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AﬁSTRAC’E‘ OF THE BEE{?LQSURQE
An erropcorrecimg system for use in a digital dafa

commnmcanon system The systemr comprises an encod- 15

ing apparatus responswe to 'a digital data word for de-
veloping a maXimal length shift register code word cor-
respondmg thereto, Means are also provided for deleting
digits in selected positions of the developsd code word

code word is applied to the zrammzttmg end of 2 com--
munication channel which operates on the pnncmred
code word fp produce a received word at the receiving
end of the channel. The channel may introduce random
errors. Means are provided at the receiving end for de-
veloping 2 plurality of punctvred cyclic permutations of -
the maxxmal length shift regisier code word. The received
word js then compared with each of the punctumd cyelic
permutdtxons. ’

The invention described herem was made in the pera-
farmance of work under a NASA contract and is subject
to the provisions of Section 305 of the Mational Aero-

nautics and Space Act of 1953, Public Law 85—-568 {72 33

tat. 435; 42 USC 2457).
This invention relates generaﬂy to digital data com-

munication systems and more particuiarly to error-cor:

recting methods and apparatus for encoding and decoding
digital data, :

Asa cmsequence of the mcreased use of mmtal com-
puters and data processing systems, the need “for good
digital communication systemns has increased. The cweraﬁ
function of such systems, of course, is to accept mfmma—

tion from a transmitting station arzd convey it t0 4 re- 45

ceiving station without *mdsf‘catmn. ingsmuch as ail
physical commmnication channels are, as a practical mat-
ter, subjected to noise effects, it is often difficult to be
sure that the received information is identical fo the trans-

mitted information. In order to minimize the likelihood 50

that transinitted information is incorrectly interpreted at
the receiving station, many different error-correcting pro-
cedures have begn developed which cmzsxderab!y increase
the likelihood of correct interpretation even in the pres-

ence of unfavorable nolse conditions on the communica- 55

tion channel, One type of error-correcting procedure in-
volves encoding the data at the transmitting station in ac-
cordance with an error—correctmg code and then decoding
the teceived information in accordance with the same

code. Very briefly, many of these error-correcting codes 60

are based on the premise that by proper]y chaosmz a
code word dictiondry or code binck in which the words
are ‘sufficiently different from each other, the corrett
transtaitted word can be selected from the dictionary

even thongh the received word does not exactly match any 85

of the words in the dictionary.

The SDbj@Ct of error-correcting. cades is treated in detail -

by Peterson in his book entitled “Error-Correcting Codes.”
published jointly by the M.LT. Press and John Wiley &

Sons, Inc. In chapter T thereof, the author indicates that 0

the book is primarily concerned with block ccdes and
goes on 10 say:

2

“A block vode is 2 code that uses sequences of # chati-

nel symbolS, or n-tupies. Only cerain selected n-tupl@; -

called code blocks or, more commonly, code words, are
transmitted. At the receiver a decision is made, on ‘the
basis of the information in the receivad n-mple, concern-
ing the code word transmitted. Thxs decision is a statis-

“tical decision; that'is, it is of the pature of a best guess

on the basis of available information bof would net be
infallible, With a good veds, the probability of 2 wrong
decision inay be much smaifer than the probability that
the original channel input symbols are feproduced with-
out error at the channel ontput™ -

The present invention relates to method and appaxatns

improvements for mczhtanng the use of error-correcting

block codes.
It should bz realized of conrse that 1f the code word

dictionary has a relatively’ small number of entries and

each of the entrics is comprised of a relzatively large nume-
ber of digits, it could be very casy to select the proper

to thus provide a_punctured code word. This puacmred 20 dictionary word corresponding to a recgived word con-

taining erross, It is of course inefficient however to make
the eniries any longer than is absolutely pecessary, More

‘ particularly, since every actuai communication channel
* has a definite capacxty, if more digits are transmitted per -

3 word than are actually necessary, the rate at which words

are transmitted over the chan_nel is unpecessarily re-
‘ stricted. :

In view of this, it i5 an object of the present mvenuan
to provide an impm\ed method zod apparatus for encod-
ing and decoding in accorda:zce vmh emc:ent error-
correcting codes. -

As an example, consider that tbe output of a data proc-
essing'system, c_ompnsed of words having three binary

digits or bits, is to be transmited over a commmicati‘on.

channel, Of course eight d'ferent words can be defined
with three binary digits. If these words were put dm:cﬂy
on the communication channel, loss of 2 single bit in any
word ‘would prevent the receiving station from ascertain-

ing what word was actually transmitted. By encoding each

nf these eight words in accordance with someé error-cor-
recting code at the transmiiting station, as by adding cer-

,tam check bits to each three bit word, and by decodmg

in accordance with the ‘same code at the receiving stas

non, the transmitted word can be ascertzined even If a -

bit is lest in 1’19 channel. As previously implied, 3t is de-
sirable to use as few check bits as posszble inasrnch as

the rate of information transmission is inversely related ..
to the number of check bits used. The rate can be defined.

as k/n where k represents the number of information bits

in a data word and »- represents the total sumber of bits:

in a code word, Efﬁcaeﬂcy is of cousse prapommal 10
rate and an error-correcting code that is 100% effici
would only have to transmit three bits {o represent ﬂu‘ea

" data bits. A code of this efficiency could not however cor-
rect any crrors. As codes with decreasing efficiencies are -
selected, their ermr—corrcctmg cipabilities increase, In-

asmuch as the noise effects t¢ which a channel is sub-
jected canvary from day to day and forther, since the
required correctness for any wansmssion czn vary from

message to message, it is desirable > rrm;de ITer-Cor-
reclmﬂ' encoding and decoding appwatus wh ‘ch can oper-

ate in accordance with any ‘one of a plusality of selected

fates. Accordm“iy, it is a further object of the present
invention to provide a method and apparatus which can
be operated with any one of a plurality of selected rates.

A pamcular class of codes called maximal length shift -
register codes has proved to be very, usefal for-error-

correcting, These codes are discussed in chapter VIII of

_ the above-cited book. Briefly, the maximal length shift

register codes, for any k are, by definition, formed by tak-

ing all of the cyrhc permutations of a maximal ength .

sh:ft register sequence, Because these codes are so easily
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generated and because each of the code words is a cyclic
shift of any one of the other words, rather efficient en-
coders and decoders ean be developed.: =

The present invention 1S based upon the recognition
that all optimal error-correcting (n, k) codes for fixed

k and k<n<2%—1 can be considered as codes “punce

tured” from a parent maximal length shift register code
of length 2%--1. As 2 conseguence, encoding and decod-
ing apparatus useful for codes in which n=2%--1can also
be nised for codes having other 'n values by providing a
‘puncture program means which causes the punciured
digits in the codes to be deleted from the encoding and
decoding procedures. Thus, in accordance with the in-
vention, a single apparstes which may be referred to gs
“A Punctored Systematic Cyclic Coder” is provided
which, without significamt change, is able to encode. and
decode data in accordamee with codes having different
rates and errcr-correcting abiit'es, - )
The novel features that are considered characteristic
of this invention are set forth with particularity in the
appended claims. The invention itself both as to its or-
ganization and method of eperation, as well as additional
objecis and advaniages thereof, will best be understood
from the following descripiion when read in conuection
" with the accompanving drawings, in which:
FIGURE 1 is a block diagram of a typical data ¢om-
mupication system; . ) .
FIGURE 2 is a bleck diagram of an apparatus for
“generating maximal lengih shift register codes;
FIGURE 3 is a block diagram of an encoding appa-
ratus in accordance with the present invention;
FIGURE 4 is a block diagram of 2 decoding apparatus
in accordance with the present invention; ,
FIGURE 5 is a block diagram of a modified decoding
apparanis; and .

15

30

k=1

FIGURE 6 is a block dagram of a still further decod-

ing apparatus embodiment. .

Attention is initizily cailed to FIGURE 1 which gen-
erally illustrates 4 data communication system in which
information is to be transmitted from a data source il
at a transmittiog station 12X to a data receptacle 14 at a
receiving station 1§ over 2 transmission channel 18, Since
error causing noise effects can be encountered regardless

40

of the exact physical confighration of the channel 18 or

the distance separating the source 15 from the recepiacle
14, the model of FIGURE 1 eguaily well represents an
information storage system in which information is trans-
mitted fo some Storage medium from a data source I8

and then later retrieved by a receptacle 14,

Ideally, the information reccived by the recepiacle 14 |

should be idemtical 1o the information provided by the
daia source 18. However, as a practical maiier, the chan-
nel or storage medium 18 is often subjected to environ-
mental effects which modify the date being transmitted.
In order o enable the receiving siation to correctly in-
terpret. a received word even though that received word
may contain errors, error-correciing Systems are known
in which the information provided by the data source 10
is encoded at the transmitting sfation %2 in accordance
with an error-correcting codc by an encoder 24. An error-
correcting decoder 22 decodes the information provided.
by the channel 18 in accordance with the same errof-
correcting code utilized =zt the transmisting station. The
present invention is direcied {oward improvements in a
method and apparatus for encoding and decoding digital
data to correct errors introduced therein, )

For the sake of simplicity, the discussion of digita] data-
herein will be restricted to binary data, but it is expressly
pointed out that the technigues disclosed can be extended
for use with digital systems having other radices.

The codcept of the invention is based oa the following
lemmaz o Cooh e

Lemma—Al n, k block codes with-;ut repeated col-. -
umits can be oblained by deleting.or puncturing cerlain = ‘
(2 AR

of the coordinates of a maximal length shift register code.

60

85

Proof.~1Let G represent the kx25—1 {see Table I in
which k=3 has been assumed) matrix suck that the rows
of G are the generators of the (251, &) maximal length
shift register {or iransorthogonal) code. ¥ is well known
that each of the 2*-1 non-zero k-tuples is represented
once and only once by the columns of G. Hence, the col-
ummns of the generators G of any code which does not
coutain efther repeated columns or the allzero column
‘must consist of a subset of these k-tuples. Those k-tuples:

which are niot used may then simply be deleted from those
of G. ~ '
TABLE T
k=3
Rows
128
510 0 1
2100
23010
e-1=7. (F4 1 8 1 .
Columns 185 1Y ¢
# 111
7013 —
2 N §

FIGURE 2 jllustrates a maximal length shift register
code generator which functions to successively define the
states expressed by the columns of Table L More particu-
Jarly, the generaior of FIGURE 2 is comprised of k flip-
flops (herein, k=3). The output of fip-Hop F1 is ¢on--
nected through an And gate 24 to the input of flip-flop F2.
The output of Aip-flop F2 is connected to the input of an
And gate 26 whose output is connected fo the input of a
flip-flop F3. The outputs of flip-fiops F2 and F3 are con-
nected to the input of an exclusive Or gate 28 whose out-
put is connected to the input of And gate 30, The And
gates 24, 26, and 36 are all enabled in resposse to the out-
put of a clock source 32. Assuming that the flip-flops FI,
F2, and F3 respectively initially define the state repre-
sented by column 1 of Table I, then the succeeding pulse
provided by the clock source. 32 will modify the fip-fiop
states 1o the word represented in colama 2 of Table Lie.

_ 100 respectively. Similarly, each clock pulse wiil change

. s

70

the contents of the flip-lops to that represented by the
columns of Table L. The vertical rows of Table I represent
cyclic permutations of a maximal length shift register
code. Each cyclic permutation tan be used as a dictionary
code word. Thus, if the generator of FIGURE 2 initially
stores the data word in column 1-of Table ¥, code word 1
of Table 11 will be initially generated at the output of the
generator which is the output of fip-flop F3. Similarly,
the data word of column 2 of Table 1 will initially gen-

‘erate code word 2 of Table 11, ete.
TABLE IT

]
&
g

uomaguug

Py~ W
€0 pod i ot O ot
5D peb pos bed () It
HGQ‘J';—!H&Q
O D D e ek ek

e e ) €D e

Table IT defines all of the.code words in a maximial
length shiff register (n, k) code where #—3 and
n=2k—1=7, 1t can be seen that the initial & bits in each
word comprise the data or information bits and thus the
remaining 25—~1—k bits comprise the check bits, It can
be noled from Table II that all of the code words are
eyclic permulations of each other, Likewise, they have
the characteristic that the modulo 2 sum of any two of the

‘code words forms another one of the code words; e.g.
' 1001011 ‘
0010111 1

1011100
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5

’l‘wo other characteristics of maximal length shift regis-

ter codes are also s*gmﬁcant and should be noted.
{1) Each code word copfaing 20D *Ps»
{2) Each codé word contains 203 “Ps”

Let the term “distance” (d) between a pair. of ‘words
be defined as the weight (number of I's) of the modulo
2 sum of the word; e.g. the distance between arbitrarily

chosen seven bit words (not n,amma} Iength shift register.

codes) 011101@ and 1010101 is obtained as follows:
0111010
1010101
1161111

2)

’I‘hus,'d—-G.

* For the maximal Jength shift register codes, the distance
between any two different code words should of course be
equai to 251, ie. the number of 1% in any cbde word
since the mﬁdulo 2 sum of anycode word is anpther code
word, Let the fizxed distance betwsén two different code
words be defined by dn so that for the code represented
by Table T, dy==4. -

Assuine that the da‘a_ source 18 can provide any one of
the seven data words illustrated in the columns of Table
1 to the error-correcting encoder 20 of FIGURE 1. Con-
sider the situation where a word received by the decoder
22 exactly matches one of the code words; e.g..

1001011 (received word)
1001011 {code word)

0000000 (modulo 2 sum) -

3)

Thus, d==0.

1t is noted and should be apparent that the dxst:.nce be-
tween the received word and the correct code word is
equal to zero. On the: other hand, the distance between
the recewed word and any other code word is equal to
four; e.g. -
1001011 (received word)
0(}10111 (code word)

1021100 (modu}o 2 sum)
Thus, de=dy=4. °
Now assume that in the transmission ‘of the desired
code word, some noise is introduced in the communica-
tion chanaei and the word js receivéd with ons bit modi-
fied; e.z. 1011011 instead of 1001011, :
By addmg this received word to the code word 1: is
intended to represent, a distance apart of one is obtained;
eg. S : C :
S 1011011 (received word)
1001011 (code word)

0018000 (modulo 2 sum)

4

)

VThBS, d=1.
On the othetr hand, if the received word is added to an-
other codé word, it is seen that the words are a distance
of at jéast three apart; e.g.
1011011 (received word)
8010111 (code word)

(6)
, 1001100 (modulo 2 sum) ’
Thus, d—"—‘=3. .

1t shouvld be apparent of course that the ilfustrated re-
ceived word Would be a dxstance of five from other code
words, -

Thus, the prcsance Gf a One bxt error can be detected
and corrected using a (7, 3) code, If there were two bit
errors in the received word, it would be a distance of two

apart from both the mzené’ed word and some of the other ;

‘code words. In this case, of course, it would be impossible
16 correct Both errors because there is no code word
uniquely’ assomaicd with the smallest distance from the
received-word. However, the mere fact that there are two
crrors in the recewed word would be apparfm’ from the

10

15
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6
fact that it is at Jeast a distance of two from every code
worgd. Thus, a (7, 3) code §s able to deiect two errors but
corrert for only one error.

More generally, as long as the distance between a re-
ceived word and a code word is less than dy/2 where, as
previously noted, dy=2%14in a (zk—~1 k) tode, the er-
rors can be corrected and the proper code word selecte«i )
This can be seen from what has been said thus far inas.
much as the d:stance between a properly received word
and any code word in a (251, k) code shouid be be-
‘tween zero and 251, As bit errors are introduced, the dis-
tance befween the transmitted code word and the recsived
word will increese from zero as the distance between the
received word and other code words will decrcasc from
2+-1, Bidway, Le. at dy/2 {251/2 berem) the received -
word could be the same distasce from the transmitied
code word ds from other code words and thus correction
wouid be impossibie. Thus, the general technigue of the.

_present invention is 1o compare the received word succes-

sxvely with each code word to seek the code word which
is a distance of less than dp/2 from the received word, It
should be apparent that for different (n, k), codes, the dis-
tance d; will differ. As an example, Table IIT expresses dy
for each of several different (n, k) codes and, in addmon,
the number of errors () that can be carrected usmg that

code, .
TAI}LE i
o dy e
@B rimere & 1
3 1
2 0
1 0
8 3
7 3
8 2

From Table 111, it can n be noted that a (6, 3) code wili
correct the same number of errors as the (7, 3) code but
of course will be more efficient. Similarly, with the (14, 4)
code znd the (15, 4) code. The (6, 3) code can, for ex-

_amgle, be formed by cancelling any vertical row in Table

1 inasmuch as this would result in a code in which dy=3.

As prcvmusly pointed out, in accordance with the
present invention, all (w, &) codés are trcated as pune-
tured maximal length shift register codes. Thus, in en-
coding, 2 punctured sequence program-is run along with.
4 maximal lengih shift register generator of the type
‘shown in FIGURE 2, to puncture the codes or in other
words, cause seme of the bits to be deleted from the
transmitted word. Thus, the (6, 3) code can be dexelaped
from the conventional maximal length shiff regisier gen-
erator shown in FIGURE 2.. :

In decoding, as the received word comes in, the modulo
2 sum for the received word and each of the code words
is successively derived. A determination is then made
as to which code word is the smaliest distance from the
received word and this code word is selecied as being
the transmuted code word,

Attention is now called to FIGURE 3 which illustrates

‘a preferred implementation of an encoder in accordance

with the present invention. The ocutput of the data source
19 is connected fo the input of an And gate 43 in the
encoder 28, The output of the And gate 40 is connected
to the inpuf of 2 maximal length shiff register code gen-
erator 42 which can be implemented as shown in FIG-
URE 2. The data spurce 18 can thus supply a word of k
bits, e.g. a data word in otie of the colivmns of Table 1,
to {h° generator 42. In response to clock pulses coupled
thereto on eonductor 44, the generator 42 will provide a -
maximal length shift register code word havmg 281
bits at its outpul. As noted, if word 1 in Table I were
entered into the generator 42, it would provide code

‘word 1 of Table II at its output, The <lock pulse cons

ductor 44 is connected to the output of an Or gate 46
which can deliver poises from either one of two SQuUrces.
More pamcuiaﬂy, the first input 1o Or gate’ -'56 is derived
from a divider circuit 48 which divides the output (Chy)
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of a clock sewrce 58 by (25— 1) to provxde clock pulses
(Clz) at a slower rate. The second input to Or gate 46
is derived from zn And gate 51 which, when enabled,
provides clock pulses (Cly) directly from the clock 50,
Thus, when And gate 51 is enabled, clock pulses <L)
will be provided 1o the gznerator 42 at a rate {2%-1)
times greater than when the And gate 51 is disabled.
The And gate 51 is contmﬂed by the outpui of a pume-
ture, sequence programmer 52.. The punichire seguence
programmer 52 can comprise & shift register which stores

a “1” bit ip each of the bit positions to be deleted or
puncmred from the maximal length shift register code.
The contents of the puncture Seguence programimer $2

is shiffed in response to the output of the gate 46 applied -

- to conductor 54. When the puncture sequence ‘program-
mer pmvxdes a “1” bit on its cuipnt conducior 56 coupled
1o the mput of gate 51, a clock puise (Cz',} of the faster
clock rate is applied from clock source 50 to the gen-
erator 42. The output of the penerator 42 js coupled 1o
the mput of a single fiip-lop 58. The outpuyt of the fiip-
flap 58 is gated through an And gate 66 in re§ponse 10 a
clock pulse {Cl}provided on conductor 62 by the output
of the divider 48. Thus, so Jong as, the punciure sequence
programmer 52 provides “0” bils, the generator 42 will
continue 1o previde bils of the maximal length shift

register code word to the flip-fiop 58 which bits will then
“be gated throngh the gate 68 at gach clock pulse (Ch).
When, bowever, the puncturé sequence programmer 52
provides “1” bit outputs, the puvcmred bit will be pro-
vided to the flip-flop 58 considerably prior te the divider
48 providing 2 puise (Cly). When the divider 48 next

provides a clock pulsé (Ch) to the gate 60, the gate will

output the next uupunctured bit:

The output of gate 44 is also conneaed to the input
of a contrel counter adapted to count up fo 2k_.1. When
the control counter reaches ils maximum count, it enables
the gate 40 to thus cause another ‘word to be transferred
from the data source into the gencrater 42. The output
of the control counter 64 is also utilized as a word sync
ptﬂse by the decoding equnmt as will be discussed here-
inafter. -

It should be apprecxaied that w‘xereas a duration de-
fined by seven clock pulses (CL) from the divider 48 is
necessary 1o output a code word of a (7, 3) code, 2
doration defined by only six pulses ‘from the divider 48 is
niecessary to cuiput a code word of a (6 3) code. Thus,
the encoder apparatus of FIGURE 3 is able to encode
data in accordance with codes of different efficiencies.
merely by modifying the contents of the puncture se~
quence programier 52. As previously noted, the deter-
minaticn of what code should be utilized at any time is
based on several considerations including the current re-
liability of the channel, the transmzssmn acenracy desired,
etc,

Attention is nnw called to FICU‘&’" 4 Wh:th iHustrates
a decoding apparatus for decoding data received from
the output of And gate 68 of FIGURE 3. The data i
coupled by a conductor 72 to the input of And gates 72
and 74. And gate 72 is enabled when fip -flop 76 defines
a trug state and And gate 74 is emabled when fip-Sop
7€ defines 2 false state. The word sync line 7% derived
from the cutput of the contrpl counter, of FIGURE 3 is
connected fo the input of And gates 86 and 82 whose
‘owtputs are respectively comnected to the set and reset
input terminals of the ﬁzp—ﬂop 76. The second input to
each of And gates 80 and 82 is respectively derived from
the false and true output terminals of the flip-flop 76.
Thus, the flip-flop 76 changes state in response to each
* pulse provided by the control counter 64 of FIGURE 3.
Thus, the data is alternately gated through gates 72 and

8

over the commumcaﬁon channel are altemate!y enfered
into the input registers 86 and 90. When 2 word is not
being entered into the input register, the word stored
therein is bring successively compared with each maximat
length shift register code word to determine which code
word is the smallest distance from the received word,
When the ﬁ:p—ﬁop 76 is false and the received word is

: bemg entered into the input register 99, the information
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in register 8% is bzing recirculated through And gate %2
whose outpuf is conueczed to the input of previously men-
tioned Or gate 83. On the other hand, when flip- flop 76

s true and data is being enicred into the mput register

88, the contents of the ioput register 99 are being recir-
culated through gate $4 whose output is connected to the
input of gete §8. When information js being eniered into
the registers 85 aad 90, the contents thereof are shified
at the same rate as bits are pmvxded by the gate 68 of

* FIGURE 3. Thus, the output of clack 5 (Cl) divided
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- 4. Gate 72 is connected o the input of an Or gate 84 .

whose output is connected to the input of an ifput regis-
ter 85. The output of gate 74 is qu;:arly ‘connecied to the
jnpit of Or gute 88 whose ouiput iy coanecled fo the
input of a second mput register 90 Thiis, worés received

i5

by (2¥—1) (Cl,) is connected to the input of gates 96
and 98. The outputs of yales 96 and 98 are respectively .
connected to the Inputs of Or gates 106 and 102 whose
outputs are reSpecuvely cennetied to the clock input ter
minals of the ragisters 86 and 99, Thus, when fiip-flop 76
is true, the clock pulses are apphed at a slow rate (Ch)
throngh gale 95 to the register 86. On the other hand,
when the flip-flop 76 is false, the clock pulses are applied -
at 2 slow rate (C_la) to. the input register 90. Whereas the
contents of the regisiers 86 and 50 are shifted at a rela-
nvely slow rate when information is being entered there-
in, when it is being successively compared with the code
words, the high frequency clock pulses (Ch) are respec-
tively applied through gates 1{)4 and 105 to the registers
86 and 20.

The outputs of the registers 86 and 99 are respectively
connected through And gates 130 and %12 to the input
of an Or gate 114 whose outpul is connegted to the input
of a comparator 116, During the time that a new data
word is being eniered intb one of the registers, e.g. regis-
ter 90, the contents of the register 86 is compared with
every code word in the dictionary, the code words being
generzted on conductor 118 coupled to the comparstor
126 The comparator 116 includes an exclusive Or or
half adder circuit which provides a “1” output pulse
whenever the bits coupled thereto differ. These output
pulses are cumplatively counted by a counter 128, to
thus develop the distance between the recczved word and
each code word,

In order to understand the operation of the equipment
thus far recited, copsider that a word sync pulse arrives
on conductor 78 to switch the fiip-flop 76 to a false state.
As 2 consequence, the input register 86 will start suc~
cessively providing bits of the previously received word
to thé comparator 116. In synchronism therewith, bits of
the code words will be provided on tonductor 118 to
the comparater 116. For each cycle of the input register,
one code word is provided on conductor 118. The input
register 86 will cycle 25— times between word sync
pulses in order that each of the code words can te com-
pared with the received word,

A counter 23 is provyle(’ to count the output pu}ses
provided by clock 58 and 1o provide a single cutput pulse
for each cvcle of the registers. Thus, after the received

_word is compared with each eode word, the Counter 122

provides an output pulse. The output of counter 122 is
connected to the input of each of And gates 124 and
126. The outputs of And gates 124 and 126 are com-
nected to the input of a second comparator 128. The sec-
ond inpats to And gates 124 and 126 are respectively
derived from the output of the previcusly mentioned
counter §28 and the output of a storage means 130 which
stares the previous smallest distance between the received

‘woid and a code word. That is, when the counter 122
“provides an oulput pulse ut the end of each cycle, the

counter 128 will store a number representing the distance |
between the received word and the code word just com-
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pared with the received word. The comparator 128 will

compare the distance cxyi—mse.d by the count ip counter’

" 126 with the disfance stored in means 138 which expresses
the smallest previous difierence between the received word
and a ‘code word. If the distance defined by counter 1290

is smaller than the distance stored in the storage means

130, the comparator 128 wm enable gate 132 to transfer
the contents of the counter 128 to the storage means 138,
1In addition, the comparator 126 will enable gate 134 to
transfer the data bits, i.e. the isitial & bits in the code
word associated. wnh the smallest disiance being trans-
ferred to the siorage means 13D, fo an intermediate hold

régister 136, Tl ouiput of the intermediate hold regis-

ter 136 is connected 1o the input of And gate 138 whose
output is connected io the input of the oufput register
148, The gate 138 is enabled in sesponse to the word sync
pulse to transfer the conients of the register 136 fo the

register 140 after a received word has been comparch

with all the code words, ~
The code word generator #42 for success‘vely providing
the code words on the conducior 318, includes 2 maximal
length shift regxsier generator 144 which can be of the
type shown in FIGURE 2 and similar to generator 42 of
_ FIGURE 3. The clock input terminal of the generster
344 is connected to the output of Or gate 146 to which
pulses can be fed at the normal clock rate (Ch;) or at a
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rate 251 times greater than the normal clock rate [ie.

(2%—1) . CL=Cly1 if gate 148 is énzbled. In addmon the
output of counter 3122 is connecied {o the input of gate
146 for shifting the output of generator 144 one bit rela-
tive to the conténis-of the input registers after each dif-
-fereat maximal length shift regisier cyclic permutation or
code word is compared with a received word,

The output of the last stage of generator 144 is coupled
to the input of a gate 186 whose output'is connected 10
the input of the comparator. 116. The outouts from the
k stages of the generator 144 are coup'ed to conductor
152 which is connected to the input of gatc: 134

Assuming mma]iy that the system is operating on uri-
punctured codes, i.e. a (2%—1, 1) code, a received word
will be compared with each code word in 2k-1 clock
periods (Cly) inasmuch as each word contains 25—1 bits.
After the 2k—1 bits of a code word are compared with
the corresponding bits of the received word, fhe counter
122 will shift the contenis of generator 144 to then let
4 subsequent permutation be cumpan,d with the received
word. Since each received word is compared with 2%—1
code words, a total of (Zk-—1)2 clock periods (Cly} is
required to determine the code word identified by the
received word. During this time, the other input register

is being loaded. That is, it will be recalled that ope bit *
is delivered by And gate 68 for each 2k--1 clock pulses’

(Cl,) and a total of 25—1 clock bits must be defivered
over the communication channel.” Accordingly, it also
takes (25-~1)2 clock periods (Ch) to enter a new re-
cetved word into an mput register. It should be realized
that no barm is done if it taLes Jonger o enter pew Te-

ceived words since the received word bemg compared

will continue to be compared, but of course will not
modify the ¢ontents of the register 236 storing the alregdy
located correct code word.., .

When punctured codes, 1.e. (n, k) where n<2%—1 are
used, the length of the input registers 86 and 20 is re-
duced to n. A puncture sequence programmer ‘154 similar
to programmer 52 of FIGURE 3, is provided with “1”
biis:in each of the bit positions to be purictured. The dut-
“.put of the puncture sequence programmer 154 is con-
nected to the irput of gate 148 which, whén enabled,
couples clock pulses (Clp) at a rate 251 times the nor-
mal elock rate (Ch) to both the gate 146 and Or gate
247. Ivasmuch’ as the output of - the generator 144 is

conpled through. an And gate 156 gated by the normal’

clock rate (Cly) to the conductor 118, corresponding bit

- pas;txons from cach of the code words will be deleted,”

that is, wm not be gated tbmugh 156 to the comparator

-
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118 When the puncture sequence programmer 154 is be-
ing shifteqt by the Cl, clock pulses. Programmer 154 is
ncrmauy shifted by the Cly clock pulses when the pro-
grammer 154 output is “0.” Thus, each of the received
punct.zred words will be compared with a punctured code
word in the same manner as the unp.mctured code werds
are compared. The counter 120, comparator 128 and stor-

“age means 139 of course operate similarly to determine

which of the punctured code words is closest to the punc-

" tured received word and that code word is vitimately en-

tered into the output register 140:
An assumption has been tacitly made thus far that no

. usé would be made of an 2l O's data word because its

corresponding code word is similarly comprised of all
“0's™ and thus is not a cyclic permutation of the other -
code words. Since the decoding procedure which has been

described involves comparing each received word with
“every cyclic permutation provided by generator 144 and

since this generator will not provide an all 05 word, the
apparatus of FIGURE 4 must be modified if an all 0's

word is to be handled. It is of courss desirable that the
system be capable of handling an all O’s word since this
permifs 2% rather than 2%=—1 different words to be used

The modifications to FIGURE 4 necessary to decode
an all “0's” Wword are shown in FIGURE 5. Essentially -
they involve merely applying “0’s” to the camparator 116
for 25—1 clock pulses (Cl) after the word sync pulse”
and during this period inhibiting the coupling between gate
156 of FIGURE 4 and the comparater 116. After these
initial 2¥—1 pulses, the apparatus can {function as de-
scrived in FIGURE 4. It is of counrse necessary however
that the word sync pulses be spaced by a greater mnterval
in FIGURE 5 in order to permit the received word to be
compared with 2% rather than 251 code words.

More spec cifically, the modifications iitustrated jn FIG-
URE 5 involve providing a § word fiip-flop 159A which
is set true in response to a word sync pulse. The false
output terminal of flip-flop 159A is connected to the in-
put of And gate 156A which eorresponds to the gate 156
of FIGURE 4. The output of gate 1564, along with the
true. oufput terminal of the fiip-fiop 1594, is connected
to the input of Or gate 16IA. The outpnt of Or gate
161A is conpected thmun‘: previously meationed con-
ductor 118 to the comparator 116. The other two inputs
to And gate 156A are derived from the generator 142
in the same manner as in FIGURE 4. The reset input
1ermmai of the fip-flop 155A is connected fo the ountput -
of the counter 322 of FIGURRE 4. :

Let it be asumed that a true binary signal is representa-
tive of a “0” bit. Conseguently, in response to a word'
syne pulse, the § wnord fiip-flop 359A will be set to thus
couple a true signal to comparator 116 for 251 clock
pulses (Cly). The And gate 156A will be disabled durmg
this interval although in fact, this would not be necessary
sinve the gate 161A would provide a true output signal

" during this period regardless of the inpuls to gate 136A.

Afzer the received word has been compared with the
2k—1 “0's,” the counter 122 will reset the flip-flop 159A
to thus eﬁecuve!y remove it from the system until the
succeeding word sync pulse. The received word is then
compared with each of the code words 4s aforedescribed
in FIGURE 4.

It should be apparent fmm the foregoing that it tales

" as long to decode a correctly transmitted word as an in-

correctly transmitted word. The described system can

" further be modified to favor correctly iransmitted words

by continually sensing the contents of the storage means
138 which will, during the decoding of any received word,
store the distance between the received word and the -
closest code word thus far compared. Whenever the stor-

" age means 139 stores a distance <dy/2, it of coutse means .

that the correct code word has been found and that fur-

ther comparisoas with this, received word are unnecésary,

A “ready” signal can then be generated to indicate that
the decoding equipment is ready 19 accept another word,
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Jt is pointed cut that the deceding apparatus embodi-
ment of FIGURE 4 makes the assumption that the gen-
erator 144 can be driven at a frecquency (2%-1) greater
than the nommal freguency Cly. In order te transmit in-
formation over the channel at the madmum rate, it
wonld be desirable to normally drive gemfator 144 and
the mpaz regisiers &%, 90 at their manimum rates and
‘thus in'2n opthmum system, it wemid not be possible to
- drive the generator $44 faster to punciure the code words.
In view of this, 2o alternitive zad g}"efemd embodi-
ment of deceding appuratus is showa in FIGURE 6
, which incoiporates » difisrent meens for developing the
code words 1o Be compared with each received word.,
The embodiment of FIGURE 6 Is based upon the

following analysis. Whea 2 x\éwved word of length

a2 1 is circulating in the ispat register, it is neces-
sary fo compare each bil of the received word with the cor-
respondmgly positioned bit in each code word. For ex-
zmple, in & certain (60, 6) code, the 7ik, &th, and 13th
bits or components of the (63, 6) code have been punc-
e A5 50 Tt The Tth component of the received punctured
word must be compared with the 9th compcnant in each
" of the unpunctured code words, As a simpler cxamplc,
consider that the 6ih .bit has been punctured from a
(,, 3) code, Lez any code word &y be represented thusly:

o bu==by, by, by, by, by, by, be
From what has been said th.as far, it should be appreciated
that the componem by vepresents the moduio 2 sum of
by and by; ie. by=b,©b,. Simxlar'y,
bc’:bx@bz
bs==b,0b5;=b,Bb®by
bg=b;Sby==by @by b, B by
and since by@&b;=0"
‘ bo=byDby

* Thus, each code word bit or component can be repr‘esented‘
47y

in terms of the modulo 2 sum of logical products (“an
of constants and components by, by, by. That i,

Bg== Cobg@Cp‘.“QCgb;
where Co=1 and O, Cg—~0
by=Coby®C1b;@Crbs
where Cy=1 and €y, Co=0:
| bi=Ciby@C151SCob
12nd Co = ’
) 53~Cobo@§:151@€zba
where Cp, Cy=1 and Cy=0.
5¢=Cobo®sz51$Czbz
where Cy, €;=1 and Co=0. '
‘ By==Coby@C15:OCab,
where Cy, C;. Co=1.
. by=Cobe®C15,SC;by
. where Cp, Ce=1 and C;=0. '
Tab!c iy sv.mmanzes the above equations.

where Co=

TﬂBL‘E v )

Cs Cy Cy

1 0 0 (Statel)
2 0 1 0 (State])

1 4] 1 {State2)

1 1 0 (Stete 3)

0 i 1 {(State4)

1 1 1 (State )

1 6 1 (Siatef)

By constructmg a counter compnsed of stages Co, C;,
C, to siiceessively défine the desired slates, L.e. by deleting
from the counler sequence those.stales corresponding to

*\urcturcd or deleted bits or cemponents, the desired
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puncmred code words can be generated, . Thus, if the
sixth bit, bs, is to be deleted, the counter can be con-
structed so as not to defige state' 5 (ie. 111).

Atiention is now called to F1'3URE 6 which illustrates
a code word generator for sequermally supplying either
punciumd or unpuncmred code words o the comparator
128 for comparison with received words, The code word
generator of FIGURE 6 can be substtuted for the genet-
ator 342 of FIGURE 4 and includes a C counter 206B
comprised of binary stages Cy, Cy, Cy. In response fo each
clock signal Cly, the counter 260B changes state, snccess
sively defining all 7 states of Table IV if unpunctured
words are being processed. In the event the code words
are to be punctured so 2s to delete the sixth bit or com~
ponent . of cach code word, the counter 2008 is cansed
10 be a scale of six counter defining all but state 5-of Table
IV. The outputs from-stages Cp, C;, Cy are respectively
connected 10 the inpats of And gates 202B, 204B, 296B.
The second inputs to the And gatés are respectively de-
rived from stages by, by, by of 4 scale of 2% (herein, eight)
b.counier 028, The outputs from gates 202B, 204B,
2068 zre connected to the inpafs of a half adder 2188
which provides their moduls 2. sum {o the comparator
128. The b counter is incrementied once for cach cycle of
C counier. The completion of a C counter cycle is sensed
by a decoding means 212B which provides a signal to
gate 2314B whose ouiput increments the b counter. :

Thus, by Lsmg the arrangsment of FIGURE 6, the

. deleted digits in each code word are never gencrated and
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accordingly, a faster than normal clock rafe is not re-.
quired mezaning that the normal clock rate can be made
equal to the maximum rate of the equipment emploved.
An additicnal advantage of the émbodiment of FIGURE
6 is that the ali zero code is automatically generated if the
b coualer is made 2 scale of 2% counter as proposed.
From the forepoing, it should be appreciated that a

_method znd apparatus has been disclosed herein for cor-

recting efrors introduced in digital data beiween a trans-
mitting and a receiving, station. The invention makes it
posmble for a system to be easily modified so as o selec-
nve}y defing desired data rates and error-correcting abile .
itics in. accordance with the condition of the communi-
cation channel. That is, in FIGURE 6, it is only pecessary
to change the lengths of the input registers and tle count-
ing sequence of C counter 2608 to change the data rate
and error-correcting abilities.

Although scveral embodiments of the jfuvention have
been speczﬁcaily shown herein, it is pointed out that still
other variations should be apparens to those skifled in the
art. For cxamp!e only, data transfers and comparisons
could be made in paraliel, rather than in series as showx,
if desired. A significant increase in speed could: ihus be.
obizined for the cost of additional ha:\ﬁware. o

What is claimed is:

1. A system for correctmo errors ntmduced in trans-
mitted digitaj data comprising an encoding apparatus re-
sponsive to 2 digital data word for developing a maxigal
length shift register code word correspondmg thereto;
means for deleting digits In selected positions of said de-
veloped code word to thus develop o punctured code word;
trandfer tneans oOperating om said’ punctured’ code word
1o produce a received word including randomly introduced
errors; means for developing a plurality of punctured
cytlic permutations of said maximal length shift register:
code word punctured by the deletion of digits h said se-
lected positions; and ‘means for comparing said received
word with each of said plurality nf puncmred cyclic per-
mitationss * -

2. A system for correctmc errors mtroduced in frans-
mitted digital data comprising an eacoding apparafus re-
sponsive to'a digital data word for developins a maximal
fength shift register code word. corresponding therefo;
means for deleting digits in selected positions of said de-
veloped code word 1o thus develop a punctured code word;
transfer means Operating on said punctured code word
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to produce a received word including randomly introduced
errors; means for developing a plurality of puncmred
cyclic permutations of sald maximal length shift register
code word punctured by ihe deletion of digits in said se-
lected positions; comparing means for determining the dis-
tance between said received word and gach of smd pha~
rality of pnncmred ¢yclic permutations; means for indi-
catmg which of said punctured cyclic permnutations is the

minimum distance from said received word; and meéans.

for m!erprct ng said received word as the punctured cyclic
permutation which is the minimum distance therefrom,

3. The system of claim 2 including a puncture seguence

programmer means deﬁmng said selected positiops; and
gating means responsive to said punciure sequence pro-
grammier. means for passmg all digits of said developed
code word except those in said selekted positions.

4. The system of claim 2 including a puncture sequence
programmer register having a number of digit positions
equal to the number of digits in said code word; means for
deﬁnmg a first state in each programmer register éxgit
posxixon corresponding to said selected code word posi-

tion; a gating means; means in said encoding apparatus’

for ‘sequentially applying said code word dmts to said
gating means;
pro“rammer register digit pocmons to said galing means
for eﬁ'ecuvely d:sablma said gating means when a first
state is defined in the pfogrammer renxsler pos:tum cou-
pled ‘thereto.

5. The system of c]a;m 2 mclucinrz an mpx_t regzs:ﬂr
for storing said received word, said input register baving
a number of digit positions equal to the number of digits

- in said received word; means for cychuaﬂy and sequen-
tially providing said recened word digils stored in said
input register; said means for deve?or‘mv punctured cyclic
permutations including gerse:ator nieans for defining a
different cyclic permutation during each crele of said input
register and for sequen:van y providing the digits of said
“defined cychc permutation; szid comparing means being

responsive to said digits provided by said input register

and said generator means:

6. The system of claim 5 mciudmv a counter respon-
sive 1o said comgz\armt7 means for counting the number of
digits provided by said input register which do not match
the corresponding digits provided by said generator means;
a storage means; 2 hold register; means for comparing
the count in said counter with the contenis of said siorage
means after each input register cycle; and transfer means,
responsive. to said means Lar comparing the count in the
event said count is lewer, for transferring said couat to
said storage means and the correspondm cyclic permuta-
tion to said hold register.

7. Tn a digital data communication wstt:'n including a
channel for carrving informetion from a data source to
a data receptacle, error-corrécting apparatus including an
encoding means coupling said data source to said chan-
nel and a decoding means coupling said channel to said
data receptacle; said’ encoding means being responsive
to a k digit code provided by said data source for develop-

and means for sequentzally coupimg said’
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said punctored cnde word is compnsed of n digits where
k<n<2%-1, :

9. In a gdigitial data cemmumcatson system faclhyding

‘a channel for carrying information from a dafa source

to a data receptacle, error-correcting apparatus includ-

. ing an enccding means coupling said data soarce to said
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channel and 2 dscodmg means coupling said channel

o said data receptacle; said encoding means including

sources of relatively high and low frequency clock palses;

a maximal length shift register code word generator; a
puncture sgquence programmer Yegister having a nuinber
of stages equal to the numher of digits in one of said
code. Words, means defining 2 first state in selected pro-
grammer register stages; meens normally respousive to
said low freqLency clock puises for szquentizily accessing
said stages of sald programunéer Tegister and for driving
said generator to scquent:aﬂy pmvzde digits of a code
word; means responswe to accessing 2 stag: of said pro-

'grammer regmcr defining a first state for driving said

programmer register and said generator in response o
said high frequency clock pulses; a gating means respon-
sive 1o said low frequency clock pulses for coupling said
digits provided by. said generator to said channell said
deccdmg means mdudmg means for developing cychc .
permutations of seid maxifmal length shift regisier codé

‘word and for puncturing said cyclic permutations by de-

leting therefrom digits correspouding to those digits de-
leted in said encodm" means; means in said decoding -
means for comparing a word applied thereto by said
channel with different pundured cyclic permutations of
said maximal length shift code word and for mdzcatmg
which of said pmcturcd cyclic permutauons is the mini~
mum distance therefrom, -

10. In a digital data communication system inchuding
a channel for carrying information from a data source {0

‘a data re»ept;cie, error-correcting apparatus including an

encoding means csupuno said data source to said ch:mnel
and a decoding means coupling said channel to said data
recepiacle; said encoding means being respoasive fo a k
digit code pmhded by said dota source: for developing
a maumal k:rgi‘l shift register code word corresponding
thereto; means in said encoding means for coupling said
developed max:ma} length shift register code word to said
channel and for puncturiﬁg said code word by deleting
selected digits therefrom; said decoding rmeans including
generator me=ns for sequentially providing different cy-
clic permutations of said code word, correspondingly
punctured, and for providing digits of said puncrored code
words in sequénce; said generator means including first
and second counters; a source of clock pulses; said first
counter being responsive to said clock pulses for succes-
sively and cyclically defining a plorality of different states
each corresponding io a dxf’erent undelsted gode word
digit; said second tounter capable of cyclcally defining 2%
diffzrent states, each state defining a different cne of said
cyclic permiuiaiions; means for incrementing said second
coanier in response o eéach cycle of said first counter; logix

" cal means responsive to each state of szid second count-

mg a maximal length shift register code word correspond- -

ing thercto; means in said cncodxrﬂ means for coupling
said developed maximal Iength shift register code word
‘to said channel and for puncturing said code word by
deleting selected digits therefrom; said decoding means

including means for developing cyclic permutations of
. said maximal length -shift registér code werd and for

puncturing said cvchc permutations by deleting there-
from digits corresponding to those digits deleted in sajd
. encoding mieans; and means in said decoding means for

comparing 2 word applied thereto by said channe] with -

" different, punctured cy(_hc permuiations of said maximal
length shift code word and for indicating which. of said
punciured cychc permutauons is the minimum dxstanae
“therefrom.

8. The system of claim 7 wherein said maximal ledgth
shift register code word §s comprised of 25—1 digits and
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er for sequentislly providing digits of a different puac-

vred cyclic perpwctation; and means for comparing 2
wo.d coupled to seid decoding means by said channel
with ‘said different cyclic permmaucms for indicating
which permutation is the minimum distance therefrom.

11. In a digital data communication system including
a-channel for carrying information from a data source to
a data receptacie, error-cerrecting apparatus including an
encoding means coupling said data source to said channel
and a decoding means coupling said channel to said data
receptacle; said encoding means including sources of rela-

tively high and low frequcncy clock pulses; a maximal

length shift register code word generator; a puncture
sequence programmer register having a numiber of siages
equal to the number of digits in ong of said code words;
means defining a fisst state in selected programmer regis-
ter stages- means- nofmally responsive 10 said low fre-
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quency clock pulses for sequentially accessing said stages
of said programmer register and for driving said genera-
for to segueniially provide digits of a ¢ode word; means

responsive fo accessing 3 stage of said programmer regis-.

ter defining a first state for drwmg said pregramimer reg.
ister and said gmemtm in response to said high frequency

clock puises; a pating means responsive to said low fres

quency clock pulses for coupling said digits provided by
said gemerator {6 said chaanel; said decodzng means in-

cluamg géneraior means for seguentially providing differ-

ent cyclic permutations of said code word, correspond-
Cingly punctured and for providing digits of said punctured
code words in sequence; said generator moeans including
first and second counters; a third clock source providing
pulses at said relatwe}y bigh freqnency; said first counter
" being respornsive to said third source clock pulses for suc-
cessively and. cyclically ‘defining a plurality of different

states each corresponding to a d}ﬂ‘erent undeleted code

word digit; said second counter capable ‘of cyclically de-
fining 2% different states, each state defining a différent
_one of said cyclic permutatmm' means for incrementing
said second counter in response to each cycle of said first
counter; logical means responsive to each state of said sec-
ond cmzmer for sequentiaily providing digits of a differ-
" ent punctured cyclic permutation; and means for compar-
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punctured code words in sequence; said generator means
including first and second counters; a source of cloek
pulses; means for . r:vchr:ally and cequentxaﬂy accessing
digits from said first inpet register in response lo -said-
clock pulses; said first connter being responsive to said
clock pulses, for successively and cyclically defining a plu-
rality of different states each corresponding to a different
undeleled code word digit; said second counter capable
of cyclically defining 2% different states, each siats de-

. fining a diferent one of said cyclic permutatzons, means

for mcrcme';tmg said second cevnter i response to each
cyele ef said first counter; logical means responsive to
each $tate of said second counter for sequeatially provid-
ing chgas of a different punctured Cyclie permutation;
means. for comparing said dighis accessed from said first
input register with said digits provided by said logical
means and for indicating the number of mismatches dur-
ing each state of said second counter] and means for iden-

' nf}mo the permutation containing the fewest digits mis-
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ing a word cougpled to said decoding means by said chan-

nel with said différent cycuc z:«ermutatmns for indicating
which permutation is the minimum distance therefrom.
1Z. In a digital dafa communication system including
a chanoel for carrying informaiion from a data source to
a data receptacle, erfor-correcting apparatus including an

encoding means coupling caid data source to said channel

and a decoding means ccnpimg said channel to said data
receptacle; said ‘encoding raeans being.responsive to a k
digif code provided by said data source for developing 2
_ maximal length shift register code word corr espondmg
thereto; means in said encoding means for coupling said
developed maximal length shxf‘t registér code word to said
channel and for puscturing-said code word by deleting se-
lected digits therefrom; said decoding means including a
first input register for sioxmv the word coupled thereto

by said channel; generator means for sequentiaily provid-.

ing different cyclic permutations of said code word, cor-
respondingly punctured, aad for providing digits of said
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matching the corresponmnn dagzts in said first input reg-
ister.

13. The system of claim 12 mc}uung 2 second .input
register; means for slternately Sd)flﬂg words coupled to
said d"codmg means by said channel in said first and sec-
ond input registers; and means for alternately comparing
the digits in said first and second input regislers with said
digits provided by said logical means,

14. The system of claim 12 wnerem said maxzmal
length shift register code word is comprised of 2¥-1
digits and said punctured code word is comprised of n
digits where kSn<2e 1. | ‘

15. The systemy of claim ¥4 wherein said first input
register comprises a shift register having a variable nume
ber of stages equal to n and wherein said first counter i
connected so as to define n different states. -
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