE Y S IS0gu0uu0 T T T -
X F —-
2.000€000 0.0000000 0.0000000 1.0000000
STATE WEIGNTING MATRIX Q -
1.t80¢000 .0€00000 0.0000000 2.0000000
CONTROL WEIGHTING MATRIXR

FIGURE III.5-1

Computer Print-Out For Example 1




“TTERMTION NUMBER 3

TTTGATN MATRTX
0.0CCC000 G.0c¢ac¢o00

SYSTEM EYGENVALUES

=C.200CC000 01 -0.0¢000C00 00
-C.ITCCCCon Tl -C.0Co0co000 00

" "AVERAGE CUOST & 0.1227s81D 01

"" NECESSARY CONDITIONS VFCTOR
~CeE159£24D-C1 ~0.9331765D0-01

GRACIENT MATRIX
C.2239452D0 QO ~0.93239730-01

INVERSE GRADIENT MATRIX
o GL.Z898689 © ° 4.3821046

FIGURE IIT.5-1

~0.,9323973D~01

4.3821046

{(Cont'd)

0.1338320D0 00

10.5250361
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ITERATION NLMBER 2

NEW CAINS
C. 7543660 l.2520928

SYSTEM EIGENVALUES .
. =€a2438545D Q1 —C.0CQ0C0COD 00
-C.8131438D CO -0.0cco0c0D 00

GAIN TOLERANCE ACHIEVED =
RECLIRED ETOPPING TCLERANCE =
AVERAGE COST = 0.1121653D 01

NECESSARY CONDITIONS VECTOR
~C.2673182D-01 -C€.3301758D0-01

GRACIENT MATRIX
C.1144905D €O  ~0.5721144D-01

INVERSE GRADIENT MATRIX
152801933 13.0954265

1.0000000

0.0100000

~0.5721144D-01

13.0994265

FIGURE III,5-1 (Cont'd)

0.66735890-01

26.2143374
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ITERATION NULMBER 3

NEW CATNS
l.€273387 2.4677983

SYSTEP EIGENVALUES
~(+46926510 Q41 -C.0C0C0CAGD 00
~C.+751C72D0 CC =C.0LGCOCOD QO

GAIN TOLERANCE ACHTEVED =

RECLIRED STOPPING TOLERANCE =

AVERAGE COST = C.10836380 QI

NECESSARY CONDITIONS VECTOR
~C.8372S73D-C2 -0.9586460D0-02

CRACIENT MATRIX
C.£509313D0-Q12 -0.37357540-01

INVERSYY GRADIENT MATRIX
29.5352104 28.5571025

0.5136254

0,0100000

-0.3735754D-01

28.5971025

FIGURE III.5-1 (Cont'd)

0.3910556D-01

52.8906197
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ITERATION NULMBER

NE® CAINS
2.1£2123C4

SYSTEM EIGENVALLES
~C. 5450760 (1
~C.7¢&35¢8¢p €0,

GAIN TOLERANCE

RECLIREC STOPPING

AVERAGE COST =

3.2142749

-C.0COCOQ0n ¢o
~C.CcCCcacon 00

ACHIEYED = 042427197
TCLERAMNCE = 0.0100000

C.1€771720 01

NECESSARY CONDITIONS VFCTCR

-C.1232€13D-C2

GRACIENT MATRIX
C.53628350-C1

-C.1736675D-02

=-0.25760C70-01 ~0.2976007D-01

INVERSE GRADIENT MATRIX

42,4P08458

42.9494143 42.9494143

FIGURE TIT.5-1 (Cont'd)

0.29435400-01

77.3958539
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ITERATION NUMBER 5

NEw CAINS

2.2923385 3.4059298

SYSTEM EIGENVALUES
=C.5645432D €1
-C.Te04978D TO

—-C.0c00000D €O
~C.CColocoDp 00

CATN TOLERANCE ACHIEVED =
REQUIRED STUPPING TOLERANCE =
AVERAGE CDST = -~

0.10755100 O1

* " NECESSARY TDNDITIONS VECTOR
—L£+47924960-C4 —0.86927270~0%

GRACIENT MATRIX

CeZ0592860-C1 —0-2?172380-01

INVERSE GRADIENT MATRIX

- 46,1089873 47.3082380

FIGURE IIT.5-1

0.0572127 Lo

0.0100000 ~ - - — v e oee— o

-0.28172380-01 0.27458210-01 B
47.3082380  —  WAIYSTESAT "

(Cont'd)
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ITERATION NUMBER -]

T NEW CAINS
2.255€€07 3.4155822

SYSTEM EIGENVALUES

~Ls5655252D0 C1 -0.Cgqocoop GO

T ETLT7E0285TD QO -C.Cccacaoon 00
CAIN TOLERANCE ACHIEVED = 0.00282560
"REQUIRED STOPPING TOLERANEE = 0.0100000

SOLUTION IS CUOMPLETE. ABOVE GAINS ARE OPTIMAL

""AVERAGE CODST = 0.10769090 01

COMPILE TIME= 28440 SEC+EXECUTICN TIME= 193,64 SEC+OBJECT CODE=

FIGURE I71I.5-1 (Coni'd)

64192 BYTES,
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Gain trajectory given
by IBATFT 6
1.h ©  Result produced by

8 1.2 ISAFT on iteration
o number 6

Contour of equal
average cost

6

4

o 1

0

FIGURE III.5-2 Verificatlon of the ISAFT results
for Exemple 1
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on Figure ITI.5-2. It is gpparent that ISAFT determined feecdback gains
giving a miniwmum average cost.

To provide a comparison for the results produced by ISAFT, the
problem defined by (III.5-1) and (III.5-2) was solved for the optimal time
varying feedback gains by the normal procedurs of Ricatti matrix backwards
in.tegration.2 The resulting feedback gains are compared in Figufe III.5-3.
with those produced by IBAFT. The average cost for the optimal time
varying gains was computed by numerical integration from & number of initial
conditions. The average cost for the time-varying gains was 1.030 compared
with 1,077 for the time invariant gains,

Example 2

This exsmple used the same system equations and cost functional as

Example 1 - see (TIT.5-1) and (III.5-2) respectively, The rfeedback structure

however, was constmined to feedback of only the first state i.e.,
u(t) = - ky X__L(t) (T11.5-6)

A rather inaccurate guess at the optimal feedback gain resulted in
the computer print out given in Figure III.5-4. The use of the converéence
factor is evident.

Figure IIT.5~5 compares the resulbts given by ISAPT with those
determined by an I.C. It is again clear that ISAFT determined a feedback
gain giving a winimum average cost.

The minimum average cost for the single time-~invariant fesdback was
1.219 compared with 1.077 for allstate time invariant feedback and 1.030
for allstate time varying feedback.

Example 3

This example was chosen to check the effect of complex eigenvalues
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Average
Cost
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time inverient solution
T given by ISAFT

time verying optimal gains

0.2 0.4 0.6 0.8 0.10

Time -~ Seconds

FIGURE ITI.5-3 Comparison of Time-varying

and Time-invariant Optimal Feedback
Gains for Example 1
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ITERATION NUMBER L

~ -GAIN MATRIX
S.0a0040000

"SYSTEM EIGENVALUES
-0.15060000 01 G.2179449C 01
—_=0.1500CC0C 01 ~0.2179449C_QL .

_ AVERAGE COST = 0.21604570.01

i = ey e b

i

GRADIENT MATR1X
0.98928970-02

- eaa 4 aaa [ T - P - en -

INVERSE GRADIENT MATRIX
v e 0000826292 .

e et e e o e i rrrm e mm = e = e e = = T — - e e +
—_ - e e e —— -

FIGURE TIT.5-4 (Cont'd)

68


http:0.2160457h.ql

ITERATION NUMBER - ° Z0 Tl - ) -

* NEW GAINS. - - . ° . ]

T PR 5865428" U *‘-’ BT R
-,,-» .- .. "' "'ﬁ (= A
ey ««% - *“%

e R
P.;'r"v'ﬂf'} 2 d\ -’35_

..:-Lt'L
?‘E’ %s: ‘:"‘2\‘315”: R

‘*5,&-‘—” J"ﬁ"‘ Feadt p‘!“":b ~ &
SYSTEM, Excenmuss . - T - .

~0.6278760D 01, -0«0006&00& go’ - .'-, : :
;.M?éﬂl) 0! - Q.UOGOQOOO 00 :,._{-:

N T
3 - .

D,

Sy R _‘T;{f‘

IGENVALQE"SQ;_. .Z ‘
507203001 a0t R e -
(507203090 1575.520.0000000D- 0075008 T T TR s
59_3;3%03;{0‘_1‘@?‘; %ﬂgﬂggggg -':goﬁ’g* AT ‘5‘*55 %i‘ }Mﬁﬁ

TR e

ﬂ‘l

N % s
Sii, .

%;‘I’?‘wpm,m~ :;m_q ST 7@%3": ey Ty e
“0.50‘:595{10 0z

Wt e -7

ety
gl L
S ~->f‘4¢~ e

:ZSTE?;:.SIZE 00 Lnkss.men
?§AIN’ ADJUSTHER)

|§vr

“'I s;'HAL‘JEG TR

Er s

P 1t ,— T e VT 2 "?5‘3‘:“' \ﬁ‘ ot "f“;. ey
: ;45*5 o “Mfe‘;’%’? ”;3’; ’”»‘f‘r‘fif:sz' s ﬁ%
"W':L@é‘{‘-’-ffs‘é‘éazs?w A RS 5? e N R EN

B QLN SR 4_;:.—3- i TR Y _L[,, ,;(,

e *"w:“’ﬁ inee
R R R ok zw-,;-.:a 2 ek iy, e ""_".H v-»--\ Ty
ESYSTEMIE I CENVABUE Sorshmrs “e-.%? m?? .sf#m FaE -:r. M".r.»\ SEE ,‘%

=03 29651400501 7 —o.uouanon&*aa%m&r LS N '>;= Ao
el e P ko™, i . 2 R R Ty f',:& 7 .
?”-‘-’u“~zeasqsan“—’01«,,ﬂ *«-o.cnnnﬁuonﬁeog‘ 3,5,3 j;gﬁe.(,ﬁﬂ,,, S "‘J;f ,*‘%‘z@%m? ; e

‘".Q_A,LA-" & _Yorga LN-. ; o i

< AT =
& oeFe e 4}, _lof,-..‘-‘a..tn o o s = ”‘“}.*_,?.1;1{5'&4’-" et

T T 1

I T e P ?{.5 %

n

& 3’:::374?,{;?-%: T 4,,5 TR s-rs?ﬂ“*ﬁ E: ,g, s ,,35'- ‘:%{? ,q:"}’,' rpe ‘m_§'3;-‘ff i ‘ﬂ%ﬁ?ﬁ;ﬁ?’f‘g ;',.5_'.-
Erbriec i Sisdra S e \%‘&%:*m%
e B e SRe de

QQIN TDLERANC. qf' CHiEVE *“"‘
%*f.?i'w N A A e 639

£ 5-.;-‘-&“ u,;-* )r -

RS . v e T b
N_ 4: %—&'\%’ s-"q,»% ‘"—-?.af,gg%,r, i
'*};:f?“‘:srw—t&r" Ny

: e
smppin'c" TOLERANCE™: s f‘~’=‘~= 2% "?f?gv%‘:u S

LING: g 0.0 e RN e ry :

si'wm r.mﬁ%*ws:ﬁsa e e e 1;:4‘1-’53.,?:%{ e i

‘ka‘:..g;,am%"u TS 33,%‘ it #ﬁ'é‘;”‘ -;b:‘ 4;;-\,«5{_"4;1@.“93‘{; *"é*f;?ﬂ% %ﬁ ;’-3 M-’-% ‘m@‘ S 3 a-vr‘:é
ST S 10246870 ux.e»,,u, Sl N Gy
i ;-::3-‘*"?‘2 T I l":‘-eﬂ.‘_}i"‘_éﬁém*c“* ﬁcc_»? ‘ﬁ’-f&a&m o ,’ *:‘?.._, L f\--‘ﬂ*r,-;:»“ -é‘
Pl el P 1_/‘. e ior Do AR BIELE '} SRR “ 1"-"vv,.:=-mﬂ-hr‘»\r J«p-,w
e A :‘z,‘?g‘" e ill""' T A.,Q,ﬁ)“‘:n{ - "jg _.h 7 m}ia
%«&fsﬁssﬁammﬂosf?u cha&‘*?ﬁ.‘r’ -*’ém'i“ 5% R én ".f— "?a {g«‘*’ @é“t%:?,
S.r.yv ﬂ?—-‘ 3 "‘K:=§;\'m ; "’3"3?:3” -‘-?:f&%‘:%z AR s:_—-,-E\ ?d' ﬂ,@"fgﬁf:a‘t et o

it p,.«.';.
¥ Py yhd
|- ‘r" w’n

5 f‘z 'w‘*-‘ fins “"m oA o »#‘“"-‘7""":‘-'2"" "'“3
,,q} ?!‘ "’?"‘%" ‘ﬁ" “"“‘ 4@\&%‘
Y m_}‘ = :ﬂ;_? . R
e o & e ‘?’»

Livad _.\"-' :'.L‘:.,,j e ﬁ"““ e -»wg:a; 7 “'w"&‘w R ) ,,.’:% e w
R ‘ ¥ A AT gagd
;‘ o 2L ﬁrf 85 Sﬂ‘} *57"%,.-;’,‘..&%___, ~.--.§k rgzlé_‘; '}i
.\,1 : EEE b

s e
R ,,5.5

Ay .f 5 ;o\'f’-‘-‘-‘-@‘r”}”;‘}rr “mg,g.z.mf.d_‘m.‘.»_"“

FIGURE III.5-4 (Cont'd)




INVERSE GRADIENT MATRIX
1.7034993

- - - - e = = M o e St ey o ke et = m b T AT Emr Ao TR A T
st e e mmr = s e = e pm —r—— . ————— ——— —_— —— -
————— . —— - - e e = vee g —— —

—— ——pn s — . e - e = ————a - i s - —p—— - - - ——
——— e —_

TIGURE

III.5-4 (Cont'd)

TO



ITERATION NUMBER

NEW GAINS

- N R 1% -
SYSTEM EIGENVALUES - e oo - T T
—-0.23974600 01  ~(€.0CC0J000 GO
~060254010 40 -0.G000¢Q0C €O . _ . - >

RANCE ACHIEWED =

224146897

" GRADIENT MATRIX
0.30303650 €O

INVERSE GRADIENT MATRIX
342999278 _

w4 . awre wpr ma e i werem - -

FIGURE III.5-4

(Cont'd)




ITERATION NUM?ER
' 1)

NER_GAINS:

Mg

7
per e

o

BT 0.1278936

SR
fﬁﬁ$ ;\'Cs s!'

.ro

ij’*’:g%,,

TR

S T M T (LT T T am— i =
<0.1849437D 01  -0.0€Q00G00 0O
-0.11505630 01 ~0.00009500 00

(R
“sAtN TOLERANCE ACHIEVED oo F -

T4 “hvzaase TOST =

e.i}ziéqza ai"

\NECESSARY CONDY TIGNS VECTG!?

¢¢*"~a.339q536

N ,;4:‘
g =
a, i ey ni‘_.y-.,

GRAD[EN? HATRIX
© 0420829570 G0

FIGURE III.5-4 (Cont'd)

72



‘sv'“srsn EIGENVALUES" NE R
-0415600000 Q1 0,20237790 00 37 . % "Rl
~04150 —0,202317 :

s ARk LT A
REh e
3 TOLERANCE ACHIEVED "5ho0

b
E

-

SR GATN-TOL S

REQUIRED. sm#Pm&i TOLERANCE = - - c.omgonoﬁk ] 'm T
i oy ‘.""‘-x‘i"?‘" A3 A e - Fogh, vhae 3
:;‘ifi"f””a- ?-‘3*%. ﬁﬁm Tk ﬁ—;{@ﬂ“ i?ﬂ@ "‘5 g ¥ £ 6_@’%3;:& ‘gg,-‘».\ ?"ﬁ’ o
AVE

e A q—zé"\ 4
3 iz %ﬁ' 35 ; 5 h{ﬁ% 5 ‘h%'-‘ 3»@5
- T,‘%ss-:«. 2 F;,— 121587 X S .—:&i’w&‘:ﬂ& ’“F@&‘-“;Hs@" 2

“oR AD!ENT‘HATR!x
0.18960870 €0

e
ﬂ§%?’£§53'
LRI :

TIGURE ITI.5-4% (Cont'd)

73



_-ITERAT!UN NUMBER 6 ’ .

NEE GAiNS o . - : :

0.2990916_ - .- e R
- SYSTEM E1GENVALUES R -
T, +~041500000D Q1 - 0422156610 00  ° T - '
_=0,15000000 01 -0.2215¢610 80 : i
" = 'GAIN, TOLERANCE ACHIEVED" = | " .\ .04027X982 1" " = Ther e 30

REQUIRED (STOPPING TQLERAKCE = 0.0108000 ) y

3 - -0 -0
I - ‘. .7 - R e

' AVERAGECS wlz1graeciay s T T

i NECESSARY CBNDI]IDNS VECTGR - -

?."- "0.36‘!73570"05 T Ta Ll . o AR
kR e F g I '.‘ - vt ‘: "" '."‘.."’" N LR : R :r‘..
’ “GRADIENT ZHATR_IX
- 018871240 .00 .
I L s B T T T e i

mvense canotenr HAI‘R!X s e T LT
5,2990702 S ; i N

- - L4 oo T
- . R - . i :
. ~ = 4 ¥
r - by . 3 - L - = .
+ - T N T - . Pty - -y
5 = T = S = P 3
- . A
- .3
4 - - ~ - L eoar el
. - - - -7 - - Yy
’ - EY
- - LY ~
- - '
- ¥ - k4
+ — - - - 1 - < M .
< - -y 1 < ar - ;
ad o) » - L] ~ .y - -
1 <= - s ;oo N « T AL
- - - nd -~ A .t = 4
B 1 P
. - R -
. - - - E - : I R,
. - _ M - L . P
T - 4 - Y pry "
H . - - - -
-
. -
3 : N - - ’\" x
il - * - 1 - IR - -
i s TN -t - - o : Y PR S
A et T R et SR L. e HERIE N S
- - : - - "
oo . - . o Pl L T i
: L 2 - - LE A
2z - - - -
- - i
"y

FIGURE III.5-4 (Cont'd) _




N mer s avnemaenen %-;“,-\’-,AM-@ T O % -nc-n;..a-,- By e A

alns L

Zas ’%ﬁw-mna e @gm P RE e W e @i .
TRy 5 R % FAH
, o RS, i b & £ 5 %ﬁ‘.‘; .ﬁ
4—-‘2‘%— f’af* ’c-u % ,5%%%&';”% £ ,'ax_ ;:-‘fw %ﬂ ﬂ}?‘:’?i RS é‘ﬁfﬁ.nﬂﬂf ol

,:

SYSTEN EIGEN\!ALUES o
~0.15080608 G1 G.22160980 Q0 ) :
- - 9 .
i:_:_ ,‘.___‘.'. "."5,’;5-“ Y T FETT 5 - S ———
LT :‘ “‘-S.*{if- _‘a’? e %
: GAIN TOLER A ggg P T Ry

REQUIRED STOPPING TOLERANCE = QJQIQOGGO —

Yy .\_._‘v-

:‘ bg% ‘ !j’:‘f ’A .
% T T
- “:‘3‘ ‘wwh";eﬁ"’“ "«.;-n' bEd

sm.unnn ‘15 COMPLETES nsnve ch‘mirﬁé apunhm gt

AVERAGE CUST = 0,12187320 Q1

B "~‘, = r“,.". “{\-..,(-P‘._u-al. . ‘.5‘\ t 3{,‘:; »\:& ! ""2:- L o T Ea_f},-f""“ '(&c‘
COMPILE TIMESS, S 27,14 SEC,EXECUTION 71 THE S 7 69223 SECI0BURCT ¢ g__ L7 64216 BYIES

FIGURE III.5-4 (Cont'd)

75



Average
Cost

1.2 4*95,6,7
07 Result produced by ISAFT
on iteration mumber 7

8 Results produced by
: independent check
il
0 -

-2 0 ' 2 Y 6

FIGURE TII.5-5 Verlification of the ISAFT results
for Example 2

76



T

on the computations. The system equations were

il(t) 0O 1 0 xl(t) 0
1'{2('{:) = 0O 0 1 xa(t) + 1 0 u(%) (I11.5-7)
:'cs(t) 6 7 0O xs(t) 1

with the cost functional

3 1 1 0 0
J = ET(ZL) o 2 x(1) + IET('E) 0 2 of x(¥)+o0. () ar
0 1 0 0 0 3

(111.5-8)

It was assumed that only the first state was available for feedback so that

u(t) = - kg % () (111.5-9)

The computer print-out for a starting gain of zero is given in Figure
III.5~6 and is compared with an I.C¢, in Figure I¥T.5-7. There is an
offget in Figure IIT.5-T7 between the aversge coste produced by ISATT and
those produced by the I.C. This is due to the difficulty in approximating
a iniform distribution on the surface of a sphere by a finite number of
discrete points., (This difficulty increases rapidly with the order of
the system). It is nevertheless clear that ISAFT achieved a minimum

average cost.

I11.6 (Comments on the Finite Time Problem

The objective of the I.5.A. approach is to determine the Teedback
gaing giving the minimum value of the gain funetion ¢F, which is the
expected value of the cost functional. The I.8.A. slgorithm presented in

Section ITT.3, however, is designed only to determine feedback gains
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satisfying certain necessary conditions. The necessary conditions are

that the partisl derivatives of the galn function with respect to each
feedback gain should be zero., These necessary conditions may be satisfied
by local maxima, minims or points of inflection. With a multidimensional
problem points of inflection seldom occur in prectice. The convergence
factor p built into the digital computer program ISAFT prevents con-
vergence to a local maximum. There still remains the problem of convergence
to & local rather than a global minimum, No solutlon to this problem was
found., It’is felt, however, that it should be feasible to gugrantee the
existence of a single {global) minimum for suitable system and cost matrices,
and uvseful work could be done in this area.

The digital computer program ISAFT computes the varlous required
functions of the state transition matrix (see (III.3-33)) through (I1I.3-38))
analytically. It was felt that this best illustrated the procedure. TFor
high order systems howevef, it should be more economical to evaluate the
state transition matrix at a number of discrete time instants and then

evaluate the required functions by nmumerical integration.



85

CHAPTER IV

SUMMARY AND CONCLUSIONS

This report has considered the determination of optimal time-invariant
output-Tfeedback controllers for 1inear dynamic s&stems with quadratic cost
functionals. The need for such controllers in practical engineering was
illustrated, and the contribubions of earlier researchers in the field
were reviewed.

. It was determined that deficiencies existed in two areas. For the

case where optimization was to take place over the sempi-infinite time
interval Levinel9 and. Cassid;y'go had each derived a suitable computational
algorithm, Both algorithms, however, required initialization by sultably
stabilizing feedback sains and neither author gave a method for determination
of guch gains. For the cage of optimization over a finite time interval,

no satisfactory existing techniques were uncovered,

The problem of the determination of stabilizing feedback gains was
approached via a gradient technique. The ftechnique evolved from an
eigenvelue sensitivity relationship given in Fadeev and FadeevaET. It was
mechanlzed in the digital computer program GRADGN (Appendix 1) and provides
a practical method Tor determination of local stability maxima in feedback
gain gpace. It is felt that this gradient technique should complement the
existing optimization algorithms for the semi-infinite time interval problem.

A new technigue was derived for the finite time interval problem. The
technique is based on the Initial State Averaging concept, previcusly used

19

for somewhat different problems by Levine

Athans25. A computational algorithm was derived and is incorporated in the

and by Kleinman, Fortmann, and

digital computer program ISAFT (Appendix II). The algorithm satisfies a
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set of necessary conditions by Newbon-Raphson iteration, using their
gradient with respect to the feedback gains. This is eguivalent to
minizization of the expected value of the cost functional by the method
of second variations.

The contributions wade by this report should aid in the search for
practical optimal controllers.

Several ocutstanding problems remain. Foremost among these is the
question of the sufficiency of the solutions obfained by the optimization
technigue described above. The technique was designed to determine loeal
minims of the expected value of the cost functional. An examination of
the convexity of this guantity in feedback gain space might uncover
conditions ensuring a single (global) minimum., The gain initialization
technique ig similarly local and would also benefit by extension to a
global technigue.

The computaetional methods used in the digital computer program ISAFT
were degigned o illustrate the thecry. They are satlsfactory for low
crder systems, but not For high order sysbtems, It is felt That relatively

gimple modifications to ISAFT should eliminate this deficlency.
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compuber program GRADGN.
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/Juy 4257 FOCRRINN, LINES=5D
1 DIAeNSTION WIS 5p &) o XR (3 1) XTL3 0, VR{B0) o VELII N, TR0H(3 1,2)
L - c R BALR (30,300 GRADI LS 3930 )2 GRAD LI s 30 ) o VRN 300) p MINL{3D])
2 6{3.930)
z COMMON AMATIBg.39),BHAT!3D:30)qAHAT(30:3”I'AAAA(9GJIvﬂSUR{33|3J3a
L. .. _RRUIMMLRIL3G)EANAL30Y . . _— = - o =

) KEAL Kf3.,3 )}

- Lo FORMAT (TIL10)

o LR EDRBAT_L&EL3. 4}

5 25 FORMAT (2MA4)

7 30 FORMAT (7F10,.4)

n 35 | FORMAT ('1%-T45'STATES 24X  CONTROLS" s 4% ' FEEDBACKS® $4Xs ' IGAINS s . _
1 A, VIDELAY (4 4,V ISTURY)

—— F—— -~ = mn mmr—n b i mmrm—re——y Amr———g——e =

H 36 FOIMAT (//T3,*STABILITY INCREASE [NCREMEMT =*,F20.8)
1,37 EOBRMAT (//T3, 'MINJFUK STABILITY REGUIRED FOR THRMINATIONY: 3XaF20.8 . .
1)

11 4u  FORMAT (//T3,¢SYSTEM MATRIX AMATY)
L1245 EORMAT{//TA.'CONTROL MATREX BMAT!) . _. S

13 30 FORMAT (//T2,'MAXIFUM REAL PART OF ROOTS'}

La 6.+ FORKMAT (//T3,¢EIGVEC ERROK MESSAGESY)

Lr..o.6h | EORUAT (T3+25nlz! vEl 0%, 10X, LITERS" o 15, LOXoSL1ES! (ELD e v e
la 7o EDRMAT (//T3,'£IGENVECTGRS CORRES TO MRP EIGENVALUE?)

17 75  FORMAT (T6,'ROW REAL PART",5X,*ROW IMAG PARTY,5X,'COL REAL PART!,

v — L.BXa'COL IMAG _PARTYY e s e mmmeer s e g e =
113 8u FORMAT t//7 3, 'GRADIENT NATRIX')
H 82 FORMAT ('1' 75, 'PROGRAM TERMINATIO4 DUS TO EXCESSIVE NUMBER QOF ITE
IRATICNST)

z. 84 FORMAT (*1%,73,*SPECIFIER STABILITY MAS BEEN ATFAINED')
21 B6  FORMAT (11%,T3,*GAIN SEARCH PROCEEDS ALONG A NEW GRADIENT. [TERATI
o e 10N _NUMBCR$3X,13) -
22 87  FORMAT (//T3,'GAINS TOU FAR FROM STARTING POINT. COMPUTE NEW GRADI
1ENT)
2 B8 FORMAT (//73,° SIABILITI INCREASE s;gp SIZE =1,F2).8) -
24 YU FARMAT {//T3,'5TEP SIZE 15 DOUBLED') '
25 92  FORMAT (//T3,tCONVEX CURVE FIT TO STABILITY LOCUS*)
(26, ... 23  FORMAY {//T3,'STEP _SIZF ¥N0 LARGF.. RETURN T0O BREVIOUS BEST GAINSC) .
27 Y4 FARMAT (//T3,9CURVE FIT NOT SUCCESSFUL. RETURN TO PREVIOUS BEST G4
Ling?)
o35 Eﬂiﬂél_illtllws_EP.iLLE_Lﬂﬂ“LJﬂuu_LBMEuJE_AEﬂ_gaAnl:ﬂi_AI_Raﬁilﬂu__"
1S BEST GAINS')
27 36 FORMAT [*1*+T3,'STABILITY IMPROVEMENT RATE TOD SLOW. PRUOGRAM TERMI
e e LNATED,Y)
3 97  FORMAT (//T3,'LAST RESULTS SHOW HOST STABLE COMDITION FOUNDY)
31 4 FNMAT {//T3,'STEP SIZE TOO LARGE. PROGRAM CONTINUES WITH REDUCED
- 187EP STZEY) -
c
c NS = NUMSER OF SYSTEM STATES .
G ... —NC = NUMBER "OF CONRTROLS — - —
c NF = NUMBER OF FEEDBACK STATES
c IGAINS = + = INITIAL FEBDBACK GAINS ARE ZEROD 1
C._. = 1 — IN{TYAL EEGOBACK GAINS QR& READ IN
C IDELR = O = STABILITY INCREMENT = J.1
c = 1 = STABILITY INCREMENT IS READ IN AS DELR
- L. ISTOP = 3 ~ PROGRAM MAXINIZES SYSTEM STABU LYY . . . __
C = 1 — PROGRAM TERMINATES AT STABILITY SPECIFIED BY STOPR

_,———“’_1
NOT REPRDDUC‘BLE \
\



32 READ (14173 by pNF, IGATNS, [DELR, [STOP
23 WRIEE 13,321 e e ..
34 WRITE (3,14} NS,NC,NF,IGAINS,IDELR,ISTOP
c
c DELR CONTROLS STABILITY INCREASE INCREMENT. . 7. __
TcC - )
35 IF (IDSLRY 124,120,114
38 ilu READ (1,30) BJLR :
37 GO TO 130
38 120 DELR=G.l
39 130 DELRI=DELR e - U
4 WRITE (3,36} wilR
c .
c STOPR_CONTROLS STADJLITY REQUIRED FUR_PROGRAM TERMIMATLON. _ .. ..
c T
41 IF EISTOP) 15<,150+140

— 43 140 READ (1.30) STOPR . . e -

A

44 GN TN 164
44 £50  §TuPR=-1,9E6
&5 loy wWRITF {3,37) -TOPX . e e
46 DA 170 I=1,.,NS
47 . DO LTD J=1.NC
48 170 Kil,d)=0y
c - .
L SYSTEM DATA MATRICES ARE READ IN RY ROWS
C AMAT IS SYSTeM MATRIX
c BMAT 15 CONTROL MATRIX
s :
49 READ (143 AMAT{] 5004 )= I512NS) . e e
54 WRITE (3:49) ’
51 WRITE {3+23) ([AMAT(T+J},J=1,85),I=1,N8)
52 READ (1,33) ((BMAT(1yJ),d=]yNC)g]=1sNS])
53 WRITE (3,45) B .
54 HRITE (3,200 {(BMATII,J}pJ=1yNC)yI=1yNS)
c e
C INITIALIZATION OF GAIN MATRIX K
c
55 IE (IGATNS) 194.195,180 - —_—
56 180 READ (1430) {{K(Iad}sJ=1aNClsI=14NF)
57 190 KOUNT=1 -
58 ROOTT=0, — s e
C
c SUBRODUTINE STAB COMPUTES THE SYSTEM STARILITY
C
59 195 CALL STABINS NC,NF,K}
60 198 IF(RR{1}=STOPR) 999,200,200
&1 200 KOUNT=KCUNT+D e e e e e e e
62 IF [KOUNT-13) 21052104119
C -
C GAIN SEARCH PROCEEDS ALONG A NEW GRADIENT
C
63 210 ROOTR=RR(1)
b4 ROGTI=RI{1) e e e e -
65 WRITE {3,53)




&6 WRITE (3,2} A00TR
&7 RTEST=ROOTT
68 RODTT=ROEOTR
69 K1=KOUNT-1
70 c WRITE (3,86) Kl
C COMPUTATION OF EIGENVECTORS
c .
Ti CALYL MSQINS) - .
2 CALL EIGVEC(3 ,AHAT jASQR oW IROWeXR¢XIsVR,V],ROOTR,RO0TI4NS,32,0,
15“1![TER;D§F|;}
. C
c SWL = ) FOR AN EXACY EIGENVALUE AND NO RCUND~DFF ERAROR
o ITER = NUMBER -OF ITERATIONS USED TO FIND EIGENVECTORS,.
[ [F JOLERANCY S NOVY ACHIEVED, PROGRAM A(‘(‘-EPITIS VAILUES AT ],I'FR = 15,
g DIF = LARGEST CHANGE IN ANY EIGENVEGYUR CUMPONENT AT FINAL ITER.
73 WRITE {3,6) , . e
74 WRITE (3,565) SWL,ITEN,DIF
75 WRITE (3,77)
1o WRITE (3,75)
77 WRITE (3,20} (VRILIVICI)},XROI}4XI(I),1=],N5)
C
e e e fe NDRMALISE SIGENVECTORS. INNER PRODULT
C
76 VECHMGR=1).
73 VECMGI=1, e e
89 DD 240 I=1,NS ' W\ .
81 VECHGR= vecncn+vatt:-xatti—VI([)-xxl!) .
B2 = L g e -
83 vecmss VECMGR-VECMGR+yECHc:-vacasx ’ -
&4 DO 253 I=1,N5
65 YRN{[)=(VYR(JI*VECHMCGR4IVI( I} 2YFCMOGT) /YFCHMGS -
86 259 VIN(II=(VI{ T} #VECHMGR-VR (I} #VECMGI}/VECMGS
¢ :
C COMPUTE GRARTENT MATRIX . .
c
87 DO 309 J=1,%F
83 00 300 L=],NC ——
B9 GRADR{.J oL ) =04
90 GRADI{J4L}=0.
9] D0_290 1=1.NS
9z GRADR{J L) =GRADRIJ LY ~VRN{I) #BMAT{ I, £}
93 290 GRADI(J,4LI=GRADI{JsLI+VIN(T)#BMATII L}
94 303 GRADIJ, L)qGRAuR(JnL)iXR(J)fGRADI(J'L}*XItJl .
95 WRITE (3480)
96 HRITE (3¢20) {EGRAD(I4d)9Jd=14NCYgI=1,NF]
97 MRITE (3.,88) DELR -
9t (’RDSQ=:‘0
99 DO 320 I=1,MF
174 DO 370 J=1,NC
101 320 BRDSQ=GRDSO+GRAD{I,J)*GRAD(I,J)
102 DELK1=~DELR/GROSQ.
103 - DO 340 I=1.NF
194 D 340 J=14NC

(/.)!




105 Gll,d)1=K{T,J)

106 340 K{[,3)=Gl1,J)+DELKL*GRADIT J)

137 POUTL=REOTSR o e = e
108 CALL STAB(NSyNCoNF KD

109 I+ [RR{1)=-3TOPR} 999:39.1-399

119 33D _RCOTZ2=RR{1l1} i —— e
111 KOUNT1=1

112 nOUNTZ2=1

113 IF_[(RONTYZ2=-I03011}1 4313405600

114 4G0 IFLLRODTI-ROOT2)/7DELR-.95) 420,429,531
115 420 DELK?=.5*DELR*DELKL/ (ROOT2-ROOT 14DELR) -

116 HRITE {3,92) e -

117 DO 440 I=1,NF

118 DO 44U J=1,NC

113 440 Ki{JeJ)=G{l,J)+DELKZ*GRAD(I ) i ——

129 CALL STAB(NS4NCyNF 4+K)

121 IF(RRILI-STOPR)} 999,999,460

122 460 ROQTI=RR{L} o e e
123 IF[ROUT3~RCOT.) 474,47 1,480

124 470 IF(KOUNT-2) 475,474,472

125 472 IF(RTEST-RCOGTI-DELRIY 120U+4754 475 e s
126 475 DELR=.5#{ROOTL~RCDT3) ’
.127 GO TO 239

T=2) L A
129 482 1F(RTEST-RLOVTZ-DELRI) 433,485,485
132 483 DO 484 I=1,.NF

m——— ey - 7= =

131 DO 484 J=1aNC —-

132 48% KU(1,J}=G(I,J)+DELKI*GRADI(T 44} "

133 WRITE (3,93) ’

: NG NF KD - — e

135 GO TO 1233

136 485 DELR=.5+{R0QOT,.-RCOT2)

137 WRITE (3,94} : _ e

138 . DD 490 L=l NF - i ‘ ! .

139 . DD 490 J=1,NC
M&MJL_HJ. e ames

141 G0 TO 195

142 $00 DELK2=2.#DELK. .

L43 KOUNT]L=KOUNTI+1 e e e -

Ta4 IFIKOUNTL-11) 505,505,532

145 502 DELR=.5+{R00TL-RCOT2)

146 : MRITE (3:87) e e e .

147 GO TO 239

148 505 WRITE (3,97)

149 DO 510 [=],NF —

LLB0- . | - DO 510 J=1,NC

151 - 510 K{l+J)=GUI,J)Y+DELK2%GRAD(E,J}

L3z : CALE STABINS NCoNFsK) o - .

153 IF(RRI1I-STOPK) 599,999,520 '

154 520 RNOT3=RR{1}

155 IF (RUUT3-RO0T2) 537,533,584 - e e = s
. 156 530 ROOT2=ROOT3
ST DELK1=DELK2

SASE L - . GO Y0 400

159 580 TIF(KCOUNT-2) 585,585,582




Léu 582 IF(RTEST-RGCOT2-PELRL} 583,585,685
lé6l 583 DN 584 [=1,MF
162 D0 _584 J1=1,NC ——
163 584 K{I+J1=G(1,3)+DELKI®GRADII,d)
164 WRITE (3,93} .
165 CALL _STAB{NS ;NG ¢ NE K}
166 80 T0 1209
167 5585, DELR=,5#*{ROOTL-RCOT2)
168 WRITE (3,95)
165 DO 590 I=1,NF
irn DO 590 J=1,NC
171 590 K{I,J)=G{I+J)+DELKI=GRAD(I,d) - -
172 GN 7O 195
173 63V KOUNTZ=KOUNTZ2+1
174 TF(A0UNT2~6) 0)5,605,1137 e -
175 605 DELK2=.5#DELR*DELK1/ (ROOT2-ROOT 14DELR}
176 WRITE (2,92}
177 DO 620 1=1.NF N
17¢ DR 629 J=14NC
173 620 KIL,2)=GlI,J)+DELKZ*GRAD(E,.J1}
1R CALL STAB(NS.NC oMK} .
isl A IF(RRILI-STOPR) 999,+999,8640
182 640 RODT3=RR(1)
183 IE{ROQT3~ROOILL.6B0.680,66% —
184 660 DELK1=DELKZ2
185 WRITF (3,981}
18¢& ROOTZ2=RO0OT3
187 GG TO 600
188 6B0  IF{KOUNT-2) 485,685,682

_____ 189 682 . IF(RIEST-ROOT3-DEIRL) 1200+685.685 -
19 685, DELR=,5%(RO0OT.—RCOT3}
191 G0 T 220
192 999 WRITE {3.84}
193 GO 7O 2000
194 1100 WRITE (3,82)
195 G0 TO 2009
196 1200 WRITE {(3,96)
197 WRITE- {3,97)

194 200y CONTINUE
199 STOP )
20u END

S
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971

COMMON AMAT{3.,30) yuMAT(3 1,301 AHAT (30,301, AAAALFI 1}, ASOR( 302301,

1 BR{3 N LATI3INLEANALRYY L. il o -
FORMAT (//T3,1GATN MATRIX K') -

291 SUBROUTINE STaB(NS sHCeNF4KI

232

203 REAL K(30,30)

204 10

25 29 FORMAT (4E18.7) N — e e .
2.6 36 FORMAT (//T2,'RO0TST 45¥,*RIAL PART',11X,'IMAG, PART '}
217 Gy FORMAT {2E2 Jeou)

203 [A=nS

209 WRITE (3,10}

214 WRITE (34+29) {(KI{I,J}s3=LsNC},y[=14HF)

211 CALL AMHTINS NC.XK) .. . . __ . e

212 CALL VECTINS)

213 CALL HSARG(NSyAAMALEA)

214 CALL ATEIGUNS ,AMAA,RR«S I [ANALEAY . | _ . R
215 WRITE {3,33)

218 WRITE (3440} (RRUI)4RI{LLyT=14NS)

217 CALL MAXRTI{NS)

214 RETURMN

219 ENi)



http:1,NC),I=1.NF

22

SUBRJUUTINE AMHT NS yNCyK)

c
C COMPUTES AMAT = AMAY ~ BMATsK{TRANSPOSE)
c
221 COMMON AMATI(3.4,30),8MAT(30,30), AHAT{30,30),AAAA(900),ASQR{30,30},
1 RR(34) ,R1{30), IANAL3D) - -
222 REAL K{3.1,3 1) :
223 B0 100 I=1,NS ’
224 DN 109 J=1,N5 S
225 AHATIT , JY=AMATI(I, )
226 oe 100 L=1,4NC
- WAHATAY J)-BHATIE L) 8Kidad) . .
226 RETURN
229 END

98


http:AHAT(I.Jt

99

23. SUBAQUTINE VELT{AS)
o
”_ C CONVERTS AHAL TU SIHGLY SUBSCRIPT FORM A2AA .
C.
231 « COMMOM AMATI(31,30) BMAT(33,33), AHAT(35,30), AAAA{G0D),ASOR(3D,30),
1 RRIZQLBRII3D} . LANAL{3G), | . .. .. - . . -
232 NN 15 J=1,NS
233 D0 121 [=1,M5 -
234 Ks{J=1)#NS+] T,
235 LOU AAAA(K) =AHATLL,J}
236 RETURN
237 END e . . . - -
- ; \,E
00\30\3 -
I RE?R — - - - .-
ov T
- /—‘ -




100

238 SUBROUTIKE HMSQINS)
c -
c CAMPUTES ASOR .= AHAT=AHAY
c
239 COMMON AMAT(30,30),BMAT {30,307, AHAT(30+30),28AA1900)sA5QR{30+30),
. 1 RR(3Q)+RI{30)sIANA{3Q)
240 DG 100 I=1,NS
241 DO 100 J=1,NS
282 ~ASQBRA1sa1m0e .
243 DO 100 K=1,NS
244 100 ASQR{TsJ)wASQRIT oS I+AHATLI oK I RAHAT(Ky 4}
245 . - . RETURN _.

246 END



101

249 SURRUUTINE HSDG(NpA, 1A}
c .
cC- CONVERTS A TO UPPER HESSENBERG FORM -
t .
250 . DOUBLE PRECISION DABS,DFLOAT,DSTGN,DBLE,DEXP,0L0G,0LOGLD, DATAN
e
251 DAUBLE PRECISION § X X
252 DIMENSTON A{9.%)
253 Lay —_—
254 NTA=LwIA
255 LIA=NIA-IA : -
256 20 IF(1-3)_360,40:40 ) e
257 40 LIA=LIA~TA
258 . Ll=L-1
257 L2=L1-1 e
264 “TIsUB=LIA+L
261 IPIV=ISUB-TA
262 PIV=ABS{A{IPIV}) A
263 IF(L=3) 9043354
264 59 M=I1PIV-I4
265 DN BN I=L,MyfA e
266 T=ABS(AIIN) .
267 IF{T=PIVY 80,850,560
268 60 FPIV=] e e L
269 PIV=T
270 8J CONTINUE
271 93 IF{PIV) 104,324,101 - e
272 100 IF(PIV~ABS(AL{ISUB)]) LBD.LBUs120
273 120 M=IPIV-L
274 DO 143 I=1.1 e ——— e
215 J=Me] /
276 T=A1J3) )
277 K=LIA+] __ - \%\F— e
278 ATJ)=ALK) . “\\
279 140 A{K}=T ?’QQ\Q
280 M=L2-MSfTA . _ 2t R e e o s e eom o
28] DO 164 [=LL NLlAyIA \y
282 T=A(1)
283 gE]—m AT e
284 ATTI=ALJ)
285 .169 ALJ) =T
286 __ 189 DA 229 Ial,ULIAIA. . ... . e e e e
287 203 ALE)I=A(I)74{]3UB)
285 J=—14 .
289 D0 243 [=1,02 el
290 J=3+1A
291 . Ld=L+d
292 D0 220 K=1yLl. . o
293 KJ=K+J
294 KL=K+LT4
295 223 AIKDI SAIKSY=ASLAVRALKLY
295 240 CONTINUE .
297 Ka=14
298 .. NO 333 L=l

e mmmm s = e ome ore W « ey . P -

279 K=K+TA




300 LK=K+L1
301 S=A{LK)
332 LJ=L-JA
303 DO 280 J=1.L2
304 JK=K+d
__ 305 =1 e . .
T 280 S=S+A(LSY#A(JIK)*1, D0
307 309 AILKI=S
318 D0 319 I=t.) {AslA
309 310-A{1)=D.0
310 .320 L=tl
311 GO 10 20
312 369 RETURN
313 END

povr



http:ttL.LIA.IA
http:S=S+A(LJ)*(JK)*1.Dl

314 'SUBROUTENE ATE1GtM,A,RRyRI, 1ANA, 1A)

OF UPDER HESSENRERG MATR% A

: % -s?%?“‘ﬁf," R e S A e o
£ a’v"éaé’&"’lg n_%ﬁgﬁ%ﬁ AT3DS
t = ARSI RS S PRI AT
316 DIMENSION M‘?QU},RR(BDi:RI{30}.PRR[2).PRI(2),IANA(30}
317 INTEGER P+P1,G
17 . %‘&3710&2 — —
fsvr L E6EI s DE6S, -g:: S -
zﬁzé? FoOES —li)*“’ ;ﬁzg;«;—;;g
»t~321 e ‘ﬂ‘fﬁ:e*euw—ms sl
322 HAXLT=30
323 N=M
324 20 N1=N-1
~325 wgél ,—m Ikg,'%{\ 5 . ]
# ‘n _mﬁ:«w “—f‘iFtan“’;“eawzs‘ Iy Ea
328, 30 NP=N+1
329 1T=0- -
330 00 40 _J=1.2

“3ITRN APRRIDIS0.00 TN/ o P T

3320 40" PRI S050YL 52 %&ﬁn o

R N DA, (e e p vy e RS T St
334 PAN1=0,0

335, - R=0.0

~

336 .. S=0, o

340 NlN INeNL N .

341 NIN1=IN14N1

342 60 1 A(mmz ALNN) N

$343L, -%‘-—v : ?T‘ wfe -5

%&@f@e G Ch oA NI

23 S F AR S (VUL SUS ET]

346 65 T=U+y

347 IF{ABS{T)- Amxuu,naswniea) &7,57.63
343 67 T=0.0

35 "f'f“"";‘V—-SQB {A SQT’JIZ»G"““ NE -
z"E'BrSl‘»."‘g*-L «"-‘3’»‘9’3&4—{;‘%14:?‘?)}40 *‘7‘0 w?a SRS ;%,;E‘-? AR Ty

-c:-‘;,«t ek

AL mm TEA (NN} }"}‘;2‘”0&"“-‘%; ,:gﬁfj«'; 562

352 70 IF{Y) 80275475
353‘ 75 RRI{NLI=tL+V
354 - RRINI=U- V .
S WT.@ P30
%5&% %5' ,‘g ?‘Uﬁ "5”"’"
57.4)‘» . SRR NI SR S
~358.% . G0 TO 130 -

'389: - 100 IF(T1120,110,110
‘36077 110 RR{NI)=AININL)

Fag)s ‘“R‘mm“}xm )i
G S lff;:s»;ﬁa
e T f‘m:: SRLAN
ETRE RR(HI-—A(NINU

103



365 133 T{N)= 1,
360 RICAL) =140
367 G 10 16 —
368 140 RRINL)=L
3569 RREN)=U
379 RI{N1)=V
371 RE(NY=-
372 16) IF(N2)1280,1233,18%)
_37s 180 NINZ=NINL-T4
374 RMOD=RR (N1} #RR{NL}+RI{NLI#RI(NL)
375 - EPS=EL10+50RT { RMQOD) .
3¥6_ . IF(ABSCA(NINZ)}-FEPS)128D,128U,240 _
377 24v IF{ABSUAINNL})I-ELI®ABS{AINNITY 1300),13704250
37+ 252 TF(ABS{PANL-A{NINZ))-ARSIAINLINZ) }niEZb) 12470,1241,262
I 26y TE{ABS{PAN-AINN])I~ABSIAINNI)IWEA)]1240,1243,300 —_
38, 300 IFEIT-MAXIT) 323,1240,1240
381 320 J=1
_382_ DO 36D _I=1s2 — e
gl K=NP=1
38e IFCABSIRALKI—PRRIIIJ+ARS(RI(K)—PREII))-DELTA*{ABS(RR(K))
. 1 +ABSIRI(K))V] 344.36 2363 -
385 349 J=J+1
386 360 CONTINUE .
387 GO T [443+460:460.480 .4 -
388 447 R=34 0
389 §=J47
393 GO TO 532
391 460 J=N+2-J
392 R=RR{JV+RR{J}
.393 S=RR{J}+RR (1) -
334 GO TO 5
395 48J R=RR{N)*RR (NI }J-RI (A} #RI(NL)
396 S=RRAINT+RRINII __.
397 500 PAN=A{NNL) 7 '
39§ ~PAN1=AININ2) ~
_399 00520 1=1,2° .
43 K== -
471 PRR{T)=RR (K}
447 520 PRI(I}=RI{K)
403 PeN2
404 IF{N-3)63%,634,523
45 525 JPI=N1NZ
496 DN 584 J=2,N?
437 1PI=IPI~[4-1
408 JF{ABSIA(IPI))I~EPS). OJIBDD,530
409 530 IPIP=IPI+IA
41y 1PIP2=IPIP+IA
611 DEA{TPIPIS(ALIPIP)=S)1+ALIPIPR2ISALTIPIP+]1)+R _
412 IF{D154)4560s 344
413 S0 IFLABS{A(IPI)=A(IPIP+1) ) (ABS{ALIPIPY+A(IPIP2+L)}-S)+ABSIALIPIP2+2)
1)) —ABS{D)I*EPS)_62 126202560 o
414 560 P=N1-J
415 580 CONTINUE
416 604 Q=P -
417 GO TO 685

I} ——— i —
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418 623 Pl=p~)
419 0=pP1
429 _ LELP1-116B 1obdJ,6%.1 e e .
421 650 DO 660 [=2,P1
w22 IPE=[PI-1A-1 .
1A8Q 68660 o . e e I
424 660 0=0-1
425 680 I1I=({P=-1)=TA+P
476 DO 1227 F=P.Ny e - e
%27 Tti=11-14
428 IIP=IF+1A
_429 IF{I~P)1 7222734729 et e e an
435 731 [PI=11+1
431 fPIp=IP+1 ]
432 GlaA{lf)mf{A[LL]1-S)¢ R ..
%33 GZ=A(IPT)*(A{LPIP}+A(LL)- 5)
434 G3=A(IPI)*ALIPIP+]) -
435 ALIPININSDRd | i o o e T .-
436 50 TQ 1584 -
437 Tzw 6G1=A(111) T \)G\B\‘E
438 G2=ALIT141} R Qb )
%39 IF(I=~NZ)74 )y 740,760 . R
44 T4 53=A(111+2) K \\\0"
441 60 TH 782 e
442 763 53=2,2 \
443 78 CAP=SuRT(GLAGL+G2%G2+G3%G3) —
444 IFECAP}BIT385 4y b7 e
%45 800 IF(G1)B27,843,840
446 820 CAP=—CAP
447 840 T=GYI4CAP_ . . e e -
%48 PSIL=62/T
44% PSIZ=G3/T
45 ALPHA=?, +/ {1, PSI1aPSIV4PSI2ePSTI2Y
%51 GO 70 8&u
452 860 ALPHA=2,0
453 PSI1=Uas e e e e
456 PSE2=54.
455 B4J LFU1-0)9241495 44954
456 90y [FUI=P) 921,94 .,921 e e e e e
457 920 A{IT1)=-CAP
458 GO TO 960
459 940 ACITI1)=-ALI1L) _ O,
46. 964 [J=11 .
461 D0 1347 J=1,N
462 T=PSti#A(lJ+]1} e e e
463 TFII-N1)987,1,00,100)
464 980 IP2J=1J+2
465 * T=T+PST2wAlIP2)) e e e
466 LG ETA=ALPHA*(T+a(1J))
46 ALTJY=A{TJ)-ZiA .
463 ATTJ+1Y=A(FJ41)=PSI1eETA e e .
%69 IFCI-NLIL 23y 4040 p 10055
47y 1020 AUIP2J)=A(IP2U1-PSI2%ETA
471 1040 TJ=T4+14 e e
472 TF{I-n1)187,1 160, 1364
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473 1ubd K=y
474 GO T 1193
415 IU8) K=14+2 s v
476 11007 IP=11P-}
477 £O 1180 JsQ4K
418 JIP=1P+J -
4T3 JI=Ji1P-1A
48, T=PSil=atJIp)
481 IF(I-N1D1129, 01401140 —
482 1120 JIPZ=JIP+IA
483 T=T+PSI2#A[J1pP2) ’
__4B4 1140 ETA=ALPHA®(T+a(JT)) e
485 AlJTI=ACILY-CHA .
480 A{JIPI=A{JIP}-CTARPSI
487 EFLI-NIIL163,00B0,]11RY -

488 1160 ALJIP2)=A(JIP2)-ETA*PS]I2
483 1180 CONTINUE

497 [E(J-N231200,1220,1220 R
491 1292 JI=I1+3
492 JIp=JI+1IA

L. 493 JIP2=JIP+A -
494 ETA=ALPHARPSIZ#ALJIP2)
495 A{JTI=-ETA
496 AfJIP)=—ETA&PSI] -
497 ALJIP2)=A(JTIP)-ETARPSI2 .
498 1224 I1=11P+1 '
TE [T=1T+1
500 GO TO 60 ] '
501 1240 IF{ABSUA{NNLI}}-ABS{A{NIN2})}) 1300,1280,1280 L

502 1280 TANA{NI=T . :
5343 IANA(NL }=2
304 N=NZ |
5745 [FE{N2)14 T Jeltyu,2D
506 1300 RRIN)=A{NN}
sp7? - RIN)I=3,0 .
a8 JANA{N)=T -
339 TIFINLILAD T 14 0141320
51lv 1320 N=N1
515 GO Tn 2y

512 1400 RETURN
513 END
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314 SUBROUTINE MAXRTI(RNS)

COMPUTES R0O0T HAVING MAXIMUR RCAL PART . e e e -

[zl kel

515 COMMON AMAT(340s30) BHMAT (30,430}, AHAT (30,300, AAAA(IDD) ¢ASOR{33430),

T(30)  TANAL3OY o L i e
516 DO LJ& 1=2,NS

517 IF (RRO1I-RRIL})-5u,107,10
518 Sy RI(TI=RICL)

519 RR(LI=RR(T) T
520 100 CONTINUE
521 RETURN o e

322 END
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3lm f12 0N 7L LL = 1, N ESY
LT I2 = [R0w (LE,1) EsY
32 711 IROKIIZ2,2) = LL e e e e r—— iwe - . —. ESY
821 IF{ROOTI) o717, 652, 6G7 ESY
322 1052 FORMATI//7/7231H ascese WARNING wounss iy SUBROUTINE EIGYEC HAS ESY
. 1FNUND AN EIGENVALUE OF APPARENT HMULTIPLICITY's e .. .. ESY
1 [44/23%41 COMPUTATION OF EIESY
2GENVECTURLS] CONTINUES AT USER § OPTIONt//) ESY
323 1J] FORMAT(38H IMONS THAM 15 LOUPS FUR ETGENVEGTOR QF2E12e%s . __ .. _ESY
F 14H DIFFERENCE OF+E1244) ESY
424 102 FORMAT(I6HO#* meWARNINGu2#2 , (4, TLH ZERCS ON DIAGONAL OF FACVOREDESY
I MATREX. CHELK EOR MM TIPLE EJGENVALUES 4 f20%e .. _EsY
2" SUBRUMUTINE vIGVEC WILL NOT PERFORM COMPUTATION FOR THIS EIGENVECESY
3TOR '//) ESY
826 END -

FDATA
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APPENDIX IT

This Appendix comprises a listing of the I.8.4A. optimization digital

computer program TSAFT,



42351 MCPRIAMNSLIAES =5

PRCGRAM [SAFT

CETERMINES CFTINAL CCASTARY GAEN TUTPLT FEICPACK CUAFIGLLERS
FCR FINITS TINME STATE REGLLATCR PRCELEMS

OLTPLYS #Rc ASSUFED FC BE FIRST NF STATES

COMMON F(3,3),MI(3,31,C030eARATI3+3) T ,KI{343) 6035300 AT{2,2),
1 FT{33 2} oFFTI{343)a0FT {3,293 2)FLFTI(343r3030,

2 C2FT{343,3,2,2343),0FR0FTI(3:343,2,243)FCEFTE12,2+3,534222),
3 Vi (S) yVORACT{Te9) yGRACI(G 51 s 203,23 F 12430 aR{T42)4N5,NCeNF
CIMENSICN A02431,0(343)

COMPLEX®L16 M, MI[,4RLC

COUBLE PRECISICA ARAT s ToK G ChdT oF T o FFTI4CFT ¥ CFFL+LFTEFCFET,

1 FO2FT T 4Vh  VERALGRALT

ENLBLE PRECISICN GF,GF2¢TESTTESTL,GASTCF

GCUBLE PRECISILIAON TNMAXL,DARS

FORMAT (4F1l+4.1)

FORMAT (4GL7, 1)

FCIMAT {T7IL .}

FORMAT (1412)

FORMAT (P10, Tha,tSTATEST 44X, "CONTACLS yaX 2 FECORACKS paXy TELAINGY )
FORMAT (//T2, ' INVERSE GRAGIEAT MATRTIX')

FCRMAT (//T3,'SYSTEV MATREX &8')

FORMAT (//73,'8Ew CAINS')

FNRMAT (//T3,"CONTRCL FATRIX BY')

FORMAT {//72,'GalN PATRIx")

FCRMAT (//T3,TERMINAL TENE StyFlH. T}

FCRMAT {(//TT4t*GAIN TCL=RANCE ACHIZVYEL =',Fl3.7)

FORMAT (//T3,%AVERAGE CIST =',C2 .7

FORMAT {//T3,'TERMINAL COST FATRIY F')

FCRMAT [//T3,RECLIRED STCFPING TULARAACE =*,F17,7}

FCRMAT (//7713,'STATE WEIGHTING MATRIX (")

FCRMAT (//773,'CCATROL WelIGKHTING MATREX RT)

FORMAT {*1*,*1ITERATICN MUMBERT, 11 -}

FORMAT (//T3,*SCLUTICA 15 CCHPLETS, ABCVE GAINS ARC CPTIMALY)
FORMAT (//T3,*STEP SIZE TELC LARLZ, NEW AVERAGE COS5T WOULL FAVE ot
IN' DLE.T)

FORMAT {T3,'CAIN ACJLSTNENT IS RALYELY)

FCRMAT {7712, "COAVERGENCE TUL SLOW. PROGRAY TERMINATELY)

READ (142%) NESNCWNFoIGAINS

READ (14171 ((A({Lsd)ed=1aNShaE=1eAS]

RFAD (L.120 ( lB{IrJ)vJ=19NC, pf=l1|\S)

READ (1,11)
READ {1.17)

T

CIFETd) v d=1408)s[=1+N5)
READ {1,17) ¢

{

G

{

(LT rd)ed=1NS) g [=LsNa)
‘i":(IlJ'} IJ'_'].‘NC}I[:].,'\'C’
NSTCP

READ (141.7)
READ [1,11}
HRITE (3,2%
WRITE {2,131 ANSHNC,NF,TGAINS

RRETE (34735)

WRITE (341 ) ({8{I4Jhsd514AS5)21=14NS)
WRITE (32445)

WRITE (3,12) ((Bl{1y4dYsJdslenC)eI=1,05)
WRITE {3,53) 1

L16


http:F(IJ),J=I,NS),[=I.NS

122¢

1233

1254

126G

1285

WRITE [2465)

RWRITE (3,1.) {{F(I4J)pJsleAS),I=1,NS}
WRITE (3,75)

WRITE IZ,!:I ((Q(I|J131511N5)1l=1|\§,
WRITE (2,81}

RRITE (34171 [(R{14+J}4Jd51sNC)e1=1,N0)
NFPLl=hF+1 ’
NFC=NFeNC .

Cr 12C0 I=1408

ECQ 12C) J=z14MC

GlI,d1=2.0C00

K{lsJ)=0a0C0

TF{ICGAINS) 12L3,12C0,1182

READ (La11) ({£{I4J)eJd=1eNClsI=1,AF}
CCNTINUE

LG 1225 I=14M8

CC 1227 J3NF4AS

QEAT{1+d)=0(1+d)

AHATLI,J)=A(1,3)

I7=1 °

WRITEZ (2,85) IV

RRITE [3,5C)

WRITE {3,17) ({K{LaJdbsJ=14MCY,1=1,NF)
CONTINUE

CC 1257 I[=14MS%

CG 1252 J=1.AMF

ARATII s J)=A11,d)

CHATI{I 4 J3)=Ct1,43

£0 1250 Ki=1,nC
APATIIpJY=SAFEAT{I 4 J)-PUllALY k{31
EC 1259 N2=1,AC
CHAT(IJ}=CHATII s JI+KLT ALY eR{NL NZ)sK{JsN2)
CALL STRAM

CALE FEFxn

IT=1T+1

CALL GAINFMIGE)

RRITE (3,62) GF

CALL NESCON

CALL GRADANT

CALL INVERT{VGRADG,GRADI,NFC)

WRITE {3,27) .
MRITE (341.) ((GRACI{I+2),J=LsNFC),1=1,NFC)
CALL NEWRIT

RRITE (3,85} IT

WRITE (3,4.}

RRITE (3517 ((G(Iyd)yd31anClyI=1sNF}
1T1=C

CONTINUE

CO 1309 IslshS

DG 1300 J=140F

AHAT{E,J)=A(1,J)

CHAT{I,J}=C(I,J)

DO 1300 N1=1.iC

AHAT({T » J)=2AFAT(L,J)-B{T,AL)aGlJd,N1)
B0 13CO N2=1,NC

LXT


http:G(.I,JIJ=1,NC),I=I,.NF
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g
10,
101l
1122
163
104
105
1Ce
107
108
109
113
111
112
113
114
115
116
117
118
1i9
122
121
122
123
124
125
126
127
128
129
130
131
132
133

l3cu

138

138

L4¢.

200G

3009
8ci.

sCce

CHAT(Ly 31 =GbAT T JI+G{TIs NI R {NLaNZIRGIIWRT)

CalL STRANM
CALE GATR2[L¥F2)

IF(GE-GF2,6Ty .%5C7) 6C TC 137)

WRITE (3,52) GF2

WRITE (3,93)

CC 1353 Is1¢hF

CO 1352 J=1.,AC

GIE,)=GUT0J) /2,4X08,0) /2,

WRITE (3,42}

WRITE [3,1:2) UG(T4d)4351oNC),i=LynE)
1TL=1T1+1

[IFUITLaLELS) GC TC 1280

GG TC 3247

TESTI=V.(h.

LC 2803 1=140F

LC 28CX J=1,ML

IFIGLlLrJ)eEQucaTCC) GC TC 1474
TEST*CABS({G(I,J)=K(I,J))/GtI,d})
TESTL=OMAXI(TeST,TESTLY

GC TC 2Ic¢C

TF{GITJ1-K11,J).ECLi,a30l) GC TC 2500
TESTL=1CC 0. ¢CGASYCP

K{1,d)=G{[,d)

WRITE (3,6<) Tz8T1

WRITE (3,7.} GNSTCF
IF{TESTI-GASTLP.GTalo L3} GC TG 1260
WRITE (3,97)

WRITE (3,62) GF2

6o TC 8LCC

WRITE (3,95)

CCMTINUE
CCNTENLE
sTQP

END
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http:IF(TEST-GNSTLP.GT
http:IF(G(IJ).EQ
http:TEST1='.Cr
http:IF(GF-GF2.GT

134

135

136

137
138
139

lag

141
142
143
144
145
146
147
148
149
153
151
152
153

154
155
156
157
158
159
163
161
162
163
164
1£5
1€6
167
1564
169
17
171
172
173
174
175
176

177

[aBeRal

10
30

1¢a

129

la,

159

22¢

2L

SUBRCLTINE STRAM
COMPLTES TRE STATE TRANSITICN MATRIX

COMMEN ¥ (3530 3F 103430 4RC{3)sAHATI3,3),T+K(3+3)eG(3¢3)4UFATI343),

1 FT{3,314FFTI(3,3) p0FT{3,3,3,3),FCFTI(34343,3),

2 D2FT{343+34343+310FDFTI13,343,3,243),FC02FT1(353,53¢35353)y .

3 Vh{9]) ¢VGRACII,9} ,GRAGELD,9),B03,3),F(3,3),R(3,3),NS,NC,NF
CIMENSICN 2228{G)sRR(3),RE{3),45CR{3,31,2502(3,3),%XR(3}X1(3),VR(3

1 1aVL(3) s IANACS) ; IRCWE3,2) , VRN(2 ) VINE3 ) W03p8Y . . __

COMPLEX#16 M,MI,RC
COMPLEX#16 DCMPLX.CCCNJG
DOUBLE PRECISEON APAT pToeXyGyCHAT+FTyFFTI s CFT ¢FLFT 1 D2FT,DFDETI,

1 FL2FTT VW, VGRADGRADT
DOUBLE PRECISION B22A,RR,RI,ASQR,ASGZ,XRsX I3 VR, VI VRN,V 1IN, H,VECHGR
1 eVECHGI,VECFGS,SME . _ _ e e

FORMAT (2D18.17)

FORMAT {(//T3,4'SYSTEM EIGENVALUES*')
CALL VECT(AHAT,AAAANS)

CALL HSBG{NS,AAAA,AS}

CALL ATEIGINS +A2AARR,R1,1IANALNS)
WRETE (3,31} .
WRITE (3,1C0) (RR{EII,RI{I},E=L1yNS)
CALL MSCUAAAANS,ASQR)

CO 1CU [=14NS
RCID)=DCHPLX{RALT)HRI{T) )
00 1C3 J=1,AS

ASRZIE JISASCa{E,d) . o
CALL EIGVEC{3,AHAT JASCGR W IRCH s XReXTs VR VIZRRUL1} yRI(L}oNSaNSe Oy
1 SWL+ITERDIF42)

VECMGR=L.QCy

VEC¥GI=",2C.

CN 11T I=1,AS
VECMGR=VECHGR+VR(II®XR{TI)-VI(TIwX[{E)
VECMGI=VECNGI+VRL{II*XI LI} +VI(I}aXRIL)
VECMGS=VECNGR#VECMCR+VSCNMGI*VECNMGI

CC 123 I=1,4AS
VRNII)=(YR{T}=»VECMGR+VI{{)aVECFGI ) /VECFCS
VIN(I)=(VITT)sVECVGR-VI(T } #VECMGT ) /VECMGS
MIIsE)=0CFPLE(XRIT I XTLLI))
HI{L,1)=CCMPLX{VRN{I)I,VIN(I))

L 133 KOLKT=2,MS

KOUNT1=KOLAT-1

IF(RRIKCULATI-R{KCLNTLY) 2-.0,14942:0
CCNTINUE

EG 15, I=1,AS
FL{I,KCUNT ) =CCULNJG{¥{T,KCUNTL))

FTI{KCURT [ )=CCCNJIGIMI (KCUNTL, 013}

GO TC 1vC%

EG 21. I=1,AS

CG 212 J=1.hS&

ASGR(1,J)=450C2c(1,J}

CALL EIGVECI3+AHATHJASOR y e TRCW e XRy X [o VR s VI RR(KLUNT ) RIIKOUNT ) 4 NS,
1 NSy SW1,ITER,LIF,2)

VECMCR=C. 00

119



178
179
189
il
182
183
184
185
186
188
189

C19%0

187

. 228

230

1000

VECMGI=".LC.

GO 226 [=1,N8 .
VECMGR=VECFGR+VR(I)#XR{T)-VI(I)sXI{I)
VECHMGI=VECHGI+VR(TII=«XI(E)+VI(I) #XR{ 1)
VECHGS=VECHMGR*VECHMGR+VECHGISVECMGI

DC 230 T=1,NS .
VRN(T)=(VRIT)=*VECMGR+VI{[}«VECKGE) /VECHGS
VINII)=(VI{I)*VECHGR-VRI{T}=VECMGI)/VECHGS
MUTKOUNTY=COPPLXLXRIL) (XI(I})

CMIIKOUNT, 1)=COCMPLXCIVRN(IL VINCIY), |

CONTINUE
RETURN
END


http:VECMGI=C.CC

191

192

193
194

195
L56
197

168
199
20y
201
202
2¢3
2G4
205
206
207
2408
249
219
211
212
213
214
215
216
217
218
219
2249
221
222
223
224
225
226
227
228
229
237
231
232
233

234
235
236

Qo0

31C
329

33¢

1-1

SURRCLTIN: FEFA
COMPLTES RoGQUIRED FUNCTICAS CF THE STAYTS TRANSTTICH rATHIX

COMMON M L3434V L0343 40034 ARATI343) 9T s K331 960343 ,0FATLI343),
1 FT{3 33 yFFTIU343)40FT{343¢3,3)FCFTI1243+43,3),
2 L2FT(343,3393 4343 oLF0FTI(3,3,3534242),FC2FTI134342,3432,3),
3 V(3 o YGRAGIG,9) yGRADTI IS5 o BU342)vFL243) 130315 NCa RS
CIMENSICN CEU39325343+93:3)9C020(3+¢3+3,3:3.+3) .

COMPLEX=#L6 EXLUZ2)4,EX203,3)0+481{353)15R2{3,2),CLPL,0UN 3 LUNI,LLMA,

1 CLF35,ELNMG,DUMT

_COMPLEX#16 ¥F,FI,RC

CCMPLEX%1l6 ZCcXP

DOUBLE PRECTSICN ARAT 4T 4K oG CHAT FTWFFTIZEFTFLFT I U2F T4 FL.FTI,

1 FC2FTI VW, vCRrAL,GLAL]
CCu3Lc PRECISICN Cl.C2

ASL=NS—1

NF1=hF=1

NCi=NC-1

RO 121 I=1,AS
EX1(1)=CCEXP(AC(114T)

CC 173 J=1,AS
EX2(1+JI=COEXFULIRCIII+RC(JIIT]
R1(1,3)=RCEI+RCLJD
R2(14J)=RCIT)=RC (]
£C 1€83 I=1,A§

ES 1953 J=1,AS
FTUI,0)=0, 03
FFTI(I,0)=1.3E)

BO 3{0 K1l=1,0F

CO 30 X2=1,AC
CFTC(E,J,KL,KZ}1=2200"
FOFTINL,JsKLoK2}5342C0

BG 3C3 K3=1,AF

DO 386 Ka=1,AC

D2FT{l+JsK1,KZ2,K3,K4)=2.3D2

CFOFTI{ E4J KL K24K3,K&)=_4 202

FOZFTIC(I s d,KL,K2,:K3,KE)=0a 5o

CC 17u) N1=1.NhS

FTLIpJ)I=FT{Ly ) +V I ,NII#FT(NL,JIREXL(NL]}

00O ICLJ NZ=1sn5

LR 17C% N3=14AS

CUML=F[1,A1)#FI (NL,N2)e¥(J,A3)
FETICL,JV=FFTI01,J)+CUMLAPTIAD, N2} o (EX2(NL,A2)=14)/K1T 11, 43)

Lr 645 Kl=1,AF

CC 606 Kz=14hC

DULM2=F{T,N1)*MI (N1 ,NZ}#BIN2Z,K2)*F(K1\N3)

TF(N1-N3) 324,313,320
CFTIT,J9K1oK2)=DFT(I,JyKLoK2)=DUK2sF (N3, J) #TEXLINL)

60 TC 33C

DETUI J K1 K2I=DFTI] 3 3,K1,K2)-DUFZ*MTIN3 I (EXLINSI-EXL(ULEI/R2(M
13,81)

CO &5L0 N4=1,hS

CO 6606 NS=1,AS .
CUM3=DUNML#NT{N3 N4 )RBING,K2)8F (K1, NS} aMI{NG4N2)
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237
238

239
24%

241
242
243
é44
245
246
247
248

249
250
251
252

253
254

255
256

257
258

259
262
261
262
263
264
265
266

267
268

269
270
271

272
273

274
275
276

349

35C

360

378
380

39¢

420

43¢
447

45C

455

460
47C

49¢
5CC

510

520
53G

54y

IFIN3=NS} 237,342,25¢

FOFTI{L4d s KL K2}=FEFTI(I pJoKL K2 }~CUFIN(EXZINL, a3 (1l 13 0T=1,
1Y +1la}/(RE(NLI,AII*R1I{N]L4A3}]

G TC 3¢t

FOFTIC(I2ds K1 K2)}=FCFTI{I53JeKL,K2)-DUN3#{{EX2(NLyAD}=1a)/RL{NLyAS )}~

T1UEXZINLyN2}=1a) /RLIMISNI}I/R2Z{ND N3}

CO 6CC K3=l,ht

DO 603 Ka=1l.0M0

DLMG=2,2DUN2e [ (A3 NG ) P (N4, K#JGN(K3.h3)¢FIlh),J)

[FIN2Z=NS)} 47.,3370s4.8

IFINLI=N3)} 29.,380,29¢

C2FTUI g da K1 K2 K3 K4 )=D2F T 3, KLy R2:K3 KA +LUF4aTaTaELL{NL)}/2,

GC VL 455

C2FT s JeKL s KZ K2y KA )=C2FTIT g d s KLo K2y K KAIHIUMA#I{RZ{ I snllnT-14)
LeEXLINS)+EXL(NL)I Y/ ER2{IN3,NLIRRZIAZ ALY

Gr TC 4¢5%

CCNTINUE

IFIN1=N3Y 427,41C+427
C2FTI{I3JeK1sKZsK3 K4 I=C2FT(L 4 J,K1sK2,K3,K4)=CUNG#TREXL{NLI/RZ(NS 4N
11

Cco TC 43C

C2FTUI 4 J KLy Ke  K3,K4Y=P2FT{I,,J K1l oK2, K2, KE)-LUFLG#{EXI{NTI=2X1(N1))}
L/{R2{IN3 N1 I ¥R Z{AS4NZ))

[FINYI-N5) 447 ,45G,44C )

C2FTII4JyK1yKEZ K34 KG)=L2FTLT s KLaK2yK3,K&)FLUMG#{EXL{ S }-CEX1(N]1))
17(R2(NS5,M1)ERA(NSyA3)}

Gr TC &:55

C2FT{l4JeK1 4Kz )K29yKG}=D2FTEI 3, KLe k2, K3, KA)+CUNSGET#ZX1(NDBI/R2{AS N
13]

CAO 620 NE=l.hE

CO &%3 RT7=14AE

CUMS=N] (N4 yAS ) *B (NS +K4)# N (K3, NOGI#NIINGGNT)

CUME=CUM2#NT(A3 NTIsM{Jdha)=CUFS

CUM7=2.aFM{ T yha) NI (NL AT YR (dyRN2)wNTI(N2, A2} 2B (N3 K2 eN{K1, N4}*CLV5E
IF{NI-N3) 4S5,460,49C

1F{NG~NE} 487,57C248C

CFDFTI{13J s KL K24yK34KEISCFOFTI( I3 JaKL g K2 4K33KG)4CUNOGR( [ TAT=R1{NL,N
LT4)MRLIINTI G NA) -2 #THRIINL yNAY 421wl X2 N1 JM4 -2 )/ IRLTINL, 44 #22INL NG
2)#RI{NL,K4))}

GC TC 52¢

CFOFTICTy oK K2, K2 K4)=LFOFTI[ I, JeKL,K2,K3,K&)+LUMER{{ (RLINL,NE)*
1T—1a ) #EX2{NI N6} +La )l /LRLINL NG S RIINL,ASII-TIRL(NTINA) =T~ )eEX2(N
2LeNSY+L )/ IRIINTNGY2R1IINL NG} Y JR2Z{INGN4G)

GG TC 52u

IF{Na=NE&) Z17,5GC,51C

CFDFTI(T pJoRE2K2 K29 K4 =DFOFTINT ¢ JsKL K2 K3 4KA I 4OUMSn{ (L IRALINET NG n
LIT-1a JwEX2{N2 N4+ 1o b/ IRLENI NG 2RIINIZ AL ) )~ {IRE{NL NS )T-La ) mEX2(N
2LeNG )+ )/ (RIINLyNG) #RLUINL o NA) 2 IZR2UNI AT

GO TC 520

CFOFTIE(I ¢ JeKL K2 K2, KG)=CPEFTIII g J oK1 sK2 K3 KA ) +DUNB((EX2INI4NE)—
113 /RLIABLNEI~(EXZIN3 NG ~1a ) /RLEINSSNG)—{EXZINLaNE)-1a) /RLINLJNED+
2LEX2INL,NG) =1, )} /RIINL N4} ]/ 1IR2ININ1I%R2{NGLNE]))

[F[N4=NE) BE£4 535,569

IF{N2-=N4) £57,54C,550

FOZFTI (T o oKLy K2y K23 KE I SFD2FTH L2 J s KLy K2 4K3 ) K4 b +,5#CUMTR(EXZ{NL,Nz

122
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277
278

279
28%
28el

282
283

284
285

286
287

288
289
290
291
292
293
294
295
296
297
298
299
30u

301
332
3c3

55¢

56C
57u

580
59C

552

594

6Ly

800

1=3

L) (ToToR1IIAL NI #RI(NL N2 =2, ToRL (N1 )N2) 4212/ (LINL N2IER1IN]
2sNZ2)#R1{N1,AZ)}

GG TC 642

FO2FTE(IpJo KLy K2y K2 KA )=FOZFTII1,JyKLyR24K3 KA ) +CUF Tl (EXZ(NLyNa)*
LT(RE(NLEsNG}#T-T1al+1lad 7IRLINI NG #RLINLONGI)—(EX2INLsNG)-14}/{R1INL,
CRAIRR2INGGNZIIH(EXZLNLZNZ)-14 }/IRLANL SN2 INRZING; NZ)IV/RZ(NG4N2Y)

GC TC 650 -

FFIN2-N4) 5RL1,570,588 .

FOZETI{TI »J3+X1 K2, K3, K4 =FD2FTI{]1,3,K1,K2,K3,K4)-DUrPTo[aXZ{n1l,~2}nl
IRL{NL N} #T=-1a)+La )/ (RLINL,N2)BRL{NL N2])uRZINSE,N2))

GO TG 5SC

FOZFTELE 2 J oKLy K2 4K KEISFO2FTI(T,JaK12K2Z,K3,K4)-CUNTH{[EX2{N1,NY)
1=1a)/RUINL N4 )—[EXZ(NL s K2)—La}/RLUINLAN2) I/ IRZING N2 ) #R2[NE NG

IFIN2-NE) 554,592,594

FEZFTI(T a1 ¢KZ9K3 KA )=FL2FTT I Iy J s KL sK2 K3 yKEJ+CUNTR[EX2{NLlypNE) e
T(RLINL A6 ) #T—ia ) +1a) /{RE{NESRO ) #R2Z{NG N4 ¥R1I{NLNG])

GO TO 6C89

FOZFTI{EsJsK1sK24K24KGV=FL2FTIL)Jy K1 K2 K3 4KA)+DUP TS {{ X2 (N]L 4 NE)~
Ll ) /RE(NLeNEI—{EX2INL,A2) L }/RLINL N2) ) /HRZING I NZIRRZINE 1 I4))

COCNTINUE

CO 7CJ3 Kl=s1l,AF

CC 7CC K2=14AC

BGC 7<L K3=L1.MF

€0 700 K4s1,N0

ODY{TsJsKEyK24K341KG)=C2FT{E,JsKL,K2,K3,K4)

82‘I;JyKlpK2’K3yK4)=FDEFrI(IrJ'K[|K2'K3yK4]

CC 843 KL=1,AF.

00 877 K2=14AC

GO 800 K3=1,NF

G BO0 K4=1.KC

D2FTUI3dsK1 K2R3 3K I=(DL{TJs KL K2+K3,K4)4CL (14 Jy)K34KE44K1,K230/2.

FO2FTI(T 3 JaK1sK2sK34KAI={D2{ L s JdsKL K2Z4K2 KA )0 s doKIs KA, KL 4K2) )}/
124

1CCY CCNTINUE

RETURN
END



304

305

3Cs
307

308
69
313
311
312
313
314
15
ile
37

o0

1Ga3

SUBRCLTINE SAINFMICF)
COMPLTES 2vZRAGE COST

COMMCN M{2,2) yFI134314RCLE3) 4 AHATI3,3),T,K{3,3),G6(3,3),4raT(2,2),
1 FTU333}oFFTTI(343)40FT{3934343¥4FLPTII34343,3), N

2 D2ETI1243,3,3,343),CFLFTL(3,3,3,3,2,2),FC2FTI{2,3,3,35,2,4),
3 . VR{FT 4 vGRACIG49) 4GRADIL 45190 {3 9214 F 13,3 pnl35 2 sAS I, NF
COMPLEX#L6 FaMI4RC '

COUBLE PRECISLICN ARAT 3 ToK G s CHAT oF T EFTI CF T FLFTI o FT4LFRF T,

1 FC2FTI 4Vw,VGRAL,GRALT

DCGUBLE PRECISIGN GF

GF=C.0DZ

Ce 1727 N1=1,4AS

BA 1LCL NZ2=1,4AS

GF=GF+0FAT(AL NZ}#FFTI{N2,K1)

BO 1337 N3=14nS
GF=GF+F{NL,N2)%FT{h2,N3)RFT(N]L 03}
GF=GF /NS
RETURN
END

1
H

12h
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318 SUBRGUTIAE NESCOM
¢
c CCMPLYES NECESSARY CCADITICKS
) C . } _
319 COMMON M[3,3) 4NI1(3,3}4RC(3) 4AHATI3,3),ToK(3,3),G{3,3},4nATI3,31,
1 FT02,3),FFTI(343)4DFTI3,3+343),FCFTI(3,3,3,3),
. 2 D2FT03434322¢393)p0F0FTI{353,3,35393},FC2FTI(3,3,3,3,3,2),
. 3 VN(9),VGRAD (9,9 s GRACI(I,9) ,80343),F(3,3)sR(3,3),NS,NC,NF
320 COMPLEX®16 W,MI4RC
_ 321 . OOUBLE PRECISICN AHAToTyKyGyCHAT FTyFFTI4CFToFCETL,D2ET,EFDFTI,
1 FD2FTI VK VGRADyGRADI
322 10 FORMAT (//T3,*NECESSARY COCNDITICNS VECTCRY)
323 26 . FORMAT (4D1847)
324 NFC=NF*NC
125 B0 1133 I=1,AF
326 . . _BQ 1100 JS1,AC_ .
327 IN=NFa{J~1}+]
328 VH{IN)=0.302
.329 . . 001100 Nl:lyns
334 CC 1050 N2=1,A§
331 YRUINI=VR [ IR +QHATINL K2I#FCFTIIAZ 4 KLo1,4J)
332 B0 _1£60 N3=z)l,NS_

333771800 VWITRISVWLIN) +ETNT SN2 sET (N2 N3 ) %BFTINLs N3, Tpd}
334 CO 1100 N4=1,AC
335 1100 VR{IN)=VW{IN}+R{JsN4) 8K AL (N4 )SFFTI(AL, 1)

EETS WRITE (2,1%)
337 WRITE {3,23) (Vhil),1=1,KFC)
_ 338 RETURN

339 END

S



340

341

342
343

344
345
345
347
348
349
ERT
351
352
353
354
355
56

as7
158

359
3690

361
362
363
364

Xz Nsl

10
20

SLBRGLTINE GRADMNT
CCMPLYES GRADIENT MATRIX

COMMCN F[3p3!'FI{3'3l.RC(3l'ﬂHATl3:3)|TvK(3v3|'Gl3'31thFAT(3t3’r
FTU343)4FFTIL{343)4DFTI393+343),FCRTI(3,353:3)
D2FT(34343:343,3)y0FCFTTI(34343,3,23,3),FL2FTI{343,3,3,2,2),
Val9) y VGRAD (9491 s GRADT(I49) o RL3,2 s F{343) 4R ( 39 3 shSeNCyiF

CCMPLEX#16 M,NMI,RC

COUBLE PRECISICN ARAT o TyK G CHAT T oFFRTI+CFT4FoFT T U2FT2CFRFT I,

FE2FT! 4V VGRAL ,GRALCT

FORMAT (//T3,GRACIENT MATRIXY)

FORMAT (4D18.17)

NEC=NFeAC

CO 1183 Isl4NF

CC 1150 JslehC

IN=NFa{J=-1)+I

CO 1102 K1=1,inF

BGC 11CJ K2=1,AC

[D=NFe#{K2=1}+K]

VGRAC{Ihy IE}=RIJ4K2)4FFTE(K ), 1}

CG 1109 N1=1,nS

CC 13063 N2=1,AS .

VGRAD(INflC);YGRAD(IN'[D)*CﬂﬁT(NIENZQIIDFCFTE(hgle,KngzgI'J)+FDZ

LFTIINZgNLe KLl 9oK241ed})

00 12GJ N3=1sAS

100C¢ VGRADUIN IDIFVGRACIINGIDY+F{NLN2)*{DFTIN2,A3 KL, K2)POFT{NE,N3,T:J

2IHFTIN2 NI V#G2FTINL A KL K21 4d})

00 110} Na=1l.nG

11CC VGRAC{INS, IC)=VGRACUIN,IDI+R{KZs NG HK{NL NG )n{FEFTI{NL K] s s d}+

FORTI{KLohlaXyd)) + RUJS,NAJ¥KINL,NS)#
(FOFTLUINL oI +KL4K2)+FDFTT{I,01,K1,K2})
WRITE (3,15)
WRITE (3,200 ((VGRAD(I¢Jd)eJ=LsNFC) s T=1,hFC)
RETURN
END



365

366
367
368
369
37,
71
372
373
374
375
376

317
378
379
382
3gl
gz
383
384
385

386
g7
388
389
390
351
392
193

394
395
396
397
358
399
4Ge
4C1
a6z

403
4G4
435
406
ani
458

ooOoo

11
102
133

104

145
LG&

107

LOB

106

115

111
112

113
114

115

SUBRCLTINE INVERT{A,4P 4N}

INVERTS A IC GIVE B

DIMENSICN A{945149B(949)

CCUBLE PRECISICON A4B84Cs0eX

COoUBLE PRECISION DABS
[FIN=-1) 10J,133,1€1
B{lel)zl N5 /78C1,1)
RETURN,

L0 1C2 I=zl.h

DO 1C2 Jzl.N
BlIl.Jd)=0.000

B0 13 I=1l.N
3(Is1)=1.5CC

PICK UP PIVC] ELEMENT
CO 114 X=1,N

L=K

[FIN-K) 112,110,104
I=K+1

CH 176 JJ=I+h

IF{DABS{A{JJ K] }~CABSCALL,K

L=JJ

CONTINUE

I[F(L-K} 167,110,127
PERFCRM ROW INTERCHANGE
CG 1G8 J=K,.N

C=AlKyd) . .
B{KeJ)=A{L,Jd)

A{LsJ)¥=C

CC 1C9 Jd=1yAN

C=B(K|J)

BIKyJi=8(L,J)

BILsd)=C .. _
CGLUMN ELININATICH

0C 114 1=1,N

[F{K-1} 111,41:4,111
C=A(T4K)/A(K,K)

TO 112 J=K,K
AlL+J)=ALT,J)}-C*A{K,J}
A{I.K1=(,00C

L0 113 3=1.N
BlI+J)=R{I+J)-CeB{K,J}
CONTEINYUE

SOLVE FCR IMWcRSE

GR 115 J=1,N

CC 115 I=1,N
X=B{1,J)74(1+1)
BllsJdi=x

RETURN

END

11116, 1C6, 195 . ™

e = e arm mem =

127



4C9

4li
412

4132
4l4a
415
416
417
418
419

423,

421
422

[sXnNy]

10Cs

1
2
3

SUBRCUTINE AE®RIT
PEREGRFE AuhTCN RAPHSCN I[TERATICA

COMMON MU3,2) ,MIQ34314RC{3AHATEZ 3]y TpKI(343)+6G(3,3),0FATI3,3),
ETI243)3FFTI03,3)4EBFT{3434353)4FCFTI{3,3,3,3),
C2FTI3,3;3,3,3,3)'OFDFTI(3p3|3!3‘[3l3'9FE2FT-[.‘3:3r5'31313’v
VH(91’VGRPB(9v9'sGRﬂQ!(9v9)05‘3|3"F(5!3liRl393)[NSrNC'NF

CGMPLEX#L6 FyFM],RC

DOUBLE PRECISION ARAT ¢ T 4K oG oCbATFT 4 FFTE2CFTFLFTI,C2FT,CFOFT ],
1

FC2FTI.vW.¥GRAE,GHADI
CO 1C00 Isl.MNE
G 1C0n J=145C
GlIsd)=K{1,4J)
IN=NFe{J~1)+I
COLCYY Kl=1aNF
DG 1€C7 K2=14NC
IG=NFe{K2~-11+K1 .
Gl{IvJ}=GlLsJI~GRADI(Th,IC)2Vh(IG)
RETURN
END

1. 8


http:r(3,3hM(3,3.RC(3)A-Ar(3.33

423

424
425
426
427
428
429
430
431

© ¢ O

Lcs

SUBRCUTINE VECT{AHAT 2AAAA4NS)

CONVERTS AHAT YO SINGLE SUBSCRIPY FORM 2224

DTMENSTON AHAT(342) s AAAALS)

DOUBLE PRECISION AHAT,AAAA

80 1G0 J=1sNS_ ____ __ _._. . e e e
o 168 1=1,NS

K=(J-11aNS+I

ARAA(K) =AHATL I, J) e .
RETURNK

END

129



432

"433

434
435
436
437

438
439
440
441
442
443
444
445
446
447
448
449
450
45)
452
453
454
455
456
457
458
459
460
461
462

5GC

1603

2000

SUBRCUTINE GAIN2I(GF2)
COMPLTES AVERAGE COST FCR CCONVERGENCE CHECK

COMKON FU3,3),M1{3,3),RCA3) ) AHAT(393) g ToK{393)9G(3,30,0FAT(343],

1 FT{343)+FFTI{3,3)sDFT{3+34343)+FOFTI(3,343,3),
2 _. D2FT(3¢35323¢3:3)yDFDFTI{3¢353,3,243),FC2FTI(3,3,2,3,2,3),
3 . Vi{9) s VGRAC(SG49) vyGRADL(9+9)+ B3y 21,F (343 )4R{343) 4AS,NC,NF

COMPLEX#16 EXIl’)'EX2(3'3)|Rl(313' CUuMl

COMPLEX#1é6 MyFLyRC

COMPLEX#*16 CDEXP .

DOUBLE PRECISION AHAT s T oK oG o CHAT yFToFFTI+CFT4FCFTIZ02FT,CFDFTI,
1 FLC2FT I+ VW, VGRAD,GRADI

COUBLE PRECISION GF2

ODC 5CC [=14NS

EXLIT)}=CDEXPIRC(I)«T)

DG 500 J=1,AS

EX2{1sJ)=COEXP({(RCLII+RC(J))=T)

RI{E4J)=RCIII+RC ()

CO 1800 I=1.AS

CC 1CGT Js1lehS

FT{ T+ d)=G. 2002

FETI(L,4)=5.0C2

CO 1C00 Nl=1.N5S

FT{I JI=FT(I4J1+F{I, hl)'P[lhl JIsEX1{NL)

B0 1CGTJ N2Z=LyNS

CO 1CCY KN3=1,AS

DUML=M{I  NIY®sNML{NL N2}uM{J,N3)

FFTI(E 2 J)=FFTL{1,J)4CUNMLRMT{R3,N2) 6 (EX2IN1sN3}- l-)le(N19N3l
GF2=C.0DG

00 2CG0 Kl=14hS

DC 2C573 N2=14ANS
GF2=CFZ2+QHAT{AL,N2)#FFTI(N2,AL)
CC 2207 N3=1,a8
GF2=GF2+4FIANLyN2)2FTIN2,NII=RT{NL, N3}
GF2=CF2/NS

RETURN

END
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463 SUBROUTINE HSBGIN,A,1A)
c
¢ CONVERTS & TC UPPER HESSENRERG FCRM
S 4 S
464 DIMENSION A9}
465 DOUBLE PRECISION AZPIV,T,5
__466 DOUBLE PREGISION DABS : — e e e
467 L=N
468 NIA=L#EA
469 LIA=NIA=1A -
470 20 IF(L-3} 360,40,40
471 40 LIA=LIA-IA
472 Ll=t-1 e e e e e e e m o e
473 L2=L1-1
474 ISUB=LIA+L
475 IPIV=ISLRA-IA - -
476 PIV=DABSIACIPIV))
477 IF(1L-3}) 90,90,50
478 50_M=[PIV-A . —
479 08 8C IsL.F,I2
480 T=DABS(A(1)}
481 IF{T-PIV) BQ,B0,£0 -
482 60 IPIV=1
483 PivaY .
484 B80_CONTENUE -
485 90 [F{PIV} 100.,320,10C
486 100 IF(PIV-CABS(A(ISUS8))) 180,180,12C
487 120 M=IPIV-L
488 DO 148 I=1,L
489 Jx=M+I
490 T=ALJ})
491 K=LIA+I
492 ALJ)=A(K)
493 140 A{K)=T
94 M=L2-N71A
495 DO 16¢ T=L1,NIA,I&
496 T=A{1}
497 Jl=p
498 A{I)=ALD)
499 160 ALJ)=T
500 18G DO 200 I=L,LIA,iA
501 200 ACI}=ALI)/ZA(ISUR)
502 J=—1A
503 DO 2490 I=1,L2
504 J=Js1A
505 LJa=L+J
506 D0 220 K=l,L1
507 KJI=K+d
__508 KL=K+L A
509 226 A(KJI=A(KJII-A(LJY*A(KL)
519 243 CCNTINUE
_ 511 K=—14
512 D0 300 I=1,N
513 KzK+1A
LKaK+L1 _—

=15

- T g o e e = = = =



515
516
517
518
519
520
521
522

523 310

_524 __
525
526
527

S=A{LK)
LJ=L-T14A
ED 289 J=1.,12

JRK=K+Jd _

LJ=LJ+]A
280 S=S+A(LJI#A{JKI=]1.CDC
300_AlLK)=3

et me— wm A saA—m—y & ame e T a =
LA FER AT —e— R mem mnn PR ¢ R —= ma—r ——

.- H



528 SUSRGUT[NE ATEIGIR, A,RR RI,IANA,IM

snnpues REOTS OF UPPER aessenssac HATRIX-'h‘ ¢
~ DIRENSION A{9),RR(315RE ﬁ?ag:{zr?pk ,{12,) mgat
P AUBLE PREC}SION\EEF-E&‘E” G5 DELT A, PRRY Rx..PAN?

,.:113«;» e ;Hh“m,nmﬂ.epsa cr,cz.csmp’}p&t
‘DOUBLE PRECISION DaBS BSQRY,BHAXI‘
INTEGER P4PL,4
E? 1.00-—8

LR
Fraeit)

DELTn=a.5no-?’
THAXTT=30

w@ég&ﬁw c- 1
5 S , B ‘4]1' $, ;,-4{: 4%." ;‘"ﬁ}&rt
542 o BRI NDYY 305 ‘130 3o:=m,-,- R &rﬁ ey S

STy

30 NP=N+l 5’4 T e e o o
17=0 _ gfa Ra ey w%ﬂ é;,z% m—gfi g
00 40 1=1,2 S %@? SEe .wo%aﬁiiﬁk-:a? ;éwa‘&fiﬁ

= PRR{1IZ04000 Ry

«_..“PR*[? 11200005 ‘ _
" ANST ORI e

PAN1=0.00C T
R=0.000 . ot )

l?fg”b‘aam». S
Nlﬂ IN#NL /v “e,&r,)v:‘, PR
s NINL=INTERIEGISE »:%i'e"; ’
50 _TSAININIY-AINN A!P«N)”’J‘«;;‘t\%‘?-zl»*.‘f Al
LR R R
.:&,_‘ ‘é‘%‘ “u?u’?a S000EAY {ﬁ}ﬂ&}gﬁ{_’ j’z“?
.u‘ (DABS IV U ET S5

561-.- , 65 T= uw‘ a "‘?‘{fe-”e.r@.;'m—ﬁf ;;..

-1'>¢

" 9 ’h‘g\"! 1€
‘ﬁq %

7‘« )

l
P

s .?z
= s s
= 5'»‘! 2 ‘45
e : «ig ‘ﬁﬁw ST
ATy ’ra e
Yo X
b

562, ° xsgunas;ﬂ“'mmx;{%?naﬁs'w‘i: ES)

] R 3 ﬁH‘ _&;f 3 -éf"-

a '*“»’Us‘lh‘ly TR

’565 % e T ABS 1YY

e : INSANEF ‘!4.1“”1 e

567 . 76 mua B0y75 ,?5-»%5@:,*'3 .' g

5685 75 RR{NI}=U4L. § L AmRanEy

569 % - . RRIN)=U<W 7% 25 “‘»“"?"",‘

IO sty 0 amﬁae"*“' R PN BT AT

?53 ‘f'f 0 HIJ'—S. %{ Jﬁ”%ﬁsgg‘fi o
RRY f it ":3,’:".1’:~=;:-'s‘7;‘="':q,,, ,«,."»

_573. w60 IO 130;—-5’;‘11 W
574577 100 IF(T1120:1107110) 41‘* iy
5?5~' 110 ann-mmmi*f ﬂ"’v
@g@)ﬁfﬁ "}-’"i:-’
-n@, %g .%g%ﬂ:.{‘m}
%Ls:ﬁmzn Rmr

"f-‘}xf% ek = 3,

P

% ;:-'—-‘ﬁ
Freis

133


http:K(Ui0.57

579
582
581
582
583
584
585
586
587
588
589
590
591
592
593
594
595
596
S97
598
599
6671

601
&02
&C3
EC4
605
&06
607
608
£N9
61y
&l1
&l2
613
6l4
615
€16
617
&£18
£19
62.
£21
622
€23
624
625
626
627
6238
€29

63u
€31

13¢

16C
1BQ

240

250

260
3CQ0
320

34¢
364

44¢

460

48C
5CG

534

5401

56

582

RR{N)=A[N1N]1)
RTINY=2.0DE
RI(N1}=CeCC0

RI(NI}=Can N

€D TC 165

RRIN1)=L

RRIN}=U - e
RTINL)=V N
RTIN)=~V

IF(nN2)128C12E7,418%
KRINZ2=N1N1-T2
RMOD=RR{NL}eRR{NLI4RII(NLYI#RIIN]L)

EPS=ELJ*DSCRT(RFMCEY

IF{DABS(AININZ) )-EFS) 1285,1280,24)
IF(DABS(A{NAL)Y-ELL#DARSUALANIYY 13030,13CC,250
IF{DAES(PANI-A{NIAZ)})-CABS{A(NINZ} IRE6) 1245512404267
IFIDABS{PAN-A(AN]L])-CABS(AINNL}I®ER) 12480, 1240,3066
TF{IT-MAXIT} 320,1240,1240

J=l

CC 3&0 I=l,2

K=NP-1
IF(DABS{RR{K)=PRR[TIJ}+CABS{RI{K)I=PRI([))-CELTAx{GCABSIRRIK) ) _
1 +DABS(RICKII)Y 343,360,343

J=J+l

CCNTINUE

GC TC {44C .46, 468,485),d

=3.0C

$=2G400°} . .
G0 TC s0¢ .

J=N+2-J

R=RR{JY*RR ()

S=RR{JJ+RR(J}

GO TC 5¢¢

R=RR{N)*RRIAL)-RIIN)I#RI(AL)

S=RR{N}+RR{A1} 3

PAN=A{NNL} CV%\

PANI=A(NLKZ} 00\)

CO 523 I=1,2 Q%

A
-‘

K=NP-=]

PRR(1)=RR (K} WO

PRECTI=RILIX)

P=N2

TFIN-3) 672 o620y 525

1P1=N1Y2

TG SEC 4=24A2

IPI=IPI-1A~1

IF(DABSLATIPI))~EPS) 67146570 ,53¢
[PIP=[PI+T4

IPIP2:=TPTP+T8

C=Al1P10) = (ALIPIF}-SI+ALIPIP2) 2 AL IPIPLYI4R
[F (01547550 1343
1F{CARS(ACTFII€ACIFIP+1))n (GABS (ALIPIP)+A[IPIP2+1)-5) +CARS(A{IP1P2
L +2V))I-CAES(C)SERS) £2 1462956

P=ti1-)

CONTINUE



656
€57
458

659 |

66U
&61
662
663
E64
6565
666
667
£568
669
&7y
671
612
673
T4
675
oTé
&17
&78
679
&80
681
682
683
&R4
585
&B6

6CL

&2u

653

664G
680

72¢

748

760
T80,

800
824
848

863

88
gud
92C

G4
S6.

_IPIP=TIP+]1

CAP=—CAP

Q=r

GO TO 689

Pl=p-1

Q=P1 . R
IF(P1-11680,680,65C
DO 6&G 1=2,P1
IPI=IPI-LA-1 _ _ . . _.___ . __.
IF(DABS(ALIPI)I-EPS) 680,680,660
Q:Q—l .
I1=(P-1)*1A+P _
LC 1229 I=P,Al
LIl=TI-IA
[1P=11+1A = e e
IF(I~-P)722,7%L,720
IPI=11+1

. g o e et e e e

- e e = -

Gl=A(TTI%{A{III=SI+A{IIPISALIPL 4R
G2=ALIPI)=(ACIPIP)+A(IL}~S)
G3=A(IPI)*A(IPIP+1)

A(IPI+1) =C.udCD

G0 TC 782
G1=A(IT1) __
G2=A{111+1]
[E{I-N2174C, 740,760
G3=AL11I1+2) __
GO TG 7T&G
63=0.60C
CAP=CSORT{G1sG14G24G2463#63)
IF(CAP)A00,86C,830
IF{G1)825,840,840

T=Gl+CAP
PSI1=G2/T
PSI2=G3/T _ _
ALPHA=2.603/11.0C0+PSI1*PSIL+PSI2#PSI2)
60 TC 829

ALPHA=2.2D1
PSI1=0.0D0

PSI2=0,400
IF{I-C)S00,56u,9G8  _
IF(1-P)92T + 541,520
A{II1)=-CAP

GG TC g6L et e ——— e et e —p e
A{IIL)=-A(IIL)
IJ=I1

CO 1740 J=l4h__
T=PSI1eA({IJ+1)}
IF{[-N1)581,1G00,10GC
IP2J=1442

T=T+PS1zeA(IP2J}
ETA=ALPRA({T+A{IJ}}
ALTJI=ALTISI-ETA _
A{IJ+1)=A(EJ+L)=-PSIL=ETA
IFEI-NLILD2%,1240+1040
ATIPZJY=ALIP2J)=FSIZ+ETA




687 1040 IJ=1J+1A
6588 [F{I-NL}108C,186C,1C80
689 1C6G K=N
690 .  _ GQ_TC_LIEG . . __
691 1080 K=1+2
&92 1160 IP=11P~1
_. 5693 .00 1180 JxQsK

694 JIP=IP+4J
695 JI=JIP-14

— 596 _I=PSI1wA(JIP) ..
697 IF(I-N11112041140,1140
498 1126 JIP2=JIP+1A

. 899 _T=T+PSI2eALJIIP2)
793 1140 ETA=ALPHA#IT+A(JI))
701 A(JI)=A{JIVI-ETA
702 ALJIP}=ALJIP)-ETA®FSI1_ . .
703 TF{I-N111160,1180,1180
T04 1160 A(JIP2)=A(JIP2)~ETA#PS]I2

.. JO5 1180 COCNTINUE
106 IF{I-N211200,1220,1220
107 L1200 JI=I11+3

208 dIP=JEeIA__ L.

709 JIP2=JIP+I[A
7L ETA=ALPHA®*PSIZ#ALIIP2)

1L ALIENE-EYA
712 A{JIP)=-ETA®PSI1
713 A(JIPZ)=A(JIPZ)-ET£GPSIZ
114 1220 II=11P+1 e e e
715 IT=11+1
7lé6 GO TOQ &4

L7, 1240 IE(DABSIA(NNL))=-DARBSIA{AINZ)}} 1300,1280,128C

718 1280 TANA{N)=G
719 IANA{INL)=2
720 N=N2 _ e
121 IF(N2114C0 146,20
722 1300 RRINI=A[NN]
——123 . _RUIN)=Q.CROC__ ... J
124 TANA(N)=1
725 IF(N1)14C0,14G0,1320
126 1326 _N=N1 _ L
727 GO0 TC 2¢
128 1400 RETURN
729 .. .__END

L6

-~
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7390 SUBRCUTINE MS5C{AR2AA,NS,ASQR)
c
C COMPLTES ASCR = AMAA®AAAA
¢ ,
131 OTMENSION ABAAL{S),ASCRI3,3) =
732 7 OOUBLE PRECISION AAAA,ASER ! o
733 L0 100 XI=) NS N
734 00 1€0 J=1.NS§
735 ASQRI{I,+J¥5C.GCO
736 BO 160 K=1,KS
137 Kl=NSa{J~114K
738 K2=NS#(K~11+1
139 100 ASQR(IyJ)=ASQRET«JIH+BAAAIKLI®AAAR(K2)
144 RETURN
741 END

e e rarmn ————— o ——— — e



. . e a

742 SUBRCLTINE EIGVEC(IVCs A, By wy IRChWy XRy X1 VRy VI, RCUTHE, e
1 RCCTIE, NE, AMAX, T2, Shly CCUNTE, ERR,NNV) L e
c SLBRCLYINE TC FINE THE £IGENYECTORS CF A NOR=SYMMETRIC MATRIX =%
c BY A MOCIFIED WILKINSCN'S INVERSE: ITEFATICN FMETHLL. g
c CENTROL IVE CCCE IS F<
¢ 1 FINDG CNLY TPE REGULLAR EIGENVECTRRS (A X = LAMBEA X) &%
C 2 FING CALY THE TRANSPCSEL EIGENVECTORS {AT V = LAMBDA VIES
c 3 FINC BETH TYPES CF EIGEANVECTCRS, ' s
743 CIMENSTON 2€343),B(343),k{3,2),XR{31sXT12),VRI3),VI[Z31, [R0KI12,2)
744 COUBLE PRECISIGAh RCOTR RCCTI RCLTRI,REGCTIE, TEMP,TENP2Z,ANAX,C1,C2,
1 ShlrmeXRy XTI o WR s VI By JERC,LCERA, A
745 DOUBLE PRECISION CABS.CSIGN,LSGRT,EMAX
746 INTEGER COLNT, COUNTE, T2 T
T47 tol=1
748 103=2
749 RCOTR = RCLTRE S
750 RCOTI = RCCTIE s
751 Ak = ME Te
152 MM = MMM - ) =8
753 AL = N - 1 o
754 BMPL = N # 1 at
155 U INCl = IVve - 1 e
156 tvcz = IvCl - 1 ze
157 COUNT = 1 nS
158 00 4C6 E=1,A
759 Wils1)=C.C0C
760 XR(I}=0.LDC
7T61____ 400 CONTINUE
762 CLIM = 1.CE~4 =
763 IF{ROOTY) 1, &3, 1 s
R ES
c CCMPLEX EI1GENVALUE. qg
¢ o¢
764 1 TEMP = - RCCTR - RECTR =t
165 ISw = 2 =g
766 TEMP2=ROOTR#RCCTR+RCCT I #RCCTE
67 _J4 =.36C =
168 CO 6G6 I = 1, N z
769 IF(T2) &G0, €53, &C0 =
770 60C CC 602 4 = 1. N z
771 JJ o= 4+ 1 z
7712 IF(JJd — 251) €92, &0l 661 z
_3¥3 801 JJ =1, . .- =
T4 READ (T2) (m(LL,1}, LL 5 1,25% -
175 502 BlIsJd) = A(T4JI®TENP + W{JJ,1) -
176 GC_IC 665 =
777 803 DO 604 J = 1y W c
778 604 BLI,J) = AlI,JI®TENP + BUI,J) £
_¥T9__ 805 BII,I) = B{l,I) + TENP2 :
780 806 AUI, 1) = Al1,1] - RCCTR =
781 IF{TZ oNE. O) REWIND T2 x
782  GC TC 7O . ) -
783 607 TFICC) 622, 6UB, 622 E
C r
o c MATRIX SINGLLAR, g

(AR A IA A IA A TA A IS IR L (A TS fA A dr 1N A

138



139

c £s
784 622 IF(IVC2) 623, 625, 623 ES
785 23 DN 624 LL = 1, N ES
. 186 WiLLy2}=0.2C08 . e L
787 624 XI(LL)=C.00C
788 IFLIVCL) 625, 514, 625 33
_J89 . 625 DO 626 LL = 1.8 _ _ e . - - .. EF
790 WiLLs4}=G.CCC it
191 626 VI(LL}=C,CLC? -
392 . GC TC 511 . _. ! e — e e e e e e ES®
ES”
c MATRIX KOT SINGULLAR, ES
_.. C . ) e s o e £§°
793 608 ©O 609 LL = 1, N €S
794 Wi{LLs+1}=1,L00
d95 . L mllLe2)=)W3B0 L e e e - - - -
796 WILL,3V=1,886¢8
797 509 Ww{LL,4}=1,0DC
138 699 IF(IVC2]) 610, 612s 610  __ _ e e .. .. LES
799 61G COH &11 1 = 1, N ES"
800 12 = IRCWLE,2) es’
_BGL . _XI1ti2) = W(lyadeRCCTI _ . . L. .. .. &¥
802 CC 611 J = 1, N ES
803 611 XI(I2) = XIU(I2) + A(l,d)aW(d+2) Es
804 _IF(IVEl) 612, SCO, 612 . . . e Est
a0s 612 B 613 1 = 14 N ) £§
BC6 VI{I) = W{I,3)®RCGTI . ES
807 50 613 4 5 1,N e e e i L E®
808 613 VI(IY = VILIY + ACJ, 1) sW(J4) ES
ap9 GO TO 499 E£S*
L8180 _ 615 CERR = _g.C - e e e L. ] ES®
a1l CCERR=1,0D3;
212 TFLIVC2) 616s 6194 E16 g5
813 | 616 DO €618 I = 1, N Ll i i o ES*
Bl4 AR{I) = =R{I,2) Es
815 CO 617 J = 1, N £S5
a16 617 XRIT)-= XRUI1} + Al S)exi(JdYy _ _ __ . _  _. .. __ _. . ES*
817 618 XR(I) = XR{T}/RGCTI g3
218 IFLIVC1) 61%, 633, 619 £s
Bl9 ___ 615 CD 621 1 = 1s N ___._. ] .- e gs
820 VR{I) = —%(I,4) ES®
821 DC 620 S 3 1, N ESY
822 _ 620 VR{I) = VRUI) + Al{Jyi}svi(J) o ESt
823 621 VYRULI) = VR{IY/RCCYI =g
c g
. €___ . _SEARCH VEGCTCRS FOR LARGEST ELEMENT AND NCRMALIZE, s
C s
824 €27 AMAX=0,000
825 . BB 629 L = 1, N - SN
826 TEMP = VR{L)#%2 + VI(L)=a2 z8
827 IF(TEMP = ANAX) €25y 629, 628 gS»
_B2B_ 628 AMAX = TEMP RN
829 12 =1L [
830 625 CONTINUE g<
831 €1 = VRII2)Y/AMAX £5Y



832
833
834
835
836
8§37
838
839
a4
841
842
843
844
845
846
847
848
849
850
851
852
853
854
855
856

[aXalyl

£31
632
£33

634

635

63¢&

637

638

648

£67
646

C2 = =VI(I2)/AMAX

CC 633 L = 1+ N

TEMP = yItL)

VIIL) = VR{L}=*C2 + TENP=(C]

VRIL) = VRIL}«C]l - TEMP=(2 -

IFICCUNT <EC. 1} GC TC 632

CT 6321 LL = 1, N -
CCERR=DNAXLI(CCERRSGAPS IVRILLI=w(LL#3)),CRBSIVE(LLI-n(LL,41))
TF{IVCZ) 633, €3E» €33

AMAX=1,304 -

CO 635 L = 14 N

TEMP = XR{L##2 + XI{L}us?

IF{TEMP —~ AVAX} 6353, 635, 634

AMAX = TEMP

Iz =1L

CONTINUE

Cl = XRUIZ2}/aMAX "

C2 = —XI(I2)/AMAX

D0 636 L = Ly N

TEMP = XI(L)

XIIL) = XR{L)=C2 + TE#P»C]

XR{L) = XR{L}=Cl - TEMPs(C2Z

IFICCUNT 4Ef. 1) GC TC €46

CN 637 LL = 1, N

DCERR=DMAXL(GCERR yDABSIXRILL)=WILL, L))o CLESIXT{LEI=nwlLL,2) 1}

TEST FOR JCONVERGENCE.

IF{CCUnT «=C. 1) GC TC 646
CERR=CCERR

IFICERR .GE. 1.JE-4) GC TG 629
IF{CERR +GE. CLI¥) GC TC 648
CLIM = CFRR

EF(CLIM +LE. l.NE-B) GC TC 648
IF(CCUNT .GE. 15) CC FC &8
COUNT = COLNT + 1
IF{RCOTI) 642, 613, 642
IF{IVC2) 641,y 644y 647
00 641 LL = 1, N
hILE,1)Y = %2(LL)
Wi{LL,2) = XT(LL)
IF(IVvCl) 644, 613s 644
CC 645 LL = §, N

AlLLy3) = YR{LL)

wW{LLs4} = VI(LL)

Gr Tr s%9

CERR = Qa3

DCERR=1.LC.

IFLICCH 648, 647, €48 ”
ERR = CE£RR

CALNTE = CCLAT
IF{RCGTI) 6£7, &8, 667
Cr 649 1 = 1,4 N

All,1) = A{l,1) + RCCTR
RETURY
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584
885

886
.8av_
888
289
839
89l
892

B93_.

994
895
896
897
8s8
899

900
901

ao0

802

903
904
305
906

907

808

9¢9

68 PRINT 1Cls RCCTR, ROCTE, CERR
GO TC 648

— BEAL EIGEAVECTCRSs

ey O

60 ISW = 1
Lo 651 1 = 1, N

CO 65C J = 1y N
€ B{I,d) = AlT+d)
1 8{I,I) = B(I,[) - RECTR

5
5

ler o

GO T4 740
€52 IF{ICC) 68¢, 685, 6480

T SINGULAR MATRIX.

[xEa¥yl

680 IFLIVG2) 681, 683, 681
681 D0 &82 L = 1, N
682 xI({L}=0.000
- IFIIVCL) 683y 514 683 _
683 DG 684 L = 1, N
684 -VI(L}=0.00%
GG TC 3L . .

MATRIX NCT SINGLLAR,
&85 IF(IVC2) 652, £5&, 653
653 DO 654 L = 1y N
_ 654 XI1{L)=1.06D0 .
IF{IVC1) 65&, 500s 656
656 DO 657 L = 1y N
£57 VI(L)=1.0D0____
G0 70 459

. _ _ . NCRMALIZE REAL VECTCRS., . ___ . _.__ .. __ ._
655 CERR = C.C
_...CCERR=0,0D09 ... . _ . . _. ] .. o s s
IF{IVC2) 658, 662, 658
£58 C1=C.0DC
C2=6.0D0%

C
c
c

£0 660 L 5 1y N
TEMP=DABS(XT{L})
w .. IFUTEMP = C1) €60, E60y 659
655 C1 = TEMP
€2 = XI(L]
€60 CCNIINUE
BC BEl L = 1y N
XT{L) = X1{L)/C2
. DCERR=CMAX1(DCERR.CABS(XL{L)-XR{L))) . ... _ _ . are
661 XR{L) = XI{L}
IF(IVCL) 662, 63, £62
662 C2=0.000 _
C1=¢.00C
B0 664 L = 1, N
_ TEMP=DABS{VI(L)) ___

T
NN ln 1A
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M

-

b



663

644

665

IF(TEMP - CL) 664, €64, £63

CL = TEMP
C2 = vitlL)
CONTINUE

CO 665 LL = 14 N

VI(LL} = VI{tL)/C2
CCERR=CMAXLIDCERRSCARS(VI({LL)=-HW{LL,1}1})
WiLLsLY=VI(LL)

VR{LL)=k(LLs+1)

_ GO TC 638

IFLIVC2) €65, 671, £69

00 670 L = 1,
¥1{L)=C.006
IF{IVCY1) 671y
Cn 672 L = 1,
YI(L}=0.60C
RETURN

IF(IVC2) 674, 502, 674
0 675 1 = 1y N

I2 = IRCh{I,2)

Xt(12) = xR(1)

.. Ga 1C 5C¢

BACK SUBRSTITUTICN SECTICh.

IF{IVC2) 5Cc,
Lo 561 [ = 2,

=1
I
IF{IVC1) 522
ca 5151 =1
I1=1-1

IF(11) 5C3, 5.5 5C3__

LA 5G4 J = 1,
VILTY = VI(T)

GC TC_51¢

IFIVI(TIY) S08, 5CS, 5C8
VIII) = VI{I}w1l.0E+15

GO TO 310
VI(I) = 1.¢
CONTINUE

IF(IVC2) 514, 525, 514

ECG 522 1 = 1y
IR = NP1 ~ 1

IFI(I - 1) 515,

12 = IR + 1

CN 516 J = 12+ M

XI(IR) = XILIR) = B{IR,d}#XI(J)
IF(ICC) 517, 518, 517
IFIBIIR,IR)) 518, §
XI(IR) = XI{IR)/BUIR, IR}

~ B({I,J)eXI(J)

- BlJLIIVI{)
IF(ICC), 505, 506, 505

IF(BL{T1,1)) SC&,
VICI) = VICLI/BII,1)

£S)
ES
ES
ESY
£S}

£3y

12


http:VI(L)=0.CO

1030 AMAX=DANSERENSNI)

379 G0 T& 522 g5

380 519 EF{XI{IR))} 52, 521, 520 ESY

981 52C XI(IR] = XI(IK}*1.CE+15 ED

982 GO IC 522 . .. —e me e aan I e W E®

4983 $21 XIfIR1=1,000

984 522 CCNTINUE ES

985 IELIVCLY _5_;2,__5;1'_525 i - . ES

386 525 DO 526 1 = 2, g

g7 IR = NP1 = 1 £y

988 LI2 = 1R x e m S -5

989 D0 526 J = 12, N ES

993 526 VI(IR} = VI(ER)} — B{J,IRVAVI(JI) s

991 00,5274 3 1. N e e - Es*

992 12 = JRGH{L,1} . Est

393 527 VR{I2) = VI(L) =13

994 . .0 528 L 1, N . ES?

995 828 VEIL) = VRIL) ESh

998 529 IF{RLGVI) 615, 6556, 615 £

C P e e e >
c FACTGR FATRIX. ESY
c gL

997  _ _700_I¢C =0 _ _ ES

998 SHI*I.ODTZ '

999 DO 7C1 LL = 14 N b £N
1000 701 IROW(LL,1) = LL e ____E®*
1001 CC 708 X = 1, N1 ESY
1302 AMAX=DABS{BIK,X})

1603 IMAX = K £S5y
1004 Kl = K + 1 Es®
1905 DO 702 I = KLy N EsY
1666, _IF(AMAX,GT,CABRSIBEI,K))) GG TG 702
1007 AMAX=DABS(B(TI4K)}

1908 IMAX = I 33
1909 __102 CONTINUE : E$Y

1610 IF{AMAX oLT, SML} SW1 = AMAX ESY
1011 IF(AMAX.GE.+1.0D=25) G0 TC 723
1012 B{K,K)=0,000 -

1013 ICC = ICC + 1 ES
1014 GO 1O 7C8 ESY
lals 723 _IF{IMAX .EQ. X) GO TC 704 (2}
1616 D0 763 J = 1, N ESh
1017 AMAX = B{K,J4) ESY
1018 e BIK Y = BITHAX,J) . EN
1319 703 BLEMAX,J) = AMAX £5Y
1020 [2 = TROW(K,L) ESY
1021 IROW({Ky1) = FROW(ENAR,1) ESY
1022 IROM{IMAX 1) = [2 ESY
1023 704 D0 787 | = K1, N° ES
1024 ... IF{8(].%}) 703y 707, 709 g3y
1025 705 BUL.K} = BII4K)/BIK.K) ESY
1026 DO 706 J = K1, N ESY
1027 706 Bi{I,J) = BilsJ) = BIK,J)mB(I,K) £5Y
1028 T07 CONTINUE - 13
1829 708 CONTINUE . . ESY

-

1h3



1k

1031 IF{AMAX-1.0D-25) 712,712,713
1032 712 BIN,N}=0,000
1033 SWi=C.0D0
1034 1cC = JcC + 1 - I . Efy
1635 ¢o T¢ 7a9 ESY
1636 713 [F(AMAX .LT. SW1) SH1 = ANAX ES
1037 709 {F(ICC .LEe ISWK) G6C ¥G 710 __ . . .. . __._.. . _.. E%Y
1038 IF(MM) 105C,1G50,1051 -
1039 1051 WRITE(1C3.162} ICC .
1040 COUNTE = C . o . . [N
1041 RETURN o
1042. 105C WRITE{103,1052) ICC
1043 710, 00 711 1L = 1, N e £SY
1644 12 = ERCW (Lt ,1) e S
1045 711 IRCR(12,2) = LL 33
1046 IF(RCOTI) _6C7, 652, 607 . e L ES
1047 1852 FORMATI{//723H saansa WARRING sasssn +*" " SUBROUTINE EIGVEC HAS ES'
IFOUNE AN EIGENVALUE CF APPARENT NULTIPLICITY?, ESY
_____ v _T4ef23%,*. _ COMPUTATION OF EIES)
i 2GENVECTOR(S) CONTINUES AT USER S OPTIGN'//) Es»
1048 101 FORMAT{38HOMORE THAN 15 LCCPS FOR EIGENVECTOR OFy2E1Ze4, ESt
2 ___14H DIFFERENCE CF,F12.4) e =
1049 102 FORMAT{16HO#» s WARNINGenwa' , 14, 7LH ZCRCS ON CEAGONAL OF FACTOREDES®
: 1 MATRIX. CHECK FOR MULTIPLE EIGENVALUES./20X, ES
—— 2% SUBRQUTINE EIGVEC MWI{L NOY PTRFORF COMPUTATIQN FCR THIS EIGENVECESY
3TO0R */7) 33
1050 END .

JCATA




