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INTRODUCTION:

The constants of motion method* has been widely used to solve the
Vlasov equation, and also for stability analysis+. For this equation the
method coincides with Lagrange's characteristic method: The Lagrange
characteristic differential equations are identical with the equations of
motion connected with the Vlasov equation. This is, however, not neces-
sarily the case for other kinetic equations.

In this paper we consider collisional kinetic equations and their
characteristics. We also intend to use the constants of motion method to
solve these cquations. There are two main reasons for this investigation:

1. This method of integrating kinetic equations is able to deliver
exact nonlinear solutions (being of interest for nonlinear stability analysis,

for nonlinear damping, etc.).

2. Linearized solutions of the Vlasov equation breakdown when %—f-l—
becomes the same order of magnitude as %é—‘-’- . Collisionzl effects may be

nroport.ional to f; or to —gl—;f-‘- and should therefore be included into a non-

linear analysis (e.g. for a better matching together the linear and the non-

linear solutions, mainly for big wave lengths and low frequencies).

THE COLLISIONAL KINETIC BEQUATIONS

The Lagrange characteristics of the Vlasov equation, coinciding with
the respective equations of motions, read

d)-(» >

=l f=-2E-% @x8 (1)

In order to include collisional effects (encounters) due to long-

14, 15
range forces, we include a Langevin term and obtain 2 new equation

:_ References 1 through 6
References 7 through 13
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of motion (Langevin equation)
> >
g-’t5=ﬁ,g-:-=-§ﬁ-%c-[3x§]-vﬁs'5 (2)

where v is an effective collision frequency. If such a dynamical friction

term is included, the Hamiltionian canonical equations of motions (which are

ased in the derivation of the Liouville equation resp the Vlasov equation)

produce a kinetic equation

af+ (EV)f- (fgnﬁ'f'g“b—[{;xg])vuf:\)f (3)

7t
of the Bhatnagar-Gross-Krook type '®. The Lagrange characteristics of (3)

are, however, given by (1) and an additional equation
=
F 3= v (4)
We se= that for the BGK ecuation (3) the Lagrange characteristic

equations and the equaticrs of motion are not the same.
If one asks the question for which kinetic equation the characteristics

are described by the equation of motion (2) and by (4) one gets another
kinetic equation

i = > =
55+ U + (BY)f = vf (5)

An even more sophisticated collisional kinetic equation was given
1718219

bv Chandrasekhar and others

(6)

R T T T R

of > > 53 2
E + (WV)f + (qu)f = 3IVf + unf

where q is a constant. All these collisional kinetic equations (3), (5) and
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(6) may be derived also by various assunptions and neglections from the
Fokker-Planck equation?!

The right-hand terms of the collisional kinetic equations are also
of interest for particle belt physics: now the Liouville theorem docs no
more forbid particle trapping since collisions within the field may change
the particle propertie323 There is experimental evidence for such a change
occurring in the Van Allen belt?'and therefore in favor of the use of

collisional equations.

TRANSFORMATIONS OF THE KINETIC EQUATIONS

Since we shall show later how to solve (6), when we have a solution of

(5), we first solve (5). We write

f(;,ﬁ,t) = et g(;,ﬁ,t) (7)

and obtain from (5)

29_ o - =

e + Vg + (BV))g =0 (8)
which is a Vliasov equation with a Langevin ocollision term. The Lagrange
characteristic of (8) are given by the equations of motion (2). So we

may now solve thc collisional kinetic equations (5), (6) and (8) and alsc
(3) - by the constants of method.

If aj...ag are six constants of motion of (2)

a i&,ﬁ,t) = const (9)

so that

H = 3(31...as,t) llo)

x4
I

;(alo ooas't)
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is a solution of (2), then g(iz,{;,t) = g(aj...ag) is a solution of (8)

zince

6 da, da,
3 . @ U @ - S
Zom (gt (W0 + B0)a) =I5 = =0 ay

|

Another useful transformation is the trans:ormation to a wave frame

moving with the constant velocity V. The variables in this wave frame may
be

> > > > > >
r=xXx-vt, w=u-v

(12)
so that
<> > > >
g(xlult) = F(r,w) (13)
presents a solution of (8). The solution F is now determined by
> >
(WVr)l' + (bVw)F =0 (14)
It is time independent if the fields E and B are time independent.
If one assumes’’F (;,v-;,t) (e.g. for special damping investigations) one
obtains
.g% + (V)F + (BY)F = 0 (15)

CONSTANTS OF MOTION:

In order to solve our collisional kinetic equation (8) we need constants

of motion of the Langevin equations of motion. Multiplying (2) by @

we obtain




> S - »
u B*""= E(X,t)aE \’Ua-E (16)

Since U = G(t), X = §(t), we may write u = G(x) and integrate

0

a%,u,t) =5+ 2 0, t) + V() (A7)

b =S EX,t)dx, U= /ux)dx (18)

The question if these integral: exist depends on the special problem.
The first equation of (2) gives (i = 1,2,3)

> > dxi dxi
b X, 0,t) =t = f[om—2 - s t- % (19)
’,Za_qg..‘f_% > 1

where i,k,1 are cyclic permutations of 1, 2, 3, X, = X, X, =y, etc. Now
gla, b b b3) is a particular solution >f (8) which can be proven directly

by insertion. When treating special problems, two further constants of

motion may be found.

THE CHANDRASEKHAR BQUATION:

In treating (6) we follow ideas which were discussed by Chandrasekhari’’!®’!°

For simplification we discuss only the one-dimensional case

of of of 32f
5-E+uﬁ+b3_u--vf+q3—u[ (20)

Using (7) we obtain

T . T (21)

at X w95

i o i




-f =

Introducing g(a,b,t) into (21) where a and b from (17) to (22) respect-

ively we get
Mogq@dgu+M) (23)
t~- 9 '3 Ja
Putting u’?(t) = G(t) we obtain the particular solution

g(a,t) = explg/G(t)dt-gt-a] (24)

The methods proposed in this note shall be applied to forthcoming
papers to collisional nonlinear electrostatic modes, to collision2l non-
linear Landau damping, to collisional nonlinear damping of large amplitude

whistler waves, etc.
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