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ABS TRACT 

The flow ac ross  a p a r a l l e l  s e a l i n g  dam of t h e  type  t h a t  appears  i n  
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rl noncontact ing s h a f t  f a c e  seals i s  analyzed f o r  s teady ,  laminar ,  subsonic ,  

i so thermal  compressible  flow wi th  r e l a t i v e  r o t a t i o n  of t h e  s e a l i n g  dam 

su r faces .  Ro ta t iona l  e f f e c t s  on leakage rates, p re s su re  p r o f i l e s ,  and 

o t h e r  phys i ca l  q u a n t i t i e s  of i n t e r e s t  are found. Condi t ions are given 

under which a h y d r o s t a t i c  a n a l y s i s  of t h e  r a d i a l  leakage flow is  a v a l i d  

approximation. 

h y d r o s t a t i c  radial  flow formula is  given.  

The e r r o r  i n  e s t ima t ing  t h e  mass leakage by us ing  t h e  

Engineer ing formulas pre- 

sen ted  inc lude  mass leakage flow r a t e ,  p re s su re  and v e l o c i t y  d i s t r i b u -  

t i o n s ,  opening f o r c e  and c e n t e r  of pressure .  The physics  of t h e  flow 

are d iscussed  e 

NOMENCLATURE 

2 A c ross - sec t iona l  area, in., 

a speed of sound, f t / s e c  

C spec i f i c  h e a t  a t  cons tan t  p re s su re ,  Btu/(lbm) (OR) 

s p e c i f i c  h e a t  a t  cons tan t  volume, Btu/(lbm) (OR) 

material d e r i v a t i v e ,  a / a t  + u ( a / a r )  + ( v / r )  ( a / a e )  + w(a/az)  

P 

cv 

D / D t  

Ei( ) exponent ia l  i n t e g r a l  func t ion  

F s e a l i n g  dam f o r c e ,  l b f  

F body f o r c e  v e c t o r  
+ 



h film thickness, nominal, in. 
2 2  dimensionless parameter = -3R2Q /56%! K1 

L sealing dam width, in. 

K;(X2n - 1) 

zn+lnn I 

n=l 

M Mach number 

M mass flow, lbm/min 

AM change in mass flow 
3 ii* dimensionless mass flow, 12yMR T/vh P2 

m molecular weight of gas, lbm/lb-mole 

n an integer 

P static pressure, psi 

AP pressure differential, psi 

smaller pressure of two pressure boundary conditions, psi 'min 

P* dimensionless pressure, P/poU 2 

2 2 2  dimensionless P , P /P2 ?2 

- R universal gas constant, 1545 4 f t-lbf / (lb-mole) (OR) ; 

- 
R mean radius, (R1 4- R2)/2, in. 

AR 

R 

sealing dam length, R2 - R19 in. 
gas constant, g/m, f t-lbf / (lbm) (OR) 

pressure flow Reynolds number in radial direction, pUh/p 

shear flow Reynolds number in circumferential direction, p k h / y  

Reh 

Rer 
Re modified Reynolds number, Rehh/AR 

r radial direction coordinate 

* 
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dimensionless  r a d i a l  coord ina te ,  r / A R  

temperature ,  F 

p re s su re  flow re fe rence  v e l o c i t y ,  f t / s e c  

v e l o c i t y  i n  r - d i r e c t i o n  or  x-d i rec t ion ,  f t / s e c  

dimensionless  v e l o c i t y ,  u/U 

re fe rence  shea r  flow v e l o c i t y ,  f t / s e c  

v e l o c i t y  i n  & d i r e c t i o n ,  f t / s e c  

dimensionless  v e l o c i t y ,  v/V 

v e l o c i t y  i n  y-d i rec t ion ,  f t / s e c  

dimensionless  v e l o c i t y ,  

r e f e r e n c e  v e l o c i t y  ac ross  f i l m  th i ckness ,  U(h/AR) , f t / s e c  

transformed coord ina te ,  r / R 2  

cen te r  of p re s su re  i n  r a d i a l  o r  X-direct ion,  i n .  

coord ina te  i n  p re s su re  g rad ien t  d i r e c t i o n  

0 

w/wr ef 

coord ina te  ac ross  f i l m  th ickness  

dimensionless  coord ina te ,  y /h  

shear  flow coord ina te  i n  Car t e s i an  system 

spec i f i c -hea t  r a t i o ,  C /C 
P V  

c i r c u m f e r e n t i a l  coord ina te  

second v i s c o s i t y  c o e f f i c i e n t  o r  c o e f f i c i e n t  of bu lk  v i s c o s i t y  

abso lu te  o r  dynamic v i s c o s i t y ,  ( l b f ) ( s e c ) / i n ,  

kinematic  v i s c o s i t y  f t 2 / s e c  

2 

d e n s i t y ,  ( l b f )  ( sec  2 ) / i n ,  4 

dimensionless  d e n s i t y ,  P / P o  

angular  r o t a t i o n a l  v e l o c i t y ,  r ad / sec  

D e l  ope ra to r ,  ( a / a r ) i  + ( l / r ) ( a / a e > j  + ( a / a z ) C  
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Subscr ip ts :  

av aver  age 

h based on f i l m  th i ckness  

r based on r a d i u s  

0 r e fe rence  

1 inne r  r a d i u s  

2 ou te r  r a d i u s  

INTRODUCTION 

Some powerplants,  such as advanced j e t  engines ,  exceed t h e  operat-  

i ng  l i m i t s  of f a c e  con tac t  seals (Refs,  1 and 2 ) .  A s  a r e s u l t ,  noncon- 

t ac t  f a c e  seals are becoming necessary.  A noncontact f a c e  seal which is  

p res su re  ( fo rce )  balanced is shown i n  Fig.  1. I n  t h i s  seal t h e  leakage 

and p res su re  drop occur ac ross  a narrowly spaced s e a l i n g  dam, and t h e  

axial  f o r c e  a s soc ia t ed  wi th  t h i s  p re s su re  drop i s  balanced by a prede- 

termined h y d r o s t a t i c  c l o s i n g  f o r c e  and a s p r i n g  f o r c e .  However, t h i s  

conf igu ra t ion ,  wi th  t h e  s e a l i n g  dam formed by p a r a l l e l  s u r f a c e s  has  an  

inhe ren t  problem: t h e  f o r c e  due t o  t h e  p re s su re  drop ac ross  t h e  s e a l i n g  

dam is independent of f i l m  th ickness ;  hence, t h e r e  is  no way of main- 

t a i n i n g  a p rese l ec t ed  f i l m  th i ckness  which w i l l  a l low t o l e r a b l e  leakage 

and s t i l l  have noncontact opera t ion .  S ince  t h e  f o r c e  i s  independent of 

f i l m  th i ckness ,  t h e  des ign  a l s o  l a c k s  a x i a l  f i l m  s t i f f n e s s  f o r  s u f f i c i e n t  

dynamic t r ack ing  of t h e  s t a t i o n a r y  nosepiece wi th  t h e  r o t a t i n g  seal seat. 

The seal nosepiece must fo l low t h e  seal seat s u r f a c e  under d i f f e r e n t  

ope ra t ing  cond i t ions  without  s u r f a c e  con tac t  o r  excess ive  i n c r e a s e  i n  

f i l m  th i ckness ,  which would y i e l d  h igh  leakage,  Some of t h e s e  operat-  

i ng  cond i t ions  are a x i a l  runout ,  misalinement,  and thermal deformation 
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(coning and d i sh ing )  

A s u c c e s s f u l  method of maintaining a p rese l ec t ed  f i l m  th i ckness  

and achiev ing  a x i a l  f i l m  s t i f f n e s s  is  t o  add s e l f - a c t i n g  l i f t  pads, such 

as shrouded Rayleigh s t e p  bear ings ,  t o  t h e  convent ional  f a c e  seal ( 1  and 

2 ) .  This  is  i l l u s t r a t e d  i n  Fig.  2. The a x i a l  s e a l i n g  dam f o r c e  assoc i -  

a ted  wi th  t h e  p re s su re  drop ac ross  t h e  s e a l i n g  dam, and t h e  l i f t  pad 

f o r c e ,  are balanced by t h e  h y d r o s t a t i c  and s p r i n g  c l o s i n g  f o r c e s .  The 

gas bear ing  has  a d e s i r a b l e  c h a r a c t e r i s t i c  whereby t h e  f o r c e  i n c r e a s e s  

wi th  decreas ing  f i l m  th i ckness .  

as t o  decrease  t h e  gap, t h e  a d d i t i o n a l  f o r c e  generated by t h e  l i f t  pad 

w i l l  open t h e  gap t o  t h e  o r i g i n a l  equi l ibr ium p o s i t i o n .  I n  a similar 

manner, i f  t h e  gap becomes l a r g e r ,  t h e  l i f t  pad f o r c e  decreases ,  and 

t h e  c l o s i n g  f o r c e  w i l l  cause t h e  seal gap t o  r e t u r n  t o  t h e  equ i l ib r ium 

p o s i t i o n .  Since a proper ba lance  of t h e  opening and c l o s i n g  f o r c e s  must 

be  found i n  order  t o  determine a gap wi th  a t o l e r a b l e  mass leakage ,  

phys i ca l  q u a n t i t i e s  of i n t e r e s t ,  such as p res su re  d i s t r i b u t i o n  and mass 

leakage must b e  evaluated ., 

I f  t h e  seal i s  per turbed i n  such a way 

I n  t h i s  paper only t h e  s e a l i n g  dam p o r t i o n  of t h e  sea l  w i l l  b e  

analyzed.  The c lass ical  v i scous ,  i so thermal ,  subsonic ,  compressible  

flow a n a l y s i s  f o r  t h i s  problem is  w e l l  known (e .g . ,  see Gross,  ( 3 ) ) .  

The p res su re  d i s t r i b u t i o n  and mass leakage have been c a l c u l a t e d  f o r  the 

p a r a l l e l  f i l m  h y d r o s t a t i c  case. Reference ( 4 )  analyzed t h e  p a r a l l e l  

f i l m  h y d r o s t a t i c  case inc luding  the e f f e c t s  of f l u i d  i n e r t i a ,  v i scous  

f r i c t i o n  and en t r ance  l o s s e s .  Subsonic and choked flow cond i t ions  can 

b e  p red ic t ed  and analyzed f o r  bo th  laminar and t u r b u l e n t  f lows ,  

showed good agreement wi th  experiment. The e f f e c t s  of r o t a t i o n  of t h e  

Resu l t s  
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much g r e a t e r  than  h, t h e  en t rance  r eg ion  e f f e c t s  are neglec ted ;  hence, 

t h e  convect ive i n e r t i a  f o r c e s  are neglec ted .  This  means t h a t  t h e  seal 

is  t r e a t e d  as ope ra t ing  e n t i r e l y  i n  t h e  v i scous  reg ion .  This  case is 

con t ra s t ed  t o  t h e  case where the  gap s i z e  is  l a r g e ,  as i l l u s t r a t e d  i n  

Fig.  4(b)  f o r  a r a d i a l  d i f f u s e r .  6) The f l u i d  f i l m  i s  i so thermal ,  This  

means t h a t  a l l  h e a t  generated i n  t h e  f i l m  is  conducted away through t h e  

w a l l s .  This  is  a s tandard  assumption of l u b r i c a t i o n  theory.  The va- 

l i d i t y  of t h i s  assumption breaks down f o r  cases of l a r g e  thermal  gra- 

d i e n t s  i n  t h e  s e a l i n g  dam and when t h e  f r i c t i o n a l  h e a t i n g  is h igh  (e .g . ,  

s m a l l  gap o r  h igh  speed) .  However, thermal a n a l y s i s  of a gas f i l m  seal 

(2) shows t h a t  t h e  s e a l i n g  dam can be c l o s e l y  approximated by a cons t an t  

temperature.  The l i m i t  of t h e  v a l i d i t y  of i so thermal  duct  f low ana lyses  

i s  t h a t  

This  means t h a t  t h e r e  cannot be  a l a r g e  axial flow source  on one s u r f a c e  

impinging on t h e  r a d i a l  s u r f a c e ,  as i n  a h y d r o s t a t i c  bear ing  (Fig.  4 ( c ) ) .  

8) The f l u i d  v e l o c i t y  i n  t h e  r e s e r v o i r  is considered t o  be n e g l i g i b l e  

( s t a g n a n t ) ,  and thus  i ts  e f f e c t s  are neglec ted  i n  t h i s  a n a l y s i s .  

model i s ,  t h e r e f o r e ,  no t  v a l i d  f o r  t h e  r a d i a l  s t e p  seal shown i n  

Fig.  4(d)  when r a d i a l  v e l o c i t i e s  are s i g n i f i c a n t ,  

Governing Equations 

M < l/G (6) a 7 )  The en t r ance  Mach number i s  c l o s e  t o  zero .  

This  

The a n a l y s i s  w i l l  be  ou t l ined  b r i e f l y ,  Fur ther  d e t a i l s  can be  

found i n  ( 7 ) .  

w i th  cons tan t  v i s c o s i t y  i n  vec to r  n o t a t i o n  are (8) 

Conservation of mass: 

The governing flow equat ions  f o r  a compressible  f l u i d  
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seal seat wi th  r e s p e c t  t o  t h e  seal nosepiece ( s e a l i n g  dam su r faces )  on 

t h e  r a d i a l  p re s su re  flow, however, have been neglec ted  i n  t h e s e  com- 

p r e s s i b l e  flow ana lyses .  Snapp (5) has  analyzed t h e  e f f e c t s  of r o t a t i o n  

f o r  t h e  incompressible  flow case. 

This  a n a l y s i s  w a s  conducted 1 )  t o  i n v e s t i g a t e  t h e o r e t i c a l l y  t h e  

e f f e c t  of t h e  re la t ive  r o t a t i o n  of t h e  s e a l i n g  f aces  on m a s s  leakage,  

p re s su re  and v e l o c i t y  d i s t r i b u t i o n s ,  n e t  p re s su re  opening f o r c e ,  and 

c e n t e r  of p re s su re  ( r a d i a l  d i r e c t i o n )  f o r  an  i so thermal ,  compressible ,  

v i scous  flow wi th  p a r a l l e l  s e a l i n g  dam s u r f a c e s ;  2) t o  determine under 

what cond i t ions ,  i f  any, t h e  h y d r o s t a t i c  r a d i a l  f low a n a l y s i s  i s  s u f f i -  

c i e n t  f o r  engineer ing  accuracy. 

mays IS 

Basic Model 

The s e a l i n g  dam model, as shown i n  F igs .  3 nd 4 (  ists of 

two p a r a l l e l ,  c o a x i a l ,  c i r c u l a r  r i n g s  i n  r e l a t i v e  r o t a t i o n  a t  a cons t an t  

speed separa ted  by a very  narrow gap. A pres su re  d i f f e r e n t i a l  e x i s t s  

between t h e  r i n g s '  i nne r  and ou te r  r a d i i .  

s m a l l  i n  both t h e  inner-diameter c a v i t y  and outer-diameter c a v i t y  which 

bound t h e  s e a l i n g  dam. 

The f l u i d  v e l o c i t i e s  are 

The model formulat ion i s  based on t h e  fol lowing phys ica l  condi t ions :  

1) The f l u i d  i s  homogeneous, compressible,  v i scous ,  and Newtonian. 

2) The flow i s  s t eady  and laminar (continuum f low regime) and t h e  body 

f o r c e s  are n e g l i g i b l e ,  3) The bulk modulus is  ignored (A = -2/3 11). 

This  is  Stokes i d e a l i z a t i o n  ( 3 ) .  This cond i t ion  w i l l  be  v a l i d  un le s s  

t h e  gas is under h igh  p r e s s u r e r  very  dense (e .g . ,  shock-wave s t r u c t u r e ) ,  

o r  r a r e f i e d .  4 )  The f l u i d  behaves as a p e r f e c t  gas .  5) S ince  AR i s  
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Conservation of momentum (Navier-Stokes equations): 
3 

-+ - + 3  3 3  3 3 
DV - -;P - pv x (V x V) + ($L]V(V e V) + F  P D t -  

Equation of state for an isothermal process: 

p = P(P> 

By using cylindrical coordinates (Fig. 3)  and by applying the con- 

ditions assumed in the mathematical model, including the narrow gap 

approximation, the governing flow of a compressible fluid equations in 

dimensionless form reduce to 

Conservation of mass 

Conservation of momentum 

1) Radial direction 

2 *  

*2 
p u  * (; 1 7 + * -  a P* 1 a u  * * a l l -  * 

ar Re ay ar r 

2) Circumferential direction 

2 *  

* *2 
1 a v  =-- P 
Re ay 

3)  Axial direction 
* 

ap 
0, - N  

a; 
Equation of state 

[81 
P* = constant 
P 

Equations [ 4 ]  to [8] have been nondimensionalized with the following 

variables: 
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* r  r = -  
AR 

* u  
U 

u = -  

* P  p = -  

P0U2 

*-P P -  

* v  
V 

v = -  

* w  
W 

w = -  

* 
R e  = Reh(k) 

* 
A l l  t h e  dimensionless  terms wi th  t h e  except ion of r are of u n i t  mag- 

n i t u d e  ( r  is  of g r e a t e r  than  u n i t  magnitude).  By neg lec t ing  t h e  

en t rance  reg ion  and assuming R e  << 1, t h e  convect ive i n e r t i a  f o r c e s  

are neglec ted .  Hence t h e  dimensionless  r a d i a l  momentum Eq. [5 ]  be- 

* 
* 

comes 

* -($ p* v * = -  
r 

It i s  important 

p re s su re  flow can be 

ar 

t o  no te  t h a t  i f  V/U < 

t r e a t e d  as uncoupled from t h e  r o t a t i o n a l  shear  flow. 

This  cond i t ion  j u s t i f i e s  t h e  use  of r a d i a l  h y d r o s t a t i c  leakage flow 

equat ions  f o r  gas f i l m  seals whose s e a l i n g  f a c e s  are i n  re la t ive ro t a -  

t i o n .  Again f o r  R e  << 1 Eq.  [6]  becomes 
* 

Now i n  dimensional form t h e  equat ions  t o  be  solved are 

Conservation of mass (from Eq. [ 4 ] ) :  

[=I 
a - (pru) = o ar 

(This form of t h e  c o n t i n u i t y  equat ion is  not  used b u t  i s  rep laced  by t h e  

i n t e g r a t e d  form, which is  shown t o  be  t h e  conserva t ion  of mass flow i n  

t h e  r a d i a l  d i r e c t i o n . )  
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Radial momentum (from Eq. [5]): 

0 0 

(The centripetal inertia term on the left side is ignored in the compres- 

sible Reynolds lubrication equation.) 

Circumferential momentum (from Eq. [6] ) :  

2 
- -  a v - 0  
aY2 

Now the above set of equations will be solved. Equation [13] may be in- 

tegrated directly. Applying the boundary conditions 

v = o  at y = O  

yields 

-rny 
h v -  

v = ril at y = h  

Now Eq. [12] is solved by substituting for the circumferential ve- 

locity equation (Eq. [14]) and the equation of state (Eq. [ S I ) .  Since 

the circumferential and axial variations are shown to be negligible, 

P = P ( r ) ,  and Eq, [12] becomes 
,-l 

Integrating Eq. [15] in the y-direction and applying boundary conditions 

u = o  at y = O  u = o  at y = h  

yields 

0 

pOfiLrP 4 3  
(Y - h Y) u = - -  

2 dP (y2 - hy) - 
12vPOh 211 dr 
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The mass f low a t  any r a d i u s  i s  

2 3  2 3 .rrpos2 h p r  P .rrh p r  dP - +  
6u d r  20VPo 

M = 2nrp u dy = - 

S u b s t i t u t i n g  t h e  p e r f e c t  gas l a w  ( E q .  [SI )  i n t o  E q .  [17]  y i e l d s  

o r  

To f a c i l i t a t e  t h e  so luc ion ,  t ransform E q .  [19] i n  the  fo l lowing  manner: 

L e t  

- P  p = -  
p2 

Thus, E q .  [19] becomes 

-2-2 '* 
i- KIX P = M - dP2 X -  dZ 

- r  x = - -  
R2 

2 2  

K1 - -- 
3R2n 

5 RT 
- 

The conserva t ion  of m a s s  must be  s a t i s f i e d  

dM* - =  0 
d% 

(which r e p l a c e s  

d (. g) 
dX dX 

t h e  c o n t i n u i t y  E q .  [ 4 ] )  o r  

+ K 1 y ( X P ) = O  d -2-2 

ax 
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Equation [22] can be  solved s u b j e c t  t o  t h e  fol lowing boundary condi t ions :  

- - I x = x l -  - X = l  
a t  r = R2 

a t  r = R1 p2 = p"2 = 
62 = p; 2 

Equation E221 is  a f i r s t - o r d e r  nonhomogeneous ord inary  d i f f e r e n t i a l  

equat ion  wi th  v a r i a b l e  c o e f f i c i e n t s  and can be  solved by us ing  t h e  

classical  i n t e g r a t i n g  f a c t o r  method of so lv ing  d i f f e r e n t i a l  equat ions .  

Applying t h e  boundary condi t ions  y i e l d s  t h e  fol lowing mass f low equat ion  

i n  dimensional form: 

M E -  
1 

exp( > i2)  
1211 6% Y dX 

X 

The i n t e g r a l  i n  Eq. [23] can be  expressed i n  terms of exponent ia l  i n t e -  

g r a l  func t ion  (9) I n  t h i s  form Eq. [23] becomes 

M =  

The r e s u l t i n g  squared p res su re  d i s t r i b u t i o n  has  i n t e g r a l s  which can a l s o  

b e  w r i t t e n  i n  terms of exponent ia l  i n t e g r a l  func t ions ,  Hence 
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L J 

+ exp 

The t o t a l  f o r c e  per  u n i t  width is found from 

Also t h e  cen te r  of p re s su re  is  found from 

(P - Pmin)X dX 
2-R1 

F 
L 

- 
xc - - ~ 7 1  

is  t h e  smaller p re s su re  of t h e  two p res su re  boundary condi- 'min where 

t i o n s .  The i n t e g r a t i o n s  i n  Eqs. [23] t o  E271 are performed numerical ly  

i n  (10). 

are a l s o  given i n  (10).  

Addi t iona l  equat ions of i n t e r e s t  i n  des igning  gas f i l m  seals 

Equations [ 2 5 ]  and [ 2 6 ]  show t h a t  t h e  opening f o r c e  does not  depend 

on f i l m  th i ckness .  Thus t h e r e  is  no a x i a l  f i l m  s t i f f n e s s  f o r  t h e  par- 

a l l e l  s e a l i n g  dam s u r f a c e  case, and some a u x i l i a r y  device ,  such as s e l f -  

a c t i n g  l i f t  pads,  must be used t o  o b t a i n  a x i a l  f i l m  s t i f f n e s s  ( see  

Fig.  2) 

Ci rcumferent ia l  Shear Flow 

Under t h e  cond i t ions  of t h i s  a n a l y s i s ,  which inc lude  many s h a f t  

f a c e  seal a p p l i c a t i o n s ,  t h e  c i r cumfe ren t i a l  f low is  t h e  w e l l  known 

simple Couet te  shear  flow. The c i r cumfe ren t i a l  v e l o c i t y  d i s t r i b u t i o n  

13 



i s  then  given by E q .  [14] which is  

*-  
h v =  

The t o t a l  power can b e  est imated by cons ider ing  t h e  v i scous  shear  

due t o  r o t a t i o n  only 

-2 2 JIR L! A 
h Power = 

Axlalytical Expressions for Special Cases 

K1 S m a l l  Parameter,  

For most p r a c t i c a l  seal problems, t h e  va lue  of t h e  parameter -K / 2  1 

is less than 1. I n  t h i s  case t h e  exponent ia l  i n t e g r a l s  of Eqs, [24] 

and [25] can be evaluated by i n t e g r a t i n g  an i n f i n i t e  series expansion. 

Thus a n a l y t i c a l  express ions  can be found f o r  t h e  p re s su re  d i s t r i b u t i o n  

and mass leakage.  Now, 

- dX = 
X 

I + + .  KIX + I + -  
z2 a 21 z3 . 31 

. .  

where 

m 

n -2n 
K1(X - 1)  

zn+lnn .P 
g(X> = 

n = l  

Thus, t h e  mass flow E q .  [23] becomes 
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M -  

The r e s u l t i n g  squared p res su re  d i s t r i b u t i o n  equat ion  becomes 

p 2 5 -  R2 
I n  -i- (') exF 

No Rota t ion  

For no r o t a t i o n ,  K1 = 0; hence, G(r /R2)  = 0 ,  and a f t e r  s u b s t i t u t -  

i ng  t h e  p e r f e c t  gas r e l a t i o n  Eq. [31] becomes 

3 2  2 
e .rrh (P2 - P1 
M =  

R1 

R2 
1211 R T  I n  - 

and Eq. [32] becomes 

1 

Equat ions [33] and [34] are r educ ib le  t o  t h e  form found i n  (3 ) ,  I n  many 

gas f i l m  s e a l i n g  dams AR is  much less than  R1" For t h i s  case 

R1 AR l n - s - -  
R2 R1 
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Eq. [33] becomes 

vRlh 3 2  (P1 - P;) 

M =  121.1 6?,T(R2 - R1) 

and Eq. [ 3 4 ]  becomes 

The c e n t e r  of p re s su re  can a l s o  b e  r e a d i l y  found from Eq. [28]  which 

y i e l d s  

x =  
C 

[37 1 

E r ro r  i n  Es t imat ing  Mass Leakage by Hydros ta t ic  Radial-Flow Formula 

A formula w i l l  now be  found t o  g ive  t h e  e r r o r  t h a t  occurs  i n  us ing  

t h e  h y d r o s t a t i c  r a d i a l  f low mass leakage equat ion  when t h e r e  i s  r e l a t i v e  

r o t a t i o n  of t h e  s e a l i n g  dam s u r f a c e s .  Defining 
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and s impl i fy ing  by applying cond i t ions  p re sen t  i n  most s e a l i n g  damsg 

namely t h a t  

1 )  For IK1/21 <.z: 1, 

K1 
& l + -  2 

and 

(-) ,l 

K1R; 
+ ?  

2R; 

2) For R1 >> R2 - Rl9 

R2 AR l n - ; - -  
R1 R1 

The above express ion  y i e l d s :  

A i  
M s t a t i c  

5 

AR 

Rl( 

- 1  

DISCUSS I O N  

Ro ta t iona l  E f f e c t s  on Sea l  Leakage 

For laminar flow ac ross  an  i so thermal  compressible  flow s e a l i n g  dam, 

t h e  change i n  mass leakage due t o  re la t ive s u r f a c e  r o t a t i o n  would appear 

t o  be important when t h e  s u r f a c e  speed is  very  high.  S u c h e n  example, 

i s  a proposed space  power genera tor  (11) which r e q u i r e s  s m a l l  p r e s su re  
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d i f f e r e n t i a l ,  low leakage seals a t  h igh  r o t a t i o n a l  speeds (36 000 rpm). 

F igure  5 shows t h e  e f f e c t  of r o t a t i o n  on r a d i a l  m a s s  leakage f o r  a pro- 

posed space power compressor seal, Both i n t e r n a l l y  and e x t e r n a l l y  

pressur ized  modes are compared wi th  t h e  h y d r o s t a t i c  flow a n a l y s i s .  The 

f i l m  th i ckness  v a r i e s  from 0 .1  m i l  t o  0.3 m i l  which are p r a c t i c a l  oper- 

a t i n g  gaps.  The sea l ed  f l u i d  is  a helium-xenon mixture.  The operat-  

i ng  cond i t ions  are: sea l ed  p res su re ,  32 p s i a ;  ambient p re s su re ,  

31.5 p s i a ;  s ea l ed  gas temperature ,  330 F; i nne r  r a d i u s ,  3.90 in . ;  

ou te r  r a d i u s ,  4.00 i n .  The r a d i i  used i n  t h i s  example are l a r g e r  

than i n  (11). From Fig.  5, t h e  h y d r o s t a t i c  a n a l y s i s  p r e d i c t s  about a 

42% higher  leakage than  t h e  r o t a t i o n a l  a n a l y s i s  when t h e  seal ope ra t e s  

i n  t h e  e x t e r n a l l y  pressur ized  mode. On t h e  o the r  hand, f o r  t h e  in-  

t e r n a l l y  p re s su r i zed  mode t h e  r o t a t i o n a l  a n a l y s i s  shows t h a t  leakage  is 

about 23% higner  than  predic ted  by t h e  h y d r o s t a t i c  a n a l y s i s .  Ro ta t iona l  

e f f e c t s  would be expected t o  be important f o r  t h i s  ca se  s i n c e  t h e  param- 

0 

= 1 0 ) .  *-1/2 eter V/TJ :’ 1 ( V / U  = 310, R e  

The approximate formula given by E q .  [39] can b e  used t o  determine 

whether r o t a t i o n  is  important: i n  r a d i a l  mass leakage c a l c u l a t i o n s .  I f  

r o t a t i o n a l  e f f e c t s  are shown no t  t o  be important ,  t h e  s impler  hydro- 

s t a t i c  flow formulas can be  used. F igure  6 i l l u s t r a t e s  t h a t  t h e r e  i s  

e x c e l l e n t  agreement between t h e  approximate formula (Eq. [ 3 9 ] ) ,  which 

inc ludes  only t h e  f i r s t  t e r m  of t h e  convergent series, and t h e  f u l l  

s o l u t i o n  us ing  a computer program (10);  r a d i u s  r a t i o s  of 0.80 and 0.99 

are shown f o r  va lues  of t h e  parameter,  -K1/2 = 6 ~ 1 0 - ~ *  The approximate 

formula ( E q .  [39])  p r e d i c t s  a 27% decrease  i n  mass leakage due t o  r o t a -  

t i o n  f o r  t h e  e x t e r n a l l y  pressur ized  mode of %he compressor seal exmple. 
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Even though r o t a t i o n  has  a s u b s t a n t i a l  e f f e c t  on mass leakage,  t h e  

p re s su re  d i s t r i b u t i o n  is  a f f e c t e d  very  l i t t l e .  

by less than  1 / 2 %  and t h e r e  w a s  v i r t u a l l y  no change i n  t h e  c e n t e r  of 

p re s su re ,  

by r o t a t i o n .  

The opening f o r c e  changes 

Hence i n  t h i s  case t h e  seal p res su re  balance is  n o t  a f f e c t e d  

The re la t ive s u r f a c e  r o t a t i o n  appears  t o  be  n e g l i g i b l e  f o r  many 

cases where t h e  r a d i a l  p re s su re  d i f f e r e n t i a l  is  l a r g e ,  t h e  gap is  small, 

and t h e  r o t a t i o n a l  speed i s  moderate. Such a case is  evaluated i n  t h e  

appendix. This  c o n t r a s t s  w i th  t h e  case f o r  a l i q u i d  medium (incompres- 

s i b l e  f l u i d ) ,  where t h e  c e n t r i g u a l  f o r c e  i n  laminar  r a d i a l  f low can  have 

a s u b s t a n t i a l  e f f e c t  because of t h e  h igher  dens i ty .  For example, water 

a t  room temperature  is  about t h r e e  o rde r s  of magnitude more dense than  

a i r .  The comparable incompressible  v iscous  flow a n a l y s i s  (5) y i e l d s  t h e  

fol lowing approximate formula. 

I f  a very  small p re s su re  d i f f e r e n t i a l  e x i s t s  ac ross  t h e  s e a l i n g  dam, 

t h e  r o t a t i o n a l  e f f e c t s  on t h e  r a d i a l  f low are important even f o r  moderate 

speeds.  An example of such a case is  a l s o  given i n  t h e  appendix. 

The r o t a t i o n a l  f low is  always important f o r  determining t h e  power 

l o s s  (due t o  v iscous  shear ing)  and f o r  determining t h e  t r a n s i t i o n  t o  

tu rbu len t  f low. 

r e spons ib l e  f o r  t h e  flow becoming tu rbu len t  i n  t h e  c i r c u m f e r e n t i a l  d i r ec -  

t i o n  (shear  flow d i r e c t i o n ) ,  which w i l l  mean t h e  e n t i r e  flow f i e l d  ( r a d i a l  

p re s su re  flow) w i l l  be  t u r b u l e n t ,  

The r o t a t i o n a l  f low component of t h e  v e l o c i t y  may be  
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Figure  7 i l l u s t r a t e s  a s i m p l i f i e d  envelope of p o s s i b l e  s e a l i n g  dam 

flow regimes,  showing t h e  reg ion  i n  which t h i s  a n a l y s i s  is  v a l i d ,  For 

t h e  h y d r o s t a t i c  case, t h e  v iscous  flow a n a l y s i s  presented i s  v a l i d  f o r  

R%(h/AR) 

i n  most seal problems w a s  found t o  be  t h e  Mach number r a t h e r  than  t h e  

p re s su re  flow Reynolds number. This  i s  t r u e  f o r  very  s m a l l  gaps s i n c e  

c a l c u l a t i o n s  of ( 4 )  i n d i c a t e  t h a t  t h e  flow can become choked i n  t h e  

r a d i a l  d i r e c t i o n  be fo re  t h e  t r a n s i t i o n  (laminar t o  t u r b u l e n t )  pressure-  

flow Reynolds number i s  reached. Choking of t h e  flow, of cour se ,  w i l l  

occur when M = 1. 

beyond t h i s ,  t h e  i so thermal  assumption no longer  holds .  (This is shown 

i n  ( 4 ) .  Reference ( 4 )  f u r t h e r  shows t h a t  t h e  a d i a b a t i c  assumption i s  

v a l i d  t o  M = 1 . )  

1. The parameter governing t h e  flow regime f o r  r a d i a l  flow 

The l i m i t  f o r  t h i s  a n a l y s i s  t o  b e  v a l i d  is  M < l/G; 

For r a d i a l  p re s su re  flow on ly ,  t r a n s i t i o n  t o  tu rbu len t  f low w i l l  

The minimum t r a n s i t i o n  Reynolds occur by Tollmien-Schlichting waves. 

number 

be between 2300 and 6000; t h a t  i s ,  between t h e  minimum t r a n s i t i o n  

Reynolds number f o r  f u l l y  developed p ipe  flow and what appears  t o  be  the  

t h e o r e t i c a l  minimum t r a n s i t i o n  Reynolds number f o r  p lane  P o i s e u i l l e  

flow (12) i n  i n f i n i t e s i m a l  d i s tu rbance  hydrodynamic s t a b i l i t y  theory ,  

The r a d i a l  f low s i t u a t i o n  of t he  s e a l i n g  dam approximates p l ane  

P o i s e u i l l e  flow because t h e  aspec t  r a t i o  used i n  t h e  hydrau l i c  diameter  

c a l c u l a t i o n  is  t h e  same. 

(based on an  average v e l o c i t y  and hydrau l i c  diameter)  w i l l  Re2h 

For t h e  case of only circumferential shear  flow wi th  no imposed 

r a d i a l  p re s su re  g r a d i e n t ,  t h e  flow w i l l  remain laminar u n t i l  a c r i t i c a l  

r o t a t i o n a l  Reynolds number i s  exceeded; then  t h e  flow w i l l  become turbu- 
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l e n t .  For t h i s  narrow gap s e a l i n g  dam a n a l y s i s  (AR >$ h ) ,  t h e  c r i t i c a l  

r o t a t i o n a l  Reynolds number f o r  t r a n s i s i o n  appears  t o  be  s imple Couet te  

flow t r a n s i t i o n  Reynolds number. 

s i t i o n  (13);  t h e  smaller t h e  gap, t h e  longer  t r a n s i t i o n  speed is  de- 

layed.  Thus, t h e  w a l l  has  a s t a b i l i z i n g  e f f e c t  on t h e  flow, and t h i s  

- 
Thus, Rer = RQh/v G 1900 f o r  t ran-  

should be  considered i n  s e l e c t i n g  t h e  des ign  gap ( e .g . ,  f o r  a l - f t -  

diam seal ope ra t ing  a t  room temperature ,  t h e  t r a n s i t i o n  speed would b e  

7 1  500 rpm f o r  a 1 - m i l  gap, bu t  would b e  179 000 rpm f o r  a 0.4-mil gap) .  

When t h e r e  i s  both  c i r c u m f e r e n t i a l  shear  flow and r a d i a l  p re s su re  

flow p r e s e n t ,  t h e  n e t  f low i s  a s p i r a l  flow. To t h e  au tho r s '  knowledge 

t h e  t r a n s i t i o n  from laminar  t o  t u r b u l e n t  f low f o r  t h i s  case has  no t  

been i n v e s t i g a t e d .  

Most flow regime t r a n s i t i o n s  have been experimental ly  observed f o r  

incompressible  flow between a d i s k  and a confined housing, b u t  t h e r e  is 

reason t o  b e l i e v e  t h a t  t r a n s i t i o n  w i l l  a l s o  occur f o r  a compressible  

f l u i d  i n  t h i s  range of Reynolds number. 

conducted an experimental  i n v e s t i g a t i o n  on a r o t a t i n g  d i s k  i n  an  i n f i n i t e  

compressible f l u i d  medium and found t h a t  laminar- turbulent  t r a n s i t i o n  and 

drag are independent of Mach number. The h ighes t  t r a n s i t i o n  Reynolds 

number (RiQ/v) w a s  3x10 f o r  t h e  most h ighly  pol ished d i s k .  However, 

experimental  work is  needed t o  f i n d  t h e  t r a n s i t i o n  Reynolds number f o r  

compressible  flow between two d i s k s  separa ted  by a very  narrow gap i n  

re la t ive r o t a t i o n  which is  r e p r e s e n t a t i v e  of gas f i l m  sea l  ope ra t ion .  

I n  t h i s  a n a l y s i s ,  which i s  v a l i d  f o r  a modified Reynolds number, 

Theodorsen and Regier (14) 

5 

Reh(h/AR) < ~ :  1, t h e  c i r c u m f e r e n t i a l  v e l o c i t y  

pendent ly  of t h e  r a d i a l  v e l o c i t y  u ( i . e e ,  v does not  depend on u ,  bu t  

v can b e  found inde- 
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u depends on v (see Eq. [13 ] ) .  The r a d i a l  v e l o c i t y  u is a f f e c t e d  by 

t h e  r o t a t i o n  through t h e  c e n t r i f u g a l  f o r c e  component i n  t h e  r a d i a l  d i -  

r e c t i o n  ( see  Eq. [12 ] ) .  

no longer  s m a l l ,  t h e  f l u i d  v e l o c i t y  component i n  t h e  c i r c u m f e r e n t i a l  

d i r e c t i o n  w i l l  depend on t h e  r a d i a l  p re s su re  f low,  which w i l l ,  i n  t u r n ,  

depend on t h e  r o t a t i n g  flow v e l o c i t y  component. 

I n  a higher-order a n a l y s i s ,  when Reh(h/AR) is 

The r eg ion  where t h e  r a d i a l  and t h e  t a n g e n t i a l  f low are coupled in-  

vo lves  t h e  s o l u t i o n  of two simultaneous nonl inear  p a r t i a l  d i f f e r e n t i a l  

equat ions  and i s  beyond t h e  scope of t h i s  a n a l y s i s .  This  more complex 

formulat ion would be  necessary f o r  a s t a b i l i t y  a n a l y s i s  and f o r  a more 

d e t a i l e d  examination of t h e  flow f i e l d .  I n  t u r b u l e n t  flow, of course ,  

both t h e  c i r c u m f e r e n t i a l  and r a d i a l  f low v e l o c i t y  components depend on 

each o t h e r .  However, t h e  s impl i f i ed  a n a l y s i s  presented h e r e i n  is  repre-  

s e n t a t i v e  of many s h a f t  f a c e  seal a p p l i c a t i o n s .  

I n  gene ra l  l eakage  changes due t o  r o t a t i o n  must be  considered wi th  

r e s p e c t  t o  o t h e r  i n f luences .  Examples of o t h e r  e f f e c t s  which under 

p r a c t i c a l  cond i t ions  may be of t h e  same order  o r  even more important  

are seal f a c e  deformations,  s u r f a c e  wobbling, misalinement,  and eccen- 

t r i c i t y  e 

Rota t iona l  E f f e c t s  on P res su re  and Veloc i ty  P r o f i l e s  

The p res su re  d i s t r i b u t i o n  i n  t h e  r a d i a l  d i r e c t i o n  w a s  found from 

Eq. [25] .  The i n t e r n a l l y  pressur ized  case is  shown p l o t t e d  i n  F ig .  8 (a )  

f o r  -K1/2 = 0.02. 

p re s su re  d i s t r i b u t i o n ,  which w a s  found from Eq. [25] wi th  fi = 0. Note 

t h e  s e a l i n g  dam f o r c e  is  s l i g h t l y  g r e a t e r  f o r  r o t a t i o n ,  

p re s su re  d i s t r i b u t i o n  f o r  t h e  e x t e r n a l l y  pressur ized  case is  shown i n  

Also shown i n  F ig .  8 ( a )  is t h e  h y d r o s t a t i c  r a d i a l  

The r a d i a l  
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Fig. 8 ( b ) .  Here t h e  s e a l i n g  dam f o r c e  is s l i g h t l y  less than  f o r  t h e  

h y d r o s t a t i c  case. A s  previously d iscussed ,  t h e s e  p re s su re  d i s t r i b u t i o n s  

are only  s l i g h t l y  d i f f e r e n t  than  t h e  h y d r o s t a t i c  case. 

p r a c t i c a l  purposes t h e  p re s su re  ba lance  is unaf fec ted .  

Hence f o r  most 

The r a d i a l  v e l o c i t y  p r o f i l e s  f o r  bo th  i n t e r n a l l y  and e x t e r n a l l y  

R1/R2 = 0.99, P1/P2 = 1.2 ,  and pressur ized  cases were found f o r  

-K1/2 = 0.02 

p r o f i l e s  w e r e  obtained from E q .  [16].  

and c e n t r i f u g a l  f o r c e  v e l o c i t y  components. A s  expected, t h e  c e n t r i f u g a l  

f o r c e  component i s  e f f e c t i v e  i n  reducing t h e  leakage i n  t h e  e x t e r n a l l y  

pressur ized  case whereas t h e  oppos i t e  occurs  i n  t h e  i n t e r n a l l y  pres-  

and are shown i n  F igs .  9 (a)  and (b) .  These r a d i a l  v e l o c i t y  

Also shown are t h e  h y d r o s t a t i c  

su r i zed  case. The maximum v e l o c i t y  does not  occur a t  t h e  midgap p o s i t i o n  

f o r  t h e  c e n t r i f u g a l  f o r c e  v e l o c i t y  component as it  does f o r  t h e  hydro- 

s t a t i c  component. 

The shear  flow (c i r cumfe ren t i a l  d i r e c t i o n )  v e l o c i t y  p r o f i l e  i s  t h e  

c lass ical  s imple  Couet te  flow p r o f i l e .  

SUMMARY OF RESULTS 

The flow ac ross  a p a r a l l e l  s e a l i n g  dam i s  analyzed f o r  s t eady ,  

laminar ,  subsonic ,  i so thermal  compressible  f low wi th  r o t a t i o n .  The 

assumed cond i t ions  are r e p r e s e n t a t i v e  of many s h a f t  f a c e  seal appl ica-  

t i o n s ,  The a n a l y s i s  considered t h e  e f f e c t  of r e l a t i v e  seal f a c e  r o t a -  

t i o n  on mass leakage,  p re s su re  d i s t r i b u t i o n ,  v e l o c i t y  d i s t r i b u t i o n ,  and 

n e t  p re s su re  f o r c e ;  t h e  h y d r o s t a t i c  case was used f o r  comparison. The 

fol lowing p e r t i n e n t  r e s u l t s  were obtained:  

1, Rota t ion  has  s i g n i f i c a n t  e f f e c t s  on seal  leakage flow a t  h igh  

speeds.  (The seal example analyzed has  a 42% decrease  i n  c a l c u l a t e d  
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leakage f o r  an  e x t e r n a l l y  p re s su r i zed  s e a l i n g  mode.) 

ba lance ,  however, appears  t o  be s u b s t a n t i a l l y  unaf fec ted  by r o t a t i o n .  

2. When t h e  r a d i a l  p re s su re  d i f f e r e n t i a l  is  very  small ,  r o t a t i o n a l  

The seal p res su re  

e f f e c t s  are a l s o  important  a t  moderate speeds.  

lyzed has  a 17-percent i nc rease  i n  c a l c u l a t e d  leakage f o r  a 0.2-psi  

p re s su re  d i f f e r e n t i a l  a t  a moderate speed.)  

(The seal example ana- 

3 .  A h y d r o s t a t i c  a n a l y s i s  of t h e  r a d i a l  p re s su re  flow is a good 

approximation of t h e  r o t a t i n g  seal under t h e  cond i t ion  t h a t  t h e  r a t i o  

of t h e  r e fe rence  r a d i a l  p re s su re  flow v e l o c i t y  t o  r e fe rence  r o t a t i o n a l  

v e l o c i t y  i s  g r e a t e r  than  t h e  square  r o o t  of t h e  modified Reynolds 

number. 

4. The e r r o r  i n  e s t ima t ing  t h e  mass leakage by us ing  t h e  h y d r o s t a t i c  

r a d i a l  f low formula w a s  analyzed, and a p e r t i n e n t  e r r o r  a n a l y s i s  equat ion  

is  given. 

5. The r eg ion  of v a l i d i t y  of t h e  a n a l y s i s  w a s  def ined  as fol lows:  

a .  The a n a l y s i s  is v a l i d  u n t i l  t r a n s i t i o n  of t h e  circumferen- 

t i a l  shear  flow t o  turbulence .  

b .  The a n a l y s i s  i s  v a l i d  u n t i l  t h e  r a d i a l  p re s su re  flow 

approaches a Mach number of l/G9 where y i s  t h e  r a t i o  of s p e c i f i c  

h e a t s ,  o r  u n t i l  t h e  r a d i a l  p re s su re  flow becomes tu rbu len t .  

6. The c i r c u m f e r e n t i a l  shear  flow i s  important i n  t h a t  a t  h igh  

r o t a t i v e  speeds i t  can cause t h e  flow f i e l d  t o  become t u r b u l e n t .  
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APPENDIX - EXAMINATION OF CENTRIFUGAL FORCE EFFECT 

(ROTATION) ON RADIAL AIRFLOW 

-4 2 Consider t h e  fol lowing case. L e t  v = 2x10 f t  /sec, T = 500' R, 

- 2 2 0  R = 1 / 2  f o o t ,  @, = 2x103 f t  /sec - R ,  N = 2300 rpm ( t h i s  can b e  consid- 

ered a moderate speed) ,  and h = 0.001 inch .  

than  t h e  c r i t i ca l  t r a n s i t i o n  Reynolds number f o r  s imple Couet te  flow, 

which is  about 1900. 

Hence, Rer & 25, much less 

-3 Since IK1/21 G 4x10 , Eq. [39] can be used 

t o  f i n d  t h e  change i n  m a s s  leakage caused by r o t a t i o n .  

Case I - Very Small P res su re  D i f f e r e n t i a l  

When 

Pl = 100.2 p s i a ,  R1 = 5.70 i n .  

P2 = 100 p s i a ,  R2 = 6.30 i n ,  

- 
a t  R = 1 / 2  f t  1 . .  

Eq. [39] y i e l d s  AM/Mstatic s 1 7  percent .  

Hence, r o t a t i o n  a l s o  has  a s u b s t a n t i a l  e f f e c t  on mass leakage when 

a very  s m a l l  p r e s su re  d i f f e r e n t i a l  e x i s t s .  I n  t h i s  example, t h e  r a d i a l  

flow Mach number i s  very  s m a l l ,  and t h e  incompressible  formula (Eq.  [40])  

p r e d i c t s  about a 25-percent change. 

Case I1 - Moderate P res su re  D i f f e r e n t i a l  

When 

Pl = 100 p s i a ,  R1 = 5-70  i n ,  

P2 = 150 p s i a ,  R2 = 6,30 i n .  

Eq. [391 y i e l d s  

& -0.1 percent  AM 
Mstatic 

Thus, t h e  above example i l l u s t r a t e s  t h a t  c e n t r i f u g a l  f o r c e  u s u a l l y  does 

not  have an apprec i ab le  e f f e c t  on a i r  mass leakage f o r  moderate and l a r g e  

pressure ra t ios  and moderak r o t a t i o n a l  speedso 
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(A) SEALING DAM MODEL USED IN ANALYSIS. MODEL CHARACTERISTICS: 

NO AXIAL FLOW; NARROW GAP, h <<AR. 

(6) RADIAL DIFFUSER MODEL. MODEL DOES NOT CONFORM TO MODEL OF 
FIGURE 4(A) WHEN LARGE AXIAL FLOW RATES EXIST AND/OR AR- B(h). 

(C) HYDROSTATIC OR EXTERNALLY PRESSURIZED THRUST BEARING MODEL. 
MODEL DOES NOT CONFORM TO MODEL OF FIGURE 4 A )  WHEN SIGNIFI- 
CANT AXIAL FLOW THROUGH AN ORIFICE EXISTS. 

(D) RADIAL STEP SEAL MODEL. MODEL OF FIGURE 4(A) IS VALID WHEN 
h >> h (THEN P i 2  Z P i )  AND INNER CAVITY VELOCITY IS NOT 
S~GNIFI~ANT. 

Figure 4. -Va r ious  seal and bearing models i l lus t ra t ing conditions of analysis 
validity. 



Pressure ratio, PzlPl 

Figure 6. - Change of mass flow due to  rotation as funct ion 
of pressure ratio. Comparison of numerical  solut ion w i th  
approximate formula. 
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Figure 7. - Envelope of possible sealing dam flow regimes, 
i l lus t ra t ing region of analysis validity. 
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