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MATHEMATICAL CONCEPTS AND HISTORICAL DEVELOPMENT OF THE 
MASCOT GUIDANCE TECHNIQUE FOR SPACE: VMICLES 

SUMMARY 

The r e c e n t  development of  improved i n t e g r a t i o n  r o u t i n e s ,  improved 
t r a j e c t o r y  computation a lgo r i thms ,  and f a s t e r ,  l i g h t e r ,  more f l e x i b l e  
f l i gh t -wor thy  d i g i t a l  computers has opened up new p o s s i b i l i t i e s  f o r  
improved guidance concepts  and e f f e c t i v e  a p p l i c a t i o n  of opt imal  guidance 
schemes t o  meet t h e  cha l l enges  of t h e  post-Apollo space  v e h i c l e s  ~ 

This  report .  documents one such guidance concept  which permits  
practical  r e a l i z a t i o n  of many h e r e t o f o r e  u n r e a l i z a b l e  opt imal  guidance 
t a s k s ,  namely, on-board op t imiza t ion  of a s c e n t  t r a j e c t o r i e s  through t h e  
atmosphere,  s e l f - t a r g e t i n g ,  opt imal  rendezvous,  opt imal  coast-burn-  
coas t -burn  o r b i t a l  t r a n s f e r ,  and r e e n t r y  f o r  h igh  l i f t - t o - d r a g - r a t i o  
type  of v e h i c l e s .  

This c o l l e c t i o n  of techniques combined i n t o  one guidance program 
has been c a l l e d  MASCOT (Manned S h u t t l e  Comprehensive Optimizat ion and 
Targe t ing) .  

I. INTRODUCTION 

The advent  of a new gene ra t ion  of space v e h i c l e s  ( s p e c i f i c a l l y  
NASA's post-Apollo space  s h u t t l e )  w i t h  advanced f e a t u r e s  such as com- 
p l e t e l y  r e u s a b l e  s t a g e s  , s o p h i s t i c a t e d  on-board d i g i t a l  computers, and 
a i r p l a n e - t y p e  landing  c h a r a c t e r i s t i c s  f o r  bo th  boos te r  and o r b i t e r  has 
r equ i r ed  a r e -eva lua t ion  of t h e  space  v e h i c l e  guidance concepts  used 
i n  t h e  p a s t .  When re-examined, t h e s e  t r a d i t i o n a l  guidance concepts  
have been found t o  be  inadequate  f o r  t he  new g e n e r a t i o n  of space 
v e h i c l e s .  I n  response  t o  t h i s  need, new concepts ,  procedures ,  and 
techniques have r e c e n t l y  been developed which provide  a s i g n i f i c a n t  
improvement i n  opt imal  guidance a p p l i c a t i o n s .  I n  p a r t i c u l a r ,  t h i s  new 
approach y i e l d s  a p h y s i c a l l y  r e a l i z a b l e  opt imal  guidance scheme which 
r e s u l t s  i n  n e a r l y  opt imal  performance f o r  t h e  boos t  phase,  t he  rendezvous 
phase,  and t h e  r e e n t r y  phase of  t h e  post-Apollo s h u t t l e  v e h i c l e  f l i g h t  
path.  This  new system and concept  has been g iven  t h e  name MASCOT. 



The MASCOT concept  is made p o s s i b l e  by t h e  development of new 
mathematical  techniques and t h e  s i g n i f i c p n t  improvement of o the r s .  It 
also takes  advantage of t h e  improved speed,  memory c a p a c i t y ,  and r e l i a -  
b i l i t y  of the  new f l igh t -wor thy  d i g i t a l  cbnqbuteicr;, 

I n  t h i s  r e p o r t ,  t h e  evo lu t ion  and mathematical  theory of t h e  MASCOT 
guidance technique a r e  explained.  I n  a d d i t i o n ,  some computer-simulated 
t r a j e c t o r i e s  obtained by means of t h e  MASCOT program a r e  presented  t o  
demonstrate  t he  accuracy,  f l e x i b i l i t y ,  and o p t i m a l i t y  of t h e  MASCOT 
system. Some comparisons w i l l  be made, whenever p r a c t i c a l ,  w i t h  
r e s u l t s  obtained from the  p re sen t  Sa tu rn  I t e r a t i v e  Guidance Mode (IGM). 

11. SOME BACKGROUND ON GUIDANCE, NAVIGATION, AND CONTROL 

The o p e r a t i o n  of a guidance system involves  t h r e e  i n t e r r e l a t e d  
d i v i s i o n s  of e f f o r t ,  nav iga t ion ,  guidance s i g n a l  gene ra t ion ,  and con- 
t r o l .  Navigat ion is  concerned wi th  t h e  de te rmina t ion  of t h e  c u r r e n t  
p o s i t i o n  and v e l o c i t y  of t h e  veh ic l e .  Navigat ion is normally an open- 
loop process  f o r  s h o r t  f l i g h t s  b u t  must be made closed-loop by naviga- 
t i o n  update i n  some i n s t a n c e s ,  i . e . ,  long f l i g h t  t imes.  

With an a c c u r a t e  knowledge of a l l  phys i ca l  parameters of v e h i c l e  
and environment,  c u r r e n t  p o s i t i o n  and v e l o c i t y ,  and an a c c u r a t e  know- 
ledge  of t h e  d e s i r e d  te rmina l  c o n d i t i o n s ,  i t  i s  p o s s i b l e  t o  determine 
t h e  proper d i r e c t i o n s  of t he  engines t h r u s t  t o  ob ta in  the  d e s i r e d  end 
cond i t i o n s  This c 1 os ed - loop process  of t h r u s  t - d  i r  ec t i o n  de te rmina t ion  
is  r e f e r r e d  t o  as guidance s i g n a l  gene ra t ion .  

The c o n t r o l  system implements t he  guidance s i g n a l s  i n  a d d i t i o n  t o  
employing such  maneuvers t h a t  may be r equ i r ed  t o  preserve  t h e  s t r u c t u r a l  
i n t e g r i t y  of t h e  v e h i c l e .  Thus, t h e  c o n t r o l  system may temporar i ly  
ignore  or  minimize t h e  in f luence  of t h e  guidance s i g n a l  i n  order  t o  
p r o t e c t  t h e  v e h i c l e  from winds,  wind g u s t s ,  wind s h e a r s ,  v i b r a t i o n a l  
d i s t u r b a n c e s ,  o r  f u e l  s lo sh ing  problems. Cont ro l ,  too ,  is a c losed-  
loop process .  

111. THE GENERAL CONCEPT OF GUIDANCE 

Implementation of the  guidance s i g n a l  w i l l  determine t h e  v e h i c l e  
f l i g h t  pa th  t o  reach  a des i r ed  d e s t i n a t i o n  o r  s e t  of t e rmina l  condi-  
t i o n s .  P e r f e c t  ope ra t ion  of  t he  nav iga t ion  sys  tem, exac t  g e n e r a t i o n  o f  
t h e  guidance s i g n a l ,  and exac t  implementation of the  c o n t r o l  system, 
toge the r  w i t h  an  exac t  knowledge of t h e  v e h i c l e  phys ica l  parameters and 
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an  exac t  knowledge of t h e  phys ica l  environment dur ing  t h e  e n t i r e  f l i g h t  
t o  t h e  des i r ed  end c o n d i t i o n s ,  would make i t  p o s s i b l e  t o  s o l v e  f o r  t he  
guidance s i g n a l  on ly  once. This s i g n a l  would, of cour se ,  be a f u n c t i o n  
of t ime o r  some o t h e r  convenient  v a r i a b l e  s o  t h a t  t h e  guidance s i g n a l  
would change cont inuous ly  dur ing  t h e  f l i g h t .  

I n  p r a c t i c e ,  p e r f e c t  ope ra t ion  of t h e  t h r e e  systems cannot  be 
achieved .  Thus, a p r a c t i c a l  guidance system may make t h e  computations 
a t  t h e  i n i t i a t i o n  of guidance,  and p r e d i c t  t h e  r equ i r ed  guidance s i g n a l  
o r  f u n c t i o n  t o  guide  t o  t h e  r equ i r ed  end cond i t ions .  S ince  t h e  i n i t i a l  
in format ion  w i l l  have some inaccurac i e s ,  t h e  process  m a s t  be repea ted  
p e r i o d i c a l l y  dur ing  the  f l i g h t ,  t r e a t i n g  each i n s t a n t  a t  which t h e  new 
computations occur  as a new s e t  of  i n i t i a l  cond i t ions .  

I V .  OPTIMAL GUIDANCE 

C p t t m a l  guidance,  a subc la s s  of t h e  broad c l a s s  of guidance con- 
C ~ F E S ,  ?ls cha rec t e r l zed  usual-ly by t h e  d e l i b e r a t e  maximization o r  mini- 
i ~ ~ ~ ~ C i . ~ i x  oi some s s p e c t  of v e h i c l e  performance, f o r  example, maximum 
payload t o  a g iven  o r b i t  o r  e q u i v a l e n t l y  minimum f u e l  r equ i r ed  f o r  a 
g iven  payload. 

To accomplish opt imal  guidance of a v e h i c l e ,  a mathematical  model 
of t he  v e h i c l e  motions m u s t  f i r s t  be  chosen. Appearing i n  t h e s e  equa- 
t i o n s  of motion a r e  t h e  s o - c a l l e d  c o n t r o l  v a r i a b l e s .  These v a r i a b l e s  
a r e  t h e  equat ion  parameters which can be  g iven  an  a r b i t r a r y  (wi th in  
p re sc r ibed  l i m i t s  t h a t  d e p e d  on t h e  problem) va lue  a t  any i n s t a n t  a long 
t h e  v e h i c l e ' s  f l t g h t  path.  Thils l a r g e  amount of freedom of s e l e c t i o n  
for t h e  c o n t r o l  v a r i a b l e s  a l lows  a t ime h i s t o r y  f o r  t h e  c o n t r o l  v a r i a b l e s  
t o  be chosen which achieves  a d e s i r e d  d e s t i n a t i o n  and a l s o  opt imizes  
some s p e c i f i e d  a s p e c t  of t h e  v e h i c l e  performance. For a t y p i c a l  rocke t -  
powered v e h i c l e ,  t h e  c o n t r o l  v a r i a b l e  is  u s u a l l y  t h e  t h r u s t  d i r e c t i o n ,  
and a time h i s t o r y  of t h i s  t h r u s t  d i r e c t i o n  is determined (as descr ibed  
p rev ious ly )  t o  maximize t h e  payload de l ive red  t o  a p a r t i c u l a r  d e s t i n a t i o n .  

A. Mathematical  Techniques of O p t i m a l  Guidance 

The d i f f , e r e n t  mathematical  techniques used t o  s e l e c t  t he  optimum 
c o n t r o l  v a r i a b l e  a r e  u s u a l l y  grouped i n t o  a body of  knowledge known as 
op t imiza t ion  theory  or  c a l c u l u s - o f - v a r i a t i o n s  theory .  

When some type of op t imiza t ion  theory  i s  app l i ed  t o  t h e  d i f f e r e n -  
t i a l  equat ions  s imula t ing  t h e  motion of a rocket-powered v e h i c l e ,  a two- 
p o i n t  boundary va lue  problem is produced. This means t h a t  no t  a l l  cif 
t h e  i n i t i a l  cond i t ions  f o r  t h e  d i f f e r e n t i a l  equat ions  involved a r e  known 
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a t  t h e  i n i t i a l  time. The unknown i n i t i a l  cond i t ions  must be  determined 
so t h a t  they cause  t h e  r e s u l t s  of t h e  i n t e g r a t i o n  of t h e  d i f f e r e n t i a l  
equat ions  t o  s a t i s f y  some p re - spec i f i ed  cond i t ions  a t  t h e  f i n a l  t i m e  
o r  d e s t i n a t i o n .  To accomplish this ,  i n  practice, one u s u a l l y  a t tempts  
t o  d i scove r ,  numerical ly ,  some mathematical  r e l a t i o n s  which connect  
t h e  i n i t i a l  cond i t ions  w i t h  t h e  f i n a l  cond i t ions .  Then, t h e  d e s i r e d  
cond i t ions  a t  t h e  d e s t i n a t i o n  are placed i n  t h e s e  r e l a t i o n s ,  and t h e  
r e s u l t i n g  equat ions are  so lved ,  hope fu l ly ,  t o  y i e l d  va lues  f o r  t h e  
miss ing  i n i t i a l  cond i t ions .  These i n i t i a l  cond i t ions  and t h e  r e l a t i o n s  
connec t ing  t h e  i n i t i a l  cond i t ions  w i t h  the f i n a l  cond i t ions  y i e l d  t h e  
t ime h i s t o r y  of t h e  c o n t r o l  v a r i a b l e s  t h a t  op t imize  t h e  chosen c r i t e r i o n  
of t h e  v e h i c l e ' s  performance. I n  practice,  t h e r e  may be a d d i t i o n a l  
r e l a t i o n s  o r  c o n s t r a i n t s  t o  be  s a t i s f i e d  by a p a r t i c u l a r  v e h i c l e ' s  
t r a j e c t o r y  which produce a mul t i -po in t  boundary va lue  problem ins t ead  
of t h e  s i m p l e  two-point boundary va lue  problem descr ibed  above. These 
a s p e c t s  of op t imiza t ion  theory  are  examined i n  more d e t a i l  i n  t h e  sec-  
t i o n  on mathematical  development. 

B. The Philosophy of O p t i m a l  Guidance: Old and New 

I n  the  p a s t ,  computer technology and mathematical  techniques were 
inadequate  t o  a l low t h e  c o n s i d e r a t i o n  of a r e a l i s t i c  computat ional  
a lgo r i thm f o r  t r a j e c t o r y  op t imiza t ion  as a p r a c t i c a l  on-board guidance 
s i g n a l  gene ra to r .  Thus, o l d e r  techniques f o r  on-board guidance s i g n a l  
gene ra t ion  re laxed  t h e  r e a l i t y  of  t h e  mathematical  s imula t ion  of t h e  
v e h i c l e ' s  motion o r  degraded t h e  o p t i m a l i t y  of t h e  s o l u t i o n  pa th  i n  
o rde r  t o  s o l v e  t h e  r e s u l t a n t  boundary va lue  problem r a p i d l y  enough t o  
c o n t r o l  a p a r t i c u l a r  v e h i c l e ' s  f l i g h t .  The new MASCOT concept  (which 
is a real is t ic  computat ional  a lgo r i thm f o r  t r a j e c t o r y  opt imiza t ion)  can 
be considered as a guidance s i g n a l  g e n e r a t o r  f o r  a l l  phases of a 
v e h i c l e ' s  f l i g h t  (boos t  phase,  rendezvous phase, and r e e n t r y  phase) .  
This advance is p o s s i b l e  a t  t h e  p r e s e n t  t ime because of improvements 
i n  computer technology and mathematical  techniques f o r  t h e  s o l u t i o n  of 
opt imal  t r a j e c t o r y  problems. 

BBfore going d i r e c t l y  i n t o  t h e  exp lana t ion  and r e s u l t s  a s s o c i a t e d  
w i t h  MASCOT, we b r i e f l y  o u t l i n e  t h e  h i s t o r i c a l  developments which l ed  
t o  t h e  p r e s e n t  form of t h e  MASCOT guidance technique.  For r eade r s  n o t  
f a m i l i a r  w i t h  some of t he  ideas  and terminology contained i n  t h i s  
h i s t o r i c a l  development, an ex tens ive  l i s t  of r e f e r e n c e s  and la  b i b l i o e  
&kaphy a r k  i n c l u d p d r a t  t he  end of t h e  r e p o r t .  
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V. HISTORICAL BACKGROUND 

A. De l t a  Minimum Guidance 

Beginning w i t h  the  V-2 rocke t s  i n  t h e  mid-1940's and cont inuing  
through t h e  Redstone, J u p i t e r ,  and Persh ing  m i s s i l e s ,  t h e  " d e l t a -  
minimum" guidance concept  w a s  used s u c c e s s f u l l y  t o  guide  rocke t  f l i g h t s .  
The delta-minimum concept  r equ i r ed  t h a t  bo th  nominal and per turbed  tra- 
j e c t o r i e s  fo l low e s s e n t i a l l y  t h e  same geometr ica l  t r a j e c t o r y  r e g a r d l e s s  
of o t h e r  cons ide ra t ions .  On-board f l i g h t  computations were s i m p l e ,  
and analog computation w a s  used f o r  t h e  execut ion  of t h e  delta-minimum 
concept .  

B. I t e r a t i v e  Guidance Mode 

I n  1960, r e s e a r c h  work w a s  begun t o  develop new guidance concepts  
f o r  t h e  Sa tu rn  space  v e h i c l e s  [1,2,3]. This  work was  motivated by t h e  
development of new mathematical  techniques f o r  maximization of payload 
through op t imiza t ion  methods and by t h e  development of d i g i t a l  computers 
t o  replace ana log  computers as on-board hardware. It w a s  a l s o  obvious 
t h a t  space  t r a j e c t o r i e s  would r e q u i r e  g r e a t e r  f l e x i b i l i t y  t o  cope w i t h  
sudden changes,  such  as engine o u t ,  and t h a t  more opt ions  must be  p e r -  
m i t t e d  i n  t h e  s e l e c t i o n  of f l i g h t  p r o f i l e s .  The guidance l a w  which 
r e s u l t e d  from t h e  r e s e a r c h  work begun i n  1960 and which has been flown 
on Sa turn  v e h i c l e s  was  g iven  t h e  name IGM, I t e ra t ive  Guidance Mode. 

IGM is e s s e n t i a l l y  a n  approximate formula t ion  of t h e  ca l cu lus -o f -  
v a r i a t i o n s  problem t h a t  a l lows  a n a l y t i c  c o n s t r u c t i o n  of major parts of 
t h e  s o l u t i o n ,  s o  t h a t  on ly  a s imple i t e r a t i v e  numerical  process  is 
r equ i r ed  f o r  s o l u t i o n .  This approach avoids  t h e  time-consuming numeri- 
cal  i n t e g r a t i o n  procedures t h a t  have been r equ i r ed  t o  compute a g e n e r a l  
s o l u t i o n  t o  t h e  fundamental c a l c u l u s - o f - v a r i a t i o n s  problems. The speed 
needed f o r  r ea l - t ime  a p p l i c a t i o n  has been t h e  primary mot iva t ion  f o r  
t h e  d e r i v a t i o n  of s e m i - e x p l i c i t  methods of t h i s  type. 

However, as a r e s u l t  of t h e  approximations,  t h e  o p t i m a l i t y  and f l e x i -  
b i l i t y  of such  f l i g h t  schemes a r e  l i m i t e d ,  p r i m a r i l y  i n  t h a t  they are 
n e a r l y  opt imal  on ly  f o r  s h o r t  arcs of powered f l i g h t s  and f o r  s p e c i a l i z e d  
miss ion  (boundary va lue )  cond i t ions  i n  a res t r ic ted coord ina te  system. 
This l i m i t a t i o n  can  be re laxed  somewhat i n  practice by use  of special  
purpose ad jus tments ,  b u t  on ly  a t  t h e  expense of a d d i t i o n a l  p r e f l i g h t  
a n a l y s i s  and s imula t ion .  

The b a s i c  s i m p l i f i c a t i o n s  made i n  t h e  I terat ive Guidance Mode to 
o b t a i n  a n a l y t i c  c o n s t r u c t i o n  of major p a r t s  of t h e  s o l u t i o n  were (1) t o  
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assume a uniform g r a v i t a t i o n a l  f i e l d  r a t h e r  than  an inve r se  square  l a w  
and ( 2 )  t o  app ly  t h e  same t r a n s v e r s a l i t y  c o n d i t i o n  a t  engine c u t o f f  
r e g a r d l e s s  of t h e  miss ion  flown. There were,  i n c i d e n t a l l y ,  some s m a l l -  
ang le  approximations and ingenious s p e c i a l  purpose adjustments  made t o  
improve t h e  o p t i m a l i t y  of t h e  scheme and t o  reduce t h e  computat ional  
e f f o r t  r equ i r ed  f o r  on-board mechanizat ion.  However, t h e  b a s i c  concept 
of t h e  s i m p l i f i c a t i o n s  i s  b e s t  seen  i n  view of t h e  assumption concern- 
ing t h e  g r a v i t a t i o n a l  f i e l d  and the  assumption of t he  adequacy of a 
s i n g l e  t r a n s v e r s a l i t y  cond i t ion .  

C.  QUOTA 

Next came the  E a s i  g p t i m a l  T r a j e c t o r y  Ana lys i s ,  QUOTA 141 , which 
belongs i n  the  same ca t egory  wi th  I G M  s i n c e  i t  too  is  an approximation 
t o  t h e  c a l c u l u s - o f - v a r i a t i o n s  (COV) s o l u t i o n .  

The fundamental approximation i n  QUOTA may be  viewed i n  a t  l e a s t  
two d i f f e r e n t  ways. The f i r s t  way may be  s a i d  t o  be an  approximation 
t o  t h e  COV i n  t h e  sense  t h a t  the  Euler-Lagrange equat ions  a r e  rep laced  
by a s l i g h t l y  d i f f e r e n t  s e t  of equat ions ,  t h e  purpose of which is t o  
a l low a n a l y t i c  i n t e g r a t i o n  of bo th  t h e  " s t a t e "  and  "eo-s t a t e "  equat ions .  
Of course ,  t h e  "co-s ta te"  v a r i a b l e s  must be  i n t e r p r e t e d  i n  a gene ra l i zed  
sense  because they a r e  no t  obtained from t h e  Euler-Lagrange equat ions .  

A second manner of viewing t h e  approximations t o  achieve  t h e  s o l u -  
t i o n s  w i l l  be mentioned. From many obse rva t ions  of t h e  behavior  of t h e  
Lagrange m u l t i p l i e r s  (A 's )  i n  t he  c a l c u l u s  of v a r i a t i o n s ,  i t  has been 
noted t h a t  f o r  rocke t  f l i g h t s  i n  a wide v a r i e t y  of mis s ions ,  t hese  A f s  
a r e  very n e a r l y  l i n e a r  func t ions  of time. The QUOTA equat ions may be  
der ived  by assuming l i n e a r  A's and by expanding t h e  g r a v i t y  term i n  
s e r i e s .  

The advantage of t h i s  approach i s  a very  r a p i d  computat ional  
scheme which i s  much more f l e x i b l e  than IGM and a l s o  l eads  t o  a sma l l e r  
l o s s  of op t ima l i ty .  Even t h i s  s m a l l  l o s s  of o p t i m a l i t y  may be rega ined  
by making t h e  assumption t h a t  t h e  A's a r e  l i n e a r  on ly  f o r  a p o r t i o n  of 
t h e  f l i g h t ;  t hus ,  t h e  A versus  t ime curve  is  r ep resen ted  by a s e r i e s  
of connec t ing  s t r a i g h t  l i n e s  where the  s l o p e s  of t h e  l i n e a r  A segments 
a r e  determined from t h e  Euler-Lagrange equat ions .  For an Apollo- type 
miss ion ,  t h e  A's  may be assumed t o  be l i n e a r  f o r  t h e  e n t i r e  f l i g h t  w i th  
only  a n e g l i g i b l e  l o s s  i n  payload. 

With e i t h e r  of t h e  viewpoints  mentioned above, t h e  t r u e  g r a v i t a -  
t i o n a l  f i e l d  may be a c c u r a t e l y  r ep resen ted  and t r a n s v e r s a l i t y  cond i t ions  
may be  f i t t e d  t o  t h e  p a r t i c u l a r  end cond i t ions .  Needless t o  say ,  t h e  
o p t i m a l i t y  of t h e  s o l u t i o n  must be checked because of t he  s u b s t i t u t i o n  
of approximate equat ions f o r  t h e  Euler-Lagrange equat ions  
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Computat ional ly ,  QUOTA o f fe red  much more f l e x i b i l i t y  than IGM, 
r equ i r ed  less  p r e f l i g h t  a n a l y s i s  and only s l i g h t l y  increased  the  
amount of on-board computation r equ i r ed .  Because IGM w a s  e n t i r e l y  
adequate  f o r  a l l  Sa turn  f l i g h t s ,  t h e r e  has been no need t o  change 
from IGM t o  QUOTA and,  t h e r e f o r e ,  QUOTA has never  been t e s t e d  on any 
a c t u a l  f l i g h t s .  It i s  s t i l l  a v a i l a b l e  f o r  any miss ion  which r e q u i r e s  
f l e x i b i l i t y  beyond IGM c a p a b i l i t y  and f o r  which t h e  same computat ional  
equipment must be  used. 

D,  OPGUID AND SWITCH 

Before 1965, gene ra l  ( f l e x i b l e )  numerical  procedures  f o r  computing 
p r e c i s e  opt imal  t r a j e c t o r i e s  were too  u n r e l i a b l e  i n  convergence and 
c o s t l y  i n  computat ional  requirements  t o  be considered f o r  r ea l - t ime  
guidance.  However, a n  i n d i r e c t  method f o r  computing opt imal  t r a j e c -  
t o r i e s  [5 , 61 w a s  developed i n  1965 inco rpora t ing  improved techniques 
t o  o b t a i n  a s u b s t a n t i a l  g a i n  i n  speed,  convergence, and f l e x i b i l i t y .  
A s imple  s c a l i n g  r u l e  f o r  t h e  amount of t h e  Newton c o r r e c t i o n  tha t  w a s  
permi t ted  p e r  i t e r a t i o n  r e s u l t e d  i n  a n  extremely l a r g e  r eg ion  of con- 
vergence t ha t  w a s  s urpr  is i n g l y  i n s  ens i t  ive t o  a c c u r a t e  i n i t i a l i z a t i o n  
of t h e  boundary va lue  problem. 

The i n d i r e c t  approach is  p a r t i c u l a r l y  w e l l  s u i t e d  f o r  r ea l - t ime  
use ,  where the c o n t i n u a l  ad jus tment  of the guidance scheme t o  accommo- 
d a t e  p e r t u r b a t i o n s  i n  i n i t i a l  cond i t ions  i s  r e a d i l y  accomplished by a 
s i n g l e  Newton i t e r a t i o n  on t h e  boundary va lue  problem. I n  1966, t h e  
C e a s i b i l i t y  of t h i s  approach as a r e a l - t i m e  guidance scheme f o r  opt imiz-  
ing s ing le -burn -a rc  o r b i t a l  i n j e c t i o n  miss ions  w a s  demonstrated [ 7 1  and 
named OPGUID ( E t i m a l  GUIDance). 

However, many o r b i t  t r a n s f e r  problems r e q u i r e  t h e  use of s e v e r a l  
burn  arcs sepa ra t ed  by r e l a t i v e l y  long opt imal  c o a s t  arcs .  A mul t i -  
burn-arc  v e r s i o n  of OPGUID, developed i n  1967 [ 8 ] ,  demonstrated t h a t  
t h e  a t t r a c t i v e  fundamental approach of OPGUID could s u c c e s s f u l l y  con- 
verge a g e n e r a l  formula t ion  of t h i s  problem, w i t h  v a r i a b l e  boundary 
cond i t ions .  A s o p h i s t i c a t e d  v e r s i o n  of t h e  mult i -burn program (SWITCH) 
has  been developed [9]  t h a t  has  s u c c e s s f u l l y  converged a v a r i e t y  of 
o r b i t a l  t r a n s f e r  problems w i t h  an  e f f i c i e n c y  and r e l i a b i l i t y  comparable 
to t h a t  of t h e  o r i g i n a l  OPGUID. 

As a r e s u l t ,  t h e  i n d i r e c t  method of SWITCH i s  no t  on ly  f e a s i b l e  bu t  
cons ide rab ly  s u p e r i o r  t o  e x i s t i n g  implementations of q u a s i l i n e a r i z a t i o n  
i n  convergence as w e l l  as e f f i c i e n c y .  A p r i n c i p a l  f e a t u r e  of SWITCH is 
t h e  use of c l a s s i c a l  two-body theory  t o  render  t h e  computations f o r  
c o a s t  arcs e x p l i c i t .  S ince  h i g h - t h r u s t  mul t i -burn  o r b i t  t r a n s f e r s '  
u s u a l l y  invo lve  c o a s t  arcs many times longer  i n  d u r a t i o n  than burn arcs,  
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t h e  e x p l i c i t  method r e s u l t s  i n  a s u b s t a n t i a l  sav ings  i n  computation 
per  i t e r a t i o n .  A un ive r sa l  v a r i a b l e  formula t ion  of t h e  two-body 
problem w i t h  closed-form express ions  f o r  t h e  s t a t e  t r a n s i t i o n  ma t r ix  
is  used. This  formula t ion  w a s  adapted from t h e  work i n  r e fe rences  
8, 10, 11 and 1 2  i n  a novel  way t o  avoid t h e  cumbersome computation 
of t h e  three-dimensional  t enso r  of second p a r t i a l  d e r i v a t i v e s  of f i n a l  
s t a t e  w i t h  r e s p e c t  t o  i n i t i a l  s t a t e  t h a t  is  r equ i r ed  when computing 
t h e  p a r t i a l  d e r i v a t i v e  of f i n a l  c o - s t a t e  w i t h  r e s p e c t  t o  i n i t i a l  s t a t e ,  

Since a l l  t h e  p a r t i a l  d e r i v a t i v e s  are  a v a i l a b l e  a t  each i t e r a t i o n ,  
as w a s  t h e  c a s e  f o r  t h e  o r i g i n a l  OPGUID, t h e  SWITCH a lgo r i thm is appro- 
p r i a t e  f o r  computing real-time c o r r e c t i o n s  t o  i n - f l i g h t  p e r t u r b a t i o n s .  

Unlike t h e  OPGUID a lgo r i thm,  t h e  SWITCH a lgo r i thm does r e q u i r e  
reasonable  i n i t i a l i z a t i o n .  That i s ,  i t  is not  p o s s i b l e  w i t h  SWITCH 
as i t  w a s  w i t h  OPGUID t o  misa l ign  t h e  t h r u s t  d i r e c t i o n  by 90 o r  180 
degrees  and r e t a i n  convergence. However, rough e s t ima tes  of impulsive 
s o l u t i o n s  have proved more than adequate  as i n i t i a l i z a t i o n  i n  every 
t r i a l  case .  

E. MASCOT 

With t h e  advent  of t h e  space s h u t t l e  w i t h  i t s  h igh  aerodynamic 
l i f t i n g  c h a r a c t e r i s t i c s  b o t h  on a s c e n t  and descent ,  i t  has become 
impera t ive  t h a t  opt imal  guidance laws be devised t o  op t ima l ly  s t e e r  
t he  v e h i c l e  through the  atmospheric  po r t ions  of f l i g h t .  

This has been accomplished e s s e n t i a l l y  by in t roducing  i n t o  t h e  
SWITCH program t h e  aerodynamic e f f e c t s  of bo th  l i f t  and drag [13] .  
Add i t iona l ly ,  t h e  e f f e c t  on t h r u s t  of >ressure v a r i a t i o n  wi th  a l t i t u d e  
has been included i n  the  propuls ion  computations.  

These changes have r e c e n t l y  been c a r r i e d  o u t ,  and some of t h e  
observed r e s u l t s  may be summarized as fol lows:  

1. Maximum payload and maximum s e n s i t i v i t y  t o  convergence occur  
when atmospheric  e f f e c t s  a r e  introduced i n t o  both  t h e  s t a t e  and c o - s t a t e  
equat ions.  

2.  Approximately two-thirds  of t h e  payload inc reases  obtained 
under (1) may be k e p t  by in t roduc ing  t h e  atmospheric  e f f e c t s  i n t o  t h e  
s t a t e  equat ions  only.  I n  t h i s  ca se ,  convergence is  f a r  easier. 

3. Extremely d i f f i c u l t  convergence Cases may be  approached 
g r a d u a l l y  by mul t ip ly ing  t h e  atmospheric  model by 0 5 K 5 1 where K 
starts a t  zero  and g r a d u a l l y  inc reases  t o  1. For each va lue  of K, t h e  
c a s e  i s  converged be fo re  inc reas ing  t h e  va lue  of K. 
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When t h e  atmospheric  e f f e c t s ,  t oge the r  w i th  changes t o  be descr ibed  
l a t e r ,  were added t o  t h e  SWITCH concept ,  t h e  name MASCOT w a s  chosen f o r  
t h e  o v e r a l l  scheme t o  handle  m u l t i p l e  burn-coast-burn opt imal  trajec- 
t o r i e s  bo th  i n  and out  of t h e  atmosphere. 

V I .  MATHEMATICAL DEVELOPMENT FOR MASCOT 

A. The Choice of a Phys ica l  Model Common t o  A l l  F l i g h t  Phases 

The f i r s t  s t e p  i n  the  development of an optimal guidance technique  
f o r  a rocket-powered v e h i c l e  is  t h e  mathematical  modeling of t h e  v e h i c l e ' s  
t r a j e c t o r y .  To do t h i s ,  a second o rde r  three-dimensional  vec to r  of 
o r d i n a r y  d i f f e r e n t i a l  equat ions  i s  u s u a l l y  used which c o n s i s t s  of t h e  
sums of the  v e c t o r  a c c e l e r a t i o n s  produced by a l l  t h e  f o r c e s  t o  be con- 
s i d e r e d  a c t i n g  on t h e  v e h i c l e .  For the  MASCOT scheme, t h i s  sum of vec to r  
a c c e l e r a t i o n s  must c o n s i s t  of terms produced by fo rces  a c t i n g  dur ing  t h e  
boos t  phase,  t h e  rendezvous phase, and t h e  r e e n t r y  phase. During t h e  
computation of a t r a j e c t o r y  f o r  a p a r t i c u l a r  phase,  a l l  of t h e  t e r m s  i n  
t h e  sum f o r  a l l  of t h e  phases do no t  have t o  be considered and the  
unneeded t e r m s  can be e a s i l y  ignored wi th  t h e  l o g i c  of t h e  computer 
program. The nex t  s e c t i o n  develops i n  d e t a i l  t h e  gene ra l  mathematical  
model, and then  t h e  terms t o  be ignored i n  p a r t i c u l a r  phases a r e  pointed 
o u t  s p e c i f i c a l l y .  

I 

B. Mathematical  Modeling of Veh ic l e ' s  Motion 

1. Comments on Coordinate  Transformation 

A three-dimensional  C a r t e s i a n  coord ina te  system w i t h  an o r i g i n  a t  
t h e  e a r t h ' s  c e n t e r  w i l l  be used. The o r i e n t a t i o n  of t h i s  coord ina te  
system w i l l  be assumed t o  remain f i x e d  w i t h  r e s p e c t  t o  t ime and t h e  
i n i t i a l  o r i e n t a t i o n  i s  completely a r b i t r a r y .  To compare t r a j e c t o r i e s  
i n  t h i s  a r b i t r a r i l y  o r i e n t e d  coord ina te  sys  tem wi th  any o t h e r  coord ina te  
system, t h e i r  re la t ive o r i e n t a t i o n s  a t  comparison t i m e s  must be  known s o  
t h a t  a c o o r d i n a t e  t ransformat ion  can be performed on one of t h e  coordin-  
a t e  systems. Some coord ina te  systems of i n t e r e s t  do no t  always have 
t h e i r  o r i g i n  a t  t h e  e a r t h ' s  c e n t e r ,  b u t  t h i s  is a s imple  t r a n s l a t i o n  i f  
r e l a t i v e  o r i e n t a t i o n s  are t h e  same. For example, i n  boos t e r  work, an  
i n e r t i a l  coo rd ina te  system w i t h  o r i g i n  a t  t h e  e a r t h ' s  c e n t e r  could b e  
def ined  t o  have the  z -ax is  perpendicular  t o  the  e a r t h ' s  e q u a t o r i a l  p l ane  
and po in t ing  northward, t h e  x-axis  i n  t h e  e q u a t o r i a l  p lane  and p o i n t i n g  
toward t h e  Greenwich Meridian a t  some r e f e r e n c e  t ime (usua l ly  launch t i m e ) ,  
and t h e  y-axis  phaced i n  t h e  e q u a t o r i a l  p lane  t o  form a r ight-hand system. 
Then, any o t h e r  coord ina te  system can  be o r i e n t e d  wi th  r e s p e c t  t o  t h i s  
coord ina te  system wi th  t h e  a i d  of t h e  s t anda rd  Euler  a n g l e  r o t a t i o n  
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mat r i ces .  That i s ,  f o r  a g iven  angle  a,  t h e  Euler  ang le  r o t a t i o n  mat r ices  
f o r  r o t a t i o n s  about  t he  x,  y, and z a x i s  a r e  w r i t t e n  as fol lows:  

- 
1 0 

0 cos a 
0 - s i n  a 
L 

I 

cos a 
0 

s i n  a - 

- 
cos a 

- s i n  a 
0 - 

- 
0 - s i n  a 
1 0 

0 cos a - 

- 
s i n  a 0 

cos a 0 

0 1 - 

Then coord ina te s  i n  t h e  e q u a t o r i a l  coo rd ina te  system j u s t  def ined 
(denoted by ke) can be transformed t o  coord ina te s  i n  t he  s tandard  Ap0110 
coord ina te  system (denoted by ii ) i n  the  fo l lowing  manner: P 

where 

A is the  long i tude  of t he  launch s i t e  measured p o s i t i v e  west  

cpd 

0 

i s  the  geode t i c  l a t i t u d e  of t h e  launch s i t e  

is  the  launch azimuth of f i r i n g  d i r e c t i o n  and is  measured 
clockwise from a l i n e  perpendicular  t o  the  plumbline a t  t h e  
launch s i t e  and po in t ing  northward p a r a l l e l  t o  t h e  launch 
s i t e  meridian around t o  the  f i r i n g  d i r e c t i o n .  

Note t h a t  t he  inve r se  t r ans fo rma t ion  t o  o b t a i n  e q u a t o r i a l  coord ina tes  from 
plumbline coord ina te s  is  e a s i l y  remembered due t o  i t s  mnemonic form. That 
is , 
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Also,  t h e  t ransformat ion  mat r ix ,  [A] = (ho)3(~d)2(AZo) 1, remains c o n s t a n t  
w i t h  t i m e .  

For r e e n t r y  work, a more i n t e r e s t i n g  coord ina te  system might be  a 
c o o r d i n a t e  system w i t h  t h e  o r i g i n  a t  t h e  r e e n t r y  p o i n t  w i t h  i t s  x-axis  
pointed r a d i a l l y  away from the e a r t h ' s  apparent  g r a v i t a t i o n a l  c e n t e r ,  
i t s  z-axis  p a r a l l e l  t o  a p r o j e c t i o n  of t h e  ins tan taneous  v e l o c i t y  v e c t o r  
i n  t h e  l o c a l  h o r i z o n t a l  p lane ,  and t h e  y-axis  f i n l s h i n g  a right-handed 
c o o r d i n a t e  system, A t ransformat ion  from t h i s  c o o r d i n a t e  system (denoted 
by x r 3 y r , z r )  t o  t h e  e q u a t o r i a l  coord ina te  system can be  w r i t t e n  as 

where 

A is  t h e  longi tude  of t h e  r e e n t r y  p o i n t  measured p o s i t i v e  w e s t ,  r 

'dr 

A Z r  0' 

is  t h e  g e o d e t i c  l a t i t u d e  a t  t h e  r e e n t r y  p o i n t ,  

i s  t h e  ins tan taneous  r e e n t r y  f l i g h t  d i r e c t i o n  measured as is  AZ 

Rr is t h e  r e e n t r y  p o i n t  a l t i t u d e .  

Thus, t h e  equat ions  of motion f o r  a p o i n t  mass i n  a three-dimensional  
i n e r t i a l  C a r t e s i a n  c o o r d i n a t e  system whose o r i e n t a t i o n  t o  the  s tandard  
e q u a t o r i a l  c o o r d i n a t e  system is known can be  w r i t t e n  as w i l l  be  shown 
i n  t h e  fol lowing paragraphs.  

2 .  A c c e l e r a t i o n  of  a P o i n t  Mass i n  an Earth-Centered A r b i t r a r i l y  
Oriented I n e r t i a l  Coordinate  Sys tem 

I n  a n  a r b i t r a r i l y  o r i e n t e d  ear th-centered  C a r t e s i a n  c o o r d i n a t e  
system, the d i f f e r e n t i a l  equat ions  t o  be used f o r  s i m u l a t i n g  t h e  motion 
of a p o i n t  m a s s  s u b j e c t  t o  g r a v i t a t i o n a l ,  aerodynamic, and t h r u s t i n g  
f o r c e s  can  be  w r i t t e n  as fol lows:  
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I n  t h e  above vec to r  d i f f e r e n t i a l  equa t ion ,  t h e  f i r s t  term on the  r i g h t  
i s  the  t h r u s t i n g  t e r m ,  where F is t h e  ins tan taneous  magnitude of t h e  
t h r u s t ,  m is  t h e  ins tan taneous  m a s s ,  and ii is  a u n i t  vec to r  which is 
considered t o  be a c o n t r o l  v a r i a b l e  f o r  t h e  d i r e c t i o n  of t h e  t h r u s t .  
I n  t h e  second t e r m ,  is a vec to r  of  aerodynamic fo rces  due t o  l i f t  
and fi i s  a vec to r  of aerodynamic fo rces  due t o  drag.  
and c o n t r o l  of t he  t h r u s t i n g  f o r c e  and t h e  aerodynamic fo rces  w i l l  be  
explained i n  the  paragraphs t o  fol low.  The t h i r d  term i n  equat ion  (1) 
is t h e  g r a v i t a t i o n a l  f o r c e  term f o r  a s p h e r i c a l  c e n t r a l  body, where GM 
is the  g r a v i t a t i o n a l  c o n s t a n t  and R is  t h e  magnitude of t he  p o s i t i o n  
vec to r  of t h e  po in t  mass under cons ide ra t ion .  The f o u r t h  term which is 
considered t o  be  a f u n c t i o n  of t he  p o s i t i o n  vec to r  i s  a symbolic r ep re -  
s e n t a t i o n  of c o r r e c t i o n s  t o  the  g r a v i t a t i o n a l  f o r c e  express ion  which 
a r e  needed when a nonspher ica l  shape f o r  t h e  c e n t r a l  body is cons idered .  
For s i m p l i c i t y  i n  t h e  r e s t  of t h i s  development, t h e  f o u r t h  term on t h e  
r ight-hand s i d e  of equat ion  (1) w i l l  be ignored,  and no f u r t h e r  explana- 
t i o n  of t h e  d e r i v a t i o n  of t h e  t h i r d  term w i l l  be a t tempted s i n c e  t h i s  
express ion  i s  a very s t anda rd  r e p r e s e n t a t i o n  of t he  g r a v i t a t i o n a l  f o r c e  
due t o  a s p h e r i c a l  c e n t r a l  body. 

The de te rmina t ion  

To begin an exp lana t ion  of t h e  f i r s t  term ( t h e  term due t o  t h r u s t )  
i n  equat ion  (l), t he  t h r u s t  f o r c e  F w i l l  be assumed t o  be c o n s t a n t  f o r  
vacuum f l i g h t  and t o  have t h e  fol lowing form f o r  a tmospheric  f l i g h t :  

F = Fs + Ae(Po - P) , 

where 

F 

A, i s  t h e  e x i t  area of: t h e  engine 

Po,P a r e  the  atmospheric  p re s su re  a t  s e a  l e v e l  and a t  any 

is  t h e  v e h i c l e ' s  t h r u s t  measured a t  sea l e v e l  (P = Po) 
S 

a l t i t u d e ,  r e s p e c t i v e l y .  

For a tmospheric  f l i g h t ,  t h e  mass f low ra te  rh is g iven  by the  r e l a t i o n  

where Isps is a c o n s t a n t  (measured t o  correspond wi th  F ) i n d i c a t i n g  t h e  

g iv ing  the  a c c e l e r a t i o n  due t o  g r a v i t y  a t  t h e  assumed Ro ( rad ius  of t he  
s p h e r i c a l  c e n t r a l  body). For vacuum f l i g h t  t h e  mass f low ra te  i s  
assumed t o  be  t h e  same as f o r  a tmospheric  f l i g h t  and t h e  f o r c e  Fv and 

e f f i c i e n c y  of  a p a r t i c u l a r  s e t  of engines  and go = G M / R o  8 is  a c o n s t a n t  
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e f f i c i e n c y  LsPv f o r  vacuum f l i g h t  are related t o  Fs and IsPs as fol lows:  

Fv = Fs + AePo 

I n  e i t h e r  case, t h e  mass a t  any time t re ferenced  t o  an i n i t i a l  t i m e  to 
i s  g iven  by 

m ( t )  = m ( t o )  + h ( t  - t o ) .  ( 4 )  

To exp la in  how the  u n i t  vec to r  5 and t h e  aerodynamic f o r c e  vec to r s  
f ,  and 5 are t o  be determined,  a mis s i l e - f ixed  o r  veh ic l e - f ixed  coord ina te  
system (denoted by xm,ym,zm) must be in t roduced .  
system, 
v e h i c l e  a x i s  which when a l igned  wi th  t h e  a i r  stream al lows no aero-  
dynamic l i f t i n g  f o r c e  t o  be produced) w i l l  be introduced.  F igure  1 
i l l u s t r a t e s  t h e  ang le s  t o  be  used t o  l o c a t e  
f i x e d  coord ina te  s y s  t e m .  

I n  t h i s  coord ina te  
w i l l  be denoted by & and ano the r  u n i t  vec to r  am (&, is t h e  

and am i n  t h e  m i s s i l e -  

F igure  1. Angles used t o  Locate  fim and Zm 
i n  t h e  Missi le-Fixed Coordinate  System 
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I n  t h e  m i s s i l e - f i x e d  c o o r d i n a t e  system, t h e  angles  cpu and qu are  meas- 
ured on t h e  ground as a f u n c t i o n  of t r a j e c t o r y  t i m e  o r  burning t i m e  t o  
l o c a t e  Gm, which i s  t h e  t h r u s t  d i r e c t i o n  produced by t h e  unswiveled 
engines .  S i m i l a r l y ,  t h e  angles  cpa and qa a r e  measured on t h e  ground 
as a f u n c t i o n  of t r a j e c t o r y  t i m e  t o  l o c a t e  2,. 
iim and 8, i n  a m i s s i l e - f i x e d  c o o r d i n a t e  system need t o  be determined 
only once b e f o r e  t h e  i n i t i a l  f l i g h t  of each v e h i c l e .  Then t h e  a n g l e  a, 
shown i n  f i g u r e  1 can a l s o  b e  computed as a f u n c t i o n  of t r a j e c t o r y  t i m e .  
The angle  a, and t h e  u n i t  v e c t o r  a o r  a m  w i l l  be  used la te r  i n  t h e  
de te rmina t ion  of 
of i n t e r e s t .  

These angles  l o c a t i n g  

and 5, b u t  f o r  now o n l y  t h e  u n i t  v e c t o r  ii o r  fim is  

A s  shown i n  f i g u r e  2 ,  t h e  angles  xP and X w i l l  be  used t o  l o c a t e  Y ii o r  iim i n  t h e  o r i g i n a l  i n e r t i a l  C a r t e s i a n  c o o r d i n a t e  system (x,y,z) .  
The prime c o o r d i n a t e  sys  tem (x' , y '  , z' ) w i t h  t h e  x '  c o o r d i n a t e  a l igned  
w i t h  G w i l l  be  shown a g a i n  i n  f i g u r e  5 and used t o  h e l p  d e f i n e  t h e  aero-  
dynamic f o r c e s .  It w i l l  be assumed t h a t  t he  v e h i c l e ' s  c o n t r o l  system 
a c t s  i n s t a n t a n e o u s l y  s o  t h a t  t h e  angles  x and x , and thus t h e  d i r e c t i o n  
of ii i n  t h e  i n e r t i a l  coord ina te  system, can be cxanged ins tan taneous ly .  
A s  t h e  angle  X and X o r  t h e  d i r e c t i o n  of U change wi th  respec t  t o  t h e  
i n e r t i a l  c o o r d i n a t e  system shown i n  f i g u r e  2 ,  t h e  o r i e n t a t i o n  of t h e  

Q 

e Y 

X 

Y '  
Figure 2 .  Angles Used  t o  Locate i n  t h e  I n e r t i a l  Coordinate System 
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miss i l e - f ixed  coord ina te  system w i l l  a l s o  be changed wi th  r e s p e c t  t o  
t h e  i n e r t i a l  coo rd ina te  system, s i n c e  t h e  angles  cpu and qu cannot b e  
changed by t h e  v e h i c l e ' s  c o n t r o l  system. 

Often t h e  v e h i c l e ' s  c o n t r o l  system may be g iven  a time h i s t o r y  of 
t h e  angles  Xp and Xy t o  follow. 
terms of Xp and Xy so t h a t  i t  can be used i n  equat ion  (1) f o r  s imula -  
t i o n  purposes.  As shown i n  f i g u r e  2 ,  

I n  t h i s  ca se ,  6 must be computed i n  

ii= [E,] = 

cos x cos x I 
Y e 

Y 
s i n  X I *  

cos x s i n  x _I - Y e 

I f  op t imiza t ion  theory is used t o  o b t a i n  E, then t h e  components of ii i n  
t h e  i n e r t i a l  coo rd ina te  system may be determined d i r e c t l y  by t h e  opt imiza-  
t i o n  theory.  I n  t h i s  ca se ,  f o r  t h e  information of t h e  v e h i c l e ' s  c o n t r o l  
system, t h e  angles  Xp and Xy can be computed i n  terms of t h e  components 
of ii as fol lows:  

x = a r c t a n  (uJu3) (0 5 x 5 2d). (8 1 P P 

This completes t h e  p re sen t  d i s c u s s i o n  of G which appears  i n  t h e  
f i r s t  term of equat ion  (1). I n  s e c t i o n  IV-C,how ii is determined by 
op t imiza t ion  theory  is d iscussed .  

Now t o  exp la in  how t h e  express ions  f o r  
second term of equat ion  (l), t h e  u n i t  vec to r  a or 
ure 1 w i l l  be used. F i r s t ,  i t  w i l l  be assumed t h a t  ii # E so t h a t  the 
u n i t  vec to r s  B and ti d e f i n e  a p lane  i n  t h e  r e f e r e n c e  coord ina te  system 
(see f i g u r e  3 ) .  

and 6 are obta ined  i n  t h e  
introduced i n  f i g -  
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Figure  3 .  The Plane  Formed by U and a i n  t h e  I n e r t i a l  Coordinate  System 

I n  a l a t e r  s e c t i o n ,  t h e  s impl i fy ing  assumption a = is  made and t h e  
r e s u l t s  of t h i s  assumption are  t r e a t e d .  As mentioned p rev ious ly ,  t he  
u n i t  vec to r  5 i s  def ined  t o  l i e  along the  ins tan taneous  ze ro  l i f t  a x i s  
of t he  v e h i c l e .  Thus, i f  a and t h e  r e l a t i v e  v e l o c i t y  vec to r  Vr of t h e  
p o i n t  mass a r e  a l igned ,  f, w i l l  be zero.  
t h e  r e fe rence  coordinace system is g iven  by 

The re la t ive  v e l o c i t y  v e c t o r  i n  

i r = x - 3 x z  - fi, (9) 

where 3 is  the  r o t a t i o n a l  v e l o c i t y  v e c t o r  of t h e  c e n t r a l  body i n  t h e  
r e fe rence  coord ina te  system and fi is  an a r b i t r a r y  vec to r  f u n c t i o n  d e s c r i b -  
ing  winds i n  the  r e f e r e n c e  coord ina te  system. S ince  5 i s  a u n i t  vec to r  
i n  the  ze ro  l i f t  d i r e c t i o n ,  a l i f t  f o r c e  (denoted by z) w i l l  be produced 
when t h e r e  is  an ang le  a between a and Vr as shown i n  f i g u r e  4.  
shows t h a t  t he  l i f t i n g  f o r c e  f, which occurs when t h e r e  i s  an ang le  a 
between a and Vr l i e s  i n  the  plane formed by the  vec to r s  a and vr. 
N a t u r a l l y ,  t h e  vec to r  E is i n  a d i r e c t i o n  oppos i t e  t o  Tr. 

F igure  4 

To exp la in  f u r t h e r  how the  u n i t  atector 5 is t o  be def ined ,  i t  w i l l  
be assumed t h a t  t h e  d i r e c t i o n s  of ii and Z i n  t h e  mis s i l e - f ixed  coord ina te  
system are  determined as shown i n  f i g u r e  1. It w i l l  a l s o  be  assumed t h a t  
t h e s e  d i r e c t i o n s  i n  t h e  mis s i l e - f ixed  coord ina te  system depend only  on 
the  v e h i c l e  c h a r a c t e r i s t i c s  such  as the  p o s i t i o n  of t he  c e n t e r  of g r a v i t y  
and the  c e n t e r  of p re s su re  as func t ions  of t r a j e c t o r y  t i m e .  Thus, t h e  
a n g l e  a. between ii and 2 (as shown i n  f i g u r e s  1 and 3) can be determined 
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Figure  4.  The L i f t  and Drag Force i n  t h e  I n e r t i a l  Coordinate  System 

as a fjunation of t r a j e c t o r y  t i m e .  
c h a r a c t e r i s t i c s ,  i t  cannot be used as a c o n t r o l  v a r i a b l e  and va r i ed  by 
t h e  v e h i c l e ' s  c o n t r o l  system. Although the  ang le  a, is  not  considered 
t o  be  a c o n t r o l  v a r i a b l e ,  i t  w i l l  be assumed t h a t  the  v e h i c l e ' s  engines  
can r o l l  t he  v e h i c l e  about  ii (as shown i n  f i g u r e  3)  s o  t h a t  t h e  o r i e n t a -  
t i o n  of t he  p lane  formed by t h e  vec to r s  Zi and ii <s a c o n t r o l  v a r i a b l e .  
Also,  as t h e  d i r e c t i o n  of is changed (wi th  the  c o n t r o l  v a r i a b l e s  
xp and 
Zi and 6 (denoted by q) i s  predetermined and cannot  be varied. 

Since a, depends on t h e  v e h i c l e  

t h e  d i r e c t i o n  of a w i l l  change because t h e  ang le  between 

To w r i t e  express ions  f o r  t h e  components of i n  the  r e f e r e n c e  coordin-  
a t e  system, a new coord ina te  system whose o r i e n t a t i o n  changes wi th  tra- 
j e c t o r y  t i m e  (denoted by x ' , y ' , z ' )  w i l l  be introduced.  This new 
coord ina te  system i s  obtained by performing i n  success ion- the  Euler  ang le  
r o t a t i o n s  (Xp)2 and (Xy)3 s o  t h a t  t h e  x' a x i s  l i es  along u as shown i n  
f i g u r e  2. I n  t h e  p r i m e  coord ina te  system, t h e  angles  a, and XR (which 
o r i e n t  t he  p lane  formed by ii and 5 )  can be d e p i c t e d  as i n  f i g u r e  5. 
The symbol 5' w i l l  be used t o  denote  the  u n i t  v e c t o r  c? w i t h  i t s  com- 
ponents i n  t h e  prime coord ina te  system. 
are given by t h e  fol lowing equat ion:  

These components ( see  f i g u r e  5) 

s i n  a, cos XR . I 
s i n  a. s i n  "._1 - 
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X '  

Y '  

Z '  

Figure  5. The O r i e n t a t i o n  of t he  Plane Formed by ii and 5 

Then, Z wi th  components i n  the  r e f e r e n c e  coord ina te  system is obtained 
as follows: 

Notice t h a t  t he  success ive  Euler  ang le  r o t a t i o n s  (-XY), and (X )2  a r e  
the  i n v e r s e  of t he  Euler  angle  r o t a t i o n s  used t o  ob ta in  t h e  prime 
coord ina te  system. With a determined by equat ion  (11) i n  terms of 
Xp ,  X y y  XR, and a,, u n i t  vec to r s  i n  t h e  d i r e c t i o n  of 
w r i t t e n  as: 

e 

and 5 can be 

Figure 4 w i l l  a i d  t h e  reader  i n  v i s u a l i z a t i o n  of the  c o n s t r u c t i o n  of 
t h e  vec to r s  ii1 and U2 which a r e  w r i t t e n  i n  the  r e f e r e n c e  coord ina te  
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system ( s i n c e  
t h e  fol lowing express ions  f o r  f, and 6 can  be w r i t t e n :  

and Gr a r e  i n  t h e  r e f e r e n c e  coord ina te  system).  Now 

where 

p is  t h e  atmospheric  d e n s i t y  

Ar i s  the  r e f e r e n c e  a r e a  of t he  v e h i c l e  

i s  t h e  l i f t  c o e f f i c i e n t  of t h e  v e h i c l e  

i s  t h e  drag c o e f f i c i e n t  of t h e  v e h i c l e .  

cL 

CD 

The atmospheric d e n s i t y  p i s  u s u a l l y  cons idered  t o  be a f u n c t i o n  of 
ins tan taneous  a l t i t u d e  and t h e  q u a n t i t i e s  A,, CL, and CD must be meas- 
u r e d  on t h e  ground. 
f i x e d  coord ina te  system i s  used (denoted by xv,yv,zv).  For s i m p l i c i t y ,  
i t  w i l l  be assumed t h a t  t h e  ins tan taneous  o r i e n t a t i o n  of t h i s  veh ic l e -  
f i x e d  coord ina te  system is def ined  s o  t h a t  the  xv-axis l i e s  along Z, 
t h e  +-axis d e f i n e s  the  plane of  the  v e h i c l e  where the  r e l a t i v e  ve loc-  
i t y  vec to r  Pr would produce the  maximum va lues  f o r  CL and CD f o r  a given 
ang le  a between Vr and a, and t h e  yv-axis completes a r ight-handed 
coord ina te  system. This coord ina te  system, wi th  5. and two p o s s i b l e  
l o c a t i o n s  f o r  is depic ted  i n  f i g u r e  6. 

I n  t h e  measurement of A,, Cg and CD, a veh ic l e -  

F igure  6. Coordinate  System Used t o  Measure 
t h e  L i f t  and Drag C o e f f i c i e n t s  
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The r e f e r e n c e  a r e a  AR w i l l  b e  taken  t o  b e  t h e  a r e a  of the(yv,zv)- 
plane obscured by the  v e h i c l e  i f  a s i g h t i n g  a long  the  xv axis is 
made a t  an i n f i n i t e  d i scance  from t h e  o r i g i n .  I f  Fr l i es  i n  the  
(xv,zv)-plane as depic ted  by Pr 
CL and t h e  drag c o e f f i c i e n t  CD can b e  measured t o  depend only  on t h e  
ins tan taneous  va lue  of t h e  ang le  a between a and Fr and t h e  Mach 
number M of  t he  v e h i c l e .  
by Vr2, then  CL and CD must a l s o  depend on t h e  ang le  C+ as shown i n  

f i g u r e  6. As mentioned previous ly ,  t h e  o r i e n t a t i o n  of ’i wi th  r e s p e c t  
t o  a veh ic l e - f ixed  coord ina te  system can  be determined o r  measured 
be fo re  t h e  v e h i c l e  is flown. Thus, t h e  angles  a, and B1 can be d e t e r -  
mined us ing  t h e  angles  measured i n  f i g u r e  1. The angles  a, and B1 are 
needed i n  r e l a t i n g  the  veh ic l e - f ixed  coord ina te  system t o  t h e  o r i g i n a l  
r e f e r e n c e  coord ina te  system so t h a t  t h e  ang le s  a and % can be computed 
and used t o  o b t a i n  corresponding va lues  f o r  CL and CD. Figure  6 shows 
t h a t  t h e  - fol lowing equat ion  w i l l  determine a f o r  e i t h e r  p o s i t i o n  of vr 
(i.e., V r l  o r  vr2>. 

i n  f i g u r e  6, t hen  the  l i f t  c o e f f i c i e n t  
1 

If Vr is n o t  i n  t h e  (xv,zv)-plane as depic ted  

(-a 5 a 5 a). I 
To determine a ~ ,  the a n g l e  & shown i n  f i g u r e  6 must be determined. 
fol lowing equat ion  can be  used t o  o b t a i n  p2: 

The 

[a x (U x a) ]  
(17) 

(” 

(ii x a) (Fr x a) 
(0 s 82 s 2a). 82 = a r c t a n  

Then % i s  given by 

% = B1 - 82. 
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With a and a~ computed as shown i n  equat ions  (16) and (18), values  f o r  
CL and CD can  be  obta ined .  
compute E and 6 as g iven  i n  equat ions  (14) and (15). This completes a 
g e n e r a l  exp lana t ion  of t h e  equat ions  of motion g iven  by equa t ion  (1). 

Thus, enough informat ion  is a v a i l a b l e  t o  

To re-emphasize t h e  concepts  d i scussed  p rev ious ly ,  an  o u t l i n e  w i l l  
now be g iven  of t h e  o rde r  of  t h e  computations t o  be performed t o  o b t a i n  
a va lue  f o r  % (as g iven  by equat ion  (1)) a t  a p a r t i c u l a r  i n s t a n t  of 
t r a j e c t o r y  t i m e .  A t  a p a r t i c u l a r  i n s t a n t  of  t r a j e c t o r y  t i m e  (t), t h e  
p o s i t i o n  v e t t o r  (2) of t h e  p o i n t  mass (m) i s  known a long  w i t h  t h e  ve loc-  
i t y  v e c t o r  Z. Thus, t h e  a l t i t u d e  (h)  of t h e  p o i n t  mass can  be computed 
as fol lows:  

h = R -  ( 1 9 )  

where R =dZ Z and Ro i s  t h e  r a d i u s  of t h e  s p h e r i c a l  c e n t r a l  body. 
With a va lue  of h as obtained from equat ion  (19), atmospheric  t a b l e s  can 
be  used t o  o b t a i n  corresponding va lues  of p re s su re  (P), d e n s i t y  (p), 
and v e l o c i t y  of sound (V,). S ince  t h e  g r a v i t a t i o n a l  c o n s t a n t  of t h e  
c e n t r a l  body (GM) i s  assumed known, t h e  t h i r d  term i n  equa t ion  (1) due 
t o  g r a v i t y  can  be computed immediately. To compute va lues  f o r  t he  f i r s t  
term i n  equa t ion  (l), equat ion  ( 2 )  i s  used t o  o b t a i n  a va lue  f o r  F, s i n c e  
A,, Fs, and Po a r e  known cons tan t s  and P has been obtained as descr ibed .  
Also,  m and C are assumed t o  be known a t  each i n s t a n t  of t r a j e c t o r y  t i m e .  
The u n i t  v e c t o r  u may be known d i r e c t l y  i n  terms of i t s  t h r e e  components, 
o r  it may be known i n  terms of t h e  ang le s  X and Xy, i n  which case equa- 
t i o n  (6) is used t o  compute i. Then, the  f i r s t  term i n  equa t ion  (1) can 
be computed. 
must be computed by equat ion  (9).  The v e c t o r  cons t an t  needed i n  equa- 
t i o n  (9) and t h e  wind f u n c t i o n  are assumed known. With a va lue  f o r  
t h e  v e c t o r  Vr a v a i l a b l e ,  t h e  fo l lowing  equat ion  can be used t o  compute 
Mach number M: 

I! 
To compute va lues  f o r  t h e  second term i n  equa t ion  (l), Vr 

J c T  r r M =  
vS 

Also, equat ions  (16) and (18) can be used t o  compute a and a~ i f  va lues  
of a a r e  a v a i l a b l e .  
d i r e c t l y  i n  terms of i t s  components, o r  it can  be s p e c i f i e d  i n  terms of 
Xp, 5, ao, and XR as shown i n  equat ions  (10) and (11). 
f o r  a, a ~ ,  and M ob ta ined ,  a curve  f i t  o r  t a b l e  look-up can be used t o  

The u n i t  vec to r  a may be  assumed t o  be known 

With va lues  
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o b t a i n  va lues  of CL and CD, which depend on a, aRr and M. 
t i o n s  (14) and (15) can  be used t o  compute and D s i n c e  t h e  q u a n t i t i e s  
needed a r e  now a l l  a v a i l a b l e .  Thus, t h e  t h i r d  t e r m  i n  equat ion  (1) can 
be computed t o  complete t h e  computation of equa t ion  (1). 

Then equa- 

.. 
The previous d i s c u s s i o n  shows how va lues  of Z can be obta ined  a t  

each i n s t a n t  of t r a j e c t o r y  t i m e  when the  c o n t r o l  v a r i a b l e s  X p ,  xy,  and 
XR a r e  known. Thus, numerical  i n t e g r a t i o n  of equa t ion  (1) could be  used 
t o  o b t a i n  a t r a j e c t o r y  f o r  p r e s p e c i f i e d  c o n t r o l  func t ions  X p~ Xy, and xR* 

Also,  op t imiza t ion  theory  could be a p p l i e d  d i r e c t l y  t o  t h e  equat ions  
of motion (equat ion  (1)) i n  i t s  p r e s e n t  form t o  determine t h e  c o r r e c t  
t i m e  h i s t o r i e s  f o r  G and 5 ,  b u t  t h e  r e s u l t i n g  computer program would be 
much too  complicated t o  cons ide r  f o r  guidance purposes .  

For t h i s  reason ,  some s i m p l i f y i n g  assumptions and approximations t o  
t h e s e  d i f f e r e n t i a l  equat ions  w i l l  now be  made t h a t  w i l l  r e s u l t  i n  a much 
more compact and e f f i c i e n t  computer program f o r  t h e  a p p l i c a t i o n  of 
op t imiza t ion  theory .  

3 .  S i m p l i f i c a t i o n s  t o  General Three-Dimensional Equations of 
Motion wi th  Atmospheric E f f e c t s  

The o r i g i n a l  equat ions  of motion (equat ion  (1)) a r e  completely 
a c c u r a t e  r e p r e s e n t a t i o n s  of t h e  a s c e n t  phase of t h e  s h u t t l e  v e h i c l e ’ s  
f l i g h t .  For the  vacuum phase of a s h u t t l e  v e h i c l e ’ s  f l i g h t ,  an a c c u r a t e  
r e p r e s e n t a t i o n  i s  obta ined  by l eav ing  ou t  t h e  term 

and f o r  t h e  r e e n t r y  phase,  an a c c u r a t e  r e p r e s e n t a t i o n  i s  obtained by 
leaving  o u t  the  term 

(F/m) G. 

The only  s i m p l i f i c a t i o n s  t o  be m a L 2  t o  equat ion  (1) be fo re  op t imiza t ion  
theory  is  a p p l i e d  a r e  s i m p l i f i c a t i o n s  of t h e  express ions  f o r  i, and b 
which w i l l  be used i n  bo th  the  a s c e n t  and t h e  r e e n t r y  phases.  Also,  
t h e  express ion  g(Z) account ing f o r  ob la t eness  e f f e c t s  w i l l  be neglec ted  
i n  a l l  t h r e e  phases ,  a t  least  i n  i l l u s t r a t i n g  t h e  a p p l i c a t i o n  of o p t i -  
miza t ion  theory  t o  t h e  equat ions  of motion (equat ion  (1)). 
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The f i r s t  s i m p l i f i c a t i o n  t o  be made i n  t h e  development of new 
express ions  f o r  f, and 6 is  t o  assume t h a t  5 = tid 
a. ( t h e  ang le  between G and a as shown i n  f i g u r e  2) i s  no t  very l a r g e  
because of t h e  usua l  aerodynamic symmetry about  t h e  t h r u s t  v e c t o r  
d i r e c t i o n .  Thus, t h e  assumption ?I = ti i s  not  very  res t r ic t ive  as w i l l  
be  seen .  With t h e  assumption t h a t  5 = E, t h e  veh ic l e - f ixed  coord ina te  
system shown i n  f i g u r e  6 does n o t  have t o  be introduced.  
can be  p i c tu red  immediately i n  t h e  prime coord ina te  system of f i g u r e  8. 

For most v e h i c l e s ,  

In s t ead  0, 

i' 

Y '  
Figure  7. The L i f t  and Drag Forces wi th  a = ii 

Then, t h e  new express ions  f o r  ]I, and 6 become 

Z' 
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Now t h e  c o e f f i c i e n t s  CL and CD w i l l  depend only  on Mach number 
and t h e  a n g l e  a def ined  by t h e  equa t ion  

a = a r c t a n  (def ined  f o r  - S C  < a < S C ) .  (23) 

Also,  t h e  fo l lowing  a d d i t i o n a l  approximating equat ions  f o r  CL and 
CD w i l l  be used. 

CL = C s i n  a 
La 

CD = CA + 2y 8k(l-cos a)  

where C L ~ ,  CA, and y are a l l  now cons idered  t o  depend only  on Mach 
number. These approximations have been found t o  c l o s e l y  r e p r e s e n t  most 
CL and CD t a b l e s  i n  t h e  range of Mach and a lpha  of i n t e r e s t  and a r e  
used mainly because of t h e i r  s i m p l i f c a t i o n  of t h e  op t imiza t ion  equat ions .  

S u b s t i t u t i n g  t h e  above approximations i n t o  t h e  express ions  f o r  f, 
and 5 g ives  
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Notice t h a t  

s i n  a = (Vr tr) s i n  a 

because a is t h e  a n g l e  between fir and ii. Also,  

- - Vr u = Ivr] cos a. 

Thus , 

Now t h e  fo l lowing  i d e n t i t y  w i l l  b e  used: 

- -  
(Vr x ;) x tr = IVr12 G - (Vr - u) vr. 

Then t h e  f i n a l  form of t h e  l i f t  and drag  equat ions  t'o be used i s  

These a r e  t h e  express ions  f o r  and f, t h a t  w i l l  be  used i n  equa- 
t i o n  (1) f o r  t h e  a p p l i c a t i o n  of op t imiza t ion  theory.  A t  t h i s  p o i n t ,  i t  
w i l l  b e  mentioned aga in  t h a t  equa t ion  (1) can be  i n t e g r a t e d  numer ica l ly  
t o  y i e l d  a t r a j e c t o r y  (without  any op t imiza t ion  c o n s i d e r a t i o n s )  i f  a = 
i s  known d i r e c t l y  i n  terms of i t s  components o r  i f  X and X a r e  known P Y and equat ion  (6) is used t o  o b t a i n  G. Appendix I is a computer program 
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l i s t i n g  and a sample p r i n t o u t  which uses  
5 and assumes t h e  fo l lowing  time h i s t o r y  

- - uo + G 0 ( t  - 
I;, + k O ( t  - to) /  

u =  

the  above equat ions  f o r  and 
f o r  si = ii: 

- 
The v a l u e s ,  uo, Eo, and t h e  f l i g h t  t ime, t f ,  are  parameters  i n  t h i s  
program which can be  varied t o  s a t i s f y  s p e c i f i e d  end cond i t ions  and 
minimizg d e s i r e d  q u a n t i t i e s .  
G 
tqons f o r  t h e  matrices 

I n  determining how t o  va ry  t h e  parameters 
and Go t o  s a t i s f y  t h e  end c o n d i t i o n s ,  v a r i a t i o n a l  d i f f e r e n t i a l  equa- 

Y a i ( t )  
a io  

, and a&) a k t )  

aiio ' aiio ai;, 

were developed, as expla ined  i n  r e f e r e n c e  14,  and an i t e r a t i v e  a lgo r i thm 
cons t ruc t ed .  The program is mentioned a t  t h i s  time s o  t h a t  t he  i n t e r e s t e d  
r eade r  can examine t h e  l i s t i n g  t o  s e e  a sample s e t  of d a t a  and how t h e  
atmospheric and aerodynamic q u a n t i t i e s  a r e  determined f o r  t h e  numerical  
i n t e g r a t i o n .  Other r e f e r e n c e s  t o  t h i s  l i s t i n g  and f u r t h e r  explana t ions  
of t h e  technique w i l l  a l s o  be given i n  some of t h e  fo l lowing  s e c t i o n s .  

4 .  A l t e r n a t e  Determinat ion of 5 and E 

Often i t  is more d e s i r a b l e  t o  determine 2 and ii i n  terms of ang le  
of a t t a c k  a, bank ang le  f3, & ( t o  be  d e f i n e d ) ,  and a,, mentioned pre-  
v i o u s l y ,  i n s t e a d  of us ing  t h e  i n e r t i a l  angles  Xp, X , XR, and a,. How 
t h i s  can be done w i l l  be explained a t  t h i s  po in t  b e f o r e  d i scuss ing  t h e  
a p p l i c a t i o n  of  op t imiza t ion  theory  t o  equat ion  (1). To begin,  a new 
coord ina te  system denoted by x", y", z" w i l l  be def ined  as shown i n  
f i g u r e  8. Note t h a t ,  i n  t h i s  coord ina te  system, t h e  o r i g i n  i s  a t  t h e  
po in t  mass (m) and ? is t h e  p o s i t i o n  v e c t o r  of t h e  p o i n t  mass (i .e. ,  
E = 2 i n  t h e  r e f e r e n c e  coord ina te  sys tem) .  
f i g u r e  8, t h e  'Vr v e c t o r  is def ined  t o  l i e  a long t h e  z" a x i s ,  t h e  vr X f v e c t o r  l ies  a long  t h e  y" a x i s ,  and t h e  (fr X r )  X vr vec to r  l i es  
along t h e  XI' a x i s .  Thus, t h e  E" coord ina te  system is transformed t o  
t h e  o r i g i n a l  x , y , z  c o o r d i n a t e  system as fol lows:  

A s  can be seen  from 
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x 

Y "  

Figure  8. The Locat ion of the  Zero L i f t  Vector wi th  
an Angle of At tack  and a Bank Angle 

Then, as seen  i n  f i g u r e  8 ,  

and 
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The i n v e r s e  t r ans fo rma t ion  is g iven  by 

= [ B I T  ; 

and then 

(def ined f o r  0 < a < %) 1 a = a r c t a n  ( 3 4 )  

f3 = a r c t a n  [(a:/a;)] (def ined f o r  0 S f3 6 2%). (35) 

When ii is  n o t  t h e  s a m e  as a and is allowed t o  b e  o r i e n t e d  w i t h  r e s p e c t  
t o  and Vr,  then another  coord ina te  system must be def ined  (denoted by 

To v i s u a l i z e  t h i s  o r i e n t a t i o n  s e e  f i g u r e  9. x I I l  , y l l l  , z I I I  ) . 

Figure  9. The Locat ion of  ii wi th  Respec t  t o  
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The t r ans fo rma t ion  from a v e c t o r  %'" i n  t h i s  coord ina te  system t o  t h e  
o r i g i n a l  2 coord ina te  system is obta ined  as fol lows:  

Thus, 

- 
u = [C];;"! 

Theref o r e ,  

Then t h e  i n v e r s e  t r ans fo rma t ion  is  g iven  by 

T -  5"' = [C] u 

and thus  

J(u;f ) 2  + (u;' ) 2  

a0 = a r c t a n  ul I I (def ined  f o r  0 < a0 < fi) 
1 

= a r c t a n  [ u z  /ugf ] (def ined f o r  0 S p S 2n). 
'r r 

(37) 
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The preceding equat ions  show how t o  compute a and U wi th  t h e  
angles  a, f3, a,, and Br o r  converse ly  how t o  compute a, 0 ,  a,, and @, 
when t h e  u n i t  v e c t o r s  B and fi are given.  I f  i t  is  assumed t h a t  B = 8, 
then t h e  t r i p l e  prime coord ina te  system does n o t  have t o  be in t roduced ,  
and only  t h e  angles  a and are needed t o  compute a and thus u. Con- 
v e r s e l y ,  a and @ can  be computed when U = 5 is  known or  given.  

I n  t h e  nex t  s e c t i o n ,  op t imiza t ion  theory  w i l l  be appl ied  t o  the  
equat ions  of motion (equat ion  (1) )  w i t h  f, and 5 g iven  by t h e  s i m p l i f i e d  
express ions  which r e s u l t e d  from assuming a = i.ie 
the  a p p l i c a t i o n  of op t imiza t ion  theory  w i l l  be a t ime h i s t o r y  f o r  E, 
and thus a t h a t  w i l l  produce an optimum t r a j e c t o r y  t o  t h e  d e s i r e d  
d e s t i n a t i o n .  This t i m e  h i s t o r y  (E = 5 as a f u n c t i o n  of t ime) can be 
used t o  compute Xp and X 
purposes e 

One of t h e  r e s u l t s  of 

o r  a and p as func t ions  of t ime f o r  guidance Y 

C .  Appl i ca t ion  of Optimizat ion Theory t o  Equations of Motion 

1. Equations of Motion 

The s i m p l i f i e d  equat ions  of motion d iscussed  i n  the  previous sec -  
t i o n  w i l l  be used h e r e  t o  i l l u s t r a t e  t he  a p p l i c a t i o n  of op t imiza t ion  
theory .  These equat ions  wi th  t h e  s i m p l i f i e d  and 5 should adequate ly  
r e p r e s e n t  the  motion of most space s h u t t l e  type of veh ic l e s  dur ing  
atmospheric  f l i g h t .  I f  i t  is  found t h a t  they a r e  not  adequate ,  t h e  
r eade r  should remember t h a t  t hey  a r e  ased h e r e  only  t o  i l l u s t r a t e  t h e  
approach, and whatever c o r r e c t i o n s  a r e  needed can be  added t o  t h e  equa- 
t i o n s  wi thout  changing t h e  phi losophy of t h e  approach. 

The s i m p l i f i e d  equat ions  f o r  and f, can be s u b s t i t u t e d  i n t o  equa- 
t i o n  (1) of t h e  previous s e c t i o n  t o  g i v e  t h e  fo l lowing  form f o r  t he  
equat ions  of motion: 

I n  equat ion  (39 ) ,  F is  given by equat ion  (2)  and m by equat ions  (3)  
and ( 4 ) ,  Typica l  va lues  of t he  c o n s t a n t s  needed t o  use equat ions  ( 2 ) ,  
( 3 ) ,  and ( 4 )  can be found i n  the  computer program l i s t i n g  and sample 
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case p r i n t o u t  of Appendix I. The c o n s t a n t  GM needed t o  compute t h e  
second t e r m  of equat ion  (39) and t h e  form of t h e  equat ions  f o r  g ( 2 )  
can  a l s o  b e  found i n  Appendix I. The atmospheric  s u b r o u t i n e  shown i n  
Appendix I shows how t h e  atmospheric  d e n s i t y  p, t h e  atmospheric pres -  
s u r e  P,  and t h e  v e l o c i t y  of sound Vs a r e  obtained as f u n c t i o n s  of  a l t i -  
tude  for use  i n  equat ion  (39).  With a va lue  f o r  Vs, equa t ion  (20) can 
be used t o  compute t h e  Mach number. Then t h e  aerodynamic s u b r o u t i n e  of 
Appendix 1 shows how va lues  of CL CA, and 7 a r e  obtained as f u n c t i o n s  
of Mach number. 
t h a t  t he  ins tan taneous  r a d i u s  of t h e  o b l a t e  e a r t h ' s  s u r f a c e  is d e t e r -  
mined i n  t h e  d i f f e r e n t i a l  equat ion  s u b r o u t i n e  of Appendix I, then  t h e  
computation of a l l  t h e  t e r m s  i n  equat ion  (39) has been explained.  

I f  i t  is  noted t%t vr is g iven  by equat ion  (9) and 

A t r a n s i t i o n  t o  s t a t e  v e c t o r  n o t a t i o n  w i l l  be made t o  f a c i l i t a t e  
t h e  explana t ion  of t h e  a p p l i c a t i o n  of o p t i m i z a t i o n  theory  t o  equat ion  
(39).  To do t h i s ,  l e t  

Then 
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where 

f 1 =  x4 

f2 = x5 

f7 = h (a c o n s t a n t  developed i n  equa t ion  ( 3 ) ) .  

Note t h a t ,  i n  t h e  previous express ions  - f o r  f q ,  f 5 ,  and f6; F 
depends on x1,x2,x3; p depends on x1,x2,x3; Vr depends on x ~ , x ~ , x ~ , x ~ ,  
x5,x6; and the  aerodynamic c o e f f i c i e n t s  C h ,  CA, and 7 a l l  depend on 
x1,x2,x3,x4,x5,x6. This dependence can a l s o  be seen  by r e f e r r i n g  t o  
t h e  d i f f e r e n t i a l  equa t ion  subrou t ine  of Appendix I. The preceding 
t r a n s i t i o n  t o  s t a t e  v e c t o r  n o t a t i o n  now al lows the  equat ions  of motion 
t o  be w r i t t e n  i n  s t anda rd  f i r s t  o rde r  form which is u s u a l l y  seen  when 
op t imiza t ion  theory  i s  developed. That i s ,  

2 = f ( X , i ) ,  ( 4 3 )  

where i, f, and X a r e  a l l  vec to r s  of dimension 7 ,  and 
dimension 3 .  

is a vec to r  of 

Before applying op t imiza t ion  theory  t o  t h i s  system of equa t ions ,  
t h e  op t imiza t ion  c r i t e r i a  and t h e  boundary cond i t ions  must be d iscussed .  
Such a d i s c u s s i o n  a p p e a r s  i n  t h e  nex t  two s e c t i o n s .  
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2. D e f i n i t i o n  of Opt imiza t ion  Cr i te r ia  

The op t imiza t ion  c r i t e r i a  s e l e c t e d  f o r  d i s c u s s i o n  i n  t h i s  s e c t i o n  
were chosen mainly f o r  i l l u s t r a t i o n ,  and some approximations were 
made t o  keep t h e  equat ions  as s imple  as p o s s i b l e  whi le  main ta in ing  as 
much phys ica l  r e a l i s m  as p o s s i b l e .  Again i t  must be  emphasized t h a t ,  
i f  t h i s  p a r t i c u l a r  s e l e c t i o n  of an  op t imiza t ion  c r i t e r i a  is found t o  
be u n s a t i s f a c t o r y ,  then whatever c r i t e r i a  t h a t  can b e  s e l e c t e d  which 
a r e  s a t i s f a c t o r y  can be used wi thou t  changing t h e  b a s i c  phi losophy of 
t h e  MASCOT technique.  

The s e l e c t e d  c r i t e r i a  a r e  g iven  as: 

That  i s ,  X8( t f )  i s  t o  be minimized where t h e  cons t an t s  o r  weight ing 
f a c t o r s  kl, k2, and k3 can be s e l e c t e d  t o  achieve  d i f f e r e n t  r a t i o s  of 
va lues  among the  t h r e e  terms i n  t h e  expres s ion  f o r  x a ( t f ) .  For example, 
i n  r e e n t r y ,  k l  could be zero  w i t h  k2 and k s  equal  t o  . 5 , o r  i n  a s c e n t ,  
k l  could be minus one and k2 and k3 zero.  I n  equat ion  (44)  0, t h e  con- 
v e c t i v e  h e a t i n g  ra te  per  u n i t  a r e a  of t h e  v e h i c l e ,  i s  g iven  by 

3 Q = -  (45  1 

where e is a c o n s t a n t  and CT i s  t h e  r a d i u s  of c u r v a t u r e  of t h e  v e h i c l e ’ s  
nose.  Values f o r  t h e s e  c o n s t a n t s  are g iven  i n  Appendix I. Also, i n  
equat ion  (44)  

. _  
The fo l lowing  s t e p s  a r e  needed t o  d e r i v e  t h e  exac t  expres s ion  f o r  D2. 
From the  s i m p l i f i e d  equat ion  f o r  f, and 5 (equat ions  (30) and (31)), i t  
can  be seen  t h a t  
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Now note  t h a t  (qr ;) = Ivrlcos a s o  t h a t  

I n  equat ion  ( 4 8 ) ,  s i n 2 a  w i l l  be approximated by 2(1 - cos a)  t o  g i v e  

(Vr ; ) 2  = (iir - V r ) [ l  - 2 ( 1  - cos a ) ]  

= (” i r ) [ 2  cos a - 11 ( 4 9 )  

= 2 (Fr Vr)1/2(Fr - L) - (Gr Vr)  . 

The s u b s t i t u t i o n  of t h e  f i n a l  form of equat ion  ( 4 9 )  i n t o  equat ions  ( 4 6 )  
and ( 4 7 )  g ives  
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Adding equat ions  (50) and (51) and d i v i d i n g  by m2 g ives  the  f i n a l  form 
t o  be used f o r  Dz. That i s ,  

D2 = ( ~ A , / 2 m ) ~ [ ( ? ~  . ?r)2(C2 + 47 CA C L  + 2 C k )  

With the  preceding exp lana t ion  of 6 and D2 and us ing  equat ion  ( 4 4 ) ,  
i t  can be seen  t h a t  

Thus, Xg(t)  as def ined  by equa t ion  (53) i s  a new v a r i a b l e  which is  
added t o  t h e  seven v a r i a b l e s  of t h e  preceding s e c t i o n  s o  t h a t  X8( t f )  
i s  t h e  q u a n t i t y  s e l e c t e d  t o  be minimized a t  the  f i n a l  time wi th  
X8(to> = klmo. 

3. D e f i n i t i o n  and Explanat ion of Some Example Boundary o r  
Miss ion  Condit ions 

The previous two s e c t i o n s  have p u t  t he  i l l u s t r a t i v e  problem being 
so lved  i n  t h i s  r e p o r t  i n  t h e  form: 

( a )  

(b) 

X(to)  and to a r e  g iven  

X( t )  i s  def ined  by i ( t )  = f [ X ( t ) , ; ( t ) ]  
where to 5 t 5 tf 

(54) 

( c )  x 8 ( t f )  is  t o  be minimized by t h e  cho ice  of u ( t ) .  
I n  equat ion  (54) ,  X i s  now an e ight -d imens iona l  vec to r  and is  a t h r e e -  
dimensional  v e c t o r .  The only  th ing  missing from equat ion  (54) is  some 
a d d i t i o n a l  c o n s t r a i n t s  which a r e  u s u a l l y  placed on some of t he  va lues  
of x l ( t f ) ,  x 2 ( t f ) ,  ..., x 7 ( t f ) .  These f u n c t i o n a l  c o n s t r a i n t s  a r e  c a l l e d  
the  boundary (or  end o r  miss ion)  cond i t ions .  
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The f i r s t  s e t  of boundary c o n d i t i o n s  t o  be d i scussed  is a n  example 
s e t  of r e e n t r y  boundary cond i t ions .  For example, on a r e e n t r y  t r a j e c -  
t o r y  a d e s i r e d  v a l u e  f o r  the magnitude of the r a d i u s  v e c t o r ,  Mach 
number, t h e  pa th  ang le ,  down range, and c r o s s  range  could be s p e c i f i e d  
f o r  t h e  end of t h e  t r a j e c t o r y .  I n  f u n c t i o n a l  form t h e  preceding  speci- 
f i c a t i o n s  r e s u l t  i n  f i v e  equat ions  as follows: 

2 2 2 x 1  + x2 + x 3  
GI = - 1 - 0  

R: 

]}Ic = O 
2 x (io x G o )  

[ G o  x (io x 2,) I 
0 

Rc - s i n  cp = 0. x xol --J I-/ CR 

(54) 

I n  a l l  of these equa t ions ,  the va lues  of XI, x2, x3, x4, x5, and X 6  are 
used a t  t h e  f i n a l  t i m e .  
t h e  magnitude of t h e  r a d i u s  v e c t o r  a t  t h e  f i n a l  t i m e ,  and when G1 = 0, 
i t  can  b e  s e e n  that  x z  + x'$ + x$ w i l l  be  equa l  t o  RZ. S i m i l a r l y ,  i n  
equa t ion  (55),  Mc i s  t h e  d e s i r e d  v a l u e  of Mach number a t  t h e  f i n a l  t i m e ;  
i n  equa t ion  (56), SC is t h e  d e s i r e d  va lue  of t h e  ang le  between t h e  
i n e r t i a l  p o s i t i o n  v e c t o r  and the i n e r t i a l  v e l o c i t y  v e c t o r  (pa th  ang le ) ;  
i n  e q u a t i o n  (57), QR is  the d e s i r e d  va lue  of t h e  down range  ang le ;  
and i n  e q u a t i o n  (58), vCR is t h e  d e s i r e d  va lue  of t h e  c r o s s  range angle .  
I n  o r d e r  t o  b e t t e r  understand equa t ions  (57) and (58), f i g u r e  10 is  used. 

I n  equa t ion  (54), Rc is t h e  d e s i r e d  v a l u e  of 
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Figure  10. A D e f i n i t i o n  of the Down Range and Cross Range Angles 

I n  this  f i g u r e  a c o o r d i n a t e  system is define! using t h e  p o s i t i o n  and 
v e l o c i t y  v e c t o r  a t  t h e  i n i t i a l  t i m e  (Xo and Fio)y and then  the ang les  
C ~ D R  and (PCR are used t o  l o c a t e  the f i n a l  p o s i t i o n  v e c t o r  Zf w i th  
respect t o  the c o o r d i n a t e  system def ined  by Go and 8,. 
shows t h a t  

The f i g u r e  

s i n  cp = CR 
l Z f  I 

S ince  lZfl is t o  be equal  t o  R,-y i t  can b e  seen  that  equa t ions  (57) and 
(58) fo l low from equa t ions  (59) and (60). 
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The computer program f o r  computing equa t ions  ( 5 4 ) ,  ( 5 5 ) ,  (56),  ( 5 7 ) ,  
and ( 5 8 )  is  cal led s u b r o u t i n e  BOUND i n  Appendix I. Notice t h a t  a l l  of 
t h e  equa t ions  are normalized s o  t h a t  G: + GE + GZ + GZ + GE w i l l  have 
a magnitude near  t h e  v a l u e  of one. The preceding sum of squa res  is  
u s u a l l y  used as an  e r r o r  check t o  determine when t h e  boundary c o n d i t i o n s  
are s a t i s f i e d .  That i s ,  i t  must be less than  some t o l e r a n c e  ( f o r  
example, .5 x 10'~'). 

With t h e  preceding d e f i n i t i o n  of a n  example set  of boundary condi- 
t i o n s ,  t h e  complete t r a j e c t o r y  o p t i m i z a t i o n  problem being sc lved  i n  t h i s  
paper can now be stated i n  f u n c t i o n a l  n o t a t i o n .  That i s ,  

(a) 

(b) X ( t )  is  def ined  by k ( t )  = f [ X ( t ) , u ( t ) ]  

X(to) and to are g iven  

where to 5 t 5 tf 

(c) x 8 ( t f )  is  t o  be minimized and G [ X f ( t f ) , t f ]  i s  t o  be 
made equal  t o  ze ro  by t h e  cho ice  of i i ( t ) .  

Appendix I i s  a computer program l i s t i n g  which s o l v e s  the  problem s ta ted  
i n  equa t ion  (61) w i t h  t h e  assumption t h a t  

ii + G o ( t  - to) 

I;, + i0(t - to) I 
0 G(t) = 

where t h e  v e c t o r  c o n s t a n t s  3, and iio are assumed t o  be unknown param- 
e t e r s  which t h e  program must s e l e c t  a long  wi th  tf t o  s a t i s f y  c o n d i t i o n  
( c >  of equa t ion  (61) .  This approach t o  t r a j e c t o r y  op t imiza t ion  is  

c a l l e d  parameter o p t i m i z a t i o n  p a r t i c u l a r l y  when t h e  t i m e  i n t e r v a l  to 
t o  tf i s  broken i n t o  n segments (at t h e  t i m e s  t l , t 2 ,  ..., tn) and u ( t )  
i s  def ined  by 

ii(tn) + in(t - tn) 
u ( t )  = f o r  t, 6 t 6 t f .  

I z ( t n >  + i n ( t  - t n >  I 
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Then t h e  parameters t h e  program must se lect  t o  s a t i s f y  c o n d i t i o n  (c)  of 
equa t ion  (61) are Go, fioy 61, ;2, ..., En, and t f .  
t h e  computer program l i s t e d  i n  Appendix I and t h e  s a m p l e  case a r e  a 
s o l u t i o n  of t h e  problem stated by equa t ion  (61) us ing  only  the param- 
eters ii,, to, and tf w i t h  t h e  boundary c o n d i t i o n s  g iven  by equa t ions  
(54) ,  (55),  (56), (57), and (58). Before exp la in ing  i n  more d e t a i l  how 
t h i s  computer program works, a set  of example boundary cond i t ions  f o r  a 
rendezvous mis s ion  and an  a s c e n t  mis s ion  w i l l  be  g iven ,  and it w i l l  be 
noted h e r e  t h a t  t h e  computer program of Appendix 1 has been used t o  s o l v e  
t h e s e  problems when t h e  s u b r o u t i n e s  BOUND and PBOUND are r e p l a c e d  w i t h  t h e  
a p p r o p r i a t e  new subrou t ines  f o r  a s c e n t  and rendezvous. 

- A s  stated p rev ious ly ,  

For an a s c e n t  miss ion ,  t h e  magnitude of the r a d i u s  v e c t o r ,  t h e  magni- 
tude of t he  v e l o c i t y  v e c t o r ,  t h e  ang le  between t h e  r a d i u s  v e c t o r  and t h e  
v e l o c i t y  v e c t o r ,  and t h e  ang le  between t h e  p lane  con ta in ing  t h e  p o s i t i o n  
and v e l o c i t y  v e c t o r  and t h e  e q u a t o r i a l  p lane  could be s p e c i f i e d .  This  
y i e l d s  t h e  fo l lowing  s e t  of boundary c o n d i t i o n s  (note  t h a t  a l l  va lues  of 
xl, x2, xg, x4, x5, and X 6  are used a t  t f) :  

2 2 2 
X I  + x2 + x3 

G I  = - 1 = o  
R: 

{ [ f ] x [ f" 6 ] }  ii 
G 4  = - s i n  cpc cos ic = 0. (66) 

Rc vc 

I n  equa t ion  (63) ,  Rc is  t h e  s p e c i f i e d  r a d i u s  v e c t o r  magnitude; i n  equa- 
t i o n  (64), Vc is  t h e  s p e c i f i e d  v e l o c i t y  v e c t o r  magnitude; i n  equa t ion  
(65) ,  6 ,  is t h e  s p e c i f i e d  ang le  between t h e  r a d i u s  v e c t o r  and t h e  ve loc -  
i t y  v e c t o r ;  and i n  equa t ion  (66) ,  ic i s  t h e  s p e c i f i e d  i n c l i n a t i o n  of t h e  
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f l i g h t  p lane  t o  t h e  e q u a t o r i a l  p l ane .  A l s o ,  i n  equa t ion  (66),  1? is  a 
u n i t  v e c t o r  pe rpend icu la r  t o  t h e  e q u a t o r i a l  p lane .  F igure  11 shows A 
and a plumbline c o o r d i n a t e  system o r i e n t e d ,  w i t h  respect t o  t h e  equa- 
t o r i a l  c o o r d i n a t e  system, by t h e  azimuth A z  and t h e  g e o d e t i c  l a t i t u d e  
'pd of some p o i n t  such  as t h e  launch  s i t e .  

L a  u nch 

X 

E q u a t o r i a l  Plane 

S i te  

Y 
Figure  11. The O r i e n t a t i o n  of the Plumbline Coordinate System 

and t h e  Unit  North Vector 

F igure  11 shows t h a t  

This completes t h e  exp lana t ion  of a n  example s e t  of a s c e n t  boundary 
c o n d i t i o n s .  
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For a rendezvous miss ion ,  l e t  t h e  coord ina te s  of t he  t a r g e t  v e h i c l e  
( i n  t h e  same coord ina te  system as t h e  p u r s u i t  v e h i c l e )  be g iven  by t h e  
s ix-d imens i o n a l  vec to r  Y , where 

Then t h e  boundary cond i t ions  can be  w r i t t e n  i n  t h e  form: 

1 = 0  G 3 = - -  x3 
Y 3  

x6 

Y 6  
G 6 = - -  1 = 0. (74) 

Note t h a t  i n  t h e  above equat ions  t h e  va lues  of x1, x2, x3y x4, x5, and 
X 6  are a l l  taken a t  the  f i n a l  t i m e  and t h e  va lues  of y1,y2, ..., y6 
depend only  on t h e  f i n a l  t i m e  s o  t h a t  equat ions  (69) ,  (70) ,  ..., (74) 
form a s e t  of  boundary cond i t ions  i n  t h e  form G [ X ( t f ) , t f ]  = 0 where G. 
is a s ix-dimens i o n a l  vec to r .  

The preceding d i s c u s s i o n  completes t h e  exp lana t ion  of a l l  t h r e e  
sets of boundary cond i t ions .  Now the  o p e r a t i o n  of t h e  computer program 
i n  Appendix I w i l l  be explained i n  more d e t a i l .  The s t a r t i n g  p o i n t  w i l l  
be t h e  problem s t a t emen t  a f  equa t ion  (61) wi th  the  f ive-d imens iona l  
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G [ X ( t f ) , t f ]  v e c t o r  g iven  by equat ions  ( 5 4 ) ,  ( 5 5 ) ,  ( 5 6 ) ,  ( 5 7 ) ,  and ( 5 8 ) .  
A s  stated b e f o r e ,  G(t)  i s  assumed t o  have t h e  form 

i + Uo(t - 

I;, f tact - to ) /  

0 G(t)  = 

and t h e  parameters Eo and Go (appearing i n  t h e  E ( t )  express ion)  and tf 
are  used t o  s a t i s f y  c o n d i t i o n  ( c )  of  equat ion  (61). With t h e  preceding 
form f o r  i i ( t )  and t h e  f ixed  i n i t i a l  condi t ions  of c o n d i t i o n  (a )  i n  equa- 
t i o n  ( 6 1 ) ,  i t  can  b e  s t a t e d  t h a t  X ( t f )  depends only  on J, f3, Go, and t f ,  
where J and f3 are shown i n  f i g u r e  8, and d e f i n e  a u n i t  v e c t o r  fo r  Go as 
shown i n  t h e  e x p l a n a t i o n  fol lowing equat ion  ( 3 3 ) .  That i s ,  

cr 
vro I 

+ cos a [--I . ( 7 5 )  

It might a lso s e e m  t h a t  X ( t f )  should depend on t h e  magnitude of Eo, b u t  
t h e  d e f i n i t i o n  of ;(t) as a u n i t - v e c t o r  tends  t o  e l i m i n a t e  th i s  poss i -  
b i l i t y  because t h e  magnitude of Eo must a l s o  be  cons idered .  
any a r b i t r a r y  i n i t i a l  magnitude of Go w i l l  produce t h e  same X ( t f )  t h a t  
a n  i n i t i a l  magnitude of Eo equal  t o - o n e  would produce, when a and f3 are 
k e p t  the same and t h e  magnitude of Go is  a d j u s t e d  w i t h  t h e  r a t i o  of the 
two d i f f e r e n t  io magnitudes. 

That i s ,  

Now i t  can be  s ta ted  t h a t  G [ X ( t f ) , t f ]  and x 8 ( t f )  depend on a,  @, 
Eo, and t f .  Thus, two new v e c t o r s  (F and z )  can now be  def ined .  That 
i s ,  

I- 
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where 

I n  e q u a t i o n  (76),  n o t i c e  t h a t  F is a s ix-dimensional  v e c t o r  and z is  
a s ix-dimensional  v e c t o r .  The f a c t  t h a t  F and z are of t h e  same dimen- 
s i o n  i s  somewhat c o i n c i d e n t a l ,  s i n c e ,  f o r  t h e  fol lowing development, 
i t  i s  r e q u i r e d  o n l y  t h a t  t h e  dimension of z be  g r e a t e r  than  o r  e q u a l  
t o  t h e  dimension of F. Note a l s o  t h e  a r b i t r a r y  weight ing f a c t o r  W1 
whose use w i l l  be explained la te r .  

The preceding d i s c u s s i o n  al lows c o n d i t i o n  ( C  ) of equat ion  (61) .  
t o  b e  s t a t e d  i n  t h e  fol lowing form: Determine t h e  parameters a,  By ii, 
and tf t o  minimize FT F w i t h  a choice  of t h e  weight ing f a c t o r  W1 
which al lows GT G t o  be zero.  Note t h a t  F means F t ranspose  s o  t h a t  
FT F i s  a scalar ,  and s i m i l a r l y  f o r  GT G. To determine t h e  v e c t o r  of 
unknown parameters z ,  which minimizes FT F, a Taylor  series expansion 
of F about  a n  a r b i t r a r i l y  guessed v e c t o r  z'I' is  made .  

T 

That i s ,  

F (z )  = F(z'I') + (aF/dz)*(z - z '~)  + ... ~ (77) 

The n o t a t i o n  (aF/az);k means t h e  m a t r i x  of p a r t i a l  derivatives of t h e  
v e c t o r  F w i t h  respect t o  t h e  v e c t o r  z eva lua ted  a t  t h e  s tar  p o i n t .  
I ts  d e t e r m i n a t i o n  w i l l  be  explained la ter .  I f  (aF/az);k i n  e q u a t i o n  
(77) is  n o t  ze ro ,  t h e n  a v e c t o r  z can b e  determined such t h a t  
F(z) = KF(z") where K i s  a scalar such t h a t  0 S K 6  1. 
t h e  terms of o r d e r  g r e a t e r  than  one are neglec ted  i n  e q u a t i o n  (77) ,  
then  t h e  d i f f e r e n c e  i n  t h i s  l i n e a r  approximation t o  P ( z )  and KF(z9<) 
w i l l  depend on z. That i s ,  

A l s o ,  i f  a l l  

E(z) = F(z) - KF(z'I') 

= (1 - K)F(z'I') + (aF/dz)*(z - z"). 
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T Equation (77) shows t h a t  E ( z ) E ( z )  is a minimum when t h e  vec to r  z 
s a t  is f ies the f o l  lowing equat ion:  

Notice t h a t ,  i f  t h e  f u n c t i o n  F(z)  s a t i s f i e s  a p p r o p r i a t e  c o n t i n u i t y  condi- 
t i o n s ,  then  a va lue  of K c l o s e  enough t o  one can  be chosen s o  t h a t  t h e  
va lue  of z obta ined  from equa t ion  (79) w i l l  produce a va lue  of F(z) ,  
us ing  equa t ion  (77), that  w i l l  be  equal  t o  K F ( ~ * )  w i t h i n  any d e s i r e d  
degree of accuracy.  The computer program of  Appendix I uses  equa t ion  
(79) and some l o g i c  f o r  choosing a sequence of Wx's and a sequence of  
K's t o  determine a vec to r  z which minimizes F(z) .  S ince  t h e  program 
l i s t i n g  i s  se l f - exp lana to ry ,  an exp lana t ion  of t h e  l o g i c  is no t  
included here .  The only o t h e r  a s p e c t  of t h e  l i s t i n g  i n  Appendix I t o  
be explained is  t h e  de te rmina t ion  of (aF/az,) which appears  i n  equa- 
t i o n s  (77),  (78), and (79). 

Since the v e c t o r  F depends on X ( t f )  and tf i n  i t s  o r i g i n a l  form, 
(dF/az)* is obtained us ing  t h e  cha in  r u l e .  That  i s ,  

On t h e  r ight-hand s i d e  of equa t ion  ( 8 0 ) ,  i t  can be seen  t h a t  

are obta ined  by e x p l i c i t  p a r t i a l  d i f f e r e n t i a t i o n  of t h e  express ion  f o r  
F [ X ( t f ) , t f ]  w i t h  r e s p e c t  t o  t h e  v a r i a b l e s  X( t f )  and t f .  Also, t o  
f u r t h e r  e x p l a i n  t h e  o t h e r  two terms on t h e  f a r  r ight-hand s i d e  of 
equat ion  ( 8 0 ) ,  t h e  fo l lowing  d e f i n i t i o n s  a r e  repea ted :  

44 



= a, 

and 

aa 
aB 

at, 
at,. 

- 

at, - 

0 

0 

0 

0 

0 =I* 1 

I n  equa t ion  ( 8 2 ) ,  t h e  c h a i n  r u l e  i s  a g a i n  app l i ed  t o  t h e  f i r s t  two 
columns of the m a t r i x  f o r  a X ( t f ) / a z  t o  g i v e  

S ince  io, a, and 8 are assumed t o  be independent parameters, ato/da and 
%,/dg are zero.  Equation ( 7 5 )  g i v e s  t h e  r e l a t i o n  between a,  @, and Go 
so tha t  

- s i n  a [TI v r O  

vro I 
(85 
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and 

Now t h e  o n l y  undetermined matrices needed f o r  aF/& as g iven  by equa- 
t i o n  ( 8 0 ) ,  are  t h e  matrices dX(t , ) /bE0 and aX(tf)/&, which a p p e a r  i n  
equat ions  (82) ,  (83), and ( 8 4 ) .  These matrices must be  determined by 
numerical  i n t e g r a t i o n  of t h e  v a r i a t i o n ? l  equat ions .  
shows t h a t  X(to) and to are f i x e d  and X = f(X,u).  

Equation (61) 
Thus, 

and 

The i n i t i a l  c o n d i t i o n  matrices g iven  by equat ions  (87) and (88) a l l o w  
e q u a t i o n  (89) t o  be  i n t e g r a t e d  numer ica l ly  from to t o  tf t o  determine 
t h e  matrices aX(tf)/&, and aX( t f ) /ako .  Notice t h a t  t h e  matrices 

are obta ined  by e x p l i c i t  p a r t i a l  d i f f e r e n t i a t i o n  of  t h e  express ions  
f o r  f(X,E) and G ( t ) .  
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The preceding d i s c u s s i o n  completes an e x p l a n a t i o n  and b r i e f  
d e r i v a t i o n  of t h e  b a s i c  ideas included i n  t h e  computer program of 
Appendix I. For t h e  a c t u a l  express ions  of a l l  t h e  p a r t i a l  d e r i v a t i v e s  
and any o t h e r  e q u a t i o n s  of i n t e r e s t ,  t h e  reader is r e f e r r e d  t o  Appendix I. 

4 .  D e r i v a t i o n  of Opt imiza t ion  Condit ions 

I n  t h e  previous s e c t i o n  of t h i s  r e p o r t ,  t h e  o p t i m i z a t i o n  problem 

I n  t h i s  
descr ibed  by e q u a t i o n  (61) w a s  so lved  using t h e  parameter tf and t h e  
parameters Go and 8, appearing i n  a p a r t i c u l a r  form of { ( t ) .  
s e c t i o n ,  the o p t i m i z a t i o n  c o n d i t i o n s  needed t o  determine i i ( t )  s a t i s f y -  
i ng  e q u a t i o n  (61) w i l l  be derived wi thout  assuming a s p e c i f i e d  form 
f o r  G( t )  ( i . e . ,  t h e  o p t i m i z a t i o n  c o n d i t i o n s  w i l l  determine t h e  form 
f o r  G ( t ) ) .  The d e r i v a t i o n  used h e r e  i s  r a t h e r  informal ,  and i s  
included mainly t o  g i v e  t h e  reader a n  i d e a  about  t h e  b a s i s  f o r  o p t i -  
m i z a t i o n  c o n d i t i o n s  and t h e i r  form. A more p r e c i s e  d e r i v a t i o n  f o r  
s i m i l a r  problems can b e  found i n  r e f e r e n c e s  15 and 16. 

The f i r s t  s t e p  i n  t h i s  d e r i v a t i o n  is  t h e  d e f i n i t i o n  of a n  optimiza- 
t i o n  c r i t e r i a  (J) w i t h  t h e  c o n s t r a i n t s  ad jo ined  t o  J w i t h  v e c t o r s  of 
I 1  Lagrangian" m u l t i p l i e r s  (p and A).  That i s ,  

t 
0 

I n  e q u a t i o n  (90) p i s  t h e  v e c t o r  of m u l t i p l i e r s  a s s o c i a t e d  w i t h  t h e  con- 
s t r a i n t s  of c o n d i t i o n  ( c )  i n  equat ion  (61) ,  and A(t)  is t h e  v e c t o r  of 
m u l t i p l i e r s  a s s o c i a t e d  w i t h  t h e  c o n s t r a i n t s  of  c o n d i t i o n  (b) i n  equa- 
t i o n  (61).  Since p is  def ined t o  have t h e  s a m e  dimension as G and A 
t h e  same dimension as X,  i t  can be seen  t h a t  J is a s c a l a r .  For a 
g iven  s e t  of X ( t o )  and to, a minimizat ion of J ,  a s a t i s f a c t i o n  of 
c o n d i t i o n s  (b) of  equat ion  (61),  and a s a t i s f a c t i o n  of t h e  c o n d i t i o n  
g [ X ( t f ) , t f ]  = 0 by t h e  s e l e c t i o n  of  G(t)  w i l l  produce a minimum of 
X 8 ( t f )  and thus s o l v e  the  problem s t a t ed  i n  e q u a t i o n  (61).  

To minimize J as g iven  i n  e q u a t i o n  ( g o ) ,  w i t h  t h e  proper  s e l e c t i o n  
of a Ci(t), c o n s i d e r  t h e  class c of a l l  u ( t )  (where to 6 t 6 t f )  which 
s a t i s f y  t h e  d i f f e r e n t i a l  e q u a t i o n s  2 = f ( X , t )  and t h e  boundary condi- 
t i o n s  G [ X ( t f ) , t f ]  = 0. 
i n  t h i s  class and 6 u ( t )  a s m a l l  v a r i a t i o n  i n  Tk(t) such  t h a t  C ( t )  equal  t o  
@ ( t )  + 6i i ( t )  is i n  C. 
of J if 6J = 0 and 6*J > 0. 

L e t  ii"(t) denote  a p a r t i c u l a r  c o n t r o l  f u n c t i o n  

Then n"(t) w i l l  be  a t  least  a l o c a l  minimum 
The computer program i n  Appendix I can be 
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used t o  show t h a t  t h e  c l a s s  C is' n o t  emptyrand that-varLat$ans I 
(produced by a &(t)) are  a l s o  Tin C at  laeast 'forr some 7 0 . f ~  t h e ' s *  
Thus, t h e  computer program 4 n  Appendim -I. can be  iused-. t o  show t%e exis t ' -  3 

ence of a nonempty s u b c l a s s .  C? con ta ined .  fn I C  $ucha tha t . levery  >element * 

u ( t )  i n  C" is  continuous wi th  r e s p e c t  t o  t and has v a r i a t i o n s  6 a ( t )  
which produce continuous v a r i a t i o n s  i n  t h  a j e c t o r y  g iven  by X ( t ) .  
This i s  t h e  class of 
examination of 6J and 
s m a l l  v a r i a t i o n  6i i ( t ) -  

I 

i 

6J = Gx8(tf) + pT c' 

: I  I , I :  
L 
0 

I n  equa t ion  (91) t h e  t e r m  

can be in t eg ra fed  b ' 0 

t 
0 

X(to) is  f i x e d ,  6X(to) is ze ro ig ives  - 

< 4 t t  ,; 7 -  
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' i  i T ( t )  (93) 

( .  1 ! $2 

I t  

From equa t ion  (93),  t h e  l i s t  of necessa ry  co are obta ined  by 

(b) pT 6 " [ X ( t f ) , t f ]  = 0 

i 
, $ \  i 

Thus, any c a n d i d a t e  t r a j e c t o r y  f o r ,  the ,minimiea t ion ,  of J must s a t i s f y  
c o n d i t i o n s  (a), (b) ,  ( c ) ,  and (d)  of equa t ion  (94). Conditions (a) and 
(b) a r e  c a l l e d  t r a n s v e r s a l i t y  c o n d i t i o n s ,  c o n d i t i o n  (c) is t h e  d e f i n i n g  
d i f f e r e n t i a l  equa t ion  f o r  A ( t ) ,  and c o n d i t i o n  (d )  i s  used t o  d e f i n e  
t(t). The n e x t  s e c t i o n  of t h i s  r e p o r t  w i l l  e x p l a i n  more about  how 
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equat ion  (94) is  used t o  o b t a i n  c a n d i d a t e  t r a j e c t o r i e s  f o r  t h e  minimiza- 
t i o n  of J .  

A t  t h i s  p o i n t  tj2J could be  developed and examined t o  o b t a i n  t h e  
c o n d i t i o n s  which a s s u r e  t h a t  tj2J > 0, b u t  t h i s  has  a l r e a d y  been done 
and explained very  w e l l  i n  c h a p t e r  6 o f  r e f e r e n c e  16. Thus, i t  w i l l  
n o t  be done a g a i n  h e r e ,  b u t  t h e  reader is urged t o  examine t h i s  material 
t o  understand t h e  fo l lowing  s u f f i c i e n c y  c o n d i t i o n s  which w i l l  be given.  
That  is, tj2J > 0, i f  

(a )  is  n e g a t i v e  d e f i n i t e ,  
a q t )  a;;(t) (95) 

(b) t h e  normal i ty  c o n d i t i o n  is  s a t i s f i e d  on a t r a j e c t o r y  which 
s a t i s f i e s  equat ions  (94) and (a )  above, 

(c )  no conjugate  p o i n t s  occur  on a t r a j e c t o r y  which s a t i s f i e s  
equat ions  (94) and (a )  above. 

I n  equat ion  (95),  c o n d i t i o n  (a )  is  u s u a l l y  called t h e  s t rengthened  
Legendre-Clebsch c o n d i t i o n  and can be  combined w i t h  c o n d i t i o n  (d )  of  
equat ion  (94)  t o  s a y  t h a t  

H( t )  = AT f [ X ( t ) , ; ( t ) ]  (96) 

must be a l o c a l  maximum w i t h  r e s p e c t  t o  ; ( t )  f o r  to S t S t f .  
t i o n  of t h e  meaning of c o n d i t i o n s  (b) and (c) of equat ion  (95) w i l l  be 
deferred u n t i l  s e c t i o n  6 on t h e  s o l u t i o n  of t h e  boundary v a l u e  problem 
r e s u l t i n g  from an a p p l i c a t i o n  o f  the o t h e r  o p t i m i z a t i o n  c o n d i t i o n s  j u s t  
developed. This  completes t h e  d e r i v a t i o n  and e x p l a n a t i o n  of t h e  opt imiza-  
t i o n  c o n d i t i o n s  which w i l l  be used i n  t h e  next  s e c t i o n .  

An explana- 

5. A p p l i c a t i o n  of Optimizat ion Equations 

The complete s e t  of d i f f e r e n t i a l  equat ions  i n  f i r s t  o r d e r  form t o  
be used  f o r  t h i s  i l l u s t r a t i o n  is g i v e n  by 
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- [(V, Vr)l/2(C* + 27 c2 ) - 27 c2 (Vr * U)] Gr) 
La La 

x7 = m 

& = k,b + k2(e/do)p 1/21 V r I 3  - 

With t h e s e  d i f f e r e n t i a l  equa t ions  t h e  Hamiltonian H( t )  def ined  by equa- 
t i o n  (96) can be  w r i t t e n  as 

(equat ion  (98) cont inued on nex t  page) 
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+ A7lil 

To maximize H( t )  w i th  respect t o  i ( t ) y  only t h e  terms involv ing  ; ( t )  
need t o  be cons idered .  That i s ,  

-l -1 

(99) . I #  

Then H( t )  can be w r i t t e n  as 

H( t )  = z ( t )  + H ' ( t )  = i ( t )  + h T ( t )  u ( t ) ,  (100) 

- 2  
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where . ,  . 

and 

s o  t h a t  E ( t )  becomes the  a c t u a l  c o n t r o l  v a r i a b l e  which is usLed t o  m 
on ' ( 9 4 )  t o  equat ion  (IO 
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w i t h  

g i v e s  

A s  can be  s e e n  i n  e q u a t i o n  (104), 

when p ( t )  = + h ( t ) .  
t i o n  (100) w i l l  show t h a t  

A l s o ,  c o n d i t i o n  (a )  of e q u a t i o n  (95) appl ied  t o  equa- 

w i l l  b e  a n e g a t i v e  d e f i n i t e  m a t r i x  only  i f  p ( t )  = f i ( t ) .  
opt imal  c o n t r o l  C ( t )  f o r  to S t 5 tf is determined by 

Thus, t h e  

( 1 0 5 )  
i ( t )  

lib>/ ' 
{ ( t )  = 

where h ( t )  is g iven  by e q u a t i o n  (102). 
t h e  va lues  of some of t h e  m u l t i p l i e r s  A,,Az, 
t t o  determine G( t ) .  Thus, t h e  d i f f e r e n t i a l  equat ions  f o r  t h e s e  mul t i -  
p l i e r s  g i v e n  by c o n d i t i o n  (c )  of  equat ion  ( 9 4 )  must be used. This  
equat ion  can  be w r i t t e n  i n  t h e  form 

A s  can be seen  i n  e q u a t i o n  ( 1 0 2 ) ,  
..., As are needed a t  each 

where H is  given i n  e q u a t i o n  (98).  To t a k e  the p a r t i a l  derivatives 
i n d i c a t e d  i n  equat ion  (106) and w r i t e  e x p l i c i t  equa t ions  fo r  t h e  7 ' s  
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is  a r a t h e r  lengthy  t a s k  and thus w i l l  n o t  be  included he re .  The 
F o r t r a n  express ions  f o r  t h e s e  d i f f e r e n t i a l  equat ions  can be found i n  
t h e  d i f f e r e n t i a l  e q u a t i o n  s u b r o u t i n e  (DEQ) of t h e  computer program 
l i s t i n g  i n  Appendix 11. 
A ( t o ) ,  and t o ) ,  t h i s  computer program i n t e g r a t e s  numer ica l ly  t h e  d i f -  
f e r e n t i a l  equat ions  g iven  by equat ions  ( 9 7 )  and (106) and uses  e q u a t i o n  
(105) t o  y i e l d  a t  each t (where to 5 t 5 t f )  a v a l u e  f o r  X ( t ) ,  A ( t ) ,  
and ; ( t )  e The numerical  i n t e g r a t i o n  of t h e  d i f f e r e n t i a l  equat ions  s t o p s  
a t  a g iven  t i m e  ( t f ) .  A t  t h i s  t i m e  tf c o n d i t i o n s  (a) and (b) of equa- 
t i o n  ( 9 4 )  can b e  appl ied  t o  any of t h e  t h r e e  sets of boundary c o n d i t i o n s  
( G ' s )  descr ibed  i n  s e c t i o n  (3 )  t o  g i v e  t h e  t r a n s v e r s a l i t y  c o n d i t i o n s  
which complete t h e  boundary v a l u e  problem. As a n  example, equat ions  
( 5 4 ) ,  (55), ( 5 6 ) ,  (57) ,  and (58) are used,  and t h e  r e s u l t  is t h e  equa- 
t i o n s  l i s t e d  i n  s u b r o u t i n e  BOUND of Appendix 11. A s  can be  s e e n  i n  t h i s  
s u b r o u t i n e ,  o r  i n  c o n d i t i o n s  ( a )  and (b) of e q u a t i o n  ( 9 4 ) ,  values  f o r  
t h e  end c o n d i t i o n  m u l t i p l i e r s  ( p ' s )  must be  g iven  t o  e v a l u a t e  t h e  
t r a n s v e r s a l i t y  c o n d i t i o n s .  

For a g iven  s e t  of i n i t i a l  c o n d i t i o n s  (X(to),  

This  completes t h e  d i s c u s s i o n  of t h e  a p p l i c a t i o n  of t h e  opt imiza-  
t i o n  c o n d i t i o n s  developed i n  t h e  previ.ous s e c t i o n .  To re i te ra te  t h e  
s t e p s  i n  t h e  c a l c u l a t i o n  of  a candida te  opt imal  t r a j e c t o r y ,  t h e  fol lowing 
s t e p s  are l i s t e d  and ca l led  equat ion  (107): 

(a )  Values of X(to) and to are g iven  as f i x e d  va lues .  

(b) 

(c) The d i f f e r e n t i a l  equat ions  

Values of A(to) ,  p ,  and tf must b e  known o r  determined. 

w i t h  

(where h ( t )  is def ined  by equat ion  (102))  must b e  i n t e g r a t e d  
numer ica l ly  t o  tf w i t h  t h e  i n i t i a l  c o n d i t i o n s  g i v e n  i n  condi-  
t i o n s  (a )  and (b) .  

(equat ion  (107) cont inued on n e x t  page) 
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(d )  The kwwn or  

I )  

i 

-. * 
6. S o l u t i o n  of Boundary Value Problem I 

boundary c o n d i t i o n s  g iven  i n  (d) of e q u a t i o p  (%07) can b e  wr i t t en  as 

! '  \ 

F[A(tO) ,P , t f I  = 0, (108) 

- I  1 

where t h e  dimension of F i s  equa l  t o  ' t h e  of G, p lus  t h e  dimen- 
s i o n  of A, p l u s  one. A c t u a l l y  F has the form 
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b u t  X( t f )  and 'h( t f )  appear ing  i n  the r ight-hand s i d e  of the above equa- ' 

t i o n  depend i m p l i c i t l y  on A(to) which leads t o  the f u n c t i o n a l  form giirerr 
i n  equa t ion  (108). 
by ?$,p",t$), a Taylor  series expansion can  be w r i t t e n :  

Now f o r  a guessed se t  of A(to) ,  p,  and tf (denoted 

The h ighe r  o r d e r  terms i n  t h e  above expres s ion  can be neg lec t ed ,  a 
fudge f a c t o r  K (where 0 < K 5 1) can be chosen,  and t h e  above equa t ion  
so lved  t o  y i e l d  the c o r r e c t i o n s  (nh ( to ) ,  p ,  and A t f )  which, when added 

o ,  p',' and tf and used t o  g e n e r a t e  a new t r a j e c t o r y ,  w i l l  produce a 
decrease i n  the  error t e r m  FT F, 

to p'; 
That i s ,  

It can  be  s e e n  t h a t ,  as long as the m a t r i x  which must be  inve r t ed  i n  
t h e  above equa t ion  is  nons ingu la r ,  a va lue  f o r  K can be  chosen as c l o s e  
t o  z e r o a s  necessa ry  t o  g i v e  a s e t  of c o r r e c t i o  
which, when used t o  gene ra t e  a new t r a j e c t o r y ,  
r o o t  of t h e  e r r o r  t e r m  ( W F )  less than  o r  equal  t o  1 - K t i m e s  t h e  squa re  
r o o t  of t h e  o r i g i n a l  e r r o r  (JFT(AZ,pJS, t$) F(A;,p*, t$). 

( to ) ,  Ap, and Atg) 
ake the squa re  

Thus , i f  equa- 
t i o n  (111) i s  used i t e r a t i v e l y  and t h e  Ga t r ix - inve r se  cont inues  t o  
e x i s t ,  a s e t  of va lues  f o r  A ( t o ) ,  p ,  and tf can  be found which w i l l  
make FIA(to) , p ,  t f ]  = 0. 

I 

To o b t a i n  numerical  va lues  f o r  t h e  matrices 
I 2  , )  i 

[ a F [ w o j , P - t f i  
a t  f 

and 
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t h e  c h a i n  r u l e  is used on t h e  form of F g iven  i n  equat ion  (109) and 
r e s u l t s  i n  t h e  fol lowing equat ion:  

is  obtained by e x p l i c i t  p a r t i a l  d i f f e r e n t i a t i o n  of t h e  express ion  f o r  
F [ h ( t o ) , p , t f ]  g iven  by equat ion  (109).  Thus, t h e  e x p r e s s i o n  f o r  

can  be  w r i t t e n  by combining the express ions  i n  equat ions  (112)  and (113) 
w i t h  t h e  express ions  f o r  

58 



I n  e q u a t i o n  (112) t h e  matrices 

can b e  obtained by e x p l i c i t  p a r t i a l  d i f f e r e n t i a t i o n ,  b u t  t h e  matrices 

must b e  obtained from t h e  numerical  i n t e g r a t i o n  of  t h e  fol lowing s e t  
of m a t r i x  d i f f e r e n t i a l  equat ions:  

] @$) + [ ax d i i ( t )  
P A T f  (X(t)  , G ( t ) )  
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Note t h a t  c o n d i t i o n  (c) above a l lows  

t o  be determined a t  each i n s t a n t  of t i m e  because t h e  s t r eng thened  
Legendre Clebsch c o n d i t i o n  r e q u i r e s  t h e  ma t r ix  

2ATf(X(t) . i i( t))  [" &(t) &(t) 

t o  be nega t ive  d e f i n i t e .  T , t h e  above s y s  i n t e g r a t e d  , 

numer ica l ly  a long  w i t h  t h e  s t e m  g iven  i n  e 07),  ps ing  t h e  
guessed va lues  (?$,p*,t2) and t h e  i n i t i a l  con 

ax.cto) 
awe) = [ O ]  and = [I]. 

This completes t h e  exp lana t ion  of Newton's method f o r  t h e  s o l u t i o n  of 
t h e  boundary va lue  problem. 

When a s o l u t i o n  of t h e  boundary va lue  problem by Newton's method 
is  obta ined  as d i scussed  p rev ious ly ,   the s u f f i c i e n c y  cond i t ions  g iven  
by c o n d i t i o n s  (b )<and  (c) o qua t ion  (95) can  be checked very  e a s i l y .  
The no rma l i ty  c o n d i t i o n  w i l l  be s a t i s f i e d  i f  t h e  matrix 

is p o s i t i v e  d e f i n  ed €or va lues  of A ( t o ) , p y  and tf which 
s a t i s f y  equa t ion  (10 e 1 7  g ives  a ve ry  good exp lana t ion  and 
a computer program l i s t i n g  f o r  de te rmining  t h e  d e f i n i t e n e s s  of a mat r ix .  
The proof of t h i s  no rma l i ty  c o n d i t i o n ' s  c o n t r i b u t i o n  t o  t h e  s u f f i c i e n c y  
cond i , t ions r e q u i  ion of t h e  second 

mpted  .here .  I , 

The easiest  way t o  check a t r a j e c t o r y  s a t i s f y i n g  equa t ion  (107) f o r  
conjugate  p o i n t s  is t o  g e n e r a t e  t nce mat r ix .  To do 

h 
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t h i s  t h e  d i f f e r e n t i a l  e q u a t i o n  f o r  t h e  t r a n s i t i o n  matrices 

are needed. These are obtained as equat ions  (114) were obta.ined. 
That  i s  , 

(a) d d t  (F) X ( t o )  = $& Uto) = same as (114) w i t h  A(to) 

replaced by X ( t o ) .  

(115) = same as (114) w i t h  A(to) 

rep laced  by X(to) .  

( c )  [O] = same as (114) w i t h  A(to) rep laced  by X ( t  0 ).  

The i n i t i a l  c o n d i t i o n s  f o r  t h e s e  equat ions  are 

Thus, f o r  va lues  of A ( t o ) ,  p ,  and tf which s a t i s f y  equat ions  (107), t h e  
t r a n s  i t i o n  matrices 

where (to 5 t S t f )  can be  obta ined  by numer ica l ly  i n t e g r a t i n g  equa- 
t i o n s  (114) and (115). Also needed are t h e  v e c t o r s  
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which are def ined  by d i f f e r e n t i a l  equat ions  s i m i l a r  t o  equat ions  (114) 
and (115). That is  

( a )  & (-) = 
= s a m e  as (114) w i t h  A(to) 

rep laced  by to. 
at0 

(b) & (v) = 9 = same as (114) w i t h  A(to) 
0 

rep laced  by to. 

(c )  [ O ]  = same as (114) w i t h  A(to) rep laced  by to. 

Note t h a t  a X ( t o ) / a t o  = g o  and hA(to) /d to  = h,. 

With a l l  of t h e s e  t r a n s i t i o n  matrices, a s e t  of t r a j e c t o r i e s  about 
t h e  t r a j e c t o r y - s a t i s f y i n g  e q u a t i o n  (107) can be  represented  by 

Equations (117)  and (118) s t a t e  t h a t  s m a l l  changes i n  t h e  i n i t i a l  condi- 
t i o n s  which s a t i s f y  equat ions  (107) are mapped by t h e  t r a n s i t i o n  
matrices i n t o  s m a l l  changes AX and nh a t  any t i m e  t where to 5 t 5 t f .  
I n  t h e  s e t  of t r a j e c t o r i e s  def ined by equat ions  (117) and ( 1 1 8 ) ,  a sub- 
s e t  can be  def ined  ( a l l  of which s a t i s f y  equat ion  (107)) by r e q u i r i n g  
t h e  AX(t,) and n h ( t f )  produced by AX(to), &( to ) ,  and At, t o  s a t i s f y  
c o n d i t i o n  ( d )  of e q u a t i o n  (107) .  Thus, AF produced by s u b s t i t u t i n g  
AX(tf) and nh(tf) i n t o  e q u a t i o n  (109) must be zero.  That i s ,  
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S u b s t i t u t i n g  equat ions  (117)  and (118) (evaluated a t  t f )  i n t o  (119) 
g i v e s  

+ (3 Mo + @J At0] + (g) np + i Atf = 0. 

Equation (120) can be w r i t t e n  as 

- -  

[A I 

where 

Note t h a t  A is  t h e  same m a t r i x  which appears  i n  equat ions  (110) and 
(111) and must be  p o s i t i v e  d e f i n i t e  from t h e  normal i ty  c o n d i t i o n .  
Thus, A is  nons ingular  s o  t h a t  
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Equat ion (122)  can  be p a r t i t i o n e d  t o  give 

(a) aho = D, AXo + D2 Ato 

(b) @ = D ~ J  LXo + D4 Ato 

(c) Atf = D5 AXo + D6 Ato 

(123) 

where 

Now e i the r  Atf o r  Ato c a n  be chosen t o  be  ze ro .  
of  comparison, i t  is  b e t t e r  t o  choose Atf t o  be zero .  
t i o n  (123) p a r t  (c) ,  it can  b e  s e e n  t h a t  

Usual ly ,  f o r  purposes 
Then, from equa- 

At = -(l/D6) D5 AXo- (124) 
0 

Equat ion (124) c a n  be s u b s t i t u t e d  i n t o  p a r t s  (a) and (b) of equat ion  
(123) t o  g i v e  

Now p a r t  (a) of e q u a t i o n  (125) and equat ion  (124) can h e  s u b s t i t u t e d  
i n t o  equat ions  (117). That i s ,  
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Equations (126) and (127)  can  be r e w r i t t e n  t o  g i v e  

m ( t )  = P ( t )  n x ( t  ) 
0 

The m a t r i x  P ( t )  which appears  i n  e q u a t i o n  (128) i s  t h e  mat r ix  which 
must be  nons ingular  f o r  a l l  t (where to S t < t f )  i n  order  t o  s t a t e  t h a t  
no conjugate  p o i n t s  e x i s t  on t h e  t r a j e c t o r y  s a t i s f y i n g  equat ion  (107) ~ 

Thus, t h i s  m a t r i x  can be computed a t  each t i m e  t and i n v e r t e d  i f  i t  i s  
nons ingular  ( i . e . ,  i t s  de te rminant  is  nonzero).  I f  t h e r e  are no c o n j u g a t e  
p o i n t s  on a n  opt imal  t r a j e c t o r y ,  then  l i n e a r  feedback guidance can be 
accomplished by s o l v i n g  equat ions  (128) f o r  @Xo and s u b s t i t u t i n g  t h e  
r e s u l t  i n t o  e q u a t i o n  (129). That  i s ,  

A l s o ,  t h e  s o l u t i o n  of equat ion  (128) f o r  M ( t o )  must be s u b s t i t u t e d  i n t o  
equat ions  (124) and p a r t  (b) of  (125) t o  g i v e  

Then equat ions  (130), (131), and (132) are t h e  l i n e a r  feedback guidance 
equat ions .  That  i s ,  f o r  a measured o r  g iven  v a l u e  of M ( t )  (where 
to S t < t f ) ,  nh(t) ,  Ap, and Ato  can  b e  computed. Note t h a t ,  w i t h  
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values  f o r  AX(t) and AA(t), equa t ion  (105) can be  used t o  compute G(t)  
d i r e c t l y ,  o r  i f  equa t ion  (105) i s  l i n e a r i z e d , t h e n  AE(t)  can be  computed, 
which is  t h e  usua l  form of feedback guidance.  I n  t h e  p r e s e n t  MASCOT 
implementations,  equat ions  (130), (131),  and (132) are n o t  used, b u t  
they  are now be ing  examined f o r  use i n  improving t h e  computat ional  
s p e e d  of  t h e  atmospheric  p o r t i o n  of MASCOT. 

The preceding d i s c u s s i o n  completes t h e  s o l u t i o n  of t h e  boundary 
v a l u e  problem by Newton's method and shows how t h e  complete se t  of 
s u f f i c i e n t  c o n d i t i o n s  can  a l s o  be checked w i t h  l i t t l e  a d d i t i o n a l  
e f f o r t .  As can be  s e e n ,  t h i s  approach d i f f e r s  from t h e  "sweep" method 
explained i n  c h a p t e r  6 of  r e f e r e n c e  16. A f t e r  examining t h e  computa- 
t i o n a l  a s p e c t s  and f l e x i b i l i t y  of b o t h  procedures ,  Newton's method 
(as  explained h e r e )  has been selected as t h e  most f a v o r a b l e  approach 
f o r  s o l v i n g  the  boundary v a l u e  problem and a l s o  f o r  performing t h e  
s u f f i c i e n t  c o n d i t i o n  c%ecks. More s u p p o r t  f o r  t h i s  viewpoint can be  
found i n  some of t h e  s ta tements  and numerical  r e s u l t s  of r e f e r e n c e  15. 

A c o n s i d e r a b l e  amount of e f f o r t  is  involved i n  e s t a b l i s h i n g  a com- 
p u t e r  program t o  perform a s o l u t i o n  of  t h e  boundary v a l u e  problem and 
make t h e  s u f f i c i e n c y  c o n d i t i o n  checks by Newton's method. Thus , 
s impler  methods are u s u a l l y  used f o r  problems which are i n  a n  e a r l y  
and formula t ive  s t a g e  of development. One of  t h e  most effect ive 
examples o f  t h e s e  s i m p l e r  approaches f o r  s o l v i n g  t h e  boundary va lue  
problem is  a m o d i f i c a t i o n  of t h e  s e c a n t  method, which w i l l  be explained 
nex t .  

As b e f o r e ,  t h e  boundary va lues  as given by e q u a t i o n  (108) must be  
s a t i s f i ed .  To s i m p l i f y  t h e  n o t a t i o n ,  a new v e c t o r  w i l l  be  def ined  as 

x =  (133) 

Note t h a t  t h i s  X as def ined  above has  no r e l a t i o n  t o  any previous d e f i n i -  
t i o n  of X. Then t h e  s o l u t i o n  of t h e  boundary va lue  problem i s  a v e c t o r  
X = ( x l , x 2 ,  ..., xn) t h a t  w i l l  s a t i s f y  e q u a t i o n  (108) w r i t t e n  i n  t h e  
fol lowing form: 
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I n  t h e  e x p l a n a t i o n  t o  fo l low,  f o r  a g iven  s e t  of va lues  of t h e  X I S ,  
t h e  f ' s  can b e  eva lua ted  o n l y  by numer ica l ly  i n t e g r a t i n g  t h e  d i f f e r e n t i a l  
equat ions  w i t h  t h e i r  g iven  i n i t i a l  c o n d i t i o n s  and t h e  given s e t  of  va lues  
of t h e  X ' s  completing t h e  i n i t i a l  c o n d i t i o n s .  I f  a c o a s t i n g  phase occurs  
a t  any p o i n t  dur ing  t h i s  numerical  i n t e g r a t i o n  procedure,  very  r a p i d  
closed-form s o l u t i o n s  are a v a i l a b l e  C8, 9,  10, 111 t o  o b t a i n  t h e  t ra jec-  
t o r y  a c r o s s  t h i s  c o a s t i n g  arc wi thout  t h e  need f o r  time-consuming 
numerical  i n t e g r a t i o n .  Then a f t e r  t h e  i n t e g r a t i o n  i s  complete,  t h e  f ' s  
can be  eva lua ted .  There are many techniques a v a i l a b l e  f o r  numerical ly  
i n t e g r a t i n g  o r d i n a r y  n o n l i n e a r  d i f f e r e n t i a l  equat ions  (such as Runge- 
K u t t a  and Shanks formulas) ,  b u t  t h e  most e f fec t ive  y e t  developed are  
g iven  i n  r e f e r e n c e s  18 and 19 .  Thus, w i t h  a g iven  numerical  i n t e g r a -  
t i o n  technique,  t h e  func t ions  f can  be eva lua ted  f o r  each s e t  of X ' s .  
As  can be s e e n  i n  t h e  e x p l a n a t i o n  t o  fo l low,  t h e  t r a n s i t i o n  m a t r i x  d i f -  
f e r e n t i a l  e q u a t i o n s  (113) are n o t  needed f o r  t h i s  approach, which accounts  
f o r  most of i t s  s i m p l i c i t y .  

This  method begins  w i t h  a reasonable  b u t  nonethe less  a r b i t r a r y  f i r s t  
choice  of x1,x2, ..., x,. A v a r i a t i o n  i n  each  of t h e  x ' s  must be made .  
One p o s s i b i l i t y  i s  t o  d g f i n e  

yi = kiXi, i = 1, 

and then  s e t  up t h e  

EX1 = 

matr ix  [XI: 

..., n and 0 5 ki < 1 (135) 

Note t h a t  j = n + 1, and hence [ X I  i s  an n + 1 X n m a t r i x .  

Now, f o r  each  of t h e  j rows of [XI, Xi, e v a l u a t e  t h e  n f ' s .  
r e s u l t s  i n  a j X n mat r ix  of f va lues .  S e t  

P I  = 

- 
fll f12 - 0 .  f l n  

f21 f22 * * .  f2n 

This  

(137) 
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I n  o r d e r  t o  make [XI square  ( f o r  reasons t o  be  seen ) ,  make U t h e  
j t h  column of [XI, where U is  a column v e c t o r  of j l ' s ,  and d e f i n e  

The next  s t e p  i n  t h e  procedure is t o  t r y  t o  r e p l a c e  the row of [ X I  
which r e s u l t e d  i n  t h e  "worst" row of [F] ( f o r  example, t h e  one having 
t h e  maximum sum of t h e  squares  of  t h e  f i ,  assuming proper  normal iza t ion)  
by a n  Xnew which r e s u l t s  i n  an improved F. To do t h i s ,  f i r s t  q o t e  
t h a t  a m a t r i x  [A] e x i s t s  which has  t h e  p r o p e r t y  

and s e t  

[Xnew 1 1][Al = Fnew, 

where Xnew is  a v e c t o r  of  t h e  unknowns t h a t  should produce Fnew and 

= c .  Fold, 0 5 C < 1 Fnew 

and Fold is  a row of [F] selected by v i r t u e  of i t s  having t h e  minimum 
sum of squares  of t h e  f i .  Note h e r e  t h a t  an Xnew i s  d e s i r e d  whlch w i l l  
l e a d  t o  the "worst" row of F be ing  rep laced  by one b e t t e r  than  the "best" 
row of [F]. 

From (139),  
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and t h e r e f o r e  (140) becomes 

new' [X new I 
11 [XI- '  [F] = F 

The s o l u t i o n  f o r  Xne, proceeds as fo l lows:  Le t  

PT = [x new I 11 [ X l - l ,  

(143) 

(144) 

where P i s  a j = n + 1 column v e c t o r .  Then, using (144) i n  (143),  

T 
new * o r  [FIT P = F T 

p [F I  = Fnew (145) 

Equations (145) are  a s e t  of n equa t ions  i n  j = n + 1 unknowns. However, 
from (144) 

Looking back a t  (138), no te  t h a t  [XIT has a bottom row of l ' s ,  s o  
t h a t  from (146) , t h e  fo l lowing  equa t ion  i s  obta ined:  

j 

Pi = 1. 

i=l 

(147) 
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This  provides  t h e  j t h  e q u a t i o n  needed t o  s o l v e  f o r  t h e  j unknowns 
above, as a system of s imultaneous e q u a t i o n s ;  i .e . ,  

and )1: Pi = 1 T 
IF1 p = Fnew 

i=l 

are s u f f i c i e n t  t o  o b t a i n  t h e  j components of P. 

This  may a l s o  be w r i t t e n  

FT [-p- 
m [Fp'] , ( 1 4 9 )  

where UT i s  a row of v e c t o r  of j 1 ' s .  

The nonexis tence of t h e  i n v e r s e  i n  (149) does n o t  n e c e s s a r i l y  imply 
t h a t  t h e  s o l u t i o n  as a s e t  of s imultaneous equat ions  does n o t  e x i s t ,  
s i n c e  t h e  rank  of t h e  augmented m a t r i x  may be  t h e  s a m e  as t h e  o r i g i n a l  
one. 

Once P is  known, ( 1 4 7 )  g i v e s  Xnew, s i n c e  from (146) 

This completes t h e  d i s c u s s i o n  of  t h e  methods f o r  s o l v i n g  t h e  
boundary v a l u e  problem as given by e q u a t i o n  (107).  Several computer 
programs are a v a i l a b l e  from t h e  a u t h o r s  f o r  s o l v i n g  the  boundary v a l u e  
problem as given by e q u a t i o n  ( 1 0 7 ) .  The l i s t i n g  of  t h e s e  computer 
programs are n o t  included h e r e  because they  are almost  c o n s t a n t l y  
be ing  modified.  Some p r e l i m i n a r y  r e s u l t s  on space s h u t t l e  type 
v e h i c l e s  have been obtained w i t h  t h e  s e c a n t  method (as explained here) 
and they  are d iscussed  i n  t h e  R e s u l t s  s e c t i o n  of t h i s  r e p o r t .  I n  refer- 
ence 9 ,  a computer program l i s t i n g  f o r  a Newton's method s o l u t i o n  of 
t h e  Vacuum T r a j e c t o r y  Optimizat ion problem is given.  This  program, 
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c a l l e d  SWITCH, i s  a v a i l a b l e  f o r  u se .  I n  r e f e r e n c e  8 some examples o f  
t h e  a p p l i c a t i o n  o f  feedback guidance a s s o c i a t e d  wi th  Newton's method 
a r e  g iven  t o  show t h a t  feedback guidance ma t r i ces  can be used f o r  
guidance and t o  check f o r  t h e  s a t i s f a c t i o n  of s u f f i c i e n c y  cond i t ions .  

D. Conclusion o f  Mathematical  Development 

The mathematical  development presented  h e r e  f o r  t he ,  MASCOT concept  
has  o f  n e c e s s i t y  been r a t h e r  complicated.  It i s  hoped t h a t  t h e  r eade r  i s  
a b l e  t o  spend enough t ime s tudying  t h e  i d e a s  presented  so t h a t  he can 
understand them. This  unders tanding  of  t h e  gene ra l  i dea  and t h e  numeri- 
c a l  r e s u l t s  presented  i n  t h e  nex t  s e c t i o n  should convince most r e a d e r s  
t h a t  t h e  MASCOT concept as o u t l i n e d  he re  can  be  developed i n t o  an  e f f i c -  
i e n t ,  e f f e c t i v e ,  and f l e x i b l e  guidance scheme f o r  v e h i c l e s  of  t h e  space 
s h u t t l e  type.  

To r e i t e r a t e  and emphasize t h e  key mathematical  i deas  d iscussed  i n  
t h i s  s e c t i o n  which now make t h e  onboard s o l u t i o n  of  t h e  t r a j e c t o r y  
o p t i m i z a t i o n  problem (MASCOT) an a t t r a c t i v e  guidance scheme f o r  space 
s h u t t l e  type  v e h i c l e s ,  t h e  fo l lowing  s t a t emen t s  are l i s t e d :  

F i r s t ,  t h e  u n i f i e d  set o f  guidance equat ions  and performance 
c r i t e r i a  w i l l  r educe  t h e  computer s t o r a g e  requirements  f o r  onboard 
implementation. 

Second, t h e  techniques  f o r  o b t a i n i n g  a s o l u t i o n  of t h e  boundary- 
v a l u e  problem have been c a r e f u l l y  s tud ied  and t h e  so -ca l l ed  "shoot ing 
method" s e l e c t e d  because o f  i t s  speed and r e l i a b i l i t y .  The shoot ing  
method a lgor i thm i s  easy t o  program and i s  compact i n  s i z e .  The 
a l t e r n a t i v e s  t o  t h e  shoot ing  method, such a s  s t e e p e s t  descen t  and quas i -  
l i n e a r i z a t i o n ,  must u se  s t o r e d  t i m e  func t ions  so t h a t  t h e  s i z e  and com- 
p l e x i t y  o f  t h e  a lgor i thms a r e  inc reased .  

Thi rd ,  t h e  development of  t h e  Fehlberg- type,  Runge-Kutta numerical  
i n t e g r a t i o n  r o u t i n e s  has s i g n i f i c a n t l y  speeded up t h e  numerical  i n t e g r a -  
t i o n  process .  Fur ther  improvements t o  numerical  i n t e g r a t i o n  techniques ,  
such as t h e  v a r i a t i o n  o f  parameters  method o f  r e f e r e n c e  20, can a l s o  be 
e a s i l y  incorpora ted  i n t o  t h e  technique .  

Fourth,  s i n c e  t h e  boundary v a l u e  problem can be  cons idered  as t h e  
problem o f  f i n d i n g .  t h e  s o l u t i o n  t o  a system o f  s imultaneous nonl inear  
equa t ions ,  any improvements i n  t h e s e  techniques  which may occur  i n  t h e  
f u t u r e  can a g a i n  be  incorpora ted  e a s i l y  i n t o  t h e  technique .  

F i n a l l y ,  t h e  many improvements i n  computat ional  hardware which 
have r e s u l t e d  i n  f l i gh t -wor thy  high-speed d i g i t a l  computers a l s o  adds 
t o  t h e  a t t r a c t i v e n e s s  of  t h e  concept .  
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V I I .  NUMERICAL RESULTS 

The r e sources  f o r  developing t h e  OPGUID, SWITCH, and MASCOT a lgo-  
rithms have been l i m i t e d .  To o b t a i n  t h e  maximum b e n e f i t  from a v a i l a b l e  
funds and manpower, t h e  e f f o r t  has  been concen t r a t ed  i n  t h e  area o f  
problem formula t ion  and improving t h e  numerical  t echniques  needed t o  
s o l v e  t h e  r e s u l t i n g  boundary v a l u e  problem r a t h e r  t han  i n  performing 
d e t a i l e d  guidance s imula t ions .  Therefore ,  on ly  l i m i t e d  r e s u l t s  are 
a v a i l a b l e  a t  t h i s  time. 
paragraphs.  The r e s u l t s  o f  t h e  d e t a i l e d  guidance s imula t ion  s t u d i e s  
now be ing  performed w i l l  be publ i shed  a t  a l a t e r  d a t e .  

These w i l l  b e  d i scussed  i n  t h e  fo l lowing  

A. OPGUID 

The f e a s i b i l i t y  o f  so lv ing  t h e  t r a j e c t o r y  o p t i m i z a t i o n  problem i n  
r e a l  t i m e  f o r  onboard guidance w a s  demonstrated i n  1966 by Brown and 
Johnson [71 f o r  an a s c e n t  t o  o r b i t  miss ion  (vacuum). 
r e s u l t s  can be found i n  t h e  l i t e r a t u r e ,  they  w i l l  on ly  be summarized 
here .  

S ince  these  

The miss ion  s e l e c t e d  w a s  a scen t  t o  a c i r c u l a r  o r b i t  w i t h  t h e  S-IVB 
s t a g e  o f  t h e  AS-204 v e h i c l e .  To e v a l u a t e  t h e  s t a b i l i t y  and o p t i m a l i t y  
c h a r a c t e r i s t i c s  of  t h e  real-time opt imal  guidance scheme (OPGUID) under 
r e a l i s t i c  cond i t ions ,  a number o f  s imula t ions  were made and compared t o  
r e s u l t s  ob ta ined ,  making t h e  same s imula t ions  wi th  the  IGM equa t ions .  
These inc luded  t h r u s t  and mass ra te  v a r i a t i o n s  o f  25 percen t  and engine 
mix tu re  r a t i o  s h i f t  t i m e s  o f  230 seconds from nominal. OPGUID used a 
v a r i a b l e  c y c l e  t i m e  r ang ing  from 10 seconds i n i t i a l l y  t o  one second 
near  t h e  end. I n  a l l  cases, t h e  OPGUID scheme d e l i v e r e d  more payload 
t o  o r b i t  t han  t h e  IGM scheme; however, t h e s e  d i f f e r e n c e s  i n  a l l  cases  
were small ( 2  t o  70 kg) ,  and t h e  main po in t  t o  be made from t h i s  
s tudy  w a s  t h a t  i t  demonstrated t h e  f e a s i b i l i t y  o f  u s ing  OPGUID as an 
onboard guidance scheme. The computer speed and s t o r a g e  requi rements  
f o r  OPGUID can  be met by t h e  Sa tu rn  Launch Vehic le  D i g i t a l  Computer; 
t hus ,  OPGUID could serve as an onboard guidance scheme f o r  t h e  Sa turn  V 
veh ic  1 e. 

B.  SWITCH 

Recent ly ,  under NASA c o n t r a c t  NASI-21315, a s o p h i s t i c a t e d  m u l t i -  
burn o p t i m i z a t i o n  program, SWITCH [91, w a s  developed which appears  t o  
have t h e  speed and r e l i a b i l i t y  needed f o r  onboard guidance s i g n a l  
gene ra t ions .  The convergence p r o p e r t i e s  of  t h e  SWITCH program were 
demonstrated by apply ing  it  t o  a mul t i -burn  rendezvous miss ion .  The 
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t a r g e t  v e h i c l e  w a s  l oca t ed  i n  a synchronous o r b i t  w i th  an a l t i t u d e  of 
19,300 n.mi., and t h e  p u r s u i t  v e h i c l e  was assumed t o  be i n  a 100 n.mi. 
c i r c u l a r  o r b i t .  The number of s e p a r a t e  burn a r c s  w a s  s e t  a t  two 
(coas t -burn-coas t -burn)  and t h e  i n i t i a l  va lues  of  t h e  c o - s t a t e  vec to r  
and t h e  l eng ths  of  a r c s  were chosen t o  correspond t o  va lues  obta ined  i n  
a previous  s tudy .  The i n i t i a l  va lues  of independent v a r i a b l e s  were 
extremely c l o s e  t o  t h e  r equ i r ed  va lues ,  and t h e  SWITCH a lgor i thm con- 
verged t o  t h e  s o l u t i o n  i n  one i t e r a t i o n .  S ince  t h e  i n i t i a l i z a t i o n  w a s  
e s s e n t i a l l y  equal t o  t h e  converged s o l u t i o n s ,  t h e  convergence p r o p e r t i e s  
were eva lua ted  by deforming t h e  f i n a l  o r b i t  i n t o  an e l l i p s e  wi th  t h e  
e c c e n t r i c i t y  magnitude vary ing  from 0 t o  .5 .  The p u r s u i t  v e h i c l e  o r b i t ,  
v e h i c l e  parameters ,  and i n i t i a l  e s t ima tes  of c o - s t a t e  and a r c  t imes 
were f i x e d .  The r e s u l t s  are taken  from r e f e r e n c e  9 and a r e  shown i n  
Table 1. Notice t h a t  t h e  worst  case  r equ i r ed  only f i v e  i t e r a t i o n s .  

Table 1. Low A l t i t u d e  t o  Coplanar Synchronous Rendezvous Mission 

Target  Orb it 
E c c e n t r i c i t y  

0 

.05 

.1 

.5 

F i r s t  i t e r  a -  
t i o n  spec i -  
f i c a t  ions 
f o r  a l l  

400 255.82 18,727.46 1 2 9 . 1 1  

Although t h e  SWITCH a lgor i thm has n o t  been subjec ted  t o  t h e  s t r i n g e n t  
guidance s imula t ions  t h a t  a r e  necessary t o  prove t h e  f l i g h t  wor th iness  of 
an onboard guidance scheme, i t  i s  f e l t  t h a t  t h e  e x c e l l e n t  convergence 
p r o p e r t i e s  of  t h e  SWITCH a lgor i thm and t h e  speed per i t e r a t i o n  (one q u a r t e r  
second per i t e r a t i o n  on a CDC 6600 computer) of  t h e  a lgor i thm make i t  
a p p l i c a b l e  f o r  onboard guidance. The computer requirements  f o r  SWITCH 
a r e  g r e a t e r  i n  terms o f  speed and s t o r a g e  than  f o r  OPGUID; however, they 
a r e  n o t  considered t o  be excess ive .  It i s  es t imated  t h a t  t h e  SWITCH 
a lgor i thm would r e q u i r e  7,000 s t o r a g e  l o c a t i o n s  f o r  onboard implementation. 
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Assuming a s t a t e - o f - t h e - a r t  type  of f l i g h t  computer, t h e  guidance c y c l e  
t i m e  ( t ime f o r  complete converged computation of new opt imal  guidance 
command t i m e  h i s t o r y )  would b e  approximately 2 seconds.  

r 

Cutoff  n Cutoff 
Weight Weight 

Angle o f  
Attack 

(kg/m2) a t  Max Q 

Time o f  
Max Q Max 

(kg) (kg) 
Case 

(deg) (set) 

A 
IGM from 63 23 10 0 122,259 - 
staging"' 

C .  MASCOT 

46 4087 8.0 123,380 
I B  
! O p t i m a l  from 

12 sec. 

C 
O p t i m a l  from 63 23 10 0 122,519 
70 sec. 

D 
IGM from 63 2310 0 119,706 
70 sec. 

The MASCOT guidance a l g o r i t h m  is an ex tens ion  of t h e  SWITCH and 
OPGUID formula t ions .  It can be  reduced t o  t h e  SWITCH a l g o r i t h m  by e l i m -  
i n a t i n g  t h e  aerodynamic f o r c e s ,  and it  can  b e  reduced t o  t h e  OPGUID 
a lgor i thm by e l i m i n a t i n g  b o t h  t h e  aerodynamic f o r c e s  and t h e  mult i -burn 
l o g i c .  Therefore ,  t h e  r e s u l t s  presented f o r  OPGUID f o r  a s c e n t  t o  o r b i t  
(vacuum), and t h e  o r b i t  t r a n s f e r  and rendezvous r e s u l t s  obtained wi th  
SWITCH are  i n d i c a t i v e  of MASCOT f o r  t h e s e  types of missions.  R e s u l t s  
f o r  atmospheric f l i g h t  a r e  pre l iminary  and i t  remains t o  b e  shown t h a t  
t h e  MASCOT scheme possesses  t h e  speed and r e l i a b i l i t y  f o r  onboard guidance 
f o r  atmospheric f l i g h t .  As mentioned ear l ie r ,  s t u d i e s  t o  determine t h e  
p r o p e r t i e s  of MASCOT are underway and w i l l  be  documented as soon as r e s u l t s  
are  a v a i l a b l e .  

1121 

260 

-2553 

The need f o r  a s h u t t l e  guidance scheme w i t h  t h e  s o p h i s t i c a t i o n  of 
MASCOT is  demonstrated by t h e  performance r e s u l t s  presented i n  Table 2. 

TABLE 2 

J. 

" A l l  t r a j e c t o r i e s  are zero a n g l e  o f  a t t a c k  u n t i l  i n i t i a t i o n  
o f  IGM o n  opt imal  shaping. 
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The d a t a  shown i n  Table 2 i n d i c a t e  t h e  e f f e c t s  on payload o f  op t ima l ly  
shaping t h e  space  s h u t t l e  t r a j e c t o r y  du r ing  t h e  atmospheric  r eg ion  o f  
f l i g h t .  Case A r e p r e s e n t s  t r a j e c t o r y  and v e h i c l e  d a t a  f o r  a s h u t t l e  
v e h i c l e  t h a t  w a s  flown through t h e  atmospheric p o r t i o n  o f  f l i g h t  w i t h  
a zero  ang le  o f  a t t a c k ,  and t h e  IGM s t e e r i n g  l o g i c  w a s  used t o  shape 
t h e  remaining p o r t i o n  o f  t h e  t r a j e c t o r y .  Case B r e p r e s e n t s  d a t a  
ob ta ined  by shaping t h e  t r a j e c t o r y  wi th  t h e  MASCOT l o g i c  from 1 2  s e c  
a f t e r  l i f t - o f f  through o r b i t  i n s e r t i o n .  This  g a i n  i n  payload of  1121 kg 
may no t  be f u l l y  o b t a i n a b l e  because shaping t h e  t r a j e c t o r y  du r ing  t h e  
atmospheric  p o r t i o n  of  f l i g h t  w i l l  r e s u l t  i n  i nc reased  s t r u c t u r a l  l oads .  
Case C r e p r e s e n t s  d a t a  t h a t  were obta ined  by shaping t h e  t r a j e c t o r y  wi th  
t h e  MASCOT l o g i c  from 70 seconds ( 7  s e c  a f t e r  maximum dynamic p res su re )  
a f t e r  l i f t - o f f  through o r b i t  i n s e r t i o n .  This i n c r e a s e  i n  c u t o f f  weight  
of  260 kg is  p o t e n t i a l  payload s i n c e  t h e  maximum dynamic p r e s s u r e  i s  
t h e  same a s  i n  case A. More important  t han  t h e  260 kg i n c r e a s e  i n  pay- 
load  i s  t h e  f a c t  t h a t  u s ing  MASCOT t o  guide t h e  v e h i c l e  from 70 sec 
(o r  e a r l i e r )  p rovides  c losed- loop  guidance e a r l y  i n  f l i g h t ,  and thus  
t h e  e f f e c t s  on payload of  p e r t u r b a t i o n s  (winds,  t h r u s t  v a r i a t i o n s ,  e t c . )  
dur ing  t h e  f i r s t  70 seconds o f  f l i g h t  can be  minimized. The r e s u l t s  o f  
u s i n g  IGM f o r  c losed- loop  guidance a t  70 sec i s  shown i n  Table  2 a s  
c a s e  D. This loss  i n  payload o f  2553 kg i s  due t o  t h e  fol lowing:  (1) 
atmospheric  f o r c e s  are not  modeled i n  IGM, and (2)  t h e  opt imal  s t e e r i n g  
a n g l e  du r ing  t h e  atmospheric  p o r t i o n  o f  f l i g h t  i s  non l inea r  ( I G M  i s  
a l i n e a r  s t e e r i n g  l a w ) .  Shown i n  f i g u r e  12 i s  t h e  opt imal  s t e e r i n g  
ang le  ve r sus  t i m e  f o r  case B. Not ice  t h e  n o n l i n e a r i t y  from 12 s e c  t o  
approximately 130 sec. This  i n d i c a t e s  t h a t  l i n e a r  s t e e r i n g  l a w s  are 
fa r  from opt imal  and should n o t  be used f o r  guidance i n  t h i s  r e g i o n  of  
f l i g h t  even i f  a tmospheric  f o r c e s  a r e  included i n  t h e  guidance equat ions .  

There are no s i g n i f i c a n t  r e s u l t s  t o  r e p o r t  f o r  t h e  r e e n t r y  phase.  
Ea r ly  computations have shown a ve ry  h igh  s e n s i t i v i t y  of  t h e  r e e n t r y  
t r a j e c t o r i e s  t o  t h e  cho ice  o f  t h e  i n i t i a l  v a l u e s  o f  t h e  Lagrange m u l t i -  
p l i e r s  and consequent ly  a ve ry  poor convergence ra te .  However, r e c e n t l y  
t h e  approach o u t l i n e d  on pages 25 and 26 has been implemented i n  o rde r  
t o  e l i m i n a t e  t h i s  h igh  s e n s i t i v i t y  and poor convergence. This method 
assumes t h a t  i i ( t )  could adequate ly  be  r ep resen ted  as a l i n e a r  func t ion  
of t ime dur ing  t h e  atmospheric  po r t ions  of f l i g h t .  

S t u d i e s  are c u r r e n t l y  underway t o  de te rmine  whether it w i l l  b e  neces-  
s a r y  t o  use  t h e  s o l u t i o n s  so ob ta ined  as f i r s t  approximations t o  t h e  t r u e  
optimum. P r e s e n t l y ,  no f u r t h e r  c o r r e c t i o n s  appear t o  be necessary.  
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VIII. CONCLUSIONS 

F a s t ,  e f f i c i e n t ,  compact t r a j e c t o r y  a lgor i thms f o r  a t o t a l  trajec- 
t o r y  from l i f t - o f f  t o  landing have been developed using a numerical  
s o l u t i o n  of  t h e  o p t i m i z a t i o n  boundary v a l u e  problem. These a lgor i thms 
use a r a p i d  numerical  i n t e g r a t i o n  r o u t i n e  and an e f f i c i e n t  i t e r a t ive  
s o l u t i o n  of t h e  s imultaneous n o n l i n e a r  equat ions  involved. The i m p l e -  
mentat ion of  one of t h e s e  a lgor i thms (using t h e  a v a i l a b l e  v a s t l y  
improved on-board f l i g h t  computers) would accomplish a major advance 
i n  guidance techniques.  That i s ,  p r e f l i g h t  a n a l y s i s  would be  reduced 
t o  a minimum, thus making i t  p o s s i b l e  t o  achieve  S h u t t l e  launches w i t h  
a i r l i n e  type  of  turnaround t i m e s .  Also, s p e c i a l  tuning c o n s t a n t s  and 
f u n c t i o n s  (which have h e r e t o f o r e  been necessary  t o  account  f o r  approxi-  
mations introduced t o  s i m p l i f y  onboard computat ions)  would be  e l imina ted .  
Thus, t h i s  proposed guidance system would produce (on board t h e  v e h i c l e )  
op t imal  t r a j e c t o r i e s  f o r  an extremely w i d e  v a r i e t y  of missions and 
v e h i c l e  c h a r a c t e r  is  t i cs .  
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