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THEORET I CA4,WOF0
 

Personnel
 

A. W. Thresher has completed his work on the contract and has received
 

his Ph.D. No student is presently employed on the theoretical portion of
 

the work.
 

Progress
 

The computer program has been run several times for the case of uni

form loading on the crack shown in Figure 1. Stress intensity factors have
 

been computed for values of D ranging from D = 0.0 to D = 0.7 and for values
 

of A/T ranging from A/T = 0.0 to A/T = 0.85. 

The results of these computations are presented in Dr. Thresher's
 

thesis, a copy of which is attached. Figures 6, 12, 13 and 14 present
 

stress intensity as a function of position along the crack border. Figure 15
 

presents the back surface magnification'factor as a function of A/T. Com

parisons of theoretical and experimental work are shown in Figures 16 and
 

EXPERIMENTAL WORK
 

Personnel
 

A master's degree candidate has been hired 1/2 time to work on this
 

portion of the research.
 

Progress
 

Testing has continued on the width effect. In excess of 60 data points
 

have been added to the data presented in the last report. Figures 2 through
 



11 show all the width effect data taken to date. The hollr' points show
 

the most recent data while the solid points show the data presented in
 

the last report.
 

The apparent KIc(AKIC) in Figures 2 through 11 is still defined as
 

Now that enough data are avilable, a new apparent "ICwill be defined, 

namely 

as was discussed in the last report. This new apparent 1I%will be used 

to compute width effect correction factors.
 

In the last report it wad mentioned that the width effect may have 

influenced some of the depth effect dati. It appears now that this is 

not the case since the depth effect specimens were purposely made with 

large values of W/20. The following criterion were applied to the depth 

effect data: 

invalid if
 

W/2C < 4.0 and a/2C > .30
 

W/20 2.0 and a/2C C .30
 

This resulted in eliminating only four of the total depth effect data 

points.
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ABSTRACT
 

A SURFACE CRACK IN A FINITE SOLID
 

A solution to the problem of a circular crack partially
 

embedded in a solid of finite thickness is presented. A super

position and iteration technique is used to determine the stress
 

intensity factor numerically. The stress intensity factor is
 

determined as a function of position around the crack front for
 

a variety of crack depths and thicknesses. The results of this
 

study are compared to experimental data for a semi-elliptical
 

surface flaw in a brittle material.
 

In addition, a solution for the partially closed Griffith
 

crack is presented. This formulation leads to a closed form
 

solution for the stress and displacement on the plane of the crack.
 

A method for finding the open crack length is presented. The
 

problem of pure bending which closes one end of the crack is solved
 

and the stress intensity factor is calculated.
 

Robert Wallace Thresher
 
Department of Mechanical Engineering
 
Colorado State University
 
Fort Collins, Colorado 80521
 
August, 1970
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INTRODUCTION TO THE THESIS
 

The present form of fracture mechanics started with the work
 

of Griffith in 1920 (1). The essence of Griffith's work stated that
 

a crack will propagate if by doing so it can lower the total energy
 

of the system. The stress analysis used by Griffith to calculate the
 

stored elastic energy was taken from the work of Inglis (2) for an
 

elliptic hole in the center of an infinite plate, where the minor
 

axis of the ellipse was allowed to approach zero.
 

Another step toward the present theory of fracture mechanics
 

was made when Irwin (3) pointed out that for metals the Griffith-type
 

energy balance must be between the stored strain energy and the surface
 

energy plus the work done during plastic deformation. Irwin also
 

noted that for most engineering materials the work done against sur

face tension is small compared to the plastic work.
 

The Irwin-Griffith energy balance for a crack would appear as
 

shown in Figure 1. As the crack size increases the stored elastic
 

energy decreases and the amount of plastic work necessary to propagate
 

the crack increases. However, the stored strain energy decreases at
 

a faster rate and therefore creates an unstable situation when the
 

crack is larger than a certain critical size.
 

In 1957 Irwin (4) showed that the strain energy release rate
 

is related to the stress intensity factor KI ,-where the stress inten

sity factor can be defined as
 

1
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K, = Limit0 7 ax 

for the situation illustrated in the bottom half of Figure 1. Since
 

the strain energy release rate and the stress intensity factor are.
 

related, it is permissible to talk about a critical stress intensity
 

factor. The critical stress intensity factor is the value of the
 

stress intensity factor at which unstable crack propagation occurs. 

The critical stress intensity factor, which is called the fracture 

toughness, has been shown by experiment (5) to be a material property. 

The fracture mechanics failure criterion states that a crack will 

propagate if KI KIC , where KIC is the fracture toughness. 

To determine whether a cracked component will fail in a given
 

loading situation, one must have the fracture toughness for the
 

material in question, and an elastic stress analysis from which to
 

calculate K1 . For example, consider a two-dimensional crack of
 

length 2a centered in a large plate loaded with a uniform tension
 

a . The plate is a brittle material which has a fracture toughness of 

550 psi iin . A stress analysis is performed to obtain a on x = 0, xx
 

from which the stress intensity factor is calculated. This computation
 

gives
 

K
 
I
 

The fracture mechanics failure criterion states that this plate will 

fail when 

a - 550 

This equation gives the maximum allowable load a for a given crack 

length 2a . For most engineering materials the fracture toughness is 
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well documented. The difficult part of the problem is the stress
 

analysis. Solutions to some of the more comon problems can be found
 

in the literature (5). However, many important problems are still
 

unsolved. For example, surface cracks are very often seen in structural
 

components, but only limited analysis has been performed on this type
 

of crack.
 

The purpose of this thesis is to solve two problems in linear
 

elastic fracture mechanics to obtain the stress intensity factor.
 

Part I presents the solution for a surface flaw in a finite thickness
 

plate. Part II presents the solution for a two dimensional through
 

crack in which the applied load closes one end of the crack.
 



INTRODUCTION TO PART I
 

The three dimensional analysis of cracks started in 1945 with 

the work of Sneddon (6), who solved the problem of the circular crack 

in an infinite solid, where the crack was opened by a constant pres

sure. The corresponding problem for the elliptical crack in an 

infinite solid was done by Green and Sneddon in 1960 (7). More recently, 

Kassir and Sih (8, 9) solved the embedded elliptical crack for a pre

scribed shear, and later for a linearly varying normal pressure. The 

problems of an embedded hyperbola and an embedded parabola were solved 

by Shah (10). In addition, Shah solved the embedded elliptical crack 

for a normal pressure loading specified by a restricted polynomial (11). 

Only limited analytical work has been done.on surface crack,
 

problems. In 1962 Irwin (12) using the solution of Green and Sneddon
 

estimated the stress intensity factor for a semi-elliptical crack in
 

the surface of a half space. In 1965 Smith (13)-solved the semi

circular crack in the surface of a half space, where the crack surface
 

was loaded with an arbitrary normal pressure. In a continuation of
 

Smith's work, Smith and Alavi solved the problem of a circular crack
 

embedded in a half space (14) and the problem of the circular crack
 

only partially embedded (15, 16).
 

The work contained herein is an extension and a refinement of
 

the work of Smith and Alavi. It is the purpose of this portion of the
 

thesis to present the solution to the part-circular crack in a finite
 

4
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thickness solid. The work centers around determining stress intensity
 

factors for circular flaws embedded an arbitrary depth into a plate
 

of finite thickness.
 



CHAPTER I
 

THE SURFACE FLAW PROBLEM
 

1.1 	The Problem Statement
 

Consider a circular crack embedded only part way into a plate
 

as illustrated in Figure 2. The problem is to determine the stress
 

intensity factor as a function of 6 for a variety of depths D and
 

A/T ratios under uniform tension loading.
 

Again referring to Figure 2, the boundary conditions may be
 

stated as follows:
 

1. 	All normal and shearing stresses must vanish on both the
 

front and back surfaces.
 

2. 	On the plane z=O:
 

(a) zz Z=0 = - P(r,0) inside the crack.
 

(b) 	Uz IZ=0 = 0 outside the crack.
 

(c) 	Trz = TeZ = 0 all Z=0. 

The 	solution to this problem will be superimposed with a solution
 

having a normal stress + P(r,0) inside the crack to arrive at the
 

boundary condition Yzz Z=0 = 0 inside the crack.
 

6
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1.2 The Solution Method
 

The 	solution method which will be used is the Schwarz alter

nating technique (17). In this particular case the technique consists
 

of using two elastic solutions coupled with an iteration procedure
 

programmed for the digital computer to solve numerically for the stress
 

intensity factor as a function of position along the crack border.
 

The solutions used in this procedure are:
 

1. 	The circular crack in an infinite solid where the crack
 

surface pressure is prescribed in the form of a Fourier
 

series;
 

2. 	Stress in a half space due to pressure and shear on a
 

rectangular portion of the half space boundary.
 

The iteration procedure works as follows:
 

1. The crack pressure, prescribed in the form of a Fourier
 

series, is applied to the crack surface. For the case of
 

simple tension, a constant pressure is applied to the
 

crack surface. Solution 1 is used to calculate the result

ing stress in the solid at the desired location for the
 

front surface.
 

2. 	Stresses at the location of the front surface are removed
 

using solution 2. This is accomplished by dividing the
 

front surface into many small rectangles and applying
 

"freeing" stresses to each rectangle which are equal and
 

opposite to the stresses at the center of the rectangle as
 

computed by solution 1. This freeing of the front surface
 

produces a residual stress on the crack surface, which is
 

computed using solution 2.
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3. 	The negative of the stress-residual on the crack surface
 

is approximated with a Fourier series and this loading is
 

then applied to free the crack surface of stress.' Solution
 

1 is again used to compute the stress on the front surface.
 

4. 	Steps 2 and 3 are repeated until the residuals become
 

negligible.
 

As 	the iteration continues, the stresses due to each step are
 

also computed for the back surface and collected in a running sum.
 

After convergence with the front surface has been obtained the iter

ation is dond between the crack and the back surface, while a running
 

total of residuals is kept on surface 1. This whole procedure is then
 

repeated untilresiduals are negligible.
 

The elastic solution for the circular crack in an infinite
 

solid will be developed in Chapter II and the solution for a rectangle
 

on the surface of a half space will be discussed in Chapter III.
 



CHAPTER II 

THE CIRCULAR CRACK IN AN INFINITE SOLID
 

SOLUTION 1
 

2.1 Boundary Conditions
 

Consider 	an elastic solid with a circular crack of radius "a"
 

located on the plane z=0 which is opened by normal pressure P(r,6).
 

The crack and coordinate system are shown in Figure 3. The boundary
 

conditions for this problem may be written as follows:
 

(a) azzi z= - P(r,O) for 0 < r-< a (2.1.1a) 

(b) Uz 	 z=O 0 for r > a (2.1.1b) 

(c) tr = = 0 	 (2.1.1c) 

(d) a 0 as x,y-+ 	 (2.1.1d) 

In addition, only normal crack pressures symmetric with the plane
 

z=O will be considered.
 

2.2 	The Potential Formulatioi
 

The three dimensional form of the Navier equations can be
 

written 

G V2 Ui + (X + G) Ui'i = 0 (2.2.1) 

9 
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For the special class of problems where the shearing stresses
 

are zero on the plane z=O the following potential formulation satisfies
 

the Navier equations:
 

=a -
 Dra
 

i1
U L + (82 - 1) E D2 	 (2.2.2)0 rD 	 r30z
 

uz = - 82 (82 - z 

az3z 

where 2= 2(1 - v) 

(1- 2V) 

provided that V2 * = 0 This formation is presented by Green 

and Zerna (18). 

Using Hooke's Law the stress components in terms of the 

potential function are easily found as 

= - 2(82-2) 	 D2 + 2 -4+ 2 (2-l)Z 

az 2 8r2 2rr 	 ar az
 

a = _ ( 	 2 2) D_ 2 + Z _ +- 2_ _! 
0e 	 az r 3r r 2
 

+ 2(a2_1) + 2(82-1) D 
r2 ;023z r 3rrz
 

9
a = 2(8a2-1) A2 2 + 2(821)z 
3z3zz 	 az
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2 D2 +2(21)E __ 2 a 
r = r + 2(82-i) r aeazar r2 @8 

32
 - 2(,2_,) z2 303z 

2rz araz

= 2(Sa-l) -E a3O (2.2.3)r 363 Z2
 

The displacements in (2.2.2) have been nondimensionalized through
 

division by "a", the crack radius. The stress has been nondimension

alized with respect to the shear modulus.
 

From the form of the potential formulation it can be seen that
 

the boundary condition (2.1.1c) is automatically satisfied while
 

boundary conditions (2.1.1a) and (2.1.1b) on the plane z=O reduce to
 

= P(r,) for 0 S r S a (2.2.4a) 

3z2 
 2(a2 1) 

D = 0 for r > 0 (2.2.4b)3z 

2.3 The Potential Function
 

To satisfy the mixed boundary conditions of (2.2.4a) and 

(2.2.4b) the potential function, 4 , will be assumed in the form 

N
 
- z
= cos -- dE (2.3.1)
n) Jn(Er) e
 

n
0
n7=0 
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This potential function clearly satisfies the boundary condition (2.1.1d),
 

-
sincesincnboth Jn (r) and e o tend toward zero for large r and z 

The remaining boundary conditions to be satisfied are (2.2.4a) and 

(2.2.4b), which after subst'ri,,tnr for * may be rewritten as 

N iN 

2(02-)2(82-l) - n=0 cos (n) fn) Jn( r) dE (2.2.3a)n
 

for r 5 1
 

Nf
 
= 0 cos (nO) f fn(e) n(r) d9 (2.3.2b)

n=0
 0 

for r > 1 

To find the unknown function fn(E), the functLon P(r,G)/2(0 2-1) 

will be expanded in a Fourier cosine series is follows:
 

N
P(r,.) = I Bn(r) cos (nO) (2.3.3)
 
2(82-1) n=0
 

where the Fourier coefficients B (r) are given by
 
n
 

TJr
 

Bo(r) = 1 P(r,e) d6
 
27r(a 2-i) f
 

0
 

and- (2.3.4) 

Bn(r) = l f P(r,O) cos (n) dO 

0 

Now the boundary conditions (2.3.2a) and (2.3.2b) may be further
 

simplified to give the following set of dual integral equations:
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Bn(r) = ffn() in(Qr) dg (2.3.5a) 

o for 0 < r < 1 

a f fn ( ) Jn(r) dg (2.3.5b)" 

0 for r > 1 

The solution to these dual integral equations for the unknown function
 

fn Q) , due to Busbridge, is given by Sneddon in (19) as
 

1 1 

f( ) = nq)2.. .s2j+(nd dpJnF n4~ f Bn)nl 
0 J d (2.3.6)
 

2.4 The Function fn()
 

In order to reduce the complexity of the integrations required 

to determine fn(n) , the function Bn(r) will be expanded in the 

power series 

P 
p
B (r) = C p r (2.4.1) 

p=o 

where C = constant. Substitution of this representation for B (r)
 

into (2.3.6) and performing the integration on p gives
 

1I
 
H P
f- np+3P n I Jn+&(n)dn. (2.4.2)

/- p=O fn 
0
 

where
 

H P = rp± (2.4.3) 
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To this point the solution development has followed the work of Smith
 

and Alavi (15), who expanded the Bessel function Jn( r) in a power

n-14 

series which was then integrated term by term and substituted into 

the potential function * to obtain a series solution for the stresE 

components. Because the series solution did not converge for 

r2 + z2 < 1 , they were forced to developpa closed form solution for 

small r and z . The main drawback with the closed form solution 

was that it required a considerable amount of hand computation to 

complete the required integrations. Even then it took a significant 

amount of computer time to calculate numerical values for the stresses. 

As a result of these difficulties, Alavi's solution is limited to 

three terms in both the Fourier series (2.3.3) and the power serids 

(2.4.1). In order to extend the solution to include more terms in the 

Fourier series and power series, a numerical integration scheme was 

devised. 

Watson (20) gives the integral representation for Jn+(n) as 

fkFn+fiLJ+(W) = (l-t2)n eift dt (2.4.4) 
F(n+l)VW -1
 

Substitution of this integral representation into equation (2.4.2), and
 

then substitution of equation (2.4.2) into equation (2.3.1) gives the
 

result
 

N cos (n) B

I 2n+1 I C Hn-× 

n=O 2 r(n+l) p=O n 

11 TIp+n+2(l_t2)ndtdflf Cn Jn(Er)e
 

-1 0 (2.4.5)
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The last integral in (2.4.5) has the value
 

= r(2n+l)rnf n J (r)e-(Z-irlt)d 

2 I 1 

0 2nr(n+l)[(z-iit) 2 r ]
 

(2.4.6)
 

Substitution of equation (2.4.6) into equation (2.4.5) gives
 

N P 
I cos (n) r(2n+l) CC pXp r' I(n,p)
 
nO v9 22n+l [r(n+l)] 2 p=O n n
 

(2.4.7)
 

where
 

(znt244t2n)/2(2.4.8)
I(n,p) = dtdl 

2.5 The Stress Components
 

To determine the stress components, the equation (2.4.8) for
 

I(np) must be substituted into the equations (2.2.3), which gives
 

the following integrals to be evaluated:
 

11
 

FI(1) = f( 2n+l)/2 dtdn (2.5.1)
 

0 -1 

1 1 

(2 = (23)/2 dtdl (2.5.2)
0 -1 

11
 

FI(3) (2.5.3)
= f(2n5)/2 dtdn 


0--i 



16
 

11 

(4) rr W(z-int) dtdl 	 (2.5.4)
ff (2n4-3)/2 
o -1 

11
 

F0(5) = 	 f W(z-i5t) dtdn (2.5.5)
of (i~2n+5)/2 

11
 

FI(6) = 	 ( W(z-it) dtdl (2.5.6)ff (2n+7)/2 
-1
0 


11 

FI(7) = f f W(z-int)2 dtdrf (2.5.7) 

o -1 

(22.5)/2	 dtd 

1 1
 

FI(8) = 	 f f iyCZ1 dtdn (2.5.8) 
00 fQ(2n+7)/2Q-1 


where 

W = UP+n+2 (1-tz)f 

and 

Q = [(z-int)2 + r2] 

A computer program was written to integrate the FI(l) through FI(8)
 

integrals numerically whenever they occur. The integration formula
 

used was a 12th order Newton-Cotes closed type formula (21). Even with
 

this high order formula, a very fine mesh was required for small z and
 

r < 1. In addition, the integration accuracy deteriorates with increas

ing n . However, despite these problems the integrals could be
 

calculated to 3 digit accuracy for z as low as .2 for r < 1, and
 

for n and p as high as 5. The only drawback in going to smaller
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z and larger n , is that the required computer time tends to increase
 

very rapidly. No integration problems were encountered when r > 1
 

even for z=O. The stress components may be written as follows:
 

N 	 P
 
rna = I A(n) cos (ne) I C p H p SRR (2.5.9)

rr 	 n0 p=0
 

N P 
aeo = I A(n) cos (ne) I C p H p rn sOC (2.5.10)

p=0 n n

n0 


N P 
To = - I A(n) sin (nO) I C p H P r' SRE (2.5.11)

n=0 	 p=0 n n
 

N 	 P
 
n
T" = I A(n) cos (nO) C nP H P r SRZ (2.5.12) 

n=0 p=0 

N P-
Tz =- A(n) sin (nO) C np H p rn SOZ (2.5.13) 

n=0 p=0 

where 

SRR - Cl • FI(7) + C14 • FI(2) + C2 * FI(l) 

- C3 * FI(1) + C4 • FI(3) - C5 • FI(4) 

+ C6 • FI(5) + C7 • FI(6) 	 (2.5.14) 

SO0 = 	- Cl * FI(7) + C14 * FI(2) - C2 • FI(1) 

- C8 • FI(2) + C5 * FI(4) + C9 * FI(5) (2.5.15) 

SRO = C2 FI(1) - C10 FI(2) - C5 * FI(4) 

+ Cll * 	FI(5) (2.5.16) 

SRZ = C12 • FI(7) -C13 * FI(8) - C15 * FI(2) 

+ C16 * 	FI(3) (2.5.17) 
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SZ = C12 - FI(7) - C15 *-I(2) (2.5.18) 

and 

A(n) =F(2n+l) 

VV22n+l [r(n+l)] 2 

Cl = 2($2-2)(2n+3)(2n+l) 

C2 = 2n(n-l)/r 2 

C3 = 2(2n+1) 2 

2 
C4 = 2(2n+l)(2n+3)r

C5 - 2(82-1)zn(n-1)(2n+l)/r 2 

C6 = 2( 2-1)z(2n+1)2 (2n+3) 

C7 = 2(82-1)z(2n+l)(2n+3)(2n+5)r2 

C8 = 2(2n+) 

C9 = 2(82-1)z(2n+l)(2n+3)
 

C10 = 2n(2n+l)
 

Cll = 2(82-1)zn(2n+l)(2n+3)
 

C12 = 2(C2-1)zn(2n+l)(2n+3)/r
 

C13 = 2(82-1)z(2n+l)(2n+3)(2n+5)r
 

C14 = 2(S2-2)(2n+) 

C15 = 2(a2-1)zn(2n+l)/r
 

C16 = 2(82-1)z(2n+l)(2n+3)r
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The equations (2.5.9) through (2.5.13) together with the
 

integrals given in equations (2.5.1) through (2.5.8) give the stresses
 

near a circular crack in an infinite solid. Due to the problems with 

the numerical integration procedure for small z the special solution 

for z=O and r < 1 will be presented in the next section. 

2.6 	The Solution for z=O and r < 1 

The stress components for the special case z=O have the form 

Dz 2 2°rr z	 = - 2($2-2) - .(2.6.1)rIZ=0 	 3r2
 

2= - 2(022) 2!12 2 + 2- ae (2.6.2),aO Y gr r ae
z


re=O 
r- 2 

r ar3e 
2 

r2 
j 

H 

(2.6.3) 

The potential function itself becomes 

= cos (nS) 

n=0 V/2-

I Jn+t( n)
0 

c p 

p=0 

Jn (cr) 

H p 

f 

P+3/2 d 

(2.6.4) 

while POI 
az 2 z=O 

is given by 
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~cos Wn) OjI 
2 p p+ /3z 0 (e ) Hn dj X
 

Z=O n 42 p=O 0
 

f Y J+j (rTj) Jn(9r) d (2.6.5) 
0 

To determine the stresses on the plane z=0 , the integrals involved
 

in these two expressions must he evaluated.
 

The infinite integral in equation (2.6.4) is a Weber-Schafheitlin
 

discontinuous integral. Abramowitz and Stegun (21) give the value for
 

this integral as
 

J4(at) JJ (bt)

tdt = 

0 

bV r L+v;P+1] ru+v-A+l -1yV +l 

2X aVX,+l Ivl [U-v+X+l] 2 F1 L2 2 ;Vi-+;a 

for 0 < b < a , X > -1 and (w+V-X+) > 0 , or 

I'u L )2 [ tXFl 12B 1 4" X l j - - + -

for 0 < a < b , X > -1 and (p+v-A+l) > 0 

where the function 2FI (a,b;c;z) is the Gauss hypergeometric
 

series (21),
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The infinite integral of (2.6.4) becomes
 

M 

f J.4 (Cn) Jn(r) d'
 
0 /
 

r F(n+%) for 0 < r < , and 

,(2 no4i r (n+l) 

<F ---2 ffor 0 < Tj r. 
__r (n+s+) r(s+4) a

f/r rn+l 7s s=O+3,)s j 
(2.6.6)
 

Substitution of equation (2.6.6) into equation (2.6.4) gives
 

P
 

I 

z=0 -

N
I cos (nO) I C p H p 

n0 V2- p=O n n 

nc-F 2s 

p+3/2 r (n+s+)l'(s4+ 2_n1_ 

0 lV rfl~l Tr = F(n+s+s&,) sy!. i d n 

+ np+ 3/2  r r" -(u) (2.6.7)1d}

rTr n2 r(n+l)Jr
 

Interchanging the integration and the summation in equation (2.6.7) and
 

proceeding to evaluate the next integral gives
 

p
Iz=0 I cos (n) 1 C p Hn fp+2 BT(n,p)
n=0 /2- p=O 

(r n-r p + 2) for p-n+l # 
+(n+) p+ 2 ) 

r(n+l) rn log (r) for p-n+l =-lJ
 

(2.6.8)
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where
 
r (n+s-%) r (s+) 

BT(np) r(n+s+3 2)r(s+l)(n+p+2s+3) (2:.6.9)
 

Equation (2.6.8) together with (2.6.9) give the value of * on the 

plane z-0. 

To find ;2 /aZ2Iz=0 , the integrals in equation.(2.6.5) must 

be evaluated. A careful examination of the infinite integral in 

equation (2.6.5) shows that it does not exist. However, the form of 

the infinite integral can be changed by integrating the finite integral 

on n by parts. The basic differentiation formula for Bessel functions 

can be used to show that 

d -f~ln+4F j-n4 j(..0

dn Jn_(En) = n - J i (2.6.10)
 

The integral on n can be rewritten to give
 

1 1f Tp+3/ Jn+ (En)dn = - J (np + n+l) x 

0 0 

J-nJn+(En)dn 3 (2.6.11) 

Integrating (2.6.11) by parts gives
 

1
 
1P+ 3/2 

-)
f jn =
 

J (g) l)f p+4 

+ (p+nJnl) T() 7dr (2.6.12) 

0
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Substitution of equation (2.6.12) into the expression (2.6.5) gives
 

H P 
= I Cos (nO) I C P x 

az? z=0 n=0 ( p=0 n n 

1
 

{(p+n+1) f TjP4"dfl f V (gn) J (gfldg 
0 0
 

f J,_(C) Jn(r)dE } (2.6.13) 

0 

As was expected, these integrals are also special cases of the Weber-


Schafheitlin discontinuous integral and can be evaluated to give
 

f Jn_ (E)Jn(r )d = 0 for 0< r <1 (2.6.14) 

0 

f VYJ n (rT')Jn(r )d = 0 for 0 < r < q (2.6.15)
 

0
 

fIE-Jn_ (On) Jn(r )d 5A2Tjn-(r2-n2)%>JrdC= for r > n >0 . 
r0- (2.6.16) 

Because the solution developed in 2.5 is perfectly acceptable for z=0 

and r-> 1 , the solution in this section will be developed only for 

the case r < 1 . With this restriction, 32 /W Iz=0 maybe written as 
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N cos (n6) P
 a z 

p=Oz Iz=0 n=O v 

2r4 dli r < 1p+n for 

rn r7-f (J2 )i 
r0 (2.6.17)(-I 


2

After performing the final integration, 321/z2Iz=o takes the form
 

N cos (n8) P

aj p 

azz2z=0 = 22 XO
n=0 p=0 (p+n+l) Cn x
 

AF for n+p = 

p #o for r < I 
r for np
r E±-+2] 


Lr [n+P+3] fo(2.6.18)
 

The stress components for the plane z=O can be calculated by
 

substituting the equations (2.6.8) and (2.6.18) into the equations
 

(2.6.1) through (2.6.3).
 

N cP
 
p


=n0
or [-j cs nj =0 CnP HnP r x
 
=O p=O
 

€ for n+p=0 

BT(n,p) (p+2)(p+l) - (8-2) j for Up f 

[Hnp for n+p 01
 

Tri (n+-) n-p-2 

- (n+l) p [n(n-1) log(r) + 2n - 1 

for p-n+1 = -1(2.6.19) 


http:fo(2.6.18
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N cos (nO) X 
n p r p

S1= n=IO Cnp=O x 

(p-n2+2) BT(n,p) - (021). for n+p 0 

w r(n+4) [n(1-n)rn-p- 2 + n2_p-2] 

F(n+l) (p-n+2) for p-n+l # -1 
+
 

itr(n+i4) n-p-2
r(n+1) r [n(l-n) log (r) +1]

for 
p-n+l 
= -1 

(i.6.20)
 

N si_ _() PC p 
 p
T= n sin (n) I Cn H r n(p+l) BT(n,p)
ZrO0 n=O I P= n
 

r +r(n+) n2 
+ r'(n+1(n+ ) n -1)r1 1 n-p- i]-
 for p-n+l 
 -11
Tr r(ni) n(n-1)[log (r) + 1]r (n+l) for p-n+1 = 

(2.6.21)
 

rz - = -z0 (2.6.22)rz=0 e z=O 

Equations (2.5.9) through (2.5.13) together with equations
 

(2.6.19) through (2.6.22) constitute the complete circular crack
 

solution.
 



26
 

2.7 The Stress Intensity Factor
 

The stress intensity factor K, is defined by
 

KI = Limit 42V a zz z (2.7.1) 

where 6 is the distance from the crack tip and az is the normal
 

stress on the plane of the crack. Substitution of into equation
Czz
 

(2.7.1) yields
 

N P
 
C'p H p
KI = 2G(82-1) I cos (ne) I (2.7.2)

n=O p=0 n n
 

This method of calculating KI was first used by Smith (13).
 

2.8 Summary
 

In Chapter II the problem of the circular crack in an infinite
 

solid has been formulated and solved. Section 2.5 presents the stress
 

components in the form of a double series. Some of the required
 

integrations must be performed numerically and these are given in
 

equations (2.5.1) through (2.5.8). Section 2.6 presents the stress
 

components for the special case z=O and r < 1. This special case
 

had to be solved separately because of problems with the numerical
 

integration procedure for small z . Section 2.7 presents a method for
 

determining the stress intensity factor for an arbitrary normal pressure
 

on the crack surface.
 

The solution presented in this chapter can be used to calculate
 

the stresses surrounding a circular crack in an infinite solid, when
 

the crack surface is loaded with a normal pressure approximated by a
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truncated Fourier-power series. The Fourier series contains terms up
 

to cos(50) , while the power series includes terms up to r4 . In
 

addition, a direct method of calculating the stress intensity factor
 

due to this loading has been presented.
 



CHAPTER III
 

THE HALF SPACE SOLUTION
 

SOLUTION 2
 

3.1 The General Problem
 

In section 2.2 it was explained that solution 2 would be used
 

to calculate the stress on the crack surface produced by freeing of
 

the front and back surfaces during the iteration procedure. Figure 4

is an illustration of how the front and back surfaces are arranged for
 

this procedure. The following paragraphs describe how this portion of
 

the procedure functions.
 

After the stresses at the center of each rectangle have been
 

computed using solution 1, solution 2 is used to calculate the stress
 

on the crack surface produced by the freeing process. To accomplish
 

this the crack surface is represented as a circular array of points
 

and the stress at each of the array points is calculated by summing
 

the stresses-produced by each individual rectangle of the front surface.
 

The freeing stress which produces a stress a on the crack
 
zz.
 

surface also produces stresses on the back surface. This is handled
 

by considering each back surface rectangle one at a time and summing
 

the stresses produced by freeing each of the front surface rectangles.
 

Here again, the stress calculation is made for the center of each
 

rectangle. The calculations proceed in an identical manner for iter

ation between the back surface and the crack.
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To save computer time, the stress calculations between the
 

front and back surfaces are made only after an iteration cycle between
 

the crack and one surface has been completed. For example, if three
 

iterations are to be performed between the front surface and the crack
 

then the freeing stresses for each iteration are accumulated in a
 

running sum and the back surface residual stress is calculated only
 

once.
 

3.2 The Solution for One Rectangle
 

For any given rectangle the problem reduces to finding a
 

solution for a semi-infinite solid when the rectangle on the boundary
 

is subjected to uniform normal and shearing stresses. This basic
 

problem has a rather long history and was once called the "problem of
 

Boussinesq and Cerruti." A potential formulation for the problem is
 

presented in Love's "A Treatise on the Mathematical Theory of Elas

ticity" (22). Later, in a paper (23) Love presents the solution for
 

the case of constant normal stress. Much more recently Smith and Alavi
 

presented the solution for the case of constant shearing stresses.
 

Since the solution is rather involved and adds little to the under

standing of this work, the solution will not be reproduced here. For
 

a more complete discussion of this solution and its application to
 

similar problems in fracture mechanics see references (13) (14) and
 

(15). The formulas given by Love (23), and by Smith and Alavi (15)
 

were programed for the digital computer so that wherever the freeing
 

process was required these subroutines could be used.
 



CHAPTER IV
 

THE COMPUTER PROGRAM
 

4.1 The Program Logic 

This section gives a description of how the computer was
 

programmed to use the two elastic solutions to solve the surface flaw
 

problem. The essence of the material which will be given here was
 

previouslypresented in section 2.2. However, at that point it was
 

intended as an introduction to the solution method rather than a
 

description of how the solution was obtained.
 

A block diagram of the computer program is shown in Figure 5.
 

The number to the right of a block is the statement number in the main
 

program where that block operation takes place. Although the block
 

diagram does not give all of the details of the program operation, it
 

does present the basic program logic.
 

4.2 Program Checkout
 

To insure that the program had no computational errors, a
 

variety of test cases were run. For example, the circular crack
 

solution was checked by comparing the results of this program with the
 

closed form solution of Sneddon for the special case of a constant
 

crack pressure. In addition, the program was checked against Alavi's
 

solution for a crack pressure described by three terms in the Fourier
 

series. In both cases the comparison was accurate to at least three 

digits. 
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The overall results of the program were checked against the
 

results of Smith (13) for the case of semi-circular crack, and against
 

Alavi's results (14) for the cases D=.3 and D=.4 . The comparison
 

with Smith is shown in Figure 6. The difference in results for 6/0max
 

near unity is about 5%. Most of this difference can be attributed to
 

the fact that the front surface grids were not the same. Smith used
 

over 500 rectangles on the front surface while this study used 184
 

rectangles for the first iteration and 62 rectangles for subsequent
 

iterations. The close agreement between these two studies tends to
 

indicate that the iteration procedure is not very sensitive to the
 

surface grid used. The comparison with kxavi!s fesi4$s *as not plotted
 

in Figure 6 because of the close agreement. For the case D=.3 the
 

results were almost identical, and for D=.4 , Alavi's results were
 

about 2% higher than the results of this study.
 

4.3 Surface Grids
 

As mentioned above, two different front surface grids were
 

used. In all cases the 184 rectangle grid was used for the first
 

iteration, and the 62 rectangle grid was used for the following iter

ations. It was possible to use Sneddon's closed form solution to
 

calculate the front surface stresses on the first iteration because
 

the crack pressure is constant. Sneddon's closed form solution computes
 

stresses at a much faster rate than the numerical method of Chapter II.
 

For this reason, a finer grid could be used without excessive computer
 

time. When Sneddon's closed form solution was used, the run time was
 

about 200 seconds for this iteration. In addition, it is highly
 

desirable to perform the first iteration as accurately as possible
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since the stress intensity factor changes by the largest amount on the
 

first iteration. For example, Smith found that for the semi-circular
 

crack the stress intensity factor changed by 14% as a result of the
 

first iteration and by less than 3% on the second iteration. The 184
 

rectangle grid is shown in Figure 7, and the 62 rectangle grid is
 

shown in Figure 8 and Figure 9.
 

The back surface which has 32 rectangles is shown in Figure 10.
 

The back surface is always located outside of the crack and never
 

intersects the crack surface. For this reason the back surface is in
 

a region of low stress gardients, and a fine mesh is not required.
 

Smith and Alavi (15) calculated the stress intensity factor due to a
 

free surface located outside of the crack surface-using 64 rectangles
 

on the free surface. To check the 32, rectangle grid some of the cases
 

presented by Smith and Alavi were rerun. The difference between the
 

results was virtually zero.
 

4.4 The Fourier Series for Crack Pressure
 

The crack pressure is approximated by a Fourier series in the
 

o direction and a power series in the r direction. See equations 

(2.3.3) and (2.4.1). As previously mentioned, the crack surface is
 

represented as an array of points where the crack residual stress has
 

been calculated at each of these points. The Fourier coefficients are
 

determined by numerically integrating over the array's 19 anular
 

divisions for each of the 7 radial divisions, then a least-square curve
 

fit is performed to obtain the power series coefficients of equation
 

(2.4.1). Terms of up to cos (50) were included in the Fourier series
 

4
and terms up to r were used in the power series.
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In order to realize the benefit of the 184 rectangle grid, and
 

the closed form solution for the first iteration,.the stress intensity
 

factor must be calculated with maximum accuracy. The equation for
 

stress intensity factor (2.7.2) shows that this can be accomplished
 

by increasing the number of terms in the crack pressure series. For
 

this reason the Fourier series used terms up to cos (10e) and the
 

power series included terms up to r5 for calculating the stress
 

intensity factor due to the first iteration. This improved approxi

mation of the crack pressure was not used to compute the stresses for
 

the next iteration, because the circular crack solution can only handle
 

terms up to cos (50). This means that after the first iteration the
 

crack pressure was approximated with a Fourier-power series containing
 

terms up to cos (50) and r4 . This less accurate approximation for
 

the crack pressure is considered adequate because the second iteration
 

changes the results by less than 3%.
 



CHAPTER V
 

RESULTS
 

PART I
 

5.1 	General Remarks
 

For all of the results contained herein the iteration cycle
 

was as follows:
 

1. 	One iteration was performed on the front surface using the
 

184 rectangle grid of Figure 7. The stress intensity factor
 

,was calculated using 11 terms in the Fourier series and
 

6 terms in the power series.
 

2. A second iteration was performed on the front surface using
 

the 62 rectangle grid of Figure 8 and Figure 9. The
 

pressure distribution was approximated with 6 terms in the
 

Fourier series and 5 terms in the power series. The stress
 

intensity factor was calculated using this same series.
 

For the cases D = 0, .3, .5, .7 the iteration cycle was
 

stopped at this point to give the solution for the circular
 

crack partially embedded in a half space.
 

3. 	For D = .2, .4, .6 the iteration cycle continued with
 

two iterations between the back surface and the crack using
 

the grid of Figure 10. The Fourier series contained 6
 

terms and the power series had 5 terms.
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4. 	The iteration cycle continued with one additional iter

ation on each surface and then stopped.
 

It is possible to approximate the semi-elliptical surface flaw 

with a partially embedded circular crack. This can be accomplished 

several different ways, but in this work the comparison will be based 

on matching the curvature of the ellipse to that of the circular flaw 

for the same crack depth "A". This comparison is shown in Figure 11. 

This approximation will be used later to compare the results of this 

study with experimental data.
 

5.2 	The Results 

Figure 6 shows the stress intensity factor for the partially 

embedded circular crack. The calculated points through which the 

curves are drawn indicate an increasing tendency to wiggle with in

creasing D. This would be expected since K1 is approximated by a 

truncated Fourier series and as D increases 0 decreases, and
 

therefore the lower order harmonics have less effect. The curves
 

show the anticipated trend of decreasing stress intensity factor with
 

decreasing crack depth. The trend of decreasing stress intensity
 

factor with increasing 8/0max for higher D values is not unexpected.
 

Smith (24) noted the same trend for the semi-elliptical surface flaw.
 

It would be dangerous to put too much faith in the results for 6/6max
 

near 	unity because this region is one of high stress gradients due to
 

the 	singularity at the crack tip. In addition, the surface grid in
 

this region is relatively coarse, The comparison of the 13=0 case
 

for 	this study with the results of Smith (13) also tends to indicate
 

an 	increased error in this region. However, the area of greatest
 



36
 

interest is near e=0 , because this is the point at which the maximum 

stress intensity occurs for most crack geometries. 

Figure 12 through Figure 14 shows the effect of the back sur

face for D values of .2, .4, and .6 respectively. The results show 

the expected trend of increasing stress intensity factor as the back 

surface moves closer to the crack tip. 

Figure 15 is a plot of the back surface intensification factor 

plotted as a function of D and A/T . This factor is defined as 

Mt H (l at A/T = 0) for 0 = 0 (5.2.1) 

The real test of an analytical study is a comparison with
 

experimental data. This comparison is presented in Figure 16 and
 

Figure 17. The data was taken from the work of Larson (25). The
 

material used in Larson's work was a brittle epoxy into which semi

elliptical surface flaws were placed. The comparison between the ex

perimental data and the theory is excellent.
 



CONCLUSION TO PART I
 

The problem of the circular crack partially embedded in a
 

solid of finite thickness has been solved. The stress intensity factor
 

has been determined for a variety of depths, D, and A/T ratios under
 

uniform tension loading. During the course of the solution a numerical
 

integration technique was devised to calculate the stress in the
 

neighborhood of a circular crack where the crack surface is loaded by
 

a normal pressure P(r,e) which can be specified by a Fourier-power
 

series in which terms up to cos (58) and r4 are retained. In
 

addition, the stresses on the plane of the crack have been determined
 

in closed form.
 

The stress intensity factor has been determined as a function
 

of position around the crack front for the crack embedded a depth D,
 

where D varied from 0 to .7 and for A/T ratios from 0 to .85. The
 

results indicate that for deep cracks the back surface can raise the
 

stress intensity factor by as much as 30%. These results are compared
 

with experimental data for semi-elliptical surface flaw cracks. The
 

comparison has been made by matching the curvature of an ellipse to
 

that of the part-circular crack for a given crack depth A. The ex

perimental data scatter about the theoretical results and give a good
 

comparison.
 

Although all of the results presented here have been for the
 

special case of Poisson's ratio equal to .25 the program is set up in
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such a manner that other values of Poisson's ratio can be used. In
 

addition, the program is not restricted to the special case of uniform
 

tension. Any loading which can be approximated with the truncated
 

Fourier-power series can be run with the program.
 



PART II
 

INTRODUCTION
 

There are solutions to many two dimensional crack problems in
 

linear elastic fracture mechanics (5). These solutions generally in

volve the requirement that the loading causes the crack surfaces to
 

move apart. -In this portion of the thesis a solution for a two
 

dimensional through crack is presented in which the requirement of
 

crack surface separation has been relaxed. This type of fracture
 

problem does not appear to have been discussed to any great extent in
 

the literature. Burniston (26) has solved the partially closed
 

Griffith crack for the case where the crack is closed at its center.
 

However, a crack which is closed at one end is of more practical
 

importance, since this could occur with & crack located in a bending
 

field. A typical example of this situation is shown in Figure 18.
 

Consider the specific problem of a crack located at the center
 

of a pure bending,stress field. For this case the existing theory can
 

be used to obtain an upper and lower bound for the stress intensity
 

factor. The upper bound is found by loading the crack shown in
 

Figure 18 with the linear load P'(y) = lao - aly, where a, is the
 

bending load intensity in psi/in. For this loading the stress intensity
 

factor can be calculated using equation 33 on page 37 of reference (5).
 

This computation gives
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A lower bound for the stress intensity factor can be found by assuming
 

that the crack of Figure 18 is open over one half of its length. The
 

lower bound for the stress intensity factor is given by
 

The upper and lower bounds differ by a factor of 2 Vf. In Chapter 9
 

this problem will be solved using the theory presented here and itwill
 

be determined that the actual stress intensity factor is about 80% of
 

the upper bound.
 

It iS the objective of this portion of the thesis to determine
 

the stress intensity factor for a partially closed Griffith crack
 

subjected to a general load specified by a polynomial. This solution
 

will be restricted to the case where the crack has only one open
 

region.
 



CHAPTER VI
 

THE PROBLEM
 

Consider an infinite two-dimensional, linear elastic, homo

geneous, isotropic material which has a through Griffith crack. The
 

loading on the material is specified in the form of a polynomial such
 

that the crack opens only once. The problem geometry is shown in
 

Figure 18.
 

The boundary conditions for this problem may be written as
 

follows:
 

1. 	 a = 0 inside the open portion of the crack; 
x x=O
 

U X = 0 outside the open portion of the crack; 

T 	I = 0 all along x=O since only symmetric
 
x= X-loads will be considered.
 

2. 	For large x and y all stresses must approach the
 

loading stress P'(y).
 

3. 	The stress at the closed end of the crack is finite.
 

A classical approach to this type of problem is to remove the
 

crack andcsolve the resulting elasticity problem. Then a second
 

problem is formulated such that when these two problems are super

imposed the solution to the original problem is obtained.
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Figure 19 illustrates how this technique is used to solve the
 

problem of the partially closed crack. Problem A is the problem which
 

results from removing the crack from the original problem. In the
 

sketch of problem B it can be seen that the loading - P(y) is
 

applied to the area where the crack is to be located. In problem A,
 

+ P(y) is the stress at this same location so that superposition then
 

gives the boundary conditions of the original problem.
 

Problem A is a typical elasticity problem and can be solved by
 

many different methods. Problem B is a mixed boundary value problem
 

and its solution will be developed in the next chapter.
 



CHAPTER VII
 

THE MIXED BOUNDARY VALUE PROBLEM 

7.1 Boundary Conditions
 

The boundary conditions for the mixed boundary value problem
 

can be stated as follows:
 

<a. Cxx = - P(y) for jyj a (7.1.1a) 

b. U = 0 	 for IyI > a (7.1.1b) 

c. 	Txy = 0 for all x=O (7.l.lc) 

d. 	aij 0 as x (7.1.1d) 

e. 	On an intuitive basis, the boundary condition at the closed
 

end of the crack is
 

= yLimit /2ir(y-a) ajxx = 0 	 (7.1.16) 

This supposition is easily verified by considering the alternate
 

possibilities: Suppose that K, < 0, then calculation of the crack
 

opening displacement shows that the crack surface has deflected through
 

itself, which is impossible. Suppose that K1 > 0, then from the
 

definition of stress intensity factor the stress a > 0 at x=O and
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y=a, which is also impossible because the physical crack extends past
 

y=a and cannot support a tension stress. The only remaining alternative
 

is that KI = 0. The problem geometry is illustrated in Figure 20.
 

7.2 The Potential Formulation
 

For the case of plain strain the Navier equations take the
 

form
 

V2U+. a au + 2-l ='(l-2v) 3x Lax Byj=
 

+ 1VI 	 -LU +1V = 0 (7.2.1)(1-2v) ay x Byj 

where 	 U = displacement in the x direction
 

V = displacement in the y direction
 

v = Poisson's ratio.
 

For the class of problems in which the shearing stresses vanish at all
 

points on 'the plane x=0 the following potential formulation satisfies
 

Navier's equations (7.2.1).
 

au= - 2 ax 
2 -) x 

ax 2 

-
V = + (a2-1) x 3	 (7.2.2)ay 	 ax
 

-2 2(1-v)
 

Provided that 4 satisfies V2z = 0 

The above displacements U and V have been nondimensionalized with 

respect to the crack radius "a". 
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Using Hooke's law the stress components in terms of the poten

tial function 4 are found to be: 

a2 2(0 2 _1) a- 2 + 2(e2-l) Xxx ax 33 

- " a- 2(S 2 -1) - - 2(82-1) x a 3 (7.2.3)2 

-. yy x axs
 

-

T 2(82 1) x 

- 3 

These stresses have been nondimensionalized through division by G
 

the shear modulus.
 

The boundary conditions (7.1.la&b) now take the form
 

_yl a3' :S (7.2.4a) 

3x2 
 2(82-1)
 

ax = 0 lyj > a (7.2.4b) 

The boundary condition (7.l.lc) is automatically satisfied by the
 

potential formulation.
 

7.3 The Potential Function
 

To satisfy the mixed boundary conditions of equations (2.2.4a
 

and b) a potential function will be assumed in the form
 



46
 

M) Cos (Ci) *CEx dC+ x 
2(R2-1) 2 (02_1)0 

e- Exg(C) sin (Ey) dC (7.3.1) 

0 

Potential functions in this form have been used by Sneddon (27) to 

solve related problems in fracture mechanics. From the form of * it 

is clear that Laplace's equation is satisfied, and that for large x 

values a, tends toward zero. 

Substitution of the above * function into the boundary con

ditions (2.2.4a and b) gives the following set of integral equations: 

P(Y) f E f(E) cos ( y) d 
0 

+ 	 JEg(Q) sin (CY) dC , lyl 6 a (7.3.2) 

0 

0 = 	 ff() cos (Ey) dC
 

0
 

+fg(E) sin (y) dC lyl > a (7.3.3) 

0 

Now 	 if P(y) is divided into a symmetric and an anti-symmetric function, 

the 	above integral equations may be rewritten as-a pair of dual integral
 

equations.
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The symmetric portion gives the following set of dual integral
 

equations:
 

Ps(y) = 	fo f(C) 0a (Cy) , fyi : a (7.3.4) 

0 

0 = f f(C) cos (gy) dg , jyf > a (7.3.5) 

0 

where Ps(y) is the symmetric portion of P(y).-


The anti-symmetric portion gives the pair of dual integral
 

equations:
 

Pa(y) = 	f g( ) sin (gy) dg , fyf s a (7.3.6) 

0 

0 = / g(E) sin ( y) dE , lyj > A (7.3.7) 

0 

where Pa(y) is the anti-symmetric portion of P(y).
 

The solution to the above dual integral equations, due to
 

Busbridge, 	is given by Sneddon in (18).
 

The relationships which give f( ) and g(t) are
 

a Tips p( 
f 2 f rJ°( )d- f ,, - do (7.3.8)

7 r0 
0 

a 	 X 

g() = ; JJ1 (X)dA xP PJ dp (7.3.9) 

0 	 0 
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With the functions f( ) and g( ) known, the potential
 

function is completely determined except that "a"., the open

portion crack length is still unknown. To determine "a", the boundary
 

condition K, = 0 at the closed end of the crack (2.1.1e) will be
 

used. However, this will not be done until after the a stress 

component has been computed. 



CHAPTER VIII
 

THE STRESS AND DISPLACEMENT
 

8.1 The Stress and Displacement Functions
 

To determine the stress and displacement on the plane x=O 

the functions f(E) and g(Q), (7.3.8) and (7.3.9), are substituted 

into the potential function * and then the formulas (7.2.2) and 

(7.2.3) are used to calculate the stress and displacement. This
 

computation gives
 

x00 0 
f s dp C cos ( y) d 

a~ PP IxJfj 
0A 

fJ 4ra 4SX) dA 

p
0
0 0 


sin (Cy) dC for lyl > a (8.1.1) 

and
 

U a 
co a

n Jo(Wn fi 
x=O 2(82-1) JU 0 

f dp cos (y) dZ 

0 49
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x 
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2(Sail
2(102-) 

W

]{ 
a 

f J, gXdX 
0 

xC 

X Pa(P) 

f dp sin (Ey) dE (8.1.2) 

0 
for Iyl a 

Before the above integrations can be completed the form of the loading
 

must be known. To make the integrations as simple as
function F(y) 


possible the loading function will be assumed in the form of a poly

nomial.
 

8.2 The Loading Function P(y)
 

The-loading must be specified as some function in the x,y
 

coordinatesystem of Figure 18. However, the loading is known only in
 

terms of some material reference frame. For this problem the material
 

reference frame is located at the center fo the physical crack and is
 

y' in Figure 18. In terms of the x', y' coordinate
designated x', 


system the loading function may be written as
 

+ . . + cKy'
p(y') = ao + aly' + c2y' 


K
 
(8.2.1)
P(y') = X anytn 


n--o
 

From Figure 18 it is clear that
 

y y- (ao - a)
 

With this relationship the loading function may be written in the
 

form 
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K 
P(y) I a, ym 	 (8.2.2) 

m=0O
 

K 

where = cnm) (a - ao)nm (8.2.3) 
n-m 

and (n) are the binomial coefficients. 

Now the loading function may be broken into an even and an odd 

function 	to give
 

H JH 2m 2m-1
 
Ps(y) + 'Pa(y)= I 8 2mY + X 8 2m-lY (8.2.3)
 

'where H+1 is the number of even terms in the loading function and J 

is the number of odd terms. 

8.3 	 Integrated Form of the Stress and
 
Displacements
 

Now that the polynomial form of P(y) has been established the
 

expression for stress and displacement can be determined. Denoting the
 

second term of.equation (8.1.1) by "I" and then rewriting it gives
 

1I 2 	afdX f.. ( . J sin (gy) J1 (EX) dg (8.3.1)
 

0 0 p2 0
 

Making use of the relationship
 

dj. ((O) = J(Q) (8.3.2) 

The infinite integral may be rewritten as
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JdX a(P dp d Jo(aX) sin (Cy) d 

0 0 $-	 0 (8.3.3) 

Watson-(20) gives the value for this infinite integral, which is a
 

special case of the Weber-Schafheitlin integral, as
 

fS O(g)x01sin ( y) d9 = 	 for X < y (8.3.4) 

Substitution of this result into equation (8.3.3) gives
 

I = XdX d2 

7T f/ (T- (8.3.5) 

From equation (8.2.4) P	a(p) can be written
 
a
 

pa(p) = 2m-1 
 (8.3.6)
Pa~p = 2m-l P
ml
 

Substitution of P (p) 	into (8.3.5) gives
 
-a
 

2 f dAXdp
 

(X2 p2)S3 2 m 2m-1 J 
0 0., .(8.3.7) 

The last integral in (8.3.7) has the value
 

x 2m -r9(mo 2m 

f/2P dp = viIm- x 2m > 1 (8.3.8)
2 r(m+l)
0 - p2 
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Substitution of this result into the expression (8.3.7) results in 

the term 

i a 2m+1 

1 m+ A dA (8.3.9) 

0om=l(y2X2)342 

Using a similar procedure on the remaining terms in equations
 

(8.1.1) and (8.1.2), it follows that the stress on the plane x=O is
 

given by
 

= l F(r})0(Y-2{LCJ 

H a
 

r(_+_ i-2i1dii
 
+ eIX ~_ r (+) To -d)
 

J a.. 2mrl 

Vim_ 2m-lIF(m+l) f -232 

for jyj > a 

axx P(y) for jyj < a (8.3.10)
 

and the displacement on the plane x=O is given by the expression
 

(l-v) {H r(m+4) .x2m44 dx
U = 82m r(+l) 

f
a 2m-1
1(m+%)

+ m 82m-1 rm+1) f dx for lyj < a 

= f y(.
 

Ii'I (8.3.10)
-U 0 for a 
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The following three integration formulas will be used to
 

obtain the final expression for stress and displacement:
 

a 2m+l m - k (8.3.12)
2mJ nMa2-( z 2k___(_-y)_adx 2 


f k7 ( [2(m-k)+l] (3 

for m _ 0 

a 2m-l 
 1 m-k-l -
-
f dx a (m-) (a-Y2) 2k+l 
Y f X7 = k= k [2(m-k)-l] Y 
Y (8.8.13)
 

for -m > 1 

2m+l dx a2(m +l ) + (2m+l)" m () (-i) k Xa 
+
Sd"y k=O [2(m+k)+l]
 

(y2-x2)3/
 

[(y 2_aa)m-ki4 y2k-i - y2m] (8.3.14) 

for m > 0 

x=O can be written as
Now the stress on the plane 


3 r (m+) 2m-ia{o r H 
xo y 2 aF, y a 32m (Fm+l) 

2 r(m+-) 2m-1 1 H 

+ a (m+l) -80 + - xF2m-1 a2 02m 

n--1 M7-i}VT 

) - l k 

F(mdgz+l) m ( mk [(y 2 -a 2)-k , 2k-y2m] 

r(m+l) [2(m-k)+i]
 

k=O
+ r2(m-) (2m+l) k 

8 2m-1 r(m+l) y k-0 [2(m-k)+l] 
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y2k y2m] 	 for jy >_a
 
k(y2a2)m-k+ 


and axx X=0 = P(Y) for IlI < a
 

The displacements take the form
 

I.~-- -y )m-ky2k
(l-jv) T7 2~ 	 (O m ( m) (a2 
/a vy) H( l - I 02m r(m+l)k=
 

x0 fir m=O k0 [2(m-k)+l]
 

(Mrl) (a2 y2)m-k-i 
y2k+1
 

r (m -I)rn-i 
+ 	 l 82m-1 r(m+l)
 

mi1 k=O [2(m-k)-l]
 

for jyj - a
 

and U x=0 0 for jyj > a
 

8.4 	The Open Crack Length "a"
 

The only remaining unknown is the open crack length "a". To
 

determine !'a" the last boundary condition, KI = 0 at the closed end
 

of the crack (7.1.1e) will be used. This condition may be written as
 

Limit /2r(y-a) axx 0 = 0 	 (8.4.1) 
y -- a 	 js-O 

To simplify the equations the stress will be written in the following 

symbolic form: 

y2 H(y) + G(y) (8.4.2)
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where
 

soy3 I + H (m+-I) a2m-1 
H(y) = 3a m=l 2m r(m+l)
 

r(m+%)a2m-1 (8.4.3)

+ - 812m-1 r(ie+l) a 

and
 
H 

G(y) -- H"(2m F m l 2) Y. () xy + r(m+4-) (2re+l) [2(m-k)+l]-
A? m-1 k=0 

[(y2a2)m-k+% 2k-i 2m] +-i--m 

-a2ViE my 02m-1 

r (m+- ) (2m+l) m (M) (-i)k 

(m+1)r yy kO x(rel) k=0 [2(m-k)+l] 

[(y2_a2))mn-ki y2k-i _ 2m] (8.4.4) 

With the substitution of the symbolic form for a into the
Sx 

boundary condition (8.4.1) the following requirement -results
 

Limit v27r(y-a) H(y) + G(y = 0 (8.4.5) 
y a y-a
 

Careful examination of equations (8.4.3) and (8.4.4) shows that both
 

H(y) and G(y) are finite at y=a. Therefore, to satisfy equation
 

(8.4.5) H(y) must be factorable into the form
 

H(y) = (y-a) Q(y) (8.4.6) 

If H(y) is factorable into the form shown in equation (8.4.6) then 
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H J~4 __ m m (m+l) a2m F(m$) 2m-1
 
__m +
H(a) = 8 m a2a 02m-l F(m+l) a 0 

(8.4.7)
 

and the open crack length "a" is found to be one of the roots of the
 

equation H(a) = 0.
 

8.5 Admissible Roots
 

Some of the roots of H(a) = 0 ate not admissible as values
 

for "a". For example, complex roots have no physical meaning. Refer

ring to Figure 18, the following statements can be made:
 

1. One real root on [0 , a ] and, or one real root on
 
0 

[0 , -ao] is allowable. This restriction must be imposed
 

because the initial formulation was made assuming that
 

the crack opened only once.
 

2. Roots where jal > laoI have no physical interpretation.
 

3. Complex roots have no physical interpretation.
 

The solution to the partially closed crack is now complete,
 

however, one additional point will be investigated before proceeding
 

to an example.
 

8.6 Slope at the Closed End of the,Crack
 

For the Penny shaped crack, Emery and Smith (27) tfound that
 

when KI = 0 the slope of the crack opening shape was zero at the
 

crack tip. Similar results can be expected here. This can be written
 

in equation form as
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aU 0 	 (8.6.1)
0y=0
 

y~a
 

In 	this section it will be shown that this conjecture is true.
 

The first step is to take the derivative of U with respect
 

to y . This computation gives 

__ = - R(y) + dR(y) (8.6.2) 
a_ dy 

where 

~ r (m+i)- (m) (aa-y2)m-k 2kR~~y) ,1Hy (m 

/7rF m= 2m r(m+l) kk=0 [2(m-k)+l] 

+ 	 (1-) (m+%) M-i (mk1) (a2-y2)rm-k-ly2k+l 

+ 
AF 

I a2m-1 F(m+l)m7l 	 k=O [2 (m-k)+l]
 

(8.6.3)
 

The next step is to examine the behavior of (8.6.2) as y approaches
 

"a. 
 Since the second term of (8.6.2) goes to zero this leaves
 

3,_O - Limit {.-. ~aLimit (8.6.4){R(y)} 

ay =O y -*a 47 y y a f 

It 	can be demonstrated that
 

LimiRy 8 r(m+l) 
y a AF m7=0 
Limit R(y) (=-v { H 82m fmt4) a2m 

J
 

+X 2 r-1 a2m-l (8.6.5)

M-1 m-1F(m+1) 
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However, the term in brackets is H(a) which is known to be zero. By
 

summing out R(y) in equation (8.4.3) it can be shown that R(y) is a
 

polynomial in y . Now if the polynomial R(y) is equal to zero at
 

y = a , then R(y) is factorable into the form R(y) = (y-a)B(y)
 

Hence, the Limit (8.6.4) can be rewritten and evaluated to give
 

_0 = Limit (l-v) y(y-a) B(y) = 0 (8'6.6)
 
.yrO y a vT /a2.y2
y=a
 

This shows that for a loading function P(y) in the form of a polynomial,
 

if Kj = 0 at y = a , then aU/ayj X0 = 0 at y=a.
 



CHAPTER IX
 

AN EXAMPLE PROBLEM
 

9.1 The Problem of Pure Banding
 

Consider a bending problem where the applied load, P'(y), of
 

Figure 18, has the form
 

P'(y) = ao + aly (9.1.1)
 

For this applied load, the loading function P(y) of section 8.2 is
 

given by
 

P(y) = 0 + 1y (9.1.2) 

where, from (3.2.3)
 

a0+ a1 (a (9.1.3)
- a0 


(9.1.4)
81 = ti 

The open crack length "a" is found by substitution into (9.4.7)
 

which gives
 

a -aa)
= 2 (a, aa01 (9.1.5) 

For the special case of pure bending, a 0 , and then a =2/3 a0
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9.2 The Stress and Displacements for Pure Bending
 

To find the stress and displacements on the plane x = 0
 

requires substitution of 80 and 81 into equations (8.3.15) and
 

(3.3.16). This substitution gives
 

ox =i 1) (+ 2 - 21Aj- ±-0 

(9.2.1)
 

UI 0 i ) (9.2.2)47 +1 

Great care must be taken to use the correct sign for the terms which 

result from the anti-symmetric loading. To calculate the influence of 

an anti symmetric term for y < 0 , y is replaced with jyj and then 

each anti-symmetric term is multiplied by minus one. Equations (9.2.1) 

and (9.2.2) have been setup in this manner. 

Figure 21 is a plot of the stress on the plane x=0. This is
 

the stress for the mixed boundary value problem of Chapter VII, which
 

is illustrated in Figure 20.
 

Figure 23 shows the stress which results from the complete
 

problem as shown in Figure 18. This is the final result for the
 

original problem posed in Chapter VI.
 

9.3 The Stress Intensity Factor
 

Substitution of the stress (9.2.1) into equation (2.7.1) for
 

stress intensity factor gives
 

K = Limit {2ii 80 ± 1 Ai y (9.3.1) 
y af f-a/ia 
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for a = 0 , then 

a 2 a a 2ra 
= C +- 3 0 (9.3.2)k 13 3 3 

Then at the closed end of the crack Y = 0 and at the open end of 

the crack 

2 020a
27r a
K 2 a, a 3 (9.3.3) 

The stress intensity factor given in equation (9.3.3) is about 80% of
 

the upper bound which was calculated in the introduction to Part II.
 



CONCLUSION TO PART II
 

A formulation for the partially closed Griffith crack has been
 

presented. The resulting mixed boundary value problem has been solved.
 

The following results have been obtained:
 

1. 	A closed form solution has been obtained for the stress
 

and displacement on the plane x=O. In addition, a
 

criterion for determining the open crack length "a" has
 

been presented.
 

2. 	These results show that for the closed end of the crack
 

the requirement that the stress intensity factor be zero
 

also requires that the slope of the crack opening shape
 

be zero at that point.
 

3. 	To demonstrate the use of these results the problem of
 

pure bending which closed one end of the crack has been
 

solved.
 

The 	general form of the results which have been presented here make it
 

possible to solve an entire class of fracture problems where the crack
 

is 	forced closed at one or both ends.
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CONCLUSION TO THE THESIS
 

The surface crack has often been found to cause the failure of
 

structural components; however, as previously mentioned, only limited
 

analytical-work has been done on this problem. This is the first
 

analytical study of a surface crack in a solid of finite thickness.
 

The results of this study can be directly applied to the fracture
 

analysis for brittle materials. This is accomplished by calculating
 

the stress intensity factor from the results presented in Figure 6
 

and Figure 15.
 

The design engineer attempting to design against a fracture
 

failure is likely to select a material which is very.ductile. In that
 

case plasticity effects would be significant and the results of this
 

study would not be applicable. However, the results of this study
 

together with an experimental program would make it possible to
 

determine the plasticity effects. The results of the experimental
 

program could take the form of a plasticity correction factor which
 

would be applied to the elastic stress intensity factor of this study.
 

For two dimensional cracks the size of the plastic zone around
 

the crack tip has been estimated using the elastic analysis. This
 

has been accomplished by determining the region in which the elastic
 

analysis indicates that yielding has occurred. In a similar manner,
 

the elastic analysis presented here could be used to approximate the
 

yield zone for a surface crack in a finite solid.
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Based on the success of this study it would seem worth while
 

to use this same iteration procedure with the elliptical crack solution
 

(11). In this way, the semi-elliptical crack could be studied directly.
 

The solution which has been presented for the partially closed
 

Griffith crack extends the theory of linear elastic fracture mechanics
 

to include a new class of problems. The solution here makes it pos

sible to solve the class of problems where the loading closes a portion
 

of the crack. The problem of pure bending which closes one end of the
 

crack is the most common example of this situation. Although the
 

problem of pure bending is the only example which has been worked out
 

here, many different types of problems can be solved with the solution
 

presented. The solution is general because the loading on the crack
 

surface is represented in the form of a polynomial. For example, a
 

thermal stress problem could be solved by approximating the crack
 

surface stresses due to the thermal loading with a polynomial. Then
 

this polynomial would be used as the loading function in the analysis.
 

The general solutions presented in this thesis represent a
 

significant advance in the theory of fracture mechanics. The results
 

presented here are directly applicable to a wide class of problems,
 

which up to this point have had no analytical solutions.
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Figure l.--Irwin-Griffith Energy Balance
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Figure 3.--The Circular Crack in an Infinite Solid
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Figure 16.--Ccmparlson with Experimental Data for A12C =.30
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Figure 17.--Comparison with Experimental Data for A/2C"=.35"
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Figure 19.--Superposition
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Figure 20.--The Mixed Boundary Value Problem
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Figure 23.--The Stress for the Original Problem
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NOMENCLATURE FOR PART I 

Gij , T ii Stress Components 

Ui Displacement Components 

P(r,O) Crack Pressure 

A Crack Depth 

T Thickness 

G Shear Modulus 

v Poisson Ratio 

X, i Lame Constants 

82 2(1 - v)/(1 - 2v) 

Potential Function 

B n Fourier Coefficients 

Cn 
n Power Series Coefficients 

J (z) Bessel Function of the first kind of order v 

H 
n 

F( p+n+2 )/r( Pn+3
2 2 

) 

K Stress Intensity Factor 

D Depth of Circular Crack 

r, 8, z Circular Cylindrical Coordinates 

x, y, z Rectangular Cartesian Coordinates 

6Distance from the Crack Tip 

a , rI Crack Radius 
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NOMENCLATURE FOR PART II 

Sij , Tij Stress Components 

U x Displacement 

V y Displacement 

a Length of Open Portion of the Crack 

a Physical Crack Length 

P'(y) Load on the Infinite Space 

P(y) Load on the Crack Surface 

v Poisson Ratio 

82 2(1 - ')/(1 -. 2v) 

G Shear Modulus 

*Potential Function 

Ps(y) Symmetric Portion of P(y) 

Pa(y) Anti-symmetric Portion of P(y) 

a Loading coefficients for the Polynomial P'(y) 

8m Loading Coefficients for the Polynomial P(y) 

J (z) Bessel Function of the first kind of order V 

K - Stress Intensity Factor 

x , y Two Dimensional Rectangular Cartesian Coordinates 

a Distance from the Crack Tip 
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